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Abstract

In this paper we characterize the probability measures, on R%, with
square summable support, in terms of their associated preservation op-
erators and the commutators of the annihilation and creation operators.

1 Introduction

A program of expressing properties of a probability measure on R?, having fi-
nite moments of any order, in terms of their annihilation, creation, and preser-
vation operators, was initiated in [1]. There, it was proved that a probability
measure is polynomially symmetric if and only if all of its preservation oper-
ators vanish. The notion of “polynomially symmetry” is a weak form of the
notion of “symmetry” from the classic Measure Theory, in the sense that a
probability measure i, on R?, is called symmetric if, for any Borel subset B of
R?, u(B) = u(—B), where —B := {—x | € B}, while y is called polynomially
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symmetric if for any monomial :Ulf xg" e mild, such that i1 +io+ - - - +1i4 is odd,
we have [,qxjlak - -xildu(dx) =0, where 2 = (21, 29, ..., £4) € R%

It was also proved in [1], that a probability measure u on R?, having finite
moments of any order, is polynomially factorisable, if and only if, for all 1 <
i < j < d, any operator from the set {a~ (i), a®(i), a* (i)} commutes with any
operator from the set {a~(j), a®(j), a*(4)}, where, for any k € {1, 2, ..., d},
a=(k), a®(k), and a*(k), denote the annihilation, preservation, and creation
operators of index k, respectively. Again the notion of “polynomial factoris-
ability” is a weak form of the notion of “product measure” from Measure The-
ory, since it does not necessarily mean that p is a product measure of d prob-
ability measures 1, p2, ..., g on R, but only the fact that, for any monomial

P 2l ot a i) = foal p(dr) foa 2B p(de) - fpa 2lfp(de).

In [2], it was proved that two probability measures p and v, on RY, having
finite moments of any order, have the same moments, if and only if they have
the same preservation operators and the same commutators between the anni-
hilation and creation operators. The domain of these operators is understood
to be the space of all polynomial functions of d real variables x1, s, ..., x4,
with complex coefficients. Thus the whole information about the moments
of a probability measure is contained in two families of operators, namely the
preservation operators and the commutators between the annihilation and cre-
ation operators. Hence, rather than considering the annihilation and creation
operators separately, we can study properties of probability measures, having
finite moments of any order, by looking at the joint action of these operators,
expressed in terms of their commutators.

In this paper we continue the program started in [1], in the spirit of [2],
by characterizing the probability measures, on R¢, with square summable sup-
port, in terms of their preservation operators and the commutators between
the annihilation and creation operators. We regard the result, from this pa-
per, as an example of the interesting applications of quantum probabilistic,
more precisely interacting Fock space, techniques, to the classical probability
theory. We have included a minimal background about the notions of anni-
hilation, preservation, and creation operators in section 2. The definition of
the probability measures with square summable support and the main result
of this paper are presented in section 3.

2 Background

Let i be a probability measure defined on the Borel sigma field B of R?, where
d is a fixed positive integer. Throughout this paper, we assume that p has



finite moments of any order, which means that for any i € {1, 2, ..., d} and
any p > 0, [pa|2i|Pu(dr) < oo, where x; denotes the i'! coordinate of the

d—dimensional vector x = (z1, xo, ..., xq4) € R?. For any non-negative integer
n, we denote by F,, the space of all polynomial functions p(z1, xo, ..., 4), of
d real variables =1, x2, ..., 4, with complex coefficients, and of total degree

less than or equal to n. In F;,, two polynomials p and ¢, that are equal pu—a.s.
(“a.s.” means “almost surely”), are considered to be the same, for all n > 0.
Since p has finite moments of any order, we have:

C=FRCFCFc - cL*R%p).

For all n > 0, F,, is a closed subspace of Lz(Rd, w), since F, is a finite di-
mensional vector space. Let Gg := Fy = C and, for all n > 1, let G,, :=
F, & F,_1, i.e., G, is the orthogonal complement of F,_; into F,. This or-
thogonal complement is computed with respect to the inner product (f, g) :=
Jaa f(x)g(x)pu(dz), for f, g € L2(R?, 1). We define now the Hilbert space

H = ®20Ch C L2(RY, p),

The Hilbert space ‘H can be understood in two ways: either as the orthogonal
sum of the countable family of finite dimensional Hilbert spaces {Gy, }r>0 or as
the closure of the space F', of all polynomial functions of d real variables, with
complex coefficients, in the space L?(R?, i1). We would like to mention again
that, in F', two polynomial functions that are equal pu—a.s., are considered to
be identical. We also define F_; := {0} and G_; := {0}, where {0} denotes
the null space.

