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Abstract. Let § be an untwisted affine Kac-Moody algebra over the field C, and let Uy(§)
be the associated quantum enveloping algebra; let Uy(§) be the Lusztig’s integer form of
Uq(§), generated by g-divided powers of Chevalley generators over a suitable subring R of
C(q). We prove a Poincaré-Birkhoff-Witt like theorem for Uq(§), yielding a basis over R made
of ordered products of g—divided powers of suitable quantum root vectors.

Introduction

7Questa forma e duale
di un’altra gia nota
che ha un suo teorem PBW.
Ed ¢é subito base”

N. Barbecue, ”Scholia”

Let g be an untwisted affine Kac-Moody algebra, and let U,(g) be the associated quan-
tum enveloping algebra. In [Bel], [Be2], quantum root vectors are defined, and a basis of
Poincaré-Birkhoff-Witt type for U,(g) is constructed, made of ordered monomials in the
quantum root vectors.

Now let £l,(g) be the Lusztig’s integer form of Ugy(g), generated over Z [q,q '] by ¢-

divided powers E,fn), Fi(m); for technical reasons, we shall use a larger ground ring R. In
this paper we find a PBW basis of 4l,(g) as an R-module, made of ordered products of
g—divided powers of (suitable renormalizations of) quantum root vectors.

As a first step we reduce the problem to finding a basis for Ll; (the positive part of
U4(8)). Second, we exploit the duality among PBW basis in U;" and in U, — proved in
[Da2] — to get from there our key result, namely finding a basis of L[} .
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2 FABIO GAVARINI

Such an approach is entirely different from the classical ones, to be found in [Ga] and
[Mi]; on the other hand, the comparison with the classical setting is quite interesting: this
is sketched in the last section, where also a second PBW theorem is proved and some
further conjectures are presented.
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§ 1 Notations

1.1 The classical data. We shall adopt notations of [Da2], which we recall in this
section (they follow [Bo] and [Kal).

Let g be a simple finite dimensional Lie algebra over the field C of complex numbers,
and consider the folllowing data.

I ={1,...,n}, the set of vertices of the Dynkin diagram of g (see [Dal] for the identifi-
cation between Iy and {1,...,n}); h a Cartan subalgebra of g, generated by {hq,...,h,} =
{hi | i€ ly}; &9 = Po+ U (—Po+) C h* the root system of g, with &g the set
of positive roots, and II := {ai,...,a,} = {«a; | i € Iy} the set of simple roots;
Qo = D qea, Lo = Dicr,Za; the root lattice of g, and Q = Y, cp, LZa" = Bic1, Lo
the coroot lattice; Wy the Weyl group of g. Finally, we fix a function o : Iy — {£1} such
that a;; < 0= o(i)o(j) = —1.

We denote g the untwisted affine Kac-Moody algebra associated to g and we consider
its loop-algebra like realization as

g=g®cClt,t7'|eC-caC-0

with the Lie bracket given by: [¢,2] = 0, [0,2®@t"] = mzx @™, xRt ,y@t°] =
[z, y] @™ 4+ 6, _s7 (z|y) ¢ forall z € g, z,y € g, m € Z, where (-]|-) is the Killing form
of g, normalized in such a way that (h;, h;) = 5.

For g we define: I := {0,1,...,n} D Iy to be the set of vertices of the Dynkin
diagram, and Io = I U{oo}; A = (a;); j; the (generalized) Cartan matrix and
D = diag(dy,ds,...,d,) the diagonal matrix with relatively prime positive integral en-
tries such that DA is symmetric (dgp = 1); h = hadC.-cpC-0(Cg); & = ¢, U
(—P4) (C (hdC-c) C 6*) the root system, ®; = ®"¢ U P the set of positive roots,
{ag,00,...,an} = {a; | i € I} the set of simple roots, P = {md | m € Ny} the set
of imaginary positive roots (where 6 = ), ; dia; = 6 + ap and 6 is the longest positive
root of g), 1 =Py U{a+md|a € Py,m >0} the set of real positive roots. Then g

has a decomposition into direct sum of 6 and root spaces g = 6 @ (@ae(p @a) , and

dimc(§o) =1 Vae @™,  dimc(h) =#(l) =n Vaecd™;
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therefore we define the set &3+ of ”positive roots with multiplicity” as ELF =Py &J‘}rn
where 551:1 = @ifl x Iy; then we denote p : &3+ — &, the natural projection map.
Furthermore, we have: the root lattice (of §) Q =) o Z - = ®ic1Z-a; = L- gD Qo =
QoBZ0, Qoo := QPZ s (Where an(€ h*) is the dual element to d(€ b)), and the order
relation < on Q given by a < 8 <= f—-a € Q4 , with Q4 := >, ;N-a;; the non-
degenerate symmetric bilinear form on Qo ®z R given by (ai|a;) = dija;; (Vi,j € I),
(o]Q0 D Z - ay) = 0, (ao]d) = 1; the group W = Wy x Qf , the subset of simple
reflections {sg, $1,...,5,} ={si| i€ 1} (C W), and the length function [: W — N the
braid group B (associated to W), generated by {Tv,T4,...,T,} ={T; |i € [}, and the
section T: W — B such that T, =T;, ---T; forall w=s; ---s;, € W with l(w) =

1.2 The quantum group U,(g). The quantized universal enveloping algebra U,(g)
(cf. e.g. [Dr], [Lu2]) is the unital associative C(q)—algebra with generators

