White Noise Quantum time Shifts
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Abstract

In the present paper we extend the notion of quantum time shift, and
the related results obtained in [9], from representations of current algebras
of the Heisenberg Lie algebra to representations of current algebras of the
Oscillator Lie algebra.
This produces quantum extensions of a class of classical Lévy processes
much wider than the usual Brownian motion. In particular this class
processes includes the Meixner processes and, by an approximation pro-
cedure, we construct quantum extensions of all classical Lévy processes
with a Lévy measure with finite variance. Finally we compute the explicit
form of the action, on the Weyl operators of the initial space, of the gen-
erators of the quantum Markov processes canonically associated to the



above class of Lévy processes. The emergence of the Meixner classes in
connection with the renormalized second order white noise, is now well
known. The fact that they also emerge from first order noise in a simple
and canonical way, comes somehow as a surprise.

Keywords: Markovian semigroup, Lévy process, Oscillator algebra, Quantum
shift, Weyl algebra, White noise, Wiener process.
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1 Introduction and Notations

The usual time shift vy in Wiener space is the unique endomorphism of the
associated algebra of measurable functions given by the map

’U:(WS) = W5+t.

The time shift u; on the corresponding increment process is the unique endo-
morphism of the associated algebra of measurable functions given by the map

u? (Ws - Wr) = Weye — Wiy

Denoting j; the restriction of the Wiener time shift on the time zero algebra,
we see that vy is uniquely determined by the pair (ji, ug) through the identity

vg (Ws) 1= Wegy = Wi+ (Woie — Wi) = jie (Wo) + ug (Ws — Wo)
Taking exponentials we find, for z € C

vf (&%) = i (™) uf (eZ(W‘S_WO)) = (Jr ®uy) (ezw" ® eZ(W‘S_W‘J))

By continuity and the endomorphism property v; is uniquely determined by the
above relations. On the other hand, in the quantum formulation of the classical
Wiener process, uy is the white noise time shift, and the increment W; — Wy is
the momentum

P

X(0,t

| =Wy =W,
Therefore the usual time shift vy in Wiener space is the unique endomorphism

of the associated algebra of measurable functions satisfying

v (Ws) = 5e(Wo) + uf (PX(O.s]) =Wo+ Py + P = Wo + Py

(t,s+t] (0,s+t]

or, in exponential formulation:
U?(ezws) — jt (ezWo) u? (eZPX(g,S]) — (Jt ® ’LL?) <€ZWO ® GZPX(O’S]> — (]t ® ’U/?) ez(W0+PX(0,t])

Denoting
X(S,t] = PX(s,t]’ (1)
we see that
X041 € T, @ B(D(L3((0,1)))

in this case we say that (s,t] — X(, 4 is a pure noise operator process localized
on the interval (0,¢]. This process has the following properties:



e y°-covariant
Uy (X(s,1) = Xstr,tar];

e additive
X(r,s] + X(uﬂf] = X(T‘,S]U(u7t] if (ua t) N (T7 5) = Q]a

e normal
[X(O,t]aX(T))t]] = 07

e classical

[X(T,s]aX(u,tﬂ =0 if (uvﬂ n (T’, S] =0,

where, here and in the following, |-, -] denotes the commutator.

Finally the operator process {(Wy 4+ X(o,4), ®} is isomorphic to the Wiener
process so that, in particular, {(X(s ), ®} is isomorphic to the stationary in-
dependent increment process associated to the Wiener process, i.e. the white
noise process.

The choice (1) is not the only one leading to this conclusion. For example the
choice

X(Svt] = QX(s,t] (2)

leads to the same conclusion. This leads to the following definition.

Definition 1 An operator valued measure (X ,4)) is called a classical time shift
for the Wiener process if the operator process {(Wo + X(54)), ®} is isomorphic
to the Wiener process.

Now choose Hy := L?*(R) with the Schrédinger representation
lao , ag]=1; (3)
ap + ag = qo (multiplication by the coordinate x)
A natural quantum generalization of the above definition is the following.

Definition 2 A quantum time shift for the quantum Brownian motion is de-
fined by a pair of operator valued measures (X(Jg}ﬂ), (X7 ) such that the

(5.1
{(ao n X(;t]) , (ag n X(*;t]) ,cb}

s isomorphic to the quantum Wiener process.

operator process

A weaker notion is the following.

Definition 3 Denote
EO] =10 ® <<I), ( . )(I)> : B(Ho) QB — B(Ho) = B(Ho) ®1
and define j; on the Weyl operators on Hg by:

3t(Wo(2)) := jilexpi(zag + 2% ao)) = (4)



(st 4ot (Lxt +x- (xt +x-
_ ez(zao +z ao)—ﬁ-z(zX(Oyt]—i-z X(O,t]) _ WO(Z)@Z(ZX[O’t]-i_Z X(O,t])

The pair of operator valued measures (X(Jg t]), (X(_S t}) is called a quantum time
shift for the quantum Brownian motion if the map Wy(z) — ji(Wy(2)) is a
x-homomorphism and the 1-parameter family

P§ = Eg (ji(ao)), a0 € B(Ho)

is a quantum Markov semigroup whose restriction to the algebra L>(qo) is the
usual heat semigroup.

If the operator process X[g’t] = X(B’t] = X(s, s either Qy ., (see (2)) or Py, ,
(see (1)) then (4) takes the form

5 (Wo(2)) = Wo(z)e2Be=) Xpa,

and j; can be extended to a *-homomorphism from W (Hy) to W (Ho & B(T)).
In this sense we get a quantum extension of the classical time shift.
If X[g’t] #+ X(B’t] then we get a truly quantum time shifts.

If f is a smooth function and f(qo) is multiplication by f in L?(R), then with

the identification p = %% one has
[p, f(q0)] = T
hence
—[p, - (f(00)) = =[p [p, fla0) 1] = M a2, o, (5)

which gives the right answer when we restrict our attention to the classical
Wiener process. Denoting p the momentum operator in the initial space one
has

1
= ——(ap — a7
P V2 (o o)
This implies that

%[p,-]2=%[ao—ao+a'}2: {%([ao,-]ﬂa&-})r (6)

From (3) we deduce that

_ 9 + o9
[a()a']*%a [a’Ov']* 8&0

therefore, since
Wo(z) = expi(zag + 2" ag)

we find
afgwow — (i2)Wo(). 8%%@) — (i) Wo(2)



hence 9 9
(% + aTlO)VVo(z) =i(2Rz)Wo(2)

and therefore
{L (i L9
\/i aasr 6a0

This implies that the generator

o [ ) -4 7

generates the quantum Markov semigroup on the Weyl algebra given by

)} "Wo(2) = —(2Re=)2 W (2)

P} = exptL.
Given the identity (5) the semigroup P} is a quantum extension, on the
whole Weyl algebra, of the classical heat semigroup.
1.1 Notations
Let us denote
— T(L?(R) the boson Fock space over the one-particle space L?(R);
— E={yY(f): f € L?3(R)} the set of exponential vectors in I'(L?(R);
— & = (0) the vacuum state in T'(L?(R);
— I'(x[0,) the orthogonal projector defined by
L(xp0,0)¢(f) = (X0, /)3
= @y :=T(xp,)®; P = T(X[t,00) P

— the Weyl operators W(f), f € L?(R), characterized by the property

ez
W(f)e(g) =e 2 ~D99(f +g).
The operators W (f) are unitary operators on H satisfying the CCR

W(/)W(g) = e IDW(f + g);

— the annihilation, creation and number (or gauge or conservation ) fields
A, AT | N defined on £ by the relations:

A(f)y(g) = (f,9)¥(9)

AT (f)ilg) = lmotbly + 1)

d
Nith(g) = -lamot(€X00g)



- fa=x00f; fr =Xt f;

— Ho a complex Hilbert space , called the initial space;
— H ="Ho®'(L*(R);

— Hy =Ho @ T(L([0,t]) @ Py

— B=B(H) = B(Hy e T(1*(R)) = B(Ho) @ B(N(L2(R)):

— By = B(Ho ® I(L3([0,1])) ® 1y = B(Ho) © B(D(LA([0,1])) © 13
— By = B(1y, ® 1 @ D(L*([t,00)) = B(13,) © 1y @ B(D(L*([t, 00)).

