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Abstract — We deal with the problem of the numerical evaluation by Monte Carlo methods of
the expectation of a function of the position at a fixed time of a Brownian motion killed when it
reaches time-dependent barriers, a problem of interest in Finance, e.g. for the pricing of barrier
options. Two stochastic Euler schemes are compared in this paper: the “discrete" scheme and
the “continuous" one. The latter has been already introduced in literature and makes use of
some sharp large deviation estimates of the exit probability for a Brownian bridge in a small
time interval. We show that, in the weak sense, the “continuous" scheme is much faster than
the “discrete" one, by proving an inequality which provides a comparison between the rates of
convergence. '

1 Introduction

Let W, denote a one-dimensional Brownian Motion starting at z, with constant drift u
and constant diffusion coefficient o > 0, that is

Wg=2+ﬂt+0'B¢ (1)

where B stands for a standard one-dimensional Brownian Motion. Consider two real
functions
LU :[0,40) =2 R
such that L(t) < U(t), for any t > 0. The maps L and U play the role of the lower and
upper barrier, respectively. In this paper we study approximations of expectations of the
type
E[f(Wr)L{r>1})s ()

or also E(f(Wr)lr<1}], where f is a nonnegative Borel measurable function and 7 is the
first hitting time on the barriers, that is

T=inf{t >0 : W, < L(t) or W, > U(2)}. (3)
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The problem of the (numerical) evaluation of expectations as in (2) is quite inter-
esting and arises naturally in a financial framework to the pricing of barrier options.
Barrier options differ from the well-known European conventional options by means of
the introduction of one or two boundaries, deterministic and time-dependent, which are
contractually specified and which may nullify the value of the option if breached by the
underlying asset price. Such options are increasingly popular in the financial markets be-
cause they are less expensive than conventional options. For instance a knock-out barrier
call is equivalent to the corresponding standard call provided that the underlying asset
price does not hit either barrier, otherwise its payoff is set equal to zero. Under the Black
and Scholes model for the underlying asset price, the pricing formula of a knock-out call
is

e "TE[max(e"” — K, 0)1L,>7], (4)
where K denotes the exercise price, T is the maturity and in (1), as usual, ¢ stands for
the volatility and u = r — 02/2, r being the (constant) spot rate. In order to compute
the price of barrier options, one needs to know the law of Wr killed at time 7. This is
possible only in the case of constant or linear barriers, see e.g. Revuz and Yor [10] for
the formula of the exit probability and Kunitomo and Ikeda [9] for the pricing formula
for such kind of barriers. Otherwise, this law is not explicitly known and some other
numerical methods have to be used. For example, Geman and Yor [7] developed a Laplace
transform approach and Boyle and Tian [4] introduced a numerical method involving
trinomial models. Moreover, in the case of a single barrier, it is immediate to show
that the function (s,z) — v(s,z) def EE, -[f(Wr) IL,>7] solves the parabolic differential
problem

%v(s, z)+ L,u(s,z) =0 for (s,z) € [0,T) x [0, +00)
v(s,z) =0 for (s,z) € [0,T) x (—00,0) (5)
v(T,z) = f(z + g(T)) for z € (0, +00)

where . 1 &
L= ((r= 269~ d(6) 5 + 3 s

and the function g stands for the barrier. Thus, one could numerically solve problem (5)

in order to numerically compute v(s, z), that is the price of a single knock-out barrier

option.

Furthermore, the numerical valuation of the price can be done via Monte Carlo algo-
rithms, as in Baldi, Caramellino and Iovino [2], [3] and, in a multidimensional setting, in
Gobet [8]. In this context, the process W is simulated at fixed times t; = jT/n, with n
large enough, and typically the exit time r is approximated by means of the first instant
t; such that W,; is outside the barriers, if it does exist (if W is a more general diffusion
process and it is not possible to simulate exactly W, also W is approximated by means
of some discretization scheme, e.g. the Euler scheme). Let 72 denote the approximating
hitting; time. One then collects a large number 7%(™ and W{™ of independent approxi-
mating exit times and positions of the process at the maturity and finally approximates
the expectation by means of the empirical mean of the observed payofs:

1 XM m
B{f(Wr)lr<ry] = E[f (Wr)mgery] = 37 32 FOVEVIL oy
m=1
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This kind of procedure gives rise to two errors: the first depending on the choice of the
number n giving the discretization step T/n and the second coming from the number
M of independent simulations. Concerning the former, that is the one we are interested
in, the above procedure could be considered exact in the case of discrete monitoring
(see e.g. Broady, Galssermann and Kou [5]) but since the barriers are supposed to be
monitored continuously in time, the procedure works very poorly and the error goes to
0 as n — oo very slowly, as it has been pointed out by many authors (see for instance
[2] and references quoted therein). In order to improve the speed of convergence to 0
for such an error, in [2] a sharp large deviation estimate of the conditional probability
that the barriers are reached during [t;,¢;41] by the process W, given its observations at
times ¢; and t,+1, is computed and used in order to kill the process. This gives another
approximation 75 of the exit time 7 and empirical studies show that the approximation 77

works much more better than 73: setting £5(f) = I]E[f (WT)II{,>T}] ]E[ f (WT)]I(,pT}]
and £4(f) = [E[f(Wr) Lir>my] — E[f(Wr) {57y, then

)
% Ed(f) T

In this brief paper, we quantify how much the second procedure improves the first one
by showing that
&) .

EG

where ¢, is a bounded positive sequence and ¥, = o(1/n?) for any 8 > 0. Moreover, in
the double constant or linear barrier case it holds ¢, = 0 (if a single constant or linear
barrier is taken into account then £5(f) = 0 because the exit probability used in the
discretization turns out to be exact, as remarked in [2]).

Although the process W here considered is merely a Brownian motion with constant
drift, there are not so many results in literature giving the speed of convergence of the
errors £5(f) and £3(f) for general functions f. For example, the special case f(z) =
U(zer), that is ]E[f(WT)II(»T}} = P(WT el, > T), has been studied by Siegmund
and Yuh [11]. They proved that

- + 77» (6)

E(f)=—=+0(1

n(f) = f +o(1/vn)
but only under the constraints that p = 0, the barriers L and U are constant and that
I is an interval strictly included in (L,U). Notice that in particular this implies that f
vanishes in a neighborhood of the barriers. Such a condition is practically required also
by Gobet in [8]. In that paper, the errors £5(f) and £J(f) are both analyzed, also for
general diffusion taking values in a multidimensional setting and the following results are
proved:

£/) =2 +ol1/n) and £X(f)= O(1/VR).

In the simple case of a Brownian motion with constant barriers or with a single time-
dependent barrier, these results can be refined in such a way that (6) holds. Nevertheless,
in the general case (6) does not follow from the results in [8] since it is not possible to see
the double time-dependent barrier case as a particular case of that study. Moreover, it
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worth stressing that (6) will hold for positive functions (with mild integrability conditions)
not necessarily zero on the barriers, a constraint which seems to be crucial to use PDE
techniques, turning out from (5), allowing to achieve the rate of convergence to 0 of the
errors, as done in [8]. Let us finally point out that in a financial framework the vanishing
conditions on f are actually restrictive. Indeed, in the cited barrier call option example
whose price is given by (4), this implies that the barriers L and U have to be below In K,
that is the logarithm of the exercise price, and this is not the case in many situations.
It turns out of interest what happens when the option payoff is strictly positive on the
barriers.

The paper is organized as follows. Section 2 is devoted to set up the discretization
schemes and to state the result, whose proofs can be found in Section 3.

2 The result

Let us first recall how the numerical approximation introduced in [2] works.

Let tp =0 < t; < -+ < t, = T be a partition of the time interval [0, T] such that
tin—t;=T/n, j=0,1,...,n—1. At each step, the value W,, is simulated and the
“dxscrete" procedure sets the hitting time 73 equal to the first instant ¢; in which Wy,
crosses a boundary. 73 provides an overestimate of the (continuously momtored) hxttmg
time 7 since W;; and ng .1 might not have breached the barriers while W, had for some
t € (tj,tj4+1). To account for this, one could think to use the probability pj that W;; hits
on the barriers during the time interval (¢;,t;.1), given the observations W;; and W, a1
Thus one can with probability pi stop the simulation and set the approximating exit time
75 of this “continuous" monitoring equal to ¢;.

If p/ was known, this procedure would provide a quite precise result, whose bias
would be the smallest one and being actually exact whenever one is interested in the
approximation of the hitting time through its distribution function. Unfortunately, the
probability pi can be exactly computed only in some very special cases, for instance, for
constant or linear barriers (in the double barrier case, the formula of the exit probability
from two linear barriers is known in infinite series form, see [10], pp. 105-106). As
introduced in [1] for fixed domains and in [2] for time-dependent barriers, one could use a
sharp estimate 7, for p/, allowing to set up the simulation procedure as described above.
Indeed, by suitably developing some sharp large deviation results firstly proved by Fleming
and James in [6], the following result holds:

Theorem 2.1 Suppose that L and U are continuous with Lipschitz continuous derivatives
and let us set Lj = L(t;) and U; = U(t;). Then for every (z,y) € (Lj,U;) X (Ljs1, Ujs1),

Pi(,) = (2, 9) (1 + Rjn(z, 1)) (7)
where
Pilz,y) =r-exp (- i—z min ((L; — 2)(Lj+1 = 9), (Ui = 2)Uss1 - 9)) ), (8)
being
_ 1 if (Uj—2)(Ujpr —y) # (Lj — ) (Lj+1 — )
N { 2 if (Uj—z)(Ujnr —9) = (Lj — z)(Ljz1 — v),
and Rjn(z,y) goes to 0 as n — oo as or faster than L.
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Remark 2.2 The above result is actually a little modification of what proved in [2],
Theorem 2.1 and Corollary 2.2. Indeed, suppose for instance that (U; — z)(Uj41 — 9) <
(Lj —z)(Lj+1 — ), so that for n large enough we can suppose that also (U; —z)(U; —y) <
(Lj - z)(L; — y) holds and thus = +y > U; + L;. Then Theorem 2.1 in [2] gives

Pi(z,1) = exp ( ~ (U — 2)(Us — 4) ~ 5(U; = 2)U;) (1+ O(1/m)

where U; = U'(t;). Now, since U has a Lipschitz continuous derivative, we can write
Uj + U}/n = Ujy1 + O(1/n?), so that

..%;—I(Uj —z)(Uj-y) - %(Uj -z)U; = _i_T;(UJ. —z)(U; + %U,’ —y)
- —%(U’ = 2)(Upn —y+0(1/n%)) = -%’}(Uj — 2)(Usr1 — ¥) +O(1/n)
and

pi(z,y) =exp (- f,—’,‘(vj - 2)(Uss1 ~9)+0(1/n) ) (1+0(1/n)) = #(z,v) (1+0(1/n)),

P%(z,y) being defined in (8). Similar arguments apply if (U; — z)(Uj+1 — y) > (L; —
z)(Ljv1 — y)-

In conclusion, we can set the approximating exit times as follows:

7s = inf{t; : Uz (Z}) =1} as for the “continuous" case
J
79 = inf{t; : Wy, < L(t;) or Wy, > U(t;)} as for the “discrete" case

where {Z]'}(j=1,..n;n>1) is a sequence of i.i.d. uniformly distributed on [0,1] r.v.’s inde-
pendent of W.

Take now f: R — IR a Borel measurable function. Let us define
E(f) = |]E[ f(WT)II{,>T)] - IE[ f (WT)II(,:>T}]| as the “continuous" error
E3(f) = lIE[f(WT)II(,>T}] - ]E[f(WT)H{,'.g)T}” as the “discrete" error

whenever the above expectations exist. In papers [2] and [3] (see also references quoted
therein), numerical results empirically show that £(f) goes to 0 faster than E5(f). Here,
we compare these two errors by showing how fast un upper bound for their ratio has to
converge to 0 as n — oo:

Theorem 2.3 Suppose that the barriers L and U are C' functions with Lipschitz contin-

uous derivatives. Let f denote a positive function such that E[f'*¢(Wr)] ezists for some
€ > 0. Then, for any a > 0, it holds

£ S EXN (2 +22) 4,

where
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®cp = Egﬁe%&(’ and dp = e'ne?, being M = maxcpor)(U(t) — L(t)) and K' =
max(Ky, K};), K1, and Ky, denoting the Lipschitz constant of L' and U’, respectively;

e {Yn}n is a positive sequence going to 0 as n — oo faster than any power of 1 (i.e.
limg,_,00 n*y, = 0, for any k).

Theorem 2.3 then ensures that the continuous scheme is faster than the discrete one,
whose speed of convergence £2(f) is known only for some particular cases for f, as already
mentioned in the Introduction. Some conjectures assert that £3(f) = O(1/+/n) for any
f. Theorem 2.3 claims that the corrected error £S(f) has to go to 0, as n — oo, faster
than E4(f) and also £(f) = o(1/n). Moreover, in the constant or linear barrier case,
one has ¢, = 0 because K’ = 0, so that the convergence is actually very fast, almost of
exponential-type, since it is the same as ;1; for any o > 0.

Theorem 2.3 will be proved in the next section. It is based on a result (Proposition
3.3) through which we can state also similar results when the function f is not positive
and for more general expectations allowing to handle barrier options with rebate. For
details, see Remark 3.4 and Remark 3.5.

3 Proofs

The proof of Theorem 2.3 needs several preliminary results so that it is postponed to the
end of this section.

Let us firstly introduce the notations we are going to use.
o L; = L(t;) and U; = U(t;), where t; = jT/n, for j =0...n.

e u, stands for the joint law of Wy, ..., W, :

bn(dz) = P(W,, € dz,,...W,, € dz,).

e pi(z,y) is the conditional exit probability of W during the time interval [t;, t;41],
given the positions = and y of the process W at times t; and ¢;41, respectively.

e 7 (z,y) stands for the asymptotics of p’(z,y) given by Theorem 2.3 (see (8)).

® g.(z) denotes the exit probability conditional to the positions z = (z,...,z,) of
W at times (t1,...,t,):

n—1

an(@) = 1 - ]I (1 - Ph(z5,25))-

=0

Since the conditional laws of (W)eeyt, ;,,) given the position z; and ;4 at times
t; and tj41, respectively turn out to be independent of each other, the above repre-
sentation for g, actually holds. Notice that pi(z,y) is the probability of hitting on
the barriers for a Brownian bridge, starting at = at time ¢; and pinned by y at time

tj+1.
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e Gn(z) denotes the approximation of g,(z) turning out by considering the approxi-
mations 7%, of p:

n—-1

dn(z) =1- I (1 - Pi(as,2541))-

3=0

In order to study the distance between g, and §, in terms of the distance among the p?’s
and the p%’s, which will be done in the sequel, we need the following simple lemma:

Lemma 3.1 For a fized integer m, let us define

m

Pm(®) =111 —ps)

k=1

where p = {pe}x C [0,1]. Let v = {yi}sx and n = {m}x be sequences in [0,1] such that,
for some constant 8 > 0,

lve — k| < Bve foranyk >1.
Then, for any integer n,
1oa(7) = pa(m)| < Bpa(7)-
Proof. We prove the statement by induction on n. If n = 1, the statement easily follows.
Suppose now it holds for n. One can write pn4+1(p) = Pnt1 + (1 — Pn+1)pn(Pp), so that
Prt1(7) = Pa+1(n) = (Yns1 = Mns1) + (1 = Yns1)Pn(7) = (1 = ns1)pn(m)
= (Yn+1 = Mn+1)(1 = Par1(n)) + (1 = Yat1)(on(7) — £n(n))
Since |Yn+1 — Mn+1] < BYn+1 and, by induction, |pn(Y) — Pn(n)| < Bpn(7), one obtains
1Pn+1(7) = Par1(m)] < Brnsr + B(1 = nt1)Pa(Y) = Bpntr (7).
Thus, the statement holds for any n.
]

In the following lemma, we study the distance between pi(z,y) and #(z,y) that is,
we study the asymptotic behavior of the quantity R;.(z,y) given by Theorem 2.1.

Lemma 3.2 For (z,y) € (L;j,U;) x (Lj+1,Uj+1), let us define
w(z,y) = (Uj — 2)(Ujs1 — y) — (Lj — 2)(Ljin — 9)-

Then, there erists a positive integer ng such that for any a > 1, n > ny and for any
(z,y) € (Lj, U;) x (Lj41, Uj41) such that

W) > 220, )
one has
Ipi(z,) ~ Bl )l < (2 + =) piz,0)
where

2MK' K aM K
== ezi and d,=c¢e et

being M = maxeep,1)(U(t) — L(t)) and K' = max(K}y, Ky), where K} and Kj; stand for
the Lipschitz constants of L' and U', respectively. Notice that if both U and L are constant
or linear, then ¢, =0 and d, = 1, for any n.
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It is worth remarking that condition (9) follows from the fact that the approximation
of the exit probability as given by Theorem 2.1 is not uniform as (z,y) € (L;,U;)
(Lj+1,Uj41), in the sense that it is mainly dependent on the lower barrier if w) > 0 and
on the upper one whenever wi < 0.

Proof. First of all, notice that the asymptotics &, of pi turn out to be equal to the
asymptotics of the probability of hitting on the two lines joining (t;, L;) to (tj41, Lj+1)
and (tj,U;) to (¢j+1,Uj+1), respectively. Let us denote these two linear barrier as

%(t) = n(L,-.,,l - LJ) . (t - t,') + LJ' and ﬂ,(t) = n(U,-.,,l - l]’) . (t - tj) + Uj.

The idea of the proof is to construct, for each barrier L and U, two further straight lines,
i.e. linear barriers, such that for any ¢ € [t;, ¢;11] then the barrier of interest can be lower
and upper bounded by these new linear barriers. This will turn out to be crucial because
for linear barriers the formula for the exit probability is known exactly.

Thus, among the straight lines crossing the point (t;, L;), we consider two straight
lines ¢}, and ¢}, , which contain the barriers L(t) and ¢£(t) as t € [tj, ti41):

$Lat) =L'(8]) -t —t;) + Lj, 1) =L'(8)- (t—t;) + L
where 3,5 € [t;,t;41] are defined as

It= It th — LI i
L) = gmax L), L()= mn L)

Then obviously both L(t) and ¢}(t) belong to (¢} ,(t), ¢1,(8)], as t € [t;, ).
similarly define ¢, and ¢7,,:

$ha(t) =U'(8) - (t —t;) + Uy, dhalt) =U'(t3) - (¢ = 1;) + U
where t3, t € (t;,t;41] are such that

U'®s) = mm U'(t), U'(ty) = max U'(t).

t€[t tj+1] te(t; tj41)

Therefore, U(t), #%(t) € [#%.1(2), d%2(t)], as t € [t;,5]-

Notice that if L and U are both constant or linear, the barriers defined above do
coincide with the original ones. Otherwise, it is easy to see that for any n > ng =
max (1, %)), where D = minye(or(U(t) — L(t)) and H = max,,efo,r)(L'(t) — U'(s)), one

has ¢£,l(t) < ¢{,,,(t) ast € [tj,t;41) for any j < n, so that
[6.1(0), 61, (8)] < [61(0), 61(8)] < [#.2(8), #Fra(8)]
[62.1(8), 851(8)] € [L(®), U()] C [#2(), Ha(2)]-

From now on, we suppose n > np, so that (10) holds. ) )

For any (z,y) € (Lj,U;) x (Lj41,Ujn1), let us now define p ; .(z,3) and py;; (2, )
as the hitting probability on ¢'}',,,. and on ¢{,,,~, respectively as i € {1,2}. By recalling that
7%, turns out to be the exit probability from the double barriers ¢}, and ¢7,, from (10) it
easily follows that

max (Ir;,,2,n(x) y)!p{hzn(z) y)) S ﬂ(z) y) S p};.l,n(zi y) + p{l,l.n(zv y)
max (P';,,z,n(zn y)’p{Iﬂ,n(z) y)) <pi(z,y) < pi.l,n(x’ y) + p{/,l,n(z’ y)

(10)

(11)
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and then
|P.(z,y) — Pi(z, )| Pil,n( z,y) +PJU1,n(-"7 y) — max (Pizn(z v), P'bzn( ,y))
Aoy max (p 2.»(<, ¥), Ph2,n(, 4))
Let us set
I = P 10(@¥) + Pli1a(2:9) = PLan(2:9)
" pi'l,n(z! ) '
A= Ph,n(za ) +P';11,n( T,y) — P{Jz,n( ,y)
" P’U, ,n(zr y)
so that

lPa(z:9) = Pa(= Wl o (T3, A9).
Fh(z,y)
If w! = (U; — 2)(Uj1 — y) — (L; — z)(Lj4+1 — y), straightforward computations allow to
deduce that

I <exp(——w’+ (z—L;j)(Ljs1 — L; ——L’(tz))+(U ) Ui - U; ——U’(t N])
vexp (5 2 (- L)L) - IB) -1,
2 (o= L)Ly + 2 (6) = Lywa) + (U = 2)(Us + 2U'(5) ~ Usn)])
+exp (5(U; — 2)U'(E) - V(&) - 1

Now, since L and U have Lipschitz continuous derivatives, with Lipschitz constant K7}
and Ky, respectively one has

2n
Al < exp (— w’ + 2n

0< L,H—L ——L’(tz) <=£,0< U -U; ——U’(t ) < é’, 0<L'(t)-L'(t;) < == KL
0< L+> L’(tl) < 525 0< Uj+7—lU'(t;)—U,-+1 < % 0 < U(£) - L'(E) < %
Thus, setting K’ = max(K};, K1), one obtains

VR a A WS~ I LIPS Lis - AL S

where M = maxeio,)(U(t) — L(t)). Recalling that e! —1 < te* for any positive ¢, it holds

MK _2n 2MK' k! . YL 2MK' 2k
I-‘] S €én o2 1‘”’ 2 € no , A{‘Se"’ +ﬁw’+—e nol

no no? !
so that MK’
min([9, AJ) < e'act —2 W1 L 220 = e
Therefore, if |w?| > 91;—";"-5, it follows that
. . sMK'
|P,’,(2‘, y) _ﬁ‘(zy y)l < min (FJ AJ) < € no? + 2MK’eL'Ig:I!(L
pn(z, ) - men, = pe no?



230 Lucia Caramellino and Barbara Pacchiarotti

and the statement finally holds.
|

We are now ready to prove next result, which turns out to be the principal part of the
proof of Theorem 2.3.

Proposition 3.3 Let a > 1 and f be a positive function such that E[f(Wr)!*¢] < +o0
for some € > 0. Then there ezists a positive integer Ny such that for any n > Ny,

dn

na

/n;;;w,-.u»f (@)l @) — Ga(a) i) < (2 +72) | sy TN (2) 4

where {a}n is a sequence going to 0 faster than any power of 1, as n — +oo.

Proof. Let us first set A :=[1;29(L;, Uj) = Ui A; where Ao = {z € A : [w'(z;, zip1)| >
9%2\7’1’} and, for j > 1, A; = Usez; Aj 1, being

={Ic{l,...,n—-1} : #I =j}

and

ac’lnn ) ac?lnn
Vi g I, Jwi(zi, zin1)| <

Ajr= {a: € A: |wi(zi, zin)| > on 2n

Viel } .
Let us fix now § > 0, which we shall suitably choose later, and set
Cg = (Lj,Lj + 5) X (Uj+1 - ij,Uj+1) U (U] -4, Uj) X (Lj+1,Lj+1 + ij)

being m; = g‘%:—ﬁfﬂ Since we need that C} C (L;,U;) x (Lj+1,Ujs1), and C} is the
union of two non intersecting set, for the moment it is sufficient to require § < 12’-, where
D = mingpo 1 (U(t) — L(2)).

We can then set

A,"['o = Aj,l n {3 €A:Viel (Z,‘,l‘.‘.'.l) ¢ C;}

and
Ajr1=4;rN {z €A:3Jiel (z;,zi11) € C}} ,
so that
[ @ 4n(2) = 8a(2) [ ditn(@) = [ (20)l0n() — (=) | din(a)
/L;"l;luler Ao f(Zn)| @a(2) — u(z) | dpia(z) + mtores As F (@) gn(z) — Gu(z) | dita(2)

=T+ + T

We first study the term I';. Suppose that z € Ay, that is |w'(z;, zi41)| > “;':"‘ for any
i, by Lemma 3.2, there exists ng such that for any n > ny one has

|B(a0 ) = (@0, 2) | < (2 + 2oz 2100) ()
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asi=0,1,...,n— 1. So, by applying Lemma 3.1, one obtains | g.(z) — Gn(z)| < (& +
22)4a(z) and

L= [ 7enln(e) ~ @) |din(@) < (2 +2) [ f@n)an(a)dun(o).

Consider now Iz = X371 rez; Ja, ;.0 £ (2n)] 9a(2)=Gn(2) | dpn(2)- Letus fix j € {1,...,n~
1} and I € Z; and take z € Ajro. Then,

0n(2) - 3a(2) = (1 = [[(1 = P, 2aa0)) — (1= T2 - Fi(o 220)))

igl igl

+ 107 200)) (=TT 07400 5000) =[0G 5200) (=TT 71 300):

igl i€l i€l

If i ¢ I, Lemma 3.2 states that condition () holds, so that Lemma 3.1 can be applied,
giving

|(1-TI-ri(zi2s0))) - (1-TI(0-F i zia))) | < (24 n,,)( o | ((EACHEN))E

¢l igl igl
Since (1 ~ Iigs(1 — 2 (s, z.-ﬂ))) < (1 - 123 - pi(as, :c,-+1))) = gn(z), we can write

~ Cn dn i =]
|0n(@)=8a(2) | < (24 22)an(@)+ (1= [I0-h (a1,2200)) ) + (1= T[(1- 7 (21,220)) ).
i€l i€l
(xx)
In order to estimate the latter two quantities on the right hand side of (xx), we need to
use the probabilities pj , , and pj, ; , which have been used in Lemma 3.2. More precisely,
we consider the constraints in (11), holding for any n > ny:
Ph(Ti, Tis1) < Py n(Ti, Tiv1) + Py o(@ir Tiva)
2n 1.,. 2n 1 o
= exp ( — p(Li— @)L+ S L'(8) - Zis1)) +exp (- U= z) Ui+ U'(8) - Zin))
2n 2n 1 .
S exp ( - -a’—z(L' - Ii)(L.'+1 - z.~+1)) exp (;(L, + ;_;L’(tl) - L;+1)($,' - L.))
2n 2n 1 o
+exp ( - ;(U-' = zi)(Uin1 — $i+1)) exp (;(Uiﬂ -Ui+ ;U’(tl))(Ui - 1’.’))
L 2n MKy 2n
<emTexp (- —5(Li = z)(Lins — zip1)) +e T exp (- 2 (Ui = 2:) (Vi1 - Zis1))
4 2n 2n
<enet [exp ( - *a—z(L.' — ;) (Liy1 — zi+1)) + exp ( - ?’(Ui = z;)(Uigr - $i+1))]«

Similarly, we can state, for any n > ny,
_ 1K' 2n 2n
D (i, Tip) < eib_ [exp (— F(Li_zi)(Li-ﬂ —-’Bi+1)) +exp (" ‘;{(Ui—zi)(Uiﬂ ’--’Ci+1))]~

Now, if i € I then (z;,7iy1) € Cj, so

aazlnn)(a o ac? lnn)

(Li — z:)(Liv1 — Tip1) = (5 i o



232 Lucia Caramellino and Barbara Pacchiarotti

_ 5§ _ ad’lnn
=10 o

— . __ ac’lnn
6;1' - Jm-’ D

Zj

Fxgure 1 For n large enough, the shadowed region shows the set of points (z;,z;+1) ¢ C; =
Ci' U C}? such that wi(zj,zj41) < e ‘n"

and

2 2
(Ui = 2)(Uis1 — Tia) > (5 i lnn) (5 i — aazinn)
hold, as it is easily seen from Figure 1, and are obviously of interest whenever § is chosen
in order to make the right hand sides positive.

Thus, let § < 5 D and n; such that g Ig %:;m (where the quantity % comes from
an upper bound for m;), so that for any n > max(ng, n;) one has

2 62
(Li = z:)(Lisy — Tiga) 2 T and (Ui — 2:)(Uis1 — Zi1) 2 T
For such values of n, if i € I, we can then give the following estimates
ns?

; ! . ' 52
(i, Tig1) < 2" T3T and B (@i, Tigy) < Qe ned 3T
n n

! 2
For n large enough, 262:9; 501 < 1 (indeed, it is sufficient to take n > n,, where n, is
such that n262 — ny0? — 4MK > 0), so that

! _né? ]
1-JI(1 = i (20, i-1)) < 1= (1 - 2e™0F - éf) <1~ (1-2%F5)"
i€l
and similarly
: ns2\n
1- H(l = Pp(zi ziy1)) <1 - (1 - 2a,,e"z'3’) .

i€l
Therefore, for z € Aj 1,0 and n > max(ng, n1, nz), from (*x) it follows that

|0n(@) ~ @) | < (2 4 E2)g(2) 4 7%

where -
=2(1- (1-2¢%F37)")
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and finally

L= [ @)l an(z) = 8a(2) | dpn(z)

i=1Yr1ez; Aj,10

< (—CE + ﬁ) /'P;lu:ez Aj 10 f(xn)qn(x) dﬂn(z) + 77]; : IE[f(WT)]

n ne
For I's, notice that
UjZt Urez; Ajrn C URSg {-’B € A; (2, k1) € Cf }

so that

3= /U ;;l,ule%_‘“f(zn)qn(:c)dun(z) < Z /{m F(Zn)din(z)

.(=h.=k+1)€C"}

1+ed n 1+¢ ) T:F:
’§)/{IEA;(“'Z"“)GC£‘} f(zn) ¥ (x) Z‘/{zeA i(zh,2h41)ECH } an (z))

< (Bl (Wy) ) (i [y POV € s Wi, € )
v - (T [ POV, € do)yf iz 0P ay)

Now, if (z,y) € C§ then { , 50

that

Li<z<Lg+4 o Ui—bd<z < U
U1 — 0myp < y < Upn Lyt <y < Liy1 + dmy

y—zZUk+1—Lk—6(1+mk)
z—y>Uk—Lk+1—6(l+mk).

