BANACH SPACES ADAPTED TO ANOSOV SYSTEMS

SEBASTIEN GOUEZEL AND CARLANGELO LIVERANI

ABSTRACT. We study the spectral properties of the Ruelle-Perron-Frobenius
operator associated to an Anosov map on classes of functions with high smooth-
ness. To this end we construct anisotropic Banach spaces of distributions on
which the transfer operator has a small essential spectrum. In the C*° case,
the essential spectral radius is arbitrarily small, which yields a description of
the correlations with arbitrary precision. Moreover, we obtain sharp spectral
stability results for deterministic and random perturbations. In particular, we
obtain differentiability results for spectral data (which imply differentiability
of the SRB measure, the variance for the CLT, the rates of decay for smooth
observable, etc.).

1. INTRODUCTION

The study of the statistical properties of Anosov systems dates back almost half
a century ([1]) and many approaches have been developed to investigate various
aspects of the field (the most historically relevant one being based on the introduc-
tion of Markov partitions [2} 27, (6] [20]). At the same time the type of questions
and the precision of the results have progressed through the years. In the last years
the emphasis has been on strong stability properties with respect to various types
of perturbations [3], dynamical zeta functions and related smoothness issue (see
[12/[22][7]). In the present paper we present a new approach, improving on a previ-
ous partial and still unsatisfactory one [5], that allows to obtain easily a manifold
of results (many of which new) and we hope will reveal an even larger field of ap-
plicability. Indeed, the ideas in [5] have already been applied with success to some
partially hyperbolic situations (flows) [17] and we expect them to be applicable to
the study of dynamical zeta functions.

The basic idea is inspired by the work on piecewise expanding maps, starting
with [13][10] and the many others that contributed subsequently (see [3] for a nice
review on the subject). That is to study directly the transfer operator (often called
the Ruelle-Perron-Frobenius operator) on appropriate functional spaces. For the
case of smooth expanding maps, the Sobolev spaces W™, or the Banach spaces
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C™, turn out to be proper spaces where the transfer operator acts as a smoothing
operator, [21, 17]9 In turn, this implies that, on such spaces, the operator is
quasi-compact with an essential spectral radius exponentially decreasing in n. The
existence of a spectral gap and all kind of statistical properties (exponential decay
of correlations, central limit theorem, meromorphic zeta functions, etc.) readily
follow.

Unfortunately, for Anosov systems it is not helpful to consider spaces of smooth
functions — on such spaces the spectral radius of the transfer operator is larger
than one —, it is necessary to consider spaces of distributions. This was recognized
in [24, 25| 26| [8] limited to the analytic case, and in [14] (only implicitly) and
systematically in [5] for the C1*® case. Nevertheless, the latter setting had still
several shortcomings. First of all, the Banach space was precisely patterned on
the invariant distributions of the systems, which implied that transfer operators —
even of close maps — where studied on different spaces. This was a serious obstacle
to obtaining sharp perturbation results. Secondly, since in general the invariant
distributions are only Holder, it was not possible to have a scale of Banach spaces
on which to study the influence of the smoothness of the map on the spectrum.

Both such shortcomings are overcome in the present approach. The spaces we
introduce (partially inspired by [14]) are still related to the map one wishes to
study, but in a much loser way so that the operators associated to nearby maps
can be studied on the same space. In addition, we have a scale of spaces that can
be used to investigate smoothness related issues (typically the dependence of the
essential spectrum on the smoothness of the map). In particular, if the map is C*,
we obtain a description of the correlations of C*° functions with an arbitrarily small
error term.

In addition, the present norms allow easier estimates of the size of perturbations.
This provides a very direct way of obtaining sharp perturbations results which
substantially generalize the existing ones, e.g. [5][19] 22| 23]. For example, in the
C* case all the simple eigenvalues and all the eigenspaces depend C* on the map.
The same holds for the variance in the CLT for a smooth zero average observable.

A further remarkable feature of the present approach is that, unlike all the
previous ones, its implementation does not depend directly on subtle regularity
properties of the foliations and of the holonomies. This makes possible to have a
much simpler and self contained treatment of the statistical properties of the system
and may lead to interesting generalizations in the partially hyperbolic setting.

The paper is organized as follows. In the second section, we introduce Banach
spaces BP9, explain why the transfer operator acting on BP-¢ has a spectral gap and
illustrate the stability results: the main ingredients are a compactness statement
(Lemma , a Lasota-Yorke type inequality (Lemma and the estimates on
perturbations Lemmas and In Sections 3 and 4, we describe more precisely
the spaces BP'? and prove in particular that they are spaces of distributions. In
Sections 5 and 6, which are the main parts of this article, we prove respectively
the aforementioned compactness statement and Lasota-Yorke type inequality. In
Section 7, we show how this framework implies very precise stability results on
the spectrum, for deterministic and random perturbations. Section [§ contains an
abstract perturbation result generalizing the setting of [11], along the direction

2The choice of C™, which requires a bit more work (the analogous of the argument at the end
of subsection here) is the choice generalized by the spaces we introduce in this paper.
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adumbrated in [17], to cases where a control on the smoothness is available. Section
[9] shows that smooth deterministic perturbations fit in the setting developed in
Section Finally, an appendix contains the proof of an intuitive, but technical,
result.

2. THE BANACH SPACES AND THE RESULTS

For ¢ > 0, let |q| be its integer part. We denote by C? the set of functions
which are | ¢| times continuously differentiable and whose | ¢|-th derivative is Hélder
continuous of exponent ¢ — | ¢, if ¢ is not an integer. To fix notation, in this paper
we choose, for each ¢ € R, a norm on C? functions so that |o1pa|ca < |01]calpa|ca.
We will denote by C9 the closure in C? of the set of C* functions. It coincides with
CY if q is an integer, but is strictly included in it otherwise. In any case, it contains
C4 for all ¢ > q.

Let X be a d dimensional C* compact connected Riemannian manifold and
consider an Anosov map T € C"1(X, X) (for some real r > 1). Write ds and d,, for
the stable and unstable dimensions. Let A > 1 be less than the minimal expansion
along the unstable directions, v < 1 greater than the minimal contraction along the
stable directions. We will express the spectral properties of T using the constants
A and v.

In Section [3] we will define a set 3 of admissible leaves. The elements of X are
small C"*! embedded compact manifolds with boundary, of dimension d,, close to
local stable manifolds}?

In what follows, if v is a smooth vector field on an open subset of X and f is
a smooth function, then vf will denote the derivative of f in the direction v. If
v1,...,vp are smooth vector fields, then vy ... v, f will denote vy (va(...(vpf))...).
We will sometimes write []%_, v; f for this expression, although it may be a little
misleading since the vector fields v; do not necessarily commute.

We are now ready to introduce the relevant norms. When W € 3, we will denote
by C¢(W,R) the set of functions from W to R which belong to C? and vanish on
a neighborhood of the boundary of W, and by V"(W) the set of C" vector fields
defined on a neighborhood of W.

For each h € C"(X,R) and ¢ € Ry, p € N with p < r (recall, T is C"*! by
definition), let4

(2.1) A, , = sup sup sup / V1 ... U0 .
WeE  vi,..,0,eV (W)  ¢eCl(W,R) JW
lviler <1 lelea<1

It satisfies [|A[[, ,» < ||k, if ¢ > g. Define then the norms

2.2 h = su hll, = su hll> .
(2:2) [l = 50 [licgin = sup bl

For example, if X is the torus, the above norm is equivalent to the one given by

sup  sup sup 0%h - .
lol<p WES ecatlelwry /W
lelogtial <1

3The precise definition of the set ¥ is given by (3.2).
4A11 integrals are taken with respect to Lebesgue or Riemannian measure except when another
measure is explicitly mentioned.
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Later on, in Section (3] we will give an explicit description of the norm in
coordinate charts. It will sometimes be easier to work with the coordinate-free
definition given in and sometimes with the explicit definition, depending on
what we are trying to prove.

It is easy to see that || - ||, 4, for p < r, is a norm on C"(X,R) (we will prove a
more general result in Proposition . Hence, we can consider the completion BP-?
of C"(X,R) with respect to this norm. Section[4]will be devoted to a description of
this space. We will see in particular that it is canonically a space of distributions.