Fl,...,Fn,KV(VEQOO), El,...,En

and relations

K,K,=K,;, = KK, |, Ky=1 Vi, ve Qoo
K,E; = qWEK, K,F=q¢W®W9YWRK, Vi€ Quo, Viel
K, —K_,. .
EiFj—FjEi:(Sijz—_ll VZ,.]EI
qi — 4g;
17(11']' 1 1- Qij
(—1>k[ k%} BB B =0, Z { U} FTMRE =0 Vi
k=0 qi qi
m [m]q' s__ ,—S
where [n}q = W [ ] H [ ] [ ]q = qqqu—l s for all m, n, k, ES N+,
n < m, with [s]q, [k:]q!, [:ﬂq [q, q- ] For later use, we define also
Qo :zq(aéa) Y, o= qdiVa:(T(S,i)E(fif, G =qa, =qiViel.

A Hopf algebra structure on U,(g) is defined by (i =1,...,n; p € Q)

AF)=FoK o +10F, S(F):=-FK,, ¢F):=0
AK,) =K, ®K,, S(K,) =K. (K, =1
AE)=E®1+Ka, @E;, S(BE;):=—-K_oE;, eB):=0.

Moreover, U,(g) has a natural algebra grading U,(g) = @UGQU(](@)” :
We have a C-antilinear antiinvolution Q : U,(g) — U,(g) defined by

Qg):==q ', QUE):=F, QK,):=K_,, Q&E):=F, Viel,veQy

and a braid group action on U,(§) wich commutes with €.
Let Uf, UJ, Uy be the subalgebras of U,(§) respectively generated by {E; | i € I},

{K, |VEQOO} {F|z€I} letalsoU>'—U+U0 vd-uf, Uz =0;-U)=02-U;,
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to be called quantum Borel (sub)algebras: these are Hopf subalgebras of U,(g). Finally,
multiplication provides linear isomorphisms (”triangular decompositions”)

U 8) 2Uf@U)oU; 2U; @U) @US
>~ 77t 0~ 770 + <~ 770 -~ 7T 0
Ur=2U/eU,=2U0,U;, Us=2U0,0U, 22U, QU,.

Remark: In the definition of U,(g) several choices for the ”toral part” U, g are possible,
mainly depending on the choice of any lattice M such that @ < M < P, P being the
weight lattice of g (cf. for instance [B-K]). All what follows holds as well for every such
choice, up to suitably adapting the statements involving the toral part.
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1.3 The DRT pairing. Let (U qf)Op denote the Hopf algebra with the same structure
of UqS but for the coproduct, which is turned into the opposite one. Then a perfect (=
non-degenerate) pairing of Hopf algebras  : qu X (Uqg)Op — C(q) exists, defined by

-1

(K, K,) = ¢ AW (K F) =0 =: m(Ei, K,), m(Ei,F;):= ﬁ

for all n,{ € Q4+ such that n+ ¢ # 0 (the grading is the one inherited from U,(g)), and
SO W‘(UZ) ((US)™) is non-degenerate, for all n € Q4 ; finally, we have

for all i,7 € I, A\, u € Qo (cf. [Ta]). This is a graded pairing, i. e. W‘(UZ) ((UE)™), = 0
A <

m(zKy,y) =n(z,y) = m(x,yK,) V:EEUqZ, VyquS,V)\,uEQOO. (1.1)

§ 2 Quantum root vectors and PBW bases

2.1 Ordering positive roots. In this section we sketch the construction of PBW
bases, provided by Beck (cf. [Bel], [Be2]), following [Da2], §2. We can take a suitable
function ¢ :Z — I (fixed once and for all) such that, letting

5, = 5(L) { S,(1)5u(2) " " Su(k—1) (%(k)) forall k >1
k= =
k 5,(0)5u(=1) " " * Su(k+1) (Oh(k)) for all £ <0
then k +— [ defines a bijection of Z onto ®I¢, so that {ﬁk ‘ k> 1} = {r6 -« } r >
0,a€<1>07+} and {Bk’kSO}:{r(S—i—a’rzO aeq)o,Jr}
Then one defines a total ordering on ®. as follows:

Bi 2B B3 2 2B 2B 2 By -
< ((r 4+ D)6m) < (r6,1) < (16,2) - < (26,1) < (5,1) < (6,2) < - <
'jﬁf(kJrl)jﬁ—kjﬁ—(kfl)"'jﬁ

(0,n) =
2 2 0-1=2 0o
2.2 Quantum root vectors. For : fixed as in §2.1, we define quantum root by

EW = g = { T.yTue) - Tuk-1) (EL(k)) for all £ > 1

TL(O)TLZ 1) szkﬂ) (Eu) for all k < 0

B o = Egsiy =0, *BiBrs-a, — Ers—a, E; Vr >0, Viel

;") ZE(ré,i) = log ( - ZE(sé ¢ ) (2.1)
r>0 s>0

F(T(S,i) = (E(ré,i)> V(T’5,Z) S &)in, F,:=Q (Ea) Va e 54_
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To be complete, we define also EN’(Oyi) =FEq,) =1=: F(O,i) = Fo,) forall i € Ip.

