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ABSTRACT. The present work splits in two parts: first, we perform a straightforward gen-
eralization of results from [Re], proving that quantum groups U, qM(g) and their unrestricted
specializations at roots of 1, in particular the function algebra F[H] of the Poisson group
H dual of G, are braided; second, as a main contribution, we prove the convergence of the
(specialized) R-matrix action to a birational automorphism of a 2¢-fold ramified covering of

Spec (UEM(g)) *2 When ¢ is a primitive /-th root of 1, and of a 2-fold ramified covering of
H, thus giving a geometric content to the notion of triangularity (or braiding) for quantum
groups at roots of 1.

§ 1 Definitions

1.1 Cartan data. Let g be a complex finite dimensional semisimple Lie algebra of
rank n, with Cartan matrix A := (aij)i,jzl,...,n; let R be its root system, @, resp. P, be
its root lattice, resp. weight lattice; we fix a subset RT (C R) of positive roots, a basis
{ai,...,a,} (C RT") of simple roots, and we let {wi,...,w,} be the dual basis of P.
We denote by W the Weyl group of g, with generators sy, ... ,s, (namely the reflections
associated with simple roots), and we set N := #(R'). Finally, we let (dy,...,d,) be
the (unique) n-tuple of relatively prime positive integers such that (d;a;;)i j=1,..n is a
symmetric positive definite matrix.

1.1 Quantum enveloping algebras. We briefly recall some definitions. The quan-
tized universal enveloping algebra Uy, (g) is the associative algebra with 1 over C[[h]] gen-
erated by Y1,...,Y,, Hy,...,Hy, X1,...,X,, with relations (for i,j =1,...,n)

H,H; —H;H; =0
HX;— X;H; =ai; X;,  HY;—Y;H;, = —a;Y;
exp(hd;H;) — exp(—hd; H;)
exp(hd;) — exp(—hd;)

XiYj = Y;Xi = i
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1—a;;

Z { J} XX XE =0 Vi ]
=0 qi

Z [ J} Y Ty =0 Vi)
k=0 qi

where q := exp(h), ¢; ;= q% = exp(hd;), and the Gaussian binomial [Z’}q is defined by

m [m],! i ¢ —q°
= k| .= =
[nL [m —n] ![n] !’ K, SI:II[S]‘]’ g q—qt
for all m, n, k, s € Ny, n < m, with [s]q, [k:]q!, [qu € C[q,q_l]. It is known that Up(g)
has a Hopf algebra structure, given by (i = N

A(Y) =Y @ op(~hd;H) + 1%, S() 1= View(hhtf),  of¥) =
A(H;)) =H;®1+1®H; , ( i) = —H;, E(H)

0
0
0.

Let M be a lattice such that Q < M < P: the quantized universal enveloping algebra
UM(g) (cf. [DP], §9) is the associative algebra with 1 over C(q) generated by Fi, ..., F,
L,(VpeM), Ey,...,E, with relations (i,5 =1,...,n; p,v € M)

L,L,=L,,=L,L, Lo=1
L,E; = q<“|o‘j>EjLM 7 L,F; = q_<“|aj>FjLM
Lo, — L_q,
EiF; — FjE; = §; =2 — ==
q; — ¢q;
1 Qqj 1
- CLl — Qi — . .
Z(_l)k{ k ]] E; " EEF =0 Vi)
k=0 qi
1—aij 1
- (12 — Qi — . .
Z(_l)k{ k ]} F =" FFF =0 Vi
k=0 qi
A Hopf algebra structure on U, (;\J(g) is defined by ( n; pu€ M)

AF;)=F,®L_,, +1®F,, S(F):=—FLy,, €F;):=0
A(L,)=L,®L,, S(Ly) = L_,, e(L,):=1
A(E;) = E®1+LQZ®EZ, S(E;) : 0

It is clear that Uj(g) — U;W(g) whenever Q < M < M’ < P, this being a Hopf
algebra embedding. In the sequel we shall also use notation L; := L, K; := Lo, (for all
i=1,...,n).
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The very definitions imply the existence of a Hopf algebra monomorphism
j:U(g) — Un(g)

given by ¢ +— exp(h), F; —Y;, K; — exp(hd;H;), E; — X;; still from definitions it is
also clear that this uniquely extends to an embedding

§: UM(g) —— Un(g)

for all lattices M; in particular UF(g) < Up(g). Finally, we shall denote by UM(b ),

resp. UqM(b_), the Hopf subalgebra of UqM(g) generated by L,’s and E;’s, resp. F;’s: these
are called quantum Borel subalgebras.

An interesting property that Hopf algebras can enjoy is quasitriangularity:

Definition 1.2. (c¢f. [Dr]) A Hopf algebra H is called quasitriangular if there exists an
invertible element R € H @ H (or an element of an appropriate completion of H ® H )
such that

R-Ala)- B = Ad(R)(A(a)) = A%(a) (1.1)
(A ®id)(R) = Ri3Ras (1.2)
(id ® A)(R) = RizRiz (1.3)

where AP s the opposite comultiplication, i. e. A°P(a) = 00 A(a) with o: A®2 — A®?
a®br—b®a, and Rya, Ri3, Ros € H®3 (or the appropriate completion of H®3), Ris =
R® 1, R23 =1 ®R, R13 = (U@ld)(Rgg) == (1d®0’)(R12) . O

As a corollary of this definition, R satisfies the Yang-Baxter equation in H®3 (cf. [Ta])
Ri2R13R23 = RozRi3Ri2

so that a braid group action is defined on tensor products of H—modules. The quantum
universal enveloping algebra Uy, (g) is quasitriangular (cf. [Dr|, [LS], [KR]): its R-matrix is

R: H equa<(qa—1 _qa) Xa ®Ya> -exp(— ]’L Z szHz ®Hj)

1,j=1

where [], g+ denotes an ordered product (with respect to a fixed convex ordering of R*),
¢ = q% (where d, is one-half the square length of the root «; in particular d,, = d; for
all i), (Bij); iz n = (diaij);jlzl,_“’n, and X,, Y, are g-analogue of root vectors (not
unique, however) attached to roots a, —a. On the other hand, this is not true — strictly
speaking — for the C(g)-algebras UM(g): to be precise we need a slight modification of

the notion of quasitriangularity, suggested by Reshetikin, as follows:
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Definition 1.3. (¢f. [Re/, Definition 2) A Hopf algebra H is called braided if there exists
an automorphism R of H @ H (or of an appropriate completion of H ® H ) distinct from
0:a®@b— b® a such that

RoA = AP (1.4)
(A@id)oR:ngonggo(A@)id) (15)
(id@A)oR:R130R120(1d®A) (16)

Here R12,R13,Re3 are the automorphisms of H @ H ® H defined by Ri2 = R ® id,

Roz =id® R, Riz = (0®id)o(id®R)o(0®id). Ol
It follows from this definition that R satisfies the Yang-Baxter equation in End(H®3):
ng 0R130R23 :R23 0R130R12 (17)

which yields a braid group action on tensor powers of H. Furthermore, it is clear that if
(H, R) is quasitriangular, then (H, Ad(R)) is braided. Again from [Re] we resume another
definition (slightly modified indeed).

