Bernoulli 12(4), 2006, 663—-688

Explicit computation of second-order
moments of importance sampling estimators
for fractional Brownian motion
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We study a family of importance sampling estimators of the probability of level crossing when the
crossing level is large or the intensity of the noise is small. We develop a method which gives
explicitly the asymptotics of the second-order moment. Some of the results apply to fractional
Brownian motion, some are more general. The main tools are refined versions of classical large-
deviations results.
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1. Introduction

In this paper we address the problem of computing the asymptotics of the second-order
moment of a class of importance sampling estimators arising naturally when dealing with
Gaussian processes. We consider two questions. Let X = (X;),=¢ be a fractional Brownian
motion. A classical problem in risk theory is the investigation of the ruin probability

P(sup(Xr — @) > B). (L.1)
>0

Under suitable assumptions on the function ¢ (typically ¢; — +oo0 as t — +0o0) this
probability is very small and its computation by a naive simulation requires a large number of
iterations in order to achieve a reasonable precision. A natural technique is then importance
sampling, that is, the simulation of the process under a new probability Q, for which the
event considered is not rare, and to compensate by taking into account the density of P with
respect to Q.

A closely related question is the computation, as &€ — 0, of the probability

def
Pe = P( sup (th—(pt)>1>. (1.2)
0<r=1

More precisely, we consider, for the computation of the level crossing probability (1.2), the
class of admissible importance sampling estimators of the form

L, <1y Ze, (1.3)
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where the process X is simulated according to a distribution Q,, obtained by translating P
with a path ¢! y, y belonging to the reproducing kernel Hilbert space (RKHS) of X. Here 7,
is the time at which level 1 is attained (possibly 7, = +00) and Z;, is the density of P with
respect to O, up to time .. For the ruin problem (1.1) the class of admissible importance
sampling estimators is similar, (see Section 7).

For the probabilities (1.1) and (1.2) there exist in the literature classical results providing
the asymptotics (see Hiisler and Piterbarg 1999). We point out, however, that our goal here
is mainly to investigate the existence and behaviour of importance sampling estimators in
this context, which is something of importance in itself. The interested reader can refer to
Glasserman and Kou (1995), Glasserman and Wang (1997) and Sadowsky (1996) for results
on existence and/or counterexamples for importance sampling distributions. Also one should
be aware that the above mentioned asymptotics are actually of little help in practice, as the
formulae contains constants (e.g. Pickand’s constant) whose value should be evaluated
numerically.

In our situation the probability p, of (1.2) has a large-deviation limit,

lim &2 log p, = —lgp.
e—0

The importance sampling estimator (1.3) is asymptotically efficient if, for its second-order
moment,

lim e log E%[1 ;<11 221 = —2i,. (1.4)

Actually if (1.4) is not satisfied, in order to achieve a given precision, the number of
iterations increases exponentially fast. Conversely, if (1.4) holds, the number of iterations
may increase, but not at an exponential rate.

As stated above, we investigate the existence and properties of asymptotically efficient
importance sampling estimators for the probabilities (1.2) and (1.1). The paper is organized
as follows. In Section 3 we deal with the asymptotics of the probability (1.2) as ¢ — 0.
These results are well known, but we have chosen to include them because we develop a
method that also works for the computation of the second-order moment. This is the object
of Section 4. It should be pointed out that the results in Sections 3 and 4 hold for general
Gaussian processes: X only needs to be Gaussian, continuous, centred and starting at 0. We
must also make an assumption on X (see Assumption 4.1), which is satisfied for many
Gaussian processes of interest (including fractional Brownian motion).

In Sections 5 and 6 we discuss the existence of asymptotically efficient estimators for the
probability (1.2) for Brownian motion and fractional Brownian motion. In particular, we
prove that if the path ¢ is of the form ¢, = k#“, then no asymptotically efficient importance
sampling estimator of the form considered exists for fractional Brownian motion. We prove
also that, for Brownian motion, an asymptotically efficient change of probability exists only
if a>3.

From the results of Sections 3 and 4 we derive in Section 7 the behaviour of the second-
order moment for the importance sampling estimators for the ruin problem for fractional
Brownian motion and for ¢ of the form ¢, = kt*, k > 0. For fractional Brownian motion
with H # % we prove that an asymptotically efficient change of probability does not exist in
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the class of importance sampling distributions considered. We show, however, that if H > %,
then there exist changes of probability which are close to asymptotic efficiency. This
negative result leads to two questions: how to enlarge the class of admissible distributions,
in order to have existence of an importance sampling distribution; and how to compute the
most efficient change of probability in the class considered.

In this context Michna (1999) proposed an importance sampling estimator. We are able to
compute exactly the behaviour of its second-order moment and show the lack of asymptotic
efficiency (see Section 8).

This kind of phenomenon (non-existence of asymptotically efficient changes of
probability, and in particular lack of efficiency by translating with the most likely path)
have already been pointed out in the literature; see Glasserman and Kou (1995), Glasserman
and Wang (1997) and Sadowsky (1996).

From a technical point of view, the main tool is Varadhan’s lemma from large-deviation
theory, but we have had to overcome some technical problems in order to use it (see
Section 9).

2. The main setting

In this section we introduce the setting that we are going to consider throughout the paper.

Let C, = C([0, t], R™) be the Banach space of real continuous paths on [0, ] vanishing at
0, endowed with the uniform norm |w|,. = supo<s</|ws|. Its dual C; is formed by the
signed measures on [0, f] with finite variation, through the duality

t
(a, w) = J w,da.
0
A probability P on C, is said to be Gaussian if the canonical random variables (r.v.s)
Xs:C,— R, s <1, defined by X;(w)= w, form a Gaussian family. In the following we
assume that P is full, that is, that it gives strictly positive probability to every open set of
C;. Then (Xj), is a (continuous) Gaussian process and we denote by K(u, v) = cov(X,, X,)
its covariance function. On C; we consider the filtration F, = 0(X,, u =< t) generated by
the process. If a € C}, then the r.vis X,(w) = (a, w) are also Gaussian. Let C;p be the
completion in L*(C,, P) of C}. It is a closed vector space of L*(C,, P), whose elements form
a Gaussian family. For every r.v. Z € C; p let us define, for s < ¢,

wy = E(X2). (2.1)
Then w is a continuous path, that is, w € C,. It is easy to prove that the application Z — w is
one to one. We denote by H, the set of the paths w of this form. Endowed with the norm
def
[wln, = 1Z|l 2c..p)s

‘H, is a Hilbert space, the RKHS of P. It is useful to remark that the r.v.s X,, r < ¢, certainly
belong to C; p and that the corresponding paths are

wy = E(X X ,) = K(r, 5).
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Thus K(r, -) always belongs to H, and |K(r, -)|3, = E[X2]"/? = K(r, r)"/%. More generally,
if Z is of the form Z = Jg X day, then the corresponding path in the RKHS is

wy = E(X,Z) = JIK(S, u)day. (2.2)
0

By construction these paths are dense in H,. In the following we write C, Cp and H instead
of Cy, Ci p and H,;, respectively.