For later use, we define other imaginary root vectors by the recursive formulas

Esiy =1, B0y =q ZE(sa 0E(r—ssi Y (ré,i) € O (2.2)

qusl

and F(T(;’,L-) = (E(m;,i)> ; the relationship among the E(h(;’z-)’s and the Fs4)’s is given by

; ; 1 . s 5 ; . Him
Eoy=1=FEqo:, FEusiy= - Zqi [ EssiyE(r—s)5,5) V(ré,i) € " (2.3)

S]Qi
(cf. [C-P], §3) and similarly with "F'” instead of "E”. Definitions give
Ej € (U;)B LACRSK Shel Ewsi) s Ewsiys Ewsiy € US),, YreN, keNy, il

and similarly for negative root vectors, with "F'”’s instead of "E”’s. Finally we recall the
following property of imaginary root vectors, which will be useful later:

All quantum root vectors attached to imaginary roots commute with each other.

2.3 PBW bases and orthogonality. It is proved in [Be2] that the set of ordered
monomials in the root vectors E,’s (according to the order =< on ®, defined in §2.1),
namely the J[,cq, Eq>’s (where the n, € N are almost all zero), is a C(g)-basis of

U +, similarly, the set of ordered monomials in the root vectors F,’s is a C(q)-basis of
U;. Since clearly {K, | @ € Qo } = {Hielw Kb OO} is a C(q)—basis

q
of Ug, from triangular decompositions one concludes that the sets of ordered monomi-

als Hae<1>+ Ege Tlier. K} Hae<I>+F * or Hae<1>+ Foe [ lier, K Ha€<1>+ Ege are C(q)-
bases of U,(g), and similarly for quantum Borel subalgebras From [Da2] we recall also

da ~.
7 (Ea, Fg) = (ql—’_ﬁq), 7(Ea,Fy) =0, (B, Fa) =0 Va,fedF, yedr
o lraigl,, , N ~im
T (Ers.iys Fiss.)) = 0rs(0(i)o(5)) ﬁ v (r,d,4), (s9,7) € PL;
i j

these formulas are the starting point to build up orthogonal bases of U, (j and U, .

Lemma 2.4. For all r € Ny, let V., resp. W,., be the C(q)-vector space with basis
{Ewsqli € In}, resp. { Fpsiy|i € Io}, and let {x,; | i € Ip} and {yr; | j € Io}
be bases of V. and W, orthogonal of each other with respect to w, namely 7T(£L‘r i yrj) =0

foralli #0 (i,j € Iy). Then { Hk<0 E5E 1 enier, n’” [Tis0 E5 ’nk,nm e NVE, z}
and { Hkgo Fézk 'HreN,jeIo ysj Hk>0 By ‘mk,ms] e NVEk j} are bases of U; and
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U, respectively which are orthogonal of each other. More precisely, we have

o\ Llzs- 11 «m- 1z e 11 w1 Er ) =

k<0 reNy i€l k>0 h<0 s€Ny,j€lo h>0
na Ngl, !
( 2 ) [ Alga Ny
H 5na,ma o 1 Na H 5nr,i,mr,inr,i! W(l'r,i ) yr,i)
aedre (qa B qa) reN,iel

Proof. This is just a variation of [Da2], Proposition 10.9, where a special choice of bases
{xpi|i€lp} and {y,; | j € Ip}; but the sole point which is really necessary is just the
orthogonality among such bases: once this is assumed, all the arguments used in [Da2],
§10, to build up orthogonal (or even dual) bases go through as well without change. O

§ 3 Integer forms

3.1 The ground ring. As our main goal in working with quantum groups is to
specialize them at roots of 1, we need integer forms of them defined over some ring in
which (¢ — €) be not invertible, € being any fixed root of 1. So let PR be the set of all roots
of 1 (in C) whose order is either 1 or an odd number ¢ with g.c.d.(¢,n+ 1) =1 if g is of
type A, , £ ¢ 3N, if g is of type Eg or G ; then set

R.:=Clg)(,_.)={f €Clg) | f has no poles at q=¢ } Ve € R, R:=[)R-;
eER

in particular, Z [q, q_l} C R C R.. Later on we shall need to inverte the determinants

A, = det (([am]ql )me]o) VreN;;

of course we have A, € Z [q, q_l} , whence in particular A, € R C R.. Here is the explicit
description of the A,’s, according to the type of g:

A, n—|—1] B,: |2

| -
Cnt [y Dyt [y 2y
Bo: (3, (12l = 1) Br: 2y (P — 1)
By [2gor + 2l — 2o — 1 Fio [ —1

Gt By (2lguor + Rlysr = Bl — 1)

Note that, if ¢ € R, then Ar‘q:é_ # 0 for all » € Ny (by the very definition of R.);

thus Ar|q:E is invertible in each R, , whence also in R.
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3.2 Lusztig’s integer form. Let us define the ¢—divided powers, namely

for all i € I,¢,m,t € N,c € Z. Then let {,(g) be the R-subalgebra of U,(g) generated by

{F}”,Efm),f{fl iel t,me N} :

this is a Hopf R-subalgebra of U,(g) (cf. [Lu2]). We set

Uy =4(0) U, U= (8)NUY, 8 =4y (8) N U

then (cf. [Lu2]) 4, resp. 4, resp. 4], is the R-subalgebra of U,(@) generated by { Fi(e) ‘
ielle N}, resp. { [K;';C} KE ‘z €lp,teN,ce Z}, resp. {E}m) ‘z cel,me N}.
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Set
US = (@) NUS, U7 =8 NUS ;

then iqu, resp. quz, is the R-subalgebra of U,(g) generated by 4 and ng, resp. by 112 and
UF: moreover, both 5 and Uz are Hopf subalgebras (over R) of 4g(8).
The triangular decompositions in U,(g) induce similar decompositions in (,(g), namely
U () = UF @ U0 @ U =2 8y @ Uy @ UF
>~ gt 0~ ¢(0 + < ~ (0 -~ 0.
UZ U @ U, =2 @ Uy, UZ U @US U @ U
which still are given by multiplication. Finally, the B-action on U,(g) restricts on ,(g).

