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Abstract

A model for a Choquet integral for arbitrary finite set sysseis pre-
sented. The model includes in particular the classical mnoi¢he system
of all subsets of a finite set. The general model associate@nazal non-
negative and positively homogeneous superadditive fonats with gen-
eralized belief functions relative to an ordered systemiclviare then ex-
tended to arbitrary valuations on the set system. It is shihahthe gen-
eral Choquet integral can be computed by a simple Monge-ajgarithm
for so-called intersection systems, which include as aiapease weakly
union-closed families. Generalizing Lovasz’ classidsmacterization, we
give a characterization of the superadditivity of the Cheiqategral relative
to a capacity on a union-closed system in terms of an ap@tepnodel of
supermodularity of such capacities.
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1 Introduction

The Choquet integraf][4] is a widely used and valuable to@lpplied mathemat-
ics, especially in decision theory (seeg, [B,B,[19,[IB]). It was characterized by
Schmeidler [1]7] and studied in depth by many authors (s&g,Murofushi and
Sugeno[[IR]). Interestingly, Lovasz J11] discovered deépendently in combina-
torial optimization [IlL], where it has become known asltbgasz extensionf a
set function. We are patrticularly interested in Choquetgnals with respect to a
finite universeV, the usual environment in applications.

While the classical approach almost always assumes thdyfammeasur-
able subsets oV to form an algebra (see alsd [5], where a ring is considered),
many practical situationse(g, cooperative games, multicriteria decision mak-
ing) require a more general setting with only the membersadrgain subfamily
F C 2" being feasible and no particular "nice” algebraic struetapparent.

In such a general situation, the classical definition of thedliet integral is
no longer easily utilizable: Many functions become non-sueable in the sense
that their level sets do not necessarily belong to the farRily

Itis the purpose of the present paper, to extend the notiarGfoquet integral
to arbitrary familiesF of subsets in such a way that functions can be integrated
with respect to general set functions (and capacities beipgrticular case). To
do so, we consideF as an ordered system (whose order relation may arise from
a particular application model under consideration).

Our model may be viewed as a discrete analogue of the ideaeofdinian
sums in the usual approach of integration theory. We consiaeapproxima-
tion of functions by step functions from below, focussingtfion belief functions
(a.k.a. infinitely monotone capacities or positive gamsghgegration measures.
The key in our construction is the fact the set of non-negapositively homo-
geneous functionals that provide upper approximationsheli@f function have
a well-defined unique lower envelope (Lemfha 1), which yi¢t@sChoquet inte-
gral in the classical case by linear extension. In the génevdel, we extend it to
arbitrary set functions via its decomposition into a difiece of belief functions
(Sections 2 and 3). The classical model is a special caser@pguoach.

In Section 4, we introduce a heuristic to compute the ger@nalquet inte-
gral, via a Monge-type (or greedy) algorithm. We prove thatMonge algorithm
computes the integral correctly for all valuations (intgn measures) if it is
correct for simple belief functions (a.k.a. unanimity ganeSection 5 studies
the important case of the set-theoretic containment orbeparticular, the so-
called weakly union-closed families and algebras (whereegever Lehrer's[]9]
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integral) are studied. In Section 6, intersection systesmsoh are related to flow
networks) are discussed. For these families, it is provatl tthe Monge algo-
rithm computes correctly the Choquet integral. Moreover,study under which
conditions the integral is superadditive and, in particuaneralize Lovasz’ char-
acterization of superadditive Choquet integrals to gdr(@reakly) union-closed
structures.

2 Fundamental notions

An ordered systeris a pair(F, <), whereF is a family of non-empty subsets of
some sefV with n := |N| < oo that covers all elements ¥, i.e.,

U F=n,

FeF
(partially) ordered by the precedence relation

Remark 1. The assumption thak be partially ordered does not restrict the gen-
erality of our model: Any familyF can, for example, bérivially ordered by
setting

FLG «— F=4@G.