Since ||A|lp=1,9+1 < ||B]lp,q, the embedding of C"(X,R) into BP? gives rise to a
canonical map BP¢ — BP~1a4t! which is in fact compact:

Lemma 2.1. If p+ q < r, the unit ball of BP9 is relatively compact in BP~1aF1,

The proof of Lemma is the content of Section

The rest of the paper consists in the investigation of the properties of the transfer
operator L seen as an operator acting on the spaces BP?. As is well known, for each
h € C"(X,R), the transfer operator £ : C"(X,R) — C"(X,R), defined by duality by

/h-uOT::/Eh-u,

Lh = (h|det(DT)|" ") o T~
The key information on the action of £ on BP+? is contained in the next lemma.

is also given by

Lemma 2.2. For each p € N and q > 0 satisfying p+q < r, L is a bounded
operator on Brafi In addition, there exist A, 4, By q > 0 such that, for each n € N,

(2.3) [1£"Rlo,q < Aogllllo,q, for all ¢ <r;
(2.4) [I£7Rlp,q < Ap,qmax(A"P,v9)"[|hlp.q + Bpgllhllp-1,4+1, forallp+q<r.

The above Lemma is proven in section [6
Lemmas and readily imply the basic result of the paper:

Theorem 2.3. If p € N* and q¢ € R} satisfy p + q < r, then the operator L :
BP9 — BP9 has spectral radius one. In addition, L is quasicompact with essential
spectrum oess(L) C {z € C : |z] < max(A7P,v9)}.

Moreover, the eigenfunctions corresponding to eigenvalues of modulus 1 are dis-
tributions of order 0, i.e., measures. If the map is topologically transitive, then one
is a simple eigenvalue, and no other eigenvalues of modulus one are present.

Proof. The first assertion follows from since [|h]|p—1,q+1 < ||B]|p,q- The proof of
the second is completely standard and can be based, for example, on an argument by
Hennion after a spectral formula due to Nussbaum (see [5| Theorem 1] for details).

The third is a consequence of the ergodic decomposition (see [5, Propositions
2.3.1 and 2.3.2] for details). O

Remark 2.4. If \™' = v and r is an even integer, then the optimal choice of
p,q in Theorem isp=r1/2 and ¢ = r/2 — e for some arbitrarily small € > 0.
Such a condition is similar to Kitaev’s requirement [12| that, in our language, reads
p = q = r/2. Hence, our results are probably optimal in this case. However, in

5That is, £ can be extended to a bounded operator on BP>? that, with a mild abuse of notation,
we still call L.
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the general case, our results are limited by the fact that p has to be an integer. It
would probadbly require significantly different and less elementary techniques to allow
p € Ry as this would require the definition of “fractional derivatives”. See [4] for a
very recent attempt, based on Fourier analysis, in a very special case.

In the C* case, Theorem immediately implies the following description of
the correlations of C*° functions:

Corollary 2.5. Assume that T is C*°. Then there exist a sequence of complex
numbers A\, such that |A\g| decreases to 0, and integers ry, such that: for any f,g :
X — R of class C*, there exist numbers ap(f,g) with

/f-goT" ~ > a(f,g)n AR
k=0

in the following sense: for any e > 0, let K be such that |[A\i| < e. Then
K—1
[ g1 =3 alfigmrxg + o)
k=0

The second part of the paper focuses on the spectral stability for a wide class of
deterministic and random perturbations.

Let U be a small enough neighborhood of T in the C"™*! topology. Consider
a probability measure g on a probability space €2 and, for w € Q, take T,, € U
and g(w,-) € CPT4(X,R;). Assume also that, for all z € X, [ g(w,z)dp(w) =1,
and that [[g(w,-)|er+e(x,r) dp(w) < oo. It is then possible to define a random
walk in the following way: starting from a point x, choose a diffeomorphism T,
randomly with respect to the measure g(w, z) du(w), and go to T,,(z). Then iterate
this process independently.

When  is a singleton and g(w, z) = 1, then this is a deterministic perturbation
T, of T. Random perturbations of the type discussed in [5] can also be described
in this Wayﬁ Hence, this setting encompasses at the same time very general de-
terministic and random perturbations of T'. Define the size of the perturbation by

(2.5) Alu,g) == / 190, lerax myders (T, T) du(w).

For definiteness, we will fix a large constant A and assume that, until the end of
this paragraph, all the perturbations we consider satisfy [ [g(w,-)|cr+a(xr) < A.
The transfer operator £, 4 associated to the previous random walk is given by

Lpgh(z) = /Q 9, T4 (@) L, () dpu(w)

where L7 is the transfer operator associated to T,,.

In Lemma [7.1]we show that L7 and Lz are |- ||ge.a_gp-1.0+1 close if T" and T are
close in the C" topology. In turn, this implies that L7 and £, 4 are close if A(u, g)
is small, see . In addition, it is possible to show that the operators £, 4 satisfy
a uniform Lasota-Yorke type inequality (Lemma [7.2]). These facts suffice to apply
[11] to the present context, yielding immediately the strong perturbation results
described below greatly generalizing the results in [5].

6To obtain the latter case set Q = T, y is Lebesgue, To, (z) =Tz +w mod 1 and g(w,z) =
ge (w, Tx).
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Fix any ¢ € (max(A~P,v9),1) and denote by sp(£) the spectrum of £ : BP? —
BP-4. Since the essential spectral radius of £ does not exceed max(A~P,v?), the set
sp(L)N{z € C : |z| > p} consists of a finite number of eigenvalues Ay, ..., Ay of finite
multiplicity. Changing p slightly we may assume that sp(£)N{z € C: |z| = o} = 0.
Hence there exists d, < ¢ — max(A~P,v9) such that

‘)\i_>‘j‘ > 0 (7’7&]) )
dist(sp(L), {|z| = o}) > d..

Theorem 2.6. For each § € (0,0.] andn < 1— bgr&%, there exists €g such

that for any perturbation (u,g) of T satisfying A(p, g) < €o,

a) The spectral projectors

1

ny = _— (2= L,q) tdz
BT ety
(2.6) )
Hff)g = (z—L,q) td2

270 J{)z21=0}

are well defined. We will denote by ng) and Hég) the corresponding projectors
for the unperturbed transfer operator L.

b) There is K1 > 0 such that ||HEZ?{J*H6j)HBp,q*,Bpfl,qi»l < Ky A(p, )" and ||HE£Z,—
I g0 o101 < K1 Adp 9)".

c) rank(HEZ)g) = rank(l’[gj)).

d) There is Ko > 0 such that ||£Z’gﬂfff)g||p7q < Ky " for alln € N,

If the perturbation enjoys stronger regularity properties, then much sharper
results can be obtained. Such results follow from a generalization of [11], along the
lines of [17], that can be found in Section [8l

To keep the exposition simple let us restrict ourselves to deterministic perturba-
tions. Since C"*1(X, X) has naturally the structure of a C"*! Banach manifold, it
makes sense to consider perturbations belonging to C*([—1,1],C" (X, X)), that is
curves Ty of C"T! maps from X to X such that, when viewed in coordinates, their
firsts s derivatives with respect to ¢ are C"*! functions.

Theorem 2.7. Let T, € C5([-1,1],C" (X, X)) and Ty be an Anosov diffeomor-
phism. Let ¢ > 0 and p,s € N* be such that p+q+ s < r+ 1. Then there exists
d. > 0 such that, for all t € [—0.,04], the eigenvalues and eigenprojectors \;(t),
IT;(t) associated to Lp, with |A;(0)] > max(A~P,v9) satisfy:

(1) if X;i(0) is simple, then \;(t) € C571;

(2) I;(t) € Ccs~Y(Bp—ttsa Br=lats)

The above theorem is proven in Section [9] by showing that the hypotheses of
Theorem hold in the present context.

Remark 2.8. Notice that, in Theorem 2.7, there is some limitation to the differen-
tiability, coming from the fact that p is an integer, namely s < r (see also Remark
. In certain cases this can yield a weaker result than [19] where, in the case
s = 7+ 1, it is proven that the eigenvalues are C™~1. Yet, [19] is limited to the
peripheral eigenvalues and gives much less information on the eigenspaces.
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Remark 2.9. Note that, although not explicitly stated, all the constants in Theo-
rems[2.6 and[2.7) are constructive and can actually be computed in specific examples
(see [16] for a discussion of such issues).