Remark: Some comments about the ”toral part” U) of i,(§) are in order again. As
in the finite case, several choices are possible: here we made the "minimal one”, for we
decide simply to take as 4l,(g) the smallest R—subalgebra containing the ¢-divided powers
of Chevalley generators F;, F; (for all i) and stable for the B-action.

3.3 Beck-Kac’s integer form. Define renormalized root vectors by

E, = (qa—qgl)Ea, F, = (qgl—qa)Fa, VaGEI;Jr;
(note that F, = Q (Ea) ), and let U,(g) be the R-subalgebra of U,(g) generated by
{Fa,KH,Ea‘aE qJJr,,uGQOO} .
Then (cf. [B-K]) U,(g) is a Hopf subalgebra of U,(g), with PBW basis over R
{ H E};a . H Kfi . H F(;”a li € Zyng,mq € N,Vi,a; almost all n, =mg, = O}
aEdy i€l acdy

(here again the monomials are ordered!); the latter is also a C(g)-basis of U,(g), hence
U,(g) is an R—form of U,(g); furthermore, it is a Hopf subalgebra of U,(g). If we define

Uy =U (@)U, , U =U @)UY, U =U(g)NUS;

then U, resp. L{g, resp. U;, is the R-subalgebra of U,(g) generated by {Fa ‘ aecdy },
resp. {Kiil ’z SIS }, resp. {Ea ‘oz ced, } Letting also

Us =U(§)NUS, U7 =U(§)NUS,

we have that Z/{qﬁ, resp. quz, is the R-subalgebra of U,(g) generated by U, and Z/{g, resp. by
UY and U ; moreover, both U3 and Uz are Hopf subalgebras (over R) of Uy(§).
The triangular decompositions in U,(g) yield similar decompositions in U, (g), namely

U (8) 2 US QU U, 2 U QUY QUS
> A~v —+ 0 ~ 0 + < AU 0 — A~ — 0
U7 2UT QU 2U) QU U 22U U, 22U, U,
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where all the isomorphism are provided by multiplication.
It is clear now that PBW bases over R also exist for the previous subalgebras of U,(g):
for instance, the set of ordered monomials in the E’s is a R-basis of M*, similarly,

«

{ Ha€<1>+ Fme . [Licr K} |t; € Z,ms €N, almost all m, =0 } is a R—basis ofqu, etc.

Remark: The previous definitions and results are originally stated in [B-K] with R, as
ground ring; but since they hold for all € € R, one concludes that they hold over R too.

§ 4 The main PBW theorem

4.1 g—divided powers. We extend the notion of ¢—divided powers to the root vectors
attached to non-simple roots. To begin with, set

r

Ea =F, VYace q)lf, E(r&z’) = E(r(; i) v (7”5, Z) c &)l_f_n

| jqz (4.1)

Fa =F, Vac€ q)lf, F(r&,i) = [T‘] F(r(g ) V(?“(S,Z) S &)l_f_n
qi

A

note that £, = <E’a), E,=0Q <Fa> Then define g—divided powers of root vectors by

- s
20— g . Fa pm _ Eesa
° R A T -
Aq: o Vae®F, (rd,i) e ", ke N (4.2)
k) — gy . Fa g )
A PR S

Lemma 4.2. For all a € O, , k € N, we have EP ¢ Uk, FR ¢ U

Proof. It is enough to prove the claim for the E’s.
If o € @, then o = w(oy) for some w € W and some i € I: then E, =T, (£;) by

definition, so that E{” = T, (Ei(k)> for all £ € N. But 4,(g) is B-invariant (cf. [Lu2]),
in particular T, (4,(8)) = Y,(g) , hence B € Uy (), qed.
If € ™, say o = (ré,i), we proceed as follows. Consider the (imaginary) root

vectors E(T(;J) ((ré,1) € fif‘) defined in §2.2: of course they lie in U;r : but even more, it
is proved in [C-P], §5, that in fact it is

Egsiy €U VY (rd,i) € O (4.3)
Now, the relationship between the E(hg,i)’s and the Es4)’s is given by (2.3); reversing

that formula we get

r —r T . FHim
W E¢siy = —1q; "Erss) — Z 0" —— EmsiyE(r—mysiy Y (rd,i) € O
qi q
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which in terms of E(w,i)’s reads
r—1
R . b )
Evsiy = —14q; "Ers,iy — Zqi "EnsiyBrnyssy Y (rd,i) € dMy
h=1

this together with (4.3) gives us by induction

Eqspn €l VreN

1 N
whence clearly E(( g D= T -Efm;’i) € il(‘;, q.ed. U

Definition 4.3.