3. Estimates of level crossing

We now compute the limit lim,_qe? log p, for a fixed continuous path ¢ € C. This result is
not new, but we include its proof for completeness’ sake and because the method we use is
quite similar to that developed in the next section for the second-order moment estimation.
The computation is actually simple as the process ¢ — eX, — ¢, satisfies a large deviation
principle, so that, denoting by [ its rate function,

lim &? log p, = — inf I(w), (3.1
&e—0 weA

where A = {w € C; supo<,;<1w, — @, = 1} (see Section 9). The rate function 7 is I(w) =
%\wﬁt if w belongs to the RKHS H and I(w) = oo otherwise.

Proposition 3.1. The infimum in (3.1) is equal to

o (L+e)
inf ———,
0<r=<1 2K(t, t)

that 1is,

1 2e
if(+(pt) def

: 2 _ = — =
im e logp< sup (X = ) 1) 021=1 2K (1, 1)

0<t<l1

iy (3.2)

Proof. Let A, ={weC, w,=1+ ¢}, so that A =Jo<,<1.A;, and

inf I(w) = inf inf I(w).
wf J) = 0L, ot 10v)

A set of paths which is dense in H is that formed by those which are barycentres of the
r.v.s belonging to C'. That is,

1 1
w, = E(er X da(s)) = J K(t, s)da(s). (3.3)
0 0
Since |w|$1, is equal to the variance of the centred Gaussian r.v. fol X, da(?),
141 def
w7, :J J K(u, v) da(u)da(v) £ V(a).
0Jo

Recalling that /(w) = %|w|§1,
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1 1 pl
inf I(w)=1inf V(a) = inf—J J K(u, v)da(u)da(v),
WEA; 2 0Jo
the infimum on the right-hand side being taken among all o €C’ such that
fol K(t, s)yda(s) =14 ¢,. This is a constrained extremum problem. Using Lagrange
multipliers, we find that a must satisfy

1
J K(u, v)da(v) + AK(¢t, u) =0, for every u, 0 < u <1,
0

for some A € R. Bearing in mind the constraint, one finds that

:1+§Dz o :1+(Pt
K(1, 1) "T K@t "

Therefore

inf I(w) = %”tK(u, v) dao(u) dag(v) = 10+

weA, 0Jo 2 K(t, t) ’
O
Remark 3.1. A closer look at the above proof shows that the minimizing path w € A is
1+ o7 *
s = K, 9), 34
= g e K9 (3:4)
where
2
" = argmin U+,

<=1 2K(1, 1)
in particular, whatever the path ¢, the minimizing w is of the form const - K(¢*, -), for some
* €]0, 1].

Example 3.1 Fractional Brownian motion. If ¢, = kt“ and X is a fractional Brownian
motion, the infimum in (3.1) becomes
. 1(1+ ke“y?
Og}il 2 pH

Its computation is straightforward, as the derivative is negative for ¢ < ¢* and positive for
t > t*, where

H 1/a
= —m . 3.5
(fezm) ¢
If t* <1 the infimum is attained at +* and, from (3.4), the minimizing path is
wy = d* K (1", s), (3.6)

where a* is such that a* K(¢*, *) = 1 + @, that is a® = (1 + kt™*)/*2% If * > 1, then
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the infimum is attained at # = 1. The fact that the most likely path is as in (3.6) was obtained
in O’Connell and Procissi (1998) by a different approach.

4. Importance sampling

In this section we consider a family of importance sampling estimators of the level crossing
probability (1.2) and give explicit estimates for their second-order moments. This will
enable us to study the existence of asymptotically efficient importance sampling estimators.

Let y € H and Z € Cp the corresponding r.v. By Girsanov’s theorem, with respect to the
probability dQ, = exp(e~' Z — (262)’1|y|${) dP, the process X has the same distribution as
t —eX;+ 7y, under P. Let ¢ :[0, 1] — R be a continuous path and define the stopping
times

(w) = inf{t; o, — @, = 1}, T(w) = 7(ew)

with the usual understanding that inf@ = +oc. In the following, E and EY denote the
expectations with respect to P and Q, respectively. Let (Z%), be the right continuous version
of the martingale

. dP
Zt == TQE‘f’
Then, under Q., the r.v.
l{h_g]}Z; 4.1)

is an unbiased estimator of p.. Actually, by conditioning with respect to F,,

Pe = P( sup (eX, — @) > 1) = P(t; < 1) = BE%[l{5,=1; Z8]1 = E%[1 1<y Z5 1.
0<r=1
We now investigate the existence of asymptotically efficient importance sampling
estimators in the class (4.1). Let us set my(e) = EQE(I{H_SI}(Zi)Z). Thus this importance
sampling estimator is asymptotically efficient (see (1.4) for the definition) if
lim sup &2 log m(e) = —2i,. 4.2)
e—0
Remark that in (4.2) the left-hand side is always equal to or greater than the right-hand side,
as the second-order moment cannot be smaller than the square of the mean. Remark that if
L, =E(Z|F,), then (C,); is a Gaussian P-martingale (the o-field F, is generated by (X;)s</
and ((Xy)s<s, Z) is a Gaussian family). Hence it has independent increments and, if
v, = E(Cf)z, Z: =exp(e™'G, — (2¢*)"'v,) is also a P-martingale; since Zf = exp(e™'Z—
(2e)7yl3), then Z = E(exp(¢ ' Z — (2 €2)~'|y|*| F;). Thus Z% = (dQ,/dP)|r, and

7o = (Z)" = exp(—e'E, 4+ (26%) v)).

The second-order moment of the estimator (4.1) is therefore
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my(€) = B¢ (1, =1(Z; )') = E (15,211 Z;,) = B (1 g =pyexp(—¢ ' &y, + (26%) " 'v,)

- J exp(—e "' L (@) + (26) s ) AP()
{r,<1}

_ 1
= Jl{t(sw)il} eXp (3 : <_Cr(’9w) + EUT(S(D)>> dP(w),
as C; is a linear function of w.

Assumption 4.1. We say that the probability P satisfies the continuity of Gaussian martingales
(CGM) property if, for every rv. Z € Cp, the Gaussian martingale (8,); admits a continuous
version.

