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Abstract

In the first part of this dissertation, we study a pointed version of Rieffel’s quantum Gromov—
Hausdorff topology for compact quantum metric spaces (i.e, order—unit spaces with a Lipschitz—
like seminorm inducing a distance on the space of positive normalized linear functionals which
metrizes the w*—topology). In particular, in analogy with Gromov’s notion of metric tangent cone
at a point of an (abstract) proper metric space, we propose a similar construction for (compact)
quantum metric spaces, based on a suitable procedure of rescaling the Lipschitz seminorm on a
given quantum metric space. As a result, we get a quantum analogue of the Gromov tangent
cone, which extends the classical (say, commutative) construction. As a case study, we apply
this procedure to the two—dimensional noncommutative torus, and we obtain what we call a
noncommutative solenoid.

In the second part, we introduce a quantum distance on the set of dual Lip—von Neumann
algebras (i.e., vN algebras with a dual Lip—norm which metrizes the w*—topology on bounded
subset). As for the other GH distances (classical or quantum), this dual quantum Gromov—
Hausdorff (pseudo—)distance turns out to be a true distance on the (Lip—)isometry classes of
Lip—vN algebras. We give also a precompactness criterion, relating the limit of a (strongly)
uniform sequence of Lip—vN algebras to the (restricted) ultraproduct, over an ultrafilter, of the
same sequence. As an application, we apply this construction to the study of the Buchholz—
Verch scaling limit theory of a local net of (algebras of) observables in the algebraic quantum
field theory framework, showing that the two approaches lead to the same result for the (real
scalar) free field model.

Nella prima parte della Tesi, presenteremo una versione “puntata” della topologia di Gromov—
Hausdorff quantistica introdotta da Rieffel per spazi metrici quantistici compatti (cioe, spazi con
unita d’ordine e una seminorma Lipschitz che metrizza la topologia *—debole sullo spazio dei
funzionali positivi normalizzati). In particolare, proporremo una nozione di cono tangente quan-
tistico di uno spazio metrico quantistico, come analogo noncommutativo del cono tangente di Gro-
mov in un punto di uno spazio metrico ordinario, basata su una opportuna procedura di riscala-
mento della seminorma Lipschitz definita su uno spazio metrico quantistico. Tale costruzione
estende effettivamente la corrispondente costruzione valida per spazi metrici ordinari. Infine, a
titolo di esempio, descriveremo il cono tangente quantistico del toro noncommutativo bidimen-
sionale.

Nella seconda parte, invece, introdurremo una particolare distanza quantistica sull’insieme
delle algebre di von Neumann Lip—normate (cio¢, dotate di una ulteriore norma che metrizza
la topologia debole sui sottoinsiemi limitati nella norma C*). Come avviene per le distanze a
la Gromov—Hausdorff, anche questa distanza GH duale ¢ una pseudo-distanza, e diviene una
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vera distanza solo sulle classi di equivalenza isometrica (rispetto alla norma Lip) delle algebre
di von Neumann Lip—normate. Inoltre, dimostreremo un criterio di precompatteza per famiglie
di algebre di vN Lip-normate (fortemente) uniformemente limitate, utilizzando la nozione di ul-
traprodotto (ristretto) di algebre di vN Lip—normate. Infine, nell’ambito del’approccio algebrico
alla teoria quantistica dei campi, applicheremo tale costruzione allo studio del limite di scala
(cioe, quando si fanno tendere a un punto le regioni dello spaziotempo su cui sono definiti gli
osservabili della teoria) di una rete locale di algebre di vN (le algebre degli osservabili), con-
frontando 1’approccio tramite ultraprodotti (e con la convergenza nella distanza quantistica) con
la costruzione delle algebre “limite di scala” di Buchholz e Verch, mostrando che nel caso del
campo libero bosonico le due procedure forniscono lo stesso risultato.



Introduction

The main principle of Noncommutative Geometry is the duality between spaces and the func-
tions over them. For specific classes of spaces (for example, algebraic varieties, locally compact
Hausdorff spaces, manifolds), we study appropriate (usually, commutative algebras of) functions
(algebraic, continuous, smooth). When this duality is generalized to noncommutative algebras
of the same type, we think that these algebras represent “noncommutative spaces”. Then, one
can study the corresponding “noncommutative geometry”, mainly using geometric ideas in the
framework of noncommutative algebras, and sometimes revealing back deep facts about the or-
dinary spaces from the algebra level. Specifically, when we consider only the Borel structure
of a topological space and the duality between (o—finite) measure spaces and the algebras of
C-valued measurable functions over them, we look at abstract W*-algebras (or, at concrete
von Neumann algebras) as “noncommutative measure spaces”. Instead, when one considers the
topological structure of the space and the duality between locally compact Hausdorff spaces and
the algebras of continuous C—valued functions over them vanishing at infinity, which are iden-
tified with commutative C*—algebras by the Gel’fand representation theorem [50], one studies
general C*-algebras as “noncommutative locally compact Hausdorff spaces”. If one looks at
spaces with a richer structure, say differentiable manifolds, one studies “noncommutative dif-
ferentiable manifolds”, and this is called “noncommutative differential geometry”. If one goes
further into Riemannian manifolds, one studies “noncommutative Riemannian manifolds”, and
the corresponding “noncommutative Riemannian geometry” is what A. Connes founded by using
the concept of spectral triples [17; 18; 19]. The main ingredient of a spectral triple is a Dirac
operator D. On the one hand, it captures the differential structure by setting df :=i[D, f]. On
the other hand, it enables us to recover the Lipschitz seminorm L, which is usually defined as

L(f) = sup{w

xF Y (1)
where p is the geodesic metric on the Riemannian manifold, rather than by L(f) = ||[D, f]||, and
then one recovers the metric p by

p(z,y) =sup{|f(z) — f(y)| : L(f) < 1} (2)

Following this method of identifying metrics with seminorms [17; 18], M. Rieffel introduced
the notion of compact quantum metric spaces [59; 60; 63], identifying a noncommutative metric on
a compact noncommutative space as a seminorm on the corresponding unital C*—algebra, which
has the property that the distance defined on the state space of the algebra via (2) induces the w*—
topology. Roughly speaking, this means that the noncommutative metric on the noncommutative
space induces the given topology. Often it is quite hard to show that certain natural Dirac
operators define noncommutative metrics [62].



Motivated by questions in string theory, Rieffel also introduced the notion of quantum Gromov—
Hausdorff distance for compact quantum metric spaces [61; 63]. This is defined as a modified
ordinary Gromov—Hausdorff distance for the state spaces. One of the benefits of this quantum
distance is that there is also a quantum version of the Gromov completeness and compactness
theorems, which asserts that the set of isometry classes endowed with the Gromov-Hausdorff
distance is complete, and provides a criterion to say when a subset of this complete space is
precompact. Also, this quantum distance extends the ordinary Gromov—Hausdorff distance in
the sense that the map which sends each compact metric space to the associated quantum com-
pact metric space is a homeomorphism (though not an isometry) from the space of isometry
classes of compact metric spaces to a closed subspace of the space of isometry classes of quantum
compact metric spaces. Since this construction does not involve the multiplicative structure of
the algebras but only needs the state spaces, Rieffel set up everything on more general spaces,
namely order—unit spaces, based on Kadison’s representation theory [2; 40]. As a consequence,
the quantum Gromov-Hausdorff distance can not distinguish the multiplicative structure of the
algebras, i.e. non—isomorphic C*—algebras might have distance zero.

Let us mention that there are also other approaches to noncommutative metrics. In [70;
71; 72], N. Weaver defined noncommutative metric spaces as von Neumann algebras with W*—
derivations. For many of the examples which he considers, the seminorms induced by the W*—
derivations do give the w*~topology on the state spaces [60]. Moreover, D. Kerr [43] has defined a
matricial quantum distance, which is able to distinguish the multiplicative structures of algebras,
and there is also some kind of quantum complete and compactness theorem.

As Connes [17; 18; 19] and Rieffel showed us [59; 60], the natural way to specify a metric
on a C*-algebra A is by means of an analogue for the Lipschitz seminorm on functions, that
is, a densely defined seminorm on A which induces, by duality, an ordinary metric on the state
space S(A) of the C*—algebra. If this metric topologizes the w*—topology on the state space, one
gets a compact quantum metric space (cQMS, for brevity), and the related notions of quantum
Gromov—Hausdorff distance and quantum Gromov—Hausdorff topology [63]. In the ordinary
setting, however, one may also define a non—compact version of this topology, at least for pointed
proper metric spaces, i.e. boundedly compact spaces with a basepoint, the so-called pointed
Gromov—Hausdorff distance [30; 10; 14]. For example, the tangent space at a point of a (finite—
dimensional) Riemannian manifold can be obtained as a pointed Gromov-Hausdorff limit of the
sequence consisting of the same manifold endowed with suitably rescaled metrics [10; 14].

At this point, a natural question arises: is it possible to define a non—compact quantum
metric space by means of a quantum version of the pointed Gromov—Hausdorff distance? The
first problem that one faces is the lack of an appropriate notion of non—compactness for quantum
metric spaces. In fact, the w*—compactness of the state space of a C*—algebra is due to the
presence of a unit. So, one may be tempted to consider non—unital C*—algebras, in which case
w*~compactness of the state space is lost. This was done indeed by Latrémoliere in [45], where he
introduced the notion of bounded Lip(schitz)—(semi)norm, in order to deal also with non—unital
C*—algebras. It turns out then that the metric, induced by a bounded Lip—norm on the state
space of a non—unital C'*—algebra, is a complete metric, and the corresponding induced topology
is again the w*—topology. In this setting, the basic structure of a quantum metric space, that
is, the order—unit space consisting of the self-adjoint part of the C*—algebra, might be replaced
by the notion of approximate order—unit space [75], as in part is suggested by Latrémoliere’s
construction, though not explicitly used in [45]. On the other hand, one might try to extend
Rieffel’s notion of quantum Gromov-Hausdorff convergence, in analogy with the classical setting,



where the pointed Gromov—Hausdorff topology extends the classical Gromov—Hausdorff topology
to non necessarily compact spaces.

This is one of the objective we aimed at. A first difference with the classical situation is the
absence, in the noncommutative setting, of a natural notion of points of a noncommutative metric
space. So far, a reasonable candidate for the role of “noncommutative points” around which one
may “blow up” the space, is what we call a “shrinking family of subspaces” (see Section 1.4.2),
that is, a family of nested (order—unit) subspaces of a given compact quantum metric space,
whose radii tend to zero (so that their intersection reduces to the order—unit alone). So, once
such a family has been selected, we may rescale correspondingly the radius of each subspace
by a suitable factor, in such a way that the resulting family still has a uniform bound on the
size of the radii, for this is one of the necessary conditions for a sequence of cQMS’ to converge
(see Theorem 1.2.18). Then, if the rescaled sequence of cQMS’ is precompact in the quantum
Gromov—Hausdorff topology, one may think at each limit point as “quantum tangent space” in
the “quantum metric tangent cone” of the original QMS. As we shall see, when applied to the
ordinary setting, this quantum procedure gives back the ordinary Gromov tangent cone of a
pointed metric space at a fixed basepoint. It is worth noting that this “quantum construction”,
even in the commutative setting, actually produces more general objects than the ordinary one,
depending on which family of subspaces one selects in the ambient (quantum) metric spaces.

As a case study, we apply these ideas to the case of the two—dimensional Noncommutative
Torus [58; 18; 23]. As we shall see, the resulting quantum tangent cone is non—empty, and contains
at least what we call a Noncommutative Solenoid, for it appears as a natural noncommutative
generalization of the (a—adic) two—dimensional solenoid group [38]. We ought to say that, as the
classical group is compact, also its noncommutative counterpart turns out to be, at a first sight,
a compact object, since the underlying C*—algebra is unital. However, as the classical solenoid
contains a continuous (though not bi—continuous) dense image of (the additive group of) the real
numbers, one might imagine that, by considering a different topology on its state space, which
comes out quite naturally from the limiting process, a noncommutative plane “hides” inside this
noncommutative solenoid.

In this approach, as Rieffel himself pointed out, the metric spaces are called quantum spaces,
rather than noncommutative, because it is the state space of the C*—algebra (or of its selfadjoint
part considered as order—unit space), which carries the metric structure, and in quantum physics,
which was one of the inspiring motivation for his work on this subject (cf. the discussion after
Definition 2.2 in [63]), the states are the principal objects. So, one could instead reverse the
setting, and assume that the space carrying the Lipschitz seminorm can be thought of as a
”pre—dual”, which induces a metric on its dual similarly to Rieffel’s prescription.

With this view in mind, we introduce the notion of rigged Lip-space, that is, essentially, a Lip—
space [32] (i.e., a Banach space endowed with a Lip-norm, which is a densely defined norm with the
property that the unit ball [in the Banach norm] becomes compact in the corresponding induced
topology) endowed with a further norm p smaller than the Banach norm, and the notion of dual
rigged Lip—space, which is a dual Lip—space (i.e., a dual Banach space whose dual norm metrizes
the w*~topology on bounded subsets) endowed with a further norm p’ greater than the dual
Banach norm (see Section 2.2). In this setting, it becomes quite natural to consider as reference
objects, instead of C*—algebras, von Neumann algebras, precisely because in this case one has a
(unique) Banach space predual ([67; 69; 49]) and, when it is separable (or, equivalently, when the
Hilbert space on which acts the von Neumann algebra is separable), the Banach dual, that is, the
von Neumann algebra itself, has indeed the property that the w*—topology on bounded subsets is



metrizable. Correspondingly, we introduce the notion of dual Lip—von Neumann algebra, whose
bounded subsets then becomes the (compact) metric spaces for which we introduce, in analogy
with Rieffel’s construction, a Gromov—Hausdorff-type of distance.

As we shall notice, a notion of Hausdorff distance between von Neumann subalgebras of the
algebra B(H) of bounded operators on a Hilbert space H has been introduced by Haagerup and
Winslow in [35; 36], where it is called the Effros—Maréchal distance, for it goes back essentially
to an idea of O. Maréchal [46], and it is shown to metrize the Effros topology [22] on the family
of closed unit balls of the von Neumann subalgebras of B(H). So, as the Gromov-Hausdorff
distance between ordinary (compact) metric space can be regarded as an extension of the usual
Hausdorff distance between closed subsets of a fixed compact metric space to abstract (compact)
metric spaces, not necessarily lying in the same ambient space, similarly we define a (pseudo—
)distance which indeed becomes a distance on the space of Lip—isometry equivalence classes of
(dual) Lip—von Neumann algebras. In other words, if the distance between two (dual) Lip—von
Neumann algebras is zero, then the two algebras are (Lip—)x—isomorphic. Then, we also study
the problem of finding reasonable conditions under which a sequence of (dual) Lip—von Neumann
algebras convergences, and, as we shall see, the notion of restricted ultraproduct, introduced
by D. Guido and T. Isola in [32] for various classes of Lip—spaces, will be very useful in this
setting as well. In fact, we will show that a uniform family of rigged von Neumann algebras (i.e.,
Lip—von Neumann algebras whose Lip—norm satisfies a further property; see Definition 2.4.7) is
precompact in the topology induced by this dual quantum Gromov-Hausdorff distance between
von Neumann algebras.

As an example, we apply this construction to the problem of studying the scaling limit of the
local algebras of observables in the framework of the algebraic approach to theory of quantum
fields, the so—called Algebraic Quantum Field Theory [33]. We refer principally to the theory of
renormalization in the algebraic setting, as proposed by D. Buchholz and R. Verch in [12; 13|,
in which the problem of the behavior, at small scales, of the observables of a quantum theory, is
carefully analysed. We propose here an approach based on the ”metric—ultraproduct methods”
for (rigged) von Neumann algebras so far developed. This approach, studied in collaboration
with D. Guido and H. Bostelmann [8], appears to be in some sense more general than that of
Buchholz and Verch, for the scaling limit of a theory will depend, in our setting, also on the
choice of the Lip—norm on the local algebras of the theory, so that it seems that one may produce
much more limits for a given theory than by the Buchholz—Verch procedure. Though this feature
may be regarded as some kind of mathematical richness of our construction, from the physical
point of view one might expect that the small scales behavior of a given physical theory should
be somehow unique. Finally, we will show that, on the level of von Neumann (local) algebras,
in the case of the (real scalar) free field model, the two procedures, that is, the ultraproduct
construction and the Buchholz—Verch construction [13], give compatible results, in the sense that
the Buchholz—Verch representation of the scaling limit net in the vacuum sector embeds as a
subrepresentation of the net obtained by the ultraproduct construction.

This dissertation is organized as follows.

In Chapter 1, we review the definitions and the basic properties of ordinary Gromov-Hausdorff
distance and Rieffel’s quantum distance, and propose a quantum version of the pointed Gromov—
Hausdorff distance between proper metric spaces. We also give, as a case study, an example of
this pointed—like convergence for the noncommutative 2—dimensional torus.

In Chapter 2, we review the definitions and the basic properties of Lip—spaces, dual Lip—



spaces and the related notion of ultraproducts and restricted ultraproducts, over an ultrafilter,
of families of such spaces. We introduce also the concept of (dual) Lip— and rigged von Neumann
algebra, and study the restricted ultraproduct of uniform families of (dual) Lip— and rigged von
Neumann algebras.

In Chapter 3, we introduce the notion of dual quantum Gromov—Hausdorff distance for Lip—
von Neumann algebras, and study the relation between the convergence of a sequence with respect
to this distance and the corresponding ultraproduct.

Finally, in Chapter 4 we apply the ultraproduct methods to the study of the Buchholz—
Verch scaling limit theory for local algebras of observables in the algebraic quantum field theory
framework, and we show that the two approaches lead to compatible results for the (real scalar)
free field model, in the sense specified therein.






Chapter 1

Gromov—Hausdorfl Distance for
Ordinary and Quantum Metric
Spaces

In the first two sections of this chapter, we introduce the Gromov—Hausdorff distance for ordinary
metric spaces, due to Gromov [29; 30], and its quantum version for compact quantum metric
spaces, due to Rieffel [63; 59; 60]. In the third section, we recall also the pointed version of the
Gromov—Hausdorff convergence, and introduce a quantum version of it. As we shall notice, in this
construction the non—compactness will emerge as a peculiar feature of the distance, which indeed
is non—bounded, though at the level of the C*—algebras involved, the limit object of a pointed
quantum Gromov-Hausdorff sequence will be a unital C*—algebra (or, to be more precise, a dense
set in the selfadjoint part of the algebra). This limit algebra (which we will call simply a quantum
metric space) will be still endowed with a (Lipschitz) seminorm, inducing a metric on the state
space whose topology is no longer compact, in analogy with the classical situation, where the
resulting objects of the pointed Gromov—Hausdorff limiting process are usually non—compact.

1.1 Gromov—Hausdorff Distance for Compact Metric Spaces

In this section we will recall briefly the basic definitions and properties of the Gromov—Hausdorff
distance between (ordinary) compact metric spaces. The reader is referred to [30; 14] for more
details.

1.1.1 Hausdorff Distance

Let (X, p) be a metric space, i.e. X is a set and p is a metric on it. For any subset Y C X and
r >0, let

N Y)=N(Y,r):={z € X : p(z,y) <r for somey € Y} (1.1)

be the r—neighborhood of Y, i.e the set of points with distance less than r from Y. When Y = {z},
N ({x}) is simply the open ball of radius r centered at x, and we shall write it as B,.(z) or B(z, ).
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1.1.1 Definition. Let Y and Z be (nonempty) compact subsets of a metric space (X,p). The
Hausdorff distance between Y and Z is defined as

dist?, (Y, Z) := inf{r > 0: Y CN(Z),Z C N;(Y)}. (1.2)

The Hausdorff distance measures the distance between Y and Z inside X. We will also use
the notation distx (Y, Z), when no confusion arises about the metric on X.

Let (SUB(X), dist};) be the set of (nonempty) compact subsets of X, equipped with the
Hausdorff distance. The basic properties of the Hausdorf distance are summarized in the follow-
ing

1.1.2 Proposition. [10; 14] Let (X, p) be a metric space. Then
(1) distf; is a metric on SUB(X);
(2) SUB(X) is complete if and only if X is complete;

(3) SUB(X) is compact if and only if X is compact.

1.1.2 Gromov—Hausdorff Distance

The Gromov-Hausdorff distance was first introduced by Gromov in [29]. Let X and Y be compact
metric spaces, and let hy, hy be isometric embeddings of X and Y into some metric space Z.

1.1.3 Definition. The Gromov—Hausdorff distance between the compact metric spaces X andY
1s defined as

distZ(X,Y) := inf{distZ (hx (X), hy (Y)) : hx, hy are isometric embeddings in Z}.  (1.3)

In the previous Definition, Z is any metric space in which X and Y can be isometrically
embedded. However, as shown by Gromov [29], it is possible to reduce this large class of metric
spaces to the disjoint union X ITY. A distance p on X I1Y is called admissible if the inclusions
X, Y — XIIY are isometric embeddings. It turns out that

dist?,;; (X, Y) = inf{dist?, (hx (X), hy (Y)) : p is admissible on X ITY'}. (1.4)
Indeed, we have the following

1.1.4 Lemma. The two definitions above are equivalent, namely distZ;(X,Y) = distf,; (X,Y).

Proof. Let ¢ = distf,;(X,Y), and let pxmy be an admissible metric on X II'Y. Then, we
have distZy(X,Y) < pxmy (hx(X),hy(Y)), where hx : X — XY and hy : ¥ — X1V
are the canonical embeddings. Since this inequality holds for any admissible metric, we have
distZ;(X,Y) < 6.

Conversely, suppose that hx : X — Z and hy : Y — Z are isometric embeddings of X and Y
into a metric space Z. If the images hx(X), hy(Y) in Z are disjoint, then hx(X)Uhy(Y) is a
faithful representation of X I Y, and the restriction of pz to this disjoint union gives a metric
pon X 1Y, with pz(hx(X),hy(Y)) = p(X,Y) > 4. Now, if the images hx(X), hy(Y) are not
disjoint, we can separate them by the trick of crossing Z with a small interval I, = [0, e]. Put the
product metric

p(@,0), (y,9)) =V pz(z,y)? + |t — s
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on Z x I, and then embed X by ho(z) = (hx(x) 0) and Y b he(y) = (hy(y),e). Their

images are now disjoint and we have p(ho(X),he(Y)) = v/pz(hx(X), hy (Y))2 + £2. Therefore,
§ < /pz(hx(X),hy(Y))? + €2, and, taklng e — 0 we get & < pz(hx(X),hy(Y)) for any
isometric embeddings hx, hy, and so § < dlstG (X, Y). I

1.1.5 Notation. In view of the previous Lemma, in the following we will denote simply by
dister (X, Y) the Gromov-Hausdorff distance between two (compact) metric spaces X and Y.
Moreover, let us denote by diam(X) the diameter of the compact metric space (X, p), defined as

diam(X) := max{p(z,y) : x,y € X}, and by rx dlL() the radius of (X, p).
The basic properties of the Gromov—Hausdorff distance are summarized in the following

1.1.6 Proposition. [30; 10; 14] Let X and Y be compact metric spaces. Then,
(1) distgu(X,Y) =0 if and only if X and Y are isometric;
(2) distgu(X,Y) defines a metric on the set CM of isometry classes of compact metric spaces;
(3) |rx —ry| < distgy(X,Y) < max(rx,ry).

1.1.7 Definition. For a compact metric space (X,p) and any € > 0, the covering number
Cov,(X,€) (also denoted by n.(X)) is defined as the smallest number of open balls of radius e
whose union covers X.

A remarkable property of the Gromov-Hausdorff distance is given by the following

1.1.8 Theorem (Gromov’s Completeness and Compactness Theorem). [29] The space
(CM,distgp) is a complete metric space. A subset S C CM is totally bounded if and only if

(1) there is a constant D such that diam(X, p) < D for all (X,p) € S;
(2) for any e > 0, there is a constant K. > 0 such that Cov,(X,e) < K. for all (X,p) € S.

Gromov’s proof is based on Proposition 1.1.2 and on the following

1.1.9 Proposition. [29] If a subset S C CM satisfies the two conditions in Theorem 1.1.8, then
there is a compact metric space (Z,p) such that each X € S can be isometrically embedded into

Z.

In practical situations, it is usually very hard to compute the precise value of the Gromov—
Hausdorff distance for two given compact metric spaces. In most cases, a crucial tool for esti-
mating the Gromov—-Hausdorff distance is given by the next Proposition, which follows directly
from Definition 1.1.3.

1.1.10 Proposition. For two compact subsets X and 'Y of a metric space (Z, p), we have:
distem(X,Y) < disth, (X,Y). (1.5)

1.1.11 Remark. Assume that the sequence {X,} of compact metric space converges to the
(compact metric) space X in the Gromov—Hausdorff topology, Then, given € > 0, there exists
ne € N such that, for any n > n., one can find an admissible metric p, on the disjoint union
X, I X such that dist} (X,, X) < . When such a sequence of metrics {p,} is chosen and fixed,
it makes sense to speak about convergence of a sequence of points {z,}, with z,, € X, to a
point x € X, for this just means that nlingo pn(tn(zn),t(x)) = 0, with ¢, (resp., ¢) the canonical

inclusion of X, (resp., X) in X, IT X.
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1.2 Rieffel’s Quantum Gromov—Hausdoff Distance

The reader is referred to [59; 60; 61; 63] for more details.

1.2.1 Order—unit Spaces

As Rieffel pointed out, the right framework for the quantum metric spaces is that of order—unit
spaces. Typically, these arise as real-linear subspaces of the vector space of selfadjoint operators
on a Hilbert space, containing the identity operator (the order—unit). In fact, any order—unit
space can be realized in this way. The (real-linear) space of all selfadjoint elements of a unital
C*—algebra is a very useful example of order—unit space. There is an abstract characterization
of order—unit spaces due to Kadison [40; 2].

1.2.1 Definition. An order—unit space is a real partially ordered vector space A with a distin-
guished element e (the order—unit) which satisfies:

1) (order—unit property) for each a € A there is an r € R such that a < re;
2) (Archimedean property) if a € A and if a < re for all r € R with r > 0, then a < 0.

On an order—unit space (A, e), we can define a norm by
lla|| :==inf{r e R: —re < a < re}. (1.6)

Then, A becomes a normed vector space, and so we can consider its dual A’, consisting of the
bounded linear functionals on A, equipped with the dual norm || - ||'. By a state of an order—
unit space (A,e) we mean a u € A’ such that u(e) = 1 = ||ul|. (Notice that the states are
automatically positive [2].) We denote by S(A) the collection of all the states of A, and call it
the state space of A. It is a bounded closed convex subset of A’, and so it is compact for the
w*~topology on A’. Each a € A defines a continuous affine function on S(A) by a(u) = p(a),
and e becomes the constant function 1 on S(A). By Kadison’s Representation Theorem [40; 2],
this representation @ +— a is an isometric order isomorphism of A onto a dense subspace of the
space Afg(S(A)) of all affine R—valued continuous functions, equipped with the supremum norm
and the usual order on functions. In particular, the image of A is the whole of Afg(S(A)) if,
and only if, A is complete in the order-unit norm (cf. [2], Theorem II.1.8). Conversely, for any
compact convex subset X of a Hausdorff topological real vector space V', every linear subspace
A C Afp(X) containing the constant function 1 is an order—unit space [2]. Therefore, we can
view order—unit spaces as dense linear subspaces of Afg(X) containing 1, where X is any compact
convex subset of a Hausdorff topological real vector space.

An important notion is that of morphisms between order—unit spaces. Let A and B be order—
unit spaces. By a morphism ¢ : A — B, we mean a linear positive map preserving the order—units,
hence norm—continuous (cf. [2], Proposition II.1.3). Then the dual map ¢’ : B" — A’, restricted
to S(B), sending v € S(B) to ¢'(v) € S(A), defines a continuous (for the w*~topologies) affine
map S(p) from S(B) to S(A). The notion of isomorphisms between order—unit spaces follows
directly from that of morphisms.

In particular, when ¢ is surjective, S(¢) is injective. We call such a pair (¢, B) a quotient
of A. Since both S(A) and S(B) are compact Hausdorff spaces, S(¢) is a homeomorphism from
S(B) onto its image, and we can identify S(B) with its image S(¢)(S(B)), regarded as a closed
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convex subset of S(A). Then, the morphism ¢ : A — B becomes the restriction of vectors in
A C Afp(S(A)), which are affine functions on S(A), to S(p)(S(B)). In fact, the converse is also
true.

1.2.2 Proposition. [63] Let A be an order—unit space. There is a natural bijection between
isomorphism classes of quotients of A and closed convex subsets of S(A).

1.2.2 Compact Quantum Metric Spaces

As the metric on an ordinary compact metric space is determined by the Lipschitz seminorm it
defines on (continuous) functions®, Rieffel suggested that for “noncommutative spaces”, that is,
C*—algebras, the way to specify a “metric” is by means of a seminorm which plays the role of a
Lipschitz seminorm.

For an order—unit space (A, e) and a seminorm L on A, we may define an ordinary metric py,
on the state space S(A) by

p(,v) = sup{|u(a) — v(a)| : L(a) < 1}. (L.7)

(Notice that, in the absence of further hypotheses, pr(u,v) may take the value +00.) This
is a generalization of the Monge—Kantorovi¢ metric on the space of probability measures on
an ordinary compact metric space [41; 42|, and, within the context of Dirac operators, it was
introduced into Noncommutative Geometry by Connes in [17; 18]. In [60], these ideas were
extended to consider Lipschitz seminorms on order—unit spaces. Since C*—algebras are linear
spaces over the complex numbers, while order—unit spaces are over the real numbers, we should
point out that, for a C*—algebra A, we require a Lipschitz seminorm L to satisfy L(a*) = L(a),
for any a € A. Under this condition, then it suffices to take the above supremum just over
selfadjoint elements of A when defining pry..

1.2.3 Definition. Let (A, e) be an order—unit space. By a Lipschitz seminorm on A, we mean
a densely defined, lower semicontinuous seminorm L on A satisfying:

1) for a € A we have L(a) = 0 if, and only if, a € Re;
We call L a Lip—seminorm if it satisfies further:
2) the topology on S(A), induced by the metric pr, is the w*—topology.

1.2.4 Notation. Since in the following chapter we will define Lip—norms in a more general
setting, which are really norms and not only seminorms, we prefer to use here the term Lip—
seminorm, in contrast with the standard terminology introduced by Rieffel.

Let (X, p) be a compact space X. The Lipschitz seminorm L, determined by p is defined on functions f on X
by
Lo (f) = sup{|f (=) = f)l/p(x,y) : = # y}.

(Notice that it may take the value +o00.) Then, one can recover p from L, by

p(x,y) = sup{[f(z) — f(y)| : L,(f) <1}
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1.2.5 Definition. By a compact Quantum Metric Space (cQMS), we mean a pair (A, L) con-
sisting of an order—unit space A with a Lip—seminorm L defined on it. The diameter diam(A),
the radius r 4, and the covering number Cov(A,¢) of (A, L) are defined to be those of (S(A), pr).

(Let us notice that, if the seminorm L is not lower semicontinuous, we can always replace it
by the largest lower semicontinuous seminorm smaller than L, as this will give the same metric
on S(A) (cf. [60], Theorem 4.2).)

A useful tool will be the following

1.2.6 Lemma (Comparison Lemma). [59] Let (A, e) be an order—unit space, L a desely defined
(Lipschitz) seminorm on A, and B a subspace of A, endowed with a seminorm M. Let ppr and
pr denote the corresponding metrics on S(A) as in (1.7) (possibly taking the value +00). Assume
that, on B,

M>1L,

in the sense that M(a) > L(a) for all a € B. Then,
pPM = PL,
in the sense that ppr(p,v) < pr(p,v) for all p,v € S(A). Thus,
(i) if pr, is finite, so is ppr;
(i) if pr, is bounded, so is pur;
(iii) of the pr—topology on S(A) agrees with the w*—topology, then so does the ppr—topology.

Proof. If a € B and M (a) < 1, then L(a) < 1. Thus, the supremum defining pys is taken over a
smaller set than that for pr, hence pps < pr. The claims (i) and (i) are then obvious, and (i)
follows from the fact that a continuous bijection from a compact space to a Hausdorff space is a
homeomorphism (cf., for instance, [50], Proposition 1.6.8). 1

As a consequence, we get also the following

1.2.7 Proposition. [59] Let (A,e) be an order—unit space, and L a desely defined seminorm on
A. Lett be a strictly positive real number, and set M :=tL on L :={a € A: L(a) < co}. Then,
PM = t_l,oL. Thus,

(i) if pr is finite, so is ppr;
(ii) if pr is bounded, so is ppr;
(iii) if the pr—topology on S(A) agrees with the w*—topology, then so does the ppr—topology.
Proof. Clearly,
pa (11, ) = sup{lju(a) — v(@)] - M(a) < 1} = tsup{lju(a) — v(a)| : L(a) < 1} = pr(,0).

Then, the proof is the same as in the previous Lemma. I
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1.2.8 Definition. By a C*-algebraic Compact Quantum Metric Space we mean a pair (A, L)
consisting of a unital C*—algebra A and a (possibly +oo—valued) seminorm L on A satisfying the
reality condition

L(a) = L(a"), (1.8)

and such that the linear subspace {a € A : L(a) < oo} is dense in A, contains e4 (the identity of
A), and L restricted to the (order—unit) space
A:={ae€ A: L(a) < oo} N A (1.9)

is a Lip-seminorm. (Asq denotes the set of all selfadjoint elements of A.) We call (A,L|a)
the associated Compact Quantum Metric Space. The diameter, radius and covering number of
(A, L) are defined to be the same as those of (A, L|a).

1.2.9 Example. For any compact metric space (X, p), define the Lipschitz seminorm L, (which
may take the value +00) on C¢(X), the set of all C—valued continuous functions over X, by

/(@) = ()] }
L 1= sup { T . 1.10
of) g A (1.10)
Clearly, L, satisfies the reality condition (1.8) and, moreover, the Leibniz rule
Lp(f-9) < Lo(Dllgll + 111 L,(9),  f:9 € Ce(X). (1.11)
Let us define
A(X,p) = {f € C]R(X) : Lp(f) < OO} (112)

Then, (A(x ), Lplax,) is a closed compact quantum metric space, and (Cc(X), L)) is a C*~
algebraic compact quantum metric space. It is called the associated compact quantum metric
space of (X, p). Notice that S(A(x ,)) is the set of probability measures on X, and the induced
metric on S(A(x ) is the Monge-Kantorovi¢ metric [41; 42].

We can restrict a quantum metric space to its closed convex subsets by the following

1.2.10 Proposition. [63] Let A be an order—unit space, and let B be a quotient of A with the
quotient map ¢ : A — B. Let L be a Lipschitz seminorm on A, and let Lp be the corresponding
quotient seminorm on B, defined as

Li(b) == inf{L(a) : ¥(a) = b}. (1.13)

Then, S(v) is an isometry for the corresponding metrics pr, and pr,. If L is actually a Lip-
seminorm, then so is Lp. If furthermore L is closed, then so is Lp, and we have (L1(A)) =
L1(B) (where L1(A) :={a € A: L(a) < 1}).

