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Abstract. Let D C CV be a bounded strongly convex domain with smooth boundary. We
consider a Monge-Ampere type equation in D with a simple pole at the boundary. Using the
Lempert foliation of D in extremal discs, we construct a solution # whose level sets are bound-
aries of horospheres. Among other things, we show that the biholomorphisms between strongly
convex domains are exactly those maps which preserves our solution.

1. Introduction

Let D C CV be a bounded strongly convex domain with smooth boundary and
let zo € D. In his amazing work [15] Lempert constructs a solution L : D — R
to the Monge-Ampere equation

u plurisubharmonic in D,

@u)N(z) =0, forz € D\ {zo0}

1du # 0, (1)
u(z) =0for z € 9D

u(z) —logllzo —zll = O(1) as z — 2o

In fact, Lempert proved that given a bounded strongly convex domain in CV with
smooth boundary, and fixed a point zop € D, for any point z € D there exists
a unique complex geodesic ¢ : D — D, i.e., a holomorphic isometry between
w (the Poincaré metric in D) and the Kobayashi metric kp, with ¢(0) = z¢ and
¢(t) = z for a suitable € (0, 1) and such that ¢ extends smoothly past the
boundary. Furthermore the complex geodesic discs through the point zg provide
a foliation of D (singular at zy) which is exactly the foliation associated to the
plurisubharmonic solution L of the complex Monge-Ampere equation (1).
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It turns out that the solution L is the defining function for the balls centered in
7o for the Kobayashi distance. This deep result establishes a surprising tie between
intrinsic metrics and potential theory in higher dimension. Lempert’s construction
is the cornerstone for many impressive constructions in several complex variables.

Later, suitably adapting and pushing further Lempert’s arguments, Abate [3]
and Chang, Hu and Lee [10] showed that existence and uniqueness for complex
geodesic discs hold even if the point zg is chosen at the boundary of the domain
D and the point z is allowed to vary in D. In this case they show that there
exists a complex geodesic ¢ : D — D which extends smoothly to the boundary
and with zo = ¢(1) and z in ¢(I). The map ¢ is unique up to composition of
automorphisms of the unit disc and the parametrization may be chosen uniquely
fixing suitable extremal conditions at the point zo. It is natural to ask whether it
is possible to interpret also in this case the foliation of complex geodesics pass-
ing through the boundary point z( as the foliation associated to a solution of the
complex homogeneous Monge-Ampere equation. The main result of this work is
to show that indeed this is the case.

Heuristically, as in the unit disc the Green potential is replaced by the Poisson
kernel when the pole goes to the boundary and the type of singularity changes
from a logarithmic to a simple singularity, evenin our case,as D > zo — p € 9D,
one can expect to replace the logarithmic singularity with a simple pole. Thus we
introduce and study the following Monge-Ampere equation with a singularity at
a boundary point p € dD:

u plurisubharmonic in D,

(@du)N =0,

1du # 0, ()
u(z) =0for z € 0D\ {p}

u(z) ~ ||p—z|I”" as z — p non-tangentially

Where, for real or complex functions a(z), b(z), the symbol a(z) = b(z) for
z — p means that there exist ¢, C > 0 such that c|b(z)| < |a(z)| < Cl|b(z)| for
all z close enough to p.

Using the work of Chang, Hu and Lee [10], in Theorem 6.3, we show that (2)
has a smooth solution on D such that (39u)V~"! # 0. Our solution u is “natural”
in the sense that its level sets are exactly the boundaries of the horospheres of D
at p. Horospheres are “limits of Kobayashi balls”, defined by Abate by means of
the Kobayashi distance or by means of Busemann functions (see, e.g., [1], [2] and
section 3) and they are one of the main tools in the study of iteration theory.

Indeed, the construction of our solution to (2) is very much related to the under-
standing of geometrical properties of horospheres, which we study in details in
section 3. Bland, Duchamp and Kalka in [6] (see also [18]) proved that a biholo-
morphism between two strongly convex domains is characterized by the property
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of being a biholomorphism between any two Kobayashi balls of the same radius.
As a spin off result, quite interesting by its own, we show that the same property
holds for horospheres (see section 4):

Theorem 1.1. Let D, D’ be bounded strongly convex domains in CN with smooth
boundary. Then D is biholomorphic to D' if and only if there exist a horosphere
Ep C D with center p € 9D, a horosphere Ep: C D’ with center g € 0D’
and a biholomorphism F : Ep — Ep such that F(p) = q (in the sense of
non-tangential limits) and the radius of Ep with respect to some 7 € Ep is equal
to the radius of Ep with respect to F(z).

For the solution of the Monge-Ampere equation with logarithmic singularity
at an internal point, the associated Monge-Ampere foliation is a singular foliation
(holomorphic if and only if the domain is biholomorphic to a complete circular
domain, the Kobayashi indicatrix at that point, see [19], [20]). If the foliation has
singularity on the boundary we show that the associated Monge-Ampere folia-
tion is actually a smooth fibration with base C¥~! and fiber the unit disc ID (see
Theorem 3.5).

Finally, we prove the following boundary Schwarz-type result:

Theorem 1.2. Let D, D' C CV be bounded strongly convex domains with smooth
boundary. Let p € D and q € dD'. Let up (respectively up) be the solution
of (2) in D (respectively in D). Let F : D — D’ be holomorphic and assume
that F is continuous at p. Then F is a biholomorphism such that F (p) = q if and
only if there exists .. € R \ {0} such that F*(up/) = Aup.

The plan of the paper is as follows. In Section 2 we recall some preliminary
classical results in the unit disc, as needed for our aim. In Section 3 we discuss
the results of Chang-Hu-Lee in terms of “Monge-Ampere foliations” showing
that actually the foliation in complex geodesics centered at p € 9D is a fibra-
tion. In Section 4 we introduce horospheres and prove some technical lemmas
about them. In Section 5 we discuss mappings of horospheres onto horospheres
and prove Theorem 1.1. In Section 6 we construct the solution of (2). Finally, in
Section 7 we relate our work with Busemann functions and prove Theorem 1.2.

We conclude this introduction remarking that the smoothness required for the
boundary of d D can be lowered up to C k k > 14 as in [10] (see also [14] where
it is shown that actually C? is enough for much of the construction). Also, instead
of working with strongly convex domains one could work with strictly linearly
convex domains.

2. Preliminary on the Julia-Wolff-Carathéodory theorems

In the sequel we will use several times the classical Julia Lemma, Wolff Lemma
and Julia-Wolff-Carathéodory Theorem. For the reader convenience we state here
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such theorems (in the form we need) and refer to the book [1] for proofs. Also,
we state and prove a corollary of the Julia-Wolff-Carathéodory Theorem we will
need later.

As a matter of notation, if D is a domain in C" and {z;} C D is a sequence
which converges to p € d D, we say that z; — p non-tangentially if there exists
a constant ¢ > 0 such that, for k — oo,

lzk — pll < ¢ - dist(zx, 9 D).

Let P(¢) = (1 — [2]»)(1 — ¢]*)~" be the Poisson kernel in the unit disc
D :={¢ € C: |¢| < 1}. The horosphere of center 1, pole 0 and radius R > 0
is given by Ep(1,0,R) := {¢ € D : P(¢) > 1/R} (we refer to Heins [12] for
explanations and developments of the relations between horospheres and Poisson
kernel).

The first result we recall is a simple consequence of Julia’s Lemma:

Lemma 2.1. Let f : D — I be holomorphic. Suppose there exists a € (0, +00)
such that for all R > 0

f(Ep(1,0, R)) C Ep(1,0,aR),

and suppose there exists Ry > 0 and ¢ € 0Ep(1,0, Ry) such that f({) €
0Ep(1,0, aRy). Then f is an automorphism of D.

Conversely, if f is an automorphism of D such that f (1) = 1, then there exists
a € (0, +00) such that f(Ep(1,0, R)) = Ep(1,0, aR) forall R > 0.

Let w denote the Poincaré distance on ID. By the very definition w ({1, &) =
1+ Ty, (52)]
HT;: @
D — D holomorphic such that f(1) = 1 (in the sense of non-tangential limits)

we let

%log where Ty, is any automorphism of 1D mapping ¢; to 0. For f :

T B iming L oe L@
7108 f(D :=liminf[w(0, &) = (0, f(E)] = liminf 5 log ——"=

Then we have

Theorem 2.2 (Julia-Wolff-Carathéodory). Let f : D — D be holomorphic and
suchthat f (1) = 1 (inthe sense of non-tangential limits). Assume that f'(1) < oc.
Then

(D) limgs,— 1-[0(0, ) = (0, f(r)] = limgs,. - 5 log 5L = Jlog f/(1).
(2) The function ¢ +— %Zf) has limit f'(1) for { — 1 non-tangentially.
(3) The function f'(¢) has limit f'(1) for ¢ — 1 non-tangentially.

Also we have the following boundary Schwarz-type lemma, due in this form
to Herzig [13] (see also [10, Lemma 2]):
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Theorem 2.3 (Herzig). Let f : D — I be holomorphic and such that (1) = 1
(inthe sense of non-tangential limits). If £ (0) = Othen f'(1) > lunless f(¢) = ¢
forall ¢ € D.

Now we state and prove a corollary which will be used later.

Lemma 2.4. Let f : Ep(1,0, R) — D be holomorphic and let R > 0. Suppose
limgs, 1 f(r) =1and

y 1L =17 ()]
m —————=00a<O0Q.
Rar—1- 1—r

Then for any sequence {{,} C Ep(1, 0, R) which converges radially to 1, i.e.,
such that |1 — &,|/(1 —|&,) — 1 as n — oo, it follows

m ———— —

n—>o0o 1 — g

Proof. Let R > 0and g := f o0 : D — D), where 6 is defined by

1+ R¢
Or($) = xR (3)
Note that 6 (r) € Rifr € [0, 1). Then
lim 1—|g(r)| | 1—|f@r@)| 1—-6G) R
Rors1- 1—r  Rarsl- 1 —6g(r) 1—r R+1
Namely, by the Julia-Wolff-Carathéodory Theorem 2.2.(1),
lim [w(0,r) — (0, g(r))] 11 ok “)
Rary- O T @ S =S 08 T
Lett, := 0,;] (¢,). Then for all » € (0, 1) it follows
(0,1,) — (0, g(,)) = 0 (0, 1,) + w(r, 1,) — (0, 1)
+w(0,r) — o, 1) — w0, g(t,))
<w(,t,) +o@t,)—w@©,7r)
+w(0,r) —w(g(r), g(ty)) — w(0, (1))
< [@(0, 1) + o(r, 1) — w(0,7)]
+w(0,r) — (0, g(r)], %)

where we used that w(g(r), g(t,)) < w(r, t,) and the triangle inequality. Taking
into account that for all z € D

11 —z]
1 —z]

’

1
liml[w(z, w) — w0, w)]+w(,z) = 5 log
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if we let r — 11in (5), by (4) we get
[1—1,] 1 I oR

(0) .
=1l "2 BR+1

1
®(0. 1) — (0, g(tn)) = 7 log (6)
By hypothesis ¢, — 1 radially. Since (6;1)’ (1) € R it follows that #, converges
to 1 radially as well. Therefore the right-hand side of (6) tends to %log Ig‘—ﬁ as
n — o0o. Recalling Theorem 2.2.(1) and (4), we see that the left-hand side of (6)

tends to the same limit as n — oo. Furthermore,

. L =@ 1—1al
1 0,t,) — w(0, ; = —log 1
e @ ) = o, gDl =5 log Iy = T 6T (6]

1 [R 5 1_|f(§n)|i|
m —,

[\

O
2 0%

R+ Tn—oe 1—[g,]

from which the statement follows. m]

3. Monge-Ampere foliation at the boundary

Let D be a bounded strongly convex domain in C with smooth boundary. By
Lempert’s work (see [15] and [1]), adapted by Abate (see [3]) and Chang, Hu
and Lee (see [10]) given any point z € D there exists a unique complex geodesic
¢ : D — D, ie., a holomorphic isometry between w (the Poincaré metric in
D) and kp (the Kobayashi distance in D), such that ¢ extends smoothly past the
boundary, ¢(0) = z¢p and p(¢) = z, witht € (0, 1) ifz€e Dandt = 1ifz € 9D.
Moreover for any such complex geodesic there exists a holomorphic retraction
p: D — @), ie., p is a holomorphic self-map of D such that p o p = p and
p(z) = zforany z € (D). We call such a p the Lempert projection associated to
¢.Furthermore we let 5 := ¢~ 'op and call it the left inverse of ¢, for pop = Idp.
The triple (¢, p, p) is the so-called Lempert projection device.

As we remarked for instance in [8, p. 145] the maps ¢, p are unique only up
to “parametrization” (i.e., if 8 € Aut(ID) then ¢ o 0 is a complex geodesic and
6~! o ¢ is the associated left-inverse) while p is unique (that is, depends only on
the image ¢ (ID)).

Remark 3.1. Assume ¢ : D — D is a complex geodesic and let p : D — DD be
its left inverse. By [17, Proposition 1 p. 345] it follows that 5(D\ ¢(3D)) c D.
In particular, if n : D — D is a complex geodesic such that p(n(D)) = D or,
equivalently, p(n(D)) = ¢(D) (where p : D — D is the Lempert projection
associated to ¢) then n(ID) = (D).

With an abuse of notation, we call “complex geodesic” also the image of a
complex geodesic ¢ : D — D. We let F, denote the foliation of D defined by all
the complex geodesics whose closure contain x € 9 D. Thus an element G € F,
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is just a one-dimensional holomorphic retract of D. We call F, a (boundary)
Monge-Ampere foliation.

Proposition 3.2. Let D be a bounded strongly convex domain in CN with smooth
boundary. Let x € 0D. Then F, is a smooth foliation of D whose leaves are
complex geodesics of D.

Proof. Let z € D. We are going to show that there exists a open subset V, C D
containing z and a smooth map & : V, > U, x D C C¥~! x D which trivial-
izes F, N V.; namely, for all w € U, themap D 5 ¢ +— h~'(w, ¢) is a leaf of
F.. This is essentially the content of [10, Theorem 3]. However, for the reader
convenience, we give here a proof using a different choice of coordinates. We pro-
ceed this way. Let G be the complex geodesic containing z and let p, : D — G
be the associated Lempert’s projection. By [15, Proposition 9 ] (see also [17,
Proposition 11]) we can assume that G = D x {(0, ... ,0)}, thatz = (0,...,0)
and that pg((z1, ... ,2n5)) = (21,0,...,0). Let \72 be a small ball centered at
z=1(0,...,0). WeletU; := V.N pgl(z). Then U, = {0} x U, with U; an open
ball in CV~! centered at 0. It is clear that if V. is small enough then UlisanN —1
complex affine manifold transverse to F,. Now let A, C F, be the set of one
dimensional holomorphic retracts which intersect U;. We set

v..= J G

GeA,

The set V; is open in D. This follows at once from the fact that the space of
(the closure of) one dimensional holomorphic retracts of D with, for instance,
the topology of uniform convergence on compacta is homeomorphic to the space
of (the closure of) complex geodesic sets endowed with the Hausdorff topology
of compacta of D (see [8, Lemma 5.3]). However this will also follow a fortiori
from the fact that V, is the homeomorphic image of U, x D.

Now we define i : V, — U_ x D as follows. Forany w € U] weletg,, : D —
D be the unique complex geodesic such that ¢,,(0) = w and ¢,,(1) = x. Thus, if
u € V. then u = ¢, (¢) for a unique w € U and a unique ¢ € D. Therefore we
set

V.our> h(u) .= (w,¢) e U, xD,

where, with some abuse of notation we call w both the element of UZ’ and its
projection to U,. We claim that 4 is a smooth diffeomorphism with inverse

U xD b (w,¢) i=9,) € V..

Since any complex geodesic parameterizing ¢,,(ID) is obtained by pre-compos-
ing with automorphisms of I then we can use [10, Proposition 5°] (see also the
argument at [10, p. 369] and [15, pp. 460—461]) to show that 2, h~! are smooth. O
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From the proof of Proposition 3.2 it follows that the local trivializing coordi-
nates (w, ¢) € U, x D introduced are holomorphic in ¢, and thus they are adapted
in the sense of [6]. Thus, using [6, Lemma 3.2] and arguing as at [6, p. 27] we
have the following lemma which will be useful later:

Lemma 3.3. Let D, D’ be bounded strongly convex domains with smooth bound-
ary in CN. Let p € 3D and let U be an open subset of D intersecting each leaf
of the boundary Monge-Ampére foliation F,. Let F : D — D’ be a smooth
(C' is enough) map such that

(1) F is holomorphic on U,
(2) for any ¢ : D — D complex geodesic such that ¢(D) € F, the map
D> ¢+~ F(p()) € D' is holomorphic.

Then F is holomorphic on D.

Using the boundary spherical representation of Chang, Hu and Lee (see [10,
Theorem 3]) one can refine Proposition 3.2 in order to obtain “global coordi-
nates” adapted to the boundary Monge-Ampere foliation. For the reader conve-
nience and since it will be useful later, we recall here the Chang, Hu and Lee
construction as needed for our aim. Let p € dD and, up to rigid transforma-
tion, assume that the unit normal vector for D at p is e; = (1,...,0). Let
L, ={v=(,...,v) € CM||lv]l = 1,v; > 0}. Forany v € L, the map
Ny : D3¢ e + (¢ — Dvyvis a complex geodesic of BY, n,(1) = e; and
1m,(1) = vjv. In [10] Chang, Hu and Lee prove that one can perform a unique
choice of a complex geodesic ¢, : D — D such that ¢(1) = p and ¢'(1) = vjv
imposing an extremality condition on the second derivative of ¢ at 1 (we do not
state here such a condition since we do not need it). Then the map ® : D — BV
is defined as follows:

@(z) = e + (& — Doy,
where ¢, € D and v € L, are the unique data such that ¢,(;) = z. The map &
is a smooth diffeomorphism whose inverse is easily seen to be
o~ (W) = ¢, (Lw),

where ¢, € D and v € L, are the unique data such that w = 1,(¢,). Moreover
®, ®~! extend continuously up to the boundary. For future reference, we note
here the following fact:

Remark 3.4. For any v € L, it follows that ® o ¢, = n,. Now, let ¢ : D — D
be a complex geodesic such that ¢ (1) = p. Then there exists v € L, and an
automorphism 6 : D — D with 6(1) = 1 such that ¢ = ¢, o 6. Notice that
6'(1) > 0. Therefore, denoting by (-, -) the standard Hermitian product in C",

(@'(1), e1) = 0'(Dpu(1), e1) = v70'(1) = 6'(1){(P 0 ¢,) (1), 1)
= (@ o) (1), er).
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In particular it follows that @ is holomorphic on the leaves of the bound-
ary Monge-Ampere foliation F, and sends leaves of ), onto leaves of G,,, the
Monge-Ampere foliation of BY at e;.

Using the spherical representation of Chang, Hu and Lee we can prove the
following result:

Theorem 3.5. Let D be a bounded strongly convex domain in CN with smooth
boundary. Let x € 3D. Then F, is a smooth fibration of D onto CN~! with
fiber .

Proof. Since the boundary spherical representation ® : D — B¥sends the
boundary Monge-Ampere foliation F, to the boundary Monge-Ampere folia-
tion G,, of the ball BY (here ¢; = (1,0,...,0)), it is enough to show that
the foliation G,, is a fibration of BY. Write the ball as the upper Siegel plane
HY = {(z,w) € Cx C¥~!' : Imz > ||w||?} using a biholomorphic transforma-
tion which sends e; to co. We claim that the boundary Monge-Ampere foliation
of HV at oo is given by G, = {w = const}. Indeed, {w = 0} is clearly a complex
geodesic. The others can be found by translating this by means of parabolic auto-
morphisms of H” fixing oo, giving the claim. Then G, is clearly a (holomorphic)
fibration on C¥~! with fiber (biholomorphic to) ID. O

In the previous proof we showed that the boundary Monge-Ampere foliation
Ge, is actually holomorphic in BY. Also, note that the fibration G, is smoothly
equivalent to the product C¥~! x D but it is clearly not holomorphically equiv-
alent to it. It would be interesting to characterize those domains for which the
boundary Monge-Ampere foliation is a holomorphic fibration.

4. Horospheres

Let D be a strongly convex bounded domain in CV with smooth boundary. Let
Zo € D. We denote by kp the Kobayashi distance in D. Following Abate [1], [2]
we give the following

Defnition 4.1. A horosphere Ep(x, 2o, R) of center x € 9D, pole zo and radius
R > 0 is defined as

1
ED(X, 20, R) = {Z €D: JILHEC[kD(Za w) - kD(Z07 w)] < Elog R} (7)

It is a feature of strongly convex domain (see, e.g., [1, Theorem 2.6.47]) that the
limit defining Ep(x, zo, R) actually does exist.

Remark 4.2. Tt is known after Abate (see, Corollary 2.6.49 in [1] and [2]) that
the horospheres of center x € 9D are convex subsets of D, smooth and strongly
convex at x.
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If D = D the unit disc in C then

I1—¢P?
1—¢P?
is a disc of radius R/(R + 1) tangent to D at 1.

Ep(1,0,R)={¢ eD:

< R}

Remark 4.3. It should be noted that there is another (equivalent) way of defining
horospheres, namely by means of the Busemann functions as follows (see [9],
[5] and [21]). Let ¢ : D — D be a complex geodesic, ¢(1) = p € dD. Let s
be the arc length parameter of the real geodesic Rt > ¢ +— ¢(¢) (thus s(z) =
%10g }—J_r; = w(0,1)). Let z € D. The function kp(z, ¢(s)) — s is decreasing in
s and, by the triangle inequality, it is bounded by kp(z, ¢(0)). Thus the limit for
s — oo does exist. We let

By(z) = 1lim [kp(z, ¢(5)) —s] = lim[kp(z, (1)) — kp(¢(0), 9(1))]
= lim[kp(z, o(1)) — (0. 1],

the Busemann function of ¢ at p. By construction it follows at once that the set
{z € D:B,z) < %log R} is the horosphere of D centered at ¢ (1) = p with
pole ¢(0) and radius R > 0.

Lemma 4.4. Let G € F. Then for all R > 0 it follows that G N Ep(x, zg, R) is
a complex geodesic of Ep(x, 29, R).

Proof. Fix R > 0. Let pg : D — G be the Lempert projection associated to G.
Then we claim that

pc(Ep(x,zo, R)) = Ep(x, 20, )N G. ®)

Indeed, let ¢ : D — D be a parametrization for G such that ¢ (1) = x. Since
PG © 96 = ¢¢, if z € Ep(x, 29, R) we have

lim [kp(pg (2), w) = kp(z0, )l =lim[kp (p6(2), P (Pc () —kp (20, 96 ()]
< lim[kp (2, ¢ (1)) — kp(20, 96 (1)1 < 1log R. €

Therefore pg(z) € Ep(x,z9, R) N G. This means that Ep(x, z9, R) N G is a
(one-dimensional) holomorphic retract of Ep(x, zg, R) whose closure contains
x. By [22, Théoréme 2.3] it follows that Ep (x, zg, R) N G is actually a complex
geodesic. O

Remark 4.5. Let Ep(p, 20, R) be a horosphere in D. Let G be a complex geo-
desic for D such that zo € G and let ¢ : D — D be a parametrization such
that (1) = p, pc(0) = zo. Letting w = ¢g(r) for r — 1 in (7) one eas-
ily sees that g (Ep(1,0, R)) = Ep(p,z0, R) N G. Let g be as in (3). Then
Or(D) = Ep(1,0,R)and p 0 O : D — G N Ep(p, 2o, R) is a parametrization
of the complex geodesic G N Ep(p, zo, R) of Ep(p, zo, R).
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Now we see how the radius of the horosphere changes when changing the
pole. Let p € 0D and let z; € D. Set

3logr(z) = lim [kp (20, w) = kp(z1, )] (10)
Then

Ep(p,z0, R) = Ep(p, z1, R -r(z1)). (11)

Indeed,
kp(z, w) — kp(z1, w) = [kp(z, w) — kp(zo, w)] + [kp(zo, w) — kp(z1, w)],

and since the limit for w — p exists then we have (11).
In particular for any complex geodesic ¢ : D — D such that ¢(1) = p it
follows that

¢(Ep(1,0, R - r(9(0)))) = ¢(D) N Ep(p, 20, R).

As a final result of this section, we obtain a technical lemma which will be
useful in the sequel.

Lemma 4.6. Let Ep := Ep(p, 20, R) be a horosphere in D with zy € Ep, i.e.,
R > 1.Letp : D — D beacomplex geodesic suchthat (1) = p and ¢(0) € Ep.
Then
R-1

7

1
lim [kp(zo, ¢(r)) — kg, (20, 9(r)] = = log
Rar—1 )

Proof. Let ¢, : D — D be the complex geodesic such that ¢,(0) = zo with
©,(1) = p and let p, be the associated Lempert projection. By [7, Proposition 3.4]
it follows that

gim kp(p(r), polp(r))) =0, (12)

namely, in the terminology of [1], the curve R 3 r — ¢(r) is special with respect
to the projection p,. In the proof of [7, Proposition 3.4] it is actually shown that
the curve r — ¢(r) belongs eventually to any ball B contained in D and tangent
to 0D at p and that

o o) = polpr)I?
Rar—1 dist(p,(@(r)), dD)

This condition, together with the fact that r+— p, (¢ (7)) tends to p non-tangentially
in D (and then in B), guarantees that limps, 1 kg(@(r), p,(¢(r))) = 0 (see [4]
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and [1, Proposition 2.7.10]). Since Ep is strongly convex at p (see Remark 4.2),
there exists B C Ep tangent to d D at p. Therefore

Rlairrgl ke (@(r), po(e(r))) = Rlairrg1 kg (p(r), po(p(r))) = 0.

Now, ¢ 0 6g, : D — D is a complex geodesic in Ep (here 6g, is defined
in (3) and R; = Rr(¢(0))) and by (8) the map p, : Ep — Ep is a holomorphic
retraction, then

lim kg, (¢(r), po(p(r)))
Rar—1
= Jim kg, (906, 06! (r). 0,09 00k 0 05 (M) = 0. (13)
Therefore we can write

kD(ZOa 90(”)) - kED(ZO’ (P(r)) = [kD(ZO’ Po © gp(r)) - kED(ZOa Po © ‘P("))]
+lkp(z0, 9(r)) — kp(zo, po © @(r))]
_[kED(ZOa (P(r)) - kED (ZO? Po © (P(r))]

Since by (12),
ll_ff} lkp(zo, ¢(r)) — kp(zo, po 0 ¢(r))| < ll_rf} kp(e(r), po(e(r)) =0,
and similarly for kg, (zo, ¢(r)) — kg, (20, po © (r)), then
Ralriglr[kD(Zo’ @(r) — kg, (2o, (r))]
= _lim [kp(z0, po 0 ¢(r)) — kg, (20, po © @(r))].

Rar—1-

Let t(¢) := gpo_l 0 po0®(¢). Then t : D — D is holomorphic, smooth at 1 and
7(1) = 1. Hence 0 < |7/(1)|] < oo and the classical Julia-Wolff-Carathéodory
Theorem 2.2 implies

11— ()] . [1—1(r)] 1—r ,
T~ lim : =|7'(D)] -
Ror—1- 1 —|t(r)] Ror—1- 1—r I —|t(r)|

- 1
[T/ (1)]

Therefore the curve R 5 r = t(r) converges radially to 1.
Forr € (0, 1),

kp (2o, po 0 @(r)) — ke, (20, po © @(r))
= kp(90(0), 9o(T(r))) — ki, (0o 0 Og 0 05 (0), 9y 0 O 0 05 (T(r)))
= w(0,7(r)) — 00" (0), 05" (x(r))).

Using the explicit form of w, it follows that

— o —1
D“?%[‘”(O’O—w<9z€1<0>,9;1<;>>]:;imlllog1 [®06:" O 1

2 1 —=1¢]
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where ® () = (£ —65'(0))/(1 — 0" (0)¢). Now ® 06" : Ep(1,0, R) — Dis
holomorphic and ® o 01;1 (1) = 1. A direct calculation shows that

-1 -1
lim I —|Poby ()] — lim I —®oby (r)
Rar—1- 1—r Rar—1- 1—r
—1 / R—1
= (®obgr (0) =1 = R

Since R > r = ©(r) converges radially to 1, by Lemma 2.4 it follows that

. L= Dol (z(r)] R-—1
lim =
Rar—1- 1 —|t(r)] R

’

and from (14) we get the assertion. O

5. Mapping horospheres onto horospheres

Let D, D’ be two strongly convex bounded domains in CV with smooth bound-
ary. Let p € 3D and ¢ € dD’. We are going to study biholomorphisms between
Ep(p, 20, Ro) and Ep/(q, z;, R;) such that p is mapped (in the non-tangential
sense) to ¢. First of all we give the following

Example 5.1. Let 6 : D — Ep(1,0, R) C D be defined by (3). Let R’ > 0.
Then 6 is a biholomorphism between Ep(1, 0, R") and 6z (Ep(1, 0, R')) which
is a horosphere of ID. Moreover 6 (1) = 1. However clearly 6z does not extend
to a biholomorphism from ID to .

The problem with the previous example is that the corresponding horospheres
have “different radii” as we explain in the following remark.

Remark 5.2. Let F : D — D’ be a biholomorphism between bounded strongly
convex domains with smooth boundary. Let p € 0 D. Then F has non-tangential
limit ¢ at p for some ¢ € dD’. This is pretty well known, actually F extends
smoothly on D near p (see [11] or [15, section 10]). Let Ep be a horosphere of
center p and radius R > O with respect to some pole z; € Ep. Then F(Ep) is the
horosphere Ep of center g and radius R with respect to the pole F'(z;). Indeed
for any z € D we have

Ji_)mp[kD(Z, w) — kp(z1, w)] = Ili_)mp[kD'(F(Z), F(w)) — kp (F(z1), F(w))]
= lim [kp (F(2), w') — kp(F(z1), w)].
w'—q
Let Ep := Ep(p, 20, Ro) and Ep := Ep/(q, i, R;) be two horospheres of

D, D' respectively. Assume that zo € Ep and z;, € Ep. For z € Ep denote by
R(z) the radius of Ep with pole z, namely:

ED(pa 205 RO) = ED(p’ <, R(Z))v
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and similarly for 7/ € Ep. Let F : Ep — Ep be a biholomorphism such that
F(p) = q (in the sense of non-tangential limits) and F(z9) = z;. As we have
seen, the radius of a horosphere depends on the choice of its pole. It is not clear
a priori that if Ry = R, then R(z) = R(F(z)) forall z € Ep, unless F is already
known to be a biholomorphism between D and D’. This is however true, as we
are going to show.

Lemma 5.3. Let D, D’ be two strongly convex domains with smooth boundary,
pedDandq € dD'. Let Ep := Ep(p, 20, Ro) and Ep == Ep/(q, 2, R;)) be
two horospheres of D, D' respectively. Let F : Ep — Ep be a biholomorphism.
If Ry = R then for all z € Ep it follows R(z) = R(F(2)).
Proof. In (11) we saw that Ry = R(z)/r(z) for all z € D, where r(z) is defined
in (10). Similarly Rj = R(F(z))/r(F(z)). Since Ry = R(, we have
R(z)  R(F(2))
r(z)  r(F(2)
Now we compute 7(z). Let ¢ : D — D be a complex geodesic such that ¢ (0) = z
and ¢(1) = p. Then by Lemma 4.6

forall z € Ep. (15)

%kgr@>=$@%m0@muo—kD@,wn==RggghxaL¢00>—kD@,¢v»]
= Rlairrgl[kl)(z(), @(r)) — kep, (2o, 9(r))]
+R131rr21[kED (z0, 9(r)) — ke, (2, ¢(r))]
— Rlairrgl[kl)(z, @(r)) — ke, (z, 9(r))]

LogRo=1 1 )
=-lo —logr
2 8 TR, T 08l
1. R@-1_1 _ R@Ry—1)

28R T 2 ReR) = 1) B

Since F is a biholomorphism, then it is an isometry between kg,, and kg . Thus
(taking w — p non-tangentially)

1 )
—logrg,(2) = ul,l_rg,[kED (zo, w) — kg, (z, w)]

2
= lim [k, (F (20, F(w)) = kg, (F(2). F(w))]

1
= 5 logrg, (F(2)).

Therefore, taking into account that Ry = R, we have
_ R@Ry— 1)
Ro(R(z) — 1)
R(F(2))(Ry — 1)

)= RykE@) -

r(z)

TEp (Z)9
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Substituting these into (15) we have R(z) = R(F(z)) as wanted. O

Now we are in a good shape for stating and proving the following result:

Theorem 5.4. Let D, D' be bounded strongly convex domains in CN with smooth
boundary. Then D is biholomorphic to D' if and only if there exist a horosphere
Ep C D with center p € 9D, a horosphere Ep C D’ with center ¢ € 0D’
and a biholomorphism F : Ep — Ep such that F(p) = q (in the sense of
non-tangential limits) and the radius of Ep with respect to some z € Ep is equal
to the radius of E p with respect to F (z).

Proof. One direction follows from Remark 5.2. As for the other direction, thanks
to Lemma 3.3, we have just to show that there exists F : D — D’ smooth such
that

(1) F(z) = F(z) forall z € Ep.
(2) ¢ — F(p(¢)) is holomorphic for all ¢ : D — D complex geodesics such
that (1) = p.

We are going to define F as follows. Let ¢, : D — D be a complex geodesic as
in section 3 (in particular given z € D there exist a unique v € C" and a unique
¢ € D such that ¢,(¢) = 2). Then Gg, = ¢,(D) N Ep is a complex geodesic
in Ep by Lemma 4.4. Thus F(Gg,) is a complex geodesic in Ep. Let ¢ > 0
be such that ¢, () € Ep. Let ¢p,) : D — D’ be the unique complex geodesic
such that ¢r)(1) = g and @p)(f) = F(p,(t)). Again by Lemma 4.4, it is not
too difficult to see that ¢, is independent of the point ¢ > 0 chosen to define it
(with the property that ¢, (t) € Ep). We let

F(@,(0)) = 0rw(2).

Notice that F is well-defined by the uniqueness of the ¢,’s. Also, by definition,
property (2) follows, and, since the boundary Monge-Ampere foliations F),,

are smooth by Proposition 3.2 and F is holomorphic, then F is smooth.

We have only to show that F(z) = F(z) for all z € Ep. To see this, let
z € Epandlet ¢, : D — D be a complex geodesic such that z € ¢,(DD).
We can write Ep = Ep(p, ¢,(0),r) for some r > 0. By Lemma 5.3 then
Ep = Ep(q, F(¢,(0)),r). Let 6, : D — Ep(1,0,r) be defined as in (3).
By Remark 4.5 it follows that ¢, 0 6, : D — Ep is a complex geodesic of Ep
containing z and then F o ¢, 0 6, : D — E/, is a complex geodesic of E con-
taining F'(z). Now, again by Remark 4.5 it follows that p)y 06, : D — Ep isa
complex geodesic containing F(z). We are then left to show that for all { € D

F O @y OG}’({) = QF®) OQ,-({)

But this is clear for they both map 1 to ¢ and 6~ 1(0) to the same point F (¢, (0)).
Thus (1) holds. O
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6. Plurisubharmonic solutions to the boundary Monge-Ampere equation

The aim of this section is to study the solution of the complex Monge-Ampere
equation u : D — R such that du # 0, (99u)" = 0 and u is harmonic on each
leaf of the boundary Monge-Ampere foliation at a given point p € dD.

We begin with the following proposition, maybe interesting by its own.

Proposition 6.1. Let D, D' C CV be bounded strongly convex domains with
smooth boundary, p € D and g € dD'. Let ® : D — D' be a smooth diffeo-
morphism, such that ® has non-tangential limit g at p. Suppose that ® respects
the boundary Monge-Ampere foliations of D at p and D’ at q, namely

(1) ® maps leaves of F, onto leaves of F, and it is a holomorphic Kobayashi-
isometry on each leaf,
(2) for any complex geodesic ¢ : D — D such that (1) = p, it follows that

(@' (D), np) = (P og)(1),n,),

where n, (respectively n; ) denotes the outer unit normal to 0 D at p (respec-
tively to D’ at q).

Then F maps horospheres of D with center p onto horospheres of D’ with center q.

The second condition on ® means that ® cannot “squeeze” the complex geo-
desics. Note that by the first condition, ® o ¢ extends smoothly on D and thus it
makes sense to consider (® o ¢)'(1).

Proof of Prop. 6.1. Let Ep = Ep(p, 20, R(z9)) be a horosphere in D. We claim
that

Q(Ep(p, 20, R(z0))) = Ep(q, ®(20), R(z0)) =: Epr. (16)

Let ¢ : D — D be a complex geodesic such that ¢(1) = p. Let z = ¢(0). If we
write Ep = Ep(p, z, R(2)) then p(Ep(1, 0, R(z))) = ¢(D)N Ep. By hypothesis
(1) ®og: D — D' isacomplex geodesic in D'. Thus ® o ¢ extends smoothly
past 9D and since ® has non-tangential limit ¢ at p then ®(p(1)) = q.

Therefore, to show that ®(Ep) = Ep is equivalent to proving that ®(Ep N
(D)) = Ep N ©(p(D)) for any complex geodesic ¢ : D — D such that
(1) = p.

Thus we have to show that

O (@(En(1,0, R(z))) = Ep(g, P(2), R(P(2))) N (P o ¢(DD)).

In other words it is enough to show that R(z) = R(®(z)) for all z € D. By con-
struction R(z9) = R(P(zp)) and by (11) we are left to show that r(z) = r(®(z))
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for all z € D. Now, let ¢ : D — D be a complex geodesic such that ¢(0) = zg
and ¢(1) = p. Then
1
= logr(z) = lim [kp(zo, w) —kp(z, w)] = _lim [w(0,r) —kp(z, ¢(r))]
2 w—>p Ror—1
= Rlain_l)l[kn/(d) 09(0), Pop(r)) —kp(P(z), o)l
+ Rlairgl[kpf@(z), P o ¢(r)) —kp(z, ¢(r))]

1
=3 logr(®(z)) + Rlairrgl[ku/(q)(z), Qo)) —kplz, @(r))].

The assertion follows as soon as we prove that the limit in the last line of the pre-
vious formula is equal to 0. To see this, let ¢ : D — D be the complex geodesic
such that Y(1) = p and ¥ (0) = z. Let p : D — D be the Lempert projection
associated to ¥ and p’ : D’ — D’ be the Lempert projection associated to ® o .
By the triangle inequality and (12)

lim[[kp (P (2), ® 0 @(r)) — kp (P (2), p o @ o)

+lkp(z, 9(r)) —kp(z, p o p(r))l]
< }i_r)r}[kp/@ o@(r), p' o ®o@(r)) +kplp(r), poe()] =0.

Thus, from the very definition of w, it follows that
Rlain—ln[kD,(qD(Z)’ ®o@(r)) —kp(z, p(r))]
= Rlaim l[ko/(q’(z), p o®oe(r) —kp(z, pop()]

= _lim [0, Y lodop odop(r) — w0, ¢ opogr)]

Ror—
1 1— [y opop@)
= lim —log .
Ror—12 I1—|ylodlop odopl)

By the classical Julia-Wolff-Carathéodory Theorem 2.2 and [1, Lemma 2.6.44]
(or see [4]) it follows that

. 1—|y ' opop@)
lim —log
Rar—12 I—|ylodlop odop)
1— [y~ opog()

= lim —log
Rar—12 1—r
| -y lodop odoe)
— lim =log
Ror—12 1—r

B llo (@'(D,np)  (@oy)' (D), my)
2% (W' (D), np)  (Dog)y(l),n)’

which is 0 by hypothesis (2). O
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By Remark 3.4 we have the following result:

Corollary 6.2. The boundary spherical representation ® : D — BY maps horo-
spheres of D onto horospheres of BV .

Starting from this result we can solve the Monge-Ampere equation at the
boundary.

Theorem 6.3. Let D be a bounded strongly convex domain in CN with smooth
boundary and let p € 0 D. The Monge-Ampére equation

u plurisubharmonic in D,

(@uw)N =0,

1du #0, (17)
u(z) =0for z€dD\ {p}

u(z) ~ ||p—z|l”" as z — p non-tangentially

has a solution u € C*(D) such that u(z) < 0 for all z € D and (33u)V~' # 0.
Moreover the level sets of u are boundaries of the horospheres of D with
center p.

Proof. First assume D = B" and p = e;. Then we consider

1 —lz))?

up(z) = _|1 e

A straightforward calculation shows that u is actually a solution of the boundary
Monge-Ampere equation (17). Moreover by [1, Proposition 2.2.20] (see also [2])
it follows that Egn~ (e1, 0, R) = {ug(z) < —1/R} and thus the level sets of ug
are exactly the boundary of the horospheres centered at ¢;. These horospheres are
strongly convex. Let P(¢) = (1 — [¢]?)/(|1 — ¢|*) be the Poisson kernel in ID.
Then the set { P(¢) > 1/R} is the horosphere of center 1 and radius R > 0 of D.
A simple calculation shows

1
uo o mu(§) = —— P(0),
U
where v € L., and 7, is defined in the third section. Thus u is harmonic on the
leaves of the boundary Monge-Ampere foliation §,,. Now, for a strongly convex
domain D, define

u:=ugo P,

where ® : D — BY is the boundary spherical representation of Chang, Hu and
Lee. Then u € C*°(D), du # 0 and u(z) = 0 for z € aD \ {p}. Since ® is
holomorphic on the leaves of the boundary Monge-Ampere foliation then u is
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harmonic on such leaves. Moreover, by Corollary 6.2 it follows that the level sets
of u are the boundary of the horospheres centered at p.

Lety : D — D be acomplex geodesic such that ¢ (1) = p.In[17, Proposition
11] Lempert constructs a biholomorphism G from D to a domain G (D) which
extends smoothly through d D and such that G o ¢(¢) = (¢,0,...,0) and the
associated Lempert projection is o(z1, ... ,2z,) = (21,0, ...,0) (note that the
Lempert projection p : D — D associated to ¢ is equal to G o p o G~1). For
short we call such coordinates the “Lempert coordinates”. The domain G (D) is
no longer convex in general, but it is still convex near G (¢(dD)). We claim that
if Ep = u~'(—=1/R) is a horosphere with center p then G(dEp) is convex near
G@OEp) N G((p(ﬁ)). Indeed, let wy € G(0Ep) N G(p(D)) and let Hﬁ) C Cey
be the real one-dimensional tangent space to G(dEp) N G(p(D)) at wy. Since
0(G(Ep)) C G(Ep)NG(p(D)) and p is linear then the real hyperplane given by
{fweC":p(w)—wy € Hﬂ}i} separates wo from G(Ep), which is thus convex
at wo. Moreover this clearly implies that the complex tangent space

0
T e AG(Ep(G(p), G(p(¢)), 1)) = span (8—> (18)
2j/ j=2,...N
for any ¢ € DD (notice that ¢(¢) € dEp(p, ¢(¢), 1) always).
We are going to show that u is a plurisubharmonic solution of the Monge-
Ampere equation using the Lempert coordinates. Let z = (21,0, ... ,0) € G(D).
Since dG (Ep) is (pseudo)convex, the matrix

3%u . . .
(2) is non-negative definite.
j.k=2,..,N

07,07k
Since u is harmonicon ¢ — (£, 0, ..., 0) then aflzgzl (z) = 0. We are left to show
that 35:5’3' (z) =0fork =2,..., N.But this is obvious since, by (18), we have
du(Z)=00n(,0,...,0),, €D k=2,...,N.

Therefore u is plurisubharmonic in D, or, in other terms, ddu = 2i 90u > 0.
To show that (39u)¥~' # 0 it is enough to see that dd°u > 0 in D on the
complex tangent spaces to the boundary of horospheres in D. To this aim, we
introduce the following functions: T : D — RT and 7y : BY — R defined
by t(z) = exp(u(z)) and 19(z) = exp(uo(z)). A direct computation shows that
dd‘ty > 0in B and dd°t > 0 in D. The form dd‘u is then positive definite
on the complex tangent spaces to the boundary of horospheres if and only if t
is strictly plurisubharmonic, namely, dd°t > 0 in D. Now, we claim that ® is
a “contact map”, that is, it maps the complex tangent space of a (boundary of)
horosphere of B" to the complex tangent space of the corresponding (boundary
of) horosphere. Indeed, up to composition with automorphisms of BY we can
assume that the complex geodesic n(¢) = (£,0, ... ,0) of BY is mapped to the
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complex geodesic ¢ = ®~! o n which, in Lempert’s coordinates, is given by
¢+ (¢,0,...,0). With this choice of coordinates—and since biholomorphisms
preserve complex tangent spaces—equation (18) implies that & is a contact map.
In other words, (®~1)*(d1) = gdty for some smooth function g. To compute
g, we consider an arbitrary complex geodesic n : D — B" containing e;. By
definition, 7o o n = 7 0 ®~! 0 7. Therefore n*(31y) = n*((P~1)*d1) = gn*(910)
and thus g = 1. Now, taking into account that 39 = d9, it follows that

ddty = —2i00719 = —2i d((P~H*(971))
= —2i(d"H*(dar) = (P H*(dd 7).

Hence dd°t is non-degenerate. Since we already know that dd“t > 0, the only
possibility is that dd“t > 0, as wanted.

Finally we show that u(z) =~ |[p — z||”' as z — p non-tangentially. Let
{zx} C D be a sequence converging to p non-tangentially. We use the notations
@y, 0y for v € L, as introduced in Section 3. Let §x € D and v € L, be such
that ¢,, ($x) = zx. Since the leaves of F), are transversal to 0D at p and z; — p
non-tangentially, up to subsequences, we may assume that vy — vg € L. Also,
& — 1 non-tangentially (since complex geodesics maps non-tangential regions
onto non-tangential regions, see, e.g., [1, Proposition 2.7.8.(ii)]). Thus n,, — ny,
as vy — vg and ®(z;) — e non-tangentially. Write

_ _ 7
u@) - lp — zxll = uog(®P(zx))ller — P (zx) |l ler — D (zp)| :

Then

L= [P ller — Pzl
®(20) - ller — D(zp)|| = :
uo(P(z1)) - ller ()|l 1= @0l 1= )l

and both these factors are bounded away from zero and infinity since ®(z;) — e
non-tangentially (see, e.g., [1, Section 2.2.3]).

Now we examine the term %. First of all, since z; — p, ®(zx) — e
non-tangentially then || p —zx || &~ d(zx, D) and |le; — D (z;) || ~ d(P(zx), IBY),
where d(-, dD) is the (euclidean) distance. By the boundary localization esti-
mates for the Kobayashi distance (see, e.g. [1]) we know that — log d(zx, 0D) =~
kp(zo, zx) for any zo € D fixed. Therefore, passing to the logarithm, we are left
to show that there exist ¢, C > 0 such that for all k € N

—c < kp(zo, 1) — kgv (0, D(zx)) < C. (19)

Now, zx = ¢y, (&) Since ¢, (0) — ¢,,(0) then the triangle inequality implies
|kp (@ (Ck), 20) — @ (0, &)
= |kp (¢, (Ck)s 20) — kp(@u, (Ck)s v, (0))] < const < oo.

Similarly, since ®(zx) = ny, (k) we have that kgn (0, P(zx)) =~ w(0, &) and
thus (19) follows. O
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Remark 6.4. From the proof of Theorem 6.3 it follows that the boundaries of
horospheres are smooth strongly pseudoconvex, actually strongly convex for big
radii.

7. Some applications

The first application is somehow a rephrasing of Theorem 6.3 in terms of the
Busemann functions of D. We thank Stefano Trapani for explaining this point
to us.

Proposition 7.1. Let D C CV be a bounded strongly convex domain with smooth
boundary. Let u be the solution of (17) in D given by Theorem 6.3. Let ¢ : D — D
be a complex geodesic suchthat (1) = p € dD. Let B, be the Busemann function
of ¢ at p. Then for all 7 € D it follows that

B,(2) = —3 (log |u(2)] — log [u(p(0))]) - (20)

Proof. By the very definition, the level sets of B, and u are the same. Therefore
there exists B : R — R such that log |u(z)| = B(B,(z)) for all z € D. We are
going to compute . By the very definition of B, we have B, (¢(—t)) = w(0, 1)
for all + € (0, 1). Therefore B(w(0,t)) = log|u(e(—1t))|. Let ¢, be the com-
plex geodesic defined in Section 3 such that ¢ = ¢, o 8 for some automor-
phism 6 of D with (1) = 1. As shown in the proof of Theorem 6.3 it follows
that |u(¢,(0(2)))| = #P(@({)) for all ¢ € D, where P is the Poisson ker-

nel in D. By Lemma 2.1 it follows P(0(¢)) = aP(¢) for some o > 0. In
particular |u(¢(0))| = P(0)a/ U12 = o/ vlz. Therefore, taking into account that

w(0,1) = %log }%ﬁ, a direct computation shows that 8(s) = —2s + log(a/vlz)
and formula (20) is proved. O

Remark 7.2. Formula (20) can be used to relate the work of Trapani (see [21])
with our solution u of the boundary Monge-Ampere equation. The story goes as
follows. For z € D let ¢, : D — D be the unique complex geodesic such that

¢.(1) = pand ¢,(0) = z. Let v, = %;m)lgzo. Then v, € T,d D. All the vectors
v, belong to the same half-space D), of T,,0 D with respect to the decomposition
of this one induced by TIECE)D. Let ® be a real linear form vanishing on TI(,CE)D
and positive on D,,. Any other such a form is multiple of ® by a positive constant.

Define W : D — R as
V(z) == —0O(vy)

In [21, Theorem 4.1] it is proved that B,(z) = %(log [W(z)| — log |¥(0)]). For-
mula (20) implies then that u(z) = C/W(z) for some C € R* \ {0}.
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As a second application we show that our solution of (17) can be used to
characterize biholomorphisms, exactly as the Poisson kernel characterizes auto-
morphism of the unit disc D. Indeed, Lemma 2.1 can be rephrased as: f : D — D
holomorphic, f(1) = 1 (in the sense of non-tangential limits) is an automorphism
of D if and only if there exists A € R™ \ {0} such that f*(P(¢)) = AP (¢) for all
¢ € D (here P is the Poisson kernel of D).

Theorem 7.3. Let D, D' C CV be bounded strongly convex domains with smooth
boundary. Let p € OD and q € dD'. Let up (respectively up) be the solution
of (17) in D (respectively in D’) given by Theorem 6.3. Let F : D — D’ be holo-
morphic and assume that F is continuous at p. Then F is a biholomorphism such
that F(p) = q if and only if there exists A € R \ {0} such that F*(up) = Aup.

Proof. If F is a biholomorphism such that F'(p) = g then it maps horospheres in
D with center p onto horospheres in D’ with center ¢q. Let ¢ : D — D be a com-
plex geodesic and set ¢’ := @ o F, a complex geodesic for D’. The biholomorphic
invariance of the Kobayashi distance immediately yields B,(z) = B, (F(z)),
where B, is the Busemann function of ¢ (and similarly B,/). Proposition 7.1 then
gives

. lupr (F(p(0))]
F N = 22 WA
)l === o]

and the assertion follows because both u p, up are strictly negative.

Conversely, first we show that the hypothesis F*(up) = Aup implies that
F(p) = q. Indeed, let {zx} C D be a sequence converging non-tangentially to
p. Up to extracting subsequences, we may assume that {F'(zx)} is converging to
x € D'. Now

|uD|’

Aup(zk) = up (F(zr), 1)

therefore if x # g it follows that the right-hand side of (21) stays bounded as
k — oo while the left-hand side diverges, which is impossible. Thus F has non-
tangential limit g at p. The hypothesis that F' is continuous at p implies then that
F(p)=gq.

Secondly, the hypothesis F*(u ) = Aup implies that for z € D, R > 0 there
exists a = a(z) > 0 such that

FOEp(p,z,R)) COEp(q, F(2),aR). (22)

Notice that, once z is fixed, a is independent of R > 0. Indeed, for all t < 0O it
follows F~'(up,) () = up' (t/2).

Now, let ¢ : D — D be a complex geodesic such that ¢(1) = p and let
20 = ¢(0). Let ¢y : D — D’ be a complex geodesic such that ¥ (1) = ¢ and
¥ (0) = F(zo) andlet p : D' — (D) be the associated Lempert projection. Con-
sider the holomorphic function f : D — Ddefinedas f(¢) = ¥ ' opo Fog(?).
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Then f is continuous at 1 and clearly f(1) = 1. We claim that f is an automor-
phism of ID. To see this, thanks to Lemma 2.1, it is enough to show that there
exists & > 0 such that for all R > 0,

f(Ep(1,0,R)) € Ep(1,0,aR), (23)

and that there exists a point ¢y € d Ep(1, 0, R) such that f (&) € 0Ep(1, 0, «R)
for some R > 0.

Let R > 0. By Remark 4.5, it follows ¢ (0 Ep(1, 0, R)) = 0Ep(p, 20, R) N
go(ﬁ). Thus by (22), setting « = a(zo),

Fog@Ep(1,0, R)\ {1}) CIEp(q, F(z0),@R) N Fep(D\ {p})).

By (8) wehavethat p(0 Ep(q, F(z0),«R)) C Ep(1, 0, o R) and thus formula (23)
holds. Itis then clear by construction thatO € d Ep(1, 0, 1)and f(0) € d Ep(1, 0, )
and thus f is an automorphism of D.

Next aim is to show that F o ¢ : D — D’ is a complex geodesic. For what
we have just shown, it follows that p o F o = ¢ o f : D — D’ is a complex
geodesic. Thus for all ¢, & € D

(&1, 5) = kp (p(F(p(£1))), p(F(9(£2)))
< kp(F(e(51), F(¢(52)) = (1, 5),

which implies kp/ (F (¢(£1)), F(9(£2))) = w(&1, &) andthus Fog : D — D’isa
complex geodesic. Therefore F' maps complex geodesics onto complex geodesics.

To show that F is injective we have only to show thatif ¢, n : D — D are com-
plex geodesics such that (1) = (1) = p and (D) Nn(D) = @ then F(p(D)) N
F(n(D)) = @. Suppose this is not the case. Since F o ¢, Fon : D — D’ are
complex geodesics, then F(¢(D)) N F(n(D)) # @ implies F (p(D)) = F(n(D)).
Let p, : D' — D’ be the Lempert projection associated to & := F o ¢. Consider
the holomorphic map o : D — D defined as

p(z):=h""op,0F(2).

It is clear that p o ¢(¢) = ¢ for all ¢ € . Since p(n(ID)) = D by construction, it
follows ¢(ID) = n(ID), which is a contradiction.

It remains to show that F' is surjective. First, since D and D’ have the same
dimension, it follows that F (D) is open. Assume that F is not surjective and
let w ¢ F(D) be such that w € dF (D) N D’. Then there exists a sequence
{zx} C D such that F(z;) — w. Up to subsequences assume that z; — zg € D.
It is clear that zy € 0D for otherwise F(z9) = w. Also, since F(p) = ¢ then
Z0 # p. By hypothesis Aup(z;) = up (F(zi)). But up(zx) — up(zo) = 0 while
up (F(zx)) = up(w) < 0as k — oo, giving a contradiction. O
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