For any i € {1, 2, ..., d}, we denote the multiplication operator by the
variable x;, by X;. The domain of this operator is considered to be the space
F described above. Thus, if p(z1, 2, ..., 24) is a polynomial function, we
have

X’ip(xl)IQ)’"uxd) = I’ip(l'l,fﬁg,...,xd)- (21)

We can see that, for any i € {1, 2, ..., d}, X; maps F into F, and since
F' is dense in ‘H, X; is a densely defined linear operator on the Hilbert space
‘H. Let us also observe that X; maps F,, into Fj,41, forall1 <¢ < dandn > 0.

If f, g € L?(R%, p), such that (f, g) = 0, we say that f and g are orthogonal
and denote this fact by flg.

For all n > 0, let P, denote the orthogonal projection of H onto G,. If k
and n are two non-negative integers such that k£ > n + 2, then since P,, maps



‘H onto G, Gy, C F,,, and X; maps F, into Fj, 1, we can see that X;F,, maps
‘H into Fj,4+1. Since n+ 1 < k, we have G L F,, 11, and because Py projects all
polynomial functions into G, we conclude that:

P.X;P, = 0, (2.2)

for all 1 < i < d and all £ > n + 2. Taking the adjoint in both sides of the
equality (2.2), we obtain:

P, X;P, = 0, (2.3)

for all 1 <i <d and all kK> n+ 2. Thus, we conclude that, for all » and s
non-negative integers, such that |r — s| > 2, and for all 1 < ¢ < d, we have:

P.X;P, =0. (2.4)

Let I be the identity operator of H. Since I =37, 5o P, it follows from (2.4)
that, for all 1 <17 <d,

X, = IX;I
- ()5 (5n)
k=0 n=0
= Y PXP,
[k—n|<1
= Y P XiPo+ Y PuXiPy+ Y Pup1 XiP (2.5)
n=1 n=0 n=0

For all i € {1, 2, ..., d}, we define the following three operators:

a (i) = > Pu1XiPy, (2.6)
n=1
o0

a(i) = > PuXiP, (2.7)
n=0

and

at(i) = > P XiP. (2.8)

n=0

Let us observe that, for any n > 0, the restrictions of these three operators to
the space G, are:

ai(i)|Gn = P, 1X;P,: G, — Gn_1, (29)



a®(i)|g, = P.X;P,:G,— Gy, (2.10)
and
at(DNlg, = Pu1XiPn:Gp— Gpi1. (2.11)

We call a= (i), a®(i), and a™ (i) the annihilation, preservation (neutral), and

creation operators of index 4, respectively. We can now rewrite the formula
(2.5) as:

X; = a (i) +d°() +a" (i), (2.12)
for all i € {1, 2, ..., d}. The domain of the operators X;, a™ (i), a’(i), and
a™ (i), involved in formula (2.12), is considered to be the space F.

For any two linear operators A and B densely defined on the same Hilbert
space H, we define the commutator [A, B], as:
[A,B] := AB-— BA.

It is clear that, if K is a subspace of H, such that K is contained in both

domains of A and B, AK C K, and BK C K, then K is contained in the
domain of the commutator [A, B].

Since F,, = Go®G1 @ - - ® Gy, using (2.9), (2.10), and (2.11), we conclude
that the space F), is invariant under the action of the operators a’(i) and
[a=(j), a*(k)], ie., a’(i)F, C F, and [a™(j), a™(k)]F, C F,, for all n > 0
and all 4, 7, k € {1, 2, ..., d}. We denote by a’(i)|r, and [a=(j), a™(k)]|F,
the restrictions of these operators to the finite dimensional space F,.

3 Probability measures with square summable sup-
port

In this section, we will present the main result of this paper.