Definition 1.4. (cf. [Re], Definition 8) Let H be a Hopf algebra, let R(Y) be an algebra
automorphism of H® H and RV € H @ H an invertible element such that

R . RO (A(a)) - RO = (Ad(R<1>) OR<0>) (A(a)) = A%(a) (1.8)
(A®id) o R® = RO 30 ROy3 6 (A ®id) (1.9)

(id@A)o RO = RO; e RO, 6 (id® A) (1.10)
(A®id)(RM) = RWy5 - RO 5(RWys) (1.11)

(id® A)(RW) = RWy5 - RO 5 (RM),) (1.12)

then (H, Ad(R(l)) oR(O)) is a braided Hopf algebra, and the element R is called the
uniwersal R-matrix of (H, Ad(R(l)) oR(O)> .G

Finally we recall from [Ta] the strictly related notion below:

Definition 1.5. (c¢f. [Ta/, § 4) Let H be a Hopf algebra, let @ be an algebra automorphism
of H® H and C € H ® H be an invertible element such that

C™ 1. ®(A°P(a)) - C = A(a) (1.13)
(@230 P13)(Cr2) = Ci2 (1.14)
(@120 P13)(Ca3) = Ca3 (1.15)

(A ®id)(C) = @23(C13) - Ca3 (1.16)

(id ® A)(C) = @12(C13) - Crz (1.17)

then we will say that (H,C, ®) is a pretriangular Hopf algebra. O
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§ 2 Some ¢g-calculus

2.1. In this section we introduce some material to be used in the sequel; as standard
references for g-special functions and related matters we quote [Ex] and [GR].
Let us introduce some ¢-symbols. We have g-numbers

k
(s), = cow=1le,, (0
s=1
for s,k,m,n € Ny, n < m, with (s)q, (k:)q!, (:)q € C[q,q_l}, and the symbol (a;q),, =

Z;S(l —aq®), forn € N, a € C. Now consider the function of z

oo

(2 @)0e = [ [ (1 —2¢") ;

n=0

we regard it as an element of C(¢)[[2]]. The infinite product expressing (z;¢q),, converges
to an analytic function of z in any finite part of C if ¢ is a complex number such that
lg| < 1; its Taylor series is then

> (—1)"g(%)
(%0 = ) %Z" :

n=0

Also the series

K

eq(2) == Z ! 2", E,(z) =

(:9), 49),

n=0 n=0

both converge to analytic functions of z; moreover, one has

eq(z) = (z:0) .0 " Ey(2) = (—2;0) o

so that E,(—z2)eq(2) = 1. Finally

= 1
exp,(z) = 2"
=2 T
thus one has
exp,(2) = eg2 ((1 — q2)z> :

We claimed above that (z;¢). is an analytic function of z for |g| < 1; the following
lemma describes the behavior of this function for ¢ — ¢, € a root of 1.
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Lemma 2.2. ([Re/, Lemma 3.4.1) Let € be a primitive {-th root of 1, with ¢ odd. The
asymptotic behavior of the function (of q) (2;q),, for ¢ — ¢ is given by

z* i (-1
(2:0) oo = €xp ( g;i 1 / log(lt ‘) dt) ] - skz)k/g (1+0(g—¢2) =
! " k=0 (2.1)
00 l—1
= exp <€2;_1 Z % . Zﬂn) . H (1 _gkz)k/f . (1_|_O(q_5)) .
q n=1 k=0

Proof. Taylor expansion of log(1—t) shows that the two expressions in right-hand-side of
(2.1) are equivalent. Now, the function (z;q)_ satisfies the difference equation

A
(2¢%q) = o, (%0 o (2.2)

and it is uniquely determined by this property along with the condition (0;¢)s = 1. But

1 o) 1 /—1
Y. (q) = exp (qp——l Z ﬁzﬁn> . H (1- 6kz)k/é

n=1 k=0

has the asymptotic behavior, for ¢ — ¢, of the solution of (2.2); in fact we have

¥=(9)
(2:0)g - Pzqe(

q9)
( 2 -1 ok k/e
exp <q —1) n 1n22 z)
1
2

£— -1 £— k/e
[T (= 24" -exp( (¢ = 1) 5202, q””z‘") o @ - *2¢9)"

—1 ke \k/L B (1 _ €2n>
(1 —¢fz 1 q
- —1 kk_og k/e 2—1 k " €Xp <q€2 o 1) ’ Z n2 Zgn -
Hk:o (1 —ekzqt) : Hk:o (1 — zq*) n=1
- /-1 ( 1 — cky >k/£ 1 ex (_ i qe2n -1 (%)n) -
- kol —1 22 -
k=0 1 —¢%2q ko (1 — 2q") n=1 4 1 n?

I
/\
.—l
|
)

?r
N
iQ
v

>
~
o~
~

—
==
|
Q
>
~—

o

>

o

|
(]2

—~

3

S—
_

i)
—~

N

~

SN—

S
~

3

¥
N——

k=0 n=1
: -1 1—ef2 R/t
when ¢ — ¢ we have lim,,.(n )q = n, limg.[[,—, (1_6%2) = 1, and
. 1 . Z—l k =1 ( Ek _ 0.
llmq_>€ m = < (1 — ZE: > k:O Hk (5 - Z) 11—z thus
Vi

1 © 1 exp(log(l—z)) 1

g—e (2; Q)e ) @qu@(Q) 1— 2zt " 1—2¢ 1—2¢

i. e limg_yq W = 1. Moreover from definition 1(¢) = 1. The claim follows. O
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§ 3 Braiding of quantum enveloping algebras

3.1. As we said, it is well known that quantum algebras Uy (g) are quasitriangular; this
is proved by means of Drinfeld’s method of the ”quantum double” (cf. [Dr] and others).
On the other hand, for the C(g)-algebras U}/(g) the correct statement is that they are
braided; for g = sl(2), this is proved in [Re]: here we quickly perform the (straightforward)
generalization.