A classical example of order relation is set inclusion. Mgeaeral orders will be
introduced in what follows.

We setn := | F| and, for notational convenience, arrange (index) the mesnbe
of F = {F1,..., F,,} in amonotonically decreasing fashiom,., such that

E-F = i<j (1<ij<m). (1)

2.1 Valuations and weightings

A valuationon F is a functiorv :  — R. Them-dimensional vector space of all
valuations onF is denoted by = V(F). Whenever convenient, we identity
with the vector spacR”, which in turn can be identified with the-dimensional
parameter spadR™ via the index rule[{1).

Remark 2. SettingF, := F U {0} andv(0) := 0, valuations are usually called
gameddefined on a subfamily of". If in additionv is non-negative anisotone



(or monotongw.r.t. < (i.e, v(F) < v(G) whenevelr’ < (), we callv acapacity
or afuzzy measureefering respectively to the work of Choquef$ [4] and Suge

[2T]).
We define the inner product of anyy € R” as usual via

(,y) ==Y yrv(F).

FeF

A weightingis a functionf : N — R. So then-dimensional spac&" of
all weightings could be identified witR™ if we fixed a linear arrangement of the
elements ofV. We set

(fix) = Zfixi forall f,z € RV,
1EN

It is convenient to identify a subset C N with its incidence functiori 4 :
N — {0,1}, where
14(1) =1 <= €A,

and to use the notation(A) := (14, z) for anyz € RV,

2.2 Bdlief functions

A densityis a non-negative valuation : 7 — R, and gives rise to its associated
cumulative functiono : F — R with

W(F):= Y w(F) foral FeF.

F'<F

We say that the valuation € V is abelief functionif v = w is the cumulative
function of some non-negative € V.

Remark 3. Our definition generalizes the notion leélief functiongproposed by
Shafer [2D], whergF,, <) = (2", C). Note that belief functions are normalized
(v(N) = 1) in the classical definition.

Note that there is a one-to-one correspondence betweeitidgasid positive
functions. To see this, consider timeidencematrix Z = [z;;] of (F, <), where

1L REXE
Y1 0 otherwise.
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Z is (lower) triangular with diagonal elements = 1 and hence invertible. So
we have for allb, w € R” (considered as row vectors):

w=109 <= v=wZ " (2)

Remark 4. The inverseZ~! = [u;;] of the incidence matrixZ is called the
Mdbius matrix(or more classically th&lobius functiof of the order(F, <) and
the relationship[{2) is known adobius inversionv is called theMobius inverse
or Mobius transfornof w. Mobius inversion is well known in capacity theory and
decision making. (For a general theory of Mobius algebeaesg, Rota [15].)

A simple (belief) functions a valuation(’ : F — {0,1} with the defining

property
((F)=1 = F=F (FeF).

So ¢* corresponds to théth row of the incidence matriZ of (F, <), which
implies that the sef(!,..., (™} is a basis for the valuation spate to which
we refer as thencidence basis Whenever convenient, we will use the notation
¢ instead of¢? for the simple function associated fo = F;. Observe that the
Mobius relation

w

wZ for all densitiesw : F — R, (3)

exhibits belief functions as precisely the valuations m$mplicial cone’* gen-
erated by the simple functions, where

V+ = {Zﬁlgz | 617"'75771 20}
i=1

In particular, simple functions are belief functions inith@vn right.

With anyv = Y7 | 8;¢* € V, we associate the belief functions

vhi=) 8¢ and vi= ) (=8¢

Bi=0 B;<0
and thus obtain the natural representation
v=ov"—v" withvt, v~ € V. 4)

Remark 5. Simple functions generalize so-calledanimity games

5



2.3 Theclassical Choquet integral

Assume(Fy, <) = (2V,C) and letv : Fy — R be a game. For any non-negative
vector f € R, the(classical) Choquet integrdf] w.r.t. v is defined by

/fdv = /OOO v({t € N| fi = a})da. (5)

The definition immediately yields:

/1Adv:v(A). (6)

The Choquet integral is non-decreasing w.r.t. Moreover, it is non-decreasing
w.r.t. f if and only if v is a capacity.