2 Shift on the Lie algebra

2.1 Current algebras
Let £ be a complex x-Lie algebra. Let

{XF, X7, X3, acl Bel}

where I Iy are disjoint sets, be set of generators of £ satisfying the following
conditions:

(X5 =X3, VBel; (XI)*=X), Vael

We assume that there is a single central element, denoted F or 1, among the
generators and that it is of X-type (i.e. self-adjoint).

We denote C 5(c,¢’,€") the structure constants of £ with respect to the gen-
erators (X¢), i.e., with « € I, 8 € Iy, ¢,¢&,¢” € {+,—,0}, and assuming
summation over repeated indices:

(X2, X5]=C) 4le.e )X =
= Z C 5le,€',0) X0 + Z Cl s(e,e, +) X + Z Clsle, e, ) X5 (7)
y€lp yel yel
In the following we will consider only locally finite Lie algebra, i.e., those such
that, for any pair a, 8 € I U Iy only a finite number of structure constants
C7 5e,€',e") is different from zero.
To the set of generators {X&; o € IU Iy, € = 0,4, —} one associates the set of
skew adjoint generators defined by:

{(XF - X, i(XF+X,),iX3; ael, ey}

The real vector subspace £5* of £, generated by this set, coincides with the real
sub-Lie algebra consisting of all the skew-adjoint elements of £. Denoting by
L% the real vector subspace consisting of the self-adjoint elements of £, one has
the relation £5%F = iL%.



Definition 4 Let be given a *-Lie algebra £ with a canonical set of generators
{X; ee{+,—,0}, acTUIL}

with Lie-brackets as in (7). Let (S,B) be a measurable space and C C L¥ (S, B)
be a x-sub-algebra. The current algebra over S of {L£, XS} is the x-Lie algebra
L(S,C) defined as the vector space obtained by algebraic linear span of the family

{X:(f); feC,eef{+,—,0},aeyUI}
such that:

o the generators are independent in the sense that

ZXg(fe,a) =0 < f.a=0,Ve a

g,

o the map f +— XE(f) is linear for e = +,0 and anti-linear for
£=—

o the Lie-brackets are defined by
[(Xa(f), X5 (9)] = C3 (e, ") X5 (f797)
where, for a test function f, we use the notation

{ =1 ife=+0

fo=F ife=-

o the involution is defined by

(X)) = X5 ()
with +% := —, —=*:=4+, 0*:=0.

Definition 5 A unitary representation of a real Lie algebra L is a triple {H, w, D}
where ‘H is a complex Hilbert space, D C 'H is a total subset of H which is a
core for each m(a), a € L;

m: L — LYD) (adjointable linear maps from lin-span(D) — H)
m(a)T, i.e., the H-adjoint of w(a), is defined on D and w(a)™ = —7(a);
m([a,b]) = [7(a), 7(b)], Va, beL
where the identity is meant weakly on D.

Definition 6 Let £ be a real or complex *-Lie algebra with center €(L). A
central decomposition of L is a direct sum of vector spaces

L=¢(L)d Lo

where L is a sub-Lie algebra of L.



Let £ and G be real or complex x-Lie algebras and ® : £L — G be a *-
isomorphism of Lie algebras. Clearly if £ has a central decomposition

L=CL)D Ly
then G has the central decomposition

G = B(C(L)) B B(Ly).

2.2 Lie algebra shifts

Let be given a complex #-Lie algebra Lg with scalar center €(Lg) = Clg, a
skew-adjoint sub-algebra E?Sk of Lg with central decomposition

LY = iR1s & L5

and a space of test function C. Let £g(R%,C) denotes the current algebra of Lg
over R? with a scalar center €(Lg(R%,C)). We assume the existence of a uni-
tary representation of the skew-adjoint sub-algebra Efg’“ C Lg on some Hilbert
space Hg, and a unitary representation of the skew-adjoint current sub-algebra
L¥F(R,C) C Ls(R?,C) on a Hilbert space Hy.

In the following all the above Lie algebras are identified with their images un-
der the corresponding unitary representations and these are omitted from the
notations.

Definition 7 In the above notations, a Lie algebra shift is a family of unitary
homomorphisms of x-Lie algebras

JriLF - LEFe1+ 100 LF(I,Cr)
parameterized by the Borel subsets of R% and with the following structure:
J1(X) =TP(X)® 1+ 1o @ T (X)
with the property that the exponential map exist and the map j;, defined by
JpeX) =0 X e Ly (8)
extends to a x-homomorphism of the Von Neumann algebra generated by the set
{e; X € £3%}
and for each X € L3, the map t € R — X € L3 is strongly continuous.

Remark 1 Remark

1. For I C RY, the test function space C; denotes the space of test function
in C with support in I.



2. The maps T7 : L3F — L3F and Ty : L — LF(1,Cp) in the above defini-
tion must be x-Lie algebra homomorphisms.

8. The maps TIS and Ty can be extended, by complex linearity, to x-Lie algebra
morphism of the whole Lie algebra Lg. The corresponding extension of the
Lie algebra shift j; will be still denoted j.

4. Ifitis given a family { X, ; o € F}, of generators of Lg, and {X,(p); a €
F, ¢ € C;} denotes the corresponding family of generators of Ls(I,Cr),
the action on the generators of the Lie algebra time shift is given by:

J1(Xe) =TIX, ®1+10® Y Xp(X1Pa.)
B

with va.p € C and (T]) is a finite matriz. In fact the set F' of the index
a is finite.

5. We want that the map j} to be injective then, the matriz (T.)) must be
invertible.

6. To prevent confusions, if L is the Lie algebra of a Lie group G and the
elements of L are realized as operators acting on some Hilbert space, in
the following, for any element Y € L%, we will denote exp(Y) € G the
exponential of Y in the sense of Lie algebra theory and ¥ the exponential
of Y in the given representation, defined by the spectral theorem or by the
exponential series on some domain.

In the following we will produce several examples of unitary homomorphism of
x-Lie algebras j; such that the map j7, defined by (8), does not extend to a Von
Neumann algebra homomorphism.