As shown by Rieffel [59; 62], a wide class of cQMS’s consists of C*—algebras with metrics
arising from ergodic actions of compact groups, i.e. actions for which the only invariant elements
are the scalar multiple of the identity. So, let G be a compact group with a length function, i.e.
a continuous real-valued function ¢ on G, such that

lzy) < lz)+Ly) Vo,yedq, (1.14)
(z™Y) = f(z) Vred, (1.15)
lz) = 0 if, and only if, = =egq, (1.16)
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where eq is the identity of G. Let A be a unital C*—algebra, and let a be a strongly continuous
action of G on A by automorphisms. Define a (possibly +oo—valued) seminorm L on A by

LY(a) := sup {W)_GH xeG,x# eg} (1.17)
t(z)
Then, clearly, L satisfies the reality condition (1.8) and the Leibniz rule (1.11). It can be shown
[59] that the set of elements in A where L is finite, is always a dense s—subalgebra of A. Hence,
the set A = { A, : L(a) < 1} is a dense subspace of A, containing the identity e of A, and the
state space of A can be identified with that of A. Furthermore, when the action « is ergodic, i.e.
the only a—invariant elements are the scalar multiples of the identity, (A, L|4) is a closed compact
quantum metric space and (A, L) is a C*—algebraic compact quantum metric space, so that L
should be thought of as a (compact) metric on the quantum space A. (Notice that to any length
function ¢ on G there corresponds a left invariant metric p on G, given by p(z,y) = £(z~1y).
Conversely, if p is a metric on the compact group G, then p(x,y) := [ p(zz, zy)dz, with dz the
Haar measure, is a left—invariant metric. Hence, G has a length function if, and only if, it is
metrizable.)
We have then the following

1.2.11 Theorem. [59] Let o be an ergodic action of a compact group G on a unital C*—algebra
A. Let £ be a length function on G, LE be the corresponding seminorm, and set A := {a € A, :
L%(a) < o0}. Moreover, let pg be the corresponding metric on the state space S(A) of A. Then
the pa—topology on S(A) agrees with the w*—topology (and pg is bounded by 2fG€(m)da:, where
dz is the (normalized) Haar measure on G).

An even more interesting situation is when G is a Lie group. So, let G be a connected
(compact) Lie group, g its Lie algebra, and fix a norm || - || on g. For any action o of G on a
Banach space B, we let B! denote the space of a—differentiable elements of B. Thus, if b € B,
then, for each X € g, there exists a dxb € B, such that

1t () (B) — )/t = . (118)

Clearly, X +— dxb is a linear map from g into B, and we denote it by db (cf. [9]). Since g and B
both have norms, the operator norm ||db|| of db is defined (and finite), namely

ldb|| := sup{||dx?d| : X € g, || X]| = 1} < +o0. (1.19)

Then, a standard smoothing argument shows that B! is dense in B (cf. [9]).

Suppose now that A is a C*—algebra and « is an action by automorphisms of A. We set
A8 = Al and L%a) := |dal|. It is easily verified that A9 is a *—subalgebra of A. Since G is
connected, L%(a) = 0 if, and only if, a is a—invariant. Let us prove the following

1.2.12 Theorem. [59] Let G be a compact connected Lie group and fix a norm on g. Let o be
an ergodic action of G on a unital C*—algebra A. Set A% = Al and L%(a) = ||da||, as above, and
let pg denote the corresponding metric on the state space S(A) of A. Then the pg-topology on
S(A) agrees with the w*—topology.

Proof. Let (-,-)c be an inner product on g, with e the unit of G. Its corresponding norm || - ||¢
is clearly equivalent to the given norm (as g. is a finite-dimensional vector space), and so, by
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the Comparison Lemma 1.2.6, it suffices to deal with the norm from the inner product. We
can left—translate this inner product over G to obtain a left—invariant Riemannian metric on G,
and then a corresponding left-invariant ordinary metric on G, as follows: we define (X,Y), :=
((dLp-1)p(X),(dLy1)p(Y))e, p € G, X,Y € TG (the tangent space at p), where L, : G — G,
L,(q) := pq is the left-translation. Since L, depends differentiably on p, we get a Riemannian
metric, which is clearly left-invariant, i.e. it satisfies (X,Y), 1= ((dLy)q(X), (dLp)q(Y))L,(q)»
for all p,q € G and X,Y € T,G. Then, let v : [o, 3] — G be a (smooth) curve segment, with
v(a) = p, 7(B) = q. The arc length of v is defined by

B B
L) = [ (GOAON0) 2t = [ O]
and the distance from p to ¢ is then defined as
p(p:q) = inf L(v),

where the infimum has to be taken over all the arc segments joining p and q. We see that, by
construction, p is left—invariant. Now, let ¢(z) denote the corresponding distance from x to e,
ie. {(z) := p(x,e). Then, ¢ is a continuous length function on G satisfying conditions (1.15-
1.16). Indeed, we have clearly ¢(x) = 0 if, and only if, z = e, {(zy) = p(ay,e) < p(zy,z) +
p(x,e) = l(x) + £(y) (by left-invariance of p, and the fact that it is a metric), and finally
(z~Y) = p(z~t e) = p(xz~',z) = £(x). Then, the elements of A are Lipschitz for £. In fact,
let a € A! and let ¢ : [0,1] — G be a smooth path from e to a point x € G. Then, the function
¢ :[0,1] — A', defined as ¢(t) = aq)(a), is differentiable, and thus we have

laa(a —W—H/¢ m</$m nm<ww/n Jledt = L(c).

Thus, taking the infimum on the r.h.s. over all paths from x to e, we obtain
ez (a) — al| < [|dallé().

(Notice that the above argument works for any norm on g.) Then, if we let A and LE be
defined just in terms of £ as above, we see that A9 C A® and LY < L. Hence, we can apply the
Comparison Lemma 1.2.6 to obtain the desired conclusion. I

Now, let us choose a norm || - || on g coming form an Ad—invariant inner product, where, for
p € G, the adjoint representation Ad(p) : g — g is defined as the differential Ad(p) := d(R,-1Ly);
for example, we may take the negative of the Killing form, that is (X,Y) := —tr(Ad(X)Ad(Y))
(see, for instance, [37]). Then, ¢ will satisfy the extra condition /(yzy~!) = {(z), and, as a
consequence, A' will be a—invariant. Indeed, the Ad-invariance of a (left-invariant) inner product
implies also its right—invariance, namely

<X7Y>p = <(dRp*1)p(X)v(dRp*1)
( ) )(X), (dRy—1)p 0 (dLp)p—1)(Y))e
(X,Y),.



Hence, the corresponding metric will be left— and right-invariant, that is, £(yzy ') = p(yzy~!,e) =
{(z) = p(z,e). Moreover, we have also the a—invariance of the seminorm, namely

Sl la — s Hay(ay_lmy(a)_a)n e
Lay(@) = sup {1 DI g )

supd Noel@ —al 1 _ e,
p{ Uyzy=1) 7 G} L)

Then, for any X € g and ¢ in a sufficiently small neighborhood of 0 € R, we have ¢(exp(tX)) =
||/ X|?, and thus, if || X|| = 1, we get

[(@exp(ex) (@) — a)/t]l = [(@exp(ex)(a) — a)||/£(exp(tX)).

From this we see that ||dxal| < L%(a) for all X with || X| = 1. Thus, we have established the
following

1.2.13 Proposition. For L? defined, as above, through a norm on g, and for LS defined in
terms of the corresponding length function on G, we have L% = LY and A% = AC.

1.2.3 Quantum Gromov—Hausdorff Distance

Let (A,L4) and (B, Lp) be compact quantum metric spaces. The dual object for the disjoint
union X IT'Y is the direct sum A @ B of vector spaces, with (e4,ep) as order—unit, and with
the natural order structure. A @ B is thus an order—unit space, and the natural projections
from A@® B to A and B are surjective order—unit space morphisms. Correspondingly, we call a
Lip—seminorm L on A @& B admissible if it induces L4 and Lp as in Proposition 1.2.10, and we
denote by L(L4, Lg) the set of admissible Lip—seminorms on A & B. Then, a natural notion of
quantum distance, introduced by Rieffel, is the following:

1.2.14 Definition. Let (A, La) and (B, Lp) be compact quantum metric spaces. We define the
quantum Gromov—Hausdorfl distance between them as

dist,(A, B) := inf{dist% (S(A), S(B)) : L € L(La,Lp)} (1.20)

It is evident that dist,(A, B) is symmetric in A and B. As for the triangle inequality, one has
the following

1.2.15 Theorem. [63] Let (A, L4), (B,Lp) and (C,L¢) be quantum metric spaces. Then,
disty(A, C) < disty(A, B) + dist(B, C). (1.21)

For a compact quantum metric space (4, L), we denote by A the (norm) closure of A and
by L¢ the extension of L to A° (which may take now the value +00).

1.2.16 Definition. Let (A, L4) and (B, Lg) be compact quantum metric spaces. By an isometry
from (A,Ly) to (B, Lp), we mean an order isomorphism ¢ from A° onto B¢, such that LS =
LG oop.

?Indeed, the map exp = exp, : TeG := g — G is a local diffecomorphism (in the sense that there exists an
€ > 0 such that exp : B:(0) C T.G — G is a diffeomorphism of the e-ball B.(0) onto an open subset of G), and,
moreover, it is also an isometry for the inner product in g and the corresponding metric on G, and this follows
from the Gauss’ Lemma (see, for instance, Proposition 2.9 in [24]).
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The quantum version of Proposition 1.1.6 is the following
1.2.17 Theorem. [63] Let (A, La) and (B,Lg) be compact quantum metric spaces. Then:
(1) distq(A, B) = 0 if, and only if, (A, La) and (B, Lpg) are isometric;

(2) the isometries from (A,L4) to (B,Lp) are in natural bijective correspondence with the
affine isometries from (S(B), pr,) onto (S(A),pr,) through the map ¢ — S(p);

3) dist, defines a metric on the set QCM of isometry classes of compact quantum metric
q
spaces;

(4) |ra —rp| < disty(A, B) < diam(A) + diam(B).

Theorems 1.2.17(1)—(2) and 1.2.15 tell us that dist, is indeed a distance between the state
spaces of compact quantum metric spaces, equipped with the induced metrics and the convex
structures.

There is also a quantum version of Gromov’s Completeness and Compactness Theorem, due
to Rieffel.

1.2.18 Theorem (Rieffel’s Quantum Completeness and Compactness Theorem). [63]
The space (QCM,disty) is a complete metric space. A subset S € QCM is totally bounded if
and only if

(1) there is a constant D such that diam(A,L) < D for all (A,L) € S;
(2) for any e > 0, there exists a constant K. > 0 such that Cov(A,e) < K. for all (A,L) € S.
We have a quantum version of Proposition 1.1.10 as well:

1.2.19 Proposition. [63] Let (A, L4) be a compact quantum metric space, and let X1 and X2 be
compact convex subsets of S(A). Let (Bj, L;) for j = 1,2 be the corresponding quotients. Then

dist,(By, Ba) < dist; 4 (%1, Xa2). (1.22)
The quantum distance dist, extends indeed the ordinary Gromov-Hausdorff distance distgz.

1.2.20 Proposition. [63] The Gromov-Hausdorff distance between two compact metric spaces
1s greater than or equal to the quantum distance between the associated compact quantum metric
spaces. The map from CM to QCM sending each compact metric space to its associated compact
quantum metric space is a homeomorphism from CM onto a closed subspace of QCM.

1.2.21 Remark. In general, the Gromov—Hausdorff distance between two compact metric spaces
is not equal to the quantum distance between the associated compact quantum metric spaces (see,
for a concrete example, Appendix 1 in [63]). This happens because one admits Lip—seminorms,
which need not to come from metrics on the disjoint union of the two spaces.

1.2.22 Example (Quantum Tori). Fix n > 2, and let © be the space of all skew symmetric
n X n matrices. For 6 € O, let Ay be the corresponding quantum torus [57; 58]. It is defined as
follows. Let oy denote the skew bicharacter on Z™ defined by

o9(p, q) := >, (1.23)
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Equip C.(Z"), the space of C—valued functions on Z" of finite support, with the product consisting
of convolution twisted by oy. That is, for f,g € C.(Z"), we define

(f+9)p):= > f@gp — ))oo(p,q). (1.24)

qeEZL™

Equip C.(Z") also with the involution f*(p) = f(—p), and the norm of ¢(Z"), so that C.(Z")
becomes a normed *—algebra. Let mg denote the x—representation of C.(Z™) on the Hilbert space
(%(Z"™), given by

mo(f)€ = ( =Y (@& —qoo(p,q), &€ P (1.25)

qeZ™

Moreover, let || - ||¢ be the C*—norm on C.(Z") given by || f|l¢ := ||me(f)||. Then, Ay is defined to
be the completion of C.(Z") for this norm. (In this way, the elements of Ay can be thought of as
some kind of functions on Z".) The n.-torus T™ has a canonical ergodic action ay on Ay. If we
denote the duality between Z™ and T" by (p, z) for x € T™ and p € Z", then «ay is determined by

(a0,.(f)(p) = (P, ) f (D). (1.26)

Now, fix a length function on G = T", let Ly be the seminorm defined by (1.17) and set, as
above, Ag = {a € (Ap)sq : Ly < co}. Then, one has the following

1.2.23 Proposition. Ly is a Lip—seminorm and (Ag, Lg) is a (compact) quantum metric space.

Proof. Since the action oy of the compact group T" is clearly ergodic, it suffices to apply Theorem
1.2.11. I

Moreover, we will use intensively the following fundamental result of Rieffel (see [63], Theorem
9.2):

1.2.24 Proposition. [63] For any ¢ > 0 there exists a § > 0 such that, if |0 — | < §, then
diStq(f49,14¢) <E.

1.2.25 Remark. As we shall see, for n = 2, the quantum torus, also known as (ir)rational
rotation algebra, depending on whether 6 is in Q or in R\Q (see, for instance, [23] for more
details), can be equivalently defined by a universality property, namely, it is the universal C*—
algebras generated by two unitaries U and V satisfying the commutation relation

UV = v (1.27)

Indeed, let H = L?(R/Z), and consider two unitary operators on H, the operator U := M. 2(1) of
multiplication by the unimodular function z(t) = €2™ and the operator V of rotation by 6, that
is

Uf(t) = z(t)f(t) = ™ f(t) and V[f(t) = f(t—0). (1.28)

A simple calculation then yields

VUF() = (Uf)(t—0) = 2(t—0)f(t —0)
= IV = UV W),
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Hence, '
UV = 2™y .

We recall that a C*—algebra Ay is universal for the relation (1.27), provided that it is generated
by two unitaries U and V' satisfying (1.27) and, whenever 2 = C*(U, V') is another C*-algebra
satisfying (1.27), there is a (*—)homomorphism of Ag onto A, which carries U to U and V to V.
Since we know that there are unitaries satisfying the relation (the two unitaries in (1.28)), we
may consider the collection of all irreducible pair of unitaries (U,, Vy,) in B(H) satisfying (1.27).
Then, consider the operators

2] 52
U=> Uy and V=> V,, (1.29)

and set Ag := C*(U,V). In order to see that Ay is universal, let A := C*(U,V) be another
C*-algebra satisfying (1.27). To verify that there is a well defined homomorphism ¢ : Ay — 2

such that (U) = U and ¢(V) =V, it suffices to show that
lp(U, V.U, V)| < [Ip(U, V,U*, V)|

for every noncommutative polynomial in four variables. So, fix a polynomial p, and let A =
p(U,V,U*, V*). By the GNS construction, there exists an irreducible representation 7 of 2 such
that ||[7(A)|| = ||A||. Consider now the pair of unitaries U’ := 7(U) and V' := 7(V). Then
(U’, V') is an irreducible pair of unitaries satisfying (1.27). Hence, by construction, we see that

Ip(T, VT V)| = |lp(U", V', U™ V)| = [[p(U, V.U, V).

Therefore, ¢ is well defined and contractive from the x—algebra generated by U and V into 2.
Thus, it extends by continuity to a homomorphism of Ay onto .

As in the following we will use some “ultratechniques”, in the next section we introduce some
basic notions about ultrafilters and ultraproducts.

1.3 Ultrafilters and Ultraproducts

In this section, we briefly recall the definition and the principal properties of ultrafilters. (The
reader is referred to [68; 44] for a detailed exposition.)

1.3.1 Definition. Let X be a set and U a non—empty family of subsets of X. U is a ultrafilter
if the following properties are satisfied:

1) 0¢u,

2) A,B €U implies ANB €U,

3) AeU implies BeU,VB D A,

4) for each A C X, one has either AU or X\AelU.

The wultrafilter is principal (or fixed, or trivial) if it satisfies the further property:
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5) the filter contains a least element, i.e. there exists a set B C X, called the basis for U, such
that U is the collection of all the supersets of B.

A free (non-principal) ultrafilter is an ultrafilter which is not principal.
1.3.2 Lemma. LetU be an ultrafilter on a set X. Then,

1. if U is principal, its basis is a singleton;

2. if U is non—principal, it does not contain finite sets.

Proof. 1. Let B be the basis for . If B is not a singleton, we can take a non trivial partition
of B. Then, one, and only one, of the sets of this partition belongs to U, contradicting the
minimality of B. 2. Assuming the contrary, let A € U be a finite set, and let a € A. Then, only
one of the two sets {a} and A\{a} belongs to U. If {a} does, U should be principal with basis
{a}. If A\{a} € U, one can repeat the argument, ending up with a singleton. In both cases, one
gets a contradiction, hence the claim. I

1.3.3 Definition. Let {x;};en be a family of real numbers and U an ultrafilter on the index set
N. We say that limy x = x, if the set {i € N: |zq — x| < e} isinU for any e > 0.

1.3.4 Example. We want to show that a convergent sequence {x, }neny C R converges over any
ultrafilter & on N. Let us consider separately the two cases, namely U principal and U free. If U
is principal, let {no} be its basis. By definition, A. = {n € N : |x,, — zy,| < €} contains ng for
any € > 0. Thus, A. € U (by property 3) of the Definition), and consequently limy, z,, = x,,. If,
instead, U is non—principal, let x be the usual limit of the sequence (i.e. x = lim, .o x,). Given
e > 0, one should have either A, € U or N\A. € U (by property 4)). Since N\ A is evidently
finite, by the previous Lemma one can conclude that A, € U for any € > 0.

1.3.5 Remark. A more refined version of the previous argument shows that every bounded
net {x;}iecr is convergent over any given ultrafilter &/ on I. Indeed, one can use a Bolzano—
Weierstrass argument as follows: let {z;}ier C [—M, M], and set Ry = [—M, 0], Ry = (0, M] and
Fy,={iel:x € Ry}, « = 1,2. One, and only one, among F; and Fy belongs to U. (If it
happens that F is in U, we change R with its closure Ry and thus we obtain a subset of I which
contains Fy, and so is still in ¢). Proceeding in this way, we get a sequence of closed sets R,
whose diameters halves at each step and containing infinitely many elements of the net. Then
(R, is a singleton {x}, and then it follows that limy z; = x.

More generally, we want to link ultrafilters with the concept of convergence in topological
spaces.

1.3.6 Definition. Let (X,7) be a Hausdorff topological space, {x;};c1 C X, with I an index set,
and let U be an ultrafilter on 1. Then, we say that limy x;(=2 T — limy x;) = zo, if for every
neighbourhood N of o we have {i € :z; € N} € U.

Notice that limits over U are unique, and if U/ is an ultrafilter on N and {z;} is a bounded
sequence in R, then

liminf x,, < limz, < limsup z,.
n u n

Moreover, if C' is a closed subset of X and {x;};c1 C C, then limy, z; belongs to C, whenever it
exists.
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1.3.7 Remark. Let X be a metric space. If U is an ultrafilter over N and limy x,, = z, with
{zn} C X, then there exists a subsequence of {z,} which converges to x. Indeed, if we set
Uy :={k € N:d(zy,z) < 1/k}, then Uy € U. For each k, let nj; be the smallest element in U.
The subsequence {z,, } clearly converges to .

The next theorem characterizes compactness by use of ultrafilters.

1.3.8 Theorem. [1] Let K be a Hausdorff topological space. Then K is compact if, and only if,
limy x; exists for all {z;}ie1 € K and any ultrafilter U over L.

Proof. Assume that K is compact. Let {z;};c1 be a subset of K and U an ultrafilter over I.
Suppose that {z;};er does not converge to any z € K. Then, each z in K has a neighborhood
Vy such that {i € I : 2; € V;} ¢ K. Since K C J,cx Ve and K is compact, there exist
Virs Vias -+, Vy, such that K C (Jj_, Vj,, which implies that I = (Jj_, I;, where I; := {i €
I:z € Vyj}. Now, if we show that some I, € U, we get a contradiction, thus proving the
implication. So, assume, to the contrary, that I; ¢ K for j = 1,...,n. Then, by property 4) in
Definition 1.3.1, we have I\I; € U, and thus (\7_; (I\;) = 0 € K, which is a contradiction.
Conversely, suppose that any subset {x;};cr of K is convergent over any ultrafilter & on I.
Let {F,}aer be a family of closed subsets of K which has the finite intersection property (i.e.,
any finite subfamily of {F,}aer has non..empty intersection). We will prove that (N, Fa # 0,
which will imply that K is indeed compact. So, consider the set I := {A C I" : A is finite }
and let 24 € (), Fa- Set B := {[A,00) := {B €1: A C B} : A € 2'}. Since [4,00) N
[A";o0) = [AU A’,00), B is stable under intersection, and we may define a filter on I by setting
F(B) := {A CI: thereisa B € B such that B C A}. Then, F(B) is a proper filter (i.e.,
F(B) # 2" because () # B. Let U be some ultrafilter on I which extends F(B). We can now
use the assumption on K that every subset is convergent over any ultrafilter, and deduce that
limy; x 4 = x exists.
In order to complete the proof, we have to show that z is an element of every F,. Suppose, to the
contrary, that = ¢ F,/ for some o/ € T'. Then, x has a neighborhood V,, such that V, N F,, = {.
Since limy x4 = x, we have I, ;== {A €l: x4 € V,} € U. We also know that I, N [{a/},00) € U,
because [{'},00) € B € F(B) C U. Now, for any A € I, N [{a'},0) € U, we have both
T4 €Vyand xy4 € ﬂweA F, C F, which contradicts the assumption that V, N F, = (). Hence,
I, N[{a'},00) = 0 € U. But this is also a contradiction, and the proof is now complete. I

1.3.9 Remark. As seen in Theorem 1.2.18, the space (QCM,disty) of isometry equivalence
classes of compact quantum metric spaces is itself a complete metric space. Since it is also
separable (cf. Theorem 13.15 in [63]), (QCM, dist,) is a Hausdorff space. Therefore, if S is any
totally bounded subset in QCM, its closure S is compact, and we can apply the previous Theorem
to deduce that any sequence (A, Ly)nen C S converges to limy(A,, Ly,) for any ultrafilter U
over N.

When the space is a linear topological vector space, the convergence over an ultrafilter shares
the same properties with the usual convergence. In particular, we have the following

1.3.10 Proposition. [44; 68] Let X be a linear topological vector space, and U an ultrafilter over
an index set 1.

(i) Suppose that {z;}icr and {y;}ic1 are two subsets of X such that limy z; and limy, y; exist.
Then
lig{nxi +y; = liLI{nmi + lizjrlnyi, and libr{nozmi = ozlig{nxi
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for any scalar o € R.

(ii) If X is a Banach lattice and {x;};c1 is a subset of positive elements of X, then limy x; is
also positive.

We can now introduce the notion of ultrapower of a Banach space. So, let X be a Banach
space and U an ultrafilter over an index set 1. We define

(X)) := {{zitier : [{wi}l] = sup ARSI (1.30)

Then,
Ny(X) := {{zi}ier € (X)) : lig{n ||lzi]| = 0} (1.31)
is a closed linear subspace of £>°(X) (see Proposition 1.3.15 below).

1.3.11 Definition. The Banach space ultrapower of X over U is defined to be the Banach space
quotient

050 (X, U) = (X)) /Ny (X), (1.32)

with elements denoted by [x;|y, where {x;} is a representative of the equivalence class. The
quotient norm is canonically given by

[[@ilull = mf{[{z: + vitll : {vi} € Nu(X)} (1.33)
1.3.12 Proposition. [1] The quotient norm on £>°(X,U) satisfies
[zi]ull = liLr{n lz;||  for any [z;]y € £°(X,U). (1.34)
Proof. Let zy = [x;]y be in £2°(X,U). Then, xyy = {{z; +y;} : {yi} € Nyu(X)}, and thus
lim [|2; + yif| = lim ||z || < [{@i +yi b,
i i+ il = ln ] < s + i)

for any {y;} € Ny(X), which implies that limy ||z;|| < ||ay||. As for the reverse inequality,
consider the set
I ={iel: |z < hg{n||x2|| +¢e}, e>0.

By the very definition of limit over U, we have I. € U. Now, define {y;} by setting y; = —x; if
i ¢ I. and y; = 0 otherwise. Then, limy, ||y;|| = 0, and so {z; + y;} is a representative of x7,. But
[[{xi + yi}|| = sup;ey. |||, which implies that

Hzi + i}l < lim [l +e.
Hence, ||zy|| < |[{xi + yi}]| < limy ||2;|| + €. By the arbitrariness of e, the claim follows. 1
1.3.13 Remark. The map my : X — £°°(X,U), defined by
my(x) := [z;] := [x3]y, where x; =z, for all i € T, (1.35)

is an isometric embedding of X into ¢°°(X,U). Using the map 7y, one may identify X with
mu(X), so that X can be regarded as a subspace of />°(X,U).

26



1.3.14 Example (Ultrapowers of a Hilbert space). It is known that a Banach space X is a
Hilbert space if, and only if, ||z + y||? + ||z — y||* = 2||z||* + 2||y||? for all z,y € X. Let £*°(X,U)
be an ultrapower of X and let [z;], and [y;] be two elements in ¢>°(X,U). Then, we have

i) + [l = Ilas + il I” = lim | + yill?
and
zs] = [l I? = Nl[s — walll> = lim l; — yill?

Since
12

li . . li | P . 12 a2
lg,nHrvHryz +115n|!xz vil gl(Hrvﬂryzll + [l — yill9)

and using the Hilbert structure of X, we get
lim [l + g + lim [l — gi||? = lim(2]|2:]1* + 2lyl|*)
u u u

Hence,
] + [yl I? + Nl = lwall® = 21 [zalll® + il
which implies that ¢°>°(X,U) is a Hilbert space.

The ultraproduct of a family of Banach spaces is defined in a similar manner. In fact, let
{Xi}ier be a family of Banach spaces and U an ultrafilter over the index set I. We define

0°(Xs) = {{witier : [will := S{gHMH < oo} (1.36)
Then, as above, the subspace
N(Xi,U) := {{zibier € £7°(X5) + lim [las]| = 0} (1.37)

is a closed linear subspace of £*°(X;). Indeed, we have the following
1.3.15 Proposition. [1] N(X;,U) is a closed subspace of £>°(X;).

Proof. By construction, N(X;,U) is clearly a subspace of ¢*°(X;). In order to show that it is
closed, Take a Cauchy sequence {{z7 }ic1}nen in £2°(X;) with {2 }ie1 € N(X;,U) for each n € N.
Since £*°(X;) is complete, we know that {{z] };c1}nen converges to some {z;} € £>°(X;). Hence,
let € > 0 be given, and consider the nonempty set J. := {n : |[{z7'} — {x;}|| < e}. For any n € J.
and i € I, we have ||z} — x;|| < e. Then, limy ||z;|| < limg ||z} + €. Since {z]'} € N(X;,U), we
have limy, ||z;|| < e, which completes the proof. 1

1.3.16 Definition. The ultraproduct of the family of Banach spaces {X;}ier is defined to be the
Banach space quotient
(X5, U) = 02°(X;) /N (X;, U), (1.38)

with elements denoted by [z;]y, where {z;} is a representative of the equivalence class. In view
of Proposition 1.3.12, the quotient norm is given by

el = tin | (1.39)
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1.3.17 Example (Ultralimits of sequences of pointed metric spaces). Recall that a
pointed metric space (X, z, p) is a metric space (X, p) with a distinguished point (the basepoint)
x € X. Let U be a free ultrafilter on N, and let (X;, x;, p;)ien be a sequence of (proper) metric
spaces with basepoint x;. Consider the set

Xoo = {{¥i }ien 1 pi(zi,yi) < oo} (1.40)

Since {pi(zi,yi)}ien is a bounded sequence, we may define pyy : Xoo X Xoo — R by py(y, 2) :=
limyg p;(yi, zi). Then, py is a pseudo—distance. We define the ultralimit of the sequence (X;, z;, p;)
to be the quotient metric space (X, xy, pur), where ;1= [2;]y denotes the element corresponding
to {z;} € X in the quotient.

1.3.18 Lemma. If {(X;,x;, pi) bien is a sequence of pointed metric spaces, then (Xy, Ty, pu) s
complete.

Proof. Let yj; be a Cauchy sequence in Xz, where v} = [y"]y. Let Up = N, and define inductively
the family of subsets Uy, by

U = {n >k : |on(ud k) — ol i) < 1/25, 1 <05 <k}

Then, Uy € U, Uxy1 C Uy and Ukzo Up\Uri1 = N. For n € Up\Ugy1, let us define z, = y*.

Then, 2z = [yF]u, since the sequence {pn(2y,zn)} is bounded, and thus y, — 2z, as j — oc.
Indeed, we have

’pn(ygnzn) - pu(ya,zu)\ < 27

Hence, since j — oo implies & — oo, and lim;_. pn(y%,zn) = limj_ 0o pn(y%,yfi) = 0, we get
pu(yi,, zy) — 0 for j — oo, as claimed. .

Let us notice that one of the main benefits of the ultralimit formulation is to avoid the messy
process of passing to subsequences, sub—subsequences, and so on, by making once and for all
some choice in advance. For instance, the ultralimit construction naturally gives an embedding
between two limits in each other, provided that an embedding is given between elements with
the same index. In fact, let {(Y;, d;) }ien, {(Xi, pi) bien be two sequences of proper metric spaces,
and let let ¢; : Y; — X;, i € N be an isometric embedding of Y; into X;. Fix a basepoint y; € Y;
for each i € N, set z; = 1;(y;), and consider the two sequences {(Y;, y;, d;) }ien, {(Xi, zi, pi) bien
of pointed metric spaces. Then, we have the following

1.3.19 Lemma. For any free ultrafilter U over N, the ultralimit (Yy, yy,dy) of the sequence
{(Yi,vi,d;) bien isometrically embeds into the ultralimit (Xy, vy, pu) of {(Xi, i, pi) bien-

Proof. Indeed, as ¢; : Y; — X, are isometric embeddings for all i € N, the family {¢;} induces an
isometric embedding tyy : Yy — Xy by setting 14(z) := [1i(2i)]u for any sequence {z;} € Yoo. In
fact, for any two sequences {z;},{Z;} in the same equivalence class zy, one has limy, d;(z;, z;) =
limg(5(2), ¢i(Zi)) = 0, which implies dy (2, 200) = pu(t(zu), w(Zu)- In particular, xy = 1y (yy),
and the claim follows. 1
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1.4 Towards a Quantum Metric Tangent Space

1.4.1 The pointed Gromov—Hausdorff convergence for (proper) metric spaces

Let us briefly recall the basic definitions of pointed-Gromov—Hausdorff convergence and of tangent
sets of a metric space. The reader is referred to [30; 10; 14] for more details.

1.4.1 Notation. If (X, p) is a metric space, we shall denote by B(z,r) the open ball {y € X :
d(z,y) < r}, by B(x,r) the closed ball {y € X : d(z,y) < r}, and by B(z,r) the closure of
B(xz,r). Moreover, we let N (E) := {z € X :inf,cpd(z,y) < e} be the e-neighborhood of the
subset ' in X.

In the case of non—compact, proper (i.e., boundedly compact) metric spaces, one is lead to
consider the pointed Gromov—Hausdorff topology as a good substitute for the Gromov-Hausdorff
topology, which is defined only for family of compact spaces. So, let (X, z) be a pointed metric
space. There are several equivalent manners to define this topology.

1.4.2 Definition. [29] A neighbourhood base for the pointed Gromov-Hausdorff topology consists
of the sets No.(X, ), € (0, 3),where

Ne(X,2) = {(YVy) s du((X, @), (Y,y)) < e}, (1.41)

and di((X,z),(Y,y)) is defined as the infimum of the ¢ > 0 for which there is an admissible
metric p on the disjoint union X 1Y of X and Y, such that p(z,y) <, Bx(x, %) C B:(Y), and
By (y, z) € B=(X).

As pointed out by Gromov in [29], the function dp is not properly a distance (Gromov calls
it a “modified Hausdorff distance”): it satisfies the triangle inequality provided that at least two
of the three “distances” involved are small enough (say < 1/2). Nevertheless, the family of sets
N:(X, x) do define a neighbourhood base.

Equivalently,

1.4.3 Definition. [29] A neighbourhood base for the pointed Gromov—Hausdorff topology consists
of the sets Nr (X, z), with R >0 and ¢ € (0,1), where

Nre(X,z) = {(Y,y) : dr((X,2), (Y,y)) < &}, (1.42)

and dr((X,x),(Y,y)) is defined as the infimum of the € > 0 such that there are isometric
embeddings hx, hy of X and Y into a metric space (Z,p) for which p(hx(z),hy(y)) < e,
h_)((B)((:L‘,R)) C Ng(hY(Y)) and hy(By(y,R)) C ./V‘g(h/X(X))

On the isometry classes of proper metric spaces, the pointed Gromov—Hausdorff topology is
a Hausdorff topology, and, since it is separable, it is determined by its converging sequences.
Indeed, it is also equivalently defined by the following

1.4.4 Proposition. [29] (X,,,x,) converges to (X, x) in the pointed Gromov-Hausdorff topology
if, and only if, for any R > 0 there exists a positive infinitesimal sequence €, such that, for
any n > 0 there is ng € N such that, for all n > ng, there are isometric embeddings hy, h
of Bx,, (xn, R+ &,) and Bx(z, R) into a metric space (Zy, pn) for which py(hn(zn), h(z)) < 7,
hn(Bx,, (Tn, R+ &,)) C Ny (h(Bx(x, R))) and h,(Bx(z, R)) C Ny (h(Bx, (zn, R+ €3))).
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We may rephrase the notion of pointed Gromov—Hausdorff convergence in terms of ultralimits.
Indeed, we have the following

1.4.5 Theorem. If the family (X, z;, p;)ien of pointed metric spaces is precompact in the pointed
Gromov-Hausdorff topology (i.e., for any r > 0, the family (B;(z;,7), pi)ien is precompact in the
Gromov—Hausdorff topology), then (X, Ty, pu) s a limit point of the sequence (X, z;i, pi)ien for
any free ultrafilter U over N.

Proof. Let U be a free ultrafilter. Given € > 0 and r > 0, then, by total boundedness, there
N(a "¢ Bi(xi,r) of N(g,7) elements,

which is an e-net in B;(z;,r) for any i. The N(e,r) sequences {yf}ieN for 1 < j < N(e,r)

exists an N(g,r) € N such that we can find a family {yl}

give us N(g,r) elements yi, € Xy. If zy € Fu(xu, r), then we can find an element U, € U
such that p;(x;,2) < r for any i € U,. Moreover, for ¢ > 0 given, there exists an U. € U
such that |y (v}, 2u0) — pz(yl,zz)\ < ¢ for ¢ € U., which implies that pu(yu,zu) < 2¢ for some
1 < j < N(e,r). Hence, By(xy,r) is totally bounded, and for all € > 0 there is a 2e—net in
By(zy,7) which is a Gromov-Hausdorff limit point of e-nets in the balls B;(z;,r). It follows
then that (X;, z;, p;) converges over U to (X, xy, pyy) in the pointed Gromov—Hausdorff topology.
1

In particular, the conclusion of the previous Theorem clearly holds for any precompact se-
quence of compact metric spaces.

1.4.6 Remark. The ultralimit formulation of the (pointed) Gromov-Hausdorff convergence al-
lows us to find an embedding between two limits in each other, provided that an embedding is
given between elements with the same index (see Lemma 1.3.19 above). In this way, the GH-
limits of any precompact sequence of compact subspaces Y; C X; (containing the basepoint x;)
canonically embed into Xz. As a consequence, if (X, Zoo) is the pointed Gromov—Hausdorff
limit of the sequence of proper spaces (X, z,), then, for every free ultrafilter & on N, the ultra-
limit (X, xy¢) is isometric to (Xoo, Too)-

1.4.7 Lemma. Let {X,} be a sequence of compact metric spaces, and let Y,, C X,, be a closed
subspace for each n € N. If {X,,} converges to X in the Gromov-Hausdorff topology, then there
exists a subsequence of {Y,} Gromov-Hausdorff converging to a closed subset Y C X.

Proof. In fact, since Y,, C X,,, the sequence {Y,,} is precompact in the Gromov—Hausdorff topol-
ogy. Therefore, it converges to its ultralimit Y;; for any ultrafilter /. Let Xy be the ultralimit
of {X,,} over the same ultrafilter. Now, X7, is isometric to X (call ¢y : X — Xy this isometry),
and we have Yy C Xy by Lemma 1.3.19 (since wy(vu) = [i(vi)lu = [yilu = yu for any vy € Yyy).
Let Y := @&1’Yu(Yu) be the corresponding isometric copy of Yz, in X. Then, Y C X and we can
find a subsequence of {Y},} converging to Y in the Gromov—Hausdorff topology. I

Then, from the previous characterization, one can easily prove the following

1.4.8 Proposition. If {(X,,x,)} converges to (X, x) in the pointed Gromov—Hausdorff topology,
then, for any ultrafilter U over N, we have By = GH — limy Bx,, (zn, R), with Bx(z, R) C By C
Bx(z,R).
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Proof. Indeed, let U be a free ultrafilter over N. Then, by Theorem 1.4.5 above, the pointed
Gromov-Hausdorff limit (X, z) coincides with (i.e., is isometric to) the ultralimit (X, x4) over
U of the sequence {(X,,z,)}, and we have

BX(‘TﬂR) = {[yn]u : liZ/I{npn(a:myn) < R}7

while Bx (z, R) coincides with the closure of of the open ball
Bx(x, R) = {[yn]u : hbr{npn(xnayn) < R} =A{lynlu : pu(Tn,yn) < R, Vn € N},

where the second equality follows from the fact that, since limy py, (2, yn) < Rimplies pp,(Tn, yn) <
R eventually, one may always replace the elements of a sequence {y,,} € [yn]y with distance from
the basepoint greater than R, with points at distance strictly smaller than R, and the equivalence
class does not change. Finally, we have

By = GH — liLI{nBXn(xn,R) =A{lynlu : pn(@n,yn) < R, Vn € N},

and thus, Bx(z,R) C By C Bx(x, R), as claimed. Let us notice that By clearly depends on U,
as well as the embeddings. I

Tangent sets of abstract metric spaces at a point have been defined by Gromov (cf. [30; 10;
14]), as a natural generalization of the notion of tangent cone at a convex set, e.g. in R" .

1.4.9 Definition (Tangent Cone). Let (X,p) be a (proper) metric space, and x € X. A
tangent set of X at x is any limit point, for t — oo, of (X,x,tp) in the pointed Gromov—
Hausdorff topology, where tp denotes the rescaled distance by the parameter t. We write also tX
for (X, x,tp) when the metric and x are clear from the context. We shall denote by T, X, and
call it the tangent cone of X at x, the family of tangent sets of X at x. A tangent ball of X at
x is any ball centered in x of some tangent set T € T, X.

Recall that Cov,(X,r) denotes the minimum number of open balls of radius r necessary
to cover a subset £ C X. Then, as an application of the Gromov compactness criterion (cf.
Theorem 1.1.8), one can easily prove the following

1.4.10 Proposition. Let (X, x) be such that

lim sup Cov,(Bx (z,7),Ar) < oo VA > 0. (1.43)

r—0

Then, T, X is not empty. Indeed, given any sequence t, — 400, there exists a subsequence ty, for
which (X, z,ty, p) converges to a unique proper space in the pointed Gromov—Hausdorff topology.

Proof. Since Cov,(Bx (z,r), Ar) = Cov,(Byx (x, Ar),r), the claim follows from the Gromov com-
pactness criterion for compact metric spaces (see Theorem 1.1.8). 1

Let us recall that a pointed metric space (X, z, p) is called a cone, if it is invariant under
rescaling, i.e. if (X, x,tp) is isometric to (X, z, p), as pointed spaces, for any ¢ > 0.
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1.4.11 Remark. We list some basic properties of tangent sets.

(i) A tangent set cannot be empty, since it necessarily contains the basepoint x. However, it may
happen that 7, X is empty, namely that (X, x,tp) has no limit points.

(ii) If X is a (Riemannian n-dimensional) manifold, the tangent set at x is unique, and coincides
with the ordinary tangent space (see next example; cf., also, [30; 10; 14]).

(iii) 7, X is dilation invariant in the following sense: if (7', pr) is a tangent set of X at x, given
by the converging sequence (X, z,t,p), and a > 0, then (X, z, at,p) converges to (T, apr). As
a consequence, if 7, X consists of a unique set, such set is a cone in the usual sense. For this
reason, one refers to the set 7, X with the name of Gromouv tangent cone.

(iv) If all the metric spaces X,, are subsets of the same proper metric space Z, the pointed
Gromov-Hausdorff convergence may be replaced by the Attouch-Wets convergence3. Let us note
that in this case we do not need to specify a point in Z.

(v) If the ambient space Z is dilation invariant, e.g. Z = R™, then the dilations of a given subset
are still subsets of Z. Hence, the tangent sets can be defined as Attouch—Wets limits, and are
subsets of Z. Even if the two topologies do not coincide, the families of tangent sets at a given
point do.

One may say that the tangent cone is a local notion, since it grasps the behavior of a set in a
small neighborhood of a point. On the opposite side, let us mention the asymptotic cones, which
do the same, but "near infinity”.

1.4.12 Definition (Asymptotic Cone). Let (X, p) be a (proper) metric space, and x € X. An
asymptotic cone of X, or of X at infinity, is any limit point, for t — 0, if one exists, of (X, xz,tp)
in the pointed Gromov—Hausdorff topology.

An example: the tangent cone to a Riemannian manifold

As mentioned in Remark (ii) above, the tangent cone to a Riemannian manifold (M, ¢) at a point
my is then the usual tangent space at my with the Euclidean distance function pg defined by the
Riemannian metric g, and the dilation is the usual homothety of a vector space. To prove it, we
need some preparation. (We will follow [47], Chapter 8.)

1.4.13 Lemma (Approximate isometry criterion). Let (X, px) and (Y, py) be metric spaces,
and suppose that A is a subset of X and f: A — Y is a map, not necessarily continuous, such
that

lpy (f(a1), f(a2)) — px(ar,a2)| < 0
for all a1,a2 € A. Suppose that every point of X lies within ex of A and every point of Y lies

within ey of the image f(A). Then,
distep (X,Y) < max(ex,ey) + 6/2.

Proof. We shall define a compatible metric on the disjoint union X II Y. So, for x € X and
y €Y, set
p(z,y) = it {px(z,a) + py (f(a),y)} + /2.

3Given a metric space (X, d), the Attouch-Wets topology on the family C'L(X) of closed sets of X is the topology
that CL(X) inherits from C(X,R), the algebra of R—valued continuous functions equipped with the topology of
uniform convergence on bounded subsets of X, under the identification A < d(-, A), where p(z, A) = infyca p(z,y).
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The constant 0/2 is required by the triangle inequality. In order to show that p defines an
admissible metric, we must verify the triangle inequality. Let us check that p(z1,x2) < p(z1,y) +
p(y, z2) for x1,29 € X, y € Y (the other cases are proven similarly). By the definition of p,

p(r1,y) + ply,z2) = iglf{px(w,al)+py(f(a1),y)}+5/2
+inf{py (y, f(az)) + px(az, 22)} +6/2.

On the other hand,

p(x1,x2) = px(x1,72) < px(x1,01) + px(a1,a2) + px(az, x2),

and, by the assumption of the lemma,

py (f(a1), f(az)) +0

px (a1, a2) v (f(a
py(Jla

<
<

(f(a1),y) + py ((y, f(az)) +9,

p(r1,72) < px(w1,a1) + py (f(a1),y) + py ((y, f(az)) + px(az, v2) + 0.

By taking the infimum over all aj,as € A, we get p(x1,x2) < p(z1,y) + p(y, z2).

By assumption, for any y € Y, there is an a € A with py(f(a),y) < ey. Therefore p(a,y) <
py (f(a),y)+0/2 < ey +6/2, which implies that Y is contained in the §;-neighborhood N (X, d1)
for the metric p, with 1 = ey + §/2. A similar argument shows that X C N(Y,d2) with
dy = ex + /2. Thus, we have distgy(X,Y) < max(d1,d2) = max(ex,ey) + 6/2. 1

1.4.14 Definition. A map F satisfying the assumption of Lemma 1.4.13 will be called an ap-
proximate isometry between X and Y, or a (J,ex,ey )-isometry.

We say that a metric space (X, p) has the continuous expansion property at xo € X if
Nu(B(r,zg)) = B(r + h,xzo) for all r,h > 0. The continuous expansion property holds for
Riemannian spaces, and indeed for any length space, but can fail for discrete metric spaces (cf.
[30]).

1.4.15 Proposition. Let (X, xg) be a pointed space with a metric py that admits dilations o,
t > 0. Suppose that p is another metric defined in a po—neighborhood U of xg and that the
estimate

p(6¢(+), 6¢(+)) = po(6e(-), 6 ()| = |67 (p — po)| = o(t) (1.44)

holds uniformly on U as t — 0. If both pg and p have the continuous expansion property, then
the Gromov tangent cone of (X, xzg,p) at xy is (X, xo, po)-

Proof. We write By(r) for the ball of radius r about zy w.r.t. the metric (1/t)p, and By(r) for
the ball of radius r about z¢ w.r.t. pg. We will show that By(r) Gromov—Hausdorff converges to
By(r), using the approximate isometry criterion of Lemma 1.4.13 above.

The estimate in (1.44) means that

lp(¢q1, deg2) — po(0eqr, 0rg2)| < f(t)

for all g1, g2 in the neighborhood U and some function f such that f(¢)/t — 0 as t — 0. Since
the §; are po—dilations, po(deq1,0:q2) = tpo(q1,q2), so the estimate can be rewritten as

1
\;P@t‘h’ 0¢q2) — po(6¢q1,0:q2)| < h(t)
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where h(t) = f(t)/t. This last estimate asserts that d; is an h(¢)—approximate isometry between
By(r) and By(r). The same estimate, applied with ¢; = x, shows that &;(Bo(r — h(t))) C B(r)
and By(r—f(t)) C 8;(Bo(r)). Consequently, if we take the domain A of §; to be §; 1 (By(r))NBy(r),
then we find that By(t —h(t)) C A and By(r—h(t)) C 6:(A). The continuous expansion property,
i.e. Nyp(B(r)) = B(r + h) now implies that the dilation d; is a (h(t),h(t), h(t))-approximate
isometry, and consequently that distgm(Bi(r), Bo(r)) < 3h(t)/2. Since h(t) — 0 as t — 0, the
claim then follows. I

Finally, we prove the following

1.4.16 Theorem (Riemannian Tangent Cone). Let (M, g) be an n—dimensional Riemannian
manifold. Then, the tangent cone at a point mg € M is the usual tangent space at mg with the
FEuclidean distance function defined by the Riemannian metric.

Proof. Let (x1,...,x,) be normal coordinates for a neighborhood U of the point my € M.
Then, the estimate ds®> = >_.(dz;)? + O(|z|*) (i.e., gij = 0;j + O(|z|*)) relates the Riemannian
metric to the Euclidean metric Y, (dx;)? associated to the normal coordinates (see, for instance,
Lemma 13 in [51]). Let pg be the Euclidean distance function associated to the Euclidean metric
tensor d;5, and let p, be the Riemannian distance function associated to g;;. Let & (x1,...,2,) =
(tz1,...,tw,) be the Euclidean dilation. The estimate implies that |5} (py—pg)| = O(t?) uniformly
near mg. This estimate is stronger than that assumed above in Proposition 1.4.15. (Recall that
f(t) = O(t?) means that there is a constant ¢ > 0 such that |f(¢)|/t*> < c.) Hence, Proposition
1.4.15 implies that the Gromov tangent cone to a Riemannian manifold is its standard manifold
tangent space, endowed with the Euclidean structure. I

1.4.2 From the commutative to the noncommutative setting

In this section, we will illustrate the passage from the ordinary pointed Gromov—Hausdorff topol-
ogy to a (possible) quantum version of it. As a first step towards the noncommutative setting,
we shall rephrase the pointed Gromov-Hausdorff construction in quantum language. We want
to show that the above notion of pointed Gromov-Hausdorff convergence of a sequence of proper
metric spaces, can be rephrased in terms of the quantum Gromv—Hausdorff convergence of a suit-
able family of (order—unit) spaces of functions. In fact, as the pointed Gromov—Hausdorff limit
is essentially an inductive limit over the family of closed balls given by Gromov—Hausdorff limits
of sequences of closed balls with “almost” fixed radius (cf. Proposition 1.4.4), we will show that
the limit space can be recovered also by taking a (suitable) inductive family of quantum metric
spaces, each of which is the quantum Gromov—Hausdorff limit of the sequence of the spaces of
Lipschitz functions defined on (quotients of) the original closed balls. So, let us see how to do
this.

First of all, we have to “dualize” the construction, for in the quantum setting the main object
is no longer the metric space itself but a suitable set of functions on it. Therefore, since we want
to end up with an inductive family of quantum metric spaces, we have to pass from an injective
family of (subsets of) metric spaces to a projective one, in such a way that the resulting family of
quantum metric spaces (the spaces of Lipschitz functions) will be (isometrically) injective w.r.t.
the Lip-seminorms. To this aim, let (X, x, p) be a pointed proper metric space, and let B(z,r)
be the closed ball with center  and radius r > 0. We define a new distance on it as follows: let
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C(z,7), r > 0, be the complement in X of the open ball B(x,r), i.e. C(x,r) := X\B(x,r), and
let p® be the metric on B(x,) given by

p*(z1,22) := min (p(x1, x2), p(x1,C(x, 7)) + p(x2,C(2,7))), (1.45)

where p(y,C(z,7r)) = inf{p(y,z) : z € C(x,r)}. Thus, p® is the quotient metric w.r.t. the
equivalence relation defined by: y ~ zify = z or y, z € C(x,r) (see, for instance, [72], Proposition
1.4.4). Let us denote by B (z,r) the quotient of B(z,r) w.r.t. this metric. Then, for z,zy €
B(z,7/2), we have clearly p®(x1,22) = p(x1,22). Hence, the (identity) map from B(z,r/2) into
B®(x,7/2) sending z to itself is an isometry w.r.t. p on B(x,r/2) and to p® on B' (z,7/2).

1.4.17 Remark. Notice that E’(m,r), r > 0, coincides with the one—point compactification of
the open ball B(z,r) if, and only if, C(x,r) # (). In fact, if C(z,r) is not empty, we can identify
it with the point at infinity of B(z, ).

Now, we consider the unital C*~algebra of (complex—valued) bounded continuous functions
on X, which are constant on C(z,r), r > 0, that is,

C(B*(z,7)) = {f € Co(X) : f(2)|c(zr) = const}, (1.46)

where C, (i( ) is the C*—algebra of (complex—valued) bounded continuous functions on X, and we

endow C(B (z,r)) with the restriction of the usual (global) Lipschitz seminorm

L(f) :=sup{|f(z) — f(W)l/p(z,y) : = # y}.

The corresponding subspace of real-valued Lipschitz functions
Lip(B®(r)) := Lip(B" (z,7), L) (1.47)

then becomes an order—unit space with a seminorm, and since the metric induced by L on the
state space, given by

pr(p,v) = sup{|u(f) — v(f)| : f € Lip(B"(r)), L(f) < 1},

metrizes the w*~topology, we get an injective sequence of (compact C*—algebraic) quantum metric
spaces, that is,
Lip(B°®(r1)) < Lip(B"(r2), 12 >71. (1.48)
Identifying pure states with points via the Gel’fand representation theorem [50], we have then
the following

1.4.18 Proposition. The metric p, coincides with the quotient metric p® on E’(m,r) for any
r > 0.

Proof. Indeed, let us define f¥(w) := p®(w,y). Then, since we already know that p® is a distance,
it satisfies the triangle inequality, thus we have

TR O RS LR S O E A R

p(w, z) p(w, 2)
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and, taking w and z such that p*(w, z) = p(w, z), we see that L,(f¥) = 1. Thus,

pr(w, z) = sup{lg(w) — g(2)| : Ly(9) <1} = [f*(w) = f*(2)] = p*(w, 2).

As for the reverse inequality, we have clearly pr, < p (on X). So, if p(w, 2) < r/2, then p(w, z) =
p*(w,z) and thus p; < p®. If p(w,z) > r/2, since the functions in Lip(B°(r)) are constant
outside B(r), we have, for y € C(x,7),

pL(way) = sup{\f(w)| : f|C(x,r) = OaLp(f) < 1} = p(w,C(x,r)),

and thus
pL(U), Z) < pL(w7y) + PL(:U, Z) < p(w, C(x’ T)) + p(Z, C(l‘,’l“))

Therefore, pr, < p®, and thus p;, = p® on B'(z,7), as claimed. 1

Now, let (X, z, p) be a pointed proper metric space, and let (X, z, Ap), A > 0, be the corre-
sponding family of (pointed proper metric) spaces with rescaled metrics. We set py := Ap, and
denote X the space X with this metric. We want to show that the limit points in the metric
tangent cone 7, X of X at x can be recovered “functionally” by a “quantum” procedure. To this
end, we replace the continuous parameter \ with an increasing (and divergent) sequence {\, },en
of positive numbers, and denote by X,, the space X with the metric p, := Ap,p. We have the
following

1.4.19 Proposition. Suppose that the family {(X, z, pn) }nen of (rescaled) metric spaces is pre-
compact in the pointed Gromov—-Hausdorff topology. Then, with the same assumptions and nota-

tion as above, the sequence Lipn(B'(r)) is precompact in the quantum Gromov—-Hausdorff topology
for any r > 0.

Proof. In fact, let U be an ultrafilter on N, and let (X, x, pry) be the pGH-limit over U of the
sequence {(X,, z, pn) }nen. From Proposition 1.4.4 then it follows that, for any r > 0, there exist
a positive infinitesimal sequence {¢,}, a § > 0 and an element Us € U such that, for all n € Uy,
one has (to simplify notation, we omit the isometric embeddings):

(Bu(w,7 +€n), pn) C Ns(Bul(@,r), pu)-
Thus, in particular, we have
(Bu(2,7), pn) € Ns(Bul(z, ), pu)
which implies, for the covering numbers,
nos(Bn(x,7), pn) < ns(By(x,7), pu), n € Us.
Moreover, since p®(y, z) < pn(y, z) for all y, z € B," (x,), we have also
nos(Bn" (z,7), p5) < n2s(Bn(x,7), pn).

Therefore, the sequence {(B," (x,r), P ) tnen is precompact in the Gromov-Hausdorff topology.
In view of Theorem 1.2.20, this implies that {Lip, (B"(r))}nen is precompact in the quantum
Gromov—Hausdorff topology, as claimed. I
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Now, by the previous Proposition, we see that, if the sequence {(Xy,x, pn)}nen converges in
the pointed Gromov—Hausdorff topology to (Xi, x, py) over the ultrafilter & on N, then, for any
r > 0, the corresponding sequence of quantum metric spaces {Lip,, (B (x, 7)) tnen will converge
to Lipy (B’ (z,r)) (over U) in the quantum Gromov-Hausdorff topology. In this way, we will get
an injective system of quantum metric spaces, that is,

Lipy (B®(r1)) — Lipy(B*(r2)), 12 >r1. (1.49)
or, equivalently, considering the associated C*—algebraic quantum metric spaces,
Cy(B*(z,71)) — Cy(B*(x,12)), 12 >r1, (1.50)

where Cy(B*(z,r)) := (C(By,(z, 7)), Ly), 7 > 0.

Let (X, x, py) be the pGH-limit over U of the (precompact) sequence {(X, x, pn) }nen. Then,
the C*~inductive limit C'(X};) of the family {C(By,(x, 7)) }rs0, for 7 / 400, can be regarded as
a quantum version of the (pointed) metric space (Xu, z, py). (Notice that now (X, pLu) is the
projective limit of the compact metric spaces (By,(,7), pr,,), and the metric pz,, on X;; is the
one induced by the (limit) Lipschitz seminorm L,.) Indeed, we have the following

1.4.20 Theorem. Let (X, x,p) be an (ordinary) pointed metric space, and let U be a free ultra-
filter over N. With the same assumptions and notations as above, let (Xy,z, puy) € T, X be the
limit over U of the sequence {(X,x, pp)}nen in the pointed Gromov—Hausdorff topology, and let
(LipR(YZ:,), Ly) be the corresponding quantum limit. Then, the (proper) metric space (Xy, , py)
is isometrically homeomorphic to the subspace (Xoo,x, pr,,) of (Y&,x, pr,) defined as:

Xoo :={y € Xy : pry,(,y) < 00} (1.51)
where pr,, 1s the metric on YZ, induced by the (limit) Lipschitz seminorm Ly.
Proof. In fact, by Proposition 1.4.18, we have, for any r > 0,
B*(w,r)u = {y € By(w,2r) : pr,,(w,y) <} = {y € By(w,2r) : pfy(x.y) < r} =~ Bul(a,r),
where pf, is the (quotient) metric on By(z,2r) defined by
Py (1, x2) == min (py(z1, 22), pu(@1, Culz, 2r)) + pu(22, Culz, 2r))),

Cuy(z,2r) := Xy\By(z,2r), and By (z,2r) is the quotient of By(z,2r) w.r.t. this metric (cf.
Proposition 1.4.18). Hence,

(E.(ﬁa T)Z/lv pLu) = (FL{(x’ T)’ pU)'

Moreover, since the family (By/(x,7), py) is inductive, by taking the limit of (B®(x, )y, pr,,) for
r /' 400, we obtain a metric space X, which is an isometric copy of the metric tangent space,
Xy, of X at x. ]

Therefore, we see that the quantum metric space (Lipg(Xy;), L), obtained by means of this
“quantum procedure”, gives us precisely the same “metric information” about the metric tangent
cone of the original space X at x, that we would get by the classical pointed Gromov—Hausdorff
construction. (Let us observe that YZ, can be regarded as the one—point (metric) compactification
of X, in which the point at infinity has infinite distance from all other points in X.)
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1.4.21 Remark. One might guess why we do not consider, in the construction above, the inverse
system of compact quantum metric spaces, as it comes out naturally when passing from a direct
system of (compact) spaces to the corresponding C*-algebras of continuous functions, that is

Lipu(B(l‘,’l“l)) — LipL{(B(xaTQ))v ro 21

where now Lipy(B(z,r1)) := {f € C(B(z,r1)) : Ly(f) < oo}, C(B(z,r1)) is the unital C*—
algebra of continuous functions on the compact set B(x,71), and the projection is the process of
restricting a function. In this case, each space, regarded as a quantum metric space, would be
a quantum metric subspace, for the quotient Lip—seminorm, of the successive one in the family.
So, we might consider the corresponding sequence of C*—algebraic cQMS’s:

(C(B(x,m1)), L) — (C(B(x,72)), Lus)-

Then, taking the inverse limit, we would get the commutative pro-C*—algebra [52; 53] of all
continuous (bounded and unbouonded) functions on the (proper metric) space Xy, which is
defined as follows: since Xy, is a proper metric space, i.e. a locally compact, separable Hausdorff
space, it is, in particular, a countably compactly generated Hausdorff space, that is, X, is the
union of an increasing sequence of compact subsets: Xy = U,C,. For each compact subset
Cn C Xy, let C(C,) denote the C*—algebra of (complex—valued) continuous functions on C.
Since Cp, C Cp, m < n, we have correspondingly a family of (surjective) *—homomorphism 7,
from C(C,,) onto C(Cy,), given by restriction of functions on C, to Cy,. In this way, the family
{(C(Cp), ) }men will be a projective (inverse) system of (commutative) unital C*—algebras. The
corresponding projective limit is then a (commutative, unital) pro-C*—algebra. In particular,
since the family is countable, it is a (commutative, unital) o—C*-algebra, and coincide with
the (x—)algebra of all continuous (bounded or unbounded) functions on Xz;. In general, when
the space X is locally compact, one can canonically recover from the o—C*—algebra C'(X) the
(o—unital) C*—algebra Cy(X) of continuous functions vanishing at infinity [3]. Applying this
construction to the inverse system above, one then gets as inverse limit the o—C*-algebra C(Xy)
on the tangent cone at x € X.

Let us notice, however, that this construction is meaningful only when a (o—unital) C*—algebra
has a rich ideal structure (as in the case of Cy(X), where ideals are given by the sets of functions
vanishing outside a given compact set). Since in the noncommutative realm, one often deals with
C*—algebras which are simple, i.e. without non—trivial ideals (as the quantum torus below), this
approach would not produce any interesting result. This is one of the reasons why we prefer
to “dualize” the setting, and consider instead direct systems of C*—algebraic quantum metric
spaces.

The final step will be now to pass to the full non—commutative setting, by taking as start-
ing object a compact (C*—algebraic) quantum metric space. We want to reproduce the above
construction in a general noncommutative framework. As seen before, when dealing with the
pointed Gromov—Hausdorff convergence of ordinary metric spaces, non—compact metric spaces
naturally enter on the scene, so that a question arises: which should be the correct notion, if any,
of non—compact quantum metric space? A first step towards the extension to the non—compact
case was proposed by Latrémoliére in his paper [45]. A natural way to remove the compactness
property is to consider, as starting point, a C*—algebra without a unit, so that its state space is
no more w*-compact (but not even w*—locally compact). Let us recall Latrémoliere’s construc-
tion: starting with a separable C*-algebra A and a seminorm L defined on a norm-dense subset
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dom(L) of the set A, of selfadjoint elements of A, he first defines the bounded—Lipschitz distance
dr, dual to L, on the state space S(A) of A by setting, for all ¢, € S(A):

dr (¢, 9) = sup{|é(a) — ¥(a)] : a € BL},

where By, = B := {a € dom(L) : L(a) < 1, |a]| < 1}, and then he proves that the metric dy,
metrizes the w*—topology on S(A) if, and only if, the set By, is totally bounded for the weak—
uniform topology on A. Correspondingly, he calls L (a densley defined seminorm on the set of
selfadjoint elements of a separable C*—algebra A) a quasi-Lip—seminorm (a quasi-Lip—norm in
[45], Definition 2.8) if its dual bounded-Lipschitz distance dj, induces (the restriction of) the
w*~topology on the state space S(A) of A. Then, he gets as a result (cfr. Proposition 2.11 of
[45]) that (S(A),dr) is a complete path-metric space if there exists an approximate unit {e, }nen
in Ay, such that, for all n € N, one has L(e,) <1 and |le,| < 1.

Our approach is slightly different: we do not require the C*—algebras to be necessarily non—
unital. Instead, the non—compactness will emerge as a consequence of the limiting process, as
in the situation described in the preceding paragraph. So, let {4, },en be an injective family of
(unital) C*—algebras, each endowed with a (densely defined Lipschitz) seminorm L,, such that, if
©n + Ap — Ay is the injective morphism, then L, 1(¢n(a)) = Ly(a), Ya € A,. (In this case,
we will say that the seminorms L,, are compatible.) Given such a compatible family of seminorms,
we can inductively define a Lipschitz seminorm L on the (unital) C*—inductive limit A, of the
family. Now, if L, is a Lip—seminorm for any n, then the distance induced by (the restriction)
L, (of L to each A,,) metrizes the (restriction of the) w*~topology on each state space S(A).
We shall call limit-Lip—seminorm a Lipschitz seminorm L with the above property of inducing
by restriction the w*~topology on the state space S(A,) for each n.

1.4.22 Definition (Limit—Lip—seminorm). Let{A,},en be an injective family of C*—algebras
and let Aso = li_n)l.An be its C*—~inductive limit. Let Lo, be a Lipschitz seminorm on As. We
call Loy a limit-Lip-seminorm if the restriction L, of L to each A, is a Lip—seminorm, i.e. if
the topology induced by the distance pr, (p,v) := sup{|u(a) — v(a)| : a € (An)sa, Ln(a) < 1} s
the restriction of the w*—topology on S(Ax) to S(A,), and diam(A,, L,) < diam(A,+1, Ln11)
for each n € N.

An order—unit space (A, e) with a limit—Lip—seminorm L defined on it, will be called simply
a Quantum Metric Space, compact or non—compact depending on whether L is itself a Lip-
seminorm or not.

Now, let (A, L) be a (C*—algebraic) quantum metric space, that is, A is the selfadjoint part of
a separable unital C*—algebra A, and L is a Lip—seminorm defined on it. We assume, moreover,
that we are given a nested family? of (quantum metric) spaces in (A, L), each isometrically
embedded in the previous one, that is,

(A,L)=(A1,L) D (A2, L) D (A3, L) D --- D (A, L) D ..., (1.52)

and such that diam(Ag, L) = 2Ry, — 0 as k — oo. (In analogy with the ordinary situation, where
a point in a metric space can be regarded as the limit of a nested family of balls centered at that
point, whose radii go to zero, we might think at such a family of nested quantum metric spaces

“By a nested family {A,} of C*-subalgebras of a C*-algebra A, we mean the following: A = .4; D A2 D A3 D
DA, D+, and Np A, = CI.
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as the noncommutative counterpart of an ordinary point. But, for the moment, we will not yield
to a temptation of calling it a “noncommutative point”. We shall call such a family simply a
shrinking family of quantum metric spaces.) As done before in the commutative setting, given
a quantum metric space (A, L), we introduce the family of its rescaled copies (A,tL), t > 0.
So, we have a fixed (order—unit) space A, but its state space will be endowed with a family of
rescaled metrics, i.e. p(p,v) = t~Lpr(u,v) (cf. Proposition 1.2.7). Now, let {t,}nen, be a
decreasing sequence of positive real numbers converging to zero. Correspondingly, for each n, we
get a nested family of subspaces in (A, t,L) given by

(A,t,L) = (A1,t,L) D (A2, t,L) D (Az,tpL) D -+ D (A, tnL) D ... (1.53)

with diam(Ag,t,L) = 2t 1 R). (We shall take care in a while of the behavior of this numerical
sequence.) So, we can build up the following double sequence of compact quantum metric spaces:

(A, L)
(A, L) < (A L)

(Ag,tgL) - (Al,tQL) C (A,tgL) (1.54)

(An,tnL) C (Ap—1,tnL) C (Ap—2,tn,L) C... C (At L)

where the inclusions along each row are isometries into the respective images, and the quantum
metric spaces along each column (let £ = 1,2,... denote the column index) have diameters
given by diam(Ag,t,L) = 2t 1 Ry. Let us notice now that, in order to prevent from pathological
situation, we shall require that the sequence of radii behaves asymptotically like an exponential,
in the sense that there exists an ng € N and a constant ¢ > 0, such that, for all n > ng, one has

1
ngclogR— <n+1. (1.55)

n

When this happens, then obviously a"*! < R,, < a”, with a = e_%(< 1), and so we can choose
as “dilation parameter” precisely t = a and set t; := a*. In this way, we have a control on the
asymptotics of the sequence of the radii of each subfamily, that is, we have

2a"Ft < diam(Ay, tL) = 2t 'Ry, < 20", (1.56)

(Let us notice that this can always be achieved. Indeed, let U be an ultrafilter over N. Then,
given two divergent sequence of (positive) real numbers {ay, }nen and {3, }nen, one of which, say
{Bn}, is exponential (5, = b"™, b > 1), one can find an element U in U such that, for all n € U,
b < ay, < UL that is, n < (logb) " tloga, < n+1.)

Suppose now that the first vertical sequence {(A,,t,L)} is precompact in the quantum
Gromov—Hausdorff topology. According to the quantum Gromov compactness theorem (see The-
orem 1.2.18), this means the following:

1) the diameters have a uniform bound, i.e. there exists a constant D > 0 such that diam(A,,, ¢, L)
< D;
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2) for any € > 0, there exists a constant K. > 0 such that Cov((A,,t,L),e) < K, for all n € N.
In this case, thanks to the bounds in (1.56), we see that all the vertical sequences (A,,—,t,L)
have diameters bounded from below® and from above, so that condition 1) above is satisfied. As
for the precompactness condition 2), let us observe that in the original statement of the quantum
Gromov compactness theorem (cf. Theorem 13.5 in [63]), actually it suffices a weaker condition,
namely

2’) for any € > 0, there exists a function G : Ry — N such that Fing((A,,t,L),e) < G(e) for all
n € N, where, for a cQMS (A, L), Fing ((4, L4),¢) is defined as the smallest integer k such that
there is a cQMS (B, Lp) such that disty(A, B) < € and dimB < k (dimB is the vector-space
dimension of B).

1.4.23 Lemma. Let (A, L) and (B, Lg) be compact quantum metric spaces. Then,
dist,((A,La),(B,Lg))=b = disty((4,aL4),(B,aLp)) =a b (1.57)
Proof. Indeed, by a simple rescaling argument, we have
L(aLa,alp)={aL:LeL(Ls,Lp)},

hence, distp” (S(A), S(B)) = dist?{ilpL(S(A),S(B)) = a~tdist?* (S(A), S(B)), from which the
claim follows. 1

As a consequence, one has also the following relation:

Fing ((A,aL4),e) = Fing ((4,La), —), (1.58)

€
=

o
and thus, in condition 2’) above, it suffices to take the function G(¢) := G(%).

Therefore, we see that, under the assumption (1.56) of an exponential asymptotic behavior of
the sequence of radii, all the vertical sequences in (1.54) will be precompact, so we can take the
limit of each of them over any given ultrafilter &/. In this way, we will end up with the following
injective family of (C*—algebraic) quantum metric spaces:

(AZ{DLU) - (AlaﬂLU) - (AZ?;MLU) o (AZ7LU) T (159)

Finally, we take the injective limit (Ay, Ly) := li_n)l(A’L“{, Ly) of this family, and we call it a pointed
quantum Gromov—Hausdorff limit of {(A,t,L)}nen w.r.t. the family {(An, L) }nen. We call the
set of all such limit points w.r.t. any shrinking family of subspaces the quantum Tangent Cone
of (A, L).

Summing up, we can state the following

1.4.24 Theorem. Let (A,L) be a C*—algebraic compact quantum metric space, let {A,}nen be
a shrinking family of subspaces in A, and, for each n € N, denote by R,, the radius of the cQMS
(An, L). Suppose that

(1) the radii Ry, satisfy the following condition: there exists a constant ¢ > 0 such that for all
n € N, there holds

1
ngclogR— <n+1; (1.60)

mn

5A uniform bound from below assures that any eventual limit point is non-trivial, that is, it does not consist
only of the multiples of the identity.
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(2) for a suitable sequence {t,}nen of positive real numbers, the sequence (A, tnL)nen is pre-
compact in the quantum Gromov-Hausdorff topology.

Then, for any ultrafilter U on N, the family {(A,t,L)}nen converges to (A, Ly) over U in the
pointed quantum Gromov-Hausdorff sense, as described above.

Proof. As seen, it suffices to take t, = e™"/¢

and then to apply the procedure illustrated above.

Therefore, we have sufficient conditions for a quantum metric space to admit (limit) points in
its quantum Tangent Cone in the sense specified above, and Theorem 1.4.20 shows that the notion
of quantum Tangent Cone extends the classical definition. It is worth noting that this “quantum
construction”, even in the commutative setting, actually produces more general objects than the
ordinary ones, depending on which family of subspaces one selects in the ambient (quantum)
metric spaces. This will be evident in the following section, where we will show an example of
quantum Tangent Cone to a proper quantum metric space, the quantum torus. Indeed, as we
shall see, when considering the ordinary torus as a particular case of the quantum torus, the
procedure illustrated above will produce a solenoid, due to a specific choice of subspaces that we
will consider.

