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1. Introduction

In this paper we consider the two-item uncapacitated lot-sizing problem with one-way substitution, that is the high qual-
ity item can substitute the demand for the low quality item. Given the planning horizon and the demands for the two items
in each period, the aim of the problem is to propose a production and substitution plan which minimizes the production,
inventory, setup and substitution costs over the planning horizon and meets the demand for the two items on time.

Most of the literature on product substitution is concerned with problems in a stochastic setting (see, e.g., [7,10,17,20,28,
30,31,36,37]). The literature in the deterministic setting is quite limited. Balakrishnan and Geunes [5] model the production
planning problem with substitutable components and an arbitrary substitution structure. They derive properties of optimal
solutions and propose a dynamic programming algorithm. The proposed algorithm finds a shortest path in a graph with
0(n™) nodes and O(n™*1) arcs where n is the number of periods and m is the number of components. Hence the method’s
worst case running time is exponential in the general case. When applied to the two-item problem, the algorithm runs in
polynomial time and hence our problem is polynomially solvable. Geunes [ 18] models the same problem as an Uncapacitated
Facility Location (UFL) Problem, solves using the dual-ascent method of Erlenkotter [15] and presents computational results
where the performance of the heuristic approach is tested in comparison to the exact shortest path approach.

Hsu, Li and Xiao [21] consider two versions of the production planning problem with one-way substitution. In the first
version called Substitution with Conversion (SWC), a lower-index product requires a physical transformation to be able to
substitute the demand of a higher-index product. Once the product undergoes this transformation it may be stocked as a
higher-index product ifitis not used immediately. In the second version of the problem called Substitution without Conversion
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(SWO0), there is no need for a physical transformation and the lower-index product can substitute the demand for a higher-
index product immediately but cannot be stocked as a higher-index product. The authors prove that the SWO is a special
case of SWC and is strongly NP-hard. They propose dynamic programming algorithms as well as a heuristic.

Li, Chen and Cai [25,26] consider product substitution together with remanufacturing. In [25], the authors propose a
dynamic programming approach by extending the one of [5] to handle remanufacturing. They also propose a heuristic
algorithm and present computational results. In [26], a genetic algorithm is proposed for a capacitated version of the problem
with batch processing.

We have not encountered any study on the polyhedral analysis of the production planning problem with substitution. In
this paper we focus on the simplest case of the problem, that is, we consider only two items and one-way substitution. We
call this problem the Two-item Uncapacitated Lot-sizing Problem with One-way Substitution and abbreviate by 2ULS.

The problem we consider generalizes the well-known Uncapacitated Lot-sizing Problem (ULS). If the demand for the
low quality item is zero for all periods in the planning horizon, then 2ULS reduces to ULS. There is a huge literature on
the polyhedral properties of ULS and many of its variants (some examples are [2,4,3,6,12,13,19,23,24,27,29,32,34,38,39]).
Even though ULS is a polynomially solvable problem, the knowledge on strong valid inequalities for the convex hull of its
feasible solutions is useful in solving more complicated production planning problems for which ULS is a relaxation (see,
e.g., [8,9,33,42]). Our motivation to study strong valid inequalities for 2ULS is similar. This simple problem may arise as a
substructure in more complicated problems and the results derived in this paper can be used in devising solution algorithms
for these problems.

Before concluding this section, we review the results on ULS and then summarize our results in this paper for 2ULS with
emphasis on similarities and differences with the results for ULS.

There has been a lot of research on ULS and its variants since the seminal paper of Wagner and Whitin [41]. In [41], a
dynamic programming algorithm that runs in O(n?) time with n being the number of periods is given. Later, more efficient
implementations that run in O(nlogn) time are proposed [1,16,40]. Barany et al. [6] give a description of the convex hull of
feasible solutions using the so-called (I, S)-inequalities. Krarup and Bilde [22] give an extended formulation as a UFL and
show that the linear programming (LP) relaxation of this formulation always has an optimal solution with integer setup
variables. A shortest path extended formulation is given in Eppen and Martin [14]. For details, we refer the reader to Pochet
and Wolsey [35].

In this paper, we first give a model of the 2ULS that we refer to as 2ULS model with substitution variables. Then we study the
projection of the feasible set of the 2ULS model with substitution variables onto the space of production and setup variables.
This projection gives a valid formulation for the case where the substitution costs are zero and the inventory holding costs
are equal for the two items. We refer to this formulation as the 2ULS model without substitution variables and to the convex
hull of its feasible solutions as the 2ULS polytope.

We also develop a UFL model and project it onto the space of production and setup variables. We characterize the
nondominated projection inequalities; these inequalities are generalizations of the (I, S)-inequalities. We provide necessary
and sufficient conditions for these inequalities to be facet defining for the 2ULS polytope. As in the case of ULS, the LP
relaxation of the 2ULS model without substitution variables strengthened with these (I, S)-like-inequalities gives the same
lower bound as the LP relaxation of the UFL model. Unlike in the case of ULS, if the planning horizon is longer than two
periods, these LP relaxations may not have optimal solutions with integral setup variables. In other words, the projection of
the UFL model onto the space of production and setup variables is not necessarily the same as the 2ULS polytope for three or
more periods.

The rest of the paper is organized as follows. In Section 2, we present the two models, the 2ULS model with substitution
variables and the 2ULS model without substitution variables and introduce a family of valid inequalities which generalize the
(1, S)-inequalities. In Section 3, we investigate the dimension and trivial facets of the 2ULS polytope, derive some properties
of its facet defining inequalities, present a UFL model, project it onto the space of production and setup variables, and derive
a class of facet defining inequalities. At the end of this section, we show that these inequalities together with trivial facet
defining inequalities describe the 2ULS polytope if the number of periods is two. We report the results of a computational
experiment to see the quality of the lower bounds obtained by solving the LP relaxation of the UFL model in Section 4. We
conclude with future research directions in Section 5.

2. The models and the (11, I, S', §?)-inequalities

Let n be a positive integer and T = {1, ..., n}. Let ﬁi, hi, qi, and di denote the unit production cost, the unit inventory
holding cost, the setup cost and the demand for item i = 1, 2 in period t € T, respectively. The cost of substituting a unit
demand of item 2 with item 1 in period t € T is denoted by ¢;. We assume that the costs are nonnegative and the starting

and ending inventories are zero for both items. For t1, t, € T and i = 1, 2, we define Diltz = Z?:[] diift; < t,and Diltz =0
if t1 > ty.
To model the 2ULS, we define the following decision variables. Let x; be the amount of production of itemi = 1,2 in

periodt € T, s{ be the amount of item i = 1, 2 in inventory at the end of period t € T U {0}, and yi be 1 if production of
item i = 1, 2 takes place in period t € T and 0 otherwise. For t € T, let a!? and a?? be the amounts of items 1 and 2 used to
satisfy the demand of item 2 in period t, respectively.
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Fig. 1. 5 period example as a fixed charge network model.
Now the 2ULS model with substitution variables is as follows:
n
z =min) _ (Bix] +Bix; +his! +his; + aly! + qiy; +cal’) (1
t=1
st. X +s_,=a*+d +s VteT (2)
X +s2,=a?+s> VteT (3)
a?+a?=d* VteT (4)
x < (D}, +D2)y! VteT (5)
X} <DXy? VteT (6)
Sp=Sg =5y =5, = (7)
si,sh,a? >0 VeeT (8)
a?>0 vteT (9)
X,x>0 VteT (10)
yiyi€{0.1} VreT. (11)

Constraints (2) and (3) are balance equations for items 1 and 2 respectively. Constraints (2) imply that the amount of
item 1 on hand at period t is used to satisfy the demands of items 1 and 2 and the remaining amount will be the inventory
at the end of this period. Constraints (3) are similar, but item 2 can only be used to satisfy its own demand. Constraints (4)
ensure that the demand of item 2 is satisfied on time using items 1 and 2. Due to constraints (5) and (6), if there is no setup
for a given item in a given period, then this item cannot be produced in that period. Constraints (7) fix the values of initial
and ending inventories to zero. Constraints (8)-(11) are nonnegativity and binary requirements. The objective function (1)
is the total production, inventory holding, setup and substitution costs for the two items over the planning horizon.

The multi-item problem with an arbitrary substitution structure is modeled in [5]. The above model is a simplified version
of their model for 2 items and one-way substitution. Balakrishnan and Geunes [5] view their problem as a generalized
network flow problem with concave costs defined on a specific directed network and derive some properties of optimal
solutions. In our case, as we have only one-way substitution, the corresponding network also simplifies. An example for 5
periods is depicted in Fig. 1. All production arcs originate at a given dummy node.

In this representation, for given setup vectors for the two items, the problem reduces to a minimum cost network flow
problem. Thus any extreme point solution satisfiess._,x = 0forallt € Tandi = 1,2 and a/?a?> = 0for all t € T. These
properties are given for the general case by Balakrishnan and Geunes [5] under the names Zero Inventory Production (ZIP)
Property and Homogeneous Product Lots (HPL) Property. As a result of these two properties, the authors conclude that the
problem has an optimal solution where the demand of each item is satisfied from the most recent setup of the same item
or an item that can substitute it. This is called the Most Recent Usage (MRU) Property.
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Next, we present the 2ULS model without substitution variables. Let K = —>""_, (h/D}, + h2D?,),p} = p; + S.L_, h},
p2=p +> ) handc =Y (W2 —h})+¢C fort eT.

Theorem 1. If ¢, = O forallt € T, then the 2ULS can be formulated as:
n
z = K + min Z (pix! + 027 +aly! + aivP) (12)
st.  (5),(6),(10),(11)

th—Fth_D] (13)

t
> M =Dl veeT o
I=1

tq t

lel + lez m +Dlt2 Vit €Tty = 6. (15)

Proof. See Appendix A where we prove that the projection of the feasible set of the 2ULS model with substitution variables
onto the space of production and setup variables is given by (5), (6), (10), (11) and (13)-(15). O

To see the necessity of constraints (15) for t; > ty, consider a three period problem and assume that d{ =1fori=1,2
and t = 1,2, 3. The solution (x!,x?,y',y*) wherex] = x} = x3 = 2,x} = x =x =0,y =y} =y2 = 1and
y2 = y] = y3 = 0 satisfies constraints (5), (6), (10), (11), (13), (14), and constraints (15) for t; = t,. But this solution is
infeasible as there is no set up for item 1 in period 2 and no set up for item 2 in period 1, we need to have x} > 3. Now
constraint (15) for t; = 2 and t, = 1 which reads x| + x; + x3 > 3 eliminates this solution.

In this paper, we introduce a family of valid inequalities which generalize the (I, S)-inequalities for the ULS polytope.
Letl;and I, in T be such that l; > L, L, < n, Al = {1,...,41},A> = {1,...,b)},S! € A',S? € A’ with1 € S'. The
(I3, I, ST, S?)-inequality

Z Dy, + tlz)yt + Z Dt12yt "‘ZX +ZX >D111 %12~ (16)

teAl\s! teA2\s2 tes! tes?
is a valid inequality for the feasible sets of both the 2ULS model with substitution variables and the 2ULS model without

substitution variables.
We present an example of the (I1, I, S, $?)-inequalities.

Example 1. Consider the following instance of 2ULS. Letn = 3,d} = d*> = 1,p! = 2,p? = 1.5,h} = h? = 0.5, and
q} = qf = 2fort = 1, 2, 3. When we solve the LP relaxation of the 2ULS model with substitution variables together with the
constraint y] = 1, we obtain the following optimal solution: ] = 2,x) = 1,x; = 2,x3 = 1,a}*> = 1,a}?> = 1,a3*> = 1,
¥y} =1,y =0.25,y} = 1,y5 = 0.5 and other variables are zero.

Now if in a feasible solution, yj = y3 = 0, then we need x} + x* > 4 to be able to satisfy the demand for the first two
periods. Hence this inequality is valid when y} = y3 = 0. Next, we lift this inequality with variables y3 and y,. Suppose that
y% = 1. As the production of item 2 in period 2 cannot be used to satisfy the demand of item 2 in period 1 and as it is not
possible to substitute item 2 for item 1, we still need x] 4+ x3 > 3. So inequality x} + x? + y3 > 4 is a valid inequality when
y3 = 0. Finally, if yJ = 1, we still need x} + x3 4+ y2 > 2. Hence, inequality x] + x3 + 2y} + y3 > 4 is a valid inequality.
This is the (I;, I, S, §?)-inequality for l; = I, = 2, A! = {1,2},A?> = {1,2},S' = {1}, and S? = {1} and is violated by the
optimal solution of the LP relaxation.

3. Polyhedral analysis

Let X be the set of vectors (x', x%, y', y?) € R¥" x {0, 1}?" that satisfy constraints (5), (6) and (13)-(15) and P = conv(X)
be the 2ULS polytope.

In what follows, we assume that d! > 0and d?> > 0 for all t € T. This implies thatyl = 1forall (x', %, y', %) € X.

Let e, be the unit vector of size n with the tth entry equal to 1 and other entries equal to 0.

3.1. Dimension and trivial facets

All solutions (x', x*, y', y*) in X satisfy >, ; x! + Y_,.; x> = D}, + D3, and y] = 1.In the theorem below, we show that
these are the only equalities satisfied by all solutions in X.
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Theorem 2. dim(P) = 4n — 2.

Proof. Suppose that all solutions (x', x2, y', y?) in P satisfy a'x" + o®x* + B'y' + p%y? = y.Lletx! = (D}, + D3 ey,
X =0y"=> e,y = e Thesolution (x',x%, y', y?) isin P.For t € T, both solutions (x' + ee; — €e1, X%, y', y?)
and (x! — €eq, x* + €e;, y', y?) are in P for small enough € > 0.Hence o) = «? = of forallt € T.Fort € T\ {1},
%%, y' —e,y?)isinP.So B! = Oforallt € T\ {1}.Fort € T, (x',x%,y',y*> — e;) is in P. Thus B2 = 0 for all
t € T.So all solutions (x',x*,y', y?) in P satisfy ) ;.r aix| + Y, croqx7 4+ By} = y. As (x',¥%,y',y?) is in P, we have
y = Bl + (D}, +D3,).Thena'x' 4+ o?x* + Bly' + B%y? = y isthe sumof ] times Y, ., X! + Y, .; X2 = D], +D?, and
B times y; = 1. Hence the rank of the equality matrix of P is equal to 2. As P € R*", it follows that dim(P) = 4n —2. O

Next, we prove that some of the constraints of the 2ULS model without substitution variables define facets of P.

Theorem 3. The following inequalities define facets of P:

x>0 forteT\{1} (17)
x>0 forteT (18)
yi<1 forteT\ (1} (19)
y?<1 forteT (20)
X < (D +Dp)y; fort € T\ (1} (1)
X} <DXy? forteT. (22)

Proof. Let t € T\ {1} and define F = {(x',x%,y',y*) € P : x} = 0}. Suppose that all solutions in F also satisfy
a'x' + a’x* + B'y' + B%y* = y. The solution (x', x*,y', y*) where x' = (D}, + D} )es, x> = 0,y" = Y i ;¢,y> =
Y jerejisinF.Forj € T\ {t}, both solutions (x' 4 ee; — e, x*,y", y*) and (x' — ees, x* + €e;, ', y?) are in F for small
enough € > 0. Also the solution (x' — ee;, x* + €e,, y',y%) isin F. Hence o = «f forallj € T\ {t} and o} = o] for
allj e T.Forj € T\ {1},as (x',x*,y' — ¢, y%) is in F, we have g/ = 0. Similarly, forj € T, as (x',x*,y',y* — ¢) is
inF, B2 = 0.As (x',x*,y',y*) isin F, y = (D}, + D3,) + B]. Hence a'x' + o®x*> + B'y' + %> = yis ),y aix]
+ Y jer @iX? + (@) —a)x! + By} = a{ (D}, +D3,) + 1. This is a weighted sum of Y, x/ + >, ;¥ = D}, + D7,y = 1
and x} = 0. The proof for inequalities (18)-(20) can be done in a similar way.

Lett € T\ {1}, define F = {(x',x%,y',y*) € P : x = (D], + D2)y!} and suppose that all solutions in F also satisfy
a'x' +a’%* + B'y' + %y* = y. Consider the solution (x', x*, y', y*) where x' = (D}, + D3 )e1, x> = 0,y' = > ".p\ €,
¥* = Y jcr ¢ This solution is in F. Applying the same ideas as above, we can show that o/ = o and 8! = 0 for all
jeT\{1,t},a} = af and B? = Oforallj € T. Moreover as (x',x*, y', y*) is in F, we also have y = o (D}, + D7,) + f].

Now consider the solution (x' — (D}, + D?)e; + (D, + D?)e:, x*,y' + e, y*). This solution is also in F and hence
(o} —a})(D}, + D7) + B} = 0.So the equation a'x' +a?x* + By' + 2> = yis )i p afx] + D oixt + (o) —a)x! +

Wy = (o} —a))(D}, + D)yl = al(D}, + D?,) + B} which is the sum of &] times et x} + Yer sz =D}, + D%, B}
timesy} = 1and (o] — «]) timesx] — (D}, + D2,)y} = 0. The proof for inequalities (22) can be done in a similar way. O

3.2, Properties of nontrivial facet defining inequalities of P

Now let inequglity Zjer qjlx]1 + ZJE.T a?x? + >y ,3],1yjl + Yt ﬂjzyjz.z y bg a facet defining i'nequality for P. Assume
that the facet defined by this inequality is dllftlerent rom those def[med by inequalities (17)-(22). Without loss of generality,
we can assume that 8{ = 0,« > Oand o} > Oforallj € T,and [];.; &'/ = 0(add —pB; times y; = 1 and —a times
Yier X + X jer X = Dj, + D}, where a = min{minjer{«]}, minjer {o?}}).

Next theorem presents some properties of the coefficients of variables in facet defining inequalities that are different
from the trivial facet defining inequalities (17)-(22).

Theorem 4. [finequality Y ; a/x! + Y i &?X7 + 3 icr Bl + 3 icr B}Y; = v is facet defining for P, the facet defined by this
inequality is different from those defined by inequalities (17)-(22), B = 0, > Oanda} > Oforallj € T and [];.; @/ a? =0,
then
i ,Bj1 > 0and ﬁjz > O0foralljeT,
ii. y >0anda] >0,
iii. forj € T,if B =O0thena} > o forallt € Twitht > jand a > of forallt € T witht > j,
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iv. forj € T, if B? = Othena} > of forallt € T witht > j,
v. forje T\ {1}andt € T suchthatt <jand B! =0, (o} — ozj])(Dj]n + Djzn) > j1,

vi. for j € T \ {1}, if there exists t € T such that t < j, B! = 0 and ozjl = o/, then ,8]1 =0,

vii. forj € Tandt € Tsuchthat t <jand B! =0, (&} — ajz)DjZn > p?

jl
viii. for j € T and t € T such that t < jand 7 =0, (af — a})D;, > B}

in = Fj»
ix. forj € T, if there exists t € T suchthat t < j, ! = 0and af = o/, or if there exists t € T such that t < j, B2 = 0 and

2 _ 2 2 _
o = ag, then g7 =0,

x. forj e T\ {1},if B} = O, then there exists t € T witht < jsuch that o} > o/,
Xi. forj € T, if B7 = O, then there exists t € T witht < jsuch that &’ > min{a, a7} or &7 > o/,
Xii: jervo B+ Ljer B > 0

xiii. if @) = 0and B! = 0, then let t; be the smallest index in T with oz:1 = 0and ,3[‘1 = 0 and t, be the smallest index in T with
af =0and B2 =0.Thent, < t, o} = B! =0forallj e T withj >ty and &} = B} = 0forallj € T withj > t,,

Xiv. if a, + B, > 0, ap = 0,and 7 = 0, let t, be the smallest index in T with af, = 0 and B, = 0. Then o} = g} = 0 for all
jeTwithj >ty

xv. 82 = 0.

Proof. Let F = {(x',x*,y",y*) € P: X r /x| + 3 roixt + 3.1 BlY] + X jcr B}v; = v). We prove the above items
one by one.
i. Forj € T\ {1}, since F is different from the facet defined by y; < 1, there exists a solution (x', x*, y', y*) in F such that
¥} < 1.The solution (x', x*,y' + €e;, y*) is in P for small enough ¢ > 0. Hence, 8/ > 0. Similarly, we can show that
,81-2 > 0foralljeT.
ii. Inaddition,asa > Oand o > Oforallj € T,x',x% y' and y* are nonnegative and F is different from the facets defined
by inequalities (17)—(22), we have y > 0.
Assume o] = 0.Then as (D}, + D3,)e1, 0, eq, 0) is in P, we have 0 > y. This contradicts y > 0.So a{ > 0.
iii. Letj € T with ! = 0.Fort € T witht > j, there exists a solution (x', x*, ', y%) in F such that x/ > 0 since F is

different from the facet defined by x| > 0. The solution (x' + € (e; — e;), x*, y' — (yjl — 1)ej, y*) is in P for small enough

€ > 0.Hence o > o/. Similarly, we can prove that @} > o7 forallj € T with 8 =Oand t € T witht > j.
iv. Similar to the proof of item iii.
v. Letj € T\ {1}. There exists a solution (x', x*, y', y*) in F such that x! < (D, + D;,)y; since F is different from the facet

defined by le < (D}n + Djzn)yj]. Let t be in T such that t < j. The solution (x! — xj1 (ej—e), x*, y' + (1 —y)e: —yle;, y*)
isin P.If 8 = 0, then (¢} — &)X} > Bly]. Asa! > o/ andx/ < (D}, 4 D7)y}, we have (o — &) (D}, + D}) > B/

vi. Letj € T \ {1}. Suppose there exists t € T such thatt < j, 8! = 0and & = «/. Then by (i) and (v), we have g = 0.

vii. Letj € T. There exists a solution (x', x*,y', y*) € F such thatx{ < D7,y? since F is different from the facet defined by

X? < Dyy?.LlettbeinT issuch thatt <jand B! = 0.As the solution (x' + x’e;, x* — x’e;, y' + (1 —y})er, y* — y?e))

is in P, we have (¢! — a?)D; > 7.
viii. Similar to the proof of item (vii).
ix. Letj € T.If there exists t € T such thatt <, ,3; = 0and ozjz = oc;, then by (i) and (vii), we have ﬂjz = 0. Similarly, if
there exists t € T such that t < j, 87 = 0and o} = o, then by (i) and (viii) we have 7 = 0.
x. Forj € T\ {1} with B! = 0, there exists a solution (x', x*,y',y*) € F such that y/ = 0. Then ST > Dj;_, and

Z’l;} x! + ZJI;} X2 > D}j_l + D%j_l. Let t € T be the largest index with ¢t < jand x! > 0.Then (x! + e(e; — e),
1

x%,y' + ¢j, ¥?) is in P for small enough € > 0. Hence ozjl > al.
xi. Forj € T with 82 = 0, there exists a solution (x', x2, y', y?) € F suchthaty? = 0.Then Y|, x/ + Y"1} ¥ > D};+D?_,.

Let t € T be the largest index with t < jand x! > 0orx? > 0. Then either (x! — ee;, x* + €ej, y',y* + ¢j) or
(', x> +e(ej—e),y', y* +¢) is in P for small enough € > 0. Hence & > min{a/, a7}. If t = j, then o} > a/'.

xii. If ! = B7 = 0forallj € T, then by item (iii), we have o] > & > ... > «,. Item (x) for j = 2 implies that o) > «.
Hence o) = a;. Applying (x) for j = 3 yields «j = ; = «1. Repeating this argument, we obtain o/ = aforallj € T
and for some a € R.

Applying item (xi) for j = 1, we get @ > «]. Together with o? < o] from item (iii), this gives & = «|. Now by item
(iv), we have o > o > ... > o2.Item (xi) for j = 2 implies &3 > min{e], a?} or a3 > . Both cases give o5 > o].
As a7 < a, from item (iii) and &) = «], we obtain & = «;. Repeating this argument iteratively, we can show that
of =aforalljeT.

Hence we conclude that if 8/ = 7 = Oforallj € T, theno = o = aforallj € T and for some a € R. But as
a] > 0and [1;

or & = 0 this is not possible. So Y .1\ 1y B! + X_icr 87 > 0.
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xiii. Suppose that, = 0and 8, = 0.Let t; be the smallestindex in T withe} = 0and g = 0.Then (iii) implies that forj €
Twithj > t;,0] <« =0.Asa} > 0,wehavea =0.Nowasa; =/, by (vi), we have B! = g = 0. Similarly, for
j € Twithj > ty, (iii) implies that o’ < o/ = 0.Againasa} > 0, we have & = 0. Then by (ix), we have 7 = g = 0.

Let t, be the smallest index in T with o7 = 0and B2 = 0.Thenas a’ = g7 = Oforallj € T withj > t;, we have
t; < ty.Letj € T withj > t,. By (iv), we have o’ = 0. Then by (ix), we have g7 = 0.

xiv. Similar to the proof of item (xiii).

xv. There exists a solution in (x!, x>, y!,¥?) € F N X such that x2 < d2y?2 since F is different from the facet defined by
X2 < d%y2. Now as (x!,x*,y',¥%) € X, we have y2 = 1.1fx2 = 0, then as (x',x%,y',y* — e,) is in P, we have
that B2 < 0.As 82 > 0 by (i), we have B2 = 0. Now suppose that x2 > 0. Then there exists ¢ € T such that
both (x! — ee;, x> + €ey, y', ¥?) and (x' + ee;, x> — €e,, y', y?) are in P or there exists t € T \ {n} such that both
(x', x*+e(ep—er),y', y*) and (x!, X2 —e(e, —e;), y', y?) are in P. We will give the proof for the first case. Solet t € T be
such thatboth (x" —ee;, x*+€ey, y', y?) and (x' +€e;, x> —€ey, y', y?) arein P.Thena? = «/. Now consider the solution
(x'+x2e;, x> —x2en, y', y* —ep). This solution is also in P since (x', x%, y', y?) isinX and soy; = 1andx;+x2 < D}, +D2,.
Asa? = o/, B2 < 0. Together with (i), this implies 82 = 0. The proof for the second case is similar. O

By item (xii) of Theorem 4, we know that ZjeT\[l} 5} + ZjeT ﬁjz > 0in any facet defining inequality that satisfies the
assumptions of the theorem. This leads to the following corollary.
1

Corollary 1. If inequality ZjeT o xj1 + ZjET ozjzsz > oy defines a face of P different from those defined by xg > 0 for some

t € T\ {1} and x? > 0 for some t € T, then the inequality is not facet defining for P.

Item (ii) of Theorem 4 states that oz} > 0 in any facet defining inequality that satisfies the assumptions of the theorem.
Since ]_[jeT ajl ozjz = 0 is among the assumptions of the theorem, we have the following corollary.

Corollary 2. If inequality Y ;.; By} + > jcr B}¥; = Bo defines a face of P different from those defined by y; < 1 for some

teT\{1}or yf < 1forsomet € T, then the inequality is not facet defining for P.

These two corollaries imply that nontrivial facet defining inequalities of P involve both the production and setup
variables. In the following section, we derive such a family of facet defining inequalities.

3.3. The UFL formulation and its projection onto the space of the production and setup variables

In this section, we derive the (I;, I, S, $?)-inequalities using the projection of the UFL formulation onto the space of
production and setup variables.

Geunes [18] gives a UFL formulation for the multi-item problem with an arbitrary substitution structure. The proposed
model in [18] is the so-called aggregate or weak model whereas here we focus on the strong UFL model.

Foruand ¢ in T such that u < t, define v}, and v, to be the amount of production of items 1 and 2 in period u to satisfy
their own demands in period t, respectively. Define also vl}f to be the amount of production of item 1 in period u to satisfy
the demand of item 2 in period t.