Example 1 Ezample (Heisenberg Lie algebra)
Let Ls = {at,a™, 15} be the Heisenberg Lie algebra with the commutation
relation [a~,at] = 1g where 1g is the central element. The map T? is given by:

TPat =Tfa™ + T a™ +Tols
TISa* :Ea —|—Tij_ra* +Tolg
TPls = (T = |T5 P)1s

where the complex numbers Tf and Ty may depend on I C C.

The case T’y =Tp =0 and T j_‘ = 1, which corresponds to the case
TP (X)=X, VX€ELg (9)

has been studied in the paper [9]. In this paper we will consider the oscilla-
tor algebra Lys. := {a™, a, a™a, 1} and the class of shifts satisfying the same
condition (9).



3 Time shift on the oscillator algebra

3.1 The oscillator algebra

In the present section we recall some known facts on the operators associated
to the Fock representation of the CCR and we use the notations of subsection
1.1.

Lemma 1 Lemma (see [9] and [3]) Let H be an Hilbert space and u € H. De-
noting A* (u), A(u), respectively, the creation and annihilation operators acting

on the Fock space T'(H). Then, the operators eA+(“), eAW) gre well defined by
the exponential series which converges strongly on the maximal algebraic do-
main. Moreover, for any self-adjoint operator T', on H, the operator A(T) is
uniquely defined by the identity

6itA(T) — F(eitT) , teR

iA(T)

and e maps the maximal algebraic domain into it self.

Let H = L?(R) be the Hilbert space of square integrable complex valued func-
tions. A real valued function ¢ € K := L*[R) N L*°(R) will be considered
as multiplication operator on the space H, which is bounded and self-adjoint
operator.

Definition 8 We define a generalized Weyl operator on the Fock space T'(H) to
be the unitary operator given by

W (o, ) = AT (9)+A(S)+A () . beK, peEN (10)

The norm closure, in I'(H), of the algebra generated by them, denoted W,(H),
will be called the oscillator algebra over 'H.

Lemma 2 Lemma (see [7]) Let H be an Hilbert space, u, v € H and X € B(H).
Then we have the relations:

6A+(u)+A(X)+A(u)+a _ 6A+(ﬂ)6A(X)6A(5)€& (11)
eA(X)e,4+(u)e—/x(x) _ 6A+(6X~u) (12)
eA(u) eA+ (v) — e(u,'u>€A+ (v)eA(u) (13)
where
~ & Xn—l ~ o (X*)n—l .
UZZ:l o u=e1(X)u , v:z;lTU:el(X v
~ = 1 n—2
oz:oz—l—zm(v,X u) = a+ (v, e2(X)u)
n=2
with
o0 LL’n_l > xn—Q
e1(z) = Z = ) es(x) = Z —
n=1 n=2

10



Theorem 1 In the notation (10), for all ¢; € H and real valued function
Y; € K with norm
[l <o G=12

the generalized Weyl CCR holds
W (g1, 91)W (62, 12) = €W (¢, 9)
where ¥, ¢ and v are given by the relations:
Y =11+ (14)

e1(ih)p = e (ith1) b1 + €V ey (ithe) o (15)
(@, e2(i9))p) — iy = (1, ea(ith1)d1) + (@2, e2(ith2)d2) + (e1(—irh1)d1, e1(ith2) p2)

Proof: We start by the fact that the function

rrel) =)

is analytic with convergence radius equal to 2.

Note that the norm of ¢ as multiplication operator ¢ = M, is equal to ||9)||oc.
It follow that for all operator ¢ € K with norm ||¢|| < 27, we have e;1(¢) is
invertible in IC with inverse equal to e_1(¢)).

Using formula (11) in Lemma 2, for j = 1, 2, we can write

W(¢ja @[’j) — 6A+(i¢j)+A(i¢j)+A(—i¢j) _ €A+(<13j)e/\(iwj)€f4(¢j)e&j

where

¢j = er(ih;)ig;, @ = —er(—ih;)igy, a5 = —(@;,e2(ih;) ;)
Using the identities (12) and (13) in the Lemma (??), we deduce
W (1,1 )W (da,1h2) = AT (B1) GA(101) g A($1) o1 AT ($2) A (12) L A(B2) p&2
AT (D14 1 h2) JA(i1) (Ali92) (A(P2+e ™2 B1) a1+ +(P1,62)
AT (D) A1) g A(i%h2) QA(P) 7
eAT(@) A1) LA(P) 7

where ¥ = 11 + 19 and
Gi=d1+eVdy, Fi=@at+e V@1, §i=d1+dx+ (P1,62)
The condition [|¢;|| < 7, j =1, 2, implies that ||| = ||¢1 + 92| < 27 and this

implies that ej(it)) is invertible. Therefore there exists ¢ € H such that the
vector

b= b1+ V1 dy = e (i) )ign + Ve (i)a)iga

11



can be written in the form

¢ = e1(i))ip
We look for a ¢ € 'H satisfying
¢ = e1(—i)ip

Using the relation

er(—v) =e Yei(v), VyeK

we obtain
P o= Gate g
= — [61(*Z‘1/}2)Z‘¢2 -+ 67“#261(77:1#1)7:(7251]
= —e " (e ()i + e1(—ithy)ign]
= _e—iwze—i% [ei%el(i%)i@ +61(i¢1)i¢1]
_ _(62'11)161'1112)71 [eiwlel(ii/ig)igi)g —|—€1(i1/)1)i(]51]
= —e e (i)
—61(—2'@[))’L¢
Since e is invertible, this gives ¢ = —¢.

The above definitions of ¢, ¢ and ¥ give

W1, v1)W (g2, h2) = AT (D hi) AP T
— AT () HA()+A(ip) +iy
— AT (@A) +HAW)) iy

= TW(e,9)

with 7 being a scalar such that 5 = iy + (=i, e2(i))ig).
The relation 4 = & + aa + (@1, P2) gives the result. m

Lemma 3 Lemma Let W := {W($,v), ¢ € H,v € K} be the set of generalized
Weyl operators. Then W is a self-adjoint linearly independent set.

Proof: We have
(W (o, )" = e—i(A+(¢)+A(¢>)+A@)) — ei(A+(—¢>)+A(—¢)+A(—w)) = W(—¢,—1p) € W.

This gives that W is self-adjoint set.
Let Aj, 7 =1,---,n such that Z/\jW(géj,wj) = 0. By the formula (11) we

=1
obtain

<e(tu), Z )\jeAJr((’;j)eA(i"pf)eA(@j)e%e(sv)> =0, VoeH, pek.

Jj=1

12



This gives »
Z Ajes et (wds)Ts(@ivntst{ue™iv) _ g
J

Denote p; = \je¥, a; = (u, ¢;), bj = (¢;,v) and ¢; = (u,e™iv). By using the

property:
forall j,k=1,---,n, (aj,bj,cj) = (ak,b;wck) — ((Z)j,wj) =

and the independence of the set

B = {K@pbe) : R? 5 (s,t) — etttbstest ¢ ¢ (a,b,c) € C*},

we can conclude the statement. m

3.2 Lie algebra morphisms of the oscillator algebra

Definition 9 The infinite dimensional oscillator algebra is the complex x-Lie
algebra L,s. with linearly independent generators ag(¢), ag (¢), no(¢), 1o (cen-

tral element) and relations:

ag (¥)] = (¢, %)L,

(¢,
[n0(¢), ag (¥)] = ag ¢1/))7 [n0(8), ao ()] = —ao(¢¥),
[n0(#), n0(¥)] = [ao(¢), ao(¥)] = [ag (), ag (¥)] = 0,
a5(9) = ag (), ng(9) = no(4).
The test function algebra is chosen to be the space
Ks = L*(R) N L*(R)

and the localization is defined by the bounded intervals in R.