1.4.25 Remark. Let (Ax, Loo) be the injective limit of a sequence (A, L) of (compact) C*—
algebraic quantum metric space such that, for each n, diam(A,, L,) < diam(A,4+1, Ly+1) and
lim,, o diam(A,, L,) = +o0o. We know that, since the family {4, },cn is injective, the state
space S(Ay) of the limit algebra A, will be the projective limit of the state spaces S(Ay).
Nevertheless, suppose that, for each n, we have also isometric inclusions ¢,, of S(A4;,) into S(Ax).
Then, given p € S(Ay), let By (u,7) = {v € S(An) : pr,, (11, v) < 7} be the w*—closed r—ball in
S(Ay,) centered at u. Since t, is an isometry, the set iy, (B (i, 7)) will be the w*—closed r—ball
in S(Ax) centered at ¢y, (p). As diam(Ay, Ly) < diam(Ay+1, Lny1), we can construct a system
of w*~closed (in the relative topology) neighborhoods of ¢y, (1) € S(Awo), with non—decreasing
radii. Indeed, if we choose a suitable increasing sequence of positive numbers {r,} and take the
union over this family, we get, inside S(A« ), a metric space which is no longer compact. This is
precisely the quantum version of the metric space X, considered in Theorem 1.4.20.

1.5 A case study: the Quantum Torus

1.5.1 The Quantum Torus

We already introduced quantum (or noncommutative) n—tori in Example 1.2.22, but here we
specialize to the case n = 2. (The reader is referred to [23] for a detailed introduction to this
topic.) As seen in Remark 1.2.25, given 6 € R, we define the 2-dimensional quantum torus
Ay as the universal C*—algebra generated by two unitaries U, V, which satisfy the following
commutation relations:

Umyn — 62ﬂi(mn9)anm. (]_61)

Let S(Z?) denote the space of Schwartz functions over Z2. Then, the complex *-algebra generated
by U and V' with coefficients in S(Z?), namely

Ag = *falg{ Z ammeimpemQ DQmp € S(ZQ)}, (1.62)
m,ne”L
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is a dense x—subalgebra of Ay.
There is a natural action v of the (ordinary) torus T? on Ay, defined on the generators by:

(eimPemQ) _ e27ri(s1m+52n)eimPeinQ, (1'63)

7(31,52)

and then extended by linearity to the whole Ag.
Let Ay denote the selfadjoint part of Ay, i.e. Ag := (Ag)sq. We define a seminorm on Ay by:

‘|7(51,82)(a) —a )
{ ((s1,82) (s1,52) 7 (O’O)}’ (1.64)

where £(-,-) is the length function on T? =2 R?/Z?2, induced from the Euclidean one on R? (that
is, the Euclidean distance from the origin).

Ly(a) :=

1.5.1 Remark. Let us denote by 01, o the standard basic derivations on Ay, defined on the
generators by:

(51(Um) = 27rimUm, 51(Vn) = 0, (52(Um) = O, (52(Vn) =2minV". (1.65)

(01 and d2 can be thought of as the generators of the automorphisms group {7, +,) : (t1,t2) €
T?}.) Then, since

exp (ta exp (ta a)—a
(101 + aod2)(a) = th%lJr Yexp (tn ), pt(t 202))(@)

Y

by Proposition 1.2.13, the seminorm Ly (1.64) can be equivalently computed as
Ly(a) = sup{||(a1d1 + azd2)(a)| : a2 + a3 =1}. (1.66)
Moreover, Ay is exactly the x—algebra of smooth elements w.r.t. the action ~.
The seminorm Ly is actually a Lip-seminorm, and (Ag, Lg) is a (compact) quantum metric
space (cf. Proposition 1.2.23)
1.5.2 Shrinking Families of Subalgebras

For any p € N, p prime, we may consider the following C*—subalgebras of Ay:

AP =g = LN an UV g, € SE'Z2)) (1.67)
m,ncplZ
= O X a0V s dly € S
m,ne”

and the corresponding (dense) x—subalgebras of smooth elements:

AP =4 = et S al, UV, € 5(27)). (1.68)

m,n
m,ne”L

For notational convenience, we will consider only the case p = 2. Then, the family (Agl,Lg),

where Agl = (Agl) sa, Will be the shrinking family, which we will use to construct the quantum
Tangent Cone.
We have the following identification:
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1.5.2 Proposition. We have (Agl,Lg) >~ (Agg,2'Lyg) as (compact) quantum metric spaces.

Proof. Let Ao be the universal C*-algebra generated by two unitaries U, V satisfying the
commutation relations:

ﬁmf/n _ 627Ti(4lmn9) Vnﬁm

AsU,V and U 2l, v satisfy the same commutation relations, by the universality property, for
each integer [ there exists a *-homomorphism o; between the two C*-algebras A,y and Agl.
Since, for any ¢ € R, the C*-algebras A, is known to be simple (cf. Theorem VI.1.4 in [23]),

0 is an isomorphism for any [. Let us denote by v and 7/ the action of T? on Agl and on Ay,
respectively. Then, we have

l l ~ ~ 1 !
Ul(7(51752)(Um2 V”2 )) - 722181,2182)(Umvn) = 7{215172182)(01((]7”2 VnQ ))7
and a simple computation gives us the following relation between the basic derivations:
o
25j(o1(a)) = ou(0j(a)), a€AF j=1.2.
Hence, for every a € A2l, we get

Lo(a) = sup{||(a161 + a2d2)(a)] : a% + a% =1}
= sup{[[2'(c1d1 + @203)(0u(a)) | : af + b = 1} = 2'Lyip(0i(a)),

proving the thesis. I

By the previous Proposition, we see that the sequence of radii of the family {(Agl, Lo)}ien
satisfies the condition given in Theorem 1.4.24, since the radius of (A, 2! Ly), for each I, is
bounded by 27 [, (r, s)du from above (cf. Theorem 1.2.12), hence the corresponding sequence
of diameters tends to zero.

1.5.3 Remark. We stress once again that the choice of the sequence {2'},cy is purely a conve-
nience. The same conclusions hold for any other choice {p'};cn, with p prime, or, more generally,
one could take any sequence of integers {m;};en such that m; divides m;4; for any I.

1.5.3 The Quantum Tangent Cone

In view of the definition of shrinking family of subspaces (cf. Section 1.4.2), the starting point
will be the following double sequence:

(Ag, Ly)
(A7,27'Lg) C (Ag,27'Ly)

(A2 272Ly) C (A2,272Ly)  C (Ap,27%Ly) (1.69)

(A7,27'Lg) (A7 ', 27Lg) - C (Ag,27'Ly)
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where along each column all the QMS’s have the same (uniform) bound on the diameter, namely
2k [o€(r,s)dp (k = 1,2,3,... denotes the column index), while the inclusions along each row
are isometric inclusions.

By Proposition 1.5.2, the previous double sequence can be rewritten as

(Ag, Lp)
(Asg,Lag) — (Ag,27 " Ly)

(A429, L429) — (A49, 271[/49) — (Ag, 272[49) (170)

(A4lg, L4l9) — (A4l—19, 2_1L4l—19) — s — (Ag, 2_lL9)

where at each step the isometric inclusion is given by:
(A.,./4l, 2_lLT/4z) = (A?_/4l+1,2_l_1L7./41+1) C (AT/4l+1,2_l_1LT/4l+1). (1.71)

Now, let U be an ultrafilter over N, and let 7 € [0,1) be the limit (modl), over U, of
the sequence {4!0},cy. Then, by Proposition 1.2.24, each vertical sequence (quantum Gromov—
Hausdorff) converges to the corresponding quantum torus (A, /4k,2*kLT /4k), k=20,1,2,....
Thus, taking the limit, over U, of each column, we get, finally, the following injective family of
quantum metric spaces:

(AT7 LT) - (AT/47 2_1LT/4) A (AT/4Z7 2_ZLT/4I) o (172>

The next step will be to take the injective limit of this sequence. To this aim, we first represent
the C*-algebra A, on a suitable Hilbert space. So, for any 7 € R, let (7, H = L?(A,,79)) be the
GNS representation associated to the faithful tracial state my given by

T0(A) =70( Y amaU™V") i=agg, A€ Ay. (1.73)

n,me”Z

Since g is faithful, we shall identify each algebra with its image in B(H). Thus, we can find
two selfadjoint operators P and @Q acting on H such that the corresponding unitaries U = e’
V =@ satlsfy the commutation relation defining the quantum torus A.. Then, for each [ € N,
we define A2 as the universal C*-algebra generated by the two unitaries U = 'V =@
with P’ :=27'P and Q' := 27!Q, subject to the commutation relations:

eimP’ einQ’ _ 627ri(4’lmn7)einQ’eimP’7 m,n € 7. (174>

As before, we shall consider the dense *—subalgebras of smooth elements, given by

A2 = *falg{ Z Uy eimP ¢inQ" Dl € S(ZQ)}. (1.75)

T
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. : ! / : —1 cho—l . —1 .
Then, since e Q" = ¢im27 Pein27'Q e can write A2 equivalently as

Az_l = *falg{ Z apqePre? : a, , € S(7* [2_1])}, (1.76)
P.qEZ27!]

where Z2[271 = {(p,q) := (515r) = myn € Z}, and apg = Gy 01 /91 = Gy, ,- Thus, taking the
norm closure, we get

AZ*Z _ C*{ Z a;n’neimP’eian G € S(ZQ)}
m,neZ
= C*{ Z ap7qeippeti Lap, € S(Z2[2_l])} (177)
p,qEZ[27 Y]

Hence, Az_l can be also viewed as the universal C*-algebra generated by the two unitaries

eim27'P oin27'Q gatisfying the commutation relations:
eim27' P in27'Q _ e2m(%7)em2_lQeim2_1P, m,n € 7. (1.78)
From the action of the torus T? = (R/2!Z)? on AZ’Z, we define, as before, a seminorm on
AT = A2 as:
750y (@) — al
L.(a) := { 1,52) (51, 0,0 } 1.79
(a) := sup (51, 59) (s1,52) # (0,0) (1.79)

where the length function ¢ on (R/2'Z)?, induced from that on R2?, satisfies 2/4(s1,s9) =
61(2181,2182).
We can state the analogue of Proposition 1.5.2.

1.5.4 Proposition. We have (AT/4l,2_lLT/4l) >~ (427

2, L;) as (compact) quantum metric spaces.

Proof. We proceed as in the proof of Proposition 1.5.2. So, let U, V denote the generators of
A /a1~ Since the unitaries U, V' and ei2'P , ei27'Q satisfy the same commutation relations, from
the universality property it follows that, for each [, there exists a *-homomorphism o; from A_ /4l

onto Agfl. Since A,y is simple ([23], Theorem VI.1.4), oy is an isomorphism for any /.

Now, let us denote by v and 7' the action of T2 on A /4t and on AZ’Z, respectively. Then, we
have

rTmyY;n im27tP _in2~! mysn
Ul(’y(SLSQ)(U V )):’72215172152)(6 2 Pe 2 Q):72218172l52)(0-l(U 4 ))’

and, with a simple computation, we get:
2'5j(01(a)) = 01(8j(a)), a€Ayp j=1,2.
Hence, for every a € A, /4, we obtain

Lr(oi(a)) = sup{[l(a101 + azd2)(or(a))l| : of + af = 1}
= sup{[|2 Y161 + aada)(oy(a))|| s aF +ad =1} = 2*ZLT/41 (a),

and the thesis follows. 1
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The sequence (1.72) of (isometric) inclusions now can be written as
(Ar Le) = (A7 I27) = (AT L3 ) oo (A7 12 ) e (180)

What do we get as C*—inductive limit of the sequence of C*—algebras {AE_Z}ZGN? Clearly, we get
a C*-algebra, which we denote by A2°, whose dense x—subalgebra of smooth elements is given

by

AX = U Az_l = *falg{ U { Z ap. PPl : q,, € S(ZQ[Z*Z])}} (1.81)

leN leN p,qEZ[Q*l}

= *falg{ Z auﬂ)eiuPein Ly € 8(22[2700])},
u,VEZ[2~ ]

where Z[27°] = {27"m : m € Z,n € N} is the (additive) group of 2-adic numbers. Notice that
A = (A)4, is endowed with a seminorm L, defined by restriction to each subalgebra A%il.
L, is densely defined, and vanishes by construction only on the multiples of the identity, hence
it is a limit-Lip—seminorm and A2° is a quantum metric space (cf. Definition 1.4.22).

Finally, we can conclude saying that:
For each limit point T € [0,1) of the sequence {4'0}1en, L is a limit-Lip-seminorm and

(A2°, L) belongs to the Quantum Tangent Cone of (Ag, Lg) induced by the family (A(%Z,Lg).

Let us see now which kind of limits we get by the above procedure. We must distinguish the
following cases.

1) Let 6 € Q, with = ™, (m,n) = 1, and m < n. If n is a power of 2, then lim;_ qlg =
0(mod1) and the sequence (1.80) becomes

(C%(T?), Lg) < (C*(T}), Lo) — (C*(T3), Lo) - - - <= (C(T}), Lo) - - - , (1.82)
where
C>(T7) = *falg{f(a:,y) = Z ap,qeimeiqy “apg € s(z? {2_1])}7 (1.83)
P,gEL[27!]
Lo(f) = sup{H Z (a1p + aQq)ap7qei”xeiqy“ c0d +ad = 1}, (1.84)
P.gEL27!]

and T? denotes the 2!—fold covering of the torus T?(= T2), with projection map given by the
process of dividing by 2, i.e. ']I‘IQ+1 5 (z,y) — (z/2,y/2) € T?. The pointed quantum Gromov—
Hausdorff limit is then (C°°(83), Ly), where C*°(S3) is the algebra of smooth functions on the
projective limit of the family {T?},en,, which is, by definition, the 2-adic (2-dimensional) solenoid
group® 83, i.e. the (Pontryagin) dual of Z*[27°°]. So, we see that the quantum tangent cone to
the ordinary torus contains more objects than the ordinary tangent space (i.e., the 2-dimensional
Euclidean space R?).

5Tt can be equivalently defined as follows (see, for instance, [38], Definition 10.12): let a := (ao, a1, az,...)
be any sequence of integers all greater than 1, set u := (1,0,0,...), and consider the additive (locally compact)
group R X Aa, where A, is the additive group of a—adic integers. Let Ny be the subgroup of R x A, given by
{(n,nu)} > The (one-dimensional) a—adic solenoid Sa is then defined as the quotient group R X Ay /Ny.

n=—oo"
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2) Let € Q, with § = ™, (m,n) = 1, m < n, and n = 4*h, where 4% is the maximal
power of 4 dividing n. Then, the sequence {4l_k%(mod1)}l€N has at most h limit points among
the solutions of the congruence (4"m = h(modh))/h, i.e. in the set {£,%,...,1 — 3}, and the
sequence (1.80) becomes

(Ag Lg) = (A2, Ly) — (A2

-1
q q 7Lq)‘_>;>(A2 7Lq)‘_>"' (185)

with q € {%, %, R %} We shall call the pointed quantum Gromov-Hausdorff limit (Ag°, L)
the Noncommutative (or Quantum) Solenoid with rational parameter g.
3) Finally, when # € R\Q, then, for any ¢ € [0, 1), there exits a subsequence, {4%*6(mod1)}ren,
of {4'#(mod1)};en converging to ¢, and Proposition 1.2.24 tells us that
lim 4% = ¢(mod1) = lim (A g, Lytp) = (A, L) (1.86)
q

k—oo
For a given subsequence {4/*6(mod1)}xen, the family (1.80) becomes:
—1 ) —1
(A, Lg) — (A3, Lg) — (A5 ", L) < -+ — (A, Lg) — - - (1.87)

and we shall call the pointed quantum Gromov-Hausdorff limit (A;O, Lgy) the Noncommutative
(or Quantum) Solenoid with irrational parameter ¢.

1.5.4 Quantum Subspaces of the Quantum Torus

We recall (see Definition 1.2.16) that a morphism ¢ : A — B between two compact quantum
metric spaces (A, La) and (B, Lp) is a linear positive map preserving the order—units and the
Lip—seminorms (i.e. Lp = Lgoy), and that, if ¢ is surjective, the dual map S(p) : S(B) — S(A)
between the corresponding state spaces is an injective (affine) map. In this case, the image
(p(A),Lp) of (A,L4) in (B, Lp) is called a quantum metric subspace of (B, Lg). In this section,
we show that (A(%Z,Lg) is actually a quantum metric subspace of (Agp, Ly).

Let us recall that a Conditional Expectation of a C*—algebra onto a subalgebra is a positive,
unital idempotent linear map’. We will show that the (2-dimensional) quantum torus admits
conditional expectations onto its subalgebras. First, consider the two following automorphisms
of Ap: for any A, p on the unit circle (|\| = |u| = 1), let py, be the endomorphism of Ay given
by

pu0) =AU, (V) = iV, (1.88)

and let o = p5 ;px - Since o(U) = U and o(V) = V, we have 0 = id. Thus, py, is an
automorphism.

For each fixed A in Ay, the map from T? to Ay given by f(\, 1) = pa, u(A) is norm continuous®.
We define two maps of Ay into itself by the formulae?

1

1
By o(A) = / preami(A)dt,  ®gy(A) = / pezmie 1 (A)dt. (1.89)
0 0

"Recall that a map ® is contractive if ||®|| < 1, idempotent if ®* = &, and a positive map is faithful if A > 0
and ®(A) = 0 implies that A = 0.

8To verify this, notice that it is true for all non-commuting plynomials in U, V,U*, V*; but these are dense and
the automorphisms are contractive, so that the rest follows by a simple approximation argument.

9These integrals make sense as Riemann integrals since the integrand is a norm continuous function.
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1.5.5 Theorem. [23] @, is positive contractive idempotent and faithful, and maps Ay onto
C*(U). Moreover,

®10(f(U)Ag(U)) = f(U)P1,0(A)g(U) (1.90)

for all f,g € C(T). For any finite linear combination of {U™V™ : m,n € Z},

©100) " amaU™V") =" amoU™. (1.91)
Finally, for every A in Ag,
1 " : A
®d0(A) = [ JAU Y. 1.92
1,0(A) e 2n+1j;nU U (1.92)

The corresponding result for @9 obviously holds as well. Combining the two results, we obtain

1.5.6 Corollary. The map 7 := ®190®Pg1 = Pg10P1 o is the unique faithful unital scalar-valued
trace on Ag, and is defined as

T(A) = T( Z am,nUmvn) ‘= ap,0- (193)

nmeZ

h 9k
Next, we show that Ay has conditional expectations onto each of its subalgebras .AéQ 2,
Pick any A in Ay, and decompose it into the “even” and “odd” parts w.r.t. U in the following
way:

A=Y apaU™V"= > agmaU?™ V" + > agmir U2V (1.94)

m,neL m,neL mne’

Let Ag’l be the subalgebra generated by U?,V. Any element A € Ay can be written as

A=zx+yU, (1.95)
where
r= Y ama UV, y= Y agmipine UV (1.96)
m,neL m,ne’

We define a linear map Es( from 4y onto AZ’I by E20(A) = Eao(x 4+ yU) := . Then, we have
E270(I) =TI and

Eyo(A*A) = Eyo((z+yU)"(x+yU)) = Exo(z*z + Uy*yU + 2*yU + U*y*x)
a*x + U*y"yU > 2%z = Eyo(A") E20(A),

showing that Es g is a positive map. (Notice that we can always write U*y*z as §*zU, with g*
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given by the following computation:

U*y*x —

Z Ao i1.k€ 27rzk9U2th Z Aom nU2mvn)

h,k€Z m,neL
§ : aani1 keQﬂ'szV kU 2h § : Aom nUQmVn)
h,k€EZ m,ne”
k 2h— 1 2
E Gop1 eV U™ E a2m U""V")
h kEZ m,neZ

(Z me*?ﬂ'ik’(?h*#l)@[]*?h*lvfk)( Z a2m7nU2mvn)

h,keZ mne”

( Z mefQﬂ'ik(QIPH)QUQthlvk)( Z a2m7nU2mvn)

h,keZ mne”

( Z 7(1,%,1,,;66_2“’“(%“)6UQth)( Z anan2m+lvn)

h,keZ m,nEL

( Z me—?m’k(?h-‘rl)HUthk)( Z a2m7ne—2ﬂ'in9U2mvn)U

h,k€EZ m,neZ
~* iU )

Let (7., H, = L?(Ag, 7)) be the GNS representation associated to the tracial state 7 (1.93).
Since 7 is faithful, we shall identify Ay with m-(Ay) C B(H.). By the previous considerations,
we can decompose the Hilbert space L?(Ag, T) into the direct sum of the even and odd subspaces

w.r.t. U:

M, = HE & H, (1.97)

where HS = L?(Ay, 7). and H2 = L?( Ay, T),. In fact, given A € HS and B € H2, we have

(A> B)Hr

= T(Q_ azmalU™™V")" () bapi1 U V)
- Za e YY) Zb2p+1 PV D))
DT €T oy JUHV ULV

Zme%ﬂmne _27”27””9() U2m+2p+1V"+q)

=7 ZC2h+1 kUzhHVk) 0,

= T

= T

= T

(A"
((
(
(
(
(

where cont1k = D @—2m,—nb2n+1-2m k—n-
Consequently, the C*—algebra 7, (Ag) (= Ap) becomes a Zs-graded algebra:

A=A, A (1.98)
Ay i HE —HE, Ayt HO — HO (1.99)
A_iHE—HO, A :HO — HE. (1.100)
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If we write A in matrix notation,

we get, for the norm,

|Al = sup [[Az] = sup
lell=1 lell=1

Ae Qo 1
Ao Qe 9
AeT1 + QT2
AoT1 + Ael2

= sup ([lacw1 + aowal® + [|aor1 + acza|?)

= sup
[lzll=1

NI

Jall=1
1
> sup ([laexi|? + laoz1]®)® > sup [lacz| = [|A+].
=1 Jall=1

(1.101)

(1.102)

Since the composition of two conditional expectations is again a conditional expectation, we

1 9l
obtain for each subalgebra of the form Agl (= .Az 2), a conditional expectation Ej from Ay onto

Azl, which, by duality, means that the corresponding order—unit subspaces are quantum metric

subspaces, once they are given the quotient seminorms.

So, we have to compare the two seminorms on Az’l, the one given by restriction of that from

Ap, and the quotient seminorn on Ag’l given by

Lo(z) = inf{L(A) 1y € A"}, Ac Ay, A=z+yU, =z,yecA

On the one hand, we have

ngl(x) = inf L(A) S L(A)y:() = L(.’l})

yeAZ!
On the other hand, by the previous computations, we have
|(a1d1 + a2d2) (A)|| > ||(a161 + a2d2)(x)||, Yaq,ae € C,
and thus,
L(A) = a%igg:l [(1d1 + a202)(A)[| = [[(a101 + aada) ()],

which implies, for every y € Az’l,

L(A)=L(x+yU) > sup (101 + a262)(z)|| = L(x),

a%—l—a%:l
and, in particular,
Lyi(x) = inf L(A)> L(x).

2,1
yeA@
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(1.106)
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Finally, we get the desired equality between the two seminorms on Ag’l, namely
Ly (z) = L(x). (1.109)

The above construction evidently holds true, if we pass from Az’l to Ag’Q = Ag, and, by
iteration, we get the following

1.5.7 Proposition. For each positive integer I, (Agl,Lg) is a quantum metric subspace of
(Ag, Lg).

We see that, by the previous Proposition, each QMS in the double sequence (1.80) is actually
a quantm metric subspace of the successive one in each row. So, as discussed in Remark 1.4.25,
given a state on the quantum solenoid A?‘;, for instance the trace T defined above in (1.93), one

may consider the ball B™ (7,7) := tm(Bm(7,7)) (1 : S(Az_l) — S(A2°) is the dual map of the
projection m : A — Ag_l given by the conditional expectation), and then the space obtained
as union over all (admissible) r > 0, namely

Koo 1= U B (r,7).
r>0

Thus, for instance, for AP = C*°(S3), we obtain the (isometric) copy of R? embedded in the
2-adic solenoid S2 (see Theorem 10.13 in [38]). Therefore, we may say that C°°(S3) is some kind
of “compactification” of C°°(R?), in the sense that the weak closure in B(L?(R)) of the GNS
representations of the corresponding C*—algebras of continuous functions coincide, as we shall
see in the next section.

1.5.5 The Weyl Unitaries and the Quantum Plane

The Quantum Plane

(The reader is referred to [73] for more details.)
Let us begin recalling the definition of the Quantum Plane.

1.5.8 Definition. Let § > 0. For t = (t1,t2) € R?, we define a unitary operator Wy(t) on
L*(R?) by

: 1 1
Wo(B9)(@r.z2) o= 40 58)g 4 Loty 2y — L), (1.110)
For f,g € S(R?), we define the twisted product f xg g € S(R?) by
1 -
(F o0)(ona) = oo [ dtvdta fltr ) Walt)g) a1, 2), (1111)

with f the Fourier transform of f. Finally, for f € S(R?), we define the twisted multiplication
operator Wy(f) on L*(R?) by
(Wo(f))(g) :== (f %0 9). (1.112)

The unitaries Wy(s), s € R? satisfy the Weyl Commutation Relations, i.e.
Wo(s)Wp(t) = el fGztimsit2)yy, (s + t). (1.113)

One has then the following
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1.5.9 Proposition. [73]

(i) Let f,g € S(R?) and a,b € C. Then, aWy(f) + bW.(g9) = Wa(af + bg).

(ii) Let f,g,h € S(R?). Then, (f xgg) xah = fxg(gxgh). Thus, Wa(f)Wa(g) = Wr(f X9 9)-
(iii) Wa(t)* = Wy(—t) for all t = (t1,t2) € R% For f € S(R?), one has Wy(f)* = Wy(g), where

g(iﬂl,iUQ) = f(_xla —$2).

1.5.10 Definition. The Quantum Plane is the C*—algebra generated by the operators Wy(f) for
f € S(R?).
The Weyl Commutation Relations

We can reinterpret the commutation relations defining the noncommutative torus as a discrete
form of the Weyl commutation relations. Indeed, let Wy(m) be the unitary defined as

Wp(m) := e~ im0mimagymiy mo (1.114)

where m = (m1, mz) € Z2. The operators Wy(m) then satisfies, as above, the Canonical Com-
mutation Relations (CCR) in Weyl form:

Wo(m)Wy(n) = ™™, (m + n) = 20D, (n) Wy (m) (1.115)

with oy the symplectic form
op(m,n) = O(miny — many). (1.116)

(Notice that Wy(m)* = Wy(—m) and that products like [[, Wy(my) are reducible to a single
Wy(>_, my) multiplied by a phase.) Thus, we can rewrite the noncommutative torus as

Ag = C*{ 3" amWo(m) : am € S(ZQ)}. (1.117)

meZ2

Moreover, for each f € C*®(T?), let Y mez? ame™(MX) he its Fourier expansion and define

Wo(f) == > amWp(m). (1.118)
mcZ?
Then,
Ag = CH{Wy(f) : f € C°°(T?)}. (1.119)

(We recall that Ay = C(T?).)
Consider now the quantum solenoid A2° in the Weyl form, namely

Ax = of Y W)y e SZRT)}

u€zZ?2-°]
_ c*{ U { Y aqWila):aq € 3(22[2—l])}}, (1.120)
leN  qez2[27]
and rewrite it as
A% = C*{ U {Wf(f) . fe COO(T%)}} (1.121)
1eNg
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where T? is the 2/fold covering of T2. Then, we have evidently
AX = CH{W,(f) : f e C%(83)} (1.122)

Therefore, each element in the quantum tangent cone to the quantum torus can be regarded
as lying in this quantum plane, in the sense that there exists a representation, the tracial repre-
sentation, in which the corresponding weak closures are the same.

In fact, for x,y € R?, let Wy, Wy be Weyl unitaries satisfying the following commutation
relations:

way — eZiTrO'r(X,Y)WyWX’ (1123)
or(x,y) == T(z1y2 — T21), (1.124)

and denote by W; the corresponding (Weyl) C*—algebra:
Wy = C*{Wy : x € R?}. (1.125)

Clearly, A% C W;, but W; is not the (7—)quantum plane we are interested in. So, for f € S(R?),
let us define first the operators

WL (f) = - f(x)Widx, (1.126)
(f denotes the Fourier transform of f) and then the “true” 7—quantum plane as
Py = C{W,(f) : [ € S(R2)}. (1.127)
Now, we want to represent A, and P, on L?(R) in such a way that:
m1(AF)" = ma(Pr)". (1.128)

(We denote by ma the GNS representation induced by the tracial state 7 on P, defined as
T(W=(f)) := f(0).) Since clearly ma(P,)" = m2(W;)", it suffices to show that

1 (AX) = ma(W,)". (1.129)

To this aim, let H = L?(R), and let U,, Vs be two strongly continuous groups of unitaries on H,
given by

Uaf)(t) = f(t+a), (VBH(E) =T D f(1), a,B,teR? feSR) (1.130)
with (¢ - 3) the usual scalar product in R?. Then, U,, V3 satisfy the following relations:
UsUst = Unior, VeV = Varg, UdVg=eT@PV50,. (1.131)
The Weyl unitaries Wy, x = (a, 3) € R?, are then given by
Wy = e 27 @Ay, v, (1.132)
and satisfy the commutation relations:

Wi Wy = 27 0,y (1.133)
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with o, (x,y) = 7(z1y2 — 22v1), * = (x1,22), y = (y1,y2). For f € S(R), we define the action of
Wx on f by
1
(fo)(t) _ e2z7r7(§xla:2+ta;2)f(t + x2)‘ (1.134)

Given f,g € S(R), let us consider
(Wals 9)m = / eHmT(Ees o) £ (¢ 4 ay)g ()t (1.135)
R

then, setting ¢ = y — %+, we obtain

(Wit ) = /R e2mmwen) f(y 4+ Doy — Tydy = Vj ) (1, 22). (1.136)

2 2
The bilinear map V.. : S(R) x S(R) — S(R?) extends to a (bounded) bilinear map from
L*(R) x L*(R) to L*(R?) (see, for instance, Proposition 2.4 and Corollary 3.5 of [74]). Since we
can approximate any = € R by a sequence of dyadic rationals {Z }ren, we finally get

w — klim Wr(qy) = Wk. (1.137)
Hence,
ma(W,)" C m(AX)", (1.138)

and, as A C W; by construction, we obtain the reverse inclusion, hence the equality.
Hence, we have proven the following

1.5.11 Proposition. Let m; and m be the tracial representation on L*(R) of the quantum
solenoid A° (1.122) and of the quantum plane P, (1.127), respectively. Then, we have

T (AZ)" = ma(Wr)". (1.139)
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Chapter 2

Lip—von Neumann Algebras and
Ultraproducts

In the first two sections of this chapter, we will introduce the notion of Lip—spaces and Rigged
Lip—spaces, along with the corresponding ultraproduct construction, while the last section is
dedicated to the definition of Lip—von Neumann Algebras and their ultraproducts.

2.1 (Dual) Lip—spaces
We recall some basic facts about Lip—spaces (see [32] for more details).
2.1.1 Definition. We call Lip-space a triple (X, | - ||, L), where:
(i) (X,|I-1]) is a Banach space,
(ii) L: X — [0,400] is finite on a dense vector subspace Xo, where it is a norm,
(iii) the unit ball w.r.t. L, {x € X : L(z) < 1}, is compact in (X, | - ||).
We call Lip—norm a norm L satisfying properties (ii) and (iii) above.

We call radius of the Lip-space (X, | - ||, L), and denote it by rx, the maximum of || - || on
the unit ball w.r.t. L(-), hence

lz|| < rxL(z), z€X. (2.1)

This is the analogue of the radius of a compact quantum metric space (cf. Definition 1.2.5 and
Proposition 2.2 in [60]).

2.1.2 Remark. Notice that every quantum metric space (A, L4) may be viewed also as a Lip—
space, simply by setting, for any a in the domain of L 4,

L{a) = max(La(a). - [al).

The Rieffel’s Lip-seminorm L4 can be then recovered as La(a) = infyer L(a — Aea) (cf. [32],
Proposition 2.2).
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2.1.3 Proposition. Let (X,| - ||, L) be a Lip—space. Then, the dual norm

(€, )]

L) = sup 7

(2.2)

induces the w*—topology on the bounded subsets of X', the Banach space dual of (X, || -||), and
the radius rx is also equal to the radius, in the L'-norm, of the unit ball of (X', ")

Proof. First observe that L'(-), which is obviously a seminorm, is indeed a norm. In fact, if
L'(¢) = 0, then £ vanishes on X, which is dense, i.e. £ =0.

Now, we consider the identity map ¢ from the closed unit ball B} of X', endowed with the
w*~topology, to the same set endowed with the topology induced by L’. Given r > 0, let
{z;:i=1,...,n} bean r/2-net in {z € X : L(z) < 1}. Then, if ||¢]’ <1 and L(z) < 1,

(&)l < max [(€, 1) + /2.

Therefore, the w*~open set in B}

U= {lel’ <1+ max |{&z)] <r/2},

is contained in the L'-open set in B
V=Allgl" <1: L) <},

showing that ¢ is continuous. Since the domain is compact and the range is Hausdorff, ¢ is a
homeomorphism.
Finally, the radius of the unit ball of X’ in the L’-norm is given by

, &, a)] Il L€,
L(€) = AL - _
S &= s Tlel S T R el

2.1.4 Definition. A Dual Lip-space (DLS) is a dual Banach space X' with a dual Lip-norm L'
which metrizes the w*—topology on bounded sets.

2.1.5 Proposition. (X, |- ||, L) is a Lip-space if, and only if, (X', ||- ||, L") is a dual Lip—space.

Proof. 1f (X,]| - ||, L) is a Lip-space, then (X', | - |/, L) is a dual Lip-space by the Proposition
2.1.3. Conversely, suppose that (X', || - ||',L’) is a dual Lip-space. Then, identifying X with its
(isometric) image in the (Banach) bidual X” of X, we may consider the set {z € X : L(z) <1}
as a family of w*—continuous functions on the w*—compact set {£& € X' : [|§|| < 1} C {¢ €
X' L&) < rx}. Since [(§,z)| < L(z)L'(§), we see that the family {z € X : L(z) < 1} is
equibounded by rx on {& € X' : ||£]|' < 1}. Moreover, as |({1,z) — (§2,z)| < L'(&1 — &2), and
L’ induces the w*~topology on the bounded subsets of X', then the family {x € X : L(z) < 1}
is also w*—equicontinuous. Therefore, by the Ascoli-Arzela Theorem [66], {z € X : L(z) < 1}
is compact in the sup—norm | - ||, which coincides, on { € X' : ||£]|' < 1}, with the original
(Banach) norm || - ||.
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For the applications, we need the fundamental notion of uniformity for families of Lip—spaces.

2.1.6 Definition. A family F of Lip—spaces is called uniform if for all € > 0 there is n. € N
such that, for any (X, |||, L) in F, {z € X : L(xz) < 1} can be covered by n || - ||-balls of radius
€.

The next Lemma tells us that a uniform family of Lip—spaces is also uniformly bounded.

2.1.7 Lemma. [32] If F is a uniform family of Lip—spaces, then there is R > 0 such that
lz|| < RL(x) for any (X,| -||,L) in F, z € X.

Proof. Let (X,|| - ||,L) be a Lip-space such that {x € X : L(z) < 1} can be covered by n
balls of radius 1, and let o € X, L(xg) = 1. Since the set {txg : t € [0,1]} is contained in
{r € X : L(x) <1}, it is covered by at most n balls of radius 1, hence its length is majorised by
2n, and thus R < 2n. ]

2.1.8 Notation. Let X be a normed (linear) space, and let Xy be a subset of X. We say that
X is e-dense in X if, for any x € X, one can find an z¢g € Xy such that ||z — x| < e. When
the set X is discrete, we shall call it an e—net. When the space involved carries more than one
norm, we will always specify the norm w.r.t. which a set will be dense in some other set.

We need two technical Lemmas.