Letting F' — B with 34 := 0 be the Mobius inverse of relative to(2", C),
the following representation of the Choquet integral islskabwn (seege.g, [B)):

[ fav=3" seminy. 7)

FCN

Two functionsf, f/ € RY arecomonotonidf there are na, j € N such that
fi > fyandf] < f; (equivalently, if the combined level sefs € N | fi > a},
{i € N | g; > «} form a chain). A functional : R® — R is comonotonic
additiveif I(f + f') = I(f) + I(f’) is true for any two comonotonig, /' € R™.

The next result is a direct consequence of Theorem 4[2]rgi@generalizes
Schmeidler’s[]7] characterization of the Choquet intbgrat. a capacity (where
positive homogeneity is replaced by stipulating thae non-decreasing w.r.t. the
integrand).

Proposition 1 (Characterization w.r.t. a set functiorijhe functionall : R — R
is the Choquet integral w.r.t. a set functioon 2% if and only if I is positively ho-
mogeneous, comonotonic additive, al{d) = 0. Thenv is uniquely determined

by (@)

Note that the functionaf — | f dv is positively homogeneous and hence is
concave if and only if it is superadditive. Important is lasz’ [11] observation
(which we will generalize in Sectign §.2):



Proposition 2. The functionalf — [ f dv is concave if and only ib is super-
modular,i.e., if v satisfies the inequality

W(FUG) +v(FNG) > v(F)+v(G) forall F,G C N. (8)

Since belief functions (relative t@”, C)) are supermodular, we find:

e / — [ fdvis positively homogeneous and superadditive for argy V*
and extends the set functier(via v(£') = [ 1 dv for all F' C N).

It turns out that a positively homogeneous and superaaditiactional with
the extension property may not exist for a general orderstery 7, <). We will
show, however, that a well-defined best approximation tcettiension property
always exists, which allows us to introduce a general Choigtegral in analogy
with Riemann sums.

3 Integrals

We now construct the discrete Choquet integral for an oddeystem(F, <) in
several steps and first consider belief functions.

3.1 Upper integrals

An upper integralfor the belief functiorv € V' is a non-negative, positively
homogeneous and superadditive functiomal RY — R, that dominates. In
other words, the upper integrial has the properties

() [v](Af) = A[v)(f) > 0 for all scalars\ > 0.

(i) [o](f +9) > [0)(f) + [v](g) forall f,g € RY.
(i) [v](17) > v(F) forall F € F.

The key observation is that the class of upper integrals®f)* possesses a
unigue lower envelope*. To see this, we introduce the polyhedron

corgv) := {z € RY | z(F) > v(F), VF € F}. (9)



Lemma 1. For anyv € V', there is a unique upper integral that provides a
lower bound for all upper integrals| in the sense

vi(f) < [](f) forall f e RY.
Moreover, one has
v*(f) = min{(f,z) | z € RY,z(F) > v(F), VF € F}
= max{(v,y) |y € RL D yrlr < f1.

FeF
Proof. Associate with the upper integral its kernelas the closed convex set
ker[v] == {x € RY | (f,z) > [v](f) ¥f € RY}.

Since [v] is positively homogeneous and superadditive (propertjeand (ii)),
standard results from convex analysis (see, e.g., Rot&afgh]) yield

W](f) = min (f,z) forall f € RY.

z€ker[v]
By property (iii), we haveker[v] C corgv), which implies
[W](f) > min{{f,z) | x € RY, 2(F) > v(F) VF € F} = v*(f).