Remark 2.10. Beside the eigenvalues and the eigenprojectors, the above theory
implies results also for other physically relevant quantities. For example, if Ty is a
transitive Anosov map and f € C", let fr = f — ffd,uSRB(Tt)E It is well known

—1 . . . .
that ﬁ Soro fro TF converges in law to a Gaussian with zero mean and variance

o(t) = —psrp(f2) +2  psrp(feo T)' fi) = —nsrp(f7) + 2[Ad —Lr,) " w](f2)

n=0

where pi() = usrp(fie) and ET,, is the operator L, restricted to the space
Vo :={h € BP? : fX h = 0}. By the results of Sections[8 and[9 it follows then
that o € C*~' and one can actually compute formulae for its Taylor expansion up
to order s — 1.

We conclude this section with a warning to the reader.

Remark 2.11. Through the paper we will use C' and C, to designate generic
constants depending only on the map, the Banach spaces and, eventually, on the
parameter a. Their actual numerical value can thus change from one occurrence to
the next.

3. DEFINITION AND PROPERTIES OF THE ADMISSIBLE LEAVES

Replacing the metric by an adapted metric la Mather [18], we can assume
that the expansion of DT (z) along the unstable directions is stronger than A, the
contraction along the stable directions is stronger than v, and the angle between
the stable and unstable directions is everywhere arbitrarily close to 7/2. For small
enough k, we define the stable cone at z € X by

Clx)={u+veT,X |ue E*(x),vL Ex),]|v|] <klul}.

If % is small enough, DT~ (x)(C(x)\{0}) is included in the interior of C(T~'z),
and DT~ !(z) expands the vectors in C(z) by v~
There exists a finite number of C*> coordinate charts 11, ..., %y such that 1; is

defined on a subset (—r;,7;)¢ of R? (with its standard euclidian norm), such that

(1) D;(0) is an isometry.

(2) Dui(0) - (R x {0}) = E*(1:(0)).

(3) The C™*l-norms of v; and its inverse are bounded by 1 + k.

(4) There exists ¢; € (k,2k) such that the cone C; = {u+v € R? | u € R% x
{0},v € {0} x R% ||v|| < ¢; |lul|} satisfies the following property: for any
x € (—ri,m)e, Di(x)C; D C(ix) and DT~Y(Dpy(2)C;) C C(T~ 1 o ().

(5) The manifold X is covered by the open sets (1/)1-((—7'2-/2,7"1-/2)d))i:1_“N.

It is easy to construct such a chart around any point of X, hence a finite number
of them is sufficient to cover the whole manifold by compactness.

7By Theorem 1srB is simply the eigenvector of L7, associated to the eigenvalue one.
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Let G;(K) be the set of graphs of functions x defined on a subset of (—r;,r;)%
and taking values in (—r;, ;)% belonging to C"*1, with |Dy| < ¢; (i.e., the tangent
space to the graph of x belongs to the cone C;) and with |x|cr+1 < K

The following is a classical consequence of the uniform hyperbolicity of T.

Lemma 3.1. If K is large enough, then there exists K' < K such that, for any
W e Gi(K) and for any 1 < j < N, the set w;l o T~ otp;(W) belongs to G;(K').

If & is small enough, then v~ > (1 + x)2v/1 + 4x2. Hence, there exists A > 0
such that

I/_l

(14 K)2vV1 +4k2
Take ¢ > 0 small enough so that Ad < min(r;)/6.

We define an admissible graph as a map x defined on some ball B(xz, Ad) included
in (—2r;/3,2r;/3)%, taking its values in (—2r;/3,2r;/3)%  with range(Id,y) €
Gi(K). Denote by Z; the set of admissible graphs on (—2r;/3,2r;/3)%.

Given an admissible graph x € Z;, we will call W := ); o (Id, x)(B(z, Aj)) the
associated full admissible leaf and W = 1; o (Id, x)(B(z,)) the admissible leafl?

Let

(3.2) S = {4; o (Id, x)(B(z,0)) | x : B(x, AJ) — R% belongs to =; }.

This is the set of admissible leaves.
We can use these admissible leaves to give another expression of the norm
in coordinates. Set

(3.1) (A—1)> A

(3.3) Iy, = s sup sw [ jphow]e (4.0 .
lal=p x:B(z,A8)—R% weCd(B(z,5),R) J B(x,5)
I<isN X€E; lpleca<1

and

3.4 Rl = sup ||h|lY = su Rl .

( ) || Hp,q ngzpn Hk,quk WSp,q’gq—&-p’ || Hp ,q

The following lemma proves that this norm is equivalent to the norm (2.2), and
gives a little bit more that will be useful later.

Lemma 3.2. Ifp+q <r, the norms ||h||, 4 and ||h]}, , are equivalent. Moreover,
there exists C > 0 such that, for all 0 < k < p, for all f € CITF,

(3.5) sup sup sup / v1 . oR(fh) @ S OBl o floats-
WEE vy, v eVITF (W) pecdth(WR) /W
[viloq+r <1 leleqrr <1

Proof. The inequality [|h[|7, 1, < Cllhll; 44 is trivial, since the images in the
manifold of the coordinate vector fields have a bounded C” norm. Hence, it is
sufficient to prove since, for f =1, it will imply |[|A[[, .. < ClIRl} 4

We can without loss of generality work in one of the coordinate charts ;. Let x
be an admissible graph, and vy, ..., v; be CIt* vector fields on a neighborhood of

8A function defined on an arbitrary subset A of R? is of class C” if there exists a C" extension
to an open neighborhood of A. Its norm is the infimum of the norms of such extensions.

9Note that one can talk about an admissible leaf only if it is given by x € Z;, that is if there
exists an associated full admissible leaf.
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the graph of x. Decomposing v; along the coordinate vector fields, we can assume
that v; = f;0u(;) where f; € CITF | filcarr <1 and a(j) € {1,...,d}. Hence,

ooy = ([T 2ah) (]JJ Do f) (g Daii 1) - (g Dt 1)
J 0 J 1 J k

J,Jo,J1seendp JEJT

where we sum over all partitions J, Jo, J1,...,Jr of {1,...,k} such that J; C
{1,...,j— 1} for j > 1. Each term

/{(H 3a(j>h) ( II 3a<j>f) ( II 5a(j)f1) (H 5a(j)fk>] o(Id,x) ¢
JjeJ j€Jo JjEL JEJIk

is an integral of p’ = |J| derivatives of h against a test function of differentiability
€7 where ¢’ = ming<s<x(q+k —|Js|) > ¢+ |J|. Since p’ <pand ¢ > ¢+ p', it is
bounded by C||h|l}, ,|flca+x by (3.4). O

In the following, we will work indifferently with one expression of the norm or
the other and we will suppress the “prime” unless this creates confusion.

The reason for integrating in only on admissible leaves, rather than on full
admissible leaves, is that the preimage of an admissible leaf can be covered by a
finite number of admissible leaves. We will in fact need a slightly more precise result,
conveniently expressed in terms of the following notion. For v > 1, a y-admissible
graph is a map defined on a ball B(z,vAd) C (-2, 20)d  taking its values in

3y 3y
(—%—i{'ﬁ %)d'“, whose graph belongs to G;(K). The corresponding y-admissible leaf

is ¥ o (Id, x)(B(z, /7).

Lemma 3.3. There exists yo > 1 salisfying the following property: for any full
admissible leaf W and n € N*| for any 1 < v < 7, there exist y-admissible leaves
Wa, ..., Wp, whose number £ is bounded by a constant depending only on n, such
that
_ ‘
(1) T n(W) - Uj:l Wj.
(T ‘
(2) T7"(W) > U=, Wj-
(8) There exists a constant C' (independent of W and n) such that a point of
T~"W is contained in at most C' sets W.

(4) There exist functions p1,...,pe of class C™1 and compactly supported on
W; such that Y p; =1 on T~ (W), and |pj|cr+1 < C.

Proof. Let x : B(z, A§) — (—2r;/3,2r;/3)% be an admissible graph. Let W = 1); o
(Id, x)(B(z, §)) be the admissible leaf corresponding to y, and W the corresponding
full admissible leaf. o o

Take y € B(z,d) (so that B(y, (A —1)§) C B(z,Ad)) and j such that 7" o
iy, x(¥) € ¥;((=r;/2,7;/2)?). Let m : R* — R% be the projection on the first
components. The map T~" expands the distances by at least =™ along W. The
maps ;' and ¢; are (1 + x)-Lipschitz and |7 (v)| > ﬁhﬂ when the vector v
points in a stable cone C;. Hence, the map F := WO@b;l oT ™o, 0(Id, x) expands
the distances by at least MH){W If v is close enough to 1, then implies

that the image by F of the ball B(y, (A — 1)J) contains the ball B(F(y),vAS). We
can then define a map xp(y) : B(F(y),vAd) — (—2r;/(37),2r;/(3y))% such that
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its graph is contained in wj_l(T_"W). In particular, x p(,) is a y-admissible graph,
by Lemma

We have shown that T~"W can be covered by y-admissible leaves. The lemma
is then a consequence of [9] Theorem 1.4.10]. O

Remark 3.4. We will mostly use this lemma with v = 1, to get a covering of
T—"W by admissible leaves. However, in the study of perturbations of T, we will
need to use some vy > 1.

4. DESCRIPTION OF THE SPACE BP:4

Take a covering of X by sets of diameter at most § and a partition of unity
subordinated to this covering. Using admissible leaves supported in each of these
sets, we easily check that there exists a constant C' such that, for all h € C"(X,R)

: : Ebll )é € C (‘(’Ei)7
X

Passing to the completion, we obtain that any h € BP'¢ gives a distribution on X
of order at most q Denote by Dy the set of distributions of order at most ¢ with
its canonical norm.

< Cllhllp.q

<P|Cq.

Proposition 4.1. The map BP9 — D(’I 18 a continuous injection.

Proof. The continuity is trivial from the previous remarks.

Take h € C"(X,R). Let x : B(z,A§) — (—2r;/3,2r;/3)% be an admissible
graph and |a| < p. We can define a distribution D (h) of order g + ||, on the
ball B(0,4), setting (Dq y(h), ¢) = fB(O,cS) 0%(hov)(x+n,x(x+n)) p(n)dn. The
map h — Dg ,(h) is continuous for the || - ||, ;-norm, whence it can be extended
to the space BP*9. The norm of an element h of BP-? is by definition equal to the
supremum of the norms of the corresponding distributions D , (k).

Assume that 9% = 9;0°. Let x. be the admissible graph obtained by translating
the graph of x of ¢ in the direction x;. For h € C", the map € +— Dg . (h) is
continuous. By density, it is continuous for any h € BP9. Moreover,

1
Dy (h) — Dpp(h) = ¢ / Doy, () .

Since € + Dg . (h) is continuous, we obtain that, for any h € B9,

(41) Da,x(h) — ig% Dﬁ,Xs (h) . Dﬁ,X(h)

Take h € BP9 different from 0. Then there exists an admissible graph x such
that Dy, (h) # 0: otherwise, would imply that all the distributions D, , (k)
vanish, which means that h = 0 in BP'4. Since C*° is dense in Cq there exists
@ € C*> such that (Dg, (h),¢) # 0. Then, for any x’ close enough to x, we still
have (Dy - (h),¢) # 0 by continuity. Hence, we can construct a C* function ¢
supported on a neighborhood of the graph of x such that (h,®) # 0. Therefore,
the distribution given by h is nonzero. O

10Here, we are using the fact that there is a canonical measure on X, namely the Riemannian
measure. Otherwise, we would have to distinguish between generalized functions and generalized
densities.

HThis is the only point in the paper for which it is useful to consider C¢ instead of C9.
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Remark 4.2. There exist canonically defined maps BP9 — BP~Y9 and BP9 —
Brd for ¢’ > q, obtained by extending continuously the canonical embedding of C”
functions. Proposition[4.1] implies in particular that these maps are injective.

Remark 4.3. When h is C" and p +q < r, then [[h]|, , < C|hlcr. Hence, the
embedding of C"(X,R) in BP? is continuous. Since C*(X,R) is dense in C"(X,R)
for the C"-norm, it implies that C*°(X,R) is dense in BP1. Hence, we could also
have obtained BP? by completing C* (X, R).

It is interesting to give explicit examples of nontrivial elements of BP-4:

Proposition 4.4. Let W be a CPT!-submanifold of dimension d,, everywhere trans-
verse to the cones D;(C;) (e.g. a piece of unstable mam'fold) and p a CP-density on
W, with compact support. Then the distribution £(p fW wdp belongs to BPA.

Proof. Without loss of generality we can assume that the manifold W belongs to
one chart ((—r;,7;)%, ;). We will work only in such a chart, and omit the coordinate
change ;. The pullback in this chart of the Riemannian measure is of the form
v(n, €) dnd€, where (n,€) € R% x Rdu,

The manifold W is given by the graph of a CP*! function ¢ : R% — R%. The
density of y is then given by a CP function f : R% — R with compact support.

Let f. € C* be such that | f — fc|cr < e. Take also (¢ € C* with |( —(|cr+1 < e.
Let ¥ : R% — Ry be a C* function supported in B(0,1) and with [+ =
Set U-(n) = Z=0¥(n/e): it is supported in B(0,¢) and has integral 1. Let finally
he(n, &) = Ve(n — (&) f-(€)v(€,m) 7L it is a C*° function, and the corresponding
distribution in Dy, is given by

sOH/ha(mi)w(mé)v(m&) dnd§ = /195(77*Cs(é))fe(f)w(mﬁ)dndﬁ

When ¢ — 0, this distribution converges to ¢. Hence, the result will be proved if
we show that {h.} is a Cauchy sequence in B9.
Take o with |a| < p. Then one has

he(n,€) = > (0°0) (0 — C-(€))ga,5.(€)

BLa

where the function g, 5. is in C> and converges in C?~1*+18l to a function g, g0
when ¢ — 0.

Let x be an admissible graph and ¢ a C9tl°l test function with |[p|cesa < 1.
Then

(42) / (1)0*he(n Z / )(0%0.) (1 — () geup.e (X(1))-

Since W is everywhere transverse to the cone C;, the map 6. : n — n — (. (x(n)) is
a CP*! diffeomorphism, and it converges when € — 0 to 6. Using this change of
coordinates in , integrating by parts and given the fact that 9. is a C* mollifier,
we obtain that converges when ¢ — 0. Moreover, the speed of convergence is
independent of the graph x or the test function ¢, since all norms are uniformly
bounded. Hence, ||he — hes Hp’q — 0 when ¢,&’ — 0, i.e., h. is a Cauchy sequence in
BPa. O
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5. COMPACTNESS

This paragraph is devoted to the proof of Lemma We will work only in coor-
dinate charts, using in an essential way the linear structure to interpolate between
admissible leaves.

Fix ¢ > 0. Take 1 < i < N. Since p + ¢ < r, the injection C"*! — CP*4 is
compact. Therefore, there exists a finite number of admissible graphs x1,..., Xs
defined on balls B(xy, Ad),..., B(x,, AS) such that any other admissible graph x
defined on a ball B(x, Ad) is at a distance at most € of some X, in the sense that
|z — x| <eand [n— x(z+n) — x;(z; + 77)|CP+Q(§(O,6),R(1U) <e.

Take o with || = p — 1 and ¢ € C5T9(B(0,0),R) with |@|cpte < 1. Write

fen) = (a5 +n + 8z = a5), x;(z; +n) + (@ +n) = x5z +1))).
Write also F(z) = 0%(h o 4;)(2). Then, for n € B(0,J),
O%(hopi)(z+mn,x(z+n)) = 0%(hoi)(z; +n,x;(x; +n)) = F(f1(n) = F(fo(n))

- / DF(f:(n)) - (& — a5, x(x + 1) — x; (x; +n)) dt.

Hence,

/ 9% (h o i) ( + 1, (& + m))p(r) dy — / 0% (h o i) + 1, (x; + 1)) (m)

1

0
When ¢t is fixed, the last integral is an integral along the graph given by f;. This
graph is admissible since it is an interpolation between two admissible graphs (here,
the fact that the cone C; is constant is essential). Since |z — ;| < ¢ and |x(z+7) —
X;j(zj +n)|er+a < €, this term can be estimated by Ce ||h|| We have proved
that

:/ (/ DF(f;(n)(x — a5, x(x + 1) — xj(x; +1))pn) dn) dr.

P,q+p°

Ihlly 1gp= sup  sup sw [ ey e
\a\zp x:B(z,A8)—R™ ©eCPT(B(,6),R) / B(x,8)

1sisN X€EE; llep+a <1

<Cell eyt swp sp s [ ormew)e Mo e,
lal=p 1<k<s ,eCPT1(B(x4,8),R) v B(zk,d)
lelepta <1
i.e., we have only a finite number of admissible graphs to consider.