To begin with we define a suitable completion of U, éw(g)(m, namely

n=0

+o0
M \82 ._ — +
Uq (g) _{Zgnpn(gpnfn}
where P, € UM(b_), Pt € UM(by) (UM(b4) being opposite quantum Borel subalgebras),

En € 321p1=n (Uéw(g))ﬁ, Fn € 2 218/=—n (Ué”(g))ﬁ . It is clear that Ué“’(g)®2 is a completion
of UqM(g)®2 as Hopf algebra. From now on, as in [DD], [DP], we set E, 1= X,, F, :=Y,.

Theorem 3.2. Let RO be the algebra automorphism of Ué”(g)®2 defined by

RO, 1):=L, 1, ROQA®L,):=1®1L,
ROE 1) =E®L o, RYQUQE) :=L_, ®E;
ROF; ®1):=F®Ly,, RYU®F) := Lo, ®F;

~

(i=1,...,n; u€ M) and let RV ¢ Ué\/"(g)@)2 be defined by

RW = H €XPgq, ((QQ_I - QQ>Ea ® Fa)

a€ERt

Then (Ué”(g),Ad(R(l)) oR(O)) is a braided Hopf algebra, with RV as R-matriz.

Proof. We just outline the main steps, details being trivial. First of all, direct computation
on generators shows that (1.9) and (1.10) hold. Then define C € U{(g)®? <C Uéw(g)‘gm)

by
BEQ+
where Q4+ := @ N P, is the positive root lattice and Cp is the canonical element of

the bilinear pairing (Uf([u_))ﬁ X (U(?(b_))_ﬁ — C(q) among quantum Borel algebras;
let also ¢ := R(O)_l; then it is proved in [Ta], Theorem 4.3.3 that (UqQ(g),C’, <I>) is
a pretriangular Hopf algebra; the same proof also works for UM(g) instead of UZ(g).

Now trivial checking yields R = ®~(C) (using Proposition 3.7 in [DD]); therefore
(UM(g), C, ®) being pretriangular implies that (Uéw(g),Ad(R(l)) o R(®) is braided. O
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Remark 3.3. Applying the remarks in §2 we can provide a multiplicative formula for
the universal R-matrix R(Y) of UM(g), namely

R(l) - H equa((Qa_l - Qa) : Ea ®Fa) =
aERT

- H eqi((th—l - Qa) : (1 — qi) N ®Fa) —

aERt

= I ec((@a™ —da) 9o (4" = da) - Ea @ Fa) =
acRT

= ]I ez (@Fa®Fa) = [] (00 Pa®Faidi),

a€ERT a€ERT

where E,, := (qa — q;l) E, and F, = (qa — q;l) F,, denote modified root vectors; in

other words .
RO = ] (g0 FoeFaia?) " (3.1)

acRT
Definition 3.4. We let L{éw(g) be the C[q, q_l]fsubalgebm of U(;M(g) generated by

{FQ,LH,EQ aGRJr,,ueM}.

Furthermore, for any ¢ € C we let
UM(g) := UMg) /(4= ) UM(a) = UM(g) Bcigq C
(with C = (C[q, q_l] /(q —¢) ) be the corresponding specialized algebra. O

Remark 3.5. The previous definition is different but equivalent to the original one in
[DP], §12, equivalence arising from the very description of Z/{éw(g) made therein. It is also

proved in [DP] that U)(g) is a C[g, ¢ ']-integer form of UM(g).

3.6. Our goal now is to show that Z/{éw(g) is braided: to be precise, we could say that
the braiding structure of Uéw(g) gives by restriction a braiding structure for L{;W(g). To
begin with, we define a suitable completion of Z/{éw(g)‘g)z (mimicking §3.1), namely

—~ +OO_ R
U (9)%? = { Y &.-Py P F, }
n=0
where P € 2/1;‘4(5_),Apn+ € UP(by), En € X 51m (Z/{é”(g))b,, Fn € Xigj=n (Z/lé”(g))b,.
It is clear that U/)"(g)®? is a completion of U}(g)®? as Hopf algebra; moreover we have
M(4\®2 M(\®2 :
UM(g)®?* C UM(g)®* via the natural embedding U}"(g) — UM(g) .
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Proposition 3.7. The restriction of R(®) (cf. Corollary 3.3) to Z/{M( ) is defined by
RO(L,®1):=L,®1, RO

®
7/2_(7))@&@1) =E,®L_,, RO1®
7/3—20/)<Foz & 1) = Fa ® Lg s R(O)( ®

L,)=1®L,

&8

o) =L_o®FE;
Fo)i=L,®F,

(p € M, o € Rt ) so that RO restricts to an algebra automorphism R(©) of L{éw(g)@z.
Moreover, let R ¢ UM()®? be defined (as in Corollary 3.3) by

RW .= H exp,,, ( (qa*1 — qa) E, ®Fa> = H (Qa Eq ®@Fy; Qi)oo_

aERT a€ERT

Then Ad (RW) restricts to an automorphism RO of Z/Iéw(g)gw, and (L{é\/[(g),ﬁ) —
with R = 731/) 07526) — is a braided Hopf algebra.

Proof. The first part of the statement is trivial. As for the second, we must recall that
the specialization UM(g) := Z/{é\/"(g)/(q —1)U}M(g) is a commutative C-algebra (cf. [DP],
§12). Now from (3.1) we have

letting RW .= (qa B, ® Fy; qz)oo_l for all « € R, and Lemma 2.2 (for ¢ = 1) gives

1 1 — — — . _

where we set ¢(z) := > ., - 2", as usual. Therefore we fall within the framework of

[Re], §3, hence we can apply Reshetikin’s trick to conclude: namely, applying Lemma 3.2.2
of [Re] we get for all o € RT

Ad(RD) (@) = RY -a- BY € UM(g)?

for all a € Z/{é\/[(g)‘552 ;1. e. Ad <Rg)> restricts to an automorphism RS of Uy(g)@; thus

also Ad (R(l)) = Ad <Ha€R+ Rg)) = [locr+ Ad <Rg)) = [loer+ R&l) does restrict to

an automorphism RM of Z/{qM(g)®2 as claimed. Then Theorem 3.2 yields the claim. [J

Corollary 3.8. For any c € C, let R. be the algebra automorphism of Z/{cM(g)®2 given by
specialization of R at ¢ = c. Then (Z/IcM(g),Rc) 1s a braided Hopf algebra. [
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§ 4 The geometrical meaning of the braiding structure at roots of 1

4.1 Geometric framework. In this section we turn to geometry: our aim is to show
that the series describing the adjoint action of the R-matrix of a quantum group are more
than formal objects, for they do converge, in a proper sense, so that such action does yield
well-defined automorphisms of geometric objects.