Linear programming duality yields the representation

v*(f):max{(v,y)|y€Ri,ZyF1F§f}. (10)
FeF
It is straightforward to verify thaf — v*(f) is an upper integral for. 0J

Remark 6. The representatiof (LO) may be thought of as a Riemann suroxapp
mation ofv*( f): One approximategfrom below by "step functions} _ .- yr1r

and optimizes over their "content?, y). The same approach has been taken by
Lehrer, who calls it the concave integrg! [9] 10], with théfetence thatF = 2V

and thaw can be any capacity.



3.2 The Choquet integral

We call the upper integral* established in Lemn{d 1 th@hoquet integrabf the
belief functionv € V* and henceforth use the notation

/F fdv = (/)

Remark 7. The name of the integral and its notation will be justifiecetaf.
formula (1#) in Sectioh 5.1].1) as a generalization of thesitzal Choquet integral,
i.e, when(F, <) = (2" \ {0}, Q).

Proposition 3. The functionab — [ f dv is subadditive on/*.
Proof. For anyv,w € V' andf € RY, we have
/fd(v+w) = min{(f,z) |z > 0,z(F) >v(F)+w(F)VF € F}
f

< min{(f,z) |z >0,2(F) >v(F)VF € F}
+ min{(f,x) |z > 0,z(F) > w(F)VF € F}

= /fdv+/fdw

We extend the Choquet integral to arbitrary valuatiors ) via

/ffdv::/ffdv*—/ffdv‘ forall f € RY.

Note that the Choquet integral is positively homogeneouaifiy valuation.

3.2.1 Choquet integralsof arbitrary weightings

We call the Choquet integratrongif it satisfies

/f(f+)\1N)dv:/ffdv+)\/1Ndv (11)

forall A > 0, f € RY, v € V*. Given an arbitrary weightingg : N — R
bounded from below, we now select some> 0 so thatf = f + A1y > 0 holds
and set

/fdv ::/?dv—)\/lNdv forallv € V. (12)
F F F

In the case of strongness, it is easy to see fhat (12) is weéted (.e., indepen-
dent of the particulak chosen).



4 TheMongealgorithm

We now present a heuristic algorithm for the computatiornef€hoquet integral
relative to the ordered syste(if, <), which generalizes the well-knowrorth-
west corner ruldor the solution of assignment problems. As usual, we dethate
empty string by 1. Also, we set

F(X)={FeF|FCX} foral X CN.
Given the non-negative weightinge RY, consider the following procedure:

MONGE ALGORITHM (MA):

(MO) Initialize: X <+ N, M < 0, c+ f,y <« 0,7 + [J;

(M1) LetM = F; € F(X) be the set with minimal indexand choose an element
p € M of minimal weightc, = min;c; ¢;;

(M2) Update: X < X \ {p}, M < MU{M}, yu + ¢, ¢ < (c — cplu),
7+ (7p);
(M3) If F(X) = 0, Stop and OutputM, y, 7). Else goto (M1);

It is straightforward to check that in each iteration of (Mg current vector
y IS non-negative with the property

So we find:
Lemma 2. The outputy of the Monge algorithm satisfies for any inptie RY
7>0 and ) Fplp</f.
FeF
Given any valuatiom € V, associate with the outpyg, ) of MA the quantity
£10) = (w.9) = > yro(F).
FeF

Since(y, 7) does not depend an itis clear that — [f](v) is a linear functional
onV (which may depend not only ofiand.F but also on the indexing of and
the choice op in step (M1), however).
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Theorem 1. The following statements are equivalent:
(@) [f1(¢") = [ fd¢ foralli=1,...,m.
(b) [fl(v) = [ fdv forallv e V.

Proof. We have to verify the non-trivial implicatiofz) = (b). Let us cally the
output of MA for f. From Lemma]2(¢*,7) = [ f d(* means that thg is optimal
for the linear programs

max {(C') [y €RE, S yelp < f} (1<i<m).

FeF

Letz' denote optimal solutions for the dual linear programs
min{(f,z) | z € RY,z(F) > ('(F), VF € F}.