In the following, we work with one graph x = xx. The set of functions ¢ €
ChT9(B(xy, 8),R) with |¢|ep+ac is relatively compact for the CP+4~! topology.
Hence, there exists a finite set of functions 1, ..., @i which are e-dense. For any ¢
as above, there exists j such that | — @jlcp+a—1 < €. Since ||l ,1p1 < |llp.gs

/aa(hO%/fi)O(Ide)'%@ﬁ /aa(hO%)O(Id,X)‘s0j+C€||h||p,q~

To summarize: we have proved the existence of a finite number of continuous
linear forms vq, ...,y on BP9 such that, for any h € BP9,
1Rl15=1,1p < Cellhllp,q + sup |vi(h)].

This immediately implies the compactness we are looking for.
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6. LASOTA-YORKE TYPE INEQUALITY

This section is devoted to the proof of Lemma
6.1. Proof of (2.3). By density it suffices to prove it for h € C".
Take W € ¥ and n € N*. Let ¢ € CJ(W,R) satisfy |¢|ca < 1. Let p1,...,ps be

the partition of unity on 7-"W given by Lemma (for v = 1), and Wy,..., W,
the corresponding admissible leaves. Let h,, = h - | det DT™|~1, then

/E”h-go:/ By oo T - JwT™
w T-nW
where Jy T™ is the jacobian of T" : T~"W — W. Using the partition of unity,
¢
(6.1) /E"h-gp:Z/ B - o T - JwT™ - p;.
w =1Jw;

The function ¢; := @ o T™ - p; is compactly supported on the admissible leaf W},
and belongs to C9. Using the definition of the || - ||g,, norm along W; yields

[ oy aur
W;

We will use repeatedly the following distortion lemmas:

(6.2) < Cllhllg g |1 det DT - - JwT™ |y -

Lemma 6.1. Let W be a full admissible leaf and W' an admissible leaf contained
m T "W. Let 1 < s < r. Let go,...,g9n—1 be strictly positive C° functions on
W' ..., T" Y (W') and L > 0 be such that, for any x € T*(W'), the C* norm of g;
is bounded on an neighborhood of x by Lg;(x). Then

n—1
H gioT"
1=0

for some constant C depending only on the map T.

Yo e W/,

n—1
< CeCF H gi o T (x)
CS(W’) 1=0

Proof. Using the assumption on the C* norm of g; and the uniform contraction of T’

long W, it i to ch ktht( n o T <CL [ gio T .
along it is easy to check that |[[,_, gi o oy = ILi=y gio cow)

The differential of the function log (H;:Ol gioT ’) is also bounded by C'L, whence,
for any x,y € W',

n—1 n—1
[[9ioT'(@) < CeF [ 950 T (w). O
i=0 i=0
Lemma 6.2. There exists C > 0 such that, for each n € N, holds true
n|—1 n
>[I det DT™| erwyy I er ;) < C.
i<t
Proof. Lemma [6.1] applies to estimate |det DT"|’1|CT(WV) and [JwT"|cr(w,). For
J
any x € W,
|| det DT™| crowyy  Tw T ler ) < Cldet DT"| " (x) JwT™ (z).
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In particular,

|| det DT™|~

erawy) I T leronry

< C/ |det DT™| "' JwT™ = C |det(DT™™)|.
W]‘ Tn(Wj)
By Lemma the sets T™(W;) are contained in W and have a bounded number
of overlaps. Let us consider the thickening Z := {J_ . W,'(z), where W (z) is the
ball of size p in the unstable manifold through z. By usual distortion estimates,

Z/ |detDT |<C’/ | det(DT~™)|
Tn

i<t

< Cp / |det DT™"| =CVol(T™"Z)<C. O
A

Since T™ is uniformly contracting along T~"(W), we have \(poT"\cq(Wj) <

Clg|ce < C, and |pj|c<z(WJ) is uniformly bounded by Lemma This, together
with and and Lemma 6.2, concludes the proof of (2.3)).

6.2. Proof of (2.4). Let p € N and g > 0 satisfy p+ ¢ < r.

Lemma 6.3. There exists a constant C such that, for each n € N, there exists
C,, > 0 with

VO <t <p, [|L%]qqr < C@D)™ Al g + CrllPll,—1 g4

and

1L Rl g4 < Cmax(A™P, )™ ||B]],, , + Cn [|B]

P,q+p p—lg+1-
Proof. We prove the lemma by induction over t. So, take 0 < ¢ < p and assume
that the conclusion of the lemma holds for all ¢ < t.

Let W and W be an admissible leaf and the corresponding full admissible leaf.
As before, we will use Lemma[3.3 (with v = 1) to write T-"W C [J; W; and denote
by p; the corresponding partition of unity given by Lemma

Let vy, ...,v; € V'(W) with |v;]er < 1, and ¢ € Ci (W) with [¢|ci+aqmy < 1.
Writing hn, = h-|det DT™| as above, we want to prove that

‘/ vy ... V(b o T ‘ < Cwa)" ||hHP>q+C” ”th—l,q-‘rl ittt <p.
T | Cmax(AP v Al  + Collhll,_y 0y HE=p

The main idea of the proof will be to decompose each v; as a sum v; = w + w;
where wj is tangent to W, and w;}* “almost” in the unstable direction. We will then
get rid of w; by an integration by parts, and use the fact that w} is contracted by
DT~ to conclude.

Let ¥ and V¥; be coordinates charts with uniformly bounded C"*! norms such
that the images in the charts of W and Wj are contained in R% x {0}. Let v;(y) =
DY (U~ 1y)v;(~1y), it has still a bounded C" norm. The integral in can be
written as

U1...0(hnoT "o \Ilfl) oW Jac(®Th).
(W)
We will work in this coordinate chart and, with a small abuse of notations, omit
U in the formulas. Since Jac(¥~!) has a bounded C” norm, we may also replace ¢
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with ¢ o U1 Jac(¥~!). We will also work in the charts ¥, and omit them as well
in the formulas.

Remark 6.4. Note that, in the coordinate charts W,V ; the manifolds W, W; are
C®°. This will be used extensively in the following.

Without loss of generality, we can assume that each ¥; is of the form f;0,(;
where f; is bounded in C" and J,(; is one of the coordinate vector fields. In
U1 ...0¢(hn o T™™), if we differentiate at least one of the functions f;, we obtain
an integral of ¢ < ¢ derivatives of h,, o T~™ against a function in C?+*". Hence, it
is bounded by C'[|£"A]|;s ., which has already been estimated in the induction.
For the remaining term (where no f; has been differentiated), we can replace ¢ by
Ji--. ft - p and assume that v; = 04(;). In particular, v; is well defined and smoth
on a neighborhood of w.

The decomposition of ¥; as w* + w; on a neighborhood of T™(W)) is given by
the following technical lemma:

Lemma 6.5. Let v be a vector field on a neighborhood of W with |v|cr+1 < 1. Then
there exist C"t1 wector fields w* and w® on a neighborhood U of T™(W;), satisfying:
o for all x € T™(W;), w®(z) is tangent to T™(Wj).
o |[wilertiy < Cn and |w*|cri1 )y < Cp, where G, is a constant that may
depend on n.
L] |ws o Tnl(jT(Wj) < C.
[ ] |DT"($)_1’UJU(T“1’)|Cp+q(T—nU) S CA_n

The idea of the lemma is to decompose the tangent space at y = T"(x) €
T™(W;) as the sum of the tangent space to W, and the image of the vertical
direction {0} x R% under DT"(z). The decomposition v = w" + w* is then
obtained by projecting v along these two directions. The estimates on |w® o T"|
and |DT™(x) " 'w"(T™z)| are then consequences of the smoothing properties of T™
along W;. This naive idea works well when p 4+ ¢ < 7 — 1, but it yields only C”
vector fields w* and w®, which is not sufficient for our purposes if r—1 < p+g¢q < r.
Hence, the rigorous proof of Lemma [6.5 involves additional regularization steps.
Since it is purely technical, it will be deferred to Appendix

Take some index j, we will estimate

(6.4) / U1...0(hpoT™") - @-pjoT™ "
™(W;)
As in Lemma write v; = w{ + w{. Then is equal to

/ wi' . wi (hy o T™") - pjo T
™ (Wj)

oce{s,u}t

Take o € {s,u}!, and let k = #{i | o; = s}. Let 7 be a permutation of {1,...,t}
such that 7{1,...,k} = {i | 0, = s}. Then

/ wit o w (hp o T7") - pj 0T =
" (Wj)

k ¢
/ v TI whey(hnoT™™) ¢ pjo T + O(l|hllp-1.041)-
(W) i=1 i=k+1
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Namely, the commutator of two C"! vector fields is a C” vector field. Hence, if we
exchange two vector fields, the difference is bounded by C, ||h|lp—1,4+1-
We integrate by parts with respect to the vector fields wfr(i): they are tangent to

the manifold W, whence [y, vf-g = — [}, f-vg+ [}, fg-divv. Since ws ;) 18 C™*!and
the manifold W is C*° with a C* volume form (here, we use the fact that we work in
a coordinate chart for which W C R% x {0}), the divergence terms are bounded by

Cpllh|lp—1,4+1- We get an integral [ HZH wﬁ(i)(hn oT™") Hi Wy ) (o pjoT™™).
If we use one of the vector fields wfr(i) to differentiate p; o 7", then we obtain an

integral of t — k derivatives of h against a function in CIH1+(*=%) which is again
bounded by C,||h||p—1,4+1. Hence,

k t
©5) [ Tt IT whotbmor™) 0 peT " =
(W;) i=1 i=k+1
t 1

(1) /T"(W : H Wiy (hp o T7") - war(i)w pj o T7" + O(||hllp-1,4+1)-
i) imk+1 i=k

Let w¥(z) = DT™(x) 'w¥(T"x). This is a vector field on a neighborhood of W;.
Changing variables, the last integral in is equal to

t 1
(6.6) /W IT @uha- <H wi(i)@) oT" - pj- JwT",
j i=k

i i=k+1
where JyT" is the jacobian of 7" : W; — W, as in the proof of (2.3).
We use the standard coordinate chart (of dimension ds) on W, and write w} ;) =

Z;iil Gr(i),100 where gy is C"*+1. Differentiating one of the functions I (i), yields
another term bounded by Cy||h||p—1,4+1. Consequently, up to O(||h||p—1,4+1),
is equal to the sum, for ly,...,l; € {1,...,ds}*, of

t k k
/W H "Dz(l)hn . <H 8li @) o™ . Py Jan . Hgﬂ'(i),li oT".
Ji=k+1 i=1 i=1

Fix parameters [y, ...,l;. Let ' = pj~Hf:1 Ir(i)0,0T™. By Lemmal6.5] | Flcp+aqw,)
C. We want to estimate

t k
W; i=1

i i=k+1

IN

Assume first that ¢ = p and k = 0. The function poT™ satisfies [poT"|cp+a(w,) <
C. Since |F|cp+aqw,) < C, and the vector fields wy ;) have a CPT4 norm bounded
by A™" by Lemma (applied with f = |det DT™|) implies that is
bounded by C)\_p”||h|\p7q| |det DT™|~! ‘CPH(Wj) |JWT”‘CP+Q(W]»)'

In the other cases, t —k < p. It will be useful to smoothen the test function. For
e<dand g e CIH MW, R), let A € CgHH*k(W, R) be obtained by convolving
@ with a C* mollifier whose support is of size €.

Lemma 6.6. For each ¢ € CItt=F,
[Acpleatir < Clpleare—s; |Ac@leative—r < 0671|@‘Cq+t—k§
|Ac@ — Pleatt—k-1 < Ce|@|cate—r.
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The proof of the above lemma is standard and is left to the reader.
We apply this lemma to ¢ = Hle a1, p, with ¢ = p(aFt=k)n Then
|(A5@ — (ﬁ) [¢] Tn|cq+t—k(Wj) S Cl/(q+t7k)n.
Hence, by (3.5)),

t k k
|/W H Wegiyhn - (Haliw—AeH%ca o™ JyT" - F
' i=1 i=1

i i=k+1

< CV(qutik)n)\i(tik)n“det DTn|71‘Cl1+t7k(Wj) : ‘JWTH‘CGH—’C(WJ-)HM p,q-

The worst bound is obtained when k = ¢, in which case p(4tt=Fn\=(t=kn — pq
Moreover, since t — k < p and A.@ is smoother than ¢,

t k
/ H alih’l’b : (AE H@#P) o™ - JWTn = O(Hh||p—1,q+1)~
WA

Ji=k+1 =1

To sum up, we have proved that

‘/W V1. .. ’Ut(ﬁnh) : (P‘ < O(HhHP*LqJFl)

Cvn)™ ||h| if £ < p.
T T A ) p.q
crowyy I T leraws) {cmax(x—p,quhnm if t = p.

+{ |l det DT
J

By Lemma the sum Zj||det DTt ) |JwT™|cr(w,) is bounded inde-
g .
pendently of n. This concludes the proof of Lemma O

We now prove (2.4) by induction over p. The case p = 0 is given by (2.3).
Lemma implies the inequality

(6.8) £ hllp,qg < Cmax(A™F, )" |[hlp,q + Cullhllp-1,g41-

To prove (6.8), we have only used the fact that v is greater than the minimal
contraction of T' in the stable direction, and A is less than the minimal expansion
in the unstable direction. Let A\’ > X\ and v/ < v satisfy the same conditions, we
get in the same way

(6.9) 1£7Rllp.g < C"max(X™", ") [Allp,g + Cpllhllp—1,g+1-

Finally, choose ng such that ¢’ max(X " /7)™ < max(A\~P,v?)". Iterating
for n = ny (and remembering that ||L™h|[p—1,g+1 < C||h||p—1,g+1 by the inductive
assumption), we obtain .

7. GENERAL PERTURBATION RESULTS

It is obvious from the previous discussion that all the results discussed so far —
and in particular Lemmas and [3.3]— hold not only for the map T, but also for
any map in a C"*! open neighborhood U of T, or for any composition of such maps.
We will consider perturbations of T" as described in Section [2] given by a probability
measure 4 on a space {2 and functions g(w,-) € CPT4(X,R ), and we will assume
that all the random diffeomorphisms 7, we consider belong to the above set U. In
this section, we will prove Theorem
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Lemma 7.1. For any map = U,p+q<r, holds
1L = Lihllp-1,4+1 < Cderss (T, T)|| 1]

p,q-

Proof. Let;Wv be a full admissible leaf, given by an admissible graph y € =; defined
on a ball B(xz,Ad). We will use Lemma with v = 9 > 1: there exists a

finite number of y-admissible graphs x1,..., Xx¢, such that x; is defined on a ball
B(zj, Ayd) C (— 22—,(;), 2%{”)‘15 for some index i(j), and such that the corresponding
y-admissible leaves cover T~ (W). Write p; for the corresponding partition of unity.

Take T € U. The projection on the first ds coordinates of
¢lz)°T o T 015 o (Id, x;)(B(x;,7AJ))
contains the ball B(z;, A) if U is small enough. Hence, it is possible to define
a graph X; on B(z;, A§) whose image is contained in 1/{(5 (T~Y(W)). Moreover,
T—(W) is covered by the restrictions of these graphs to the balls B(z;,6) if U is
small enough. Finally, |x; — XJ|CP+4 Bla,,46) < Cder (T, T).
Let |a|<p—-1,¢p¢€ Cg+1+|a|(B(:c, 9),R), and set hj := ho;(;). Then

(7.1) / O (Lrh)ov)Td ) 9= 3 / 013 (1, X;) Fa 155
B(z,0) B(xz;,0)

1BI<]a| =1
for some functions Fi, gr; bounded in Cat1+Bl The same equation holds for

Lzh, with XJ replaced by x; and F, g 7 ; replaced by a function F 0BT satisfying

|Fapr;—F, B, TJ‘CQHM < Cder+1 (T, T)
For 1 <j </ and |3| < |af, we have

@2 |[ R s~ Fup o)
B(Ija‘s)
S Clhllyg1Fasrs — Fy g7 5lcarior < C R, derea (T,T)
and
(7.3) / 0h;(1d, x,)F, 47 .Pi —/ 0"h; (14, X))F, 47 .P;
B(x;,6) B(x;,5)

1
| [ DO 06 - ) Oxs = T)F g0
t=0 J B(x;,0)

When ¢t is fixed, each integral is an integral along an admissible graph, whence it
is at most

Clihllpalxs = Xjlea+isi+1|F, B, T]|CQ+\B\+1 < Cllhllp,qder+ (T, T).

Integrating over ¢, we get < Cllh||p,qder+1 (T, T). Combining this inequality
with Equations and yields the conclusion of the lemma. O

This lemma readily implies that, for any operator £, , satisfying the previous
assumptions,

(7.4) 1£,gh = Lohllp-1,4+1 < CA, 9)[|Allp.q;
where A(u, g) is defined in (2.5).
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When g(w,z) = 1, Lemma applied to compositions of operators of the form
L7, immediately implies that

(7.5) €560 llp.g < Cmax(A™P,v0)"||hlp,q + Cl[B]lp-1,4+1,

which is sufficient to obtain spectral stability, by [11]. In particular this suffices to
prove Theorem for deterministic perturbations.

However, in the general case, further arguments are required to obtain a uniform
Lasota-Yorke type inequality:

Lemma 7.2. For any M > 1 and any perturbation (p,g) of T as above, there
exists a constant C' = C(M S 9w, )erra(x r) dpp(w )) such that, for any n € N,

(7.6) 125, ghllp.g < Cmax(A™P, v9)"|[hlp.q + CM™|[B]lp-1,g+1-
Proof. We will prove that
125, gMll0,g < CM™[[hllo,q,

by adapting the proof of equation (2.3). The proof of in the general case is
similar, using the same ideas to extend the proof of (2.4). The only problem comes
from the functions g(w;, =), and a distortion argument will show that their contribu-
tion is small. Let ¢ = [|g(w,)|ca du(w). Fix parameters w,, := (w1, ...,wy,) € Q™.
Fix also € > 0. Write g;(x) = g(wi, )—|—€M.

We will write T, =1, 0---0oT,,. Let W be an admissible leaf, Wy,..., W, a
covering of Tw_:W by admissible leaves and p1, ..., ps a corresponding partition of

unity, as in the proof of (2.3). Let also ¢ be a C? test function. Then

/ (H wi T o e 0 T e )) Lz, h(@)p(x)
=
Z/W |det DT, |~ h(x (Hg wi, T, )LpoTw (z)Jw T, (x)pj(x).

Since W; is admissible, the last integral can be estimated using the C? norm of
[T, 9(wi, T, x). Since [g(w;, -)|ca < £g;(x) by definition of g;, Lemmal6.1]shows
that this norm is bounded by Cexp(CE) [T, 6i(T, ,x) for any z € W;. Com-
bining this estimate with the distortion arguments of the proof of (2.3), we obtain

|/W (HQ wi, Tg, " -+ 15, I)) L, Lo, h(z)p(z)

h (H G T "’”>> '
=1

To estimate this last integral, consider the thickening Z = |J . W,'(x), where

Wy (z) is the local unstable manifold of Tz, through x. Along this manlfold7 the
function [T}, 9:(T;, L... Tw’nlx) changes of a multiplicative factor at most C exp (C g),

< Cep () I, /w | det DT,
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again by Lemma Hence,

/N |det DT}, |~* <H Gi(T - .Tw—nlx)>
w

i=1

IN

Cexp (C’g) p~ / |det DT, |+ <H gi(TU:il . .TJnlx
Z i=1

C'exp (C’g) /T ﬁﬁi(Twi,l Ty )

“(2) ;=1

< Cexp (CS)/Xﬁgi(Twil...TMm).
i=1

Integrating over all possible values of w, we finally obtain

c
15 ghllo.g < Clkllo. exp (C2)

./X/"f[(g(wi,n“ ~-~Twlx)+5M> du(wr) ... dp(wn).

Integrating over w,, gives a factor 1+ ¢, since [ g(wy,y) du(wy,) =1 for any y. We
can then proceed to integrate over wy,_1,wp_2, ..., and get

c
17 ghllo.g < Cllkllo.gexp (CZ) (142)". O
The inequalities and suffice to apply [11], which implies Theorem

8. AN ABSTRACT PERTURBATION THEOREM

Let B° O --- D B*® be Banach spaces, 0 € I C R a fixed open interval, and {£; }sc1
a family of operators acting on each of the above Banach spaces. Moreover, assume
that

(8.1) AM >0,vtel, [LYflgo <CM™||fllgo

and

(8.2) Ja<M, viel, [L}fllg <Ca™|flg +CM"™[|fllg0 -

Assume also that there exist operators Q1, ..., Qs_1 satisfying the following prop-
erties:

(8.3) Vi=1,...,s=1, Vie[js], [Qjlg _z-; <C

and, setting Ag(t) := Ly and Aj(t) := Ly — Lo — i;ll thQy for j > 1,

(8.4) Viel, ¥j=0,...5 Yiel[js], [|8;)|g_p, <Ct/'3

These assumptions mean that £; is a continuous, and even a C® perturbation of Ly,
but the differentials take their values in weaker spaces. This setting can be applied
to the case of smooth expanding maps (see [17] for the argument limited to the
case s = 2) and to the transfer operator associated to a perturbation of a smooth
Anosov map as we will see in section [9]

121 fact, this property is used in the proof only for ¢ = s, and for (¢,7) = (1,1).
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For o > o and § > 0, denote by V;, the set of complex numbers z such that
|z| > o and, for all 1 < k < s, the distance from z to the spectrum of Ly acting on
Bk is > 6.

Theorem 8.1. Given a family of operators {L:}ier satisfying conditions ,
(8.2), and and setting

s—1
R(t):=>_t" > (2=Lo)'Qu(z= L) ... (2= L0) Qe (2 = Lo) 7",
k=0 Li+-+l=k
for all z € V5, and t small enough holds true

|(z = L4)™" = Ry(t)]

Bs—BO < C|t|8—1+?7

where n = ltogg((]\g/[/ /0;)) )

Hence, the resolvent (z — £;)~! depends on t in a C*~'*" way at t = 0, when
viewed as an operator from B* to B°.
Notice that one of the results of [11] in the present setting reads

(8.5) |(z= L)~ = (2= Lo < CJe|".

)_1H81~>BO

Accordingly, one has Theorem in the case s = 1 where no assumption is made
on the existence of the operators @Q;.

Proof of Theorem[8.1. Iterating the equation
(z—= L) = (2= Lo) (2= L)L — Lo)(z — Lo)7,
and setting A(z,t) := (L; — Lo)(z — Lo) 71, it follows

(z= L)' = Si:(z = Lo) M Az ) + (2 = L) T Az, )

§=0
(8.6) -

=Y (2= Lo) Az, t) + [(z = L) = (2= Lo) 1] Az, 1)

§=0
Next, for each j € N and a < s, using (8.4), we can write

(8.7) Az, 1)) = Ay () (2 — Lo) P A(2, 1) + 2_: t'Qu(z — Lo) T A(2, 1)L

{=1

For e =0 or 1, we can then prove by induction the formula, for all 1 <m < j

Aty =32 30 TTQuG - Lo

k=10l1++Lp_1<s—e

£;>0
(88) e 'QEkfl(Z - EO)_IAsfef&f---*fkfl(t) Z - EO)_lA(Z’t)j_k
+ Yoo Q2= Lo) T Qe (2 — Lo) Az )T

L1ty <s—e
;>0
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In fact, for m = 1 the above formula is just for a = s — e. Next, suppose
true for some m, then by it follows

Quy (2= Lo) ™"+ Qu,, (2 = Lo) T A(2, 1) ™™ = Qe (2 = Lo)™H - Qe (2 — Lo) ™
x {AS—G—Z?I 0 ()2 — Lo) Az, 1)t

s—e—y i £;—1
+ Y Qe (= Lo) Az 1) T

[m+1:1

Substituting the above formula in (8.8) we have the formula for m + 1.
We can now easily estimate the terms in which a A; appears. In fact, ||A(z, )| 5
C, and and (8.4) readily imply that

k .
1Qe, (z=L0) ™"+ Qe (2= L0) " A sy ()(2=L0) T 5o < Cltf*= 2=t
The theorem follows then from (8.6), using with € = 0 and m = j to estimate

the terms (z — L) ~'A(z,)’, and with € = 1 and m = s — 1 together with
to show that || [(z = £o) ™! — (2 = £o) 7] Alz, 1) < O O

IN

Bs—Bo

9. DIFFERENTIABILITY RESULTS

In this section, we prove Theorem by Applying Theorem To simplify the
exposition, we will abuse notations and systematically ignore the coordinate charts
of the manifold X. As we have carefully discussed in the previous sections, this
does not create any problem.

To start with, let us assume that 0. is so small that {7, : ¢ € [—d.,0.]} is
contained in the neighborhood U of Ty in which the estimates of the Lasota-Yorke
inequality hold uniformly.

By Taylor formula we have, for each f € C" and s < r,

dk ts—1
(9.1) Lr,f= Zg,dtkcnfyt o /dt1 / (dtgﬁto(s).

Next, for 1 <k <s—1,

02 Lo Z S Jall,t,2) (L0, 0% F) (@), = HQxf ()

dtk
(=1 |a|=¢

for appropriate functions J,(k,t,-) € C"(X,R).

We are now ready to check the applicability of Theorem First of all let us de-
fine B! := Br~1+4ats=i Conditions and hold with a = max(A=P, pya+s~1)
by our choice of 0., and M = 1 by (7.5). Moreover, for 1 < i < s, the essential
spectrum of £ acting on B is contained in {|z| < max(A~(P~1+9 pa+s=i)1 Hence,
for 1 < i < s, sp(L: B" — BY) N {]z] > max(A7P,v9)} is composed of isolated
eigenvalues of finite multiplicity. In particular, V; , is discrete.

From the definition of the norms it follows straightforwardly that, for each multi-
index a with |a| = j, 8% is a bounded operator from BP+? to BP~7477. From this,
Condition readily follows. By and (9.2), it follows that Ay is given by
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the last term in (9.1). By the previous arguments

dk

< Ol fllp.qs
p—k,qtk

which obviously implies Condition (8.4).

APPENDIX A. DISTORTION ESTIMATES

In this appendix, we prove Lemma Recall that Wj and W are considered
as subsets of R% x {0} C R%. For y € W, let F(y) = R% x {0}. This defines a C*
field of planes of dimension d on W. For z € Wj, set also F(x) = DT™(x)({0} x
R?). Let 9. be a C*> mollifier of size ¢ on R%. Define a new field of planes of
dimension d,, on T™(W;) by E.(y) = [ E(T™ "y + 2)U.(z) dz. It is still uniformly
transversal to F, and it is C"*! along T" (W;), even though E was only C", thanks
to the regularizing effect of .. Note that a convolution usually shrinks slightly the
domains of definition of functions. However, at the beginning, our functions are
defined on larger sets W and W;. Hence, we can safely forget about this issue in
what follows.

A vector field v with |v|cr+1 < 1 can be decomposed along T™(W;) as v = w"4w*
where w*(y) € E.(y) and w® € F(y). We will first estimate the norms of this
decomposition along W, and prove that, if € is small enough,

(A1) |w® o Tn‘cr(wj) <C
and
(A.2) |DT™ ()" w™(T"x)|coraqw;) < CAT™

Then, the second step of the proof will be to extend this decomposition to a neigh-
borhood of T (W) so that the conclusions of Lemma hold.
We will first estimate the C" norm of z — E(z) along W;. If DT"(z) =

A™(z) B™(z) I L 0o on N
( 0 D(z) ) the projection on E(x) is given by 0 1d where U™ (x) =

B"(z)D"(z)~'. Let 2 be an arbitrary point of W;, we will work on a small neigh-
borhood of . For k = 1,...,n — 1, let 8, be a chart on a neighborhood of T*x
such that 0 (T*(W;)) C R% x {0} and DOy (T*zo)DT*({0} x Ré) = {0} x R,
Since the manifolds 7%(W;) are uniformly C"*! (locally, they are admissible leaves)
and uniformly transversal to DT%({0} x R%), we can choose such charts with a
uniformly bounded C"*! norm. Set also fy = Id and 6,, = Id (this is coherent
with the previous choices since W; and W are already assumed to be subsets of
R% x {0}).

Let fk =0po0To 0,:_11, and TF = Tk 0---0 Tl. For y € R% x {0}, we can write

DTi(y) = (Ako(y) gzg;) :

with |Ag(y)| < v, |Di(y)™Y] < A. For 0 < k < n — 2, since B(T*zy) = 0, we can
reduce the neighborhood of ¢ and assume that |By(y)| < v*. For z € R% x {0},

let
o7 = (7 5).
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If U*(z) = B¥(z)Dk(x) ™!, we ca write
Dk+1($)_1 — Dk(x)_le+1(Tk$)_1,
UFHY(2) = (A1 (T*2)U* (2) + Byt (T*2)) Dyoyr (TF2) 71

We have |Djyq(T%2)~1| < A1, and its derivatives with respect to z are bounded
by Cv~* by uniform contraction of 7' along R% x {0}. Hence,

k
(A.3) |D*(z)er < AT+ Cv7h) < OATR
(=1

In the same way, since |By(y)| < v* for k < n — 2 by the smallness of the neighbor-
hood of z,
[UFer < ((v+ CV9) U |er + CUF) (A1 + CVP).
This implies |[U"!|¢r < Cv™, whence
(A4) U™ (x)]cr < C.
Let v be a C"*! vector field on a neighborhood of 7™ (W;). For x € T™(W;) and

y = T"(x), write v(y) = (v1(y),v2(y)) the decomposition of v along R% x R,
Then the decomposition of v(y) in w*(y) + w*(y) is given by

wit) = (| [ U@+ 0202 a0
w) = () = | [0+ 0.0 82] va.0)

Namely, these vectors satisfy w" +w?® = v, w* is tangent to E.(y) and w?® is tangent
to R x {0}.
Since the C" norm of U™ is bounded, by (A.4), this proves (A.1). Moreover,

DT™(x) " w"(T"x)
= <An(x)1 { / U™z + z) — U™(x))0(z) dz] ve(T" ), D”(w)lvz(T"ﬂc)) -

Hence, implies that the C" norm of the second component is bounded by
CA™". On the other hand, the first component is not necessarily small in the C”
topology. However, since p + ¢ < r, its CP*¢ norm is bounded by

C|An(z) " erraqw,ye" =T,

which can be made arbitrarily small by choosing € small enough. This proves .
We still have to extend w*® and w* to a neighborhood of T"(W);). Let 7 : R? —
R?% be the projection on the first d, components. A naive idea to extend w" is to
set
wi(y) = DT™(T~"y)DT™ (T~ "y) " tw" (T"x T~ "y).
In other words, we extend w" so that the vector field DT (z)~*w%(T"x) is constant
along the vertical planes {n} x R%. By (A.2), this extension satisfies

(A.5) |DT™ ()~ ' wi (T"2)|crraqvry < CATT,

for some neighborhood V' of W;. The vector field w{ is unfortunately only C",
which means that we will have to regularize it.
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Lemma A.1. Let G : R? — R be a C" function whose restriction to R% x {0} is
C"™t1. Then, for every e > 0, there exists a C™' function H : RY — R such that
(1) [Hlcr+1 < Ce|Gler + C|Gler+1 gas x {0})-
(2) The restrictions of G and H to R% x {0} are equal.
(3) |G — Hlcr+a < e|Gler-

Proof. Replacing G and H by G — G onm and H — G o7, we can assume without
loss of generality that G = 0 on R?% x {0}. Let Hy be obtained by convolving G
with a C*> mollifier 9. of size ¢ in R?%. Let finally H = Hy — Hg o w. The first and
second conclusions of the lemma are clearly satisfied by H.

The functions G and Hy satisfy |G — Hop|ep+a < C’e“‘<p+q)|G\cr, which can be
made arbitrarily small. To conclude, we have to prove that the C?™9 norm of Hyon
is arbitrarily small. For € R%, we have

(A.6) Ho(n,0) = / G+ 1, €)9. (0, €) dif &',

Since G = 0 on R% x {0}, the CP*9 norm of the restriction of G to R% x {¢}
is bounded by C¢"~P+9)|G|cr. Together with (A.6)), this implies |Hg o 7|epta <
Ce™=(P+9)|G|er. 0

Applying this lemma to the components of w?, we obtain a new vector field w¥,
which coincides with w* on T™(W;), belongs to C"*1, and with |wl — w¥|cr+a < €.
Choosing ¢ small enough, this together with implies

|DT”(Z‘)71’LU72J (T"x)|cpraqyy < CAT™.

Let finally w® = v — w§, the vector fields w® and w4 satisfy all the conclusions of

Lemma
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