Let G be a connected simply connected semisimple Poisson algebraic group over C
with g as tangent Lie bialgebra; then there exists a uniquely defined connected simply
connected semisimple affine algebraic Poisson group H over C with tangent Lie bialgebra
g* and algebra of polynomial functions F[H], which is called the Poisson group dual of G
(cf. e. g. [DP], §11).

Let ¢ € N be odd, ¢ > d := max;{d;}, or £ = 1; then let ¢ € C be a primitive
(-th root of 1. As a matter of notation, let U. := UF(g), Z. := Z (U.) (the centre of
U:). Everything in the sequel can then be suitably extended to the case of quantum group
UM(g) with general lattice M. From the analysis in [DP] (cf. also [DK], [DKP]) we recall
the following results: , ,

(a) The subalgebra Z, of U. generated by E_, F
central, i. e. Zy C Z..

(b) Z. and Zy inherit (from UF(g)) canonical structures of Poisson algebras; in partic-
ular, Z; is a Poisson Hopf algebra.

(c) There exists an isomorphism Z, 2 F[H| as Poisson Hopf algebras (with respect to
a suitable normalization of the Poisson bracket on Zj), hence Spec(Zo) = H as Poisson
(complex affine algebraic) groups. In particular (for £ =1) Spec (U{(g)) = H .

Recall that in [DK], [DKP], [DP] the spectra Spec(U.), Spec(Z.), and Spec(Zy) are
introduced as the set of isomorphism classes of finite dimensional representations of the
corresponding algebras U., Z., and Zj; in particular Spec(Ze) and Spec(ZO) can be iden-
tified with usual geometric objects, namely complex affine algebraic varieties describing
the maximal spectrum of Z. and Zy; since Z, = F[H| as Poisson Hopf algebras, we also
have Spec(Zo) >~ H as Poisson affine algebraic groups (over C); thus in the sequel we will
also set H. := Spec(ZE) and S, := Spec(Ue) . The analysis in [DP] describes Spec(Ue)
as (espace étalé of) a sheaf — or a fibre bundle — of algebras over Spec(Zo) or Spec(ZE);
in particular we can think at U, as the algebra of global sections of this sheaf.

Now set

o Fo, LY (€ RY) i =1,...,n) is

—¢

14
ya::Fa

, To = FE,

q=¢c

, zy = LA YVae R, \eP

q=¢

q=¢
and in particular y; := Yo, , 2i = 2w, , T; = Zq, (i =1,...,n). Following [DK], §3.5, we
denote by 20 the algebra of all formal power series in the y,’s, ziﬂ’s, Zo's which converge
to meromorphic functions for all complex values of the y,’s, x,’s, and all non-zero complex
values of the z;’s; then let (A]E = 20 Rz, Ue, Ze = 20 ®z, Ze. In other words we can
think at (A]E as the algebra of global meromorphic sections of the corresponding bundle of
algebras over Spec(Zo) >~ H . Similar notations and definitions will be used when dealing
with square tensor powers, like Zo®?, Z.®?%, and so on. Notice also that Spec(Zo ® ZO) =
Spec(Zo) X S’pec(ZO) = Hx H, Spec(ZE ® ZE) = Spec(ZE) X Spec(ZE) = H, x H_,
Spec(U. @ U.) = Spec(U:) x Spec(U.) = Se X Se,
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Warning: when dealing with cross-product spaces like X xY", we shall use left subscripts
to denote functions of either of the two spaces, viz. sz :=1®x, 1E, = F,®1, etc.
Let HY) be any fixed ramified N-fold covering (for N € NU{oo} ) of H (so that H) x

HWN) is an N-fold covering of H x H ); then we denote by ”HgN) and S; (N) the fiber products
’H(N) HWN) x5y H. and S(N) HDN) % S.. Notice that ’H(N) = Spec <Zg) and

SE(N) = Spec <U€> - furthermore, H™) and Hg ) clearly have a unique Poisson structure

compatible with the covering map, so that HgN) is a (complex analytic) Poisson variety and
HN) is a (complex analytic) Poisson group. Finally, 7:=¢*: H x H — H x H (o being
defined in §1.3) is given by (z,7) — (y,z); then 70V HW) 5 ) 5 HN) 5 (N |
also given by (z,y) — (y,z), is a lifting of 7 to HN) x HWV),

Fix now ¢ > 1: we are ready for the next result, which claims that the ”formal au-
tomorphism” R. giving the braiding structure of U. actually does converge in a proper
sense.

Proposition 4.2. The algebra automorphism RE:U§2 — U§2 defines a meromorphic
automorphism R ., of S(OO) X S(OO , which restricts to meromorphic Poisson automor-
phisms RZ oo: HE x HED — HED 5 HED and R o2 HOO) ) H ) — 1(0) s (),
Moreover R o and its restrictions enjoy the dual properties of (1.4—6); in particular,
w # T, and m(R%(z,y)) =m(y,z) =y -z for all z,y € H™) (m and ”-” denoting
the product of H(*) ), and a braid group action exists on x —powers of H(>)
Proof. The first step in the proof amounts to show that series R.(z ® y) do converge
almost everywhere on a suitable covering S:°° (%) o S () Recall (cf. Proposmon 3.2 and its
proof) that R := RM o RO) , thus R, := R o ROL with RO) .— RO mod (g—¢) and
RO .= 7/3\6) mod (¢—e¢). For R the very definition implies that no problem of conver-
gence (nor of domain of definition) occurs. For R(1), recall that R .= Ad (R(l))

Up(g)®2

R =[] (o -Ea®Fa;ql) = [ BY (4.1)

aERT a€ERT

and

where Rg) (qa Ey,®Fy; qa) , like in the proof of Proposition 3.2; therefore
< (1)) H Ad ( <1>) — T ad ((qa B, ®F,; qg);) . (4.2)
a€ERT

Now again we apply Reshetikin’s trick: from [Re], Lemma 3.2.2 and formulas (3.2.10-
11), and from our Lemma 2.2 we get