%_’_ Z:{ H Eéna)

ne € N Vi, a; almost all n, = O},

acd
o —Ent(t; sz 0 .
‘BO::{HKiEt(tz/m{ } tieNVZeI},
, ti ,
el qi
B_ = { H ﬁ’ém“) meq € N Vi, almost all m, =0 }
acd
(where Ent(z) := mteger part of x ). Then we deﬁne , resp. UO, resp. . ﬁq_ , to be the

R-submodule of U, resp. U(?, resp. U, , spanned by %+, resp. %0, resp. ‘B_.

Remark: By §2.3 it is clear that B, (x € {+,0,—}) is a C(g)-basis of Uy, hence ﬁq* is
a free R—module, with B, as an R-basis.
Lemma 4.4. (A]O Llo, in other words, %0 1 a bastis ofﬂg over R.

Proof. The proof is the same as in the finite case: see [Lul], Theorem 6.7, and references
therein. [

Definition 4.5. Let K be any field, let A and B be two K- algebms and let m: A®B —
K be a perfect K-bilinear pairing; assume k 1S a subring ofK and A resp. B 1S an integer
form of A, resp. B, over k. We say that A is the k—dual ofB (with respect to m) if

E:{aéA‘w(a,B) ek vﬁeé}.
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Proposition 4.6. [7;’ and Uy, resp. (/jq_ and US

4 » are R—dual of each other with respect
to the DRT pairing.

Proof. Consider a positive imaginary root 7d, r € Ny ; from §2.3 and definitions we have

- [raizl,,

T (E(ré,i)ap(T5:j)> = (o()o()) [r],,

= (oli)o(1))"aijl,, ¥irj € Io.

Consider the matrix

i

M, = ((O(i)o(j))r [a”]qT>i,jelo

we have det(MT) = +A,, thus det(Mr) is invertible in R, so the inverse matrix M;l =
(,uij)z. ielo has all its entries in R ; then define a new basis {]:"(r(;,j) |j € Iy } of W,. by

‘7:—(7“5’1') = Z sz'p(ns,j) Viely.

j€lo

By construction, we have now
T (EA(ré,i)wi:(ré,j)) = 0ij Vi,jgelp.

Moreover, since p;; € R (for all 4, j) and imaginary root vectors commute with each other,
the set B_ of ordered monomials

[[e5 11 #es- 11 Ear

h<0 seN,jely h>0

is again an R-basis of U, ". The end of the story is that we can apply Lemma 2.4, hence

o ILEsY - T1 By TLes T e T1 #essy T1Es | =

k<0 reNg i€y k>0 h<0 seNy,jelp h>0

P
a€<I>:_C da ( "204 )
= 4o H 6n7,m7 ;

7€y

in particular, the last term is invertible in the ground ring R.

Now let = € U : since B, is a basis of U, over C(q), we have = = > bess, Tub for
some zp, € C(q) (almost all zero).

Suppose 7(r,y) € R for ally € U, . Let xy # 0: by the previous analysis, there exists
a (unique) monomial 3" in the PBW basis B_ of U, such that

ﬂ-(xaﬁl) = Z Ty - W(baﬁl) = xb’qs

beB
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for some s € N; since W(x,ﬁ’) € R by hypothesis, we have z,, € R. We conclude that
T € ﬁ;’ . Conversely, if x, € R for all b € %Jr , then for any monomial # in B_ we have

for a unique b’ € By and some s € N, whence 7(x,y) € R for ally € U, .
As %4_ is an R-basis of ﬁ;, the proof is completed. [J

Theorem 4.7. ilqi = qui ;in other words, %i is a basis of L(qi over R.

Proof. By Lemma 4.2 and the definition of B, we get B, C UF, whence [7; C Ut . On
the other hand, thanks to Proposition 4.6 the converse inclusion will be proved if we show
that (ilj ,L{q_) C R. The ”—" case will follow applying ).

Consider Ei(k) (i € I,k € N); when pairing El-(k) with any monomial F in B_, the
formula in Lemma 2.4 — cf. also the proof of Proposition 4.6 above — gives

w(ERF) =0 vF£E®,  x(BEMFL) =

for some s € N; in particular, 7 <El~(k),.7:> € R; therefore Ei(k) € [7; forall 1 € I,k € N.

But now remark that ﬁqu is closed for multiplication, so that il;r C [7; , q.e.d. In fact,
let f,g€ (7;“ ; since 7 is a Hopf pairing, we have

for all y e U, C Z/qu ; but Z/{qS is a Hopf R-algebra, hence A(y) = Z(y) Yy @ Y2y with
Y1), Y@2) € qu , and so

w(f-9.9) =7(f@9,A1) =D _7(fv) 7(9,y2) € R, qed. O
(v)

Remark: Notice that, if ¢ € R has order ¢ greater than 1, then [r] = 0 for all

q=€

r € {N ; similarly, [na]qa!’ = 0 for all n, > £: this means that both [r] —and [mq], !
q=¢

are not invertible in R, , hence — a fortiori — no more in R. Therefore the occurrence of

coefficients <#) ey ("hidden inside” E((:gri‘;’“))a,nd ﬁ ("hidden inside” B ),

multiplying a monomial of Beck’s basis for U, ;r , is really significant.

qi

!
«@

We conclude with our main result (a second PBW theorem is proved in §5):
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First PBW Theorem 4.8. The sets of ordered monomials %+-%0'%_ and B_ ~%0-’%+
are bases of U,(g) over R.

Proof. Trivial from Lemma 4.4, Theorem 4.7, and triangular decomposition (cf. §3.2). O

§ 5 Generating series, the classical framework, and beyond

5.1 Changing imaginary root vectors. Let us consider sets of countably many
variables X = {XT}TEN’ with Xg = 1. Let such a set X be given: we define a new set

Y = {YS}S N via the following relation among generating series:

SV = e (Z X, <r> ; G.1)
s=0 r=1

(here ( is any auxiliary symbol) notice this agree with Yy = 1. This is a variation on a
classical theme: the Y;’s above are certain normalizations of the well-known complete Bell
polynomials (cf. [Col, §3.3). We shall shortly denote any ”change of variables” given by

o
(5.1) with U: X >~ Y or X>-~~Y, and then write Y = ¥ (X). The converse change, to
@
be denoted ®:Y = X or Y>—~X or X =& (Y), with ® = ¥~! | is given by

> X, (" =log (Z Y, - CS) . (5.2)
r=1 s=0

Differentiating (with respect to () and comparing the coefficients of (" on both sides gives

r—1
rYe =rX, + ) sX.Y,_ S_ZSX Y,y VreNy (5.3)
s=1 s=1

which is a recursive rule to compute the Y,’s starting from the X,’s, i.e. to compute
Y = ¥ (X). Reversing (5.3) gives the rule to compute X = ® (Y), namely

r—1
rX,=rY, =Y (r—s)V.X,_, VreN,. (5.4)

s=1

Conversely, if X and Y verify (5.3) or (5.4), then Y = ¥ (X) and X = & (V).
All this applies to our various sets of imaginary root vectors: for every ¢ € Iy let

E;:= {E(ré,i)}reNa Ei:={Ewsi)},en: Bi= {E(ré,i)} , K= {E(ré,i)}TeN

—(6—¢ " )E; = {—(qi—qfl)é(ré,i)}reN» (6 =) Ei={(a: =) Eo}en

* r
LU {—q—lE(ra,i)} ;
* r reN
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- D
the relations in §2.2 tell us that: — (qi — qi_l) E; >—~ (qi — qi_l) E,;, by (2.1), and simi-
larly, by (2.3), —4

*

*
7

A~ \\ .

5.2 The classical setting. Recall that (,(g) is a quantization of U(@), that is we
have an isomorphism (of co-Poisson Hopf algebras)

The construction of the previous section are strictly related with some classical ones,
inside U (Q) Namely, let gz be the Lie subalgebra of g generated over Z by the Chevalley
generators (assumed to be given) of g; one can locate a Chevalley basis of g, i.e. a Z—basis
of gz. Now let Uy (@) be the Z—subalgebra of U (g) generated by the divided powers of
the Chevalley generators: this is the classical counterpart of our ,(g), and the problem
of finding a Z-basis of it is the classical analogue of finding an R-basis of 4,(g). The
construction of a Z-basis of Uz (@) resembles that for the finite dimensional semisimple
Lie algebras, but for one point, regarding imaginary root vectors.
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Following [Mi], §4, pick out of the Chevalley basis of g the subset {eg } B e dr} of

root vectors attached to positive real roots and the subset {é(m;,i) | (ré,i) € &)‘f } of root
vectors attached to positive imaginary roots with multiplicity. For all 7 € Iy, k € N,

define a new set A§k> = {Afski}} . by the change of variables
) Se

1 v 1
— €(r-ké,i) > {A{fé } , in short A§k> =V —ews | - (5.6)
r e (5371 f sen *

Now fix an order on the Chevalley basis of g, let b(*) := l;—f denote usual divided powers,

let g5 ==dz() @ @,andset Uz (g") :=Uz(g)NU (g") (fhis is the classical counterpart
OtE‘b.»'_

of our il;r). For any (n“)ae@+ e N®+ guch that all but a finite number of n,’s are zero

define the monomial M™ ((na) (ns)

ae©+> to be the ordered product of the elements eg

AET> ] for all g € @I, (rd,i) € &)lfl The importance of the new sets of imaginary
M(rs,i)?
(k)

root vectors Ail€ (for all 7 € Iy) lies in the following result, due to Garland:

Theorem 5.3 ([Ga], [Mi]). The set of all monomials M™ <(na)a€@+> defined above is
a Z-basis of Uz (§*). O

5.4 Quantum versus classical imaginary root vectors. Comparison shows that
Theorem 4.8 is not the direct g—analogue of its classical counterpart, Theorem 5.3.
First, Theorem 4.8 involves divided powers of imaginary root vectors, whereas Theorem

N(rs,i)3?
this respect, the quantum result is somewhat nicer than the classical one.
Second, notice that in the isomorphism (5.5) one has

5.3 involves the AE” ]’s, which are not divided powers of imaginary root vectors; in

E, ot =e, Vae (I)l_f, E(Ng’i) 1 = é(ré,i) \V/(T‘(S,Z) S (I)l_f_n ; (57)
now, the imaginary root vectors involved in Theorem 5.3 are built from those in the Cartan
basis — the &..x5,4)’s — (up to normalization) through a change of variables ”of type ¥”;
on the other hand, in the quantum setting one starts from the E(n;,i)’s — which are
the g-analogue of the &(,.x5,)’s, thanks to (5.7) — but then the imaginary root vectors
occurring in Theorem 4.8 are built from the E(T(;’Z'),S (up to normalizations, for E; is a
renormalization of E ; ) through a change of variables ”of type ®”; in other words, starting
from the same point the search for new suitable imaginary root vectors in the quantum
case goes in opposite direction than in the classical setting.

Nevertheless, from Theorem 4.8 we can prove a second PBW Theorem, modeled on the

R
classical one. To begin with, applying (5.4) to — (qi — qi_l) E;—~ (qi — q[l) E,; gives

r—1
r (¢ —a; ") Ewoiy = —7 (0 — ;") Ersy + Z(T —5)(qi — qz‘_l)ZE(sé,i)E((r—s)é,i)

s=1
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which, dividing by (qi —q; 1), implies

E(ré,i) = = _E(r&i) = = _é(ré,i) V(T(Sal) S 1_~r_n ) (58)

1
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furthermore, we have

= 8psq  V(réi) €™, (5.9)

Ewon| _ = 8w

Now define a new set of imaginary root vectors ]E k] {E } . (ke Ny) by
se

k-r
4 _)_ 4 g , (k] _. T[]
(k) : { . E(T,,ﬁm)} {E[ 7]}@] k| (5.10)

reN

=K, by deﬁnitions)' explicitly, it is (for all r,k € Ny, i € I)

Sk g5 k‘ o[k] N Gim
Since E; C UF, we have also IAEZ(k) C 4, whence E[ e UF 5 moreover, from (5.6-10)
we have E Ek] = A§k> : in other words, the E[[T.]Z.] s are g—analogue of the A[<T.>Z.] s
q=1 ’ '
Now we are ready for our second PBW theorem, which strictly mimicks the classical

one. First a further definition: for any (na)a e, e N®+ such that all but a finite number

of n,’s are zero define the monomial M[I" ((na) ) to be the ordered product — with

Oée@+

respect to the order of &>+ fixed in §2.1 — of the elements Eénﬁ) , E'F] i for all 8 € @17,
N(rs,i)3?

(ré,i) € E)‘fl, similarly define M ((na) ) by means of negative root vectors (with

F[[T ]z] = () (E[[ ]]> of course), and call ‘B[;] the set of all monomials M;E ((na)ae@+>'

Second PBW Theorem 5.5.
(a) ’B[j:] ) Tesp. bl , 18 an R—basis of U7, resp. Uy
e sets By - B an C 0" are R—bases o g).
b) Th BB, . Bl d%”% BU are R-bases of 1,(@

Proof. Of course (b) follows from (a) and triangular decomposition.

As for (a), we proceed as follows. Inside U (§*) we have the basis provided by Theorem
5.3 and the usual basis of ordered monomials in the positive root vectors (of the given
Chevalley basis): in particular, the first basis involve imaginary (positive) root vectors

€(r-ks,i)» Whereas the second one involve the A[<f~>¢]v and the relationship among the two

O(G@+

o .
kinds of vectors is given by L &g, — AZW . As they are both bases of U (§*) over C,
the matrix of basis change has entries in C (even more, in Q).
Now, the situation in the quantum context is exactly the same; consider the set B’

defined like ‘BJF but for the fact that every E(z5 #) is replaced by ¢; E(Z(; i)+ of course B’ L is
again an R-basis of Ul (thanks to Theorem 4.7). Then SB’JF and ‘B[Jr] differ only in the fact

that they are built up in the same way but for the use of % (—qf'*l@l 1(1@)) in the first case
. A ) .
and Egk] in the second one, and their link is again given by % <—qf*EZ(k)> MEEH .

Therefore in force of the previous analysis these two sets must have the same C—span (even
more, the same Q-span), whence the claim follows. [J
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5.6 Integrality questions and beyond. Our constructions and results assume R as
ground ring; on the other hand, Lusztig’s original definition of 4,(g) takes Z [q,q '] as
ground ring: thus the question arises of extending our results to such a setting.

Conjecturally, the definition of Beck-Kac’s integer forms and their properties should
hold as well over

(a) the smaller ring C [q,q7'];
(b) the even smaller ring Q [¢,¢™'];
(c) the smallest ring Z [q, q_l} )

If W is anyone of the above rings, let Sy be the multiplicative part of W generated by
{A,|reN;}, and set Ws =Sy W .

In case (a) or (b) would be true, it is immediate to check that all our arguments would
go through as well if the ground ring is C [g,¢™'] ¢ in case (a) or if it is Q [¢,¢" '] ¢ in
case (b). Case (c) is more tricky. First of all, we remark that an argument used in the
proof of Lemma 4.2 can be refined: namely, formula (19) in [C-P] shows that in fact E(T(;J)
belongs to the Lusztig’s form defined over Z [q, q_l}; therefore, the same steps in the cited
proof tell the same is true for EA(M,Z-) too, but this does no longer imply that the same

holds for its divided powers EA((fg ) (k € N). In fact for sure Theorem 4.8 cannot hold

over Z [q,q_l} s because otherwise by specialization at ¢ = 1 it would imply — since
Eék)‘qZI = e(ﬁk), ES’”(FI = égk), for all g € ¢, v € <T>lj_n — that the set of ordered

products of divided powers of root vectors is a Z-basis of Uz (§"), which is false.
Things change for Theorem 5.5: its statement is really a g—analogue of the classical one,
which relies on Theorem 5.3. This lead us to make the following

Conjecture A.

(a) ‘B[j] , Tesp. ‘B[_*} ,is aZ [q, q_l] —basis of the Lusztig’s form ofU;, resp. U, , defined
over Z [q,q7'] .