The maps ¢ +— ag (¢), no(¢) are linear in ¢ while ¢ +— ag(¢) is anti-linear.

We consider the boson Fock representation of the oscillator algebra. We will
study the class of Lie algebra shifts on the oscillator algebra whose action on

the generators has the following form:

Jrlag (9) = af () + XV (1) = af (9) ® 1+ 1o @ XV (T19)

Ge(ao()) = ao(¢) + X7 (T2g) = ag(9) ® 1+ 1o ® X{7(Ty

G1(n0(9)) = no(¢) + X1V (T36) = no(9) ® 1+ 10 ® X (T
t(10)210+Rt:10®1+10®Rt

where the Xt( ), i=1,2,3, are given by

X (6) = i AF () + BiAi(d) + 7iNi(0)

16

1

18
19

EN|

(16)
(17)
(18)
(19)

(20)

ai, Bi, i € C, Ry is a process acting on I'(L?(R),Ks) and T;, i = 1,2,3, are
real linear operators acting on Kg. To exclude trivial cases we assume that

there exists ¢ € {1, 2,3}, such that («a;, 5;,7:) # (0,0,0) and T; # 0.

13



Theorem 2 Theorem A real linear map Jji, of the form defined by (16)-(20),
defines a 1-parameter family of homomorphism of x-Lie algebras if and only if
it belongs to one of the following five classes:

Class 1.
it (ag () = af ()
3t (a0()) = ao(¢)
3 (n0(9)) = no(¢) + A (T'9) + A(T)
Jt(l)(lo) =1=1y+1

with relations

T(E = T¢7 <T¢7T¢> = <T¢7T¢> ) Vwa ¢ c K:S-
Class I1.

with the following relation
T7¢ = T$7 V¢ € ICS'-
Class III. R
i () = ag (9)
i&(ao(#)) = ao(9)
3® (no(9)) = no(¢) + 6AS (T¢) + SA,(Td) + Ny(T)

~(3) _
Jt (10) =1

with the following relation
Té=Te=To., VoeKs.
Class IV.

i (ag (9) = af (9) + ANAT (T9)

7 (a0(9)) = ao(¢) + XA(T9)
30 (no(#)) = no(d) + Ao Ny(T)

M (1) = 10 + A2t 1

with relations

15=2T6, (T6.76) = clov). T(ow) = MToTV, Vo, € Ks.
1)

14



Class V. R 7
i ag () = ag (9) + AA(T )

with relations

d)a <T¢7 T¢> = C<w7 d)> ) T(wa) = *X0T¢T¢, VT/% ¢) € ]CS'
(22)

% =

&

Here X\, 6, \g € C, 0 £0, \g 0, ¢ >0 and T is an R-linear operator on Kg.

Example 2 Ezample The following examples show that none of the above five
classes is empty.

Class I. We have

Then T(iS(¢p)) = 0 for all ¢ € Kg. This gives T = T(R(P)) and we can
choose as example T(¢) = MyR(p) = YR(¢), where ¢ is a real valued
function in Kg.

Class I1. The condition T = T'¢, Vo € K implies that T'¢ is a real valued
function if ¢ is it and it’s purely complex valued function if ¢ is it. We
can choose T' as a multiplication operator T' = My, where 1 is a real valued
function in Kg.

Class III. Here we can choose T as in the first ezample.

Class IV. Here T wverify the conditions (21) and we can choose the operator
T, defined by:

clhol?

To(9)(s) = —9 ( ; a) acR

Class V. We can show that if an operator T' verify the relations (21), then the
operator —T' verify the relations (22). It follow that the operator T, can
be replaced by —T,.

Proof of theorem 2. Since we want the j; to be *-map, the process R; must
be self-adjoint. Moreover, the relations

[e(ag (@)]* = Je(lag (#)]") = Ji(ao(9))
[e(ao(9)]" = Je(lao(9)]7) = Jelag (¢))



give o o L
a1l = BoTag, asTegp =TI, yoTed =71T1¢. (23)
On the other hand, from the relation

[e(no(@)]* = Je([n0(9)]) = Je(no(9))
one has -
asTs¢ = BsT30, (24)
VT3¢ = 3T (25)
For any ¢, € Kg, the commutation relations give

[e(ao(¥)), je(ad (6))] = [ao(¥)), af (4)]
oo Af (Torh) + B2 A(Tow)) + 72 Ny (Tov)), cn Af (T1d) + B1Ay(Ti¢) + 1N (T16)]

= (¥, 0) 1o + [ A (To), 1 Ai(T19)] + [a2 A (To)), 1 Ni(Th9)]

B2 Ay (T2), cn Af (T19)] + [B2An(T2), N (T19)]

+eNe(Topp), Br Ay (T1)] + (12 Ne(Ta), a1 Af (T19)]

= (¥, 9) 1o + (a1 (Toy), T1p) — a1 (T1¢, Tatp)) t1

+AS (201 = maa)T1d o)) + Ay (1 BoTotTid — Y21 T1 ¢ Tot)).
On the other hand, we have

(@
(4

Je(lao(®), ag (9)]) = je((, @) 1o) = (¥, ) (1o + Ry).

Therefore, the commutation relations are preserved if and only if for any ¢, ¥ €

KS?

(1, ¢) Ry = (Bacr (To9p, T1p) — 21 (T ¢, Tonp))t1
+AT (eer = 102) Th¢Tot) + Ar( B To¥Tid — 2 Sr T10T21)).
This gives
(1, 8) R = (Bocr (T30, T19) — a2 (110, Tot))) 11, (26)

Yoar T1¢Toth = yiaTi¢Totp, 11 BoTovTidp = oS T1dTo0.

In a similar way, the identities

[G:(n0(6)). Je(ag ()] = Je ([n0(9), ag (¥)])

[G¢(n0()), je(ao ()] = ji ([no(9), ao(¥)])
give, for any ¢, ¥ € Kg,

Bzaq (Tz¢, T1p) = Bras (T, T39)
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arTidp = (y3a1 — na3) 1Y T30, (
BiTidp = 71 B3 T T3¢ — v TsdTry), (
nTye =0, (29
Bava (T3, To) = Paces (Toh, Tap) = caTognh = (Yarz — y3) Totp T, (
BoTodtp = 7302 TspToth — Y233 To) T30,
Y2Top¢p = 0. (31)

From the commutation relation

e (n0(#)), e (no(¥))] = 0,

we deduce that

|asl? (T30, Tstp) — (Ts1h, T39)) =0, ¢, ¥ € Ks. (32)
Observe that the conditions (77 = 0, T # 0), (T} # 0, T, = 0) and (T} =
T5 = 0) lead to the same conclusion. In fact, in such case we have
xM(1rg) = XP(19) =0, ¥¢ € Ks.