Consider the belief function = " | 5,¢* € V* with 5; > 0 and se :=
>, 8. Thenz is feasible for the linear program

min{(f,z) | z € RY,z(F) > v(F) VF € F}

and, inview of (f,) = >, 5;(f,T") = >, 5i(¢",y) = (v,7), optimal by linear
programming duality. So we find

(v,7) = / fdv for all belief functionsy € V*
]:

and consequently
(v.7) = (7)) — (7,7
= /fdv+—/fdv_ = /fdv
F F
for all valuationse V. O

The linearity of the Monge functional — [f](v) furnishes a sufficient con-
dition for the Choquet functional — [ f dv to be linear onV (and thus to
strengthen Propositidi 3):

Corollary 1. Assume that the Monge algorithm computes the Choquet iaitegr
for all simple functiong®. Then we have

/ffdv:;@/ffd(’ forallv:;@gzev.
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5 Ordering by containment

We investigate in this section systems under the set-the@entainment order
relationC and consider the systeft, C). A fundamental observation is a simple
expression for the integral relative to simple functionigh is well-known for
the classical Choquet integral):

Lemma3. Let (F, C) be arbitrary and : N — R,. Then for anyF’ € F,
F_ _ . ¢
[t =ming,

Proof. Let s € F' be such thatf; = min;cr f; and denote by:® € RY the
corresponding unit vector. Theri is feasible for the linear program

Hl>igl (f,x) st z(F')>1 forall /€ Fwith " D F

while the vectory® € R with the only nonzero componepf. = f; is feasible
for the dual linear program

max <<F7y> S.t. Z nylF’ S f

>0
v= F'DF

In view of (f,z°) = f, = (¢¥,y?®), linear programming duality guarantees opti-
mality and we conclude

/ fd¢¥ = minf; forall F € F. (13)

JjeF

O

5.1 Extensionsof valuations

A simple functianF : F — {0, 1} (relative to(F, C)) corresponds naturally to a
simple function” : 2% — {0, 1} (relative to the Boolean algeb(a”", C), where

~

F(S)=1 = SDF foralsScCN.

We thus associate with any valuation= Y. - fr¢(" € V(F) its extension
v : 2V — R, where

0(S) ==Y BrC"(S) (SCN)

FeF
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and immediately observ& F') = v(F) forall F' € F. If 8 > 0, the function

0 is easily seen to be supermodular @i, C). By Propositior[2, the classical
Choquet integral operatgt — [ f do therefore yields an upper integral relative
to (F, C). Hence we have

/fdv < /fd@ for all belief functionsy € V*(F).
]:

We now present a class of systems where actually equalitisHol the two
integrals (see Corollafy 2 below).

5.1.1 Weakly union-closed systems
Assume thafF is weakly union-closeth the sense
FNG#0 = FUGeF foral F,GeF

and consider the containment ordét, C) as before. We assurdé= {F},..., F,,}
such that for all indice$ < 7,5 < m,

F,CF, = 1<

Remark 8. Weakly union-closed systems have been investigated bybalga

al. [fl] asunion-stable systemgith respect to games on communication graphs,
where it is noted that a set systemis weakly union-closed if and only if for
everyG C N, the maximal sets itF(G) = {F € F | FF C G} are pairwise
disjoint.

Lemma4. Let F be weakly union-closed and denoteby = {M;, ..., M,} the
sequence of subsets chosen in MA. Thar, C) forms a foresti(e., a cycle-free
subgraph of the Hasse diagram(df, C)) in which all descendants of a node are
pairwise disjoint. Moreover, the outpujsandr = p; - - - p, of the algorithm yield

q

1) = (,9) =Y (for = for )0 (M)

1=1
wheret i is the index of father of nodé7; in the tree, andf,,, = 0 if it has no
father.

Proof. Atiteration:, eitherM; C M;_, or M;NM;_,; = () holds sinceF is weakly

union-closed. Sd/; cannot have two fathers (supersets). Hefwg, ..., M,,}
is a tree. