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Abstract

We prove a multivariate CLT for skewness and kurtosis of the wavelets coefficients
of a stationary field on the torus. The results are in the framework of the fixed-
domain asymptotics, i.e. we refer to observations of a single field which is sampled
at higher and higher frequencies. We consider also studentized statistics for the
case of an unknown correlation structure. The results are motivated by the analysis
of high-frequency financial data or cosmological data sets, with a particular interest
towards testing for Gaussianity and isotropy.
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1 Introduction

In recent years, a growing interest has been drawn by infill (or fixed-domain, or high-
resolution) asymptotics, i.e., the investigation of the limiting behaviour of statistics of a
single observation of a stochastic processes on a fixed time span or of a random field on a
compact space, observed at a greater and greater resolution as the sample size increases
(see (Stein 1999b) e.g.).

Such interest was mainly stimulated by various fields of applications. For stochas-
tic processes defined on subsets of R, the leading motivations have come from finance,
where it is now customary to observe high-frequency or ultra-high frequency data sets
collected in a short amount of time (even a single day). In such cases, clearly, the
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standard asymptotic framework, envisaging an ever-increasing time span of observations,
can be highly misleading and a fixed-domain approach seems a valid alternative. Many
important contributions have focussed on asymptotic statistical inference on discretely
observed diffusions, see for instance Kessler and Sgrensen (Kessler and Sgrensen 1999),
Serensen and Uchida (Sgrensen and Uchida 2003).

Our interest here, however, is not on diffusions, but rather on stationary processes,
as for instance in Stein (Stein 1999a) and (Stein 2002). In this area, strong interest
has been brought in by the cosmological and astrophysical literature (see e.g. (Angers
and Kim 2005) and (Meinshausen and Rice 2006)), a particularly active field being the
analysis of Cosmic Microwave Background radiation. The latter can be viewed as a relic
of the Big Bang which provides a snapshot of the Universe some 13,7 billion years ago; as
such it is considered a goldmine of information on fundamental physics. A widely debated
issue relates to the probability law of such radiation: this has fuelled considerable activity
on testing for Gaussianity on isotropic random fields defined on S?, the sphere in three-
dimensional Euclidean space. Wavelet analysis has also been proposed here, for instance
by Vielva et al. (Vielva, Martinez-Gonzélez, Barreiro, Sanz and Cay6n 2004), Jin et
al. (Jin, Starck, Donoho, Aghanim and Forni 2005), Cabella et al. (Cabella, Hansen,
Marinucci, Pagano and Vittorio 2004). See also (Marinucci 2006b) for rigorous results
on non Gaussianity testing, but based on the angular bispectrum.

Wavelet analysis has proved to be a powerful tool in this kind of problems, owing to
their good localization properties. To the best of our knowledge, however, no theoretical
analysis exists so far in the literature on the asymptotic (high-resolution) behaviour of
the random wavelets coefficients for random fields on bounded domains. In this paper we
focus on isotropic random fields on the torus S!; we define a suitable wavelet expansion
and we derive the correlation structure of the random wavelets coefficients. The wavelet
setting that is exploited here is based on the Littlewood-Paley construction. It produces
a frame, instead of an orthonormal basis, but it is very stable and expands on the Fourier
basis using only a finite number of coefficients. Therefore it is by essence localized in
frequency. It is also localized in the time domain. This property is extremely useful in
the presence of gaps in the observations.

We use these results to establish asymptotic independence of the coefficients, leading
to a multivariate central limit theorem for the skewness and kurtosis statistics. These
are useful to investigate the Gaussianity of the field. As explained before, the asymptotic
theory is clearly developed in the high-resolution sense. The results are then extended
to the case where the correlation structure of the field is unknown and estimated from
the data.

One of the main interests of this construction is also that it generalizes very easily to
the d-dimensional case and, although we present the calculation on the circle, it trivially
extends to the d-dimensional torus. It is certainly desirable to extend our results, for
instance, to bounded subsets of R or to S?; such extensions are currently under inves-
tigation. However also the present results are of a practical interest. Indeed, random
fields on the circle are the natural environment for many geophysical models, for instance
concerning atmospheric data (Niu and Tiao 1995). Also, it is not unusual in the CMB
literature to approximate S? as the union of copies of S!', the so-called ring-torus ap-
proach (Wandelt and Hansen 2003). Finally, our assumptions can be used for models of
stationary time series on a fixed domain.

The plan of the paper is as follows. In §2 we review the Petrushev construction of
needlets on general spaces; in §3 we introduce random fields on the torus and the associ-
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ated random wavelets coefficients; a fundamental bound is established on the covariances
of the latter. §5 is devoted to the multivariate Central Limit Theorem for the Skewness
and Kurtosis statistics of these random wavelets coefficients. This result is extended
to studentized statistics in §6, whereas §7 is devoted to the investigation of the alias-
ing effect, that is, the discretized sampling of the continuous random field of interest.
68 presents some Monte Carlo evidence. In the sequel, we use ¢ to denote a positive
constant, which need not be the same from line to line.

2 Petrushev construction of Needlets

Frames were introduced in the 1950’s (Duffin and Schaeffer 1952) to represent functions
via over-complete sets. Frames including tight frames arise naturally in wavelet analysis
on R?. Tight frames which are very close to orthonormal bases are especially useful in
signal and image processing.

We shall see that the following construction has the advantage of being easily com-
putable and of producing well localized tight frames constructed on a specified orthonor-
mal basis.

Definition 2.1 Let H be a Hilbert space, and (e,,) a sequence in H; (e,) is a tight frame
(with constant 1) if :

VEEH, 117 =Y I{f en)l

Let now ¢ be a metric space endowed with a finite measure p. Assume that the following
decomposition holds

Lo(%, 1) = @ Hi
=0

where the H;’s are finite dimensional spaces. For the sake of simplicity, we suppose that
Hy is reduced to the constants. Let L; be the orthogonal projection on Hj :

Vf € Lo(#, ). &muhlﬁ@&@wmw

where
my

Li(z,y) =) ei(x)a(y)

i=1

my is the dimension of H; and (6§)¢:1,..,,m, an orthonormal basis of H;. Let us observe
that we have the following property of the projection operators:

[ 1Ly 2) i) = B Lit,2) 2.1)

The following construction, also inspired by (Frazier, Jawerth and Weiss 1991), is based
on two fundamental steps: Littlewood-Paley decomposition and discretization, which are
summarized in the two following subsections.
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2.1 Littlewood -Paley decomposition

Let ¢ be a C* function supported in || < 1, such that 1 > ¢(§) > 0 and ¢(§) = 1 if
€] < 5. Let us define:

so that
Vigl=1, 0 Y ai(5) =1, (2.2)
J
Actually in the previous sum all middle terms cancel telescopically. Let us define the
operator
Ay =) d’ (5L
1>0

and the associated kernel

N(zy) =Y (S Lizy)= Y d(5)Lilz.y).

>0 29—1<]<2i+1
Then it holds:
Proposition 2.2
J
VfE€H, f= lim Lo(f)+ ZOA”) (2.3)
J:

MG = [ M2z 0)dn(2) (2.4
Proof.
Lo(f) + > M(f) = Lo(f) + DY ()Ll f) = Y o(F) Ll f)- (2.5)

Therefore, as ¢( 2JZ+1

IS oGk L) = £ = 3 ILdIP+ > JLuhHa = et

) =1 as soon as 27 > [,

1>27+1 27 <]<2J+1
<Y NLHIIP — 0, as T — oo
1>27

(2.4) is a simple consequence of (2.1).

2.2 Discretization

Let us define l
Jg/l - @ Hmv
m=0

and let us assume that some additional assumptions are true:
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1. fed=feH

2. feH, ge = fg€ Ky

3. Quadrature formula: for every [ € N there exists a finite subset Z; C # and
positive real numbers A, > 0, n € 2, such that

vfed [sdu=Y M (26)
neZ;
Then the operator M, defined in Proposition 2.2 is such that M;(x, z) = M,;(z,z) and
2= Mj(z,2) € Hjr1_q

so that
2= Mj(x, 2)M;(2,y) € Hajr2_s

and we can write:
Aj(x,y)z/Mj(%Z)Mj(z,y) du(z) = D AM;(w,n)M;(n,y) -
NEZyiv2_y
This implies:

Ajf(z) Z/Aj(x,y)f(y) du(y) =/ > MMz m)M;(n,y) f(y) du(y)

neEZyj+2_,

ZZ\ﬁMwn/\/»Myn ) dpu(y).

NEXyi+2_4
This can be summarized in the following way, if we set
Loivrg =25, iy i=\/ AM;(x,m)
then

Ajf() = (fotdi) in(z) -

neZ;

Proposition 2.3 The family (v;,) ennez, is a tight frame

Proof. As
f=lim (Lo(f) + > ()
112 = lim ((Lo(f), £) :;wf),ﬁ)
but )

<Aj(f)>f> Z<f>wjn %m Z|f¢]n

neZ; neZ;
and if ¢y is a normalized constant such that (Lo(f), f) = [{f,%0o)|?, then

LA = 1(F o) P+ Y )

JENNEZ;
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2.3 Localization properties

Petrushev and coauthors have analysed the previous construction proving that very nice
localization properties hold.

In the case of the sphere of R*! where the spaces H; are spanned by spherical har-
monics, it is proved in (Narcowich, Petrushev and Ward 2006) the following localisation
property: for any k there exists a constant ¢; such that :

Ck2dj/2

(1 + 27 arccos(n, £))*

(€] <

In the case of Jacobi polynomials on [—1,1] with respect to the Jacobi weight, it is
proved (Petrushev and Xu 2005) the following localization property: for any k there
exist constants C, ¢ such that :

27/2
[ty (cos 0)] < ‘ :

(14 (2710 — arccosn|)*\/wap(27, cos §)

where wag(n,z) = (1 —z+n 2)* 21+ +n )2 1<z <lifa>-1 g> -1
In the following section, we consider the case, which is our framework, where % is the
torus, (ex) is the Fourier basis, and H,, = Span{e,, }.

2.4 Quadrature Formula on the torus

Proposition 2.4 Assume that % =T, the torus. If, for m € N,

Ky, = { Z ape™ ay € (C},

[k|<m

the quadrature formula (2.6), holds for

2l
o 1edo,.. . } Aoty = ——.
P = gt L0 omh ) N =

Proof. Let T be the torus, identified with [0, 27] and endowed with the measure [, fdu =
1 2m

5= Jo f(x)dz. Let f: T — C with the following expansion on the trigonometric basis,

f= Z ape™™ .
k

For m € N let us define,

m

1
T (f) = miﬂzf(x+”3%) :
=0

It is obvious that 7,1 f is periodic with period %11 Therefore T}, 11 f has the expansion

1 )
Q/Tmﬂf(x)e_”mdx:() if k+# 0(mod m+1),
TJT

1

5 Tons1(f) () e~ MmHDT oy = Ak(m41) -
TJT
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Hence,
Ty f(r) = Z ak(m+1)61k(m+l)x .
k

If f is a trigonometric polynomial of degree smaller than or equal to m, we have

2.5 Localization properties for trigonometric series

Following the steps of the sections above, we have for n € Z5+2_1, that is n = 5}%, ke

{0,..., 2972 — 1},

il(z— 1 il(x—
Aj(z,y) = ZGQ(%)GZ( v, V() = WZ“(%W“ ", (2.7)
170 1£0

We prove now at the same time the concentration of the wavelet and of A;. Let A be

—T 0 ™

Figure 1: Comparison between the wavelet 1o (solid) and the trigonometric function
at comparable frequency (dashes). Here j = 4. The local character of the wavelet is
apparent. In this picture the wavelet has been normalized in order to have the same L?
norm (otherwise it would be smaller).

a a continuous compactly supported function and let us consider, associated to A and j,

the function A
Ei(a) = Alg)e™ .
1£0
We denote by W = WF(R) the Besov space of functions with integrable weak derivative
of order k.
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Theorem 2.5 Let A be a continuous, compactly supported function such that A € WF(R)
for some k > 2. Then, for all m € N there exists a constant ¢y, such that

Cm7k2(m+1)j

|D™Ei(z)| < 0+ |Za]F

(2.8)
Proof. Clearly &;(x) is a trigonometric polynomial. Moreover let us put

B(a) = P(A)(w) = 5 [ Al dy,

If B € L;(R), by the Poisson summation formula :

ZA £eke ZB £)e* = 2m Y "2 B(2 (2 — 27l))

lez

and more generally if D™(B) € L1(R)

D™(&)(x) = 2m » 2" D™(B)(2 (x — 2nl)) .

lez

But

D™(B)(x) = D7 (A)(z) = F ((iy)" A(y))(x)
is bounded (and, by the Lebesgue-Riemann lemma, even vanishes at infinity). Further-
more,

(—iz)"D™(B)(x) = (—iz)"7 ((iy)" Ay)) (z) = F (D*{(iy)" A(y)})(z) =
=" FUD"y"DI(A) ()} ()

1=0
and this function is bounded as A € WF. Therefore

1

D™ (B)@)] € ot ot € Ok (1 e

Hence
1

|Dm§.($)| < Cm’kQ(erl)j . .
J ; (14 |27 (x — 27l)|)*

The result is now a consequence of the following lemma.

Lemma 2.6 For k > 2

Z 1+ 2z —27T1>|)

ez

18 a 2m-periodic function such that

9]’(37> < W
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Proof. Let |z| < m. Then

1 1 1
; A+ 20— 2 ~ (4 [2a)F ; (1 + 29z — 2eD)| )
Since
1 1
2 B o <2 Gy v D S

>0

2 1427 k
< 1 - <
- (1+297r)k( +zz>; <1+2ﬂ(2l—1)7r> ) -
; k
2 (1427 4
= (1+2J7r)k< +/2 (1+2am) x) = (14 2k

1 4 5
: < —
(1 + [27])* T St |27])*

1£0

one gets finally

0(x) <

3 Assumptions and random wavelet coefficients

3.1 Assumptions on the model

Consider the random field

X@) =Y we™ 9 el0,2q],
l=—00
where -
wo=0, Bw =0, Blw|*?=C;, 1 =1,2,..., Z () < .
l=—00
Throughout this paper, we introduce the following regularity condition on the behaviour

of the angular power spectrum.

Assumption A1 There exists a function g : N — [¢1, o] such that g € WM for some
M >0 and
Cr=g)™ forallle N, a>1.

For some results to follow, this assumption is strengthened to
Assumption A2 Al holds and there exists a sequence of functions hy(u) : [3,2] —

(<) 22] such that
Cc1

ca?

9(1) N N
hy (4 .= 232 —<l<— ,N=28,16,32,...
M) 8 2
and
sup sup ]h%w)(uﬂ < C ,some C >0, some M € N | (3.9)

N 1/2<u<2

where h%w) denotes the M-th order weak derivative of hy.
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Remark 3.1 Condition Al is a very mild regularity condition; it is implied, for instance,
if () is any trigonometric polynomial bounded away from zero. The requirement o > 1
is necessary to ensure the sequence C; to be summable, which in turn is a consequence of
the finite variance of the field. Condition A2 is a slightly stronger smoothness condition,
which implies that hy € WM.

3.2 Random wavelet coefficients
We recall the frame introduced in (2.7), namely
1 (e 2km ;
wjﬁ(x)zmza(%)el( 77)7 n:wa k’E{O,...,2J+2—1}.
1£0
The notations will be shortened into the following way. For j € N, we put N = 2/+2,
2m

Une(t) = Yn(t — kT), T:ﬁ,ke{o,...,]\f—l}
Yy(t) = \ﬁl_zoo 4N dt

where a is a € function, compactly supported in [}, 2]. Hence, @/D\N(l) has support in

(%, 5); indeed .
~ 1
Un(l) = ﬁa(%) :

=~

We have also

Oni(l) / bn (0 + kr)e™ d9 = e iy (1)

We now define the associated wavelets coefficients of the process X
1 [" 1 [7
Bue 1= 2/ X (9)on(9) 9 = 2/ X(@)n (0 + kr)dd, k=0,1,...,N—1.
T ) . T ) .
It is immediate to see that E (N, = 0; also

B ) / / EX(9)X (9w, (0)Yng, (V) di dY =
:/ / X (0 )nn, (0, () d d =

/ / Z Cre™ =" (0 + by )by (0 + k) d) d' =

T l=—oo (3.10)
Z Cﬂ/JNkl kaQ Z Cl|¢N |2 ilT(k1—k2) _
l=—00 P——
1 S dlr(k1—
- &3 Gl
l=—00

Next we study the asymptotics of the correlation coefficient, defined as

zl k1—k
ZN/8<|l\<N/2 Cia? (N) N (k)

EN/8§|Z|§N/2 Cia® (N)

Corr (5Nk1 , BNk,) =
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Lemma 3.2 Under Assumption A2,

2CM

|Corr(Bnry» Bks)| < (1+ [k — k?2]N/2)M

for some cpr > 0 where [a], means a(mod)b.
Proof. Write

21
1 Cr 271\ il 55 (ki—k2)
N DN/B<|II<N/2 Ona® (F)e N
COTT(ﬁNklaﬁng) =

C )
% ZN/sgmgN/z WZMGQ(%)

and note that under Assumption A2 it holds for the denominator

1 C
27 < — C’l a2(%)§622a,as]\7ﬁoo.
Nys<iii<ny2 N/

Thus we focus on

l Z Cl az(%)eil%(klib) S
N N/4
/8<||<N/2
1 g9() - 127 (ky—k
< 201‘ 4l\—a 241\ @ N( 1—k2) .
_NCQ Z g(N/4)(N) CL(N)G
N/S<I<N/2

To complete the argument, we use Theorem 2.5. To apply the theorem, we notice that
for all N

An(€) = hn(§)(§)~"a*(€)
is the (sampling of) the Fourier transform of an infinitely differentiable expression, so we
obtain

‘1 Z g(l) (4[)—aa2(4l)ei12ﬁﬂ(l€1—k2) _

N N
wysemeny2 IVT4)
1 o
[ T mdadeTe) <
N/8<|U|<N/2
1 2CMN 26M

< — < ;
N (L+NCF k= K]y = (L4 k= Fy)M

which gives the required bound; note that ¢y, does not depend on N, in view of (3.9).
O

Remark 3.3 Lemma 3.2 highlights a quite remarkable property of random wavelet co-
efficients. Indeed it entails that wavelet coefficients located at finite distance are asymp-
totically (with respect to the frequency N = 2772) uncorrelated.

We write
1 2
o = N Z Cia®(%) = N Z Cia® (%) (3.11)
N/8<|[|<N/2 N/8<I<N/2
Brg = GALS (3.12)
ON

so that E3%, = 1.
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Remark 3.4 It holds, as N — oo,

1 2
~ Yoo () - a?(t) dt
N/8<I<N/2 1/2
therefore, as under Assumption A2 0 < ¢; < C;/Cnya < ¢ < +00, there exist constants

0 < ¢ < ¢ such that
2

g
C/1<7N<C/2

N/4
for every N > 0.

In view of the asymptotic results of next section, we shall always focus on the Gaussian
case, as motivated by our statistical applications.

Assumption B The field X is Gaussian.

4 Asymptotics of the wavelet statistics

4.1 The sample mean

Our first aim in this Section is to investigate the asymptotic behaviour of the sample
mean for the random wavelet coefficients. More precisely, define

1K
My ZZN;ﬁNk;

we have immediately EMpy = 0. Under Assumption A1, it is also simple to show that

N
1 ~ ~
E[MR] = N2 > E[Byk, Bk, =
kel (4.13)
N/8<|I|<N/2 N k=1
from the well-known properties of the Dirichlet kernel

.27l

¢’ N* =0 for all | € N such that 2 # 2km , k =0,£1,42,... .

WE

k=1

It follows immediately that My = 0 with probability one. It is interesting to realize
what happens here. Given the fast decay of the covariances established in the previous
Section, we might have expected standard asymptotics to go through, i.e. a Central Limit
Theorem for the normalized sample mean. This is not the case because the variance is
degenerate; intuitively, this is due to the wavelet transform which is 'overdifferencing’ the
random field. Put in another way, if we view the wavelet coefficients as a discrete time
periodic random process, then this process as a zero spectral density at the origin. This
complicated dependence structure does not prevent, however, the Central Limit Theorem
to hold for higher-order statistics, as we shall show in the sequel.
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4.2 Skewness and Kurtosis

Motivated by testing for non-Gaussianity on random fields on the torus, we introduce
here the Skewness and Kurtosis statistics of the wavelet coefficients. More precisely, we
consider (recall (3.11) and (3.12))

We have immediately
E[Sy] = E[Uy] =0 .

The variance of these statistics is more complicated; in view of the following Lemma, it
is convenient to introduce Fejér’s kernel, defined by

1 N
Ky '_W‘Z

Fejér’s kernel vanishes at the Fourier frequencies QW“ [, unless | = kN, k € Z; moreover, if
I =kN, Kn(31) = 2X. We define also

t).

1 sin®(I N
27TN sin?

(30)

127 1
T = oy s 2o Ot (I (I (RN + b+ b)), (414)

l1lal3

and of, = ofy, + 03y, , Where
72 2w
O%UN = —4—2011&2(%)012 (W?)KN((ll +l2)7’) s (415)

24 48w
Ty = s nn D Cud®(§)CLa* (%) Ca(4)Cra* (%) x

1121314

(4.16)
XKN((ll + lQ + l3 -+ l4)7’).

Remark 4.1 As Fejér’s kernel vanishes at the Fourier frequencies %l’ l#EkN,keZ,in
the previous expressions most terms vanish. Taking into account the fact that a*(z) = 0
unless % < |z| <2, one can write in a more computationally tractable way

o = el e (e (10 (s

l1l2

+ ) CLa* () ClLa® (42 ) Oy, —iya®(AN1712)+

Il

+ 3 Cat(8)Cra® () C gy (42 |

Likewise

o o1 72 1 Z

A similar, a bit more complicated, expression can easily be derived also for o3, .
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Lemma 4.2 Under Assumptions A1 and B

B[S} = a3, (4.17)
Proof. For (4.17), we note that, by the diagram formula (see (Adler 1981), p.108 e.g.)
1 N
E[Sy] = Nob. Z BBk, Bk,) =
N
k1 ka=1

N
Z 9E 6Nk16Nk1] [6Nk26Nk2]E[ﬁNklﬁNk2] + 6E[6Nk16Nk2]3} =
1,k2=

50
ON
= Z BBk, Onks] + o i {1 ZCGQ(M)eilT(kle)}3
NO_JQV Nk1MNksa NO']2V N 1 N .
k1k2=1 k1,ko=1 l
We have seen already in (4.13) that the first term is equal to zero. As for the second one,
we obtain (recall that 7 = 27)
6 al 1 . 3
vor 2 {y D aar@er |
N k1,ko=1 l
6 N
= e S e 3 G0 ()P (et |
N k1,ko=1 l112l3
127 1 ) , \
= Eﬁ Z Oh (W)Clz (W)Cl5 (W> N((ll + 1+ lg)T) ,

whence (4.17) follows. Likewise, for (4.18), we have
E[(ﬁj‘w@l - 3)(5??/1@2 —3)] = E[ﬁ?\mlﬁ?\f@] -9
Again by the diagram formula and recalling that F [B?Vkl] =1,

E[Bﬁrklgf‘vm] = 24E[//8\N]€1//6\Nk2]4 + 72E[BNI@13NI<2]2 +9

so that
1 & FUN
BV} =~ > (BB B, - 9) =
k1,ko=1
N N
24 ., T2 :
- No%, E[Bjk, Bjk.] +N7‘7?‘v Z E[BNk Bk, |-
k1,k2=1 k1,k2=1
Now
N 4
E[Bnk, Bk, * :N Z (ZC’@ 4N ilr (k1 — )) -
1,k2= N ky ko=1
Y GGGl )G e
Nk1 ko=1 1112134

i Y CLd()C,a’ (42)Cla® (B2)CrLa® () Ky (L + b + 15 + 1a)7)

N l1lalsly
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On the other hand

N
1
Nol, Z E[ﬁNklﬁng]QzNSON Z (ZC“ (40 girtlia- k2)> _
k1,ka=1 k1,k2=1
2
= a1 2 Cha(R)Cua () Kn (L +L2)7)
NI

O

Remark 4.3 By the same arguments of Remark 3.4 it is immediate that, as N — oo,

32 (4)a? (A2)a? (Y Ky (22 (1) + 1o + 13)) —

l1l2l3

2 2 2
t to + 1
/ / / a2(t1)a2(t2)a2(t3) N ; tht 3 dtl dtg dtg .
172 J1/2 J1)2 2sin”(ty + ty + t3)

Therefore under Assumptions Al and B we have

0<c <o, <o (4.19)

for some constants 0 < ¢; < ¢o. By the same argument we see that also J?JN is bounded
and bounded away from 0, for every N > 0

5 The Central Limit Theorem

This Section is devoted to the Central Limit Theorem for our statistics of interest. The
idea is to prove the results by the method of moments. To analyze the behaviour of
higher order moments, we shall extensively use the already mentioned diagram formula,
that states that, for a multivariate zero-mean Gaussian vector (X7, ..., Xo), it holds

B(X1Xs... Xo) =Y E(XyXy,).. BE(Xiy, , Xsy,) - (5.20)
Consider the cartesian product I x J, where I, J are sets of positive integers of cardinality
#(I) = P, #(J) = Q; it is convenient to visualize these elements in a P x () matrix with P
rows. A diagram ~y is any partition of the P - @) elements into pairs like {(i1, j1), (i2, j2) };
these pairs are called the edges of the diagram. We label I'(1, J) the family of these
diagrams. It can be checked that, for given I, J, there exist (P-Q—1)!! different diagrams,
cach of them composed by 1 P- @ pairs; we recall that (2p—1)!l := (2p—1)-(2p—3)---1
forp=1,2,.

To any diagram we can associate a graph having I as the set of vertices (or nodes)
and connecting any two of these vertices, i, i1, by an arc whenever in the diagram an
edge of the type {(ix, Jx), (ix, jr) } is present. This graph is not directed, that is, (i1, i2)
and (ig, i1) identify the same arc; however, we do allow for repetitions of edges (two rows
may be linked twice). We shall use some result on graphs below; with a slight abuse of
notation, we denote the graph v with the same letter as the corresponding diagram.

We say that

a) A diagram has a flat edge if there is at least a pair {(i1, j1), ({2, jo)} with i; = is.
we write v € I'p(1, J) for a diagram with at least a flat edge, and v € I'z(1, J) otherwise.
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A graph corresponding to a diagram with a flat edge includes an edge i which arrives
in the same vertex where it started.

b) A diagram v € I'x(1, J) is connected if it is not possible to partition the corre-
sponding graph into two sets A, B such that there are no arcs connecting the nodes in A
with nodes in B. We write v € I'c(1, J) for connected diagrams, v € I's(I, J) otherwise.

c) A diagram v € I'(1, J) is paired if, given any two sets of edges { (i1, j1), (i2, j2) }
and {(is,js), (i4,7J4)}, then iy = i3 implies i = i4; in words, the rows are completely
coupled two by two. We write v € I'p(I, J) for paired diagrams.

Obviously if P > 2 a paired diagram cannot be connected. Note that if () is odd,
paired diagrams cannot have flat edges, so that the assumption v € I'z(/, J) becomes
redundant. If 7 or J (or both) can be simply taken as the set of the first p or ¢ natural
numbers, i.e. I ={1,...,p}, J ={1,...,q} we shall occasionally write I'(1, q),I'p, J) or
['(p, q) for T'(Z, J). For a nice and comprehensive discussion on the diagram formula, we
refer to (Surgailis 2003).

Theorem 5.1 Under Assumptions A1 and B, as N — oo,

lim F

N—oo o OUN 0 otherwise.

[< Sn )m (UN)pz} _ {(2p1 — DI (2pe — DN if p1, po are even

Hence )
o5y 0N
(j” ) Z N0, L) .
7UN N—oo
oUy

Proof. For brevity’s sake and notational simplicity, we focus on the case p, = 0; the
general argument can be pursued under the same lines. The idea is to use (5.20) and
partition the various summands in this expression according to the nature of the asso-
ciated diagrams/graphs. To this aim, we visualize our coefficients as positioned on a
diagram with I = 2p; = 2p rows and J = 3 columns; we obtain

1
6p Z E[ﬁz?ifkl .- ﬂ?\/kgp] =

p
N ON k1,...,k2p

v 2L L (G 2 e ] -

N gy, kap ke{ki,....kap} /8<||I<N/2

e S T TS e

Lokzp  k€{ky . kap} J=1 N/8<|II<N/2

= ]\Mjoﬁp Z Z H { Z E[wlwl/] a(

Nkt kap v€D(2p,3) {(mog)(mj)}ey N/’ <N/2

_ N4206p Z Z { Z Cya?(iL) gilrem e—ilﬁ-km/} 7

N E1,k2p ¥€T(2p,3) {(m,g)(m/ 5') ey N/8<|I|SN/2

ES% —

) a(&)eilhm ol Th }
N

zl&

where we used the fact that E[w,wy] = 0 unless I’ = —I. For fixed ky,...,kop, let us
concentrate on the contribution of a single diagram ~ € T'(2p, 3).

H { Z Cy a( % ) eilrhm efilTan/} _

{(m.g)(m/.5") ey N/B<|II<N/2

2 2 MmN\ ily, Tk —ily Tk
H Clm,ja< ]”\}])e m,j TRm o= Um, TRy 6lm,j,lml’j/

11,5013, 5l2p, 150 5l2p,3 {(m,5) (M ,5') } ey




5. The Central Limit Theorem 17

where the indices [, ;, m = 1,...,2p, j = 1,2,3 vary between N/8 and N/2. Now, as
every k,, appears exactly three times in the diagram,

H Ozm,jGQ( x,] )€Zlm’]Tkm6 Wi, Tk 6l =

m,j,lm/,]/
{(mg)(m/,3") ey

2/ 4lm,; il i Thm —ilm. Tk _
= ( H Clm,ja, ( X}'J>6lm,j,lm/,j/)( H e, Thm o =%m,j m/) =

{(m.g)(m/,5") ey {(m.g)(m/ ")} ey
2p
lm.j 7 . . N )Thkm
- ( H Olm,jaz(llN”7 ) 6lm,j’lm’,j’> ( H € (It tm e o )70 )
{(m.g)(m/ 5") ey m=1
where [, j.y = b ; if (m, j) is a departing point in v, ly, j.y = —ln; if (m, j) is an arrival
point. Summing on the possible values of k1, ..., ko, we get

2: 2 Mm i\ il iThm —ilm. Tk, 1 _
H Clmvja ( ]’\’;J)e e e (Slmvj’lm’,j’ -

k1,..., k217 {(m’j)(m"j')}GV

2p
= ( H Clm,ja2(4lzy\r;’j ) 6lm,j’lm’,j’) ( H D ([l + bn 2y + lm,?»;'yh)) =

{(m.g)(m’,j") ey m=1

= ( 1T 5lm,j»lm/,j/> ( 11 Cy, a?(Mms )) %
{mg) ' )}en g ey
=6(v;l1,15--l2p,3)
” < (T Pty + ey + bnsal?)) =
m=1
d 2/ 4ma 2/ 4lm 2 2/ 4lm,3 1/2
= 60l lapg) [T (Cna@®(U5)C, 0 (520G, 0?(2))
m=1

XDN([lm,1y + b2y + bin 3] 7).
Let us define

le,lylm,Qvlmﬁ;'y =

1 1/2
(Clm,laz(uﬁ’l )C(lm,zaz(lll;\ﬁ;’2 )Olm,3a2(4l]r\y;73 )) DN([lm,l;'y + lm,2;'y + lm,3;’y]7—> .

= N243
N0y,

In conclusion

2p
2p .
ESY =3 D 8(nhaibps) [ Xenstmotnsn
YET(2p,3) l1,1,5--5l2p,3 m=1

Recall that 6(v;liq,...,lops) = 0 unless b, ; = b,y for every (m,j)(m’,j’)} € v. The
proof is done by proving that the leading contribution to £ SJQ\}’ is given by paired diagrams
whereas the non paired ones are negligible in the asymptotics. This is made explicit in
the two following lemmas.

Lemma 5.2 For the terms corresponding to the paired diagrams v € T'p(2p,3) we have

2p

Z Z 5(")/? lLl? cte 71217:3) H XlnL,llm,leB?'Y = (2p - ]‘>”U§};\f ‘

~eT p(2p,3) l11,.--,l2p,3 m=1
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Proof. Remark first that the number of possible ways of partitioning the 2p rows of
the diagram into subsets of cardinality 2 is exactly (2p — 1)!I. Also, in every diagram
v € T'p(2p, 3) the contribution of two paired rows is exactly ang.

O
To conclude the proof, we need only to show that the terms corresponding to all remaining
diagrams v ¢ I'p(2p, 3) are asymptotically of smaller order.

Lemma 5.3 All terms corresponding to diagrams with connected components of order

larger than 2 (v ¢ I'p(2p,3)) are of order O(I%V)'

Proof. We focus on any two nodes that are connected but not paired; such two nodes
certainly exist, otherwise v € I'p. We consider the case where there is a single edge
linking these two nodes; the proof in the remaining case is entirely analogous. Without
loss of generality, we label edges and vertices in such a way that the edge connecting
these two nodes is labelled {(1,1),(2,1)}.

As in Lemma 3.1 of (Marinucci 2006a), we apply iteratively the Cauchy-Schwartz
inequality to show that

2p
) E 5('7; ll,la cee 7l2p,3) H lelvlm27lm3;'y <
l11,-l2p,3 m=1

2p 1/2 1/2
2 2
< ( 2 : le,llm,le,s;’Y> X ( z : }61,211,312,212,3;’Y> )
l

l1,201,3l2,212 3

where
Yo oty sla 0l 570 = Z 01y 1,121 Xty 11 011 57 Xln 1o ala 577 =
Iyl
- Nglg?vJch,?a?(‘“;f)0,173(12(4@;3)01272@2(4332)ob’?,a?(‘*’ff) x
X]if Z Cll,IQQ(LJi,’l)DN((le +lomy + 13 )T) DN (i1 + 220 + l235)7)
lia
Now

E 2 —
le,llm,2lm,3;’y -

lm,llm,2lm,3

1
= Nt D Cuna@ (50000 (5) G0 (55)
l

m,llm,QZm,B

1
% N DN(Um,l;v +lm2y + lm,3;7]7)2 =

1
=0 (]\73 Z KN([Zm,lgfy + lm,Q;’y + lm,3;'y]7-)> = 0(1) .

L, 1y lm, 2y tm 3
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On the other hand

2 _
z : }/21,211,312,212,3;’7 -

l1,201,3l2,212 3

_ 1 3 Ciy 2@ () Cr s @ ("§*) Cla 00 (752 ) Ol @ () y
- 8

l1,201,3l2 2123 oN
I 2
1 Ciy ,a (4 v ) Dn((l1sy + Loy + Ligiy )T) D (=l + looiy + losi)T)
X N Z ) N
N

l11

Now we observe that

DN((ll,l;'v iy + l1,3;7)7)DN((_ll,1w + loy + l2»3;7)7—) =

N N
— E ety H 2y +1,35) TR E (Tl 1y H2 20y H2 359 )Th2
k=1 ko=1

N N
= § e(ll,1;w+l1,2;w+l1,3w)7k1 § e(l1,1;7+l2,2;7+l2,3w)7'(k1—u)
k1=1 u=1

= DN((ZLQ;'Y + ll,i’w + l2,2;v + 1273;7)7) DN((_lLlw + l2,2;’7 + l273w)7)7

whence

’NQ ZOZ“

1
< ’NDN((ZLZW + 13y 22y + l2,3;7)7')‘ X

1 1 4l
K|y 22 53 Cunn 5D (s + b + b)) <

((liapy + oy + 1 3)T) DN (=l + Loy + 12,3;7)7)’ <

C N
< ~ Z <
li2my +ligny + looy +lags[ + 1N ! — iy ooy + 3| +1

logN
1112W+1137+l22w+123y| 1

Thus we can conclude that

1/2
2
( § : 1/11,211,312,212,3;7) <

l1,201,3l2,2l23

1/2
1 log? N log N
<ecl —=— E < .
_C<N4 )2> <cC T\f

l1,201,3l2 2123 (|l172§7 + l173§7 + 127257 + l2a3§7’ + 1

6 Studentized statistics

6.1 Estimation of o%.

The statistics described in the previous sections can be impossible to compute in practice,
as they depend on the correlation structure of the field, which is in general unknown. In
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this Section, we show how asymptotic variances can be consistently estimated from the
data, in the presence of observations at higher and higher resolution. We start from the
variance of the wavelets coefficients, which we recall is given by

2
0% = I Z Cia® (%) .

N/8<I<N/2

An obvious estimator is provided by

- 2
=2 Y e

N/8<I<N/2

Of course, 0% is unbiased and mean square consistent for %, in the trivial sense that
both converge to zero as N diverges. The following result is stronger.

Lemma 6.1 Under assumptions A1 and B, as N — oo, we have

0_2
lim Y =1 inL*.
N~>oo0’N

Proof. It is immediate to see that

=2

E(g—N) _ E(ZN/8<I<N/2 |wi|*a® J\D)

o ZN/8<I<N/2 Cia? (4 )

Il
—_

and

Var(Gy) = Y Var(lw[)a*(¥) =2 > Cla'(¥).

N/8<I<N/2 N/8<I<N/2

It is sufficient now to note that, under Assumption Al,

0<c < < ¢y < 00, for N = 27*% and for all [ € [N/8, N/2] ,

N/4

var(T) = 2 G —Zz .
o DGy \ e

Remark now that >, a*(3) ~ Nf1/2 a*(t)dt, Y, a* (%) ~

left-hand term tends to 0 as .

whence

/\
LS
~—

2 2\%

f1/2 t)dt, so that the

O

6.2 Estimation of the variance for Skewness and kurtosis

We now go on with the estimation for the sample variance for the statistics Sy and
Uy. We note first that under Gaussianity (Jw;|” /C;); is a sequence of independent and
identically distributed exponential random variables with mean unity; we define for all
peN
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to be quite explicit we have for instance

5 — 1 L] # k]
S PR TN
if |11, |l |ls| are distinct
Ouin1; = § 2 if among |l1], |l2], |I3] two are equal and the third is different

if |Iy| = |la| = |I3]

In view of (4.14)—(4.16), a natural proposal is to consider for the Skewness

12
= 3/7\T6 Z

Nlll 6l12l3

Jwn, [*a® (R0 Jwn, |*a® (52) lwn, |*a® () v (57 ( + 12 + 1)) (6.21)

and for the Kurtosis

Gty = Oluy +3§UN : (6.22)
72 21 i

Tlyy = 5L N2 5 a* () lwi[*a® (@) K (5 (L + 1)) (6.23)

l1ls
la

24 2 1

Oy = = i [T lwiPa?(3) b En (Gl + b+ 15 + L)), (6.24)
on N lilalsly Ourtatsls 1=l

Remark 6.2 Using the properties of Fejér’s kernel recalled in §4.2, in the summations
above most terms vanish. From a computational point of view more tractable expressions
can be derived in the spirit of §4.2. In particular it holds

72 1
Gy = A4N2|w,|4a4(4ﬁl). (6.25)
IN 1

Lemma 6.3 Under Assumptions A1 and B, as N — oo, we have

02 P o2 P 002 P

oy A il B NP
N—oo 0'2 N—oo 0'2 N—oo

O-SJZV 1UN 2UN

Proof. We give the proof for ’a\fUN, 3§UN only, as the remaining case is entirely analogous
(indeed slightly simpler). Let us denote o3, = 01y, - 0a/0%. that is the same as in

(6.21) with 7y replaced by on. As E(ﬁml1 ]2|w12|2> = C,Cy, for every Iy, Iy, it is clear
1°2

that
Ty
E( : N) =1. (6.26)

O1lun

Moreover, by the alternate expression (6.25) and in view of Remark 3.4,

722 CN 4 1 C1
Var(c7,,,) = N ZVar lwi|)a® (%) = s/ I Zas(%) ~ N
I

ONn

As we know that under Assumption Al o7 is bounded away from zero (see Remark
4.3), this implies that Var(c3,, /o1y, ) — 0 as N — oo.
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The argument for 63 is similar; indeed if we define 3, in analogy with &7, it
is immediate that E[63, /o3, ] = 1. On the other hand, note that the summands in
O'ZUN have a martingale-difference structure on the lattice Z* (see Poghosyan and Roelly
(Poghosyan and Reelly 1998) e.g.), whence, in view of Assumption A

~9
o
2U
Var< 5 N) =
o
Wn

ZO(VM{Q;‘;ZZ p CECIECR)

0
1115131y lalalsly 1=l

2
Z KR+ 1+ 15+ 1)) Var{H Z};l })
N

lll2l3l4 l_ll

—< ZVa{H|l|2}> O(4) = o(1) .

l1l2l3ly

We have thus proved that o3, /ot, — 1 and &3, /oy, — 1as N — oo in L*
Therefore, in view of Lemma 6.1, o3, /o7y, — 1 and o3, /o3, — 1as N — oo in
probability. The rest of the proof is quite similar.

U

As an immediate consequence of Theorem 5.1 and Lemma 6.3 we have the following.

Theorem 6.4 Under the assumptions Al and B, as N — oo

1 g
by 2 N(0,L) .
bUN UN N—o0

7 Aliasing

The tests provided in the sections above are based on the wavelet coefficients
BNk—/ D) ne (9 . k=0,1,...,N—1

In practice, By will be approximated by the sums

Bk = MZX m) k(3 m) -

The purpose of this section is to prove that, if our data have enough high frequencies,
this approximation does not affect the test.
We need to strengthen our previous assumptions as follows.

Assumption C As [ — oo we have
Cr=LI™™, a>1

where L(l) denotes a slowly varying function (Bingham, Goldie and Teugels 1989), which
we assume to be bounded and bounded away from zero.
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Assumption D N is such that

1 N
N + o) —0as M —o0.
Assumption C is mild, entailing simply a regular behaviour of the angular power spectrum
at infinity. Assumption D is a sort of bandwidth condition, suggesting that the frequen-
cies that we can use fruitfully for statistical inference must grow more slowly than the
sampling rate. The condition become less and less tight the faster the angular correlation
function decays to zero: for instance if & = 4 we must impose N = o(M 4/5). In practice
o can be estimated from the data; the most cautious choice can be N = o(v/M), as o > 1
is implied by the finite variance of the field.

We have the following result.

Proposition 7.1 Under assumptions A1,B,C and D the result of Theorem 5.1 remains
true when replacing the By ’s by the By ’s.

Proof. Tt holds,

- 1 A
Byk = Bve = Y W(M > @Z)Nk(%vm)@ﬂﬂm%) :
le)>M—5 m=0
Therefore,
2 2 2 1 — 271'777, 127rm 2 2
EBnk— Bl =E( D |l e D Tk = Y GlAu|
el >M -5 m=0 ) >M—X
where
2 27rm z27rm—
AM( M2‘ Z¢Nk ‘ m for a].lk>0 some Ck>0 s
in view of Theorem (2.5), which implies
M
zQﬂ*mAZI Ck )
‘ZW S 1 MM F

Under Assumptions C and D we have easily

C
Z CZ‘AM(I)‘2:O(CM Z C};‘AM(I)‘Q)

le)>m—5 | >M—%

= O(CMZ > uMﬂ \AM<uM+v>\2) =

u=1v=—M

~o(irr S B i) 0w

and

E — 3 2 o —a
(I8wk ﬁé\fk! ) < CKQ < C<M> '
E|Bn] ON N

The result then follows from the following lemma.

(7.27)
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Lemma 7.2 For X;, and Y;, mutually Gaussian centered random variables, set

Cp 1=

E[(Xin — Yin)?]
EIX3)]

Let us assume that the sequence

> i1 Xa

m (7.28)
\/Var( i Xz3n>

converges in distribution to a variable X, where for 1,72 > 0

1 S 1
1 < n\/ar{ Z;an} <7 and ¢, = O(ﬁ) : (7.29)

Then

\/vaizl‘m » (7.30)

also converges in distribution to X. The same result is true if we replace in (7.28),(7.29)
X3 by X! — EX} and replace in (7.30), Y32 by Y} — EY}.

Proof. We shall actually prove a stronger result, namely

n 3
b B = X XL Y |
Nn—00 \/Var {Z?:l ngn} \/V&I' {Zizl fn}

Using (z — y)® = 2% — y® — 3z(z — y)? + 32%(x

— ), we get :
E|X;, = Yl < B X — Yi|* + 3E| Xy

Vil 12 B Xinl 2 + 3[B(Xin — Yin)*)2[B| Xin] ]2
Now, when Z is a Gaussian random variable, for h € N*

E|Z]" = o[BI Z])?,

where o}, is the A-moment of the standard gauss1an distribution, centered and with vari-
ance 1. Therefore, we have E|X;, — Yi,|* < onc? [EX ]2 and

D EIX, =il Sosed D [EXL]E +30f Y [EXE]: +3ci
=1 =1 i
i 11 1
<> [EX]] 3 {ogc2 + 302k + 302ca).
Therefore

1
"OpIXE YR rLEX2)3c
%1 S < cZml P < e —o), a0
ar{Zilem} n
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This proves the result for the third power. As for the forth one, we proceed in the same
way, and prove using the same path,

@t — | < dlaPle =yl + 6272 — y* +Ala]le -y + |z —y|*
E|X;, — 4| < C\/E[EanV

Z’1E| | < Cy/e,n=o0(1) .
Vo [ X = Cen = ol

!

Our final result in this Section extends the analysis of the aliasing effect to studentized
statistics. In particular, in the previous section the variances of Skewness and Kurtosis
where estimated on the basis of the spectral coefficients {w;} , which are obtained as

1 ™

w; = X(ﬁ) “Wag9,1=1,2,...,N .

o
As before, in practice these Fourier coefficients will be approximated by interpolations
sums, i.e. for M > N we have to consider

27rm
Z X 27rm
We note that
1 M—-1 oo 1 M-—1 oo
297 24T s
LRI A S DI I e
m=0 k=1 m=0 k=1 (731)
1 (o) [o.¢]
= ZkaM(QMﬂ(k —1)) =w + Z 1+kM
k=1 k=1
It follows, using Assumption D, that
FE |wl U)l| M—« > —a M —« 1
T o) Z Cryrm < C ) ; k< C(ﬁ) = 0(y)- (7.32)

Proposition 7.3 Under Assumptions A1,B, C and D the result of Theorem 6.4 remains
true when replacing the w;’s by the w;’s

Proof. 1t is clearly enough to show that

0% —0O 04 —0
) S S . U U
lim =~ =% =0 lim —*~—* =0 (7.33)
N—oo g N—oo g
SN Un

in probability, where 5 ,O'UN are defined in (6.21) -(6.22),

127
N T 356
N Nlll 1123

7 T, 202 () @, 20 (42|, [P0 () B (25 (1 + 1y + 1)

and 07, = 01y, + O3y, » Where

- 72 21
B2y = 12 Z -

24 27

~2 2 2 4

o = || = T+l + 13+ 1L)) .
2Un 0']8\[ N4 Lialals 6l1l2l3l4{ |wl| N } (N( ! 2 3 4))

2024 |7 P () Kl 1)
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We focus on 75,  as the other cases are strictly analogous, indeed slightly simpler. We

have
1

= 1
52 =)

and

E[USUN USUN] <

24 27 1
< 5 En (5 (h + I + 15 + 1) E‘H|wl|2 (¥ - H’wl‘z () ‘ <
UN N l1lal3ly 611[213l4 I=h I=h

< 5 o £ TP} = {TT e} |

N/8<l1,l2,l3, i
=l

Now notice that

whence
1

T1T2T3T4 — Y1YoysYa = T1223(Ta — Ya) + T122(23 — Y3)Ya + 21 (T2 — Y2)Y3ya + (21— Y1)Y2y3y4
lg
E 1202 i 2 2 47
N/8<lq, 12,13,z4<N/2 {g% H || "a N H lwi|"a N

=l =l }

e ({5 )

N/8<1y la,l3,14<N/2

2\%

l ~ l
- 2 ) ’!wlg\z—!wza\Z lwi, |? v W]
0.2

~ 12
‘ feig e
N/S<I s dals <2 i
2
max {(Ha2( l))E }—l—
2(4) ‘{|wl1|2
N

2
o o
N 2, N
N/8<1y la,ls,la<N/2 ;
2
} <

=l
la
+ max {(Ha
=l
C 1 -
< & max {E]wl|2—|—E|wl| } X —— max Ele|2—\wl|2‘ <

|wl1 |2 {’wb |2 -
ox ox oN

==

2 6
ON ON

N/8<l1,l2,l3,la<N/2 ;
UN N/8<l1,l2,l3,la<N/2 O- N/8<l1,l2,l3,l4a<N/2
M~
<c(y) =o).
N
0

Remark 7.4 It is evident from the proof that, in order to establish (7.33), it is sufficient
to impose the minimal bandwidth condition

1 N
—+ — —0as M — 0.

N M

which is weaker than Assumption D. This is intuitively due to peculiar form that the
aliasing effect assumes for Fourier transforms in the discrete case, see (7.31).
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8 Monte Carlo evidence

In a way of confirmation of the CLT, simulations has been performed. It has been chose
to put ¢; = [7*. 1600 fields were simulated on the torus with these specifications and
for each of them the skewness and kurtosis statistics were computed for N = 2!2. The
values obtained were then normalized dividing the by the theoretical standard deviations
of these statistics, computed using formulas (3.11), (4.14), (4.15) and (4.16). Histograms
are presented in Figures 2 and 3, showing a good accordance with Gaussianity.
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Figure 2: Histogram of the skewness statistics over 1600 simulated fields. Here N = 212,

Figure 3: Histogram of the kurtosis statistics over the same 1600 simulated fields.
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