It follow that R, = 0 and T3 verify only the conditions (24), (25) and (32). Then
we must discuss separately the case 71 = 0 = T and the case T} # 0 # Ts.
Step 1. T1 =0= TQ.

From (26) we have R; = 0. Since we want j; to be a non trivial map then we
must assume that (as, 83, v3) # (0,0,0) and T5 £ 0 .

We distinguish two cases:

Case 1. 73 =0 and T := a3zT3 # 0. B B
Taking ¢ real in (24), we obtain ag = 85 and T¢ = T'¢ for all ¢ € Kg.
Moreover the condition (32) implies that

<T¢7T¢> = <T¢7T¢> ) ¢7 1/’ € ICS

i.e., the restriction of the scalar product of Kg on the range of T is real
valued. In this case j; = j't(l) belongs to the Class I.

Case 2. y3 # 0 and T := 313 # 0.
In this case, the equation (25) implies that

T¢=T¢p, Vo€Ks.

Taking ¢ real valued function in the equation (25), we deduce that 85 = as.
Denoting 6 = a3/v3, the equation (24) implies that

T =0T¢, VoeKs.

This gives two cases :
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Case 2.1 a3 =0. R R
In this case § = 0 and then j; = jt(2) belongs to the Class II.

Case 2.2 a3 # 0. -
In this case d # 0 and then T¢p = T'¢, for all ¢ € Kg. In this case
je = 5 belongs to the Class TIL.

Step 2. T1 # 0 7é TQ.
Egs. (29) and (31) imply that 4 = 0 and 2 = 0, from which (26) becomes

(W, 0) Ry = (G201 (Top, Thp) — o 51 (T1p, To1))) t1

= (laa]* (T, Tyg) — |61 (1, Th o)) t1. (33)

where, in the last equalities, (23) has been taken into account.

Fact: as # 0 is equivalent to a; = 0.

Indeed, if as # 0 then second Eq. (23) implies that 8; # 0 and Tp =
(B1/a2)Ty = coT with ¢ := B1/as # 0 and T := Ty # 0. Moreover (30)
becomes

Toptp = —y3TotpT3¢p  or equivalently Téyp = —y3TYT3¢0 (34)

and this implies 3 # 0 and 75 # 0.
If oy # 0 (or equivalently, because of (23), B2 # 0), then (34) becomes

T&w = _73T¢T3¢, V(b, dj € ’CS7 (35>
and (27) implies
Top = v3TYT3¢ (36)
Then, from (36) we have
Ty _ Ty
T¢ Ty
which gives
T3¢ =aT¢, Y¢eKs (37)

for some a € C\{0}. Combining Egs. (35), (36) and (37), we deduce that T'¢ = 0
for each real valued ¢. Thus T can be non zero only on purely imaginary valued
functions. Since the product of two such functions is real valued and since
~v3 # 0, (36) implies that, for all real valued function ¢ € K,

13(Tip)* = ~T¢* = 0.

Hence T'¢ is also null for all purely complex valued function ¢ € K. This leads
to T' = 0 which is in contradiction with our assumption. We conclude that the
condition as # 0 implies the condition a; = 0. The converse statement can be
obtained by slight modification.

In view of the above fact, we distinguish two cases:
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Case 3. as # 0 and a1 =0, so that 8, # 0 and B = 0.
Egs. (28) and (25) give, respectively,

Ty = —7313¢Te) and Tz = %Tsa-

It follows that T3¢ = c3T'¢ and therefore Toh = —NgTdT), \gT'd = AT
with A\g = c373, or equivalently

_ I VO
T = -XoTeTy, To =T, (38)
0
Hence, (33) becomes R, = —ct|31|* with ¢ := % being a positif

real number independent of ¢q, ¥y € KLg. On the other hand, combining
Egs. (24) and (38), we deduce

ases (T, Tg)y =0
and then L
Y _
agcz),ro (T2, Td) = 0.
0

Taking ¢ instead of ¢ in the above equation, we conclude that as = 0,
and therefore from (24) we have (33 = 0.
In conclusion, setting A := 3, the map j; takes the form:

3tV (ag (0) = af (6) + XA(T9),

3 (a0(6)) = ao(@) + AA[ (T9),

3 (n0(6)) = no(¢) + AoNe(T9),
3t(4)(10) =10 —c|A]*t1,

with relations

5 — %TT;S (Té,T) = e, d), Tt = —RoTST.

0

Case 4. as =0 and a3 # 0, so that 5, =0 and [2 # 0.
A similar calculus as in the Case 3., we obtain

3 (ag (9)) = af () + AAF (T9),
7 (a0(9)) = ao() + AA(T9),

3 (n0(#)) = no(¢) + Ao Ni(T)
i (10) = 10 + A2t 1,

with relations

N —
To = 72 Tg, (T, Ty)=c(p,9), Top=NTPTP.
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Theorem 3 Theorem Let j, be a one of the classes defined in Theorem 2. De-
fine the map j; on the group operators by

FOW (i, @) = j;(ei(a(f(w)-ﬁ-ao(«ﬂ)-irno(w))) — piie(ag (9)Fao(e)+no(¥))

Then j; can be extended to a x-homomorphism still denoted ji of the W*-algebra

generated by the group operators of the oscillator algebra if and only if j; is one

of the first three classes in Theorem 2; i.e., only the maps j't(l), j’t@) and j't(g) are

effectively a Lie algebra time shifts.

Proof: The x-map property is clear. For simplicity, we denote
Wi =Wo(d5,¢5), 7=1,2
Because of Proposition 3, it is sufficient to verify the identity :
g (WaWa) = 57 (W) j; (W2) (39)
for the five classes in the Theorem 2. By Theorem 1 we have
WiWs = €Wy (¢, 1) = ei7ei(es (#)Fao(@)+no(w),
Class I. By direct computation we have
35 (WAWa) = 5 (€T Wo(6,1) = €T Wo (6, 1) @ /(A7 (T F AT
= WiWe ® ei(Af’(Tw)JrAt(Tw))
On the other hand, we have
FO(W1) 52 (Wa) = WiWa @ ei(AT (TV1)+A(TY1) (AL (Toh2) + A (T42))

But the processes A, (T1)+ Ay (Teb1) and A;f (Tz)+ A¢(T1p2) commute. Then
we obtain
PV (Wa) = WilWe® P AT (T +A(TY1)+ AT (Th2)+A: (T2))
. —+ .0
= Wy ® AT (T)+AU(TY)) — 32 (W1 Wa)

In conclusion, equality (39) is verified by Class I.
Class II. and Class III. In this cases we have

ROWVIW) = TR (W(6,)) = VW (6,1h) @ (IAT CTI ATV £N.(T0)
Where Class II. corresponds to § = 0. On the other hand we have

V) (Wa) = (W) ® (A7 GTU0FAGTY)+N(Tyn)))
X (W) @ ellAT (TY)+ A (6T v2)+N:(Tv2)))
= Wil ® o (AT (6T91)+ A (8T91)+Ne (Ten))

x AT (0TY2)+ A (5T1h2)+Ne(T2))
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But it is not difficult to verify that the processes Af (0T1) + Ay (6T%1) +
Ni(T+1) and Af (6Tps) + Ay (6T o) + Ny (T1)9) commute in the two cases. Thus
we obtain

PSS (W) = Wiy @ (AT T +v2)) - AT (b +162))+ N (T(31-+12))
Wi W, @ ei(AL (T9)+A:(OTY)+Ne(T))
=y (WilWa).