The UFL formulation for the 2ULS with ¢; = 0, p} > 0 and pf > Oforallt € T is as follows.

n
z =K+min)_ (pix +px +qly! +qiy?) (23)
t=1
s.t.  (5),(6),(10),(11),(13)
t
Z v;t = d: VteT (24)
u=1
t t
dovi+ Y vh=d VteT (25)
u=1 u=1
vy <dlyl Vu,teT:u<t (26)
v2 <d¥yl vuteT:u<t (27)
vl <dy? Vu,teT:u<t (28)

n
Yy v <x VueT (29)
t=u
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dovi<x VueT (30)
t=u
Upes Voo Va2 >0 Vu,teT:u<t. (31)

Constraints (24) and (25) ensure that the demands of items 1 and 2 are satisfied on time. Constraints (26)-(28) imply
that if a setup for an item does not take place in a given period, then the demand of later periods cannot be satisfied from
production of that item in this period. Constraints (29) and (30) compute the amounts of production of items 1 and 2 in
terms of v b vut and v 2 variables. Here the use of inequality constraints rather than equations does not change the optimal
value since pt >0 and pt > Oforall t € T. Finally, constraints (31) are nonnegativity constraints.

Now we project the feasible set of the LP relaxation of the above UFL formulation onto the space of production and setup
variables.

Theorem 5. The projection of the feasible set of the LP relaxation of the UFL formulation onto the space of production and setup
variables is given by inequalities (5), (6), (10), (13), y} < land yf < 1forallt € T, and the (I3, I, S, $?)-inequalities (16) for
alllyandl in T such that I; > I, [, < n, A' ={1,...,1},A> ={1,...,L},ST CA', S C A>with1 €S

Proof. For given values ofxt,xt,yt, andyt fort € T that satisfy (5),(6), (10),(13),and y! < 1andy? < 1forallt € T, there
exists an assignment of values chv and v . forallu, t € T such that u < t satisfying (24)-(31) if and only if

ZZ(d‘yu o diyapl + diy? m>+2<xa +x202>>2<d1a[ + dla)

t=1 u=1

for all («, B, o) > 0 such that

Bl =al—a! VuteT:u<t (32)
Bl2>a?—0! VuteT:u<t (33)
2 >0 02 VuteT:u<t. 34

Note here that we limited our attention to nonnegative «, since ¢ > 0, 8 > 0 and di >O0foralli=1,2andt € T.

Let C = {(«,B,0) > 0 : (32)-(34)}. Define B = {(u,t) : u,t € T,u < t}. For a given («, B,0) € C, define
Al={teT:a/ >0L,A={teT:a?>0},S'={teT:0! >0, =({teT:0?>0},B = {Qut) eB: Bl >0}
B> = {(u,t) € B: B2 > 0},and B = {(u,t) € B : B}? > 0}. Define also t/, t2, t!, and t? to be the largest indices in
A', A%, S', and S?, respectively.

Next, we investigate the extreme rays of the projection cone C. If («, 8, o) is an extreme ray of C and |B' UB'? UB* U
ATUA?USTUS?| = 1,then A' U A? = (). These extreme rays give the redundant inequalities y! > Oandy? > Ofort € T
and x} > 0 and the facet defining inequalities x} >0fort € T\ {1} and xf > O fort € T. Now, we study the remaining
extreme rays in the following lemma.

Lemma 1. If (o, B, o) is an extreme ray of C, [B' UB2 UB2 UA' UA2 UST U S?| > 2, thena/ = p for t € Al, a2 = p for
teA ol =pforteSl o =pforteS? Bl =pfor(ut)eB, B: =pfor(ut) e B and Bl = p for (u,t) € B2
forsome p > 0. Moreover B, = (]} — o )T, Bl2 = (@2 — o )T, and B2 = (a2 — o2)™ forall (u, t) € B, t} < max{t], t2}
and t? < t2.

Proof. Let (o, B, 0) € Cbe such that [B' UB> UB* UA'UA? US' US?| > 2.Then (a, B, 0) = 1/2(@, B,5) + 1/2(e, B, )

where@! = o] —eanda] = o +efort e A',@! =] =alfort e T\A, @} =} —canda? = o +efort € A%

o, =a? =alfort e T\ALG! =0 —cando] =0 +efort € S1,5! =0l =0l fort € T\S',5; =02 —¢
ando? = 0? +efort € $2,52 = o> = o2 fort € T\ S B, = w—€and B = B +eif (u,t) € B'and o, = 0,
Elt:él‘n:ﬁ if (u,t) € Bland 0! > Oor (u,t) € B\ B!, B, = v —€and B2 = Bl +e€if (u,t) € Band o} =0,

1
Ll u
Bu = B2, = P if (u.t) € B> and o7

2> 0or(u,t) e B\ BB, = i —€and B2 = B2 +€if (u,t) € B and o} =0,

Bl? = ézlf = B2 if (u,t) e B?and o, > Oor (u, t) € B\ B'?. Besides, both (@, 8, @) and (a, B, o) are in C for some small
enough € > 0.Hence if (&, 8, o) is an extreme ray of C, then all its positive entries should be equal. The second part is easy
toprove. 0O

These extreme rays give the following inequalities:

S D d+ D & )vi+ D D dvi+d X +d =D dl+ ) d (35)

teT\s1 \jeAlj>t jeAZj>t teT\S2 jeAZ;j>t tes! tes? teAl teA?



H. Yaman / Discrete Applied Mathematics 157 (2009) 3133-3151 3141

Some of the inequalities (35) are redundant as they are implied by the constraints in the formulation and some are
dominated by other inequalities (35). The following lemmas derive conditions under which inequalities (35) are dominated.

Lemma 2. If 1 ¢ S, then inequality (35) is redundant.
Proof. If 1 ¢ S', then y] appears with coefficient 3,1, df + " 42, &7 whichis equal to 3~ u1 d} + 3 p2 d7. As yy is

always 1, its coefficient is equal to the right-hand 51dj the 1nequaf1ty and all other variables have nonnegatlve coefflaents
the inequality is redundant. O

Lemma 3. If A' C T and MiNjer a1 < t;, then inequality (35) is dominated by other inequalities (35).

Proof. Suppose that A" C T. Let | = min,p\41 i. If | < t}, then consider inequalities (35) for A’ U {I} and A" \ {t;} and for
the same choices of S, A> and S2. The inequality (35) for A U {l} is

2ol X A ) ) ) M) Gz ) di+) d

teT\s1 \jeAlu{l};j=>t jeAZ:j>t teT\S2 jeAZ:;j>t tes? tes? teATU{l} teA?

which is the same as

PO DRI IR NI DD DR B 9

teT\s1 \jeAlj>t jeAZ:j>t teT\S2 jeA?;j>t test tes?
1 1 1 2
> E d.+d | 1- E Yol + E d;. (36)
teAl teT\Sl:I>t teA?

The inequality (35) for A" \ {t}} is

)ON DDRCEID U DM D IO BN DL DB

teT\ST \jeAl\(td it jeAZj=t teT\S2 jeA?;j>¢ tes! tes? teAl\{td} teA?

and is the same as

PO DD DD I DD DR DL 9

teT\s1 \jeAlj>t jeAZ:j>t teT\S2 jeA?;j>t tes! tes?
1 1 1 2
> E d, —dt(} 1-— E Yo |l + E di. (37)
teAl teT\sl:tl>¢ teA?

Adding (36) and times (37) and dividing by 1 + yleld

tﬂ a

1 2 1 2,2 1 2

Dl XA X G+ X DAy dx

teT\S! \jeAl;j>t jeAZj>t teT\S? jeA?;j>t tes! tes?

d]1

1 2 4 1 ta 1 1
=) di+) i+ d1+d1dz D DI el R DI
teAl teA? teT\Sl:>t ! t} teT\Sl:tl>t

_Zd1+22 d‘t-ai-d Z v+ Z ¥:

teAl teA? teT\Sh:I>t teT\Slitd >t

Now ast, > I, wehave 3 r\s1415, Vi = D pep\siyse Vi - Hence inequality (35) for A" is dominated. O

Lemma4. If A> C T and MiNjer g2 i < tﬁ, then inequality (35) is dominated by other inequalities (35).
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Proof. Suppose that A> C T, | = min;_y 42 i and | < tZ. The inequalities (35) for A U {I} and A® \ {t} are

o\ X d+ X d i+ ) D Ak w4 x

teT\S1 \jeAlj>t jeAZj=>t teT\S? jeAZ;j>t tes! tes?
Z 1 Z 2 2 Z 2 Z 1
z dt + dr +dl 1- Ye — Y (38)
teAl teA? teT\S2:I>t teT\Sl:I>t

and

PO DI EID IR R DD DI BE R B

teT\S! \jeAl;j>t jeAZ:j>t teT\S2 jeAZ;j>t tes! tes?
1 2 2 2 1
> E d; + E di — dtg 1— E i — E ¥l (39)
teal teA? teT\S2:t2>t teT\S1:t2>t

respectively. Adding (38) and times (39) and dividing by 1 —l— yleld

tﬂ fa
1 2|1 2.2 1 2
ol XA G+ D DAY )N
teT\s! \jeAl;j>t jeAj>t teT\S2 jeAZ:;j>t tes! tes?
1 2 4 2 1 2 1
=) A+ di+ d2+d DI D DRSO T D D
teAl teA? teT\S2:1>t teT\Sl:>t teT\S2:t2>t teT\sl:t2>t

AS Y rensz2sc Ve + Drenstazse Vi = Drenstast Ve T Dtensiise Vi inequality (35) for A? is dominated. O

Hence we are interested in inequalities (35) for choices of A!, A%, S', and S such that for I; and I, in T U {0}, A' and A?
are the sets of the first I; and I, elements of T,S' € A! U A with 1 € S!, and §? C A2 Inequality (35) becomes

Z (Dg, + Dg,)y: + Z D7, i + ZX + th > Dy, + D3, (40)

teT\S! teT\S2 tes! tes?

Lemma 5. If I; < b, then inequality (40) is dominated by other inequalities (40).

Proof. LetA' = A> = {1, ..., L}. Inequality (40) is

Z (D”l ”Z)yf + Z Dﬂzyf +th +ZX >D111 112 + Z dl 1- Z J’r

teT\S! teT\S2 test tes? h<i<h teT\S!

LetA' = A2 = {1, ..., I;}. Inequality (40) is

Z(Drh [lz)yt+ Z Dtlzyt"i'zx +Zx >D%l1+Dllz Z d} 1- Z yg_ Z y?

teT\S! teT\s2 test tes? hi<j<h teT\S! teT\s2

Summing up these two inequalities and dividing by 2 yields:

Z (Dth tlz)yt + Z Dtlz}’r +th +th = ”2 +1/2 Z d1 Z yt.

teT\S! teT\S2 test tes? h<j<sh  teT\s?

This inequality dominates inequality (40) forA' = {1,...,;}andA?> = {1, ..., L} withl; <. O

Lemma6. If I, = 0and 1 € S, then inequality (40) is dominated by other inequalities (40).
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Proof. If I, = 0, inequality (40) simplifies to
Y Dyl + D x =Dy (41)
teT\s! tes!

Now consider inequality (40) for I, = 1 and §? = .
DO Dbyl + ) x =Dy +di(1 -y (42)
teT\S! test

As y% < 1, inequality (42) dominates (41). O

Lemma 7. If I; = I, = n, then inequality (40) is redundant.

Proof. Let [; = I, = n. Inequality (40) reads
D Dy +Dp)yi+ Y Dpyi+ ) x4+ Y X =D, +Dj,
teT\S! teT\S? test tes?

This inequality is the sum of ), ., x! + Y, .; x? = D], +
teT\S%. O

(D}, + D%yl —x! > 0fort € T\ S'and DZ,y? — x* > 0 for

ln'

Now we can conclude that for given values of xt , xt , yt, and yt for t € T that satisfy (5), (6), (10), (13), and yt < land
J’: < 1forallt € T, there exists an assignment of values vut, and v . forallu, t e T such thatu < t satisfying (24)-(31)
if and only if inequalities (40) are satisfied forall [y and I, in T such that L > 1, lz <nA'={1,..., 1L, A2 ={1,..., L)},
S' C A", 8% C A’ with 1 € S'. Note here that under these conditions, as Dy + Dj, = Oforallt € T \ A; and D, = 0 for all

t € T \ A,, inequality (40) is the same as the (I, I, S', S?)-inequality (16). O (end of the proof of Theorem 5).

The next theorem gives necessary and sufficient conditions for the (I}, I, S!, S?)-inequalities to be facet defining.

Theorem 6. Let |y and I, bein T withl; > L andl, < n. Let A' = {1,..., 1}, A> ={1,...,1,},S' € A!, and S*> C A? with
1 € S'. The (4, I, S, $?)-inequality (16) is valid for P. The inequality is facet defining for P if and only if at least one of the
following conditions is satisfied:

L AT\ S'£@and, + 1 = min, a1 61 t,

ii. A"\ S £ @and A%\ S? # 1,
iii. A' =S' =T andA?\ S # 0.
Proof. Let F = {(x',x*,y",y*) € P : Y o sl(Du] + Dtlz)yt] + D tenrys2 Dflzy? + D test Xrl + 2 X = 111 + D112}
Suppose that all solutions in F also satisfy 3~ .; @/X; + 3 72 + Y ecr BIVE + 2 er BEYE = v-Lety' = 3 i ranyust €
andy* = Zje(T\AZ)USZ €j.

Suppose that condition(')is satisfied,i.e, A"\S! # Pandj; = minte/g\sl t < l,+1.The solution (x!, x?, e, +y', y*) where
x' = (D};, 4D, _y)ei+ (D}, +D; Dej; andx* = OisinF.Fort € (T\A")U(S'\{1}), the solution (x', x*, e}, +-y' —er, )
is also in F and hence B} = 0. Similarly, for t € (T \ A*) U S?, as the solution (x', x*, ¢;, + y', y* — e) is also in F, we have
B2 =0.

t Fort € T\A', the solution (x' —ee;, +€e;, X, ¢j, +y', y?) isin F for small enough € > 0.Hence o/ = o} . Fort € T\ A%,
as the solution (x! — ee;,, X* + €er, ej, —}—y] y*) isin F for small enough € > 0, we have of = o}..

The solution (x', x*, y', y*) where x' = (D, + D3, )e1 + D} ., e, 11 and x> = D} ,, e,y isin F. Fort € S'\ {1},
the solution (x! — ee1 + €e;, x%,y1, ¥?) is also in F for small enough € > 0. Hence o] = ol. Fort € S?, the solution
(x! — €eq, x* + €e¢, y', y?) is in F for small enough € > 0. This shows thata = a}

Lett € A"\ S' with t > j;. Consider the solutions (x',x*, e, + y', y ) where x' = (Dj,_; + min{D},_,, D7, De1 +
(Dt,1 t,z)et + D,lJrl i1 and X = D,2+l 1en+1and (x +ee., X2 —ee, 41, e +y', y?). As both solutions are in F, we have
ol = alz+1 = oz]]l.

For t € A%\ S? consider the solutions (x',x*,y', e, + y*) where x' = (D}, + D}, ,)e; + D111+1 ne,1+1 and ¥* =
[lze[ + D,2+1 n€h+1and (x', x* — eelz+1 + ee, y', e + y?). Both of these solutions are in F. Hence o2 = oz,2+1 = 111
Now subtracting o times Y-, x! + >, xf = Dj, + D7, and ] times y; = 1from ), ra/x} + Y ;afx; +

ZteT :Btlytl + ZteT ﬂtzy? = )/ yields
Dl =X+ e —ai+ Y Byl + > B =y —e (D}, +D}) — Bi.

tes! tes? teA\S1 teA2\S?
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Let x! (Dl,1 l,2)61 + DllJrl nellﬂ and x* = D,2+1 .€5,+1 and consider the solution (x', x2, y', y). As this solution is
inF,y — jl(Dn n)_lgl = (o] — )(D111 112)

Fort € A"\S', the solution (x'— (D tlz)el +(Dj, +Dt,2)et, x*,y'+e, y?)isalsoin F.Hence ,Bt (D}, +D7,)) (e —a! ).
For t € A%\ 52, the solution (x' — e1,x + Dt, e, y',¥? +e)isalsoinF.So B2 = flz( - )

Hence ZteT agx} + ZIET O‘tzxr + ZteT tyt + ZIET ﬂ[zyf = is a welghted sum of ZteAl\Sl (Dr11 + Drlz)yg +
ZteAz\Sz D?lzy? F et X D2 X = 111 112 S X+ 1Xr n+Djandy; = 1.

Now suppose that condition (ii) is satisfied but (i) is not, i.e., A \ S! # ¢, 11 =min, g1t > b+ 1,and A% \ S* # 0. Let
J» = min,c\ 52 t. The solution (x', X%, ¢, +y', e, +y*) wherex' = (Dy;, _,+D};, _,)e1+ (D}, +D; )ej andx* =D, ,e;,
isinF.Fort € (T \ A") U (S"\ {1}), the solution (x', x?, e;, +y' — e, e;, +y?) is also in F and hence B! = 0. Similarly, for
t € (T \ A*) U S?, as the solution (x', X, ¢;, +y', e, + y* — e;) is also in F, we have 82 = 0.Fort € T \ A', the solution
(x' — eej, + €e, X%, ¢;, +y', €5, +y*) isin F for small enough € > 0. Hence a} = o} . Fort € T\ A% as the solution

(x! — eej,, x> + €eq, e, +y', e, +y?) isin F for small enough € > 0, we have o? = a The remaining part of the proof is
the same as above as none of the solutions used depend on j.

Next suppose that condition (iii) is satisfied, i.e, A' = S' = T and A* \ $* # {. Let j, = min,y2 s2 . Consider the
solution (x',x*,y', ¢;, +y*) where x' = (D}, + D}, _;)e; and x> = D? e;,. This solution is in F. For t € T \ {1}, the
solution (x', x2, y' — e, ¢;, + y*) is also in F and hence g} = 0. Similarly, for t € (T \ A%) U S?, as the solution (x, x?, y',
e, +y* — e) is also in F,we have B2 = 0.Fort € T\ A?, the solution (x', x* — eej, + €e, y', ej, + y?) is in F for small
enough € > 0, hence o7 “122

The solution (x!, xz,y ,¥*) where x' = (D], + Dflz)el and x* = D122+Lne,2+1 isin F. Fort € T\ {1}, the solution (x' —
ee;+ee, X%y, y?) isalsoin F for small enough e > 0.Hence o] = ol.Fort € S, as the solution (x' —eeq, x* +ee., y', y%)
is in F for small enough € > 0, we obtain o = o].

Fort € A*\ S?, consider the solutions (x', X, y', e; + y?) where x' = (D}, + t l)61 and x* = Dy, e, + D}, ,ep,+1 and
(x',x* — €y, 11 + €e, y', e +y?). Both of these solutions are in F showing that of = O‘lz+1 =a}.
If we subtracto? times ) /_, x{ + i, x; = Dj,+D7, and B timesy} = 1from " ; !X} + 3", r 7%} + 3" Bly{ +

> er BEY? = y, we obtain
el -+ (@l —e2)+ Y piyE=y — el (D}, + D) — Bi.
teT tes? teA2\s2

Let x! = (D}, + 112)31 and X* = Dj, e+ and consider the solution (x',x%,y',y%). As this solution is in F,

— a2 (D}, +D3) — B{ = (af — &})(D}, + llz) Fort € A \ §?, the solution (x' — Dj e1,x* + D er,y',y* + er)
is also in F. So 7 = Dy, (oz} — a?). Hence Z[d oztx + Z[g alx? + Z:er [yt + ) er ,B[yt = y is a weighted sum of
ZteAz\Sz thlzy? + D e X+ ez X = Diy + 112 Dt Xt + 2%t =D, +Djandy] = 1.

IFA'\S! # @, minqn 51t > b +1 andA2 \S* = @, then observe that the coefficient for t € A"\ S"is D, sincet > L +1.
Consider the inequality (16) for the same choices of A!, S, and S2, but for A> U {l, + 1}. The inequality is

E Dy yi +diy 1V q + th + fo > Dy, + DY, 4
teAl\S! tes? tes?
which is the same as

Z Dy, yi + th + th > Dy, + DYy, +di (1= Y 40)

teAl\S! tes! tes?
and hence dominates the previous (I3, I, S', S?)-inequality as y,zzﬂ <1
IfA' = S' £ T, then consider the inequality (16) for the same choices of S', A%, and 2, but for A’ U {l; 4 1}. The inequality
is
Z (Dy, + D)y +djy 1yl q + Z Dg, Vi + th + th > Dyjyyq + D3y
teAl\S! teA2\S2 tes? tes?
Since y} 41 < 1, this inequality dominates the previous (I, L, S', $*)-inequality.
IfA' = S' =T and A? \ §? = ¢, then by Corollary 1, the (I1, I, S, $?)-inequality cannot be facet defining. O
To conclude this section, we investigate the complexity of the separation problem associated with (I, I, S!, §?)-

inequalities. For fixed [; and I, with 11 > bhandl, < nletA' = {1,...,1},A> = {1,...,L},S' = {t e A" : ¥} <
(Dt,1 uz)Yr} and S? = {t € A : x < Du y[} If the corresponding (I3, I, S, S?)-inequality is not violated, there is no
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violated (I4, I, S, $?)-inequality for this choice of I; and I,. Hence (I, I, S', S?)-inequalities can be separated in polynomial
time.

The (11, I, S, S?)-inequalities are not sufficient in general to describe P. In Appendix B, we give the fractional extreme
points of the LP relaxation of the 2ULS formulation strengthened with the (I3, I, S 1. §?)-inequalities for the instance with
n=3andd, =1fori=1,2andt = 1, 2, 3 (obtained using PORTA [11]).

3.4. Description of the convex hull for two periods

Here we prove that the (I3, I, S', S?)-inequalities together with the trivial facet defining inequalities describe P forn = 2.
Notice that there are only three facet defining (I;, L, S!, $?)-inequalities for two periods.

Theorem 7. For n = 2, P is described by:

X} +x) +x +x5 =D}, + D%, (43)
yi=1 (44)
x>0 (45)
x>0 (46)
x>0 (47)
y3 <1 (48)
yi<1 (49)
y; <1 (50)
Xy < (dy +d3)y, (51)
X< (d] + d)y) (52)
X2 < d3ys (53)
X+ dyyy + iyl > dy +dy +dj (54)
X1+ dyy + X3 = dy +dy + (55)
X1+ x)+d2y2 > dl +d) + d2 (56)

Proof. Let P be the set of solutions that satisfy (43)-(45) and (56). It is easy to see that dim(P) = dim(P) = 6. We can
assume, without loss of generality, that any inequality o}x] + ayx) + a2x3 + a3x3 + Blyl + Biys + BEY? + Bys > ¥
which defines a facet of P different from those defined by the above inequalities, satisfies 8! = 0, @, &), &, &2 > 0 and
ajaya?as = 0. Moreover, by Theorem 4, we know thato] > 0, ] > o), &} > @, 0l > a2,y > 0,82 =0,8;, 8% > 0,
and g] + B > 0.

Now suppose that inequality a{x} + alx) + o?x3 + a2x3 + B,y5 + B2y? > y defines a facet of P different from those
defined by the above inequalities. Let F = {(x', x*, y', y*) € P : ajx} + oyx) + a?x3 4+ a2x3 + Byys + Biyi = v}

Let (x', x2, y', y?) be a solution in F such thaty] = 0. Such a solution exists since F is different from the facet defined by
inequality y; < 1.Thenx] > d] + d, and the solution (x' — d)(e; — e;), X%,y + €5, ¥?) is in P. Hence ] > (o] — )d).
Now if ) = 0, this implies that ) > «]dJ. Similarly, we can show that if « = 0 then 7 > o!d3.

There exists a solution (x', %, y', y%) in F such that x) < (d} + d3)y} since F is different from the facet defined by
inequality (51). Then (x! — e(e; —ey), X2, y!, y?) or (x' +€e,, x> —eeq, y', y?) or (x' +€e,, x> —€e,, y', y?) isin P for small
enough € > 0.Hence o} > af oray > o? or oy > 2. Similarly, we can show that @ > «] oro? > «j ora? > o3 and
o3 > ajoras > ) oras > al.

If any two of &}, &7 and o are equal to &}, then the remaining one is zero. This contradicts with the above conditions
since ! > 0. So at most one of o, &%, and &3 can be equal to ] and the remaining ones should be strictly less than «].

Among the values that are less than a}, at least two should be equal to zero. Hence we have the following cases:

1_ 2 1_ .2 _
lLaj=a;>a,=a;=0

Asa] = af and B] = 0, we have B = 0 by item (vi) of Theorem 4. And as &) = 0, we have 8, > a]d,.
Note that the solution ((d} + d} + d2)eq, d3e,, e1, ;) is in P. Hence y < «](d} + d} + d?). Then the inequality is
dominated by (55) and cannot be facet defining.
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2. a} =a; >a%=a§=0

Similar to the previous case.
3. oz} =oc§ >oz2] =Ol%=0

Suppose that there exists a solution (x!, x2, y!, y?) in F such thaty} = y? = 0.Thenx] > d! +d} +d? and the solution
(x' — (d) + d% — x3)e1 + (d) + d3)ey, X* — x3e5, y' + e, ¥?) is in P. This implies that 8, > o1 (d} + d2). This contradicts
item (v) of Theorem 4. So all solutions (x!, 2, y!, y?) in F satisfy yJ +y? > 1.

Now suppose all solutions (x', %, y', y?) in F satisfy y} + y3 = 1.Then F = {(x', x*,y',y*) € P : y} + y5 = 1}. This
contradicts the assumptions that o] > 0 and o], o202 = 0. Hence there exists a solution (x', x%, y', y?) in F such that
y3 =y3 = 1.Ifx] > d}, then at least one of the solutions (x' — e(e; — e;),x%,y',y?) and (x' — €e, x* + €e1, y', y?)
are in P for small enough € > 0. This implies that oz} < 0. Similarly, we can show that if x% > 0, then oz% < 0.
Hence all solutions (x', x*, y', y?) in F such that y} = y? = 1satisfy x] = d] and x3 = 0. Now consider the solution
(x' + dje; — xje2, X* + (x) — dj)ey, y' — e, y?). This solution is in P and so a;d) > B,. We also have B, > «d). So
B3 = ald). Similarly, we can show that 87 = o] d?.

Now consider the solution (dje; + (dj + d3)e,, d2eq, e1 + e, e1). This solution is in P. Hence y < ] (d] + d} + d?).
So the inequality is dominated by (54).

4. a}>a%>a21=af=0

Suppose there exists a solution (x', x>, y', y?) in F such that X > 0 andy} = 1ory? = 1. Then either (x', x> —
€(e; —eq),y', y?) or (x' + €ey, x* — €ep, y', y?) is in P for small enough ¢ > 0 and so 3 < 0. So all solutions (x', x?,
y',¥%) in F such that x5 > O satisfy y} = Oandy; = 0.Thenx] > d} + d} + d3.1fx3 < d5, then the solution
(x! — €e1,x* + €e2,y', ¥* + (1 — y3)ey) is in P for small enough € > 0 and so & > «/. This implies that all solutions
(x',x%,y', y*) inF such thatx3 > Osatisfyx] = d] +d)+d3,y) =y2 =0andx3 = d3and y = ol (d] +d}) +d?) + a2d3.

Let (x', x%, y', y?) be in F such that x; = 0. Then we have y] +y? > 1since o] (d] + d} + d? + d5) > y.Now suppose
thaty; = 1andy? = 0.Thenifx} > d] + d2, the solution (x' — e(e; — e,), 2, y', y?) is in P for small enough ¢ > 0 and
soa] < 0.Sox] = d] + d?. Similarly, if y) = 0 and y? = 1, thenx} = d] + dj. If both y) and y? are 1, then if x] > d],
either (x! —e(e; —ez), x%, y', y*) or (x! —eeq, x* +€ey, y', y?) isin P for small enough € > 0and ] < 0.Hencex! = dl.

Now we can conclude that all points (x!, x%, y', y?) in F satisfy x] = d} + d}(1 — y}) + d?(1 — y?) and the inequality
cannot be facet defining.

5. a}>¢x§>a%=a§=0

Let (x', x2, y', y*) be a solution in F with y? = 0 and x3 < d3. Then either (x! — eey, X* + €ey, y', y* + (1 — y3)ep) or
(x! —eey, x> + €€z, ¥,y + (1 — y3)ey) is in P for small enough € > 0 implying either o] < 0 or < 0. So all solutions
(x', %%, y', y*) in F with y2 = 0 satisfy x3 = d3 and hence x] + x} = d} + d} + &3.

Now suppose that (x!, x2, y!, y?) is a solution in F with y? = 1. Now if 2 + x3 < d? + d2, then at least one of the
solutions (x! — eey, X2 + €€, y1, ¥2 + (1 — y2)ex), (x' —€ex, x* +€ey, ¥y, y* + (1 — y3)er), (x! — eeq, x> + €er, y', y?)
and (x' — eey, x* + €ey, y', y?) is in P for small enough € > 0. This implies that «] < 0 or«; < 0. Hence all solutions
(x', %%, y', y*) in F with y3 = 1satisfy x3 + x3 = d? + d3 and x] + x} = d} + dj.

Thus all solutions (x!, x2, y', y?) in F satisfy x! +x} = d! +d} + &3(1 — y?).

6.al >a?>a)=a2=0
Similar to the previous case.
7. a} >a§:a;:a%:0

Then 8] > ajd)and B > «old3. Asthe solution ((d}+d)+d3)ey, die,, e, e;) isin P, we have thaty < o] (di+dj+d?).

So the inequality is dominated by (54). O

4. Computational study

In this section, we perform an experiment to evaluate the quality of the lower bound obtained by solving the LP relaxation
of the formulation strengthened with the (I;, I, S, $?)-inequalities. To this end, we solve the 2ULS model without substitution
variables and the UFL formulation and their LP relaxations for randomly generated instances and report the % gaps, i.e.,
% * 100 where opt is the optimal value of 2ULS and Ip is the optimal value of the LP relaxation of the corresponding
formulation.

For a given planning horizon, we generate instances with varying cost and demand structures using three parameters,
n, x, and §. The parameter 7 is used to compute inventory holding costs as a fraction of production costs and takes values
in {0.05, 0.1, 0.2}. We set the setup costs equal to the parameter y and assign the values 5000 and 20000 to x. Finally, the
parameter § controls the variability of demand over periods. We let the demand values differ between 100 and § + 100
where § € {300, 600, 900}.

For given values of 7, x, and §, we generate an instance as follows. We let ﬁr] =50+ [,ot1 % 107 and f)f =40+ (ptz * 10]
where ,0[1 and ,ot2 are uniformly distributed in the interval [0, 1] and ¢; = 0 for t € T. The inventory holding costs are

computed using the production costs as h} = hf = fn(f): + ﬁfﬂ for t € T. We take the setup costs q} = qf = xfort eT.
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Table 1
Average and maximum % gaps and the number of problems with zero gap for 10-period problems.
X = 5000 x = 20000
Model1 Model2 Model1 Model2
1) n Ave Min Max Ave Max No Ave Min Max Ave Max No
0.05 5.60 4.33 7.01 0.01 0.06 15 6.60 491 8.35 0.02 0.23 18
300 0.1 5.78 5.01 6.62 0.01 0.10 18 6.62 3.51 8.80 0.02 0.25 18
0.2 5.42 428 6.46 0.01 0.08 15 6.45 3.74 8.70 0.03 0.59 19
0.05 441 3.42 5.41 0.00 0.06 19 6.55 4.30 8.24 0.00 0.00 20
600 0.1 4.66 3.50 5.73 0.00 0.00 20 6.91 4.07 8.55 0.03 0.34 17
0.2 4.57 2.84 5.89 0.00 0.05 18 6.98 4.53 8.61 0.05 0.24 14
0.05 3.54 2.66 4.20 0.00 0.00 20 6.18 4.10 7.17 0.02 0.11 15
900 0.1 3.68 2.59 4.79 0.00 0.00 20 6.94 5.89 7.80 0.03 0.30 16
0.2 3.75 3.02 4.833 0.00 0.00 20 6.67 5.56 8.29 0.01 0.16 17
Table 2
Average and maximum % gaps and the number of problems with zero gap for 20-period problems.
x = 5000 X = 20000
Model1 Model2 Model1 Model2
8 n Ave Min Max Ave Max No Ave Min Max Ave Max No
0.05 5.24 4.11 6.29 0.00 0.02 14 8.28 7.31 9.33 0.01 0.12 17
300 0.1 5.13 3.93 6.30 0.01 0.06 13 8.20 7.15 9.44 0.01 0.10 18
0.2 4.99 3.81 5.93 0.01 0.03 14 8.01 7.06 9.36 0.02 0.19 16
0.05 3.99 2.72 5.01 0.00 0.00 20 7.46 5.57 8.92 0.01 0.09 15
600 0.1 3.96 2.70 5.14 0.00 0.00 20 7.44 5.79 8.69 0.01 0.07 13
0.2 3.87 2.80 4833 0.00 0.00 20 7.32 6.07 8.58 0.02 0.09 10
0.05 3.26 2.16 454 0.00 0.00 20 6.55 494 8.45 0.02 0.13 10
900 0.1 3.28 2.10 4.43 0.00 0.00 20 6.52 5.09 7.80 0.01 0.06 10
0.2 3.13 2.09 4.14 0.00 0.00 20 6.39 4.70 7.63 0.02 0.09 10
Table 3
Average and maximum % gaps and the number of problems with zero gap for 50-period problems.
X = 5000 ¥ = 20000
Model1 Model2 Model1 Model2
1) n Ave Min Max Ave Max No Ave Min Max Ave Max No
0.05 3.26 2.16 4.25 0.00 0.02 11 6.13 4.51 7.61 0.01 0.11 9
300 0.1 3.16 2.10 4.21 0.00 0.01 10 6.06 4.45 7.60 0.02 0.08 10
0.2 3.17 2.17 4.30 0.00 0.02 8 5.98 4.46 7.44 0.01 0.07 12
0.05 240 1.51 3.27 0.00 0.01 16 5.02 3.53 6.70 0.01 0.05 5
600 0.1 2.37 1.48 3.36 0.00 0.00 18 4.99 3.50 6.37 0.01 0.04 2
0.2 2.32 1.45 3.18 0.00 0.00 16 493 3.40 6.56 0.02 0.04 2
0.05 1.86 1.15 2.53 0.00 0.00 19 4.29 2.88 5.61 0.01 0.04 4
900 0.1 1.90 1.18 2.64 0.00 0.00 19 4.27 3.02 5.63 0.01 0.03 2
0.2 191 1.17 2.73 0.00 0.00 19 4.32 2.90 5.80 0.01 0.03 3

Finally, we generate the demands as d! = 100 + [¢,'87 and d?> = 100 + [028] where o,' and o2 are uniformly distributed
in the interval [0, 1] for t € T.

We generated random instances for planning horizons of 10, 20, 50, and 100 periods. For a given number of periods,
and fixed values of 1, x, and §, we solved our problem for 20 instances. In total, we solved 1440 instances. The results are
reported in Tables 1-4.

In these tables, Model1 refers to the original model (12) subject to (5), (6), (10), (11), (13), (14), (15) with the additional
constraint y} = 1 and Model?2 refers to the extended UFL model (23)-(31) with y} = 1. For each setting of parameters and
each model, we report the average (in column ave), minimum (in column min), and maximum (in column max) percentage
gaps and the number of instances for which the gap turned out be zero (in column no) over the 20 instances. For Modell1,
there was no instance for which the gap was zero, so we omit this column. With Model2, we omit the min gap column since
they were equal to zero in most of the cases.

We observe that the original formulation results in large duality gaps whereas the optimal value of the LP relaxation of
the UFL formulation is very close to the optimal value of 2ULS. The largest percentage gap is less than 0.6% and the overall
average percentage gap is 0.01%. The gap is zero for 900 instances over 1440 with this formulation.
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Table 4
Average and maximum % gaps and the number of problems with zero gap for 100-period problems.
X = 5000 X = 20000
Model1 Model2 Model1 Model2
8 n Ave Min Max Ave Max No Ave Min Max Ave Max No
0.05 1.97 1.23 2.68 0.00 0.01 4 3.99 271 5.23 0.01 0.05 1
300 0.1 1.95 1.22 2.75 0.00 0.01 2 3.92 2.72 5.36 0.01 0.03 4
0.2 1.88 1.21 2.64 0.00 0.01 5 3.81 2.65 5.17 0.00 0.02 7
0.05 1.42 0.85 1.98 0.00 0.00 14 3.13 2.06 4.20 0.01 0.03 0
600 0.1 143 0.82 2.03 0.00 0.00 10 3.14 2.03 431 0.01 0.03 1
0.2 1.37 0.85 1.96 0.00 0.00 12 3.03 2.07 4.13 0.01 0.02 0
0.05 1.17 0.67 1.65 0.00 0.00 17 2.75 1.77 3.71 0.01 0.02 1
900 0.1 1.12 0.66 1.61 0.00 0.00 18 2.64 1.70 3.63 0.01 0.02 0
0.2 1.10 0.66 1.64 0.00 0.00 18 2.60 1.68 3.80 0.00 0.01 2
Table 5
Summary of results.
n gap1 gap2 perc2 X gapl gap2 perc2 8 gap1 gap2 perc2 n gapl gap2 perc2

10 5.63 0.01 88.61 5000 3.17 0.00 78.06 300 5.07 0.01 57.92 0.05 4.38 0.01 63.33
20 5.72 0.01 77.78 20000 5.59 0.01 46.94 600 4.32 0.01 62.92 0.1 4.42 0.01 62.29
50 3.80 0.01 51.39 900 3.74 0.01 66.67 0.2 4.33 0.01 61.88
100 2.36 0.00 32.22

We summarize the results for different values of parameters in Table 5. For a given value of a parameter, we report the
average percentage gaps with Model1 (in column gap1) and Model2 (in column gap2) and percentage of the number of
instances for which the gap is zero for Model2 (in column perc2). Here we can see that as the number of periods increases,
the average % gaps decrease for both models, but the number of problems with zero gap with Model2 also decreases. The
problems with x = 20000 have larger gaps compared to problems with y = 5000 with both models. Also the number of
instances for which the duality gap is zero with Model2 is smaller with x = 20000. As § increases, the average gap remains
the same with Model2 but decreases with Model 1. However, the number of instances with zero gap with Model2 increases
as § increases. Finally, as the parameter 7 increases, the number of instances with zero gap decreases but we cannot observe
a significant effect on the average gaps with both models.

To summarize, these results suggest that even though the LP relaxation of the formulation of the 2ULS model without
substitution variables strengthened with the (I;, I, S!, $?)-inequalities is not necessarily equal to the polytope associated
with 2ULS, its optimal value yields a strong lower bound and improves significantly over the lower bound obtained by
solving the LP relaxation of the original formulation.

Finally, we note that the instances with 100 periods are solved to optimality using the UFL formulation in less than 2
seconds of cpu time using GAMS 22.6 with CPLEX 11.0.0 on a Xeon 2.83 GHz quadcore processor with 8 GB of Ram running
under 64 bit Ubuntu Linux.

5. Concluding remarks

In this paper, we presented polyhedral results for the 2ULS. We investigated the dimension, trivial facets and properties
of the nontrivial facet defining inequalities of the convex hull of the projection of the feasible set of 2ULS onto the space
of production and setup variables. Using the projection of the UFL formulation on the same space, we derived a family of
facet defining inequalities. These inequalities together with the trivial facet defining inequalities describe the 2ULS polytope
if the number of periods is two. The computational results showed that for larger number of periods, the % gaps between
the optimal value of the problem and the optimal value of the LP relaxation of the UFL formulation are quite small.

There are several further questions that are interesting to investigate. It is possible to come up with an extended
formulation - for instance, using the dynamic programming recursion of [5] - whose projection onto the space of production
and setup variables is the same as the convex hull. If the extreme rays of the projection cone can be characterized, then we
may obtain the remaining facet defining inequalities that complement the (I;, I, S!, §?)-inequalities in the description of
the convex hull.

Also we can generalize the problem investigated in this paper in several ways. For instance, we may consider the problem
with substitution costs that are not necessarily zero. Then a natural formulation of the problem involves also the substitution
variables. The (I;, I, S!, §?)-inequalities remain valid, but we do not know whether they define facets or not. Another
interesting area is to investigate the problem for larger number of items and generalize the (I3, 5, S', S?)-inequalities and
other facet defining inequalities.
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Appendix A. Projection onto the space of production and setup variables

We first obtain a formulation for 2ULS using only production, substitution and setup variables. Then we also project out

the substitution variables. Substituting s} = >;_,(x} —a/?) — D},,s? = 3"|_,(¥* + a}?) — D?,and a?*> = d? — a,? yields:

n
z =K+ minZ (pix! + p2x2 + ceal® + qly! + @2y?)
t=1

st (5),(6),(9)-(11),(13)

t
> (X —a?) =D} VteT (57)
=1

t
Y (K +a?) =D} VeeT (58)
=1
a?<d VteT. (59)

Notice that (13) implies that s} + s2 = 0. But as both s! and s? are nonnegative due to (57) and (58), both quantities are
zero.

By Farkas’ Lemma, for given values of xi fori = 1,2 and t € T, there exists an assignment of values a!> > 0 fort € T
that satisfies (57)-(59) if and only if

n t n t n
> (Zx} —DL) at Yy (fo —Di) B+ dyi=0 (60)
=1 =1 t=1

t=1 t=1

for all («, B, y) such that

n n
Zal—ZﬁH—VrZO VteT
=t =t

o, Be, e =0 VeeT.

LetC = {(a, B, y) € Ri” : Z};t o — Z?:t B+ v = 0 Vt € T}. We characterize the extreme rays of the cone C to be
able to obtain a formulation in production and setup variables.

Lemma 8. Foragiven («, 8,y) € C,defineA={teT:o >0},B={teT:B >0}, andI" ={t €T : y > 0}. Suppose
(a0, B, y) is an extreme ray of C. Then one of the following is true.

1.A=0¢,B=0and |I'| = 1.

2.A=0,B={tg}forsometg € T, ={1,...,tg}and y; = By, forallt € I'.

33.B=0T=0and|A| = 1.

4. I' =0, A = {ta}, B = {tg} forsome ty and tg in T with ty > tg and o, = PBy,.

5. A= {ta}, B = {tg} forsometsand tgin T withtg > to, I' = {ta+1,..., g} and oy, = By, =y, forallt € {ta+1, ..., tg}.

Proof. Suppose («, B, v) is an extreme ray of C. Let ¢ > 0 be very small. fA = ¢ and I" = @, then feasibility of («, 8, y)
implies that B = (. Hence we consider the cases where A # @ or I' # (. If A = @ and I" # ¢, then there are two cases.
If B = (, then |I'| = 1.If B # { then let tg be the smallest index in B. As («, 8, y) € C we have {1, ...,tg} € I'. Then
(@, B,y) =1/2(a, B, y N +1/2(a, B2, y*) where B = By —€, B, = By +€. v = vi—e, v = petefort € {1,..., ta)},
Bl =B =p forallt #tgandy,! = y?> =y, forallt € {ts+ 1,...,n}.Hence B = {tg}, ' = {1, ..., g} and y, = B, for
allt € I''1fA # Pand I' = @, then we again consider two cases. If B = ¢, then |A| = 1.If B # (J, then let t4 and tg be the
largest indices in A and B, respectively. Feasibility implies that t; > tg. Then (o, 8, y) = 1/2(a!, BL, ) + 1/2(a?, B2, ¥)
where o, = a;, —€,0f =y, +€ L = By —€, B = By +e.of =af =a,forallt # ty,and B! = p7 = p, forallt # ts.
Hence, A = {ta}, B = {tg},and oy, = By,. If A # @, I" # ¥, and B = @, then (o, B, y) = 1/2(«, B, vy +1/2(a, B, ¥?)
where . = y» —€and y2 = y» + € forsome t* € I" and ! = y? = y forall t # t*. This contradicts (, B, ¥)
being an extreme ray. Finally, if A # (¢, I’ # ), and B # (J, then AN B = (. Let t4 and t be the largest indices in A
and B, respectively. If ty > t, then (a, B, y) = 1/2(a', B', ¥) + 1/2(e?, %, y) where o, = a, — €, 07, = ay, + €,
By = By —€ B = By + €. =af = aforallt # ts,and B/ = 7 = p forallt # tg. Hence t > ta. Then
(@, B y) = 1/2@', B',y") + 1/2(%, f2.y?) where o} = &y, — €, 0 = o, + € B = By — € B2 = By + €,
al =al = forallt #ty, B} = B2 =B forallt £ g,y =y —€, v =y +efort € {ta+1,.... 3 andy! = y2 =1
forallt & {ta + 1,...,tg}. This implies that A = {4}, B = {tg}and I" = {ta + 1,...,tg} and oy, = By, = y; forall
teftat+1,....t5). O
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Now using the extreme rays of the projection cone, we obtain the projection of the feasible set of the 2ULS onto the space
of production and setup variables.

Theorem 8. The projection of the feasible set of the 2ULS onto the space of production and setup variables is given by (5), (6),
(10), (11) and (13)-(15).

Proof. The first and second types of rays of C give the inequalities d*> > 0 and Z,;] x? > 0fort € T, respectively. Both
families of inequalities are redundant. The rays of type three lead to inequalities Zle x,1 > D] . fort e T.Type four rays give
inequalities Y1, x/ + ;2 X} > D}, +D3_ fort;and t, inT such that t; > t,. The rays of the last type give the redundant
inequalities Y, x! + Y2, x* > D}, + D3, fortyandt, inTsuchthatt; < . O

Appendix B. The fractional extreme points of the LP relaxation of the original model together with (I, I, S', §%)-
inequalities forn = 3,d} =d? = 1fort =1,2,3

X% X X % X% V¥ y3 Vi Y Y3
2 321 320 0 1 1/2 12 1/2 0 0
52 321 0 1 0 1 1/2 12 0 1/2 0
2 321 320 0 1 1/2 1/2 1/2 0 1
2 321 320 0 1 1/2 12 12 1 0
52 321 0 1 0 1 1/2 12 0 12 1
52 321 0 1 0 1 1/2 12 1 12 0
2 321 320 0 1 1/2 12 12 1 1
32 321 1 1 0 1 1/2 12 1 12 0
52 321 0 1 0 1 1/2 1/2 1 1/2 1
32 321 1 1 0 1 1/2 12 1 12 1
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