Since Ugy1—Lg > D — —‘L y Lgy1— U,, D- —L , Ky and K, being the Lipschitz constant
of L and U, respectwely and mi < D , settmg K max(K, Ky) we can write

: K M
- > —_—— - —_—
ly—z|>D — 6(1 + D)
whenever (z,y) € C§, for any k (recall that D — £ > 0 if n > X). Thus, choosing

D-Kl ) 12)

<
0<é 2(1+M

then for any (z,y) € C¥ and for any k one obtains |y — z| > %(D - %) and

2
n n 2 n - (D-K
ey, < [~ (0-K)
2¢72e2 dy < 27r02e
Therefore

n-1 3
1+e it . N e v-2)? g, )T
L < (Bl (W) D™ (X /c‘, P(B, € do)\/—; e" 57 dy)

< (B[ (Wr)H) = - (}12—,,‘/% e (O~ ) T s (Bl (W) - 42,

/C , P(Bu € o)




234 Lucia Caramellino and Barbara Pacchiarotti

Finally, the statement holds with v, = E[f(Wr)} + (E[f (WT)”‘])ﬁ‘-'yﬁ, which goes to
0 as n — oo exponentially fast.
]

Proof of Theorem 2.3. Let us set A, H;‘"(L,, Uj). First of all, notice that

Elf(Wr)li>a] = [, f(za)- (1~ 0a(2))dnz)
and
Bl (Wn)g>g] = [, (@) (1= () dun(2).

By using Proposition 3.3, we have

EN S [ @) [le) = u(@)din(z) S (24 22) [ 1(an) - Gule)dbnla) + 70

It is now sufficient to show that £2 = [, f(za) - q,,(:c)dy,,(z). Indeed, since 7¢ > T, one
can write

&4 = [EU Wr)(Uir>1) ~ Lptomy)]| = B W) Lirr,ngom) = [ £(2n) - 9a(2)dtn(o).
]

Let us show some further consequences of the estimates given by Proposition 3.3.

Remark 3.4 If f is not positive we cannot directly compare £(f) and £3(f), but if f
is such that E[|f(Wr)|**¢] < +oo for some € > 0 then by simple calculations we have

EX(f) S ENfen+Tn

where ¢, = = + 4 &2, with ¢, and d, are given in Proposition 3.3, and %, is a sequence
going to 0 as 'n — 0o faster than any power of 1/n.

Remark 3.5 In a financial framework, it is of interest also to compute quantities like
lE[f (Wr)lgrsy + Re™™ ﬂ(rgr)],

where R is a positive constant called rebate. Indeed, if one thinks to knock-out barrier
options, with payoff given through f, then R stands for a quantity, typically quite small,
that the option seller gives to the buyer in the event that the underlying asset price hits on
the barriers (see e.g. [3]). Now, a simple application of Proposition 3.3 allows to control
the error arising from the application of the continuous scheme for the pricing of barrier
options with rebate. Let us stress the dependence of the error on both f and R, that is

E:(f,R) = [E[f(Wr)irsry + Re™ " irery] = B[f(Wr)lirgory + Re™ e ey
E3(f, R) = |E[f(Wr)lir>7) + R irery] — E[f (W) Uipgory + Re™ ™ Wipgery] |
Then, it easily follows that
E(f, R) < (E3(£,0) + £2(0, R))en + 7n (13)
where g, = En+ 2, with ¢, and d,, are given in Proposition 3.3, and ¥, is a sequence going

to 0 as n — oo faster than any power of 1/n. Thus, in particular, lim, . £$(f, R)/n = 0.
This is the content of the next
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Proposition 3.6 Under the hypothesis of Theorem 2.3 and for any positive constant R,
then (13) holds.

Proof. First of all, for any positive random variable X we can write
00 1
Ele™*Iixen] = [ Ple™ lpxery 2 s)ds = /0 P(X < T.)ds
with T, =T if0<s<eTand T, = —-1lnsif e < s < 1. Thus,

EXSR) SEULO+R [ [Plr<T) - P(rs S T ds

Denoting by ¢2 and @ the previously defined conditional exit probability and its approx-
imation with T replaced by T,, one has
/ / "a(LiU;)

/IPT<T

4 (@) — 81(2)|pn(dz)d
and by Proposition 3.3 (with f = 1),

/lP(r<T) P(r5<T,)

d' )/ 2 L,0) ¢%(z)dpn(z) +’7,'.]ds

where ¢}, d;, and 2 are given in Proposition 3.3 with T replaces by T,. Now, since T, < T
for any s € (0, 1), it easily follows that ¢, < ¢, and d, < d,, so that

cﬂ d" t s ! 8
= (; + E)/; / ;';;(L,-,U,-)qn(z)d#"(z) d3+/0 7nds
= (=2

=) /01 (P(r < T.) - P(r8 < T.))ds + /01 Fads = (2 + :_:)g:(o’ )+ /0‘ Yds.

n  no

[ |Ptr < T) - P < )

We can finally state that

¢n dp

&S, R) < (T + 25) (84(1,0) + REL(Q, 1))+7n+/ Yads

and (13) holds.
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