In conclusion, both Class II. and Class III. verify the equality (39).

Class IV. For this class, we begin by proving that the map T of Theorem 2 is
a linear bounded operator of Kg. In fact the condition T(¢y)) = A\gT¢dTy for
all ¥, ¢ € Kg, gives T(i¢)Ty = T(iy))T¢ for all ¥, ¢ € Kg. Then there is a
complex number « such that T'(i¢) = aT¢ for all ¢ € Lg. But we have

(To,TY) =c(d,¢), Vi, ¢ €Ks

which implies
(T, T(iy)) = ci{g,b) . Vo, ¢ €Ks
On the other hand, we have
(T, T(ih)) = c(Th,aTy) =alp,¥), Vi, €Ks

this gives o = i, and then
T((a+ib)p) = T(ap)+T(ibd) = aTd+ibT¢ = (a+ib)T¢, V¢ €Ks, a,beR
This proves the linearity of T. The equation

(To,T) =c(p,¥), Vi, d€Ks

proves that T is bounded.
In the next step we calculate jp (WW;W2). In the present class we have

EW) = e (Wo(6, 1)) = €T Wo(6, 1) @ elAT ATOFACTAEN CoT)
= WiWo® Wo(de, ) (40)

with
oy = X[O,t]@/\T¢ and ¢y = X[O,t]®>\OT¢~ (41)

On the other hand we have
W) =W o Woe w”), j=1,2
where ¢§j ) and wt(j ) are given as in (41). This gives

(W) (Wa) = WiWa @ Wo(o), i) Wo(6), ).
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Using Lemma 1, we obtain
jf (Wh)jg (Wa) = WiWs @ €7 Wo(t, 1) (42)
with ¢} and 1] given respectively as in Egs.(15) and (14). Note that
¥ =t + 0 = X0, ® MT¥1 + Xpo.g @ NoTe2 = Xjo. ® Ao TW = Uy
and ¢} is given by
. . . . . . ALY . .
e1(iy)id) = er(iw)id; = er(i")igy" + e ea ()¢, (43)

Taking the properties of the operator T' into account, one can deduce the fol-
lowing:

. . . (1) . .
er (ipM)ig") + e ey (i )ig?)

= X[O,t] ® [61 (Z)\0T1/)1)Z)\T¢1 + 6)\0Tiw161(>\0TZ"LZ)2)>\TZ'¢2]

1 : n— - i3 1 - n— -
=xpg @ A[ S — (T itp1)" " Tigy + MY~ — (ATt "Tig]

n>1 " n>1

= X0 ®A| X0 (@) in) + AT S ST (i) i)

n>1" n>1

= Xioay ® A[T(ex(ithn)in) + T T (ex (inpn)icn)]

= X ® A[Tex (i )ign) + 3 - oTitn)"Tex (i2)i)]

n>0

= Xjo.0 ® A[Tlex(iwn)igr) + T(™ ex(iv)iga)| = Xjo. © AT (e (ith)io)
= X[0,g ® /\%T((iw)"*lw) = X0, ® %(z‘/\ow)”*%,\ﬂﬁ

1
= X @ —(iW0)" " Vidy = ex(ithy )i

Combining the last result and (43), one can deduce ¢} = ¢ and from (42), we
deduce

5 (Wh)js (Wa) = e Wo(dy, ). (44)

Comparing (44) and (40) we deduce that condition (39) is satisfied if and only
if the real 7 = 0 for all ¢ > 0. Notice that y; can be rewritten as

(@, ealitpn)on) — i = (017, ealit D)ol ) + (07, ealiv™)of? ) +

+{er(=ivM)e, eri)o)
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Similarly we obtain

iy — ctIA[? (@, ex(inh) B)
= ct|A]? [y — (@1, €2(ith1) 1) — (@2, ea(ith2)d2) — (e1(—ith1) 1, e1(it)2)d2)]
or equivalently
e — et A (@, ea(i))) = ct|A]* (v — (¢, e2(i))9)) -

This implies v; = ct|A\|?>y which is null if and only if ¢|A|> = 0. This corresponds
to the trivial case. In conclusion, the Class IV. does’nt verify the identity (39).

Class V. The statement can be verified in a similar way as for Class IV. m

Remark 2 In all cases the Lie algebra time shift on the oscillator algebra is of
the form R
Jjx)=z®14+1;® X[Oﬂ(x) =+ X[Oﬂ(x)

where Xjo4)(x) is an independent increment process. The above Theorem shows
that the Lie algebra x-homomorphism is a Lie algebra time shift if and only if
the constant c|\|* = 0, in which case Xo,4(x) is a classical process. Therefore
the Lie algebra time shifts are in fact shifts along classical processes.

3.3 The associated semigroup

In this subsection j; is the stochastic process described in Theorem 3, Classes
I., I1. and III. Define

Jii As@1lpg@ By — A, t>0
as the unique *—homomorphism characterized by
Jile®1)=37(x), j(1®ay) =ji(1)®@ay, x€As, ay € By. (45)

Each j; can be extended in an obvious way to the algebraic linear span of
elements z ® Z}; where x € Ag, and Z|; is an operator on H[,, by the same
action described as in (45).

Lemma 4 Lemma j; is a Markovian cocycle.

Proof: We will check the property:

Jiys(€®) = Ji(ug (5 (e7)))
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We have

Ge(u(G2(e)) = je(ug(e” @ X))
= ji(e® @T(07)e™ T (6;)) = jio(e” @ ettt
= Gi((e*®1) (1 ® X)) = ji(e® @ 1) ji(1 @ eXntte)
= JP(e") (1@ X)) = (" @ e¥101) (1@ eXinre)

= " @eX0d ®eXittl) = 7 ® X0 T Xt t4s)

X .
= e"@erltrsl =52 (e¥).

By the quantum Feynman-Kac formula [1], the Markovian cocycle (j7) defines
a Markovian semigroup on B(Hg) given by P* = Egj o j7. m

Theorem 4 Theorem Let P! = et be the Markovian semigroup, with genera-
tor L, defined via Feynman-Kac formula as above. Then the generalized Weyl
operators are eigenvectors of L. More precisely, denote L), LUD gnd LUTD)
the generator of Pt associated to the classes I., II. and III., respectively. For
any test functions ¢ € L*(R), v € Kg, one has

LD (8,4)) = 5 TYPW (6, 0)
LUD (W (g,4)) =0
LYW (9, 0)) = [0]%e(e™ = T = HW (¢, 9)
Proof: For x = x(¢,v) = af (¢) + ao(®) + no(¢) € Lose, we have
P'(e") = Eg(e* @ eX00) = ($,eX009) e
Then if we write e* = W (¢, 1), we obtain
P W (,9)) = (@, eX000) W (6, 9)
Classe L. In this class we have X|o 1 = A (T) + A;(T). Therefore, we get
(®, eX[o,t]¢)> — 5tITY[?
Classe II. Here we have X[o, = N¢(T%). Then
(©,eX000) =1

from which the desired statement follows.
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Classe III. In this class we read
X0, = 6A (T) + Ni(T) + 5A,(Te))
Then

<q)7ex[o,t]q)> _ et\5\2<T7¢752(Tw)T¢>

— 16 [ (@ ()ea(To) @) = [ (7~ To(w) - 1)do =
= t|6]%c(e™ =Ty — 1)
This completes the proof of the theorem. m

Remark 3 In view of the above Theorem, in the first class the generator L)
is nothing but the quantum Laplacian, denoted AP, obtained in Ref. [9], while
the third class corresponds to Poisson processes.