Definition 3.1 A probability measure p on R? is said to have a square summable
support if

(o)
W= Z Pnbyn) s (3.13)
n=1

for some sequence {py}n>1, of non-negative real numbers, such that

o9
Z Pn = 1’
n=1



and some sequence {x(”)}nzl, of vectors in R%, such that
oo
Z |2™)? < o0, (3.14)
n=1

where | - | denotes the euclidian norm of R and . the Dirac delta measure at
x, for any point x in RY.

The following lemma will be useful in proving the main result of the paper.
Lemma 3.2 Foranyi€ {1, 2, ...,d}, and anyn >0,
Tr(la™(@),a" ()]lr) = | a*@la. IEs = 1o~ @)laus IHs:  (3:15)

where Tr([la™(i),a™ (i )”F ) denotes the trace of the restriction of [a™ (i), a™ (4)]
to the space Fy,, and || a™(i)|a, |las and || a™(i)|G,.,, |as the Hilbert-Schmidt
norms of the restrictions of a™ (i) to Gy, and a™ (i) to Gyny1, Tespectively.

Proof. Let i € {1, 2, ..., d} and n > 0 be fixed. For all & > 0, let

{e&k)}1<u<,«k, be an orthonormal basis of the space Gi. For all 1 < u < 7y,

(k)

since e;,’ € Gy, we have:

at (el = PpiXiel
Tk+1
_ Z <Xie£k); 6£k+1)>e1(}k+1)
v=1
and
a_(i)efﬁ) = Pk_lXieq(ﬁ)
Tk—1
3 (el et Ielp
w=1

u=1 u=1
T Tk+1
= > D> (Xiel® el ) (o (@)l o)
u=1 v=1
T Tk—1

— 3 S (xel) ey at ()Y, o)

u=1w=1



T Tk+1

_ Z Z <Xie&k)7 61()k+1)><Xi61()k+1), €£k)>

u=1 v=1
Tk Tk—1
- 22X
u=1w=1
Tk Tk+1
= ZZ Xe(k
u=1 v=1
T Tk—1
PN C
u=1w=1
Tk Tk+1

= > e,

u=1 v=1

") (Xieli Y, el)

(k-‘rl ><e$}k+1)’ Xleq(f)>

X e (k—1) ><Xieg€_1),e(k))

u

Tk—1 Tk

TP =0 3 1 (Xaelh Y elP) P (3.16)

w=1u=1

Summing in formula (3.16), from k£ = 0 to k = n, and using the fact that, for

k=0, Y05k <Xqu, ),egk)

Tr(la™(i),a™ (0)]|r,)

It follows also from (3.17) that:

Tr(la” (i), a" (D)]|r,)

) 2= 0 (since G_; =

{0}), we obtain:

n Tk
> (o (@), at (@)l elf)
k=0u=1
Tn Tn+1

STN (el ety 2 (3.17)

u=1 v=1
Tn Tn+l

2.2 lta

u=1 v=1

Tn

> at@)el |2
u=1

la*()le, lrs -

L) 2

Tn Tn+1

Z Z | Xe(n n+1)> |

u=1 v=1

Tn+l Th

oD (Xiel Y el
v=1 u=1

Tn+l Ty

Z Z | (n+1 (n)> |2
v=1 u=1

Trt1

lea

H @ ()]G s -

(n+1) H2



Hence the lemma is proved. O

The following theorem characterizes the probability measures, with a square
summable support, in terms of their preservation and commutators between
the annihilation and creation operators.

Theorem 3.3 A probability measure 1 on R has a square summable support
if and only if it has finite moments of any order and, for all i € {1,2,...,d},
the sequence {Tr((ao(i)|pn)2)}n20 is bounded and

i Tr([a=(i),a™ (i)]|E,) < oo. (3.18)
n=0

Proof. Part 1: Necessity

Let us assume that p has a square summable support. Then

o0
M = Z pném(")7
n=1

with 3%, |2 ]? < oo.

Let R? := Y% [2|* < oco. It is clear that u is a discrete measure
with compact support contained in the ball B[0, R] := {z € R? | |z| < R}.
Since p has compact support, it has finite moments of any order. From the
compactness of the support of u it also follows that the space F', of all poly-
nomial functions of d variables: x1, 3, ..., zg, is dense in L?(R?, u). Thus
H = @ G = L2(R?, 11). Moreover, for all i € {1,2,...,d}, the operator X;,
of multiplication by the variable z;, is a bounded operator from L?(R%, 1) to
L*(RY, ).