2.1.9 Lemma. Let (X, p) be a metric space, Bx(x,r) the open r—ball with center x, n,(§2) the
least number of open balls of radius r which cover Q C X, and v, () the largest number of disjoint
open balls of radius r centered in Q). Then, one has

() > v (Q) > nor ().

Proof. For the first inequality, let Bx(z;,r), i = 1,...,1,(Q), be disjoint balls with centres
in . Then, any r—ball of a covering of 2 may contain at most one of the x;’s. Indeed, if
zi,xj € Bx(z,r), then {z} C Bx(z;,r) N Bx(zj,r) # 0, so that z; = x;.

As for the second inequality, we need to prove it only when v, is finite. So, let us assume that
{Bx(zi,T) };-’;(19) are disjoint balls centered in 2, and observe that, for any y € €,

V’r'(Q) I/T(Q)
p(y, U Bx(zi,r)) :=inf{p(y,2) : z € U Bx(x;,r)} <,
i=1 1=1
vr(§2)

otherwise Bx(y,r) would be disjoint from (J;” "~ Bx(x;,r)), contradicting the maximality of
vr(€2). Thus, for all y € Q, there is a j such that p(y, Bx(z;,r)) < r, that is,

vr(Q)
Qc |J Bx(zi,r),
i=1
which implies the thesis. 1
2.1.10 Lemma. Let (V,||-||) be an n—dimensional normed space. Then, the ball of radius R can

be covered by (2R/e)™ balls of radius ¢.
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Proof. Let us recall that, denoting by n.(€2) the minimum number of balls of radius & covering €2,
and by v.(€2) the maximum number of disjoint balls of radius € contained in €2, by the previous
Lemma, one gets n:(£2) < v./5(€2). Then, denoting by vol the Lebesgue measure and by B,
the ball of radius r w.r.t. the given norm, we get vol(Br) > v.(Bgr)vol(B:), and vol(Br) =
(R/e)™vol(B;), hence n.(Br) < (2R/e)™. 1

Finally, we have a useful characterization of uniformity in terms of finite approximability,
given by the following

2.1.11 Proposition. A family F of Lip—spaces is uniform if, and only if, there exists a constant
R as in Lemma 2.1.7, and, for any € > 0, there is N. € N such that any Lip—space X in F has
a subspace V. with dim V' < N, such that {x € V : L(x) < 1} is e~dense in {x € X : L(z) < 1}.

Proof. Let F be uniform. The constant R exists by Lemma 2.1.7. Then, choose a covering of
{z € X : L(x) <1} by N; norm-balls of radius €, and consider the vector space V' generated by
their centers. Its dimension is clearly majorised by V..

As for the converse direction, take ¢ < 1. The elements in {z € V : L(z) < 1} are contained in
{z € V : ||z|| < R}, hence any covering of the norm-ball of V' of radius R with balls of radius
gives a covering of the Lip—norm unit ball in X with balls of radius 2¢. By Lemma 2.1.10, one
can realise the former covering with (2R/<)™= balls, hence the implication is proved. 1

2.2 (Dual) Rigged Lip—spaces

2.2.1 Definition. A Rigged Lip-space (RLS) is a Banach space X with a densely defined Lip—
norm L such that {x € X : L(x) < 1} is norm compact, and a further norm p, with p(x) < ||z||.

A Dual Rigged Lip-space (DRLS) is a dual Banach space X' with a dual Lip—norm L' which
metrizes the w*~topology on bounded sets, and a (possibly infinite) norm p', with p'(z') > ||/,
such that {x' € X] : p/(z) < oo} is w*—dense in X} .

We see that a rigged Lip—space is a Lip—space endowed with a further norm p smaller than
the Banach norm, while a dual rigged Lip—space is a dual Banach space endowed with a further
norm p’ greater than the dual Banach norm. As we shall see in the following, in the W*-algebraic
setting, where the dual Banach space will be a W*-algebra (or a von Neumann algebra), this
notion is somehow dual to that of Rieffel, which is essentially a C*—algebraic construction, for
if the Banach space of normal linear functionals on W*-algebra is a rigged Lip—space, then its
dual, i.e. the W*-algebra itself, or better, its (norm) unit ball, will be the compact metric space
playing the role of the state space of a quantum metric space a la Rieffel.

2.2.2 Proposition. Let X be a Banach space, X' be its dual Banach space. (X', L', p’) is a dual
rigged Lip—space (DRLS) if and only if (X, L,p) is a rigged Lip—space (RLS).

Proof. The fact that (X, L) is a Lip-space if, and only if, (X', L") is a dual Lip-space follows
from Proposition 2.1.5. Therefore, we only have to check that {2’ € X] : p/(z) < oo} is w*—dense
in X7 if, and only if, p is a norm on X. Assume that p is a norm on X. Since X is a Lip-space,
then, by Proposition 2.1.11, for any n we may find a finite subset F,, of {x € X : L(z) < 1} such
that Uger, B(x,1/n) D {x € X : L(x) < 1}. Therefore, if V,, is the vector space generated by Fy,
k < n, then {V, },en is an increasing sequence of finite-dimensional spaces whose union V, is
dense in X. For a given 2’ € X', with [|2'|| < 1, 2’|y, is p-bounded, since V, is finite-dimensional
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and p is a norm, hence, by the Hahn-Banach Theorem, we may find an extension 2/, to the whole
X such that [|z],]| < 1 and p/(z],) < co. We want to show that z], — 2z’ in the w*~topology.

n n
Indeed, for any x € X, let x,, € V,, be a sequence approximating x in norm. We have then

(@' = 23,2 = (@' = 21), (2 = )] < 2o = 2] =0,

Conversely, if p is only a seminorm on X, namely there exists an z € X, with ||z| = 1 and
p(x) = 0, we get, for any 2’ € X' with p'(z) < oo, p'(2') > [(&/, Ax)| = |A| [(«/, )| for any A,
hence (2/,z) = 0. Therefore, if we choose ' € X’ such that (2/,x) = 1, and pick a sequence {z/,}
w*~converging to z’, then we get (z/,x) — 1, namely ] has eventually infinite p’-norm. 1

2.3 Ultraproducts of Lip—spaces

(The reader is referred to Section 1.3 for basic definitions and properties of ultrafilters and
ultrapowers for families of (metric or normed) spaces.)

2.3.1 Restricted Ultraproducts of (Dual) Lip—spaces

Given a sequence {(Xp, || - ||, Ln) }nen of Lip—spaces, let £>°(X,,,U) be the Banach ultraproduct
of the sequence {(X,, | - ||) }nen of Banach spaces (see Definition 1.3.16), and denote by m, the
projection from ¢*°(X,,) onto ¢*°(X,,U).

2.3.1 Definition. Given a sequence {(Xny, || - ||, Ln)}nen of Lip—spaces, we call restricted ultra-
product of the sequence, and denote it by (% (X,,U), or simply by Xy, the norm closure of the
image under my of the subspace (% (Xy), defined as (%5 (Xy) = {{zn} € °(Xy) : L({zn}) =
sup,, Ln(z,) < +o00}.

The quotient norm || - ||y of the equivalence class 7, of a sequence {z,} is defined as
[2zellee == inf sup [|ynl], (2.3)
[ ”7«]: u n

and, by Proposition 1.3.12, we see that ||zy||y = limy ||z, || (see [1], 2.3).
Analogously, the quotient norm Ly (xy/) of xy, is defined as

Ly(xy) == inf sup L, (yn). (2.4)

[ynl=z0 n

This, in particular, implies that Ly (zy) < limy Ly (xy,). In fact, for any € > 0, there exists an
element U of the ultrafilter such that, for any n € U, L, (zy,) < limy Ly, (2y) + €. Then, if we
define y,, = z,, for n € U and y,, = 0 for n ¢ U, since [y,] = [z,], the result follows. Moreover, it
can be shown that the infimum in (2.4) is a minimum (see [32], Lemma 2.9), i.e. there exists a
sequence {Z,} in the same equivalence class of {z,}, such that

Lu(l'u) = hZ/I{n Ln(jn) = Slrle Ln(‘%n) (2'5)

In particular, it follows that, for any element x; € €35 (X, U),

Ly(xy) = min lim Ly (x,). (2.6)

[zn]=2y U
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2.3.2 Proposition. [32] Given a uniform sequence (Xu, || - ||, Ln) of Lip—spaces, the restricted
ultraproduct L% (Xy,U), endowed with the quotient norms || - |[i, Ly, is a Lip—space. Moreover,
the radius 1y for €55 (Xn,U) is equal to limy ry,, where 1, is the radius of X,.

Let {(X], |- II'; L)) }nen be a sequence of dual Lip—spaces, and let £>°(X/,,U) be the (Banach)
ultraproduct of the sequence {(X/], || - ||') }nen (see Definition 1.3.16).
The relation between ¢*°(X],U) and (% (X,,,U)" is given in the following

2.3.3 Proposition. [32] Let {&, : &, € X} be a uniformly bounded sequence, and consider the
functional & on £°(X,,,U) given by &u(xy) = limy &, (xn), with [x,] = 2y € €5 (Xn,U). Then,
&y is well-defined, &y € L% (Xn,U)', and

L&) = tim I (60) (27)
Proof. Let M > 0 be such that ||&,]|" < M, n € N. We first prove that &, is well-defined and

bounded. Indeed, if [z,] = [z,] € {35 (Xn,U), then limy £, (z),) —&n(2n)| < M limyy ||2], —z, || = 0.
Moreover, |&y(xy)| < M limy ||zn|| = M ||zy]|, so that [|§y];, < M. Finally,

N A ]

= sup lim ’fn(ﬂfn)\
(zn}el(X,) U Ln(zn)

_ limg |€n(zn)] 1&u (1)

= sup —_— = sup sup ——————~
(anyees (X)) My Ln(Tn) 059 (X ) [on]=ay, 100 Lin (20)

&yl
_ sup | Z/{( Z/{)| :LZ,/I(&/I)’

etz (X ) Lu(@u)

where in the last but one equality we used (2.6). Note also that, in that equality, the set of
allowed elements in the supremum on the right is tacitly assumed not to contain xz; = 0, while
the set of allowed elements in the supremum on the left might also contain z; = 0, since in some

examples one may find sequences {x,} such that [z,] = 0 but limy L, (z,) > 0. However, for
such sequences the numerator |§,(xy)| is zero, therefore the supremum does not change. 1
Now, let ¢>*(X)) := {{z},} : 2}, € X, |{z},}|| := sup, ||=}|| < oo}, the Banach space of

(uniformly) bounded sequences, on which we set L'({,}) := sup,, L!,(&,). Let us consider the
subspace

Ky = {{&} € (X)) T I (€) = 0}, (2.8)
and the corresponding quotient map
m,  0°(X)) — EOO(X;Z)/K’L/’U. (2.9)

Let us notice that, in absence of further hypotheses, K7, ,, is not complete in the Banach norm,
but it becomes a Banach subspace as soon as we assume that the sequence {X,} is uniform.
Indeed, in this case we have L] (pn, — vn) < rn|lpin — vn|| < R||ttn, — vn||, where 7, are the radii of
Xy, (cf. Proposition 2.1.3).

62



2.3.4 Definition. We define X], as the image mj,(¢*(X},)) of £>°(X]},) in €*(X))/K},,;, with
the quotient norms || - ||, and Lj,, and call it the dual restricted ultraproduct of the family
{0111, L) bnen.

The pairing between ¢>°(X/) and £>°(X,,), given by ({&,},{zn}) = limy &, (x,), gives rise to
a pairing between ¢°(X/,U) and £>°(X,,,U) (see [68], Lemma 1, p. 77), hence to an isometric
map (°(X/],U) — (°°(X,,U)". By composing this isometric map with the projection map from
(X, U) to LF (Xpn,U)" (i-e., the dual of the inclusion map of £3(X,,,U) into £>°(X,,,U)), one
obtains a contraction 7 : £>°(X],U) — £ (X,,U)". The fact that 7 is surjective is essentially the
content of the following

2.3.5 Theorem. [32] Given a uniform sequence (X, || - ||, Ln) of Lip—spaces, the ultraproduct
0>°(X],,U) of the dual spaces projects on the dual (55 (Xy,U)" of the restricted ultraproduct. More-
over, given a sequence {&,} in £>°(X]), the element & in (°(X],,U) gives the null functional on

(% (Xn,U) if, and only if, limy, L, (§,) = 0.

As a consequence, we see that the kernel of the map m : £*°(X,,U) — (% (X,,U)" is (iso-
metrically) isomorphic to K7 ,, for the respective (dual) Lip-norms. With the same notation as
above, we then have the following

2.3.6 Corollary. The dual restricted ultraproduct Xj, of the family {X,} is (isometrically) iso-
morphic to the Banach dual (Xy) = (% (Xn,U)" of the restricted ultraproduct €55 (Xy,U) of the

family {X,}.

2.3.2 Restricted Ultraproduct of (Dual) Rigged Lip—spaces

Given a sequence {X,,} of RLS, let (*°(X,,) = {{zn} : xn € Xy, |{zn}| := sup, ||zn] < o} be
the Banach space of bounded sequences, on which we set p({z,}) := sup,, pn(x,). We consider
the subspace (%5 (X,) = {{zn} € €°(X,) : L{zn}) := sup,, Ln(z,) < oo} and, for a given
ultrafilter U, the subspace Ky = {{zy} € (°°(X,,) : limy ||z, || = 0}. Ky is a Banach subspace of
(>(X,,), therefore we may consider the projection my : £°(X,) — ¢>°(X,)/Ky to the quotient
space. Let us observe that such quotient is a Banach space, with the quotient Banach norm.

2.3.7 Definition. We define Xy as the norm closure of my ({55 (X)) in £°°(Xy) /Ky, with the
quotient norms py, || - lu, and Ly. We call it the restrictred ultraproduct of RLS spaces. Let us
observe that, in general, py is only a seminorm.

Similarly, given a sequence {X/} of DRLS, let (X)) = {{z},} : 2}, € X, |{z,}| =
sup,, ||z,,|| < oo} be the Banach space of bounded sequences, on which we set L'({z],}) :=
supy, Ly, (27,). We consider the subspace £7(X7,) := {{z},} € £>°(X,,) : p'({2},}) := sup,, p,(77,) <
oo} and, for a given ultrafilter ¢, the subspace K7, ,, = {{z},} € £>°(X},) : limy L;,(;,) = 0}, and
the quotient map m, : (°°(X7,) — £2°(X,,)/ K -

2.3.8 Definition. We define X;, as the image m,(0>°(X},)) of £(X},) in £°(X,,)/K},, with
the quotient norms py, | - |lu, and Lj,. We call it the dual restrictred ultraproduct of DRLS
spaces.

As for Lip—spaces, we need the concept of uniformity, given in the following
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2.3.9 Definition. A sequence X,, of RLS’s is uniform if the sequence {z € X,, : L(z) < 1} is
uniformly totally bounded, and, for any sequence {z)} € £>°(X)), |{zh}| <1, and any € > 0,
we may find {y,} € (7 (Xp), [{yp 3 < 1, such that L'({z;, —y,}) <e.

Then, we have the following

2.3.10 Theorem. Assume the sequence X, is uniform. Then Xy is a RLS, X{, is a DRLS, and
X}, is the dual of Xy.

Proof. We already know that, by Proposition 2.3.2, Xy is a Lip-space, Xj, is a dual Lip-space,
and, by Corollary 2.3.6, X/, is the dual of X, so we have only to check the rigged structure. In
view of Proposition 2.2.2, it is enough to show that {2 € X7, : p,(z) < oo} is w*-dense in X, ;.
By definition, for any {z;,} € £>°(X}), [{5,}|| <1, and any € > 0, we may find {y,} € £;7(X},),
I{y., }| <1 such that L'({z), — y},}) < &, namely {z/,} can be approximated in L'—norm, hence
the claim follows. 1

2.4 Lip—von Neumann Algebras and Ultraproducts

In the following, we will consider concrete von Neumann algebras, but all the results are valid
for abstract W*—algebras as well, as we do not make any reference to the representing Hilbert
space.

2.4.1 Definition (Lip—von Neumann Algebra). A Lip—von Neumann algebra (LuNA) is a
von Neumann algebra M with a dual Lip—norm L', which metrizes the w*—topology on bounded
subsets, i.e. such that {x € M : ||z|| < 1} is w*—compact in the topology induced by L'. Equiva-
lently, M, has a densely defined norm L such that {w € M, : L(w) < 1} is norm compact.

2.4.2 Example (Commutative Lip—von Neumann algebras). Let us recall that every
commutative von Neumann algebra on a separable Hilbert space is isometrically *—isomorphic to
L*>°(X) for some Radon integral on a compact, second countable Hausdorff space X. The predual
of L>°(X) will be then L'(X), and so, in order to get a (dual) Lip-norm L’ on L°°(X), it suffices
to construct a densely defined norm L on L'(X) such that the set {f € L}(X) : L(f) < 1} is
norm compact. So, in particular, if we are given a compact linear map 7 : C(X) — L'(X), by
setting Lp(f) := || T(f)]l1, we get immediately a dual Lip-norm L' on L*°(X) by setting

Ly(g) = sup{[(f. 9)| : Lr(f) < 1}. (2.10)

For example, let £ : X x X — C be a continuous function. Then, since X is compact, k €
L?(X x X, ju x p), and the corresponding linear map T} : C(X) — L'(X), given by

(Thf)(s) == / K(s.0)f(Odu(t), | € C(X), (2.11)

is compact for the L!'-norm topology (see, for instance, Lemma 13.4 in [39]). Hence, we have a
plenty of dual Lip—norms on any given commutative von Neumann algebra acting on a separable
Hilbert space.

2.4.3 Definition. The LuNA’s (M, L',) and (N, L'y) are said to be Lip-isometric if there is an
isometric x—isomorphism between them, namely a *—isomorphism ¢ : M — N, such that

Liy(p(a)) = Ly(a), forany a€ M. (2.12)
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Let {(M,, L},) }nen be a sequence of Lip—von Neumann algebras, with corresponding preduals
(Mps, Ly,), and U an ultrafilter on N. As (M, Ly,) is in particular a Lip-space, we may consider
the space £°°(My.) = {{wn} : wn € My, [[{wn}|| = sup,, |lwn| < oo}, the subspace €% (M) =
{{wn} € £°°(Mps) : L{wn}) = sup,, Ln(wp) < 00}, Ky = {{wn} € £°(M,,) : limy ||Jw,|| = 0},
and the quotient projection my : £°(Mps) — £°°(Mys)/Ky. In view of Definition 2.3.1, the
restricted ultraproduct My of the family {M,.} is the norm closure of the image 7y (€3 (Mnx))
of 035 (Mpy) in £%°(M,.)/ Ky, with the quotient norms || - ||/ and L.

Then, since (M, L})) is a dual Lip-space, in view of Definition 2.3.4, we can construct the dual
restricted ultraproduct My of the family {(My, L},)} as the image m;,(¢>°(My,,U)) of £>°(M,,U)
in £°°(My,U) /K7y, with the quotient norms || - [y and Lj,, where £>°(M,,U) is the (Banach)
ultraproduct of the sequence {M,}, on which we set L'({an}) = sup,, Ly, (an), K7,y = {{an} €
0 (My,U) : limy L' (a,) = 0} (which is not an ideal!), and 77, : £°(My,U) — (M, U)/K}, ,,
is the quotient projection. 7

If we want that the (restricted) ultraproduct of a family of LvNA’s is itself a LvNA, we need a
further condition on the Lip—norm. So, we introduce a “rigged structure” for Lip—von Neumann
algebras, given in the following

2.4.4 Definition (Rigged von Neumann Algebra). A Rigged von Neumann Algebra (RvNA)
is a Lip—von Neumann Algebra M with a dual Lip-norm L' such that {a € M : ||a]| < 1} is L'~
compact, and setting

N(a) := sup max(L'(ab), L (ba)), (2.13)
L(b)<1

the set {a € My : N(a) < oo} is w*~dense in Mj.
2.4.5 Lemma. Let (M,L',N) be a RuNA. Then,

(i) L'(ab) < L'(a)N(b), L'(ba) < L'(b)N(a).

(i) N(ab) < N(a)N(b), N(a*) = N(a), hence My :={a € M : N(a) < oo} is a x-algebra.
If we set

p’(a) = maX(HaHa N(a))7 (2'14>

(M, L' p") is dual rigged Lip—space.
Proof. Property (i) follows immediately by the Definition. As for (ii), L'(ajagb) < N(aj)L'(azd),

hence
sup L'(ajagb) < N(a1) sup L'(agb) < N(a1)N(a2). (2.15)
L'(b)<1 L'(b)<1
Analogously, supy <1 L' (baraz) < N(a1)N(az). As a consequence, N(ab) < N(a)N(b). Since
L’ is a dual Lip-norm, L'(a*) = L'(a), hence N(a*) = N(a) follows. The last statement is now
obvious. 1

We introduce now two types of uniformity, one for families of Lip—von Neumann algebras
(we call it weak uniformity), the other for families of rigged von Neumann algebras (strong
uniformity).

2.4.6 Definition (Weak Uniformity). A family (M;, L), i € I, of Lip-—von Neumann algebras
is weakly uniform if it is uniformly totally bounded, i.e., if for any € > 0 there is n. € N such
that, for any i € I, the unit ball {x € M; : Li(xz) < 1} can be covered by n. L}-balls of radius €.
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2.4.7 Definition (Strong Uniformity). A family (M;, L,), i € I, of rigged von Neumann
algebras is strongly uniform if

(a) Uniform compactness: The family (M;, L})icr is uniformly totally bounded.

(b) Uniform normalizer condition: Ve > 0, 3K > 0: Vi€, a € (M;); 3b € (M;)1: N;(b) < K
and Li(a —b) < e.

2.4.8 Remark. Since, by Lemma 2.4.5, each (M;, L., p}), with p;(a) = max(||a||, N;(a)), is a
dual rigged Lip—space, in view of Definition 2.3.9 we see that the notion of strong uniformity for
families of RvNA’s coincides with the notion of uniformity for families of dual rigged Lip—spaces.

We end this chapter with the following fundamental

2.4.9 Theorem. Let {M,},en be a (strongly) uniform sequence of RuNA, U a free ultrafilter,
and define

by (M) = {{an} € 1°(M,) : p'({an}) := sgppﬁl(an) < oo}.
Then,
(i) Ay =, (07 (My)~IM) is a C*-algebra.

(ii) Let AJ, be the weak closure of Ay in the direct sum of the GNS representations associated
with all states in (My)«. Then (A}))s« = (My)«, hence A}, is isomorphic with My as a
Banach space.

(i4i) My is a LuNA.

Proof. (i). By Lemma 2.4.5 above, if |[{a,}|| < oo, N({an}) = sup, Np(a,) < oo, and
limy, L}, (b,) = 0, then

lim L'(anbn) < lim Np(an)Ly, (bn) < N({an}) lim L (b,) =0,

and analogously, limy Ly, (bpa,) = 0. This shows that the space K7, ,, is a bimodule for £37(M,,),
which is a *—algebra by Lemma 2.4.5 (ii). Notice that this result extends to the norm closure of
€7 (My). Indeed, if {a, } belongs to the norm closure and [[{a, }|| = sup,, [lan|| < K, then, for any
e >0, we can find a {b,} € £7(M,), such that [[{a, — by} < e. Therefore, if limy L;,(c,) = 0
and 17 1= sup,, , < 00, then

li L, ntn < i L/ n_bn n li L, bnn
im Ly (ancn) < lim Ly ((a Jen) + i Ly, (bncn)
< rull{an = badll[{end ] < rullifeatle-

The result then follows by the arbitrariness of €.

(17). Set Sy = {w = [wn] € My : wy € (Mp«)1,4}, and observe that Sy is a closed convex
subset of My, whose linear span is the whole M. Then, consider the embedding ¢ of &, into the
set of states of Ay. The embedding ¢ is indeed isometric, since the unit ball of Ay, is w*—dense
in (My)1, where My = 7}, (¢>°(M,,)). Then, consider the representation

Yy = @ T,

wESY

A
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where (7, Hy, w) is the GNS representation associated to w. Clearly, ¢(Sy) consists of vector
states for myy.

For any w € Sy, a dense set of vectors in H,, is given by af,, with a := [a,], {a,} € E;?(Mn),
so the corresponding states are given by (w,,b) = (w,a*ba). Let us observe that

(w,a'ba) _ (W a"ba) L'(a"ba)
o) P T(aba) L)
< L(w)N(a)?

L(w,) = sup

namely w, € &y. This shows that all vector states of my are given by norm-limits of convex
combinations of states in &y, namely are represented by elements of &;. On the other hand,
normal states are given by converging series of vector states, hence ¢(Sy) contains all normal
states for s, which implies the thesis.

(ii). By part (ii), M is a von Neumann algebra, and, by Corollary 2.3.6, it is a dual Lip—
space, hence a Lip-von Neumann algebra. 1
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Chapter 3

The Dual Quantum
Gromov-Hausdorff Distance dist;q .

3.1 Effros—Maréchal Topology

Let H be a (fixed) Hilbert space, and let vIN(H) be the set of von Neumann algebras acting on
H. We can endow the space vN(H) with a certain natural topological structure. The definition
of this topology goes back to the works of Effros [22] and Maréchal [46]. There are at least three
different — but actually equivalent — ways to describe the Effros—Maréchal topology, as shown by
Haagerup and Winslow in the two papers [35], [36]. The first one is the original definition due
to Maréchal:

3.1.1 Definition. The Effros—-Maréchal topology is the weakest topology on vN(H) in which the
maps
vN(H) > M — |[|¢|nml

are continuous on vN(H) for every ¢ € B(H)..

If 'H is separable, then vN(H) is a Polish space in this topology [46], hence metrizable.
The second and third definitions need some preliminary notions to be introduced. First, we
recall how to define a topology on the family of closed subsets of a compact Hausdorff space (cf.

[21]).

3.1.2 Notation. We recall that, if X is a set and {xq}qaca is a net in X based on directed set
A and Y is a subset of X, we say that {zs}aea is frequently in Y if, for every o € A there exists
some 3 > «, € A, such that zg isin Y.

We say that {xq}aca is eventually in Y if there exists a v € A such that 23 isin Y for any 5 > ~.

3.1.3 Definition. Let X be a compact Hausdorff space, and let ¢(X) the set of closed subsets of
X. Forx € X, denote by w(x) the set of open neighborhoods of x. Let {Cq} C ¢(X) be a net,
and define

limC, = {x€ X :VU €w(x),UNCy # 0 eventually} (3.1)
imC,, {r € X :VU € w(x),UNCy # 0 frequently}. (3.2)
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Then, it can be shown [21] that there is a unique topology on ¢(X), called the convergence
topology, in which convergence is given by

Ca—t>C <— limC, = C = limC,,

for a net {Cy} C ¢(X) and C € ¢(X).
Let co(X) be the set of non empty closed subsets of the compact metric space (X, p), and let

disty (C1, Co) = max <sup { inf p(a:,y)}, sup { inf d(x,y)}) (3.3)

zeCq yECQ z€Co zeCq
be the Hausdorff distance on ¢y(X) induced by p.

3.1.4 Theorem. [21] Let (X,p) be a compact metric space and let {Cplnen C co(X) be a
sequence of closed subsets. Then,

Ch — C <= lim disty(Cy,,C) =0. (3.4)

n—oo

As unit balls in von Neumann algebras are weak operator (wo—)compact, one may define
inferior and superior limits in vN(H) (or, more in general, in the set SA(M) of all von Neumann
subalgebras of a given M, if M # B(H)), using the above concepts on unit balls. So, we have
the second definition of the Effros—Maréchal Topology:

3.1.5 Definition. Let {Ny} C SA(M) be a net. The Effros-Maréchal topology is described by
the following notion of convergence

N, — N < him(Na)l =N :m(Na)l,
where the subscript 1 denotes the (closed) unit ball.

Let x € B(H), and denote by so*(x) the set of (open) neighborhoods of x w.r.t. the strong*
operator topology.

3.1.6 Definition. Let {N,} C SA(M) be a net. We define
liminf N, := {x € M : VU € so*(x),U N N, # 0 eventually} (3.5)
3.1.7 Theorem. [35] Let {N,} C SA(M) be a net. Then liminf N, € SA(M).
Let U(M) denote the unitary group of M.

3.1.8 Theorem. [35] Let {M,} C SA(M) be a net. Then, we have
U(liminf N,) = lim(N,); NU(M), (3.6)

and
lim inf No = \/{n € SA(M)|N; C lim(Na )1}, (3.7)

where the unit balls are equipped with the (compact) wo-topology, and \/ denotes the usual supre-
mum in SA(M ). In particular, if im(Ny)1 = Ny for some N € SA(M), then liminf N, = N.
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This theorem tells us that liminf N, is the largest element in SA(M) whose unit ball is
contained in lim(N,);. This motivates the following

3.1.9 Definition. For a net {No} C SA(M), we define
limsup N, := (Iim(Ny)1)”,
i.e. limsup N, is the smallest element of SA(M ) whose unit ball contains lim(Ng ).
Finally, we give the third definition of the Effros-Maréchal topology:

3.1.10 Definition. Let {N,} C SA(M) be a net. The Effros—Maréchal topology is described by
the following notion of convergence

Ny — N <= liminf N, = N = limsup N,,.
The equivalence of these three definitions is the content of the following

3.1.11 Theorem. [35] Let {N,} C SA(M) be a net, and N € SA(M). Then the following
statements are equivalent:

(i) liminf N, = N = lim sup N,,
(i) lim(Ng)1 = Ny = lim(Na)1,
(i) llelnall = llelnll for all ¢ € M..

Hence, if M is separable, the topology on SA(M) defined by (i)—(iii) is Polish by Corollary 2 of
[46].

Proof. (i) = (ii). Assuming (i), by Theorem 3.1.8 and Definition 3.1.9 we get:

N1 = (limiana)l :liim(Na)l (38)

C lim(Ng)1 € (limsup Ny)1 = Ny (3.9)
(ii) = (i). Assuming (ii), by Theorem 3.1.8 we get
N C liminf N, C limsup N, = (lim(N,)1)” = N” = N.

(ii) < (iii). Let CS(M) be the set of all wo—closed, convex, balanced subsets of M;. The
convergence topology on CS(M) is compact (cf. [21]), and it makes the functions

B (sup Iso(x)l)
zel (,DGM*

continuous on CS(M) (in the product topology for the range); as it is injective by the Hahn—
Banach Theorem, it is a homeomorphism. Restricting to {N; : N € SA(M)}, we get the claim.
1
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We specialize now to the separable case. By the above considerations, we know that the
Effros—Maréchal topology is metrizable, second countable and complete, i.e. SA(M) is a Polish
space. We want to construct a metric on SA (M) which induces the Effros-Maréchal topology. To
this aim, take any distance p on M inducing the wo—topology on bounded subsets of M (which
coincides with the o-weak topology on bounded sets).! The corresponding Hausdorff distance
between unit balls of von Neumann algebras in SA(M) will be then the desired metric, that is,

diStEM(Naa Nﬁ) = diStH((Na)b (Nﬁ>1)

= max | sup inf px,y}, sup { inf px,y} 3.11
<xe(Na)1{y€(N5)1( ) ze(Ng)1 wG(Nﬁ)l( ) ( )

Thus, in view of Theorem 3.1.4, we have the following

3.1.12 Theorem. Assume that M, is separable, and let {N,} C SA(M) be a sequence. Then.
for every free ultrafilter U on N, the following statements are equivalent:

(i) Np, — N over U in the Effros-Maréchal topology;
(ii) limy, diStEM(Nn, N) = 0.

3.2 The Distance dist,gp-

As seen in the previous section, given a (separable) Hilbert space H and two von Neumann
subalgebras of B(H), it is possible to define a Hausdorff-like distance between them. As in the
case of ordinary (compact) metric spaces, one may proceed from the Hausdorff distance between
closed subsets of a (concrete) metric space to the Gromov—Hausdorff distance, which is a pseudo—
distance between (abstract) metric spaces. This pseudo—distance then becomes a true distance
on the space of isometry equivalence classes of compact metric spaces. This is indeed one of the
ideas which inspired our construction.

Let M, N be two Lip—von Neumann algebras with dual Lip—norms L,, L. We want
to introduce a Gromov-—Hausdorff-type notion of distance between them. In order to get the
distance—zero property (i.e., the property that, when two LvNA’s are at distance zero, then they
are isometrically Lip—isomorphic), we need to consider not only the original algebras M and N,
but also the 2 x 2-matrix algebras My(M) and Ms(N) with entries in M and N, respectively.
We introduce some notation.

3.2.1 Notation. For a LvNA M, we still denote by L’,, the dual Lip-norm on My (M) induced
by that on M as follows:
Lhy((aij)) := max (Ly(aig)),  (aij) € Ma(M). (3.12)

4,7=1,2

Notice that L', gives back the original Lip—norm, when restricted to the copy of M diagonally em-
bedded in Ma(M). Moreover, we will denote by X s the positive part of the unit ball Ma(M); 4
of My (M).

IFor example, one could take the following distance, which is known to satisfy the requirement (see, for instance,
[69]):

p(az,y) ::Zziannv(x_y)gn)L x??JEMl, (310)

n

where {&,}nen is a dense set of vectors in the unit ball of H.
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Let £'(M,N) denote the set of all (dual) Lip-norms L' = L),y on the direct sum M & N,
such that L’]\4®{0} =L, and Li{O}@N =L'.

3.2.2 Definition. Let (M, L',) and (N, L) be Lip-von Neumann algebras. We define the dual
quantum Gromov-Hausdorff distance between them, by setting
distyr- (M, N) = inf{dist} (Xar, Xn) : L' € £'(M, N)}, (3.13)
where Xy = Mao(M)1 4+ and Xn := Ma(N)1 +.
We need to show that dist,gg+ is a metric. It is clearly symmetric in M and N.

3.2.3 Theorem (Triangle Inequality). Let (M, L)), (M, L), (M3, L) be Lip—von Neumann
algebras. Then

diSthH* (Ml, Mg) < diSthH* (Ml, Mg) + diSthH* (Mg, Mg). (3.14)
Proof. Let 1 > & > 0 be given. Then, we can find an L}, € £'(M;, Ms) such that

dist 512 (Xap, Xap) < distyar- (M, M) + /2.

Similarly, we can find L € £'(Ma, Ms) such that
dist ™2 (X, Xagy) < distoans (Mo, Ms) + /2.

We define

Lis(z1,23) := inf (Liy(w1,22) + Lhs(wa, 23)).
xoEMo

We shall prove that it is a seminorm, whose restrictions to My and Mz are L} and L, respectively.
Indeed, the positive homogeneity is clear, and we have

Liz(z1 +y1, 3 +y3) = xlg& (Lho(xy 4 y1, x2) + Log(w2, 23 + y3))
2 2
= inf  (Liy(@1 4 y1, 22 + y2) + Lhs(w2 + y2, 23 + y3))

To+y2E Mo
= inf (Lio(x1 + 1,22 + yo2) + Log(za + y2, 23 + y3))

z2,Y2€ M3

< inf (Liy(z1,32) + Lig(y1,y2) + Log(w2, 13) + Lh3(y2, y3))
x2,y2€ Mo

= inf (Ljy(21,22) + Lhz(x2, 23)) + yiélja (Li2(y1,y2) + Loz (2, y3))
2 2

zoE€ Mo
= Liz(z1,23) + Ly3(y1, v3)-

Then, let us check the restriction requirement: since Lbs(z2,0) = Ly(z2) = Li5(0, z2), we have

Lig(21,0) = mig&Q(Lh(fvhl’z)+L'23(l’270))

= inf (Lia(w1,22) + Lo(2)) < Lia(1,0) = Ly (),
z2 2

and, since Ly (x1,22) = Li5((21,0) + (0,22)) > [L1(21) — Ly(x2)],

Li3(x1,0) > ig& (JL} (1) — Ly(22)| + Ly(x2)) = Li(z1),
T2 2
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and so L4(z1,0) = L) (z1). Similarly, L5(0,23) = L4(z3). Now, in order to get a norm, we
simply define

L’1375(x1,:c3) = (1 — 5)L113(151,.T3) + (5L1(1I1) + 5L3($3), 0<é < 1.