4 Lie algebra time shift and ITP

In this section we identify the classical stochastic processes corresponding to the
Lie algebra time shifts studied in the previous sections.

One of the basic tenets of quantum probability is the fact that, if (A¢):er is a self-
adjoint family of commuting operators acting on a some Fock space I'(H) with
Vacuum @, then, under additional analytical conditions which are automatically
satisfied in the cases we are considering, there exists a classical stochastic process
(Y;):er on some probability space (Q, F,P) such that, for all bounded complex
valued Borel functions @1, ps, -+ ,¢n, n € N, one has

E (p1(Y2) @2(Via) -+ ¢n(¥0,)) = (@,01(An)02(Ar) -+ ¢n(Ar, ) )
In particular, the characteristic function of (f’t)te 7 is given by
]E(eizyt) _ <<I>,eiZAtq)>
We will apply the above general statement to the case in which
At:ft(:c):x®1—|—10®Xt(z) : t>0

where x belongs to a self-adjoint commutative sub-algebra £ of the oscillator
algebra Ly acting on the Fock space I'(Kg) and the process (X;(z))i>0 acts
on the noise space I'(L%(R,4,H)). Then j,(£5%) is a commutative self-adjoint
family of operators acting on the Fock space

I'Ks) @ T(LA(RT, H)) =T'(Ks @ L*(RT, H))

Then the process (j;(z) = z+ X;(2))s>0, with respect to the vacuum vector, can
be identified to an independent increment operator process with initial operator
x =2 ® 1 and its characteristic function is given by

E(eizj}(m)) — E<€izac+ith(m)) _ E(eizx)E(eith(z)) —. eiz‘llt(m)
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where, in obvious notations, the cumulant function ¥;(z) is given by

Wi (2) = vo(2) + 1 (2)

We begin by finding the self-adjoint commutative sub-algebras £ of the oscil-
lator algebra. To this goal it is convenient to introduce the notion of complex
Hilbert space with real structure.

Let ‘H be a complex Hilbert space. A real structure of H is determined by a
real Hilbert subspace H,. of H, with real valued scalar product, characterized
by the condition

<f7ig>H:i<f7g>Hr7 fngHv"

and an identification

H="H,dH,

where the sum is direct, but not orthogonal.
In the following lemma, we take H = L*(R).

Lemma 5 Let L, be the oscillator algebra as in definition 9.
Then the self-adjoint commutative sub-algebras of L,sc have the form:

L = {af (#) + ao(®) + no(Bs) +aly, ¢E€H, I(¢) =0, a € R}
for some non, zero real valued function 5.
Proof: Let be given
2(9, 0,9, @) = ag (¢) + ao(p) +no(¥) + alo € Log.
Then 2(¢, ¢, 9, ) is self-adjoint if and only if
ag (¢) + ao() +no(¥) + alo = ao($) + ag (9) + no(¥) + alo.
This gives = ¢, 3(sb) = 0 and a € R. Denote
2(9, ¥, a) = ag (¢) + ao(¢) + no(¥) + alo.

We want to find the spaces Hy and Hy, of test functions ¢ and 1, respectively,
such that

[.’E((i),ﬂ),a),x(éﬁ/,w,,a/)] = Oa vd)v ¢I € Hd)v V'l/}a 1// € Hw
This last identity is equivalent to
2i3((¢, ¢'))1o + ag (Vo' — ¢'9) + ao(py' —4'¢) = 0,
or equivalently

3((6,¢') =0 and %:% Vo, ¢ € Hy, Vi, O € Hy.
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Hence Hy = H, and ¢ = 3¢ for some 3 € H with ¢ being a real valued function.
But the function 3 is the same for all functions ¢, so 8 must be a real valued
function, and then Hy = fHg4.

Remark. We distinguish two cases:

(I) B # 0. In this case the functions ¢ must be real valued and

2(g, 0, a) = ag (¢) + ao(¢) +no(B) + alo, ¢ €Hyr, S(¢) =0, xR
(IT) 8 = 0. In this case
2(¢,9, ) = ag () +ao(¢) +aly, ¢€MH,, a€R
Proposition 1 Let j; be the stochastic process as class I. Then, for all
z = 15(¢, @) := ag (¢) + ao(9) + no(Be) + alo,

the stochastic process j,(x) is gaussian with mean zero and variance |T(3¢)|*t
(i.e. a classical BM).

Proof: Let ji(z) = = + X¢(x), x € L. Taking 2 = z5(h, ) = af (¢) + ao(p) +
no(Be) + alg, we have

i2X(x) = Af (i2TB¢) + Ar(—izTB¢), VzeR

This gives
eizXe(@) AT (2T (89)) A (—izT(B0)) o 3 [Af (izT(86)),Ar (—izT(8¢))]
= AL (12T(89)) (A (—i2T(89)) o — 3 27T (Be)|?
Therefore

E(e*Xt) = <(I)7eith(w)(I>> Aol
Hence the characteristic exponent is given by ¢(z) = —1z%T(8¢)|>. m

Proposition 2 Proposition Let j;(x5(¢)) be the stochastic process as in The-
orem 8, classes II. and III. Then the characteristic exponent of j: is given
by
0(2) = 0P [ (59~ izpla) - 1o

R
with

¢ = T(B¢)
Proof: In the conditions and notations of Theorem 2 we have

i2X,(z) = AF (i20T(B)) + Ay(~i20T(86)) + Ny(i=T(39))

Therefore
et X(z) — eAf(%)eNt(d))eAt((bz)eOét
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with
ay = (—i20T(B¢), e2(izT(B9))iz0T(B¢)) t = |6[*te (e”*T7? — izT B¢ — 1)

where, for any integrable function f, we denote

() = [ fayo
Then we get

E(eith) _ <¢,6iZXt(z)@> _ 6\5\2t5(6iZT(ﬁ¢)7izT([‘3¢)71)

Hence the characteristic exponent is given by
¥(2) = [8%e(e™ ) — 2T (Bg) - 1)
]

Remark 4 We define the measure v by

(e —izp—1) = /(eiw(m) —izp(x) — 1)dx =
R

= /(em‘ —idzu — 1)de~ " (u) = /(e”“ —idzu — Vv (du)
R R
i.e. v is the p—image of the Lebesgue measure A given by
v(A4) := ANy~ (4))

Replacing the measure v by v/|5]? we can assume that
O(z) = / (e _izp(x) — 1)dx = / (€% —izu — Dv(du)  (46)
R R

We want to choose the function ¢ € L?>(R) N L>(R) so that the measure v is a
Lévy measure of some classical Lévy process.

Then (see [21]) the function ¢ must be chosen so that the measure v satisfies
the three following conditions:

(C1) v({0}) =0

(C2) /R(|ac|2 Av(dz) < o0

(C3) . |z|v(dx) < oo
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In the following to illustrate our development we shall discuss the class of
Meixner processes, where their associated Lévy measure verify the conditions
(C1), (C2) and (C3). In particular, according to the above discussion, we shall
explicit the function ¢ € K = L*(R)NL*>(R) giving the characteristic exponents

. . ~(3
of their associated processes 7,

Example 3 Ezample(The Gamma process)
It is well Known [21] that the Lévy measure of the Gamma Process of order «
[(c, ) is

—Qax

v(dx) = P 1(0,00)(z)dz
x

Then, according to (46), the function ¢ should satisfy the equation

—ox

o~ (x) = -

. 1(0,00) (z)dz (47)

If v is a diffeomorphism from Supp(p) onto the image ©(Supp(p)), then (47)
becomes

1 e—ap(z) )
SDI(-'I:) =cC SO(x) (O,OO)(QO(:E))
Thus ¢ should be positive on its support and verify the differential equation
1
y' = —ye™
c

The solutions of this equation are given by the relation

ol-ay)==+k, keR (48)
x et
where o is the function defined on R* by o(x) = / Tdt'
— 00

Notice that the restriction of ¢ on the interval (—o0,0) is strictly decreasing
Ct-diffeomorphism from (—o00,0) to (—o0,0).
Combining (48) with the condition
y(@)=p(@)>0 ;  Vae Supp(p)
we get T +k < 0 for all x € Supp(p). Hence Supp(¢) C (00, —ck) and we have

—1 x
o(x) = ;9’1(2 +k), x€ Supp(p).

But we want the function ¢ to be in L (R), then |p(x)] < M for some positive
real number M ; or equivalently

z < cg=c(Fi(—aM)—k) < —ck
Therefore, a possible solution is

-1 =z
() = —0 (5 4 )l (oo o) ()
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Next we will show that ¢ € L*(R).

We have
1 [ T
2 _ -1 2
[earpar = & [ @'Erhra
c [ 1 2
= — (0™ (u))du
o? /_oo
c g_l(%hrk) 2 7
= — d
oz J, 220’ (2)dz
c [—ae(co)
= — zedz < .
a” Jo

From (48) and the positivity of ¢, we should have p(co) = 400 and then ¢y =
—ck. Consequently, ¢ can not be a solution in L*(R) N L>(R). To avoid this
constraint, we consider an approzimating sequence (c,) of co and then a sequence
of solutions ¢,, € L*(R) N L=(R) defined by

-1 _,/x
Lpn(l‘) = EQ 1 (Z -+ kj) 1(00’671)(@‘).
It is easy to verify that the sequence ¢, converge in L*(R) to the function
-1 _,/z
Yo T ?Q (E + k) L(oo,co) ()
for which the corresponding measure v is the Gamma Lévy measure.

Example 4 Ezample(The Meizner process)
The Lévy measure of the Meizner process M («, 3, 9) is given by

vde) = ——=dzx, «, >0, -1<fB<m.

Then with the same assumptions as in the Gamma case, we easily verify that
the corresponding function ¢ satisfies the differential equation

, 1 n—p ntp

Yy Z%y(eTw—e_ ).

This equation has not a solution in the space L*(R) N L°(R). However, it is
possible to verify that the sequence @, € L?>(R) N L*(R) defined by

o « 1 xr (6] 1 —T
on(z) = T (% + k) 1(w,725k7%)($)+m9 (25 - k‘) Lokt 1 00) (@),

converges in L2(R) to pg € L>®(R), and the corresponding measure v is the
Meizner Lévy measure.
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Example 5 Ezample(The Negative binomial process)
The Lévy measure of the negative binomial process, with parameters ¢ > 0 and
0 < p <1, is the measure defined on N by

v({k}) = @, k€ N.

The corresponding function ¢ must verify the equation

v({k}) = M~ ({k})) (49)

where X\ is the Lebesgue measure on R. Then if we denote

Aw = ¢~ ({k}) € B(R),

the function @ is expressed by
p(z) = Z k14,
k=1

Observe that the condition (49) implies A(Ay) = %, from which it’s clear
that the function ¢ is in L*(R), but does not lies in L=(R). Then, as in the
previous examples, we consider an approximating sequence of functions v, €
L?(R) N L*(R) converging in L*(R) to . Such sequence can be defined by

on(z) = Z kla,
k=1

The above discussion suggests that it is possible to obtain a larger class of clas-
sical Lévy processes as limits of sequences associated to the class 3'15(3). The
following theorem shows that this conjecture is true and gives an explicit de-
scription of this class.

Theorem 5 Theorem Let v be a non singular Lévy measure satisfying the four
conditions (C1), (C2), (C3) and

/xzu(dx) < oo (50)
R

Then there exist a sequence ¢, € L?*(R) N L®°(R) converging in L*(R) to a
function ¢ such that v is the p-image of the Lebesque measure .

Proof:

Step I. Suppose in this step that the measure v has a positive continuous
density f. We will choose the function ¢ to be a C'-diffeomorphism on it’s
support I,,. The condition v(A) = A(p~1(A)) gives ﬁ = f(¢(x)) and then ¢
is a solution of the differential equation

zel,. (51)



This implies that the p-image of the support of ¢ is in the support Iy of f.
Denoting (a,b) = I, and (a, 3) = I, we obtain

o((a,b)) C (a, 3), a,b, a,8€R.
The solution of (51) is expressed by
ox)=F Yz +k), z¢c(ab)

where F' is a primitive of f and k is a real number. Since F' is strictly increasing
continuous function, '~ is well defined on (o, 3).
We have

/+Oo o(x)?dx /;(Fl(x—i-k))2dm

- b+k
- [ ot

+k

@ (b)

= / u? f(u)du < oo,
e(a)

which proves that ¢ is in L?(R) but it is not in L*>(R).

We have ¢((a,b)) C (a, ). So, if the function f has a finite support, then we

can choose ¢ as a solution of our problem, and if not, we can choose a sequence

of intervals (a,,b,) converging to (a,b) so that ,(-) = F~'(- + k)1(an,by)

provides a solution of oue problem.

Step II. If the Lévy measure v has a negative density f we can replace v by

—v and the result is still true.

Step III. If v is a non singular and non discrete measure then it’s a finite sum

of a disjoint supports measures of the type as in the steps I. and II., the result

is still true.

Step IV. Suppose that v is a discrete measure. Then we can assume that it has

a support in Z. Denoting Ay = = 1({k}) € B(R), the function ¢ is expressed

by

+oo
o(z) = Z kla,.

k=—o0

It’s clear that ¢ is in L?(R). In fact we have

400 +o0 +o00
/ (P@)PAdz) = 3 WA (k) = S Ku(4y) < oo,

> k=—o0 k=—o0

where the condition (50) is taken inti account. On the other hand,since ¢
is not necessarily in L*°(R), we can consider a sequence of functions ¢, €
L?(R) N L*(R) converging in L?(R) to ¢. Such sequence can be defined by

k=n
on(z) = Z kla,.
—-n
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Step V. Every non singular measure is a finite sum of measures as in steps III.
and I'V. Hence the result can be obtained by simple embedding arguments. m
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