(b) The sets ‘B[j} . By - B gng B B - ‘B[j] are 7, [q,q_l} —bases of the Lusztig’s

form of Uy (@) defined over Z [q,q ] .

Furthermore, basing on the classical construction we can sketch an alternative approach.
Recall that in the classical setting to achieve a PBW theorem over Z one begins by the

. . 1 = . b (k) . . .
change of variables (5.6), i.e. { — €(r-ks.i) }reN — <A . such a change is described

[r;1]
either by a relation between generating series — namely any one of (5.1), (5.2) — or by a
recursive formula — any one of (5.3), (5.4). In fact, in the original approach, to be found in

[Gal, the Aff,z.] ’s are defined by means of a derivation operator and a multiplication operator

(one for each 7 ) acting on the &,.;s,4)’s; and then one finds that the Affi

recursive formulas. As a first attempt, one might try to ”quantize” this method: exactly
(k)

[rsi]
), are defined by means of (2.2), which is nothing but a straight quantization of
(1]

[rsi]
working with a derivation operator and a multiplication operator which are the g—analogue

]’s verify the cited

this is partially done in [C-P]. There the g—analogue of the A; ’.’s, namely the E'(r(;’i) s

(= E[l}

[r31]

a recursive formula of type (5.3): after this the properties of the E; ’s are obtained by
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of those used by Garland. To complete the task, one should generalize this by defining
new vectors B\ for all k € N, . First rewrite the right hand side formula in (2.2) as

[r34]

' - _qz 5 ; . Him
(") g2 Birsiy = > (8)g- ( ). E(sé,i)) E(r—s)siy  V(rd,i) € Y
q;

s=1 i

where we used the well-known notation (z) g = qZ_—11 ; this gives (2.2) the shape of a

q
relation of type (5.3). Now generalize this defining {Effz]} . by means of
, TG

(r)qi_QEff;z} = (5), < (S)Qi_2 E(S.k&i)> Ef(?_s)ﬂ Viely,rkeN, (512
q

s=1 i
SR R S ¢ : (k) :
ie. E[O;i] =1, E[r;i] = (r)q_—z Z;(s)qiz <(S)q._2 E(s.k(;,i)) E[(r_s);i] Viely,r,keNL
Since E(85 i) = €(ss,4) and (r), -2 = r, definitions give o =AM ,i.e. the
" g=1 ) % | g=1 [r;1] g=1 [r;i]
(k) (k]

)

[rse

fact E(1>

[r;4]

set %@ just like the %[j] but for using the E

] 's are g—analogue of the A

= E(r&,i) = E[l]

[r;i

(] ’s; the same is also true for the F

(i S (cf. §5.4) and in
K but in general it is E[(fz] + E[[f]l] . Therefore, if we define the
(k) o5 instead of the EM

[r3] [r3]
%@, then the following statement should be the most proper ¢g—analogue of the classical

PBW theorem over Z (relying on Theorem 5.3):

’s, and similarly for

Conjecture B.

(a) ‘BE:> , TESp. %<_*> , 1S a Z [q,q_l}fbasis of the Lusztig’s form of U;, resp. U, ,
defined over Z [q,q ] .

(b) The sets ‘Bf> B - B and B B - %Sf) are 7. [q, q_l} ~bases of the Lusztig’s
form of Uy(@) defined over Z [q,q ] .

A way to prove the previous conjecture might pass through the following alternative
approach: quantizing the method in [Mi] instead of that in [Ga]. In fact in [Mi], one
defines the Affi.] 's via (5.1) — or (5.2), it is equivalent — then establishes several relations
involving generating series, exponentials and logarithms, and finally from these recovers
Theorem 5.3 (and the most general result for the whole Uy, (g) ). So in order to quantize
this track, one should try to directly quantize (5.1), (5.2), instead of (5.3), (5.4), then
find g—analogues of the classical relations among generating series and the other functions
involved in the ”quantized (5.1), (5.2)”, and from these achieve the claim of Conjecture B.
Here we sketch some ideas which might lead to complete at least the first step.

Starting from (5.2), one gets (5.3) by

%(0) = log (¥(0)) = DX(Q)) = o — D(¥(Q) = D(K(C) ¥
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(where X(¢) := Y02 X,-C", Y(¢) := > oy Ys-¢*, and D denotes derivation with respect
to ¢) and comparison of coefficients of ¢! (t € N) on both sides. Then the coefficient r,
resp. s, in the left, resp. right, hand side of (5.2) just arises from D (¢"), resp. D ((®).
Similarly, in (5.12) there are coefficients (T)qi_z and (S)Q-L_Z which should come out in a
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similar way: thus, consider the skew-derivation D, : A((¢)) — A((¢)) (here A is any
algebra containing the variables involved, namely the X,.’s, the Y,’s, and so on) defined by

Dy < F(C) — (Da()(Q) = W VF(C) € A((Q)

then we have D, (C”) = (n) anfl (n € N), hence D ,—=2 Wwould fulfill our requirements.

Second, a suitable function Aoy, (g-analogue of the logarithm) should be found such that

(k) D 2 BN () o k) _
D, <)\0’Yq;2 (Ez (C))) = ]E<k—>(<) (where E ;" (¢) == >, B¢ ); to this
end, it should be useful the relation among generating series

EX (q7%) = (1- (6 -7 > B¢ B ()
r=1

which arises from a reformulation of (5.12).
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