Clearly, the restrictions of L4 s to My and M3 are still L] and L. Finally, we have to show
that the unit ball (M & M3), is L' s~compact. But any L'-norm on M; & Ms, which restricts
to the given Lip-norms, satisfies this requirement, since one has L’ (x1,23) < Li(x1) + Ls(xs).
Therefore, L35, 0 <6 <1, is a Lip-norm on M; & M.

Now, suppose that we have distgm(XMl,XMQ) = dyp and distZ%(XMQ,XMS) = do3. By
definition of Hausdorfl distance, for any given x; € Xjs,, we can find an 9 € Xjy, — call it
f(z1) — such that Liy(x1,22) = Liy(x1, f(z1)) < di2, and, analogously, for any zo € Xy, a
corresponding z3 € X — call it g(zg) — with Lis(za, z3) = Lbhg(z2,9(x2)) < dog. In other
words, for any given x; € X, , we can find an z3 = g(f(x1)) € X, such that

Ligs(z1,9(f(21))) < (1= 0)(Lia(1, f(21)) + Lag(f(21), 9(f(21)))) + 20 < dia + dag + 20.

Similarly, for any given z3 € Xjy,, we can find an 1 = h(k(x3)) € Xy, such that
Lig 5(h(k(zs)), 3) < (1 = 0)(Lha(h(k(ws3)), k(w3)) + Log(k(ws), h(k(xs)))) + 20 < diz + das + 20.

Since this holds for any x; in X, and x3 in Xjy,, taking 6 = ¢, we obtain

diStI[‘/Illz (XM17XM2) + dlStI[_}l23 ()(]\427 XMg) —+ 25
distgar+ (M1, Ma) + distqqr=- (M2, M3) + 3¢.

L.
diStHld’E (Xnry, Xag) <
<

Therefore, taking the infimum on the 1.h.s., we obtain
distygp+ (M1, Ms) < distqqu+ (M1, M) + distygp= (Mo, M3) + 3¢,
and so, by the arbitrariness of ¢, the thesis follows. I
We may characterize the radius of a LvINA by the following

3.2.4 Proposition. Let (M, L) be a Lip—von Neumann algebra, and let R be its radius (as
dual Lip—space). Then, we have
R = distqqu+ (M, {0}), (3.15)

where ({0}, L{)) is the trivial LuNA with only one element.

Proof. By definition, one has

Ll
R = sup () = sup Ly ().
zeM ||$H |z|I<1

Since L, : M — Ry is w*—continuous and the unit ball M is w*-compact, the above supremum
is actually a maximum, i.e. there exists an o € M; such that R = L/, (xo). Now, we have clearly
distyqr+ (M, {0}) < R. Indeed, for any L' € £'(M,{0}), we have L'(x & 0) = L', (x), and thus

dista - (M, {0}) = disth (X7, {0}) < R.
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On the other hand, one has {0} C N, (X, L') for any r > 0 and, since L'(x & 0) < L), (z9) = R
for any x € Xy, Xpr € N,-({0}, L) for any r > R?. Recalling that

dist¥ (Xas,{0}) = inf{r > 0: {0} C N;(Xps, L') and Xy € N,.({0}, L")},
we see that dist¥ (X7, {0}) > R. Hence, distyep+ (M, {0}) = R, and the proof is complete.

As a consequence, we have (cf. Theorem 1.2.17 (4)):

3.2.5 Lemma. Let (M, L), (N,L%) be Lip-von Neumann algebras, and let Ry, Ry be the
respective radii. Then,

|Ry — Ry| < diSthH* (M,N) < Ry + Ry. (3.16)

Proof. Indeed, let d = distygm+(M,N). Given € > 0, we can find L' € L'(M,N) such that
distqu/(XM,XN) < d+e. Then, for any = € X,, there is an y € X such that

Ly(z)<L(zoy) + Ly(y) <d+e+ Ry.

Since ¢ is arbitrary, it follows that
Ry <d+ Ry.

Reversing the roles of M and N, we obtain also
Ry <d+ Ry,
and the first inequality is proven. As for the second one, it follows evidently by
L'(zx®y) < Liy(x) + Ly(y) < Ry + Ry, =€ Xy, y€ Xy,
and the proof is now complete. I

Finally, we want to show that, if two Lip—von Neumann algebras have distance dist,gn+ equal
to zero, then they are isometrically *—isomorphic, i.e. Lip—isomorphic (cf. Definition 2.4.3). The
following proof is inspired by Rieffel’s proof of the same property for the quantum Gromov—
Hausdorft distance between compact quantum metric space (cf. Section 1.2.3).

In order to prove this distance-zero property, we must allow (Lip)-seminorms as well. In fact,
let us denote by L'(M, N) the set of lifts of all the seminorms on M & N which restrict to the
original Lip-norms L, and Ly on each direct summand M and N in M ¢ N.

3.2.6 Lemma. If (M, L)) is a Lip-von Neumann algebra, then also (Mo(M), L',) is a LuNA.

Proof. Indeed, we have Mo(M), = Mso(M,). Therefore, if the unit ball My of M is w*—compact
in the topology induced by L', then My(M;) will be w*-compact in the topology induced by
the lift of L, to Ma(M). Since Ma(M); is a w*—closed subset of My (M), it follows that also
Mz (M), is w*—compact in the topology induced by (the lift of) L. 1

2We recall that, for a given L' € £L(M, N), we denote by N, (X, L’) the set
{z € Ma(M)® M2(N): 3z € Xyst.L'(z — (x©0)) <7},

and analogously for N,.(Xn, L').
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3.2.7 Lemma. The family L' (M, N) of seminorms on Xp® Xy is uniformly (w*—)equicontinuous.
Proof. For any € > 0, and any given zo € X, yo € Xn, let

N(zo,e/2) = {ze€ Xy :Ly(z—m:0) <e/2},
N(yo.e/2) = {y€Xn:Liy(y—1yo) <e/2},

so that N(xo,e/2) © N(yo,e/2) is a (w*~)neighborhood of o © yo. If &y € N(zo,6/2) &
N (yo,e/2), then, for any L' € L'(M, N), we have

IL(z®y) — L'(wo ®yo)| < |L(z@y)—L'(zdyo)l +
IL(x ® yo) — L' (z0 @ o)
< Liy(y —wo) + Ly (z — xo) <e,

hence, L' is uniformly (w*-)equicontinuous. 1

3.2.8 Lemma. Let {L,}nen be a uniform sequence in £'(M,N) C L'(M,N) and let L be its
limit. Then, L € L' (M, N).

Proof. Notice that the limit of a (convergent) uniform sequence of seminorms is a seminorm.
Indeed, fix € > 0, and let n. € N be such that |L] (z) — Ly(z)| < € for all n > n.. Then,

Ly(@+y) < Ly(w+y) +e < Li(@) + I, (y) + e < Ly(x) + Lo(y) + 3=,
and, for a € R,

Ej(az) < Li(az) +& = [al L (@) + = < la|Ep(z) + 22
Li(ax) > L (az) — e = |a| L, () — & < |a|Ly(x) — 2e.

By arbitrariness of €, we see that E{) is a seminorm. Since the restriction requirement clearly
holds also for Ly, it follows that L{, € £'(M, N), as claimed. 1

By the previous Lemma, we see that all the conditions in the definition of a Lip—mnorm are
closed conditions, except the norm-zero condition (i.e., the fact that L'(z) = 0= 2 =0). It is
precisely for this reason that one drops this requirement and allows seminorms.

3.2.9 Lemma. Let L' € L'(M,N). For each x € Xy there is at most one y € Xy such that
L'(x® —y) =0, and similarly for each y € Xy.

Proof. If L' (x ® —y) = 0 = L'(x ® —y/), then
Lyly—y)=L00y-00y)<L'(-zdy) +L(za-y) =0,
so that v/ = v. 1
Now, we can prove the following
3.2.10 Theorem. Let (M, L',) and (N,L’) be Lip-von Neumann algebras. If
distycrr+ (M, N) = 0,

then there is an isometric *—isomorphism between (M, L' ;) and (N, L), i.e. they are Lip—
isometric.
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Proof. If distqgr+(M, N) = 0, then there is a sequence {L,} of Lip-norms on M & N, whose
restrictions to M and N are L', and L'y respectively, such that

: 1
distEr (Xar, Xn) < =
n

Clearly, L], € L'(M, N) for each n € N, and the sequence {L},} on X ® Xy is uniformly bounded
by 2max(Ry, Ry) (cf. Lemma 3.2.5), where Ry (resp., Ry) is the radius of (M, L) (resp.,
(N, LYy)). Since it is also (w*-)equicontinuous by Lemma 3.2.7, we can apply the Ascoli-Arzela
Theorem [66] to conclude that it admits a uniformly convergent subsequence. For simplicity, we
still denote this subsequence by {L/}. Let L} be its limit. Since £'(M, N) is (uniformly) closed,
E{) must be a seminorm, and it realizes the distance zero, since, given € > 0, we can find an n.
such that for all n > n., we have |Lj)(z & —y) — L’ (z & —y)| < £/2, and thus

Loz ® —y) — Li(z & —y)| + L (x & —y)
e/2+ L (z @ —y).

Ly(z®—y) <
<

Hence, for any x € Xy, if we take the infimum over all y € X, we obtain, for n sufficiently
large,

inf Li(z® —y)<e/2+ inf L (z®—y)<e/24¢/2=c.
yeXN yeEXN

Thus, E{) determines an isometry ¢ from Xjp; onto X, by the condition that, for each x € Xy,
there is at most one y € Xy with E()(x @ —y) =0 (cf. Lemma 3.2.9). Set y = ¢(x). We want to
show that ¢ is an affine map. To this aim, let x1,x2 € X3 and let y1,y2 be the corresponding
elements in Xy for which Eg(xl @ —y;), i = 1,2. Then, for any t € [0, 1], we have

Eggxl + (1 =tz ® —(ty1 + (1 — t)y2))
= Ly(t(z1® —y1) + (1 — t)(z2 B —y2))
< tLy(z1 @ —y1) + (1 — )L (z0 & —y2) = 0,
and thus
otz + (1 —t)xe) =tyr + (1 — t)y2 = to(z1) + (1 — t)p(z2),

showing that ¢ is affine.

Now, since ¢ is an affine bijective map from Ma(M)1 4 = {x € Ma(M) : 0 < & < Ing, ()}
onto Ma(N)14+ = {y € Ma(N) : 0 < y < Iy}, it is automatically positive and unital,
namely

0§:E1 §$2§1M2(M):>0§1,‘2—$1 SIMQ(M):>
0 < (2 —21) < Dpgy vy = p(21) < 9(22),

and

eI pman) 2 Y = eUnuan)) 2= Loy
() < Iyyvy = PUatoar)) < o ()

ie. (Ipoary) = Lyy(vy- Evidently, o extends to a (bijective) positive linear map from Mo (M)
onto Mo (N). It remains to show that ¢ is of the form ids ®¢, with ¢ a (bijective) positive linear
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map between M and N.
So, let a € M7 4 and consider

0 0

A )= (o (00

L'((aig) ® (pij(aij)) = mi?X(L'(aij D wij((aij))) =0,

(3 2) = ((2 )

and so we can conclude that there exists a (bijective) positive linear map ¢ between M; 1 and

Ny 4, such that
#((5))-(700)
#((02))=(5 o)

Concerning the off-diagonal elements, one can always find X, € R such that, given b € M; 4,

one has
My ub
ub Al

Since we have

it then follows that

and

) € Ma(M)q 4.

Then, reasoning as above, we obtain

@(( My pb )) _ ( My pigp(b) )
pb A po() My )
Reversing the roles of M and N, we see that also ¢! : Ma(N) — My(M) is a unital, 2-positive

(bijective linear) map. Thus, ¢ extends to a unital 2—order isomorphism between M and N,
which, by a result due to Choi [15], is automatically a s—isomorphism. I

Let us observe that we might define the distance dist,gg+ in the following equivalent way.
Given two Lip—von Neumann algebras (M, L)), (N, L), we consider all the Lip-von Neumann
algebras (R, L) such that there exist positive isometric (both for the C*-norms and the Lip—
norms) embeddings

har : Ma(M) — Ma(R),  Lip(har(+)) = Ly (),
hy : Ma(N) = My(R),  Lip(hn(-)) = Ly (),

and we denote by L, = L,(M, N) the set of all such triples (R, har, hy). We then define

dist V- (M, N) = inf{distf; (has(Xar), An(Xn)) 1 (R, har, h) € L} (3.17)
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3.2.11 Proposition. For any pair of Lip-von Neumann algebras (M, L',), (N, L), we have:
distyc - (M, N) = dist/yp. (M, N). (3.18)

Proof. Clearly, distqgr=(M,N) > dlSth (M, N), since R =M & N is just a particular choice,
and, on the r.h.s., we take the infimum over all such choices. For the reverse inequality, let
1>¢e>0and (R, har, hy) € L5 be given. We will construct a (Lip-)norm L' € £L'(R, R) such
that the two copies of X are e—close to each other, i.e. L'(x @& —z) < eL’,(z) for any z € R. In

fact, setting
(2@ y) == max(Li(z + ), eL(x), eLi(y)), 0<e <1, (3.19)

then L' is clearly a norm which satisfies the requirement, and restricts to L', on each summand.
(Indeed, L'(z & 0) = max(Lz(x),e Ly (z)) = L'z (x), and similarly L'(0 @ y) = L'3(y).) We define
Loy on Xg ® Xg as follows:

’ — L' on hM(XM)EBhN(XN)
MON 0 on Xgr&Xp\hy(Xn)® hn(Xn)

Then, since Lo,y € L' (har (M), hy(N)) implies Lo yo(har®hy) € L' (M, N),and L' > L'y0 v,
we have

distyqm+ (M, N) < dist Mﬂ}N(hM(XM) hn(Xn))

dist ;> (har (Xar) @ {0}, {0} & Ay (Xn))

dist O (g (Xar) @ {0}, {0} ® hag (X)) + distPR({0} @ has (Xar), {0} @ by (X))

= distB¥F(hy (Xar) @ {0}, {0} ® har(Xar)) + distd (ar(Xar), hv(Xn)

re + dist® (har (Xar), hnv (X)),

IN A

IN

where r is the radius of R. By the arbitrariness of €, the thesis follows. 1

3.2.12 Theorem. dist,gy+ s a metric on the space of Lip—isomorphism equivalence classes of
Lip—von Neumann algebras.

Proof. By Theorem 3.2.10, we already know that, if distygg+(M,N) = 0, then M and N are
Lip—isomorphic.

We show now the reverse implication. Let ¢ : M — N be a Lip-isomorphism from (M, L',,) onto
(N,L). Weset R:= N &N, hy := (id2®¢p) &0, hy := 0 (idy ®¢), where ¢ is the identity
map on N, and we define the following (Lip—)norm on R:

re(e() ® 1(y)) = max(Ly(p(z) — y),eLy (x),eLiy(y))-

where € € (0,1]. Notice that Ly (hm(2)) = Lj,(z) for any x € M2(M), and L (hn(y)) =
L'\ (y) for any y € M3(N). Then, by the previous Proposition, we have

distygr+ (M, N) < distf (har(Xar), hn (Xn)).
Moreover, we have also, by construction,

har(Xar) C Ne(hn(Xn), L), hv(Xn) C Ne(har(Xar), L )

Hence, dist? (har(Xar), hv(Xn)) < €, and, by the arbitrariness of e, we get the claim. 1
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3.2.13 Remark. Let us notice that the distance dist,gy+ does not appear to be complete,
essentially because we do not have an estimate for the Lip—norm L'(zy) of products of elements,
much like in the Rieffel’s setting (see [32]). Also in this case, it should be possible to develop
a theory for dual operator systems (see, for instance, [48; 54] for a definition), and show that
a Cauchy sequence of LvINA’s is always converging to a dual operator system. But this will be
possibly object of further work.

3.3 dist,gp- and Ultraproducts

In this section we study the relation between the distance dist,g g+ and the ultraproduct construc-
tion. To this aim, we need a suitable notion of finite—dimensional approximation for a uniform
family of LvNA’s. In view of the fact that the distance between LvNA’s is actually a distance
between the positive part of the unit ball of the (2 x 2-)matrices with entries in the algebras,
the natural setting in which this finite—dimensional approximability can be expressed is that of
(finite-dimensional) Lip-operator subsystems, that is, dual Lip-spaces with a matrix ordered
structure. So, let us recall the definition of (abstract) operator systems.

3.3.1 Definition (Operator Systems). An operator system V is a complex vector space with
a conjugate linear involution * : v € V. — v* € V' (we will call such an X a x—vector space),
satisfying

(i) V is matriz ordered, that is,

(i") for any p € N, there is a proper cone My(V)y C Mp(V)sa, where Mp(V)sq =
{(vij) € Mp(v) : (vij)" := (v];) = (vij)},
(i7) for any p,q € N, (aij) € Mgp(C), (aij)* My(V)(aij) € Mp(V)4;

(ii) V' has a matriz order—unit, i.e. there is an element e € Vs, such that, with el :=
diag(e,...,e) € My(V)y, for any v € Mp(V)sa, there is an r > 0 such that v + reP €
Mp(V)+;

(iii) the matriz order—unit e is Archimedean, i.e. if v € Mp(V') is such that v+reP € M,y(V)4,
for all >0, then v € Mp(V)4.

Given two operator systems V and W, we say that a linear map ¢ : V — W is n—positive if
the map id, ®¢p : M, ®V — M, ® W is positive, and if id,, ®¢ is positive for all n € N, then we
say that ¢ is completely positive. A completely positive (resp. unital completely positive) linear
map will be referred to as a c.p. (resp. u.c.p.) map. If ¢ : V. — W is a unital m—positive map
with m—positive inverse for m = 1,...,n, then ¢ is a unital n—order isomorphism, and if ¢ is
u.c.p. with c.p. inverse then ¢ is a unital complete order isomorphism. (The reader is referred
to [48] for more details on operator systems and operator spaces.)

Operator systems are characterized concretely by the following

3.3.2 Theorem. [16] If V is an operator system, then there exists a Hilbert space H, an operator
system W C B(H), and a complete order isomorphism ¢ : V. — W with p(e) = Iy. Conversely,
every (concrete) x—vector subspace of B(H) containing Iy is an operator system.

In particular, since every unital C*—algebra is an operator system, any unital x—vector sub-
space of a C*—algebra is naturally an operator system.
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3.3.3 Definition. By a Lip—operator system, we mean an operator system concretely given as a
unital x—vector subspace of a Lip—von Neumann algebra.

3.3.4 Remark. We ought to stress that this notion of Lip—operator system and that of Lip—
normed operator system introduced by Kerr in [43] are actually different, as a consequence of the
fact that the (dual) Lip—norm on the operator system is precisely the restriction of the (dual)
Lip—norm on the ambient von Neumann algebra.

3.3.5 Lemma. If a family F of Lip—operator systems is uniformly totally bounded, then also the
corresponding family Mao(F) :={Mo(V) : V € F} of 2 X2 matrices is uniformly totally bounded.

Proof. Indeed, let V € F be a Lip—operator system. Then, given € > 0, there is n. € N such
that, for any V' € F, the unit ball {z € V : ||lz[| < 1} can be covered by n. L'-balls of radius e.
Let us denote by {x;};%; the respective centers. Then, the n? I/-balls of radius € and centers in

Mo({z; :i=1,...,n:}), i.e. the 2 by 2 matrices with entries in {z; : i = 1,...,n.}, will cover
4

Ma (V7). Since M3(V); € May(Vy), we can find n? elements {jj}?il in My(V'); such that the

corresponding L'~balls of radius 2e centered in them will cover Ma(V);. I

Let F be a (uniform) family of Lip—operator systems. Then,

3.3.6 Lemma. If the family Ma(F) := {Ma(V) : V € F} is uniformly totally bounded, then

also the corresponding family Mo(F)4 = {Ma(V)y : V € F} of 2 x 2 positive matrices is
uniformly totally bounded.

Proof. Indeed, let {z;}, i = 1,...,n., be an enet in My(V);, V € F, and let B(z;,¢) be the
(open L'-)ball with center z; and radius e. Thus, we have |2, B(z;,&) 2 Ma(V)1, and, since
M3(V)1,4 is a subset of Ma(V)1, we can find ji,j2,...,jn. € {1,...,n.} such that B(x;,,e) N
Ma(V)1 4+ # 0. As a consequence, for each ji, k = 1...n., we can find an Zj, in B(zj,,c) N
Mo(V)1 4, k=1,...,n., such that

B(Zj,,2¢) D Ma(V)1 4.

&

k=1

As nl < n. and the family My (F) is uniform, the claim follows. I

The next one is simply Lemma 2.1.7 rephrased in terms of LvNA’s.

3.3.7 Lemma. If a familiy F of Lip—von Neumann algebras is uniformly totally bounded, then
there exists R > 0 such that L'(z) < R||z|| for any (M,L') € F, x € M.

Proof. Let n € N be such that, for any (M, L") € F, M; can be covered by n L'-balls of radius
1, and let 29 € M, ||xo|| = 1. Since the set {txo : t € [0,1]} is contained in Mj, it is covered by
at most n balls of L'-radius 1, so its length is majorised by 2n, i.e. R < 2n. 1

Notice that, by Lemma 3.3.5, the previous Lemma holds as well for the corresponding family
{(Ma(M),L") : M € F} of 2 x 2 matrix algebras, with the same constant R. (In fact, we have
L'((zi5)) = maxij L'(zi5) = L'(igj,) < Rl|@igjoll < Rl|(zi)]].)
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3.3.8 Proposition. A familiy F of Lip—von Neumann algebras is uniformly totally bounded if,
and only if, there exists an R > 0 as in Lemma 3.3.7, and, for any € > 0, there exists N € N
such that any (M, L") € F has an operator subsystem V with dimV < N, and {z € V : ||z|| < 1}
is e~dense in My in the L' —norm.

Proof. Suppose F is uniformly totally bounded, and let (M, L") € F. If we choose a covering of
M by n. balls of L'-radius /2 and consider the operator system V generated by their centers,
then evidently dimV < 2n. 4+ 1= N and {z € V : ||z|| < 1} is e—dense in M; in the L'-norm.
Viceversa, since the elements of {x € V : ||z|| < 1} are contained in {x € V : L'(x) < R}, any
covering of the latter with L'—balls of radius /2 gives a covering of M; with L’'-balls of radius
e, and, by Lemma 2.1.10, such a covering of { € V : L'(z) < R} can be realised with (4R /)N
balls. ]

We can now extend the definition of the distance distygp+ to include Lip—operator systems
as well. In fact, given two operator subsystems V; of the LvNA’s M;, i = 1,2, respectively, we
simply define the distance between them as the restriction of the corresponding distance between
the respective ambient algebras, that is

distya (Vi, Va) := inf{disty (Y1, Ya) : L' € £'(My, My)}, (3.20)

where we set Y; = Ma(Vi)1+ C Ma(M;)14+, ¢ = 1,2. Let us notice that, however, when
restricted to Lip—operator systems, dist,gp+ is no longer a metric, but only a pseudo—metric, for
distyqa+(Vi, V2) = 0 does not imply, in general, that V; and V3 are (Lip-)isomorphic as operator
systems. They are just 2—order isomorphic.

3.3.9 Lemma. Let V' be an operator subsystem of the LuNA M, and let € € (0,1]. If Ma(V)1 4+
is e-dense in Ma(M)1 4 in the L'-norm, then distgap+(V, M) < e.

Proof. Indeed, given ¢ € (0,1], if we set L'(v & w) := max(L (v — w),eL’(v),eL (w)), v € V,
w € M, then L' € £'(M,M), and, by density, for any € X);, we can find an y € Yy such
that L'(z @ y) < e, hence Xy C N:(Yy,L'). Viceversa, since Yy C Xy, we get immediately
Yy € No(Xas, L) for any € > 0. Thus, we have dist} (Yy, Xas) < &, and the thesis follows. 1

3.3.10 Lemma. Let (V,, L)) be a uniform sequence of dual Lip—spaces, and, for any ultrafilter
U, let (Viu, Ly,) be its (dual restricted) ultraproduct. Then, for any x € (Viy)1, there exists a
sequence {Tn nen in £°(V,,) realising it such that ,, € (V)1 for any n.

Proof. Given z € (Vy)1, we may choose sequences {z%} realising it such that ||z < [|z]|(1+ ).
Then, we set
! (8 j 1 ; i
Uy, = sn>k:Ly(z;, —xz)) < -, i<j<k,,
i
UO = N,

and observe that U € U, U4 C Uy, and Ukzo Ui /Ug+1 = N. Now, we define

ah n € Up/Upi,



and thus ||Z, | < ||z||. It remains to show that m,({Z,}) = «. Indeed, if n € Uj;, then there exists
k > i such that n € Ug\Uk1, and thus

- ; - ; 1 1
L@ —ah) < Li(an—ok)+ Lk —ol) < oo Ln(ah) + ¢
R, . 1 1

< -<(R+1)-

where R is as in Lemma 3.3.7. Since n is eventually in U; w.r.t. U, we get

1

)
1

Liy(rty({in}) — 2) = lgn L (@0 — 23) < (R+1)

and by arbitrariness of i, n},({Z,}) = . 1

3.3.11 Remark. Let us notice that the sequence constructed in the previous Lemma also realises
the minimum in the formula defining the quotient norm ||z|| = inf{sup,, ||\yn| : 7,({yn}) = =},
for this implies that ||z| < limg ||y,||. In fact, given ¢ > 0, there exists an element U of the
ultrafilter such that, for any n € U, |ly,| < limy ||ym|| + . Then, we may define z,, = y, for
n €U and x, =0 for n ¢ U, so that m,({z,}) = 7,({yn}). Therefore, if we choose y,, as in the
Lemma above, we get

Jall = tim [ | = sup |7l (3.21)

u n

3.3.12 Remark. Let (Vy, Lj,) be the (restricted) ultraproduct of a uniform sequence {(V;,, L)}
of N—-dimensional dual Lip-spaces. Assume that the (restricted) ultraproduct V;; has the same
dimension N. (Let us observe that, if {V,} is a sequence of finite-dimensional vector space
with sup,, dimV,, < D, then the dimension of ¢*°(V,,) clearly satisfies the same bound. Since
the restricted ultraproduct is a quotient of ¢*°(V,,), its dimension can not increase, and thus
dimVy < D.).

Let {e}N,, N = dimVj, be a (vector) basis for Vi, with ||| = 1,7 = 1,...,N. By
Lemma 3.3.10, we can always choose a sequence {ég)}neN realising e such that Hég)H <1
and the vectors é,(f), i = 1,...,N, are linearly independent for n eventually in some element
of the ultrafilter. Indeed, let Uy C N be such that, for any m € Uy, Zfil a%)é%) = 0 with

a%), i =1,...,N, not all zero. We want to show that Uyy ¢ U. Assume that maxi(oz,(fl)) =1,

and let o = limy al?, so that max;(a?) = 1 as well. Then, since L, (32N, agl)é%)) =0, we
get limy L/ (SN, a,(yé%)) = 0, hence L{/I(Zf\il ae®) = 0, which implies YN ae® = 0.

But the elements e(?, i = 1,..., N, are linearly indipendent, and max;(a(?) = 1. Therefore,
Uig ¢ U, as claimed. It follows that égf ), 1 =1,...,N, are linearly independent for n eventually

in Uy :=N\Uy € U.
Moreover, since L’u(e(i)) # 0, we may suppose that Lﬁl(égf)) # 0 for n eventually in some
U; € U, and then take the intersection Uy := ﬂfilUi. Now, if we define

. EON
eq(f) = L’{(e . )é(z)
L, (&)

then we get a new system of linearly independent elements in V;,, such that Heg) | < 2, and
L;Z(e,(f)) = L},(e") = k; < R, with R as in Lemma 3.3.8. Indeed, consider the following subset
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of N:

U0 = {n e N2 L) - L (e)] < rify (e}

IN —~—

Then, Ui(r) € U, and taking r < 1, we get L;L(e%i)) > (1—7r)L,(e®), hence

L) _ 1

— < <2
L;l(&(l%)) 1—r7r

— )

for any n in Uér) = (ﬂf\ilUi(r)> NUNU, €U.

3.3.13 Lemma. Let (Viy, L},) be the (dual) restricted ultraproduct of a family {(Vs, L},)}nen of
finite—dimensional dual Lip—spaces. Then, there exist a linear map T, : Viy — V, and, given
€ >0, an element U, € U such that, for any n € U, we have

| L7 (Tn(2)) = Ly (2)] < eLyy(x) (3.22)
for any x € Vyy.

Proof. Let (Vy, Lj,) be the (dual restricted) ultraproduct of {(Vo, L) }nen, and let {e@IM
M = dim Vi, be a (vector) basis for Vi, with ||e®| =1 for i =1,..., M. By Lemma 3.3.10 and

the Remark above, we can always choose the sequence {67(11 )}nGN realising e such that Hen) I <2
and L%(eg)) =L,,(e®)=k; < Rforeachi=1,...,M (and n eventually in some element of the

ultrafilter). Consider now the vector subspace V= l.s.{eg) ci=1,...,M} CV,, and define the
map T}, : Viy — V,, by its action on the basis:

To(e)y=eW  i=1,... M.

n

Then, T, is linear and
sup{L,,(T,(z)) : Lj;(z) <1} < K

where
M M '
K = max {Z kil N\l - Lz,(z )\ie(l)) = 1} .
i=1 i=1

We have clearly 7/,({T(x)}) = z. In fact, for any = = Zj]\il Ajel?)| we have
M . M .
Ly(x) = Ly(Q_Xie") =lm L,(Y_ Ael))
j=1 j=1

M
— Vi T/ A (J) — / (4)
h&nLn(; AT, (eY)) th Z)\e
— TLimI/
= i I (T (),

Now, let & be a positive number and let {y(1), 32, y(m)} be a finite —net in the unit sphere
of Vi (i.e. for any « with Lj,(x) = 1, there is a y( ), L, (y9)) = 1, such that Lj,(z — yV)) < 9),

and set
m
= Uym,
k=1
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where, for x € Vy;, we set
/ / € !/
U, == {n €N : L (Tu(z)) — Ly (z)] < 5LL,(gc)} eu.

Then, for n € Ul(é) and z € Vi with Lj,(z) = 1, we have

L (To () — Ly ()]

< min (LL(Tule =y ™)) + Ly —y®) + |L,(Tu(y™) - L))
< min (K + DI — ) + L) - 2,60)
< (K+1)5+ <.

2

5)

Now, taking § = 55—+ and U, = Ué N Ul(é), with Uéé) as in the previous Remark, we get

2(K+1)
Ly (Tn(2)) — Ly(2)| <, nel,
as claimed. 1

Given a pair of Lip—operator subsystems (Vi, L)), (Va, L}) in the LvNA’s (M, L), (Ma, L))
respectively, we consider all the Lip-operator systems (V, L},) such that there exist two linear
embeddings

P1:V = Vi, ¢2:V =V,
with the property that, for any v € V,
Ly (v) = Li(¢1(v)) = Ly(¢2(v)),
and we define new norms on V by
[olls = llos(W)l]; l[vll2 = l2(v)]-

Let us denote by Vio the set of all triples (V, ¢1, ¢2) with the properties above (notice that Vio
contains at least the “identity triple”, i.e. (C,¢1,t2)), and define, for any = € Vi, y € Vs,

()Y @oy) = it (T4 —61(0) + (60 —y) + Lo =) (3.23)
Then, we have the following

3.3.14 Lemma. (L)Y is a (Lip-)seminorm on Vi & Vy (viewed as a Lip-subspace of the LuNA
M,y & My), which restricts to Ly, L, on Vi, Va respectively.

Proof. First, we claim that (E’ )V is a seminorm. Let us check it. We have
(LYY (21 + @2) @ (1 +32)) < (L)Y (21 @ 1) + (L)Y (w2 @ ).
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Indeed,

(L)Y ((z1 + 22) ® (1 +92))
— i (Ih((a + m2) — 61() + Th(oa(t)) — (1 + 92)) + (v — v)

v’ €V

- inf (L ((z1 + 22) — ¢1(v1 + v2))

v1+v2,0] +vhEV
+ Ly(da(vy +v3) — (Y1 +92))) + Ly ((v1 +v2) — (v +v5)))
= inf (Ly((z1 4 22) — (¢1(v1) + ¢1(v2)))

/ /
V1,07,V2,V5€

+ Ly(¢2(vh) + ¢2(vy) — (1 +52))) + Ly ((v1 — v1) + (v2 — v5)))

< vlig,lfev (Li(z1 — ¢1(v1) 4 Ly(@2(v)) — y1)) + Ly (v —v7))
+ Wi?f,lfev (Li(z2 — ¢1(v2)) + Lh(d2(vy) — y2) + Ly (v — 1))

< @) (@ioy)+ (L) (22 @ ).

Next, (E’)V(:E @ y) = 0 if, and only if, there exists v € V such that ¢1(v) = z and ¢2(v) =y, i.e.
_ —1
T=¢10¢; (y).

Moreover, (L') restricts to L} and L. In fact, we have
(L) (@ ®0) < Li(2),
and
(LY (ze0) = inf (L1(z = $1(v) + Ly(2(v)) + Ly (v = o))

> inf, (L1 (=) = Li(¢1(v))| + Ly(d2(v)) + [ Ly (v) — Ly (v)]) -

We must distinguish the various cases:
(1) if Lj,(v) > L, (v'), then

1Ly (%) — Li(é1(v)] + Ly(¢2(v) + [Ly (v) — Ly (V)]

= [Li(z) — Li(¢1(v))] + Ly(¢2(v")) + Ly (v) — Ly (V)

= [Li(z) — Ly (61 (v))| + Ly (v),

and thus
U;I}efv(lL’l(fv) — L(61(v))] + Ly(¢2(v) + Ly (v) — Ly (v'))
(IL1(z) = Ly (é1(v))] + Ly (v) = L) (2);

inf
veV
(2) if L, (v") > Lj,(v), then

[Ly(%) — Li(é1(v))] + Ly(¢2(v) + [Ly (v) — Ly (V)]

= |L1(z) — Li(¢1(v)] + Ly(¢2(v")) — Ly (v) + Ly (V)

= [Li(z) — Ly (61 (v))| + 2L5(82(v)) — Ly (v)

_ { Ly(z) = 2L1(¢1(v)) + 2Ly(¢2(v"))  if Ly(x) = L1 (41(v))

2Ly(d2(v')) — Ly(z)  if L (z) < Li(1(v))
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and thus
inf (L}(x) — 2L (41(v)) + 2L5(p2(v")) = L) (2)

v’ €V

(2L5(¢2(v")) — L (2)) = Ly (x).

inf
v'eV
In all cases, we get _
(L) (z®0) > Ly (),
hence B
(L)Y (z @ 0) = L ().
Exactly in the same way, one can show that (L')V (0 & y) = Lj(y), and the proof is complete. §

Let us notice that, in order to get a (Lip—)norm and not only a seminorm, it suffices to define,
for e € (0,1],

(L)Y := max ((E')V(:n @ y), L) (2), 6L’2(y)) . (3.24)

3.3.15 Remark. Obviously, the same conclusion of the previous Lemma remain valid if we pass
from the Lip-operator subsystems (V1, L)), (Va, L}) in the LvNA’s (My, L)), (M, L)), to the cor-
responding Lip—operator subsystems (Ma(V1), L}), (M2(V2), Lj) in the LvNA’s (My(M;), L)),
(Ma(Ma), L) respectively, and we consider all the Lip-operator systems (Ms(V'), L},) with the
linear embeddings

idg X ¢1 : MQ(V) — MQ(%), id2 X (bg : MQ(V) — MQ(VQ)

3.3.16 Theorem. Let {(V,,,L.)} be a uniformly totally bounded sequence of finite—dimensional
(dual) Lip-operator systems. Let U be an ultrafilter on N, and let (Vy,Ly,) be the restricted
ultraproduct of {(Vy, L),)}. Then, given € > 0, there exists an element U, € U such that, for all
n € U,

diSthH* (Vn, Vu) < €.

Proof. So, let (Vi, Lj,) be the restricted ultraproduct of the sequence {(V;,,L},)}nen, and let
€ > 0 be given. Since we want to show that there exists an element U. € U such that, for all
n € Ue, distqam+(Vn, Vi) < €, we have to estimate the Hausdorff distances between (Y, L) and
(Yu, LZ,/{)7 where Yn = MQ(Vn)l,_;_ and Yu = Mz(Vu)1,+-

We assume, for the moment, that dimV,, = dim V;; = d. Let {e(i)}f-l:l and {eg) 4 . be two
(vector) basis for V;; and V;, respectively (constructed as in Lemma 3.3.13), and assume that
(0 <)L;l(eq(f)) = L;,(e")) = k;(< R) for any n in some U; € U and i = 1,...,d (cf. Remark
3.3.12). For n € U, we endow the spaces V;, with the /!-norm w.r.t. the given basis {eg)},

namely
d d

6,0 xield) =" kil Adl, (3.25)
=1

i=1
and we denote by V,, the space V,, with this new (Lip—)norm. Fix ¢/ < 1, and let T}, and UQ(E/) be
as in Lemma 3.3.13. Then, for any x € V,,, n € U1 N UZ(E ), we have

Ly(x) = Ly(Two Ty (x)) = Ly(Talzw)) > (1 = &) Ly (au)
d
> el —elylan) = c(1 =€) Y kilhil = e(1 = )0 (@),
i=1
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where ¢ = inf{L},(yu1) : 4,(yu1) = 1} > 0. Therefore, we get
lall > L4 (@) > (1 - ) (@)

Consider now the family {(V;,, || - ||,£,)}, n € Uy N UQ(EI). It is uniform, since the V;’s are finite-
dimensional and the radii

are uniformly bounded. Moreover,
limf, (v,) =0 <= limL) (z,)=0,
u u

(4)

since, for any x € V,,(= V,, as vector space), & = Z?:l Xien’, and
c(1 =& (2) < Ly(x) < G(2).

Hence, as vector space, Vu =Vy.

Let us notice that, if X C My(M) and Y C M3y(N) are Lip- operator systems and L), L, €
L'(M, N) are Lip-norms, then L (z ®y) > Li(z @y) implies dlstH (X,Y) > dlstH (X,Y). From
this we see that the Hausdorff distance between (V;,, £,) and (V;,,£,)) will be greater than the
Hausdorff distance between (V,,, L}) and (V;,,, L,).

Now, take V = C% with the standard (orthonormal) basis { f()}. We define the #~norm of an
element z = Z?Zl aif® as b, (z) == Z?Zl |ai| ki, where k; = L%(eg)), the maps ¢ : V — V)
by

on(f) =), du(fV) =€V i=1,....d,

and the induced norms as

d
[vlln = llén()ll, £, Z/\e(Z = kil Adl,
=1

d
[vlee = Neu@)l, G ZAe )= Kilil,
=1
We have then
Cdn (O NfD)) = 0,0 " Niga(fD) =0, Neld)
=1 =1 =1

d d
= D bk = 6,0 N,
i=1 i=1
and similarly,

d d
G duO_Xif D)) =6, N fD)
=1 =1
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ie. £, (pn(v)) = £, (pu(v)) = £;,(v) for each v € V, n e Ui N UQ(EI). Then, it follows that, for any
z eV, andyevu,

(a0 (@ @y) = inf (0,(@ = én(v)) + (o) = y) + £y (0 = v')) =0,
and thus, if ||z|| <1 and |Jy|| <1,
I \V 7 \V 1 / 1 /
() (x@y) = max| (fy) (z@Y), Efn(ﬂﬁ)’ Egu(y)
1 1 1 R 1 4
By setting U?EE) ={neN:n> %} € U, we see that, for alln € Uy N U2(€/) N U(E)7 we get

. . L
distyar(Vo, Vi) < distor (Yo, L2), (Yi, L))
/ 2
< distg (Y0, (Y 0) < =e.

— n»n 3

Lastly, we have to consider the case when d = dimV}; < dimV,, = d’. This means that, in
order to get a complete basis for the V,’s from that of V;; as before, we have to add further
(linearly independent) elements. That is to say, when passing to the quotient, we “lose” one or
more dimensions, in the sense that, for m € {d+1,...,d'}, limy L;l(e%m) - Zle )\ieg)) =0, with
the A;’s not all zero. We assume for simplicity that dim V;; = dimV,, — 1, i.e. we are losing only
one dimension. But then we can find an element U, f) of the ultrafilter such that, if we write
v, €V, as

U = ZN@ Clz:lﬂe’)+udfe( ")
d’—l . d'—1
= Z(Mz‘—i-ud')\) O+ pgr (el — Z)\e(’
i=1
then, for n € U4(€),
d'—1 ) d'—1 1
Ly (vn = > (i + pardi)eld)) = L, (nar (el Z Nieg!) =35

i=1
that is to say, for all n € U4(€) and v, € (V,,)1, we have

1
inf L (v, —v) <=
ve (V)1 3°

where 17” is the subspaces of V), spanned by {eg) : 4 # d'}. Hence, if we consider the sequence

{XN/n} instead of the original one, for all n € U, f) the “error” that we get is less than /3, and
thus

distqaa- (Vn, Vi) <

oo\»—
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Finally, setting U, := U1 N UQ(SI) N Ugg) N Uf) e U, for n € U, we obtain
diSthH* (Vn, Vu) < g,
and the proof is complete. I

Now we are ready to pass to the algebraic setting. So, let (M, L} ) be a sequence of Lip—von
Neumann algebras, with corresponding preduals (M., L,), and let U be an ultrafilter on N.
Recall that the (dual) restricted ultraproduct My, is defined as the image mj,(¢*°(My,)) in the
quotient £°(My,)/K7,,,, where

(M) = {{an} : an € M, [{an} ] = sup flan|| < oo},

Kpy = {fan} € 62(My) < lim L, (az) = 0}

As a first result, we want to show that, if a sequence of LvNA’s converges in the distance
distygp+, then the limit is exactly the (dual) restricted ultraproduct over any given ultrafilter
over N.

3.3.17 Proposition. Let {(M,, L)} be a convergent sequence of Lip—von Neumann algebras in
the distance distggp=. Then, {(M,, L},)} is weakly uniform.

Proof. We shall apply Proposition 3.3.8. Since the sequence is convergent, there exists a A > 0
such that distgqa+ (M, M) < A for any n € N. Let (M, L)) be the qGH*-limit of the sequence.
By Lemma 3.2.5, we have |R,, — R| < distygr+(Mp, M) < A, where R, and R are the radii of
(My, L},) and (M, L',;) respectively. Hence, sup,, R, is finite.

Now, by definition of qGH*—convergence, given ¢ > 0, there exists an n. € N, such that for
any n > n., we can find a Lipnorm L, € L'(M,, M) such that distZ"M(Xn,XM) < ¢/16,
where X,, := My(My)1 4. This means that, for any z € X/, we can find a sequence {x,, }nen,
zp € Xy, such that L/, (z, ® x) < ¢/16. By a standard argument, it follows that the same
holds true for all x € Ma(M);. Indeed, since any z € My(M); can be written in the form
x =2z — 29+ i(z3 — 2z4) with z; € Xpy, i =1,...,4, we have

Ly (@n ® ) = Lyp((20)1 @ 21 — (20)2 © 22 +((20)3 @ 23 — (20)4 © 21))) < €/4,

where (z,); € Xp, i =1,...,4, and 2z, = (2n)1 — (2n)2 + 1((2n)3 — (2n)1) € Ma(M,)1. Then, by
taking the diagonal copies of (M, )1 4+ and (M) 1 in X,, and X/ respectively, we see that also any
x € M, admits an approximating sequence {xy, nen, Tn € (My)1, such that L, (z, ® z) < /4.

Let V be an e/2-dense (for the L},~norm) finite-dimensional operator subsystem in M,
take any vector basis {z;}%=, C (V); for V, and let {% }nen, {24}%, C (M,)1 be a sequence
approximating x;, ¢ = 1,...,d.. We define V,, to be the operator subsystem in M, generated by
the set {z7}% . We have clearly dimV,, < d.. Moreover, we can find an n’. such that, for all
m > n., one has L/ , (2! & ;) < e/(4K.), where

de de
K =max{) |ag|: || eimif <1} <00 (¢ >0).
i=1 i=1
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In this way, given y € (V)1, there exists a ym, € (Vi)1 such that L, (ym ®y) < £/4. We set

N := max(ng,n.). Then, for any n > N, and = € (My)1, we can find y, € (V3,)1, and two
elements T € My, y € (V)1, such that
ar(r®F) <e/4, Lyy(yn @y) <e/4, and Liy(7—y) <e/2.

Hence, we get

Ly(x—yn) = Lyy((z—yn) ®0) =Ly ((z —yn) & (2 —y) — 00 (2 —y))
< Luy(@@7 -y, ©y) + Ly (0® (2 - y))
< Lon(z© %) + Loy (e ®y) + Ly (@ —y) <e,
which implies that (V},); is e-dense in (M), for all n > N.. Since a finite family of LvNA’s is

clearly uniformly totally bounded, we can conclude that the whole family {(M,, L)} is uniformly
totally bounded, and the proof is complete. I

3.3.18 Theorem. Let (M,, L) be a sequence of Lip—von Neumann algebras converging to the
LuNA (M,L') in the distance distqam+. Then, for any ultrafilter U, we have M = My and
M, = Mys.

Proof. Since the sequence (M, L!)) is convergent, by the previous Proposition it is weakly uni-
form, thus we can consider the (dual) restricted ultraproduct M, over any given ultrafilter U
on N. Moreover, for any € > 0, there exists n. € N, such that for any n,m > n., we can find

a Lip-norm L) € L'(M,, M,,) such that distg"’" (Xn, Xm) < /2. Fix n > n., and consider
the sequence {M,, & M,,}men. For any ultrafilter & on N, the (dual) restricted ultraproduct
of {M,, & My, }men naturally identifies with M, @ My and we get a (dual) Lip-norm L/,, on
M, & My as limy, L), (cf. Propositin 2.3.3), where, for m > n., we take care to choose L, as
above. Set X, := Mo(M,)1,4, Xy := Ma(My)1 +. Then, we have

distyqp+ (]\47 Mu) < distygu+ (]\47 M,) + distyGH+ (M, Mu)
< €/2 + diSthH* (Mn, Mz,{)

Now, in order to show that distyqp=(Mp, My) < €/2, it suffices to verify that distf{"“ (X, Xu) <
/2, where L), = limy L;,,. By construction, for any z € X,,, we can find an y,, € X,, (m > n.)
such that L}, (x,ym) < £/2. If we set yy = m,,({ym}), then obviously y, € Xy and

Lugy(2 ® yu) = lim L, (2 © ym) < 2/2,

hence X,, C N /o(Xuy, L};,). Viceversa, for any y € Xy, with y = 7,({ym}), ym € Xm, we
can find, for m > n., an x,, € X,, such that L (2, & ym) < £/2. If we take the (w*-)limit
x = limy,—y Ty € X, then lim,, /L) (z — x,,) = 0, and thus

Ly(z®y) = lim L, (2 yn)
< nlnglu(L;Zm((x — ) ©0) + Ly (Tm © ym)) < €/2,
showing that Xyy C N, /o(Xn, Liy,), ie. distlLLI/”u (X, Xuy) < e/2, as claimed. Therefore,
diSthH* (M, ML{) <e

and, since € was arbitrary, we get the thesis. I
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Next, we want to prove some partial converse, namely we establish some precompactness
conditions, in the topology induced by distyg g+, for uniform sequences (M, L,) of (rigged or
Lip—)von Neumann algebras.

3.3.19 Theorem. Let (M,, L)) be a (weakly) uniform sequence of Lip—von Neumann alge-
bras. Then, for any ultrafilter U over N, the restriction of (M, L) to U is a Cauchy sequence
w.r.t. the distance distygr=, that is, for any € > 0 there exists an element U. € U such that
distqar+ (M, My) < € for m,n € U,.

Proof. Let U be an ultrafilter on N, and let € > 0 be given. Set &’ := ¢/4. Then, by uniformity
(cf. Lemmas 3.3.5, 3.3.6), for each n, there exists an £ -net {ng)}figi C Ma(Mp)1,+ w.rt. the

L} —norm. We may suppose that {ﬁ,(f)}neN is a sequence in £>°(My(M,)) such that HxS)H <1,
forallm € Nand ¢ € {1,..., N} (cf. Lemma 3.3.10). Let M2(V},) be the Lip-operator system

generated by the set {xﬁb}zNji, where V, is the smallest unital x—vector subspace in M,, containig
the Nf, elements (zp;), h,k =1,2,i = 1,... No. Then, by Lemma 3.3.9, for all m,n € N, we
have

disthH* (Mm, Mn) < diSthH* (]Wm7 Vm) + diSthH* (Vm, Vn)
+distya - (Vi, Mp)
< 2+ distgar (Vin, Va).
Now, notice that {V;,, L))} nen is a uniform sequence of finite-dimensional (dual) Lip—operator

systems, and thus, let (Vi, L) be its (dual restricted) ultraproduct over ¢. Then, by Theorem
3.3.16, we can find an element U, € U such that, for any h, k € U/, we have

distgqr+(Vi, Vi) < 2¢.
Then, setting U, = ﬁax, we finally get
distqq = (Mm, M) < €
for all m,n € U, as claimed. ]

For a weakly uniform family of LvINA’s, without further hypothesis, we have the following

3.3.20 Theorem. Let {(M,, L))} en be a weakly uniform sequence of Lip—von Neumann alge-
bras, and let U be an ultrafilter over N. Suppose that the restricted ultraproduct My over U is a
LuNA. Then, the qGH*— limit over U of {(My, L},)} coincides with the ultraproduct My,. Hence,
i particular, it is a Lip—von Neumann algebra.

Proof. Indeed, let U be a free ultrafilter on N, and (My, L;,) the restricted ultraproduct of the
sequence {(M,, L)) }nen. Since, by hypothesis, My, is a Lip—von Neumann algebra, the positive
part (My)1,+ of the unit ball M, is totally bounded in the Lip-norm L;,. Then, also Ma(Mz)1 +
is totally bounded. Therefore, for any given & > 0, we can find an e-net {z®}Ne C May(My)1 4

w.r.t. the Lj,norm. (We may suppose, for simplicity, that @ £ 0 for all i.) Let {xg)}neN be
a sequence in £*°(Maq(M,)+)? realising (") as in Lemma 3.3.10, i.e. such that Hx,(f)H < 1, for

5In fact, let * € Ma(My)+, and let {#,} be a sequence realising it. We may assume that all the %, are
selfadjoint, and, since x > 0, there exists U € U and a (bounded) sequence {an} of positive real numbers
converging to zero such that Z,, > —a, I, for all n € U. Then, limy L}, (%, + anl,) = Lj;(z), and so we may define
the sequence {x,} € £°(Mao(M,)+) by setting x,, = xn + anl, for n € U and x, = 0 for n ¢ U.
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alln € Nand ¢ € {1,...,N.}. We want to show that, for n sufficiently large, the set {xﬁf)}iv:fl
satisfies the same property for Mo (M,,); 4+ w.r.t. L], with e replaced by 2e.

In fact, given a sequence {y,} € £>°(Mso(M,)) with 0 < y,, < I, for all n € N (I,, is the identity
in Ma(M,)), one has yy = m5,({yn}) € Ma(My)1 +, and so there is at least one z() € {z(M} N
with L} (yy — xU)) < . Hence, we can find an element Ul(a) of the ultrafilter & such that
L (yn — ng)) < limy L), (yn — :cgf)) +e=L(yy —2W) +e <2 foralln € Ul(e).

Now, for each n € Ul(a), let Mo(V,,) and Myo(Vy) be the Lip—operator systems generated by
the sets {m%}fvgl and {azi}ﬁvjl, respectively, where V;, and V;; are the smallest unital *—vector
subspaces in M,, and My, containing (zx.), and (zp)?, h,k = 1,2, i = 1,... N., respectively.
Then, by Lemma 3.3.9, we have

diSthH* (Mn, Mu) < diSthH* (Mn, Vn) + diSthH* (Vn, Vu)
+diSthH* (Vz,/, Mu)
< 3¢+ distygr Ve, Vi), n € U,

Since (M2(Vy), L},) is the (dual restricted) ultraproduct of the sequence {(M3(V},), L) }nen of

Lip—operator systems, by Theorem 3.3.16, we can find an element UQ(‘E), such that, for all n € UQ(S),
we have
diSthH* (Vn, Vu) <e.

Hence, for all n € Ul(s) N UQ(E), we get
distyq = (Mp, My) < 4e,
and, by arbitrariness of ¢, the thesis follows. 1
As a consequence, for a strongly uniform family of RvNA’s, we get:

3.3.21 Corollary. If (M, L}) is a strongly uniform sequence of rigged von Neumann algebras,
then qGH*—limit lim,,_yy M, is a Lip—von Neumann algebra.

Proof. By Theorem 2.4.9, the (restricted) ultraproduct My, is a Lip—von Neumann algebra. Since,
by the previous Theorem, the qGH*—limit of the sequence (M, L) coincides with the restricted
ultraproduct (My, L},), it is a Lip—von Neumann algebra as well. I
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Chapter 4

Dual Quantum GH Distance,
Ultraproducts and Quantum Fields.

For the reader’s convenience, we shall recall the basic assumptions of Algebraic Quantum Field
Theory (AQFT). (For a detailed introduction to this subject, the reader is referred to the mono-
graph [33].)

1. (Locality) We assume that the local observables of the theory generate a local net over the
Minkowski space R?, i.e. a map O — A(O) from the set of open, bounded regions © C R*
to unital C*—algebras on a suitable Hilbert space H, which preserves inclusions, that is,

A(O) CAOy) it O C O (4.1)

The net {A(O) : O C R*} is supposed to satisfy the the principle of locality (or Einstein’s
causality), according to which observables in spacelike separated regions commute,

A(O1) CTAO)  if O C O, (4.2)

where O’ denotes the spacelike complement of O and A(O)’ the set of operators in B(H)
which commute with all operators in A(Q). The C*—algebra A given by the C*—inductive
limit by all the local algebras A(O) is called the quasi-local algebra, and is assumed to act
irreducibly on H.

2. (Covariance) There exists on H a strongly continuous unitary representation U of the
Poincaré group 73_1, which induces automorphisms of the net as follows: for each (A, z) € Pl
there is an a( ;) € Aut(A) given by

) (a) == U(A, x)aU (A, )7l ac A, (4.3)

and, for any region O,

A(p2)(A(0)) = A(AO + ). (4.4)

A reasonable extra-requirement will be that the operator-valued functions
(A, z) = g (a), a€A, (4.5)
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are continuous in the norm topology. This assumption does not impose any essential re-
strictions of generality. In fact, by the continuity of the representation U and by the
boundedness of the operators a, these funtions are always continuous in the strong opera-
tor topology, and thus by convolution with suitable test functions, one can always produce
a local net satisfying this strengthened continuity condition, which is dense in the original
net w.r.t. the strong operator (so—)topology. In other words, the subnet still contains the
relevant information about the physical states. (In order to preserve uniqueness, one also
requires that the local algebras A(Q) are maximal, in the sense that any operator in the
so—closure R(O) of A(O) satisfying the above condition, is already contained in A(O).
Possibly by enlarging the local algebras, the net can be always assumed to comply with
this maximality condition.)

3. (Spectrum Condition). The joint spectrum of the generators of the unitary representation
of the spacetime translations is contained in the closed forward lightcone V. Moreover,
there is a unique (up to a phase) vector €2 € H, representing the vacuum, which is invariant
under the action of U, that is,

UA,2)Q=9Q, (Az)ecPl. (4.6)

The vector state induced by €2 is called the vacuum state. Since it is characterized by the
existence of a vacuum state, this particular representation of A is called the vacuum repre-
sentation, and may be regarded as the defining representation of the theory. (Notice that
all the other vector states in the original Hilbert space H induce by the GNS contruction,
the identical representation of the quasi-local algebra A.) The other states of physical in-
terest correspond to (positive, linear and normalized) functionals w on A, which are locally
normal w.r.t. the vacuum representation, i.e. such that the restrictions w| 4.y of all these
states to any local algebra can be represented by vectors 2¢ in the vacuum Hilbert space
'H as

w(a) = (o,aQ0), ac AO). (4.7)

The algebraic approach to relativistic quantum field theory has proven to be an efficient
setting for the structural analysis of properties of physical systems at the upper end of the
spatio—temporal scale. Examples are the classification of the possible statistics and superselection
structure of particles, collision theory and the clarification of the infrared properties of theories
with long range forces [33]. However, at the lower end of the scale the algebraic point of view has
been, for a long time, less successful. Basic phenomena such as the parton picture or the notion
of asymptotic freedom did not fit appropriately in the algebraic setting, due to the absence, in
this approach, of the analogue of the renormalization group [4], which allows one to transform a
theory at given scale into the corresponding theories at other scales.

In the algebraic approach, quantum fields, which are a basic ingredient in the conventional
approach to the renormalization group, are regarded as a kind of coordinatization of the local
algebras and therefore do not appear explicitly in this setting. This is justified by the observation
that different irreducible sets of field operators which are relatively local to each other yield the
same scattering matrix [5]. Thus, the physical content of a theory does not depend on a particular
choice of fields. The absence of quantum fields in the algebraic setting causes problems, however,
if one wants to apply the ideas of the renormalization group. In the conventional framework of
quantum field theory, the renormalization group transformations Ry, A > 0, act on the underlying
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quantum fields ¢(x) by scaling the spacetime coordinates z, accompanied by a multiplicative
renormalization, Ry : ¢(z) — ¢r(x) = Nagp(Az). In this way, one maps the theory at the
original scale, say A = 1, onto the corresponding theory at scale A whithout changing the value of
the fundamental physical constants, i.e. the speed of light ¢ and Planck’s constant A. Moreover,
by the multiplicative renormalization factor Ny, the scale of field strength is adjusted in such a
way that the mean values and mean square fluctuations of the fields in some fixed reference state
are of the same order of magnitude at small scales. Thus, the quantum fields are employed to
identify at each scale \ a set of operators with a fixed physical interpretation, and these operators
can then be used to compare the properties of the theory at different scales.

4.1 The Buchholz—Verch Scaling Limit Construction

In the papers [12; 13], Buchholz and Verch answered the question of how to implement the
renormalization group in the AQFT setting, and provided a solution within a mathematical
framework suitable for the structural analysis of local nets at small scales. Their approach is
based on the following observations.

(i) According to the geometrical significance of the renormalization group, the transformations
Ry should map the given net O — A(QO) at the original spatio-temporal scale A = 1 onto the
corresponding net O — A, (0) := A(XO) at scale A, namely

Ry : A(O) — A\(O) (4.8)

for every region O C R*. Since space and time are scaled in the same way, the value of the speed
of light ¢ is kept fixed under these maps.

(ii) The condition that h remains constant under renormalization group transformations can
be expressed in the algebraic setting as follows. If one scales space and time by A and does not
want to change the unit of action, one has to rescale energy and momentum by A~'. The energy—
momentum scale can be set by determining the energy and momentum which is transferred by
the action of observables to physical states. Hence, if A(O) denotes the subspace of all (quasi—
local) observables which, at the original scale A = 1, can transfer energy-momentum contained
in the set O C R?*, and if A)(O) := A(A"'O) denotes the corresponding space at scale A, then
the transformations R should induce a map

Ry : A(O) = A\(0) (4.9)

for every 0. (An analogous relation should hold for the angular momentum transfer.)

(iii) In the case of dilation invariant theories the transformations R are expected to be
isomorphisms, yet this will not be true in general since the algebraic relations between observables
may depend on the scale. But since the transformations R) are designed to identify observables
at different scales, they still ought to be continuous, bounded maps, uniformly in A.

The above conditions subsume the physical constraints imposed on the renormalization group
transformations R), although they do not fix these maps. In fact, there exists an abundance of
such maps for any given A > 0. But all of these maps identify the same net at scale A\, they merely
reshuffle the operators within the local algebras in different ways. Since the basic hypothesis of
algebraic quantum field theory is that the physical information of a theory is contained in the net,
it should thus not matter which map one picks for the short distance analysis of a theory. One may
consider any one of them or all of them. Buchholz and Verch adopt the latter point of view, which
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can be conveniently expressed by introducing the concept of scaling algebra. Roughly speaking,
the scaling algebra consists of operator—valued functions A : a — Rx(a), A > 0, which are the
orbits of the local observables a under the action of all admissible transformations Ry. If the
renormalization group transformations R) comply with the specific properties indicated above,
then the scaling algebra still has the structure of a local net on which the Poincaré group acts in
a continuous manner. Moreover, the renormalization group induces an additional symmetry of
this net: the scaling transformations. The states of physical interest can be lifted to the scaling
algebra, and the transformed states have, at arbitrarily small scales, limits which are vacuum
states. As a result, if the underlying theory is invariant under dilations and satisfies the Haag—
Swieca compactness criterion [34], then it is invariant under the action of the renormalization
group and coincides with its scaling limit. (This is the case, for instance, of the massless free
scalar field, see [13].)

We shall illustrate the basic features of the Buchholz—Verch construction. So let us assume
that the net (A, apl ) is defined at spatio-temporal scale A = 1. Then, the Poincaré transforma-

tions at any other scale A > 0 are given by

a&//\\),x) = QAN (Aa x) € ,PI- (410)

Notice that (Ay, O‘;:T) ) defines again a local, Poincaré covariant net over the Minkowski space.

+
Thus, one keeps the Minkowski space fixed — or, better, one keeps the causal structure of the
Minkowski space fixed, and re-labels the spacetime regions O — O, := MO — and interpret
the properties of the underlying theory at small scales in terms of the modified theories (nets)

(Ay, 045;\2 ). In general, the nets (A,, ag}) ) will describe distinct theories for different values of A

+ +
(with different energy—momentum spectrum, collision cross sections, etc.). Within the algebraic

setting, these differences find a formal expression in the fact that the corresponding nets are
non-isomorphic. Conversely, any two local, Poincaré—covariant nets, which are isomorphic, are
physically indistinguishable, and consequently represent the same theory. We recall the notion
of net isomorphism in the following

4.1.1 Definition. For j = 1,2, let (O — AW)(0O), O‘g%) be two local, Poincaré covariant nets on
+

Minkowski space with C*~inductive limits AY). The two nets are said to be isomorphic if there
is an isomorphism ¢ : AV — A@)  which preserves localization,

HAD(0)) = AD(0), O CRY, (4.11)
and intertwines the Poincaré transformations,

¢ © OéE/l\),a:) = Oég\)@) o ¢7 (A’ )\LU) € P-Tt,- (412)

Any such isomorphism ¢ is called a net isomorphism. A net isomorphism which maps a given
net onto itself is called an internal symmetry.

According to this definition, the nets (Aj, O‘;AT) ) are isomorphic for different values of \ if, and

+
only if, dilations are a (geometrical) symmetry of the underlying theory. The physical content
of the theory is then invariant under changes of the spatio—temporal scale. In general, in the
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interesting cases, the underlying theory does not possess such a symmetry. Consequently, one
cannot exploit the notion of net—isomorphism. However, one can use the renormalization group
transformations R in order to compare the properties of the theory at different scales. Since what
really matters is to have control on the phase—space properties of the orbits A — Ry(a), A > 0,
of local observables a € A under renormalization group transformations, it suffices that these
transformations do not change the fundamental physical units ¢ and &, which can be expressed
by the uniform (w.r.t. \) continuity in the following sense:

sup leanzy (Ra(a)) — Ra(a)[| — 0 for (A, z) — (1,0). (4.13)

One considers functions a : Ry — A from the domain R4 of the scaling parameter A to the
underlying algebra of observables, with the following algebraic structure: given two functions a,
b and pq, pe € C, we set for A >0

(1@ + pob)y = piay + p2by
(a-b)x = ay-by (4.14)
(@)n = aj.

In this way, we get a unital x—algebra, with unit (), = I. Moreover, since we are only interested
in uniformly bounded functions, it is natural to introduce the norm

lal| := sup [laxl], (4.15)
A>0

which is in fact a C*—norm. The induced action of the Poincaré transformations on the functions
is then given by

() (@)x = @) (an) (4.16)

It follows that the continuity requirement (4.13) can be expressed in the simple form

sup [la(y 4y(@) —al = 0 for (A,z) — (1,0). (4.17)
A>0

It remains only to impose on the functions the localization condition.

4.1.2 Definition. Let O C R* be any open, bounded region. Then A(O) denotes the set of all
uniformly bounded functions a which are continuous with respect to Poincaré transformations in
the sense of relation (4.17) and satisfy

ax € ANO), A>0. (4.18)

Since each A(MO) is a C*-algebra, it follows that A(O) is a C*—algebra as well: it is stable
under the algebraic operations (4.14) and complete with respect to the C*-norm (4.15). It is
also evident from the definition that A(O) is monotonous w.r.t. O,

A(Ol) (@ A(OQ) if Op C Os. (4.19)

Thus, the assignment O — A(O) defines a net of C*—algebras over the Minkowski space, which
satisfies also locality and Poincaré covariance (see [12] for details).
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4.1.3 Definition. The local, covariant net (A, QPT) is called the scaling net of the underlying
+

theory. The C*—inductive limit of all the local algebras A(Q) is called scaling algebra and is
denoted by A.

The principal objective is then to study the properties of the physical states of the underlying
theory at arbitrarily small scales. To this end, one lifts these states to the scaling algebra and
study their behaviour under scaling transformations.

4.1.4 Definition. Let w be a state on the underlying global algebra A. Its canonical lift w on
the scaling algebra A is defined by

w(a) =w(ar=1), a€A (4.20)

Conversely, given any state w on the scaling algebra A, let (7, H,{2)) be the corresponding
GNS-representation, and denote by

A™ = Afker(m) (4.21)

the quotient of A4 w.r.t. the kernel ker(w) of m. Then, AT ~ w(A). Let us denote by
the canonical isomorphism between these algebras, given by (A™) = m(A), where AT is the
equivalence class of A € A modulo ker(w). The projection of w to the quotient A™ is then given
by

proj(w) := (2,(-)Q) (4.22)

The physical interpretation of the states w will be based on their projections proj(w), regarded
as states on the net

O — A0) := A(O) /ker(z) (4.23)

on the Minkowski space. These nets are again local. Moreover, if ker(r) is invariant under the
Poincaré transformations « one can also define an automorphic action of the Poincaré group

77)1; b)
on AT, setting for (A, z) € Pl
Uy (@F) = (@ ) (2)" (4.24)
In this way, any suitable state w on A determines a local, covariant net (AT, Qfﬂ ), and a distin-
+

guished state proj(w) on A™.
Now, let us consider the family of states on A given by

wy = wooy, (4.25)

where g, : A(O) — A(NO) are the scaling transformations, as a net directed towards A = 0. The
alm is to determine the properties of states at small scales with the help of the functions a € A.
However, one finds that Ny~gA(AO)~ = C - I, hence any function a, such that a) converges in
norm for A Y\ 0, inevitably converges to a multiple of the identity. Consequently, such functions
are not suitable to test the properties of states in the scaling limit, since they have the same
limit in every state on A. This is the reason why one does not assume from the outset that the
elements of A are continuous at A = 0. As a consequence, the nets {w, } >0 are not convergent.
This apparent difficulty can be handled, however, with the help of the Banach—Alaoglu Theorem
[55], according to which every bounded set in the dual space of a Banach space is precompact
in the w*—topology. Applying this theorem to the family of states {w,}r>0, one sees that this
family contains (many) subnets which converge in the w*~topology for A\, 0.

100



4.1.5 Definition. Let w be a state on A and w its canonical lift on A. Each w*-limit point of
the net {wy }aso for A\, 0 is called a scaling limit state of w. The scaling limit states of w are
denoted by wy ,, ¢ € I, with T some index set, and the set of all scaling limit states of w is denoted
by SL(w).

Recall that a physical state on the underlying thory A is defined to be a state which is locally
normal w.r.t. the underlying vacuum representation. Then, the underlying theory is said to
have a wunique scaling limit, if all the scaling limit nets derived from physical states on A, are
isomorphic, and if there is a net—isomorphism which connect also the respective vacuum states,
the theory is said to have a unique vacuum structure in the scaling limit.

4.2 The dist,gy-—Ultraproduct Construction

In this section, we shall illustrate the approach based on the ultraproduct construction. In this
setting, the scaling net will be given by a limit point in the distance dist,gu~, of a suitable
sequence of local von Neumann algebras through the ultraproduct construction. First, we have
to analyse the requirements needed for a local net O — R(O) to be a (strongly) uniform family
of rigged von Neumann algebras.

To this end, let O — R(O) be a local net of von Neumann algebras acting in the vacuum
representation, H the generator of time translations, ¢ a suitable postive unbounded function,
and set

L'(a) == ||p(H + 1) tap(H + 1)7Y. (4.26)

In the following, we shall investigate the conditions under which the net O — (R(O),L’),
where O C R* is a bounded region in Minkowski spacetime and L’ is given by (4.26), is a local
net of rigged von Neumann algebras.

We begin by showing first that L’ is a Lip—norm. To this aim, we will use the following result
by Buchholz and Porrmann [11].

4.2.1 Theorem. Let O — R(O) be the net of von Neumann algebras for the free scalar field
(any mass) in dimension 3 + 1. Then, for any bounded region O and any (3 > 0, the following
map 1S compact:

R(O) 3 a— e PHae P ¢ B(H). (4.27)

As known, a linear map between Banach spaces is compact if the image K of the unit ball is
totally bounded, namely if, for any £ > 0, the number of balls of radius £ needed to cover K is
finite. We shall denote, as usual, by n.(K) such (minimal) number.

4.2.2 Theorem. Let O — R(O) be a net of local observables, and assume that, for a given
region O, the map 4.27 is compact for 3 = 1, namely n. := n-(e " TR(O)1e 1)
e > 0. Choose a function ¢ € C([0,400)) with the following properties:

s finite for any

® ( is increasing;
° 0(0)=1;
o limy o @(t) = +oo.
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Then, the following map is also compact:

R(O) 3 a s p(H) tap(H)™! € B(H). (4.28)
Proof. Choose € > 0, let T = T. such that o(T) = 3/e, and set ¢ = ¢ := mingp 7 (t)e .
Consider now the function v(t) := max(p(t), ce'), and observe that (t) = ¢(t) for t < T.

Therefore -
0 < sup(p(t) ™' —v(t)™") <supp(t) ™ = .
>0 t>T 3

Since ¥(t) > ce', the map a — ¢(H ) Ya(H)™t is compact thus we can find z1,...,2, €

() IR(ONG(H) ™, n = ness(W(H) IR(O)6(H) 1), such that
U (i,2/3) D W(H) " R(O)19(H) ™.
)1,

In this way, for any a € R(O);, we get an ¢ € {1,...,n} such that

[ (H) " agp(H) ™ — @] < ¢/3.
Then, we have

lp(H) ™ ap(H) ™ — x|

< () ap(H) ™ = il + [0 (H) " ay (H) ™ — o(H) " ap(H) ™|

< /3 + | (WH) ™ = o(H) ™ ap(H) | + llo(H ) fa(p(H) ™! = o(H) )
< /3427 - o) o <,

which means that

ne(p(H)"R(O)1p(H) ™) < ne((H) ' R(O)19(H) ™),

which implies the thesis. I

4.2.3 Remark. For example, the functions ¢(t) = (1 +¢)", n > 1 satisfy the hypothesis above.
For completeness, we give also an estimate on the order of compactness of the map (4.28).

4.2.4 Lemma. Let X, Y be Banach spaces, S, T : X — Y linear maps such that T is compact
and, for a suitable constant ¢ > 0, ||Sz| < ¢||Tz| for any x € X. Then

ne(SX1) < ngje(TX1).

Proof. By hypothesis, ST_liis bounded on T'X with norm < ¢, hence we may extend it to a
bounded operator R from TX to Y, and thus S = RT. For a given € > 0, choose x1,...,x, €
TX1, n=ng/.(TX1), such that

n
U B(zi,e/c) D TX;.
i=1
In this way, for any * € X; we get an i € {1,...,n} such that ||[Tx — z;|| < ¢/c. Then
|Sz — Rxi|| < ¢||Tx — x| < e, namely
n
B(Rz;,e) D SXi,
i=1
which implies the thesis. I
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4.2.5 Corollary. Let O — R(O) be a net of local observables, and assume that, for a given
region O, the map (4.27) is compact for 3 = 1. Then, for e small enough,

ne((H +1)""R(O)1(H + 1)) < ng(e TR(O)1e= ), 6= ge—z( §/3/e-1).

Proof. With the same notations as in the proof of Theorem 4.2.2, we have
[ (H) " ap(H) M| < e le” e,
and by the previous Lemma, we get
ness(P(H) T RONP(H) ™) < ns(e” TR(O)1e™ ),
with § = §¢®. Now, choosing ¢(t) = (1 +t)", n > 1, and ¢ such that ' > (1 + ¢)" for

t>T = {/3/e — 1, then, setting ¢ = (1 + T)"e~ 1, we get

ne((H +1)""R(O) (H + 1)) < ns(e HR(O)1e H), 6= gefﬂ V3/e-1)

Now, let us recall the definition of (p—)nuclear maps.
4.2.6 Definition. Let X and Y be Banach spaces, and let © be a linear map from X into Y.

(i) The map © is said to be compact, if the image of the unit ball of X through © is totally
bounded in Y.

(ii) The map O is said to be p—nuclear, p € R, if there exist functionals e; € X* and elements
yi €Y, such that, in the sense of strong convergence,

o) = Z@'(')yu (4.29)

and
1/p
|©]]p = inf <Z Hez'HpHyz‘Hp> ; (4.30)

where the infimum is taken w.r.t. all the possible choices of e; € X* and y; € Y in the
representation of © as in (4.29). The norm || - || in (4.30) is called the p—norm, but it is
only a quasi—norm if p < 1. For p =1 one obtains the nuclear maps.

In order to show that the norm (4.26) metrizes the w*~topology on bounded subsets, we shall
need a notion of uniformity, w.r.t. the (scaling) parameter, of the maps involved.

4.2.7 Definition. Let X and Y be Banach spaces, and let O,, r € Ry(= {z € R: x > 0}), be
linear maps from X into Y.

(i) The family of maps ©, is said to be uniformly compact, if the images of the unit ball of X
through ©, are uniformly totally bounded in Y, i.e. for any e > 0, there exists N € N such
that the covering numbers ne, = n.(0,(X1)) satisfy nc, < N for all r > 0.
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(ii) The family of maps O, is said to be uniformly (p)-nuclear, p € R, if ©, is nuclear for all
r >0, and there exists a continuous function F: Ry U{0} — Ry such that

1©rllp < F (). (4.31)

Let O, be the standard double cone of radius r > 0 around the origin.

4.2.8 Assumption (Uniform nuclearity). We shall assume that ¥Yro > 0 there ezists d > 0
such that Vr < rg, with v/ < d, the maps

Z5.0: R(Oy) — B(H), ars e PHae Pl (4.32)
are nuclear, uniformly in r/(3.

Actually, it suffices the weaker condition of uniform compactness.

4.2.9 Assumption (Uniform compactness). The maps

0,:R(O,) — B(H), (4.33)
a — (I+rH) Y a(l+rH)™!

are uniformly compact w.r.t. r.
4.2.10 Theorem. Uniform nuclearity implies uniform compactness.
Proof. 1t follows from Corollary 4.2.5. I

Le us notice that uniform compactness seems to be a reasonable assumption, since it holds,
for instance, in the (real scalar) free field case, as we shall see in the following section. For the
moment, we only quote this result.

4.2.11 Theorem. Uniform nuclearity holds for the real scalar free field of mass m >0 in s >3
spatial dimensions.

4.2.12 Lemma. Let A: X — Y a compact operator between Banach spaces, and assume that' Y
is separable and A* : Y* — X* is injective. Then, setting L'(y") = ||A*y'||, L' is a norm on Y*,
inducing the w*—topology on Y.

Proof. Since A* is injective, L’ is a norm. We now show that any w*—compact set C' is L'—closed.
Indeed, a sequence {y,,} C C is L'-converging if and only if A*y/, is norm-converging in X*.
So, let 2’ be its limit. We may assume, by possibly passing to a subsequence, that {y/,} is also
w*—converging to some ¢y’ € C. Then, for any z € X,

(2, x) = lim(A*y, x) = lim(y,,, Az) = (¢, Az) = (A*y, z),

namely A*y/, — A*y’ in norm, or, equivalently, y/, — v in the L'~norm. As a consequence, the
identity map from ¢ : (C, L") — (C,w*) is a continuous map.

Now observe that, since C' is w*—compact, it is bounded, and since A* is compact, A*C' is totally
bounded, or, equivalently, C is L'-totally bounded. By the observation above, C' is L'—compact,
namely ¢ is a homeomorphism. I
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The following Theorem tells us that (R(O,), L.), r > 0, is a RvNA w.r.t. the norm
N, (a) = max (||(I + rH)a(I +rH) |, (I +rH) 'a(I +rH)|) . (4.34)

4.2.13 Theorem. Assume that the net O — R(O) satisfies uniform compactness. Then, setting
L'(a) = ||(I +rH) ra(I +rH)7Y|, (R(O,),L.) is a RuNA, with N,(a) < |la|| + r||[H,d]|.

Proof. Indeed, let A, : B(H), — R(O,). be given by A.¢ = (I +rH) oI +rH) g,
and observe that A* : R(O,) — B(H) is given by A*a = (I + rH) 'a(l + rH)~!. By uniform
compactness, A, and A} are compact, uniformly in 7.

We now set L!.(a) = ||A%al| = ||[(I + 7H) *a(l +rH)~!||. By Lemma 4.2.12, it is not difficult to
see that (R(O,), L) is a Lip—von Neumann algebra. Indeed,

Ny(a) = max (||(I +rH)a(I +rH) 7', (I +rH) 'a(I +rH)|) < |la] + r|[H, d]],
since we have

(I +rH)a(I+rH)|| = |(I+rH) Ya+rHa—r[H,a)|
= |la= (I +rH)""ré(a)| < [lall + 7||(I +rH) ' [H,d]|
< Alall +rlI[H,d]ll,

and analogously ||(I + rH)a(I + rH)™ || < |la|]| + r||[H,a]||. Since H is the generators of a
strongly continuous one-parameter group of automorphisms, the set of elements a € R(O,) with
r||[H, a]|| < oo is w*~dense [49; 9], and thus we get the claim. 1

Finally, we want to show that the net O — R(O) form a (strongly) uniform family of RvNA’s.
Assuming that the uniform compactness condition holds true, in order to get the uniform nor-
malizer condition, we shall make the following

4.2.14 Assumption (Uniform inner regularity). For any family ay € R(O)), sup, |lar]] < 1,
and for any € > 0, there exist an v < 1 and a family a), € R(O,,), supy ||a)|| < 1, such that

Li(ax —ay) = (I + AH) ™ (ax — a)) (I + AH) || <. (4.35)
As we shall see, uniform inner regularity holds in the (real scalar) free field case.

4.2.15 Remark. Let us recall that a (local) net O — R(O) is said to be inner regular, if the
following relation holds:

R(O) = (uéccon(@))", (4.36)

where O CC O means that the closure of O is contained in the interior of O. (Notice that this
conditions is fulfilled, for instance, in the free field case.) This implies, in particular, that each
element in R(O) can be approximated in the weak-operator topology by elements from R(O).
Since the weak—operator topology coincides with the w*—topology on bounded subsets, we see
that uniform inner regularity is simply a strengthening of inner regularity (restricted to the unit

balls of the local algebras).

Finally, we can show that under the uniform compactness and the uniform inner regularity
assumptions, the rescaled family (R(O,), L)) of RvNA’s is (strongly) uniform (cf. Definition
2.4.7).

105



4.2.16 Theorem. Let O — R(O) be a local net as above, satisfying uniform compactness and
uniform inner regularity. Then, for any O, the family Ox — R(O,) is a (strongly) uniform
family of rigged von Neumann algebras. Therefore, for any ultrafilter U, the Lip-vNA’s R(O)y =
qGH* — limy, R(O)) form a net, which we call the qGH*—scaling limit net.

Proof. By uniform inner regularity, any family a) € R(O)) may be uniformly L’'-approximated
by a family @) € R(O,). The latter will be approximated by

1 ¢t
al _/59(5)0@\t<a/,\)dt7

where ¢ is a positive function With integral 1 and support contained in [—1, 1]. We have [|a$]| < 1,
Ni(a}) <143 [1g'()|dt and ad € R(O)) as soon as r +d < 1. Now, we estlmate L\ (a) — a‘f\)
First observe that, setting a := dj, a® := a3, gs(t) :== +g(%), and letting E(z) be the spectral
measure of H, we have

(I +XH) 'a®(I+ \H)™! = / gs()(I + NH) e MH g (1 4 N Lat

= /95@) (/(1 + )\:c)lei)‘de(x)> a </ eMY(1 4 Ay)ldE(y)> dt
= /gé(t) </(1 + x)—le—ide(x/A)> a (/ (1 + y)_ldE(y/)\)> dt.

Then, we see that

—1_—itx _ —itx1+2t(1+x)
/(l—i-x) e dE(ac/)\)—/e S B\ ds

As a consequence,

(I+AH) 'a®(I +\H

>
— [ doay GEERTY (G )+ - ) - 0) + (L 2)(1 4 ) - ).

Hence, we get

(I +AH) " (a® —a)(I + XH)7Y|

Gl =)~ 1] @ — )37 (@ — 9] 5" — y)l
< </R L+ 20+ >d“’”dy+/Ri (T )20+ 9P d“””d“/m <1+az><1+y>dwdy>

Setting 3 := x — y, and assuming that g is an even function, the first integral may be rewritten

as
% L (18108l +2)
2 [ asias() - 1n@), where 1) = 7 (5T < 2o 1))
0 8P\ (18]+1)
where fooo dfB2h(5) = 1. Changing variable, the first integral may finally be rewritten as

g

o 1
2/0 dﬂ|g(ﬂ)—1]5h(5)—>0 when § — 0,
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since 5h( ) approximates the Dirac delta in 0, and g(0) = 1. With the same calculations, we
get, for the second integral,

2 M(NWL(M—2/‘& (68)|8h(8)d5,

and the latter converges to the average of Sh(/3) on R, which is 0. As for the third integral, we
get, for a suitable bounded function k(/3),

2A 3" (B) k(8 dﬁ—%/'&~aﬁm<Mﬁ<%wwnwm—w.

In view of Theorem 4.2.13, the uniform normalizer condition is proven, and so the family is
(strongly) uniform. Given a sequence {A,}nen with A, N\, 0, and an ultrafilter &/ on N, let
R(O)y = qGH* — limy; R(O,,,) be the ultraproduct of R(O,,) over U. Since the net structure
clearly passes to the ultraproduct, the proof is complete. ]

4.2.1 Relations with the Buchholz-Verch Construction

We want to analyse the relation between our construction and the Buchholz-Verch construction
of the scaling algebra w.r.t. the renormalization group (scaling) transformations.

The scaling algebra
We define the qGH*—scaling algebra as follows: since Ny (a) < ||a|| + A||[H, d]]|,
A0) = Ha} €7(RO0O)) :sup Ny(ar) < oo} 711 (4.37)
= {{ax} € 2(RAO)) - sup A[[[H, a]|| < oo}

= {{ar} € I*°(R(NO)) : sgp llaxt(ay) —ax|| = 0,t € R, t — 0}.

Instead, the Buchholz-Verch scaling algebra is the following (see Definition 4.1.2):

A(O)py = {{ar} € I7°(R(NO)) : Sl)\lp lore(ar) —ayr]| — 0, z € R*, = — 0}. (4.38)

4.2.17 Remark. Since sup, ||arz(ax) — ar|]| — 0 as x — 0 implies sup, ||ar(ar) —ax|| — 0
as t — 0, one has A(O)py C A(O). Notice that the reverse inclusion needs not to hold in
general. Nevertheless, on the level of von Neumann algebras the two constructions produce
the same results, at least in the case of the (real scalar) free field. In fact, let m\, A > 0, be
the representation of A(Q) on H given by a +— ay, and let my be the Buchholz—Verch limit
representatioin (extended to A(Q)). Then, we ask that the following holds true:

(a) for any A > 0,
(MA(0)pv)" = mA(0)" = R(\O); (4.39)

(b)
(m0.A(O) By )" = mo.A(O)". (4.40)



As for (a), since elements a of A(O)py can be obtained by smearing operators from the original
net over the Poincaré group with suitable test functions of arbitrarly small support (cf. the
discussion in [12; 13]), then, choosing a delta sequence as test functions, my(a) converges to the
original operator from R(QO) in the strong operator topology. If we assume that the the net
O — R(O) is inner regular, namely

RN/

R(O) = (U@CC()R(O)) :

(which is fulfilled in the free field case), then we obtain (m\A(O)py)” = R(AO). Since the
inclusion (my\A(O)py)" C mAA(O)" C R(AO) clearly holds, we get the equality.
As for (b), it is not evident whether it holds in general. However, for the only models where
the scaling limit has been computed so far, i.e. the free scalar field in 2 + 1, 3 + 1 spacetime
dimensions, it actually holds true. Indeed, in [13] it is shown that m0.A(O)py = Ao(O), where
O — Ap(0O) is the local net of the free massless scalar field, and the main argument in the proof
of the inclusion 1 A(O)py D Ap(O) (see the proof of Lemma 3.3 in [13]), is compactness in the
sense of Haag—Swieca [34], which involves the energy operator, i.e. the properties of the time
translations group only. Hence, the same arguments can be applied to the possibly larger algebra
m0A(O), so that one gets (mo,A(O))” = Ap(O), the strong closure of Ay(O).
In conclusion, it is worth noting that, in order to get the same local net on the level of C*—
algebras as well, one should modify the definition of qGH*-limit to include a larger symmetry
group rather than time translations only, as the strongly continuous unitary implementation of
the symmetry group in the limit representation plays an important role in physics. However,
while the Buchholz—Verch construction is essentially based on the C*—algebraic nature of the
limiting process, our construction involves instead the von Neumann algebraic aspects of the
local theory. Therefore, so far, the problem of selecting, via the action of the symmetry group, a
particular weakly dense C*—subnet of the original (Poincare covariant) net of local von Neumann
algebras, does not appear to affect, in a relevant manner, the study of the small scales behavior
of the theory. This is the reason why, basically for mathematical simplicity, in our analysis
we restrict to the subgroup given by time-translations, assuming the (norm) continuity of the
(operator—valued) functions A — ay only w.r.t. this subgroup.

The representation

The qGH*-representation is defined as follows:

RO = P 7u(A0))", (4.41)

weSy,

where §;; 5 w if (w, a) = limy (wy, ay), with {wy} in B(H). and L({wy}) = supy Ly(wy) < oo (cf.
Theorem 2.4.9), where, for any A > 0,

Ly(wy) := sup{‘%,j(’;)ﬂ cx € R(ON)}

= sup{ L2 AL o) € (14 XH)"IR(O) (T + AH) 71},

Instead, the Buchholz-Verch representations are the following:
R(O)u = mu(A(O)v)", (4.42)
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where (w, a) = limy(w, ay), w € B(H)..
Since 7, (A(O)pv)" = 7, (A(O))”, we have the following

4.2.18 Corollary (to Theorem 4.2.16). With the assumptions above, the qGH*—scaling limit
net O — R(O)y is local, and any Buchholz—Verch scaling limit net of the original theory embeds
as a subrepresentation in the qGH"—scaling limit net associated with some ultrafilter.

4.3 Applications to the (real scalar) Free Field

In their second paper [13], Buchholz and Verch computed the scaling limit theories of the free
scalar fields of any mass m > 0 in s = 2,3 space dimension, which turns out to be the massless
free scalar field in the same spacetime dimensions. In the following, we shall illustrate this result,
but first we need to recall some notations and definitions. So, let us consider the Weyl algebra
We over D(R®), s = 2,3, the space of complex—valued test—functions with compact support
in the configuration space R®, namely the x—algebra generated by the unitary operators W (f),
f € D(R®) obeying the Weyl relations:

W(HW(g) = e 2°UIW(f +4g), f.g€DER), (4.43)

where the symplectic form o is given by

o(f.9) =i [ @ TG (x). (4.44)
Then, the action of the spatial translations R® on the Weyl operators is given by
ax(W(f)) == W(rcf), x€R’ (4.45)
where (7xf)(y) := f(x —y). For any given mass m > 0, we define the corresponding time
translations by
oA (W(f) = W(r™f), teR. (4.46)

We write f(p) = (2m)~*/% [ dxf(x)e™™P for the Fourier transform of f, and splitting f into
f=fr+ifr, with fr = Ref and fr = Imf, we define

(™ (p) == (cos(twm(p)) + iwm ()~ sin(twm(p))) fr(P)

+i(cos(twm(p)) + iwm(P) sin(twm (p))) f1(p),

where wy,(p) := v/p? + m?. Notice that (Tt(m)f) has support in a ball of radius r + |¢|, if f has

support in a ball of radius r, hence D(R®) is stable under the action of Tt(m). By the formulas

above, it is evident that the automorphisms ax and ozgm) commute for arbitrary m > 0, but the
time translations corresponding to different values of m do not commute. We define also the

action of lenght scale transformation (dilations) on W° by

ax(W(f)) :==W(arf), A>0, (4.47)
where . .
(O f)(x) :=A"2 fRATX) +id" 2 fi(A'x).
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It is evident that, if supp(f) C O, then supp(dyf) C AO. (Indeed, by definition, for any x ¢ \O,
then A™'x ¢ O, hence fr(A"!x) = f;(A\"!'x) = 0.) Then, there holds the following relation
between Poincaré-transformations and dilations:

axoa™ =" oon, A>0. (4.48)

Next, we define the vacuum states of mass m > 0 on W° by
WM (W (f)) = eI, (4.49)

where
1 19— ) ~ 2
1= 5 [ @ n®) ™2 (o) + () i) (150)
Then, w(™ o axr;) = w™ and w™ o g\ = W™,
Now, we consider the GNS-representation (7r(0), HO), Q(O)) of W? induced by the massless vacuum
state w(® and for each m > 0, we define a net © — R (O) of von Neumann algebras on H(®)

by
R(m)(AOT +x) = {w(o)(agﬁ)(W(g))) :supp(g) C Or}//, (4.51)

where O, is any double cone with base the open ball B, in the time ¢ = 0 plane. Due to the local
normality of the different states w(™, m > 0, with respect to each other (see [20]), these nets are
isomorphic to the nets generated by the free scalar field of mass m on the respective Fock spaces.
Moreover, the automorphisms 045\"3 extend to the local von Neumann algebras R(™(O) and act
covariantly on the net, i.e.

MRM () = RM(AO + ). 4.52
A

However, notice that for m different from the mass of the chosen standard state, the time trans-

lations agm) are not unitarly implemented in the underlying Hilbert space. We have, finally,

"

oA(R©(0)) = RO (N0) = {w<°><W<5Af>> : supp(f) C 0} : (4.53)

As discussed in Section 4.1, in order to get a scaling algebra on which the renormalization
group transformations act in a canonical manner, one has to pass from the local net of von Neu-
mann algebras to a corresponding subnet of C*—algebras consisting of operators which transform
strongly continuously under the action of Poincaré transformations or, more generally, spacetime
translation. For simplicity, one restricts to the latter case, and consider for fixed m the weakly
dense subnet of @ — R(™)(0O), given by

AM(0) = {a € R™(0) : lim al™(a) — a|| = 0}. (4.54)

This net still transforms covariantly under the Poincaré transformations, and, in the case m = 0,
also under the dilations oy. Its C*—inductive limit will be denoted by A, and the various
vacuum states extend to this algebra by local normality, due to the Eckmann and Frohlich
Theorem [20].

Then, one has the following
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4.3.1 Theorem. [13] Let s = 2,3, m > 0, and let ggf) be any scaling limit state of the theory

(A(m), a(m),w(m)) of a free scalar field of mass m in (1 + s)—dimensional Minkowski—spacetime.
Then, the associated scaling limit theory (AST),Q(WO"),W(()T)) is net-isomorphic to the theory
(A(O), a(o),w(o)) of the massless free scalar field in the same spacetime dimensions, and the cor-

responding net—isomorphism connects w[()T) and w©.

4.3.2 Remark. This result implies that, according to the classification in [12], these free field
theories have a unique quantum scaling limit with a unique vacuum structure. A similar theorem
holds for the scaling limit theories of the local nets if one imposes the continuity requirement
(4.54) for the whole Poincaré group (cf. [6], Section 7.2).

In the following, we shall verify that the free field net complies with all the regularity as-
sumption one needs in order to apply the ultraproduct construction, so that, by uniqueness,
the ultraproduct also will coincide with the Buchholz—Verch scaling limit, though at the von
Neumann algebraic level only, as specified in Remark 4.2.17.

4.3.1 Uniform Nuclearity

(This section is due to H. Bostelmann.)
We want to show uniform nuclearity of the map

250 : RM(0) = B(H), A~ e PHAcPH (4.55)

in the case of a (real scalar) free field of mass m > 0 in s > 3 spatial dimensions. For simplicity,
we restrict to standard double cones O = O, of radius r around the origin, and denote the
corresponding map by Zg .

The local algebras R(™)(0,) are generated (via weak closure) by the Weyl algebras W°(O,.).
In terms of the free field ¢ and its time derivative dy¢ in the time—0 plane, their elements (the
Weyl operators) can be written as

W (f) = expi(¢(Re f) — dog(Im f)), f € D(B,). (4.56)

Here B, C R? is the ball of radius r around the origin. The single particle Hilbert space (“mo-
mentum space”) will be denoted by K, with energy operator w(p) = /p? + m2.

In order to prove nuclearity of Zg,, we will use methods as in [6, Section 7.3].

Here we aim at estimates for the nuclear norm of =g, that are uniform in 3/r, valid for small
values of r and (3.

We will need some multi-index notation as in [6]. Given n € No(= NU{0}), we consider multi—
indexes v = (v1,...,vp) € ({0,1} xN§)", namely each v; has the form v; = (vjo,vj1, ..., Vjs) with
vjo € {0,1}, and vj, € Ng for 1 < k < s. These indices will be used for labeling derivatives in
configuration space, 0¥/ = J,’°...d5’*. Correspondingly, we consider p*i := w(p)*°p,’* ...ps’"
as a function in momentum space. We set

S n S n
vil=[Twint, v =]Iwt wl=> vk, ll=> Iyl (4.57)
k=0 j=1 k=0 j=1

As shown in [6, Lemma 7.6], the Weyl operators can be expanded in a series:

A= "0nu(A) b (4.58)

n=0 v
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for all A € W°(0O,), in the sense of matrix elements between vectors of finite energy and finite
particle number. Here the quadratic forms ¢, , are defined as

n
b =: [0 :(0), (4.59)
j=1
and the functionals o, € R(™)(0O,), are given by
P
nlv!
We set h,,(x) =[], z,”* h(x), where h € D(R®) is a certain test function which is equal to 1
for |x| < r. (The functionals o, , (at fixed r) are independent of the choice of h. They formally
depend on 7, but in a way that is compatible with restriction to smaller algebras.)

Our task is to extend (4.58) to a norm-convergent expansion of the map =Zg,. To that end,
we need estimates of the forms and functionals involved (cf. [6, Lemma 7.7]).

T (A) = (@[5 SRy ), [+ [ B(h), A ]9Q). (4.60)

4.3.3 Lemma. Given s > 3, m > 0, and ro > 0, there exists a constant ¢ such that the following
holds for any n,v.

e By P | < ™ (m1)1/2 01 (24/3/ ) H+n(e-12 forany $>0, (1)

om0l m (0| < € (n)) T2 (@) (3r) IR for any 7 < rg. (b)

Proof. Part (b) is proven in [6, Lemma 7.7], while part (a) needs a slightly extended argument,
using techniques from [11].

We first note that for any functions fi, ..., fy € K which are in the domain of w~'/2, one has
“energy bounds” of the form

e a* (f1)...a* (fi)ll < lle™Ra* (=2 1) . a* (72 fy)|
k
k \k/2 ~1/2_—fw/2
<(— || 115
- <€,8) j=1 Hw ’ fj”,

(see [11, Lemma 3.3]). Due to the damping factor e=#“/2 we can then extend this relation to
functions f; which do not necessarily decay at large momenta, but are polynomially bounded, in
particular to polynomials in the momentum components.

Now, writing ¢, ,, as a sum of 2" creator—annihilator products, and applying (4.61) as well as
its adjoint form, we obtain

— — 4n —Pw 12
e e < (2 ) Huw 2Bl (4.62)

(4.61)

For the single—particle space norms, one uses scahng arguments to obtain the estimate
) [vjl4s/2—1
w2 P 2pvi|| < ¢ ! < \ﬁ[> ’ for all g > 0, (4.63)

where ¢y is a constant (depending on s). Note that the condition s > 3 enters here. Inserted into
(4.62), this gives

2c2n\n/2 | 12,/5\ |vl+n(s—1)/2
O e P < (ZA2) i (22 . .
e e~ < (232) "0 (2) (4.64)
This implies (a) by an application of Stirling’s formula. 1
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We can now prove nuclearity by summing the norm estimates above.

4.3.4 Theorem. Let s > 3, m > 0. For any ro > 0, there exists a constant d and a smooth
function F : [0,d] — Ry such that for any r < ro and r/3 < d, the map =g, is nuclear, and its
nuclear norm obeys the estimate

125111 < F(r/pB).

Proof. Due to (4.58), we know that

)
Zpr = Z Z Un,,/(-) e_ﬁHgbn,Ve_ﬂH (4.65)

n=0 v

on a weakly dense set of operators, and with convergence in a dense set of matrix elements. If we
can prove norm—convergence of the series, then density arguments imply nuclearity of the map
(along with an estimate for the nuclear norm).

Let 79 > 0 be fixed in the following, and r < rg. From Lemma 4.3.3, we obtain the estimate

- - n \vi+n(s— r
onlrin o, lle ™ Gnpe™ ) < 2 LTI, where 2 = 6/5 7. (4.66)

We need to sum this over n and v. We factorize the sum over multi-indexes v into components,
and obtain

D> lonvlremonllle™ g e H| (4.67)
n v
n S o
S I I VIR | § DR
i=1vjoe{0,1}  k=1v;=0

Assuming z < 1, the sum over v converges as a geometric series. The sum over vjg is estimated
by introducing a factor of 2. This yields for sufficiently small z,

YD lonwlreno e dnpe™| (4.68)

s—1)/2 2 (s—1)/2« _
—2(2612_2 )= (-2 )

That implies norm—convergence of the sum in (4.65), and, re-inserting z = 6./sr/3, gives the
proposed estimate on ||Zg,||1.

4.3.5 Remark. Notice that the argument is largely the same as in [6, Theorem 7.10]. It turns
out from the proof that the estimate can be much more refined, if required. Indeed, since scale—
independent norm estimates for the individual terms of the series are known, it should be possible
to obtain direct estimates on the e—content of the map. Finally, the restriction to a real scalar
field is chosen only for simplicity. So, the same methods should apply to free theories with any
finite number of fields, bosonic or fermionic, of any finite spin.
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4.3.2 Uniform Inner Regularity

We want to show uniform inner regularity of the norm
Li(ay) = |1+ H)tax(1+ M) 7Y, ay € RM™(O)) (4.69)

in the case of the (real scalar) free field of mass m > 0 in s > 2 spatial dimensions. Namely, we
want to show that, for any family ay € R (0,), with sup, ||ax|| < 1, and for any € > 0, there
exist 7 < 1 and ) € R(™(0,,) such that

Lh\(ay —ady) = ||(I + )\H)fl(a,\ —a\)(I + )\H)71|| < e.

Now, we know that, for any regular representation of the Weyl algebra, and in particular for the
m-mass representation 7("™ : W°(R®) — B(H(™), i.e. the GNS-representation induced by the

(vacuum) state w(™ (W (f)) = e_%Hngn, the map
(L2R), - ) 2 f = 7" (W (f)) € ™ (W2 (R?))" (4.70)

is weak—operator continuous. Since the weak—operator topology coincides with the w*—topology
on bounded sets, and the map ay — L) (ay) is continuous in the w*-topology by the nuclearity
condition, it suffices to show that any ay € R(™(0,); can be uniformly approximated from the
inside (i.e., with elements from R(™(0,,), r < 1) in the w*-topology. (Notice that, since the
support of function is, by definition, a closed set, the local algebras R(m)(O) are “continuous
from the inside”, i.e. for each increasing family of open regions O;, with O; CC Oj, i < j, and
U, 0i = O, we have R (0) = (U; R™(0;))", that is to say, the net is inner regular (see
Remark 4.2.15 above).)

As first, we consider the case m = 0. In this particular case, the dilation operator dy acting
on test functions is an isometry from L?(R®) onto itself, w.r.t. the norm

1 2

115 = 5 [ @ Joo®) ™2 Fan(p) + iwn(p) /i)

Thus, given f € S(R?®) with supp(f) C Oy, we just take the function ¢, f, which has support in
O, since

NA(f = 0rf)llo=Ilf —6rfllo =0 asr— 1.

Hence, given € > 0, we can find an r < 1 such that
LA(@O(W(8r ) = m O (W (A f))) < e

Now, any ay € (mp(W(0,))")1 can be approximated in the w*~topology by finite linear com-
binations of Weyl unitaries Zfi L W0y fi), with Ef\i 1 lai] < 1. We then apply a standard
£/2—argument. Namely, given ¢ > 0, we can find ng € N such that, for any N > ng, we have

N
€
1 o= Sar vy < 5
i=1
and, with the same ¢ > 0 fixed, we can also find an r; < 1 for each unitary such that

LA(x O W (0xfi) = 7O (W (6,0 £2))) <

| ™
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Then, setting 7 = max(ry,...,7n) < 1, dy = S0, ai@ O (W (6,1 £:))) € (7 O(RO(O,1))")1, and
taking N > ng, we obtain

Li(ax - a&)
N
(aA - Za 7O (W (61 f;) ) + Ly (Z am O (W (0x 1)) Zaz mﬁ)))
=1

< 54‘5:6

We consider now the case m > 0. We recall the following estimates:

4.3.6 Lemma. [27] Let O C R® be bounded. Then, for any f € S(R®) real-valued, supp(f) C O,
N 1/2
lizm = ([ @pen®IF@IF) < ctm Oz (a.71)

_ 1/2
sz = ([ apeanl@IF@IE) " < 17110 (4.72)
Proof. Let x1(p) be the characteristic function of the unit ball in R®. Then, it is easy to see that

p) = VIp[? +m? < V1 + m?|p| + mx1(p)

and thus

15 = [ @m0
VIE st [ a7
Ip|<1

Now, let ¢ € D(R®) be such that ¢ =1 on suppf. Then,

/p|<1dsplf(p)! /dSPXI ’/dskf 3(p — k)

2
= [apum) ] [ a2 70 (6~ )

[ (fawmioor) (fexiiee-or)
= fllzo [ dpdkn @K EE - 1P

Hence, we get || f[|1/2,m < c(m, O)|[fll1/2,0, where

IN

2

IN

1/2
c(m.0) = Y1+ (m [ Ppala®K e -1P)
More easly, since w,.!(p) < |p|~!, we obtain the second inequality:

| aper @)l
< / *p [p| M F®)2 = £ 120
5
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Therefore, if m > 0, we see that

165 f — G112,
. /R @D |wn (9) 72N (Fr(WP) = 1T FR(rAp)) + it (p) 2\

s

1, ~ s+l ~ 2
; S (fip) = fi(rxp)|
1

5 / @ [orn(p) (D) = 7 Frlrp) + ieonn ()2 (Fr(p) — F i rp)) |

2
= fr = 0 frll3m + Ifr = 0 frll3m
< c(Am, Ox)lfr — & frIIS + II.fr — 8- f11[5, (4.73)

where the last inequality clearly follows from the previous Lemma. Now, since we are interested
in the limit A — 0, we can restrict A to the interval (0,1), and we get finally

185F = bexfllom

IN

( sup c(Am, OA)) Ifr = 6 SRS + 11f1 = 6r frllf

A€(0,1)
c(m,0)||fr — 6, frll§ + || fr — 6, frI[5

IN

whence, the family of operators {6, },¢(0,1) is (strongly) continuous, uniformly w.r.t. A € (0,1),
and so we can apply the argument above. Thus, we can summarize in the following

4.3.7 Proposition. For any O C R® and any A > 0, the Lip-norm L\ (4.69) on the local
algebras RU™ (O, of the (real scalar) free field satisfies the uniform inner reqularity in the vacuwm
representation, for any mass m > 0.

Therefore, in view of Theorem 4.2.16, we see that, for any m > 0 and s > 3 spatial dimensions,
the local qGH*—scaling limit net O — R(m)(C’))u exists for any ultrafilter 4. Moreover, by
Corollary 4.2.18 and Theorem 4.3.1, for m > 0 and s = 3 spatial dimensions, the Buchholz—
Verch scaling limit net in the vacuum sector embeds as a subrepresentation in the GH*—scaling
limit net associated with U.

In fact, we represent all the (local) algebras involved on the same Hilbert space H, which is
the Hilbert space associated to the standard representation of the Weyl algebra W° induced by
the mass zero vacuum state w(®). Let (A(()T), a(m?o’b),wé?f)) be the Buchholz—Verch scaling limit

theory, and denote by wg\m) the restriction to R("™)(O,) of the vacuum state w(™). Let I/ be an
ultrafilter over N, and let {\,, },en be a suitable sequence of positive real numbers converging to
zero. On the one hand, we have the Buchholz—Verch scaling limit state

wiy (a) = li&ngf\’f) (a), a€AO)pv. (4.74)

)

On the other hand, since one has (cf. Lemma 3.2 (a) in [13])

limn | = @)l oy, = 0, (4.75)

and R(™(0)) = R(©)(0,) by the Eckmann-Fréhlich Theorem [20], then we get as qGH*~scaling
limit state exactly the equivalence class w(®) = [w),,] of the mass zero vacuum state w©@ | namely

wO(d) =limw”(d},),  d' € AO). (4.76)
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(We recall that, since the norms L’An on the local algebras R(™ (0, ) are dual Lip-norms, we
have
L({wg\T)}) =sup Ly, (wgf:)) < 00,
n

where, for any A > 0,

(™) . (™D ) (o
Alwy) == sup{ TN tx € (0N}

)
(™)
= sup{ DDAy ¢ (14 AH) ' ROV(03) (I + AH) ).

Indeed, as w(™ () = (Q, 7™ (-)Q) is the vacuum state and HQ = 0, we have clearly
(T + Ay (I + AH)) = (@ (I + XH)y(I + AH)Q) = 2,y Q) < |yl

for any y € (I + H)"*R™(Oy)(I+XH)~'. Hence w® € Sy (cf. the proof of Theorem 2.4.9).)
Since (A(()T)7a(m;07L)7wéT)) is net-isomorphic to the theory (A©),a(® w(©) of the massless free
scalar field in the same spacetime dimensions, and the corresponding net—isomorphism connects
w(({?) and w(®, we finally obtain (cf. Section 4.2.1)

™ (467 (0)) 2 10 (AV(0) V)" = 70 (A(0))" (4.77)
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