Ad (R%p) mod (¢ —¢) =Ad <(qa +Eq @ Fa; qi);) mod (¢ —¢) =

= Ad (exp (q@ )) mod (g — €) = exp (ad{,}(%)) mod (¢ —€) = (4.3)

:exp(ad{7}<2d 7 - 0(qaFa ®7a)>> mod (q — ¢)
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whith
o, = <q2€1£2_51 gp(ana@)Fa) —(g—c¢)-log (H 1—5 goFo @ F, )))
o 0
(1+O(q—5)):exp<2q£2_€1-gp(qﬁ F ) mod (q — €)
and

Notice that

adg (- ¢(@))(y) = {t- p(x),y} =t {i ﬂ,y} :t.ii . {<xz)n,y} _

(because of Leibnitz’ rule: {-,y} = —ad{ ;(y) is a derivation!), hence

ady }(t'SO(I)) =1 (z) -adg y (¢-2)

with ¢ (t) := w = o 757 (by Taylor expansion again), and then

exp(adg 1 () ) = exp(v(a”) -ad (¢ 2))

together with (4.3) this gives
Ad (R(1)> mod (¢ —¢) =exp [ ad c . ©(quEa ®@Fy) || =
@ {,} 2da£2 alra «

= exp <1/1 (qéEé@Fi) ~ady | }( 2d€£2 qﬁ-Eﬁ@Fﬂ)) mod (¢ —¢) =

€
= exp (W w(l'a ® ya) : ad{ , }(.flfa (9 ya)> mod (q — E) .

Therefore we have to show that the formal series

S
exp (5o ¥ @) 0y (o0 @) ) (050

for x, y generators of U. (that is z,y € {1, Fo, Li, E, mod (q — 6)}2 =1,...,n,a €

R* }) does converge (to a meromorphic function on S % sl ). But notice that the
following obvious identity holds (for all n € N)

g n " c n
(2da£2 'w(xa ®ya) : ad{ , }(xa ®ya)) = w(ﬂl'a ®ya) : (Qdaﬂz . ad{ ’ }(ill'a ®ya))
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because of Leibnitz’ rule and ad{ }(za ® Ya) (ﬁ zb(xa@ya)) = 0; moreover,

Y(To ® yo) is a meromorphic function on the oo-fold ramified covering H (%) x H(*) of
H x H. Now recall that

[z ®@y,z@w] = [r,2] @ yw + 22 @ [y, w] ; (4.4)
then set ie, := ad| | <1Eg)> ‘ , ofa 1= ad| <2Fg)> ‘ (X&”) = %‘:, ), observe
q=¢ q=¢ o’

that

Jeq = ad| | <1Ec(f)> ’ng — (ﬁﬁ%l ~adp | <1Ei>>

Qfa = ad[ , ] (ng)>

9
2d,e M i)

q=¢
1 — €

B R ) | I

q=¢ (qgf -1 T2 e >’q—5 2d 0?2 a{’}(2y)

and let m(z):y — zy (left multiplication by z); then formula (4.4) gives

€
2d,0?

) ad{ )} (xa ® ya) =1 @M (23/&) +m (1-77a) ® ofy ; (45)

one trivially checks that 1e, @ m (2yo) and m (124) ® of, are operators which commute
with each other, thus (4.5) gives

exp (ad{ 3 (Ea ® ya)> = exp(1ea @ M (2Ya) ) o exp(m (12a) © 2f) ; (4.6)
for x, y generators of U, we have

log(1 — 124"
8 1Za-2Ya) '1$a'fa)(90®y):
1Ta * 2Ya

1 11— a’ « 1 1-— a e’
:eXp( og ( 21yx 2Ya) .fa)(x®y):exp( og ( 2;55 2Ya) -fa)(y)‘l@l-

exp (0 ®ye) - m (o) ) (z®y) = eXp(
(4.7)

It is proved in [DK], §3, that exp (¢ - f,) converges to a holomorphic automorphism of
the algebra of global holomorphic sections of S. (as a bundle over H), for all ¢t € C;
when t is replaced with any meromorphic function on H, the series we get does converge
to an automorphism of the algebra of meromorphic sections (cf. formulas in the proof

of Proposition 3.5 of [DK]); since log(l_;yw is meromorphic on the oo-fold covering

H(>®) x H() we conclude that exp (¢¥(Ta ® yo) - M(174) ® ofy)(x®y) is a meromorphic
section of S§°°) X SE(OO) ; the same holds for exp (¢¥(z4 ® Ya) - 160 ® Mm(2ya)) , and finally

for Ad (RY)| = exp (55 - ¥(@a @ ya) - ad( | (70 @ 10))

, q. e. d.
q=¢€ €

—_—

For the second part, notice that R(®) clearly leaves invariant both Z.®? and Z,%?, hence
its dual leaves invariant Hé‘x’) X H§°°) and H () x H(>°) : moreover, since R(1). is a product
of terms

—&
Ad (RY) ‘qzs o ( 2dger V(W ®Ya) adg,y (@0 ® y“))

q=¢
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e —

since Z.%% and Zy®? are closed for the Poisson bracket, and since x, ® Yy, € Zo%% C

Z€®2, we have that the dual of R(lg leaves Héoo) X Héoo) and H () x (o) invariant;
thus we conclude that R} leaves 7—[5;00) X HS;OO) and H() x H(°) invariant. Finally, it
clearly preserves the Poisson structure because R. is defined by specializing an algebra

automorphism of ¢F(g)®?2, whence

= {RE(J;O)? RE(QO)} .

q=¢

RE({l’myo}) =R (M)

q—¢

q=¢

The proof of the last part of the statement is completely trivial, by functoriality. [J

A deeper analysis yelds to improve the previous result, proving that the convergence
already holds on finite ramified coverings, as the following shows.

Theorem 4.3. The meromorphic automorphism R: SE(OO) XSE(OO) — SE(OO) XSE(OO) pushes
down to a birational automorphism Re*,é: Sg(%) X Sg(%) — Sg(%) X Sg(%) ; moreover, Re*,z #+
70 and RZ, enjoys the dual properties of (1.4-6).

The same holds with H., resp. H instead of S., with a birational Poisson automorphism
R;é: 22@ x?—lgm — Hé’”) x?-lgw , resp. R;e:?{(%) XHEO — HEO 1RO - ip particular,

m (R*e(:c,y)> =m(y,z) =y-z forall x,y € H?) (where m and ”-” denote the product

€,

of H?Y ), and a braid group action exists on x —powers of H (0.

Proof. Tt is clear that for R() everything is o.k. As for R}, from the proof of Proposition
4.2 we see that it is enough to show that

ex (5o Ve @) 2l 20 91 ) (0 90) (4.

(for any x, y in U,) is a rational section of the bundle SE(%) on a 2/¢-fold ramified covering
H Y of H : this again amounts to perform some computations. In particular (cf. (4.4-7))
we are reduced to check the same for functions

log (1 — 124 - 2Ya
exp( 8 ! 2y)'1ea)(1$'29)

1Tq

log (1 — 124 * 2Ya
exp( g( 2; 2y)'2fa)(1517'23/)

(4.9)

We deal with the first function above, the proof for the second following by symmetry.

Since log(l_&M ‘€4 is a derivation of U.®?, its exponential is an automorphism of
U€®2 . now log(1—11m&;a-2ya) 'lea(1®y) — 0, whence exp < log(l—lziaaya) . lea) (1®y) — 1®y,

for all y € U,; therefore we have only to compute exp <M : 1ea) (x®1) for

1T
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x = 1x € U.: in particular, it is enough to take z to be a generator of U., namely
ve{F,LyE;|li,j=1,...,mi A€ P}.

Like in the proof of [DK], Proposition 3.5, exploiting the braid group action we can
restrict to the case of simple roots a = a3, i = 1,...,n (thus we set 1E; = 1F,,,
1€; 1= 1€4,, and so on), using formulas

1Eo =T, (LE)) , 1Fo =T, (1F)) for a=w(a;)

4.1
1€a :TwoleioTJI, 1, :T'wolfiofz—;;1 for a:w(ai) ( 0)

(cf. [DK], §3.4), where T}, denotes the unique element of the braid group associated to
w € W. Moreover, from direct computation or resuming formulas in the proof of [DK],
Proposition 3.5, we get, mutatis mutandis,

exp (t-1€;) (1Ly) = Uil /20t 1

exp (t-1e;) (1F;) =

_ e~ twi/l _ 1 _ etwi/t _ ] _ —0—1
—\F; — 6, (— e Ly, 4~ -s_dlL_ai) B
1T; 125
for any indeterminate ¢+ which commutes with 1 F; (where (a;|\) := 2(a;|\)/(as|a;) €

7Z); when instead of ¢ we have the meromomorphic function log(l_ll+2y’) (which does

commute with 1Ei!) the previous formulas give

(g |A)

: 1ei> (1L/\) =1 —1zi2yi) =

log (1 — i 2Y; — —
eXP( gll—1 2y)'lei>(1Fj):1Fj_

1%;

—5;; < (1= 2%)—1/£ —1 '6diLai + (1 — 1@ - 2y

log (1 —1Z; - 2%)
exp T
1

/e g

15 124

—d: —(—1
‘€ dZL_aZ) )

and both these are rational functions on. SE(%) X 85(26) . B
Now we are left with the case x = F;, j = 1,...,n. Consider 1ei(1Ej); it a;; = 2
(i. e.i=7) or a;; =0 we have 161'(1E7') =0, hence

lo 1-— i i — —
exp< B - 2y)‘1ez‘> (1 j)zlEj-

1T5

Therefore we are reduced to make computations in the connected rank 2 case. To this
end, we will follow conventions and notations of [DP], Appendix, and skip for a while left
bottom indices 71”7 (i. e. 1E; = E;, etc.).

We develop the Ay case; the procedure is the same in the remaining cases but the
computations are longer (cf. also the Remark after the proof).

In this case we have d; =1 = dy. Define the root vector F13 := Fq,ta, € L{f(g) as

By, = By :i=Ti(Ey) = —E By + ¢ ' EQ By (4.11)
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then we have
EyFy = qFE1 By + qFq2, EpE) = q 'E B (4.12)

Let C(q)(E1) be the field of rational functions in the indeterminate F; with coefficients
in C(q); let M be the C(q)(E)-vector space with basis {E, E12}: then (4.12) tells us
that the operation pg, of right multiplication by F; yields an endomorphism of M defined
by the matrix (with respect to the ordered C(g)(E1)-basis {E2, E12})

qu 0
¢ q'E
therefore multiplication by E7 yields the endomorphism of M defined by the matrix
qEr 0o \" (¢E1)" 0 >
— - n— _ n . 413
( ¢ q 1E1) <q[n]q-E1 b (B (4.13)
Thus for ey (Eg) we have

BB, -E,E{|  _ B{E—q'E{Ey —qlf] By B

el (Eg) = [E@,Fg}

e [, . 4], —
1— 4 _ -1 _ _
(= Enam)| ()
= —f—g By — %Ef_l B = —% By — %Ei_l - E1
(because [E_;l]q, — % e = % ); on the other hand, for e; (Em),

(4.12) gives

_ E{Eis — E15 EY _ E{Ey — q *Ef Eqs

e1(E1s) i= [E?),Em}

q=¢ [ﬁ]q‘ q=¢ [g]q‘ q=¢
—
- : E'E = 1 . FL,="L.F
(qf —q Je—1 ) T 20 12T gy T2
qg=¢

therefore we conclude that e; restricts to an endomorphism of M defined by the matrix

hence e

I
Ve
o®
&
N———
3
=
.
2
@
=
on
2
-+
=
I
=
»
-+
=
"

(L2 D) - N,
- B % —Onecntn o2 (5)" B (5)"
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(for all n € N, where d,cy :=1 for x € Y and ey :=0 for x ¢ V'), so that

e~ 20 0
eXp(t-el)]M= —2 (e —em ) BT e

T1

log(1—wq)
e,

where t denotes any indeterminate which commute with E; in particular for ¢t = E
1

. —t =
with wy :=1F; -9F1 =171 -2y1, We get

gt —wn) | _ w0
exp ( Ee 1) ‘M - (_L/i . ((1 —w)? — (1 _wl)—ﬁ) .Ef_ (1 _wl)u>

Y

1 E

thus
log(1 — . —
exp ( og(l =121 - 241) ~1e1> (1E2) =
1L1
1 € 1 1 S —
=1 —q121-211) 2 1By — 0 ((1 — 121 2y1) % — (L — 121 - 291) 2"’) 1B - 1Eq
121

which is a rational section of a Sém X SE(%) , . e. d.

As for exp (W . 1e2> , everything comes from above by symmetry, namely

because gy = 81852 (051) implies 1E2 = T1T2 (1E1) s 1?2 = T1T2 (1?1) s and 1€ =
(Th'T2)o01€1 0 (Tng)_1 ; on the other hand, in the other cases of rank 2 (that is By and G5 )
such a symmetric situation does not occur, hence we must perform direct computation for

10%(1*1£U2‘2y2)
exXp (—le

Finally, it is clear that restricting to subalgebras Z. and Z, we get (bi)rational Pois-
son automorphisms of their spectra, by the same argument of the end of the proof of
Proposition 4.2. [J

. 1e2) too (this is entirely similar, although longer, to the previous one).

Remark: the very (theoretical) reason why computations do work in all rank two cases,
so that Theorem 4.3 does hold, lies in the availability of the commutation formulas for
quantum root vectors (the so-called Levendorskij-Soibel’'man formulas, cf. [DP], Theorem
9.3), strictly related with the existence of a convex ordering on the set of positive roots.

The previous result can be still improved when considering the central Hopf subalgebra
Zy, hence the Poisson group H, as the following shows:

Theorem 4.4. The birational Poisson automorphism RZ ,: HEO x H RO 5 320 5 3120
pushes down to a birational Poisson automorphism R;E:H@) x HZ — HE x HE)
independent of £, of a 2-fold ramified covering H® xH ) of Hx H ; moreover, R4 £ 7(2)
(the "twist” map of HPZ x HP) ), and Rz, enjoys the dual properties of (1.4-6): in
particular, m (R;e(:ﬂ,y)) =y -2 for all z,y € HP (where m and 7-” denote the

product of H®) ), and a braid group action exists on x—powers of GAQR
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Proof. As for Theorem 4.3, the proof amounts to check that some series do converge on
an appropriate covering. Namely, we have to check that

—E&
exp ( NE 77/}(1'04 ® ya) . ad{ , }(aca X ya)> (1w ® 2w)

does converge to a rational function on a covering H? x % as claimed for all « € R*
and for all ;w € {171'35,8,1'2’)\,1'% | B,y € RT; X\ € P}, 1 = 1,2. This again amounts to
prove the same for functions

1 1-— a '’ «
exXp ( = L7a " 2ba) '1ea) (1w)

1Tq

log(l — 1Za * 2Ya
exp( g( 2; 2Y ) '2fa) (2w)

for all @ and ;w like above. As for Theorem 4.3, we deal with the first function, the proof
for the second one following by symmetry.
By the braid group action we can again reduce to the case of simple roots a = «; .

Furthermore (cf. [DK], §3.4, and [DP], §19), with respect to coordinates z, := Ei, Zy =
Lf\ Yy = Fi , the formulas for derivations e, are independent of £: therefore we can fix
¢ =1 and perform computations in Uj.

Again direct computation (or formulas in the proof of [DK], Proposition 3.5) gives

exp (t-16;) (125) = e/ taws oy (4.14)

log(1—12i-2y:)

for any indeterminate ¢ which commutes with 1 E; = 12, ; then for t = —

have

we

[CTARY)

-1ei) (12a) = (L =12 -2wmi) 2 -12a

log(l —1Z; - Q?Ji)
exp o
(A

which is a rational function on a 2-fold ramified covering H? x H? of H x H .

log(1—12i-2y;)
1Z4

Now consider exp ( : 1ei) (12), with v € RT (notice that now simple root

vectors E; =xz; (j =1,...,n) are not enough to generate U; (the ”positive part” of Uy):

we do need all root vectors E., =z, v € R"). For any fixed pair («,y) of positive roots,
let us denote by R; , the rank 2 root system spanned by {a,~} in RT. The following is
well known (cf. e. g. [DP], first Lemma of §15.4):

Claim: For any fixed pair (ay,7y) of positive roots with «; simple, there exists w € W
and a1, az € R such that w (R}, ,,) = R{, ., and w(o) = o;.

Q1,02 v

Thanks to Claim and (4.10) we are reduced to make computations in the rank 2 case;

log(1—1%i-2y:)
1T4

the same holds when considering exp ( . 1ei> (1Y), with v € RT (now again

negative simple root vectors F; =y; (j = 1,...,n) are not enough to generate U; (the
"negative part” of U;): we do need all negative root vectors FAY =vy,, v €RT). We
denote by T the type of a root system of rank 2 (hence T € {A1 x A1, Ag, Bo, Gg} ).
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T = Ay x Ay: First of all, since e; (z;) =e; (E;) =0 (j =1,2), we have

log(l — 1z, - 2y, )
exp ( & 1;,j 28) '163‘) (17;) = 12, (1=1,2);
J

second, since a1z = 0, we have e; (z;) =0 (for 4,5 € {1,2}, i # j) whence

log(1 — ZT; - i
exp< 8l 1; 2y)’lei> (15Uj):11’j

(for i,5 € {1,2}, i # j) thus we are done with generators z,’s.
As for negative root vectors y, = Fo , we have ei(yj) = 0ij - (2a; — 2—a; ) » whence

e’ (yj) = 0ij - (6" (2a;) — €/ H2—ay)) = 045 - <(—«T¢)n_1 2y, — 'Z—ai>

(thanks to (4.14)) for all n € N, thus

et 1 el — 1
exp (t-1€:) (19;) = 195 — 0ij - (— oy za)

124 125
: : : : . _ log(1—1m4-2y:)
for any indeterminate ¢ which commutes with {z;; for ¢ = — T we get
log 1— 1L4 * 2Y;
exp ( ( . ) © 164 (1yj) =
174
1— 1z -ou) =1 1 — 12 o) — 1
— 1y] . 61] . <( 125 Qy’b)  Za, + ( 125 2%) . Z—ozi)
15 15

which is a rational function on a 2-fold ramified covering H(? x H?) of H x H (=
Spec(Zy) x Spec(Zy) ). Since for T = Ay x A1 we have RT = {ay,as}, we are done.

T = Ay: We follow again conventions and notations of [DP], Appendix. In the present
case we have d; = 1 =dy, and RT = {1, 12 := a3 + az,a2}, and we define the root
vector Eio := —FE1Es + ¢ 1EyE; (cf. (4.11)). For v = a; we have as above

log(1l — 127 -
exp( g( 121 2y1)'1el) (1901)21961-

121
Then let M be the C(q)(E7)—vector space with basis {zg,z12} = {EQ,Elg}I then

(4.12) tells us that the operation of right multiplication by E yields an endomorphism of
M defined by the matrix (with respect to {Eg, Elg} )

qEq 0
q q'Ei)°
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Thus for ej(z2) we have

e1(x2) = [E1, Es] ‘ = (E1E; — E2Ey) ‘ = (E1E2 — qE1Esy — qEq3) ‘ =

1 — .
:< ?1.E1E2>
q—4q

on the other hand, for ej(x12), (4.12) gives

e1(z12) == [E1, E12] _

1—g !
:< q_l 'E1E12)
q9—4q

therefore we conclude that ey restricts to an endomorphism of M defined by the matrix

(1 9)
-1z

n
hence e’f‘M = (el‘M> is given by the matrix

(% 0) o, CFL o)
-1 “Oneenin -z ()0 (%)
(for all n € N, so that

e 51 0
eXp(t ’ el)‘M = _ 1 (e%'xl — e_%'$1> e%'xl

1

log(1=121:291) (e have

for any ¢ which commutes with E1, and for t = o
(log(l — 171 - 2Y1) ) _
exXp ©1€1 =
1
M
_1
(1 =121 -2y1) 2 0

= 1 _1 1
—— ((1—1$1'2yl)2 — (1 =121 201) 2) (1 =121 2y1)2

or, in other words,

log(1 — .
€xXp ( og( 1;51 2y1) '1€1> (1562) =

NI

_1 1
=(1—121-2y1) 2 '1372——'((1—1561'2211)
1L1

log(1 — 127 -
€xp ( g( 1;11 2y1) : 161) (1»’1712) = (1 — 121 - 2y1)

=

- (1 — 121 'le)_

) ©1T12

D=

©1%12




GEOMETRICAL MEANING OF R-MATRIX ACTION FOR QUANTUM GROUPS... 21

and these are rational functions on a 2-fold ramified covering H x H(?) of H x H, q. e. d.
For negative root vectors y, = F’s, define F,,, = Fip := T1(Fy) = —FoFy + qF By ;
then we have again e;(y;) = 015 - (24, — 2—a,) (J = 1,2), whence

log(1l — 1z -
exp( g( 1;11 2yl)'1e1) (1yj):

1— @y -911) ' —1 1— 121 -0p1) — 1
Ly — b, (( 171 - 2Y1) 'Za1+( 121 - 2Y1) 'Z—al)

171 171

(j = 1,2) which is a rational function on the proper covering; this takes care of v =
and v = ag. At last, for v = a1 := a3 + as, we have

e1(y12) = [Er, Fi2] q=1

= (=Fy [E1,F1] + q [E1, F1] )

q=1

2
_ _ q -1
:(_F2<L0¢1_L—a1)+q(La1_L—al)FQ) = ( -1 ’F2L0‘1> = Zay " Y2
q=1 q—q q=1
now, since for all n € N we have
e (Za, " y2) =€ (2a,) " Y2 = (_xl)n T Ray Y2
we get, for all n € Ny
n _ . n—1 _ .n—1 _(_ n—1 o _(_xl "
e (y12) =€ (20, "Y2) =€ - Za Y2 = (—71) "Rai Y2 = T " Zai Y2
whence exp (t-e1) (y12) = Y12 — eit';:ll_l * Za, Y2 and finally
log(1 — 171 - 2y1) _ (1 =12y 23/1)_1 —1
exp 1e1 ) (1y12) = 1912 — “1Zay T 192
121 121

the latter being a rational function on the covering H® x H(?) of H x H, q. e. d.

As for exp (W . 1e2) , everything follows by symmetry; on the other hand, in

cases By and G such a symmetric situation does not occur, hence we must perform direct

log(1—1x2-2y2)

- . 162> too (which is completely similar, although quite

computation for exp (

longer, to the previous one). [

We stress the fact that the proof of Theorem 4.4 above also contains the proof of the
following one, which means that the adjoint action of the R-matrix does specialize for
g — 1 to something more than formal, with a very precise geometric meaning;:
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Theorem 4.5. For the braided Hopf algebra (F[H],R1) = (U1, R1) the "formal automor-
phism” Rq is in fact an effective Poisson automorphism of the field of rational functions
on H® x HP . In other words, Ry defines a Poisson birational automorphism R of
HP) x HP) which enjoys the dual properties of (1.4-6), in particular m (R (x,y)) =y =
for all z,y € H? , and a braid group action exists on x —powers of H. O

4.6. Recall that, by general theory, one has Spec(A ® B) = Spec(A) x Spec(B) for
all associative unital algebras A and B; moreover, if M and N are Poisson manifolds
then M x N is a Poisson manifold too, whose symplectic leaves are all the products of
symplectic leaves of M and N. In our context this implies that the symplectic leaves of

H*2 (resp. (H(N)) X2) are all the products of symplectic leaves of H (resp. H™)).
Let N € {2¢,00}. Let us denote by Z; the algebra of meromorphic functions on H ).

As we said, we can look at S, as a sheaf of algebras over H ; similarly, we can look at SgN)
(the N—fold covering of S. ) as a sheaf of algebras over H(V) : its algebra of meromorphic
sections U is then U. = Zy ®z, U.. Now represent the elements of HWN) = Spec(Zy) as
maximal ideals of Zy, and let m € H(V): the fibre over m of our sheaf is then U, / m. .

Similarly, the fibre over (m,n) € ™) x H) (of the sheaf of algebras SN 5 S over
HN x HIN) is (U @ U.) /(mU: @ U + U @ nUe) .

Proposition 4.7. R? y is a meromorphic automorphism ofSE(N) X SE(N) as a fibre bundle
over HWN) x HWN) with respect to the meromorphic automorphism R:N‘ of the

HN) 5 (N)
base space HWY) x HWN) : in other words, the following diagram is commutative

SE(N) y SE(N) RI N SE(N) y SE(N)

" |~

HWN) s HIN) y H(N) 5 3 (N)
R

where Se(N) X SE(N) — HWN) x HN) s the projection map of the fibre bundle. In
particular R y leaves invariant the fibres of Sg(N) X SE(N) over symplectic leaves of HN) x
HN) (i. e. the preimages, with respect to m, of symplectic leaves of HW) % H(N)).

Proof. This is more or less trivial, by construction. Let s = (m,n) € Spec (ZO®2) =
HWN) x HN) be a maximal ideal of Z,®?; then its fibre U.%? /sU.®? is mapped by RIn

onto R y (UE@’Q / 5 Z/{€®2) = U.%? / Rg_l(s) U.®% | whence everything easily follows. O
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