The results of this section hold under Assumption 4.1. This assumption is satisfied for
many Gaussian processes of interest and in particular for Brownian motion (of course) and
fractional Brownian motion.

It is possible to find examples of continuous Gaussian processes that do not satisfy
Assumption 4.1. In Section 9 we prove that, under Assumption 4.1, the functional

—&e + 400 (4.3)
satisfies the assumptions of Varadhan’s lemma (Theorem 9.2). This gives

ling £2log my(e)

= lim e 10g B/ (1 r,=1y exp(—¢'&r, + (263 '0p)) = sup {=Golw) + b, — I(w)}

w,t(w)=<1

1 L[y,|2 : : 1 L]y,,|2
= Su Su + 350 5 HE = inf inf U + 5 HS
tsII) weH;wlp—t/),:l { Ct(W) 2t 2‘W| } <l weH;w;—¢,=1 {gt(w) 27t 2|W| }

In the next statements we investigate the infima on the right-hand side.

Proposition 4.1. Let t € [0, 1]. Then

inf  {&iw) — o, + 1w} = — (L+ @+ v (4.4)

1

weEH; W —@,= v +2K(t, t)’
Proof. (; =E(Z|F, is a Gaussian r.v. and the corresponding path in the RKHS is
90 = E(X,{,). Obviously the paths ) and y coincide up to time ¢ If weH,
E(w) =y, w)y. Thus we are looking for the minimum of the functional
F(w) = (yD, w)y +%|w|31 on the hyperplane w;, =1+ ¢,. This is, again, a constrained
extremum to be handled by Lagrange multipliers. As F is convex and tends to + oo
as |wly — +oo, it is sufficient to look for a critical point. For he€H,
DE(w)h = (yD, h)y + (w, h)y and, if G(w)=w, DG(w)h = h, Thus the Lagrange
multipliers relation for a critical point is
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(P, By + (w, h)p + Ak, = 0.

The only vector y € H such that (y, h)y = Ah, for every h € H is y = K(t, -). Thus the
relation (Y +w, h)y = —Ah, for every h € H implies Y +w = —AK(¢, -), that is
wy = —y0 — AK(t, s). The constraint w, =1+ ¢, implies —4 = (1+ @, + y)K(t, )"
(recall that y(’) = y,). Thus, the critical path w is

Replacing the value of w and using the relationships

GO YN =B =0 G K& N =ve (Kt ), K(t ) = K(2 D),
one obtains
L+, +y:

&iOw) = (W, V(t)> _UI+YZW9

1 1 2
|W|§1:Ut+2/1')/,+/12K(l, t):Ut+2Vt + @i+ Yy ( +(/)t+7r)

K(t, 1) K(t, 1)
and, finally, putting things together gives (4.4). U]
Let us define
1
t 4.5
Hy(1) 1= =0+ e (14 00+ 7.7 (4.5)
We shall call H, the master function associated with the translation y. Let
p(y) = inf H,(0). 4.6)
Since, by Varadhan’s lemma,
lim £ log mz(e) = —inf H,(1) = —p(y), (4.7
£—! =

y is asymptotically efficient if and only if p(y) = 2i,. The next statement is useful in
determining whether y € H is asymptotically efficient.

Proposition 4.2. For every >y € H and >0 <t =<1,

(I+ (Pr)2

A0 < (4.8)

Moreover, if y is asymptotically efficient, the infimum in (4.6) is attained at every

2
e argmm( + 90

0<s<1 ZK(Z Z)
and y must be of the form y, = a*K(t*, s) for s < t*, where a* = (1 + @)/ K(t*, t*).

Proof. For every ¢, the master function can be rewritten as
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1 1 (14 )?
H,(t) = — -y - ——q —y )P 4.9
»(1) (Ut IR0 t)V,) 2K(1, t)( + @ =y + X 1) 4.9)
If Z is the r.v. associated with y in Cp, then y, = E(X,Z) = E(X,E(Z| F,)), so that
vi < EE(Z|FOEX?) = v,K(1, 1), (4.10)
which implies
1 2
— =
TR

Therefore the first two terms on the left-hand side of (4.9) are both negative, which proves
(4.8). Rewriting (4.9) for ¢t = * gives

1 1 (1+(Pt*)2
H,(")=—(vp ———y’ )| ————( B i I A
0= =(00 ~ eyt ) ~ s+ 00 v+
————

=2i,

Therefore a necessary condition for y to be asymptotically efficient is that both the relations

v vi =0, l+@p—yr=0

COK(r%, 1)
hold. The second inequality implies y+ = 1 4+ ¢@+. As for the first one, a closer look at
(4.10) shows that the inequality is strict unless the r.v.s E(Z|F ) and X+ are collinear,
that is, unless yq = AE(X%) = AK(¢*, t*). The condition y =1+ ¢, implies A=
(1 + @)/ K(t*, t*) = a*. Thus, if s < ¢*, then

vs = E(X,Z) = E[X,E(Z | F )] = a*E(X X +) = a*K(¢*, 5).
O

Remark 4.1. 1t is useful to point out the two key features of Proposition 4.2. First, any
asymptotically efficient translation y must be of the form y, = a*K(¢*, s) for s < r*. No
condition is stated concerning the behaviour of y after time ¢*. Second, as
H,(s) < (1 + ¢,)*/K(s, s) for every 0 <s<1 and i, = (1 + @»)*/QK(¢*, t¥)), if y is
asymptotically efficient then * must necessarily be a point of absolute minimum of H, and
H(1%) = (1 + 0/ K(*, %),

In the following we apply the results of this section and compute the asymptotics of the
second moment of the importance sampling estimator in two natural situations.

5. Application: Brownian motion

In this section we assume that P is the Wiener measure. Thus X is a continuous Brownian
motion and K(¢, s) = t A 5. Proposition 4.2 states that an asymptotically efficient translation
y must necessarily be such that y* = a*s for s < ¢* = argmin(1 + ¢,)*/¢. This is only a
necessary condition for asymptotic efficiency and an asymptotically efficient translation may
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not exist. There are, however, a number of situations in which it can be shown that the
translation Y = a*s, 0 < s < 1, is asymptotically efficient.

Let us first make a couple of remarks. Let ¢* <€ ]0,1] be a time at which
7(t) = (1 + ¢,)*/2¢ has a local minimum. The relation 7'(#*) = 0 straightforwardly implies
easily @ = (1 + @x)/2¢*. If y; = as for some a € R, then

1 1 1+ @)
_ a2, b 2_ L2

H, (1) = at+2t(l+q0,+at) 2at+ 2 + ap, (5.1)

and

1 d (14 ¢,)? 1 a a
H(t") = —zd® +———~ =P — (1 +@p) = —(1 + @p — at™).
() 2‘1 +dt 2 t:t*+a([)t 2‘1 +2t*( + @) Zt*( + @y at”)
————
=0

Thus, if a = a* = (1 + @)/, ¥ is also a critical point for H,. Moreover, with a = ¢* in
qot s P Y s

(5.1), we can immediately see that Hy*(t*) = 2i,. Therefore y*(t) = a*t is asymptotically
efficient if and only if #* is an absolute minimum for H,« (see Figures 1 and 2). This is
immediate if H,« is convex,

15.0 1
14.9 A
14.8 4
14.7 4
14.6
14.5 A
14.5
14.4 T T T T T T T T !

Figure 1. Graph of H,« (recall that y¥ =a*t) for « =0.83 and k = 3. H.,« is not convex, but the
minimum is attained at * = 0.439 and y* is asymptotically efficient.

15.1 ~
15 A
14.9 4

14.8 A

Figure 2. Graph of H, for « = 0.8 and k = 3. Now the minimum is attained at =1 and r* = 0.48
is only a local minimum. y* is no longer asymptotically efficient.
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o1+ ) N (tor — 1 — q,)?
‘

H(f) = gla+ 5

and it is easy to check that, if ¢ is convex, then H,« itself is a convex function of #. Thus, if
¢ is convex, Y = a*s provides a translation which is asymptotically efficient.

Proposition 5.1. Let > ¢, = kt*. If > a =1 then the path > y* = a*s is asymptotically
efficient. If >0 <a < 43_1’ then an asymptotically efficient path does not exist.

Proof. The previous arguments settle the question a = 1. Otherwise, by Proposition 4.2, an
asymptotically efficient translation y* must satisfy y* = a™s for s < ¢*. Simple calculations
show that H)«(t*) = C(4a —3), with C > 0. Thus, if « <32, then H,« does not have a
minimum at ¢* and, by the remark at the beginning of this section, y* cannot be
asymptotically efficient (Figure 3). Finally, for a =3 H/«(f*)=0 but Hy:(t*)#0;
therefore +* is a point of inflection and y* cannot be asymptotically efficient. (|

Remark 5.1. For a > 43‘1’ t* is only a local minimum. It may not be an absolute minimum

(Figure 2), but let us consider, under Q¢ the estimator
I{Supt*7(;§,§,*+(3(s Wi—@)>1} er :

Since

EQ ' [1{SUP/‘—bsts/*+6(5Wf—(/’f)>1}ZTx] = P( sup (SWZ - (pt) > 1),

tr—O0<t<t*+0

a repetition of the arguments in Section 2 shows that this estimator is biased, but its bias
tends to zero exponentially faster than the probability to be estimated. The same arguments as
in Proposition 4.1 allow us to state that the logarithm of its second-order moment goes to
—00 as

1
- inf H,«(t)—.
rr—dsr=r+o r( )82
If 6 is small enough, the infimum is attained at ¢ = #* and the estimator is asymptotically

efficient.
16.4 \

16.2

16

T T T T T T T 1

T
0.2 0.3 0.4 0.5 0.6 0.7 t* 08 09 1

Figure 3. Graph of H,« for a =0.7 and k=3. There is no minimum at *, and y* is not
asymptotically efficient.
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Finally, as for the uniqueness, it is easy to see that, if y¥ = a™¢ is asymptotically

efficient, then the path that is defined by y, = a™t if t < r and 7, = a*r if t = r is also
asymptotically efficient if » is chosen close enough to 1.

6. Application: fractional Brownian motion

Assume now that (C, (X,),<1, P) is a fractional Brownian motion. Norros et al. (1999) (see
also Molchan and Golosov 1969) proved that, if

Wt ) — { s — s, ifo<s<t, 6.1
if s=¢
where ¢, = (2HT(H + )G — H))™', then
M, = J;w(t, s)dX
is a Gaussian martingale (the findamental martingale) such that E(M?) = ¢31>=21, where
A IG—H) 6.2)

2T 2HQ - 2H)T(H + )T — 2H)’

Figure 4 shows ¢3 as a function of H, its behaviour being relevant in what follows. Norros et
al. (1999) prove two important properties of the fundamental martingale, namely, the
representation formula

X, = Jti(t, s)dM,, (6.3)
0

where the integral is an ordinary stochastic integral with respect to the continuous square
integrable martingale (M;),, and

#(t, s) = 2H<tH1/2(t — 12 (g - %)Jtu“/z(u — g)l-1/2 du). (6.4)

The fundamental martingale generates the filtration (F;), and every r.v. in the Gaussian space
Cp can be written in the form

1 - T
T T T T Y T T T 1

02 03 04 05 06 07 08 09 1

Figure 4. Behaviour of ¢3 as H varies. For H > %, the values remain very close to 1.
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1
J g(s)dM; (6.5)

for g in the Hilbert space L2, of functions such that 5 g(s)*d(M), =
GQH -2) [} g(s)*s' 21 ds < +o0. The representation formula (6.5) implies that the
CGM property of Assumption 4.1 is satisfied for fractional Brownian motion. Actually, if
Z € Cp, then it is of the form (6.5), so that

¢ = E(Z|F) = jog(s> aM,.

The term v, appearing in the master function is now, for ¢ < ¢*,

r* 2
v, = aE(EX | F))=E E(J 21, u) dMu]-‘,>
0

t 2 t
=E l(J (1", u) dMl,> ] =da*?Q2 - 2H)C§J (¥, 5)?s1 72 ds. (6.6)
0 0

Proposition 6.1. If ¢, = kt*, a > 0, then an asymptotically efficient path does not exist.

Proof. We first consider the case H > % Proposition 4.2 states that the corresponding
translation y should be of the form y, = a* K(¢*, t) = a™E(X X +) for ¢t < r*, where " is a
point at which the infimum in (3.2) is attained. We now prove that the associated master
function /, has a minimum that is strictly smaller than 2i,. This will follow from the fact
that H,(t*—) = 0, H)(t*—) = —oo, thus H, is increasing in a left neighbourhood of 7*, and
therefore has a minimum that is strictly smaller than H,(¢*) = 2i,. The computation of these
derivatives is somewhat involved, mostly because of the term v,, which is to be handled by
derivation under the integral sign using (6.4) and (6.6). Since

(T+o:+ydl(er+ydDt—H1 4+ @, + Vt)]

Hi(f) = —v} + pys

one obtains Hj(t"—)=0, as yp =@ = H(l + ¢@)/t* and Z(r*, ) =0. As for the
second-order derivative, denoting by ... the terms that have a finite limit in *,

Hj(t)= —v/+ (—"24‘;_%)
3_
.~ 2QH — 1)Ha**(r* — 1?12 ( r(lz H) - 1) .
[(H+Hr@2 -2H)

=Ky

The quantity Kpy is strictly negative for every H 75% (see Figure 5). Therefore
H)(t*—) = —oco and the master function is increasing in a left neighbourhood of r*
Slmﬂar computations show that, if H < 1 the derivative of the master function, H,, for
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01 02 03 04 05 06 07 08 09 1

Figure 5. Behaviour of Ky as H varies. Ky is strictly negative unless H = %

v, = a*K(t*, 1), converges to + oo as t]+*. Thus, in this case an asymptotically efficient
translation also cannot exist. O

Remark 6.1. The computations of the this section raise two questions. First, concerning
fractional Brownian motion, there is no importance sampling distribution which is
asymptotically efficient in the class considered. 1s there a reasonable, larger, class of
importance sampling distributions in which an asymptotically efficient one can be found?
Second, if an asymptotically efficient importance sampling distribution does not exist, is it
possible to find an importance sampling distribution that is optimal in the class considered
(even if it fails to be asymptotically efficient)? In other words, if J(y) = info<,<| H,(f), does
the functional J attain a maximum as y varies in H? If it does, what are these maxima?

7. The ruin probability

In this section we apply the results of Sections 2 and 3 and compute the asymptotics of the
second moment for the importance sampling estimator of the ruin probability (1.1) as
B — +00. Whereas the results of Sections 3 and 4 hold for general Gaussian processes
(albeit centred and continuous and satisfying Assumption 4.1), in this section we deal with
fractional Brownian motion.

Let X = (1\7 s)s=0 be a fractional Brownian Motion and ¢ > 0, a > 0. We investigate the
behaviour, as B — oo, of

P<sup (X; — es%) > B). (7.1)

s>0
Proposition 7.1. If a > H, up to an exponentially negligible term, the ruin probability (7.1)
is equivalent to p, = P(supo<;<1(eX; — kt*) > 1), where X is a fractional Brownian motion

with Hurst exponent H, € = B~'""H/* g1/« gnd k = cd, if d is large enough.

Proof. Let d be a positive number. By scaling,

P( sup (X, — es%) > B) = P( sup (B~1HH/egtile x — cqrty > 1), (7.2)

0<s<(Bd)!/« 0<r=<l
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where X, = (Bd)~"/* X t(Bd)'/“ is again a fractional Brownian motion with Hurst exponent
equal to H. If a > H, e = B~'"*1/2qH/% and k = cd, the large-deviations asymptotics of the
probability (7.2) can be deduced by the results of the previous sections: if

. H 1/a
b (c(a - H))

lim B 2+2H/%1og P sup  (Xy—cs“)> B
B=too 0<s<(Bd)!/*

and d is such that d > s*%, then

1+ kt*)? .
= d~2H/a lirrée2 10gP< sup (eX, — kt*) > 1> = d 2/ inf a+ &7y 7
E—

0<r=<1 o<i<1 221

(7.3)
With the assumptions made on d,

= 7 1/a< 1
- \cd(a — H) '

Thus the critical point ¢* belongs to 10, 1[ and

- ol a Nk — D\ 1, a N2 fc(a— H)\ 2T
_ 2H/a ~ _ -
i=d 2<a—H>< H ) _2(a—H)< H ) 74

does not depend on d (provided that d > s*%). In order to complete the proof it is sufficient
to show that

limsup B 221/%10g P sup (Xy—cs®)> B | < —i.
B—t00 s>(Bd)\/«

This is a straightforward application of Fernique’s theorem, as outlined in Duffield and
O’Connell (1995). O

Let us denote by H and Hp the RKHS of (X/);<; and (X 0)i=(Bay/« TESPECtively. If
y € Hp, then y, = E(ZX,), where Z belongs to the Gaussian space generated by the r.v.s
(X 1)i=(Bay/«- As pointed out in Section 6, this Gaussian space is well described using the
fundamental martingale of Norros et al. (1999). Let

t
M, = J w(t, S)d)~(s,
0

where w is as in (6.1); every r.v. belonging to the Gaussian space generated by (X)) 1=<(Bd)!/* 18
of the form

_ (Bd)'/ ~
Z= J g(s)dM;,
0
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/a ~ 7 :
éB’”l &(s)*d(M), < +oo. We denote by L3, the Hilbert space

of these functions, endowed with the scalar product

for some function g such that |

(Bd)\/* ~ ~ (Bd)'/* _
Vi = L g()h(s)d(M); = 2H — 2)c§JO 8(s)h(s)s' 721 ds.

S

(g,
With every function g € L~2H one can therefore associate a path € Hp by setting

_ (B ~ s ~
ys=E (XJ g(u) dMu> = Lf(s, u)g(u) d(M),. (7.5)

0

Moreover, the relation (7.5) between L% and 'H is one to one. We remark that the Gaussian
spaces generated by (X/),<i and (X/),<(pa)/« obviously coincide. Thus, if ¥ is a Gaussian r.v.
belonging to this common Gaussian space, one may associate with it the paths

yl:E[XtY]a OStSla

75(s) = E[X,Y],  0<s<(Bd)

Of course y € H and 7 € Hp.
The relationship between y and yp, can be made explicit. Actually

75(s) = BE[X (pg) 11 Y1 = By(s(Bd)~"/%). (7.6)

We consider the family of importance sampling estimators for the ruin probability of the
form

l{igs(Bd)l/a}ZiB (7.7)

where the r.v.s X are simulated under the distribution, QB, of a fractional Brownian motion
translated with a path yp of the form (7.6) for some y € ‘H, and (Z,), is the martingale
(under Qp) that gives the density of the change of probability, that is,

- 4 1
Z; = exp (—Lg,g(s) dM + ELgB(S)Z d<M>s>,

where gp € ZZH represents the path yp as in (7.5). The second-order moment of this
estimator is

- L (.
mz(B) =E [l{fBS(Bd)'/“} exXp (—JOgB(S) dMS + E JOgB(S)Z d<M>é):| .
Similarly to the definition given in Section 4, we say that the estimators defined through a
family of paths (y)p is asymptotically efficient if
lim sup B~2+21/% og 1y (B) = —2i.