Since p = 32°° 1 Pl m)> {€n}n>1 is an orthonormal basis for L2(RY, u),
where e, = \/%1{1(”)}, for all n > 1, such that p, > 0 (it is possible that
the measure i has a finite support, in which case, all the p,,’s are zero, except
finitely many of them). For all n > 1 and i € {1,2,...,d}, we denote the i*"
component of the vector z(™) by xgn). We also denote the norm of the space
L*(R%, 1) by || - ||. For alli € {1,2,...,d}, we have:

IXilhs = > I Xienl®

n>1

= 3 i,

n>1

= 3 (@) enl?

n>1



= Y (@M

n>1

< Z’:U(")F
n>1

< o0.

Thus X; is a Hilbert-Schmidt operator, for all i € {1,2,...,d}.
For each n > 0, let {e&n)}lgugrn be an orthonormal basis for G,,. Let

U= {6 }1<u<7'0 U { }1<u<'r‘1 U {eu }1<u<T2 U o

Then U is an orthonormal basis for H. For any ¢ € {1,2,...,d}, any n > 0,
and any u € {1,2,...,r,}, since a*(i)egn) € Gy, a’(i)e ™ € Gn, a (i )eg e
Gp—1, and the spaces Gp+1, Gy, and G,_1 are orthogonal, we have:

1Xill7rs

= ZZI!Xe 4k

n=0u=1

= Y S @6 + (el + a0l

n=0u=1

= 35 (lat @eI? + [l @el|* + lla (0)el|?)

n=0u=1

S DR 3 S @+ S Sl @)el P

n=0u=1 n=0u=1 n=0u=1
= Nl (@)l + la®@)IErs + o™ (@)l[rs-

Since || X;||gs < oo, we get |[aT(i)||gs < oo and ||a®(i)||gs < oo, for all
ie{l,2,...,d}.

Now, let us observe that a®(i)|f, is self-adjoint with respect to inner prod-
uct (-,-) of the space L?(R%, 1), for all n > 0. Therefore, we can see that:

1’ Es = sup|la®(@)| s, s
n>0
n Tk
= sup Y > (a®(i)elP, a’(i)ell))
n20 p_gu=1
n Tk
_ 0 \\2,(k) (k)
= su o
up D 3 (@ @)l )
= supdr ((ao(z)\pn)2>
n>0



This implies that the sequence {Tr((a®(i)] Fn)Q)}nZO is bounded, for all ¢ €
{1,2,...,d}.
On the other hand, from Lemma 3.2, we know that,

la*()le.llis = Tr(la™ (), a™(D)]]r,),

for all i € {1,2,...,d}. Thus
la*@DIEs = D lat@)le. s
n=0
= > Tr(la= (@), a"(@)]|F,)-
n=0

Hence >°0°  Tr([a™ (i), at(9)]|r,) < oo, for all i € {1,2,...,d}.

Part 2: Sufficiency

Let us suppose that p is a probability measure on R?, with finite moments
of any order, such that, for all i € {1,2,...,d},

3™ Tr(a (i), at (@)m) < o0
n=0

and the sequence {Tr((ao(i)|pn)2)}n20 is bounded.
We have seen before that

la* (@)Frs = D Tr(la”(6), a* (D)]|r,)-
n=0
It also follows from Lemma 3.2, that

la™@)l[7zs = Y_ Tr(la” (), a* (D]]r,)-
n=0

Thus a*t (i) and a™ (i) are Hilbert-Schmidt operators from the Hilbert space H
to itself, for all ¢ € {1,2,...,d}.
We have also seen before that the fact that the sequence

{Tr ((@°G)Ir)?) )

is bounded is equivalent to the fact that a’(i) is a Hilbert-Schmidt operator
from H to H. Thus, it follows, as before, that

n>0

IXillZrs = lla™* (D)llrs + la®(@D)IFrs + lla™ (@) [7rs < oo.

10



Hence the multiplication operator X; is a Hilbert-Schmidt operator from H
to H, for all i € {1,2,...,d}. Being a Hilbert-Schmidt operator, X; is also a
bounded operator on H, for all i € {1,2,...,d}. Let R; := || X;||n,n be the
operator norm of X; on H. Hence for any polynomial function g of d variables,
we have || X;g| < Rillg||. We denote by E[-] the expectation with respect to
L.

Let € > 0 be fixed and let B; = {(21,22,...,24) € R? | |2;] > R; + €}.
Then for all n > 1,

(Ri+€)*"u(B;) < E[zi"1p,]
< E[z1]
= |xpP

2

< (11Xl - 1))

< (1%l 1)’
= R

Thus we obtain u(B;) < R?"/(R; +¢€)?", for all n > 1, and letting n — oo, we
conclude that p(B;) = 0, for all € > 0. Hence the support of p is contained in
the set

Ci = {(z1,22,...,24) ER? | |z < Ry},

forall i € {1,2,...,d}. Therefore, u has compact support contained in the set
0‘2-1:101-. Since p has compact support, the space F' of all polynomial functions
is dense in L2(R?, ;1) and thus H = L?(R?, u). Therefore, X; is Hilbert-Schmidt
and, in particular, bounded from L?(R%, ) into L?(R?, u). X; is also a self-
adjoint operator on L2(R%, 1), for all i € {1,2,...,d}.

From the general form of the self-adjoint Hilbert-Schmidt operators on
a Hilbert space, we know that the spectrum of X; is discrete and coincides
with the point spectrum. That means, for all i € {1,2,...,d}, there exist
a sequence of real numbers {)\7(1Z )}n21 and an orthonormal basis { fff)}nzl for
L?(R%, i), such that, for all h € L2(R?, ),

X;h = Z)\ (h, fOy £ 0) (3.19)
Moreover,

ST = 1Xl3s < oo (3.20)
n=1

11



For all n > 1, we have Xifﬁf) = )\g) 7(11‘). This means (x; — )\g)) 7(11‘) =0,
p-a.s.. Since ||f7(LZ)H = 1, we know that fr(f) cannot be equal to zero p-a.s..
Thus the hyperplane 7r7(f) = {(z1,22,...,2,) ER? | 2; = )\En)} has a positive
probability, i.e., u(m(f )) > 0. On the complement of this hyperplane f,(f) (x) =
0, p~a.s.. This means that féi)l(ﬂgli))c = 0, p-a.s., where 1(7r£f))c denotes the

characteristic function of the complement of 7r7(f ). Let g,(f ) = fT(f)lwm. Then

D= e+ féi)l(ﬂu))c
= g +0
= g9 p—as.

Thus, we can replace the orthonormal basis { f#')} by { gg) }, in Equation (3.19),
to obtain the equality:

Xih =" M (h, g gl?),
n=1

for all h € L?(R%, i), where, for all n > 1, the support of gr(f) is contained in

the hyperplane V. Since {gﬁf )}nZI is an orthonormal basis for L2(R%, 1), we

have:
o0 C
Z (lU ”ﬁf)] ) = e F(z‘)]CHQ
n=1 n=1mm
o0
_ @)
= 3 (i)
n=1
= 0.
Hence, for all i € {1,2,...,d}, the support of y is contained in the union of

the hyperplanes Wﬁf), forn > 1.

If X\ is an eigenvalue of X;, and A # 0, then the eigenspace corresponding
to A is finite dimensional, because of the condition » o7 ()\,(f))2 < o0o. That
means, if A # 0, then the set {n € N| A = A} is finite.

Let i € {1, 2, ..., d} and A = A # 0, for some n > 0, be fixed. If
k denotes the multiplicity of A, as an eigenvalue of X;, we conclude that,
for any sequence {B;};>1, of disjoint Borel subsets of the hyperplane 7 :=
{(z1,22,...,24) | ®m = A}, there are at most k sets By,, By,, ..., such that
w(By,) > 0, u(B,) > 0, ..., since the characteristic functions 1g,, 1B,

. are non-zero orthogonal eigenvectors of the multiplication operator X,
corresponding to the same eigenvalue .

12



For all n € N, let C,, be the family of cubes, of m, of the form

r+1 rd< rqg+1
on 7"'7277xd od ’

1
Knm:ﬂﬂ{(xl,...,a:d)ERd\2n<$1<

where r = (rq, ..., rq) € Z%. Tt is clear that for all r # s, K, NK, = 0. Since
{Knr}reza is a partition of m composed of mutually disjoint Borel subsets, we
conclude that at most k of the sets {K, ,},cz¢ have a positive probability
measure . For all n € N, let ¢, be the cardinality of the set A, := {r € z¢ |
w(Kp ) > 0}. Then, for each n € N, t,, is a natural number less than or equal
to k. Let us observe that, since each cube K, ,, from C,, can be written as
a finite union of cubes K, 15, from Cp,41, for each r € A, there exists at
least one cube K415, € Cpy1, such that Ky, C Ky and p(Kpq1,6,.) > 0.
Thus s, € A,41. For each r € A,,, we choose one s, and fix it. If rq, ro € A,
such that r1 # rq, we have K, ,, N Ky, r, = (), and since Kn+1,sr1 C Ky, and
Kni1s,, C Kpry, we conclude that Kny1s,, N Kniy1s,, = (. Thus s,, # S,
and so, the mapping r — s, is a one-to-one function from A,, to A,11. Hence
the cardinality of A,, does not exceed the cardinality of A, 11, or equivalently
tn, < tp41, for all n € N. Therefore, t1 <ty <t3 <--- < k. Since {t,}n>1 is a
bounded non-decreasing sequence of natural numbers, we conclude that it must
be stationary, i.e., there exists ng € N, such that t,, = tp,+1 = g2 =

From the fact that, for each n > ng, t,, = t,+1, it follows that, for each r € A,,,
there exists a unique s, € Ay,41, such that K, 1, C K,,. This uniqueness
property implies that p(Ky41,6,.) = p(Kn,r). Let Ay = {71,792, ... ,rtno}. For
any j € {1, 2, ..., tp,}, we can construct a decreasing sequence of cubes
{K](-n)}nzﬂﬂ, in the following way: K](no) i= Ko KJ(.ROH) is the unique cube
from C,+1, that is contained is Koo r; and has a positive probability measure
w, K J(.n°+2) is the unique cube from C, 42 that is contained in K J(-nOH) and
has a positive probability measure y, and so on. Thus, we obtain a decreasing
sequence of cubes: Kj(no) D KJ(-HOH) » Kj(nOH) D --- such that ,u(K](-"O)) =

M(KJ(."°+1)) = M(KJ(-MH)) = --- > 0. Since the diameter of the cube K](-n) (i.e.,
the supremum of the distances between any two points of the cube) tends to
0, as n — oo, we know that the intersection of all these cubes is either the
empty set or a set that contains only one point. By the monotone convergence

theorem, we have: u(ﬁnZnOK](n)) = limy 00 M(KJ(.TL)) = M(KJ(-%)) > 0. Thus
ﬂnZnOKj(n) # (). Consequently, for all j € {1, 2, ..., t,,}, there exists 2\9) € ,

such that ﬁnZnOKJ(.n) = {2} and p({zV)}) = M(K](-no)) > 0. Hence, we have:

p(m) = :U’(UTEZdKnOJ")

tng

= YK
j=1

13



= W{a 2ty

This implies that the restriction of the probability measure p to the Borel

subsets of the hyperplane 7 is a finite combination of Dirac delta measures.

Therefore, for each Aé) # 0, there exist finitely many points y% ZL, yéZZL, ey

yﬁj}m in m(l) , such that, for any Borel subset C' of m(l),

Sn,i

C)=>_pnd w (O), (3.21)
u=1 ’

where pgf)n = u({y&% ) >0, for all u € {1,2,...,s,,:}. The number of these

(4)

points, s, 4, coincides with the multiplicity of the eigenvalue A;,’. Hence
o
2
1 Xillzs = Z (AD)?
= §i7

where & denotes the sum of the squares of the i™® coordinates of yq(fzz, for
n>1and 1 <wu < s,;. The only eigenvalue of X; that might have an infinite
dimensional eigenspace is A = 0, eventually. Thus, at this moment, we do
not know the behavior of the probability measure p on the Borel subsets of
the hyperplane {(z1,2,...,24) € R? | 2; = 0}. We may call such a hyper-
plane a “bad” hyperplane. We should not forget though, that our conclusion,
regarding the fact that p is a finite combination of delta measures, on each
hyperplane of equation z; = A, for A # 0, is true for all ¢ € {1,2,...,d}. This
means that we know the behavior of y everywhere, except on the intersection
of all the bad hyperplanes. Fortunately, we have

d

N {(@1,22,...,2q) €R?|z; =0} = {(0,0,...,0)}.

=1

Hence besides the set

U U U {vin} (3.22)

the support of ¢ might contain eventually only one more point, namely 0, the
zero vector of R%. There are many repetitions among the singleton sets {yq(f)n},
that participate in the unions from the right-hand side of (3.22). For example,
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if a point yff)n has all the coordinates different from zero, then 1 e is a
non-zero eigenvector, corresponding to a non-zero eigenvalue, for each of the
multiplication operators X;, 1 < j < d. However, if a point yq(le is different

from all the points yf,{r)n, for a fixed j and all values of m and v, then the ;%

coordinate of yq(f)n is zero. Thus, when we compute the sum of the squares of

the j** coordinates of all the points from the support of y, the point yq(f)n does
not contribute with anything. This fact is very important in proving the square
summability of the support of u. Let us rewrite the set UL U, U™ yﬁ%}

as {x(M},>1, where £®) # 20 for all k # 1, and N could be a finite positive
integer or co. Then,

N
o= podo+ Y Pudyem, (3.23)

n=1

where, for all n > 0, p, > 0 (if 0 is not in the spectrum of p, then pg = 0),
and YN p, = 1. Thus, we have:

N d N
S P = 3 @M
n=1

i=1n=1

d
- Y
=1

d

= 2 IIXills
i=1

< o0.

This proves that p has a square summable support. O

If d = 1 and V,, denotes the space of all polynomial functions, of one
real variable, with complex coefficients, of degree at most n, then, since the
algebraic codimension V,, into V11 is 1, we conclude that the dimension of
Gy is at most 1, for all n > 0. In fact the dimension of G, is equal to 1,
for all n > 0, if and only if the support of the measure p is an infinite set,
in which case F,, =V, for all n > 0 (we should remember that F, is the
space V,, factorized to the equivalence relation given by the py—almost sure
equality). In that case, since the dimension of G,, is 1, there exists a unique
polynomial f,, in G, that has the leading coefficient equal to 1, for all n > 0.
Since we have only one multiplication operator X7, one annihilation operator
at (1), one preservation operator a’(1), and one annihilation operator a=(1),
we can denote them simply by X, a*, a”, and a~, respectively. Also, sice
fn € G, and a~ : G,, — Gp_1, there exists a unique real number w,, such
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that a™ f,, = wpfn—1, for all n > 1 (for n = 0, sice G_; = {0}, we can define
wo := 0 and f_; := 0). Similarly, there exists a unique real number «,,, such
that a®f, = au, fn, for all n > 0. Since both f,41 and X f, have the leading
coefficient equal to 1, we conclude that a*f, = f,i1, for all n > 0. Thus,
since X = at + a® 4+ o™, we obtain that, for all n > 0,

Xfn = fnt1+anfn+wnfn. (3'24)

The sequences {ay, }n>0 and {wy}n>1, are called the Szegd-Jacobi parameters
of u. Tt is easy to see that [a™, a¥]fr = (wgr1 — wk)fx, for all k> 0, and thus
since wp = 0, if one considers the algebraic base { fx }o<r<n (or the normalized
orthogonal base {(1/ || fx ||) fxto<k<n) of Fy, then

n
Tr(la”,ar,) = Y (Wks1 —wk)
k=0
- wn+1>

for all n > 0. Similarly, since (a")?fy = a3 fx, for all k > 0, we conclude that
Tr((a’r)?) = > ai,

for all n > 0. If the support of u is a finite set, then we can still make sense
of the formula (3.24), by defining f,, := 0, ay, := 0, and w,, := 0, for n large
enough. Thus, from Theorem 3.3, we obtain the following corollary:

Corollary 3.4 Let i be a probability measure on R having finite moments of
any order. Then p has a square summable support if and only if both series
002 and 300 wy are convergent, where {an}n>0 and {wp}n>1 denote

the Szego-Jacobi parameters of p.
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