B—+00

Lemma 7.2. Let X be a fractional Brownian motion and X, =1"1X,, so that X is still a
fractional Brownian motion. If g € L%([O, T]), then
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T /i ~
J g(s)dXx, = A J g(As)dX, almost surely.
0 0

Proof. As all the r.v.s considered belong to the Gaussian space generated by (X,), it is
sufficient to prove that the two r.v.s above have the same covariance with respect to each of
the r.v.s X,, t > 0, which is straightforward. O

_ From this lemma one obtains the relation between the fundamental martingales of X and
X. These are defined by

t t
M, = | w(t, s)dX,, M, = J w(t, s)dX,.
0 0

Thus M, =A'""M,; and

t

t/A B
g(s)dM, = A“HJ g(As)dM, (7.8)
0 0

for every function g € L?(d(M),). Let us define
7. = inf{t; eX, — kt* > 1}, 7g = inf{s; X, — cs“ > B},

with & = B~ !*H/agH/e | = cd. Tt immediately follows that 7, = (Bd)~'/*73. Moreover,
thanks to formula (7.8) with 1 = (Bd)~'/¢, for every g € L*(d(M)y),
T, (Bd) Vg 75 ~
| aast = [ " awans, = gay -0 | gty v ast,
0 0 0
whereas

7

jh g(1 (M), = (Bd)*@*“ﬂ/”j " g(s(BdY VP d(B),.
0 0

Therefore, recalling that ¢ = B~ '*H#/egH/e

T,

1 Te 1 €
~ 2| s an 4o [ ewrann,

0 0

T

B ~ 1 TB ~
— _Bl—l/ad—l/aJ g(S(Bd)—]/a)dMs+§BZ—2/ad—2/aJ g(S(Bd)_l/a)2d<M>S
0 0
Thus, if we define gz(s) = B'~1/%d~/* g(s(Bd)~"/*), the two r.v.s

1 Te 1 Te
Liz,<1y exp **J g(t)dMﬂr—zJ g(0?d(M), ),
& 0 28 0
(7.9)

Tp ~ B 1 T3 ~
Lz, <(Bay /ey €XP (—JO ga(s)dM; + iL 25(s)’ d<M>s)

are P-a.s. equal. Thanks to (7.9), we have my(B) = my(¢) and
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lim B2/ og miy(B) = d*11/% lim % log my(e).

Comparing with (7.3) and (7.4) we have proved the following proposition:

Proposition 7.3. The family of translations (yp)p is asymptotically efficient for the
probability (1.1) if and only if y is asymptotically efficient for the probability (1.2).

8. Asymptotic efficiency for the ruin problem

Michna (1999) investigates the efficiency of the importance sampling estimator for the ruin
probability P(supo<;<i (X; — cf) > B) obtained by a translation with a path of the form
y: = at. He studied, using extensive simulations, the efficiency of importance sampling
distributions of this kind. This choice corresponds, in the notation introduced above, to
gp =1 and g = 1. Asymptotic efficiency is achieved if and only if
, . (4 k)
ogil Hy(1) = og}il 2
Thanks to Proposition 4.2 we know that this cannot be (see Figure 6) as, in order to produce
an asymptotically efficient translation, the path y must be of the form y, = a*K(¢*, ¢), for
t < t*. One can, however, search for the best value of ¢ and check whether this estimator is
far from asymptotical efficiency.
If v, = at, v, = A®EB(EM, | F)*) = aZE(Mg) = a?c31*72H Therefore the master function
is
1

. 2222H
H,(t) = —a"c;yt +2t2H

(1 + (k + a)t)?

and one must determine the value of a such that infy<,<; H,(#) is largest. It can be shown
that in this case sup and inf can be interchanged and

16

15 1

14 - T T T T T T T T 1
062 03 04 05 06 07 08 09 1

Figure 6. Graphs of ¢ — (1 + kt)*t72" (dotted line) and of H, (solid line), with y, =at. It is
apparent that the infimum of the latter is strictly smaller. Thus the translation is not asymptotically
efficient. Here H =0.6, k=3,a=(1+ kt*)/((Zc% — 1)r*) = 4.95; the infimum of H, is equal to
14.29 instead of 14.36 for asymptotic efficiency.
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(8.1)

1 c3 (1 +kt)2
2 .2.2-2H 2 2
r(llqg())({ a“cyt +2t2H(1+(k+a)t)}—

23 -1 A

the maximum being attained at a = a(f) = (1 + k)/((2c5 — 1)1). The infimum of the right-
hand side of (8.1) is attained at * = H/(c(o. — H)) and the value of the infimum is
A (I+k"? A
23 -1 2H 23— 1

2.

This estimator would be asymptotically efficient but for the presence of the factor
c3(2¢3 — 1)~'. The graph of ¢3, in Figure 4 suggests that, for { < H < 1, ¢} is very close to
1, as well as c3(2¢3 — 1)7!, and the graph in Figure 7 confirms this fact. Therefore, for
% < H =1, this importance sampling estimator, while not asymptotically efficient, is not far
from being so (see also Figure 6). If H = 0.6, ¢3(2c3 — 1)~ = 0.995. It might, however, be
interesting to check numerically whether this estimator is useful in practice for the usual
values of the level B. Its performance is much poorer for values of H smaller than J.
The computations above allow us to determine the best value of a. Actually

“ 1+ kt* k

TQRE-Df QE-DH’

The path y, = a™t has the lowest second-order moment among the linear paths for the
simulation of the probability (1.2). The corresponding path for the simulation of the
probability (1.1) is therefore, using (7.6), ¥5(s) = c((2c3 — 1)H)~'s. Numerical evidence in
Michna (1999) indicates that, for # = 0.6 and ¢ = 1, the best path of this form is y, = at
with a between 1.5 and 1.9 — beware that a corresponds to 1+ a in Michna (1999). The
computation above gives a = ((2¢5 — 1)H)~! = 1.65.

Remark 8.1. If the translation y, = at is not asymptotically efficient, one can investigate
whether it is optimal, in the sense of the second point of Remark 6.1. The answer to this
question is also negative, as we are able to produce a translation y such that info<,<; H,(¢) is
larger: let y be a path associated to an r.v. of the form Z = a* X« + Y, with Y independent
of F . Thus Y is of the form ¥ = ftl* g(s)dM, with g € L2, Z being of the form above,

0.975

0.95

Figure 7. Graph of ¢3(2¢3 — 1)7' as a function of H. Between 1 and 1 the minimum is attained at
~ (.82 and takes a value ~ 0.9817.
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a*B(X, X ) = a®K(t*, 1), if t<1r*,

 =EX/(d" X+ V)] =
v [ + 1)l { a*K(r*, 1)+ [ Z(t, s)g(s)d(M)s, if +> r*.

Assuming for simplicity that H > %, for t = 1,

t t
vi=a"K(*, )+ 2HQ2 - 2H)(H — §)c§J a(s)s' 2 dsj w12 — 5)1=3/2 du
t*

N

t u
= a*K(r*, )+ 2HQ — 2H)(H — 5)64 uH*I/ZJ g(s)s' 2 (u — 5)1132 ds.
[*

I*

The corresponding conditional variance v, = E(E(Z | F,)?) takes the form

t
a*(2 — 2H)c§J (1, 5)*s' 72 ds, if 1< r*,
0
U[ - [
v, =a*K(t*, )+ (2 — 2H)c§J g2s' 2 ds, if 1= r*.
t*

If g is of the form g(s) = co(s — £*)Ps>#~! for some values of ¢;, B to be chosen later, one
obtains

col(B+ DHIG — H)
I(H+p+ )2 —2H)

t
v, = d* K(*, 1) + J ut =12y — £H+B=1/2 gy (8.2)
t*

for t = *, whereas, for the same values of ¢,
t
vi=d"K(©5, )+ (2 - 2H)c§c§J (s — 821 s,
t*

The master function H, is easily computed numerically. Figures 8 and 9 show that, for a
good choice of ¢y and f3, y is closer to asymptotic efficiency than Michna’s estimator.

143

T T T T 1

T T T T
0.2 0.3 04 t*=05 0.6 0.7 0.8 0.9 1

Figure 8. Graphs of ¢ — (1 + kt)*t~2" (dotted) and H, (solid), again for H = 0.6, k=3, with
y =da*K(t*, t) for t=<1t* and defined as in (8.2) for > ¢*. Here ¢ =4.7 and S =0.01. The
infimum of H, is now equal to 14.3527, which is very close to asymptotic efficiency (the required
value is still 14.3588). The minimum is attained at r = 0.526.
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14.4

14.35

T
0.4 t*=0.5 0.6

Figure 9. Enlargement of Figure 8, showing the behaviour near r*. Recall that, at the left of ¢*, the
path is y, = a®*K(¢*, o).

9. Some basic facts

In this section we recall some well-known facts about continuous Gaussian processes. Many
references are available in the literature; we refer mainly to Lifshits (1995). We prove also
an extension of Varadhan’s lemma that is needed in the proofs in Section 4.

9.1. Girsanov’s theorem

If we H, and Z € C; p is the corresponding r.v., then the r.v.

2 2
o2, — oZ-HIZIR

has mean 1 with respect to P, so that dQ = e” - dpisa probability measure on C,. Moreover,
if we denote by P, the probability obtained by a translation by w, then it is easy to see that Q = P,,.

9.2. Restriction of an RKHS path

If a path y belongs to Hy and ¢ =< 7, then one can consider its restriction to [0, ¢] and
inquire whether it belongs to H,.

Proposition 9.1. Let y € Hy and t < T, and denote by y the restriction of y to [0, t]. Then
¥ € H, and there exists a unique path Y € Hry coinciding with y up to time t and such that

O, = 171, 9.1y
O3, = inflw]3,, . (9.2)

the infimum being taken over all paths w € Hp whose restriction to [0, t] coincides with 7y.
Moreover, YV is the unique path at which this infimum is attained.

Proof. Let Z € Crp be the rv. corresponding to y € Hy. Thus y, = E(XZ). The r.v.
&, =E(Z|F,) is still Gaussian, as {Z, X, u < t} is a Gaussian family. The corresponding
path, Y say, enjoys the property that, for s < ¢,

YW = EB(X,Z) = E(X,Z) = v,
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that is, it coincides with y up to time ¢. However, it immediately follows that §, € Cp, and
that the path in H, corresponding to {; is the restriction y of y to [0, ¢]. This immediately
gives (9.1), as both sides are equal to E(Cf). Moreover, if w € Hy is any path coinciding with
y up to time ¢, by repeating the previous argument, since its corresponding Gaussian r.v. Z,,
satisfies wy = E(Z,X,), we have, for s<<t E(Z,|F)=E(Z|F;) = therefore
Z,=28&, + W, for some r.v. W € Cr p independent of F,. Thus

YO, = E(&) < E(Z%) + E(W?) = E(Z2) = |wl},,. (9.3)

which gives (9.2). Moreover, in (9.3) equality holds if and only if W = 0, that is, if and only
if w=y". O

9.3. Large deviations

Let (Cr, Fr, P) be a Gaussian process as in Section 3 and let P° be the probability
obtained by scaling with parameter & P?(4) = P(¢ '4). Then the following large-
deviations result is well known: for every closed set F C C, and every open set G C C,,
lim sup &% log PE(F) < —ing I(w), lim ié’lf e’ log P5(G) = —inf; I(w), 9.4)

we E— we

e—0

where I(w) = %|W|$i, if we H, and I(w) = +oo otherwise (see Lifshits 1995: Chapter 12).

9.4. An extension of Varadhan’s lemma

Varadhan’s lemma states that if the family of probability measures (u.). on the complete
metric space (E, d) satisfies a large-deviation principle with rate function / and f : E — R
is a continuous function satisfying suitable tail properties, then, for a closed set F,

lime logJ e/ du, < sup [f(x) — I(x)].
&0 F xeF

In Section 4 we applied this result to the functional —&; +%U,, which is not continuous in
general. We now prove an extension of Varadhan’s lemma and then show that actually the
functional —¢; + %U, satisfy its assumptions. The extension is quite natural and the proofs are
straightforward revisitations of the classical ones (see Dembo and Zeitouni 1998: 139).

Definition 9.1. Let (uc). be a family of probability measures on the complete metric space
(E, d) satisfying a large-deviation principle with rate function I with speed € as € — 0. A4
function @ : E — R is said to be quasi-upper semicontinuous (quasi-lower semicontinuous)
with respect to (). if for every p >0, R > 0, n > 0 there exist & > 0, &g > 0 such that for
every € < &,

te(x; D(x) > D(y) +7, d(x, y) < 8) < e F*
(e (x; @(x) < @(y) — 1, d(x, y) < 0) <e F/%) (9.5)



Importance sampling estimators for fractional Brownian motion 685

uniformly for I(y) < p. @ is said to be quasi-continuous if it is quasi-upper semicontinuous
and quasi-lower semicontinuous.

The extension of Varadhan’s lemma is the following.

Theorem 9.2. Assume that the family of probability measures (u.). on the complete metric
space (E, d) satisfies a large-deviation principle with rate function I and speed € as € — 0.
Let F C E be a closed (G C E an open) set and ® : E — R a function such that:

(1) For every R >0 there exist M >0, gy > 0 such that for every & < ¢,
Jeq’<x>/81{|¢(x)|>M} du, < e ®/¢, (9.6)

(i) D@ is quasi-upper (quasi-lower) semicontinuous with respect to (Ug)e.

Then

limsup ¢ logJeq’(")/ “lpdue < sup [P(x) — I(x)]
xeF

e—0
<lim iélfelogjed’m/% du, = sup [D(x) — I(x)]) 9.7)
s xeG

We now prove that the functional —&; +%vr appearing in (4.3) satisfies the assumptions
of Theorem 9.2 with respect to the family (P?),.. First, we take care of (9.6). The term v, is
bounded. If &* = supg<,<, |C;|, then obviously &* = —¢&, and it is sufficient to prove (9.6)
for @ = £*. Since (&,), is a continuous Gaussian process, the r.v. £* is finite and Borell’s
inequality (see van der Vaart and Wellner 1996) gives

PE* =ry =<2 "
for some ¢* > 0 (actually one can choose ¢* = (8E[(Z¥)2])™)).

Lemma 9.3. For every R > 0 there exists M > 0 such that

lim sup &’ logJ exp(e LN (e oy AP(X) < —R.
C

e—0

Proof. Observe, first, that the distribution of C* under P is the same as the distribution of
&*(e-) under P, and that &*(ex) = eZ*(x) P-a.s. Therefore,

L exp(e 25 (N (gt = ary 4P (x) = L exp(e & N1 feee (- a1y AP(X)

. M\ C1gkn1/2
sP(C >?> Eexp2e ' *)V2. (9.10)

By Borell’s inequality,
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+o00o

E(exp(2e~'¢")) = J;OCP(exp(Zelé*) =prdr<1+ Jl P(exp(2e~'&*) = r)dr

+00 +00
=1 +J P(exp(e &%) = e')e’ dr = IJ
0 0

+00 )
s1+J exp<cgl‘2+t>dt
0 4

1 +00 0*82 2 2
SlJreXpw - exXp| — 4 t*w dt

- 1 1 e
= —ex —
€ P cte? c*

Going back to (9.10),

1/2 * 102
1 1 7T cM
—2 % &
Iy o P =(1+- _
Lexp(e £ (x)) (it (x)>M}d (x) < - exP(c*ﬁ)”c*) exp< 7e2 >,

which gives

P(C* = % t)e’dt

i 2 —25% )] AP () < 1 c*M?
im sup &~ log CeXp(s & O gy 4P°0) < 5 ==
allowing us to conclude. U]

Let us now check that the functional —¢, +%U, is quasi-continuous. v, is continuous
almost surely, since 7 is continuous P?-a.s. for every &€ > 0, as proved below in Proposition
9.7. The following statement gives an elementary, consequence of the CGM property (see
Assumption 4.1).

Lemma 9.4. If the CGM property is satisfied, then t — y" is continuous from [0, T] to Hr.

Proof. 1t is sufficient to remark that, for s < ¢, [y — V(S)ﬁir =E[E(Z|F) - E(Z|Fy))*
and use the fact that for Gaussian r.v.s almost sure convergence implies convergence in L.
O

The quasi-continuity of &, follows from the following statement. Recall that
&, =E(Z|F,), where Z is the Gaussian r.v. associated with the path y € ‘H and that we
assume that ({,), is continuous.

Proposition 9.5. For every p > 0, R > 0, 5 > 0 there exist &g > 0, 0 > 0 such that, for every
weH,
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P(x; sup |eC(x) — (w, y(’)>H| =, |lex — wleo < 5) < e’R/sz, (9.11)

0=r=1

Jor every € < gy, uniformly for |w|y < p.

Proof. The two-dimensional process (X, §;), takes its values in C([0, 1], R?) and is
Gaussian. It is easy to check that its RKHS H is formed by the paths (w, g), where w € 'H
and g, = (w, y”)y, with the norm |(w, g)|;; = |w|». The rest of the proof consists in
majorizing the left-hand side in (9.11) using large deviations. Actually (9.11) is more or less
equivalent to the the large-deviations estimates for (X, &;),, as developed in Baldi and Sanz
(1991), whose arguments we reproduce here. The estimates (9.4) give

lim sup P(x; sup [e€,(x) — (w, YD)g| =7, [lex — wl|oo < 6> < —inf3|(y, g)|%, (9.12)

e—0 0o=r=<1

the infimum being taken among those paths (y, g) such that |y — w|, <0 and
lg — (W, Y 2llo = 7. Let us fix R > 0. Thanks to Lemma 9.6 below, for every 1 >0
there exists O >0 such that, if |[W;, <2R and |w—w|sw <0, then [(w, yO)y
— (w, YN ylloe < 7. With this choice of o, if (y, g) satisfies ||y —w[.c <O and
lg — (W, Y lleo =7, then |(y, g)|§_~[ = 2R and the right-hand side in (9.12) is smaller
than —R, which completes the proof. O

Lemma 9.6. Let Kgr = {w; I(W)<R}. If w,w, € Kg, n=1 and ||w, — w||ooc — 0, then
w, — w in the weak topology of H, and the map w — (t — (w, ")) from Ky to C, both
endowed with the ||| topology, is continuous.

Proof. The statement follows by the Lebesgue theorem if w,, w, ¥y € H are of the form
w0 = K 9dans) wi = [k 9da y0= [KG9dpe. ©13)

with a, a,, B € C'. Then remark that paths of the form (9.13) are dense.

As for the second part of the statement, let (w,), C Kg such that |w, — w||.c — 0. It is
straightforward that the set ((w,, ¥"))3), is equi-bounded and equi-continuous and, by the
Arzela—Ascoli  theorem, relatively compact. Since we already know that
(W, YNV — (w, yD)q, for every ¢t all the limit points in C of the sequence
(W, V%), must coincide with (w, )3, and the proof is complete. O

Finally, let, for a > 0, 7,(w) = inf{7 = 0; X (w) = a}.
Proposition 9.7. t, is a functional of the path w which is P*-a.s. continuous for every € > (.
Proof. T, is not a continuous functional of the path. It is, however, lower semi-continuous.

Similarly, the stopping time 7,(w) = inf{# = 0; X,(w) > a} is upper semi-continuous. The
statement then follows if 7, = 7;, P‘-a.s. Let ¢ > 0, then
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P, <g<t))=F° <supXS = a> =0

s=q

as, by Tsyrelson’s theorem (see Lifshits 1995: 136) the r.v. sup,<, X has a density. Thus the
event {7, <1,} is negligible, being the countable union of the events {7, < ¢ <17,},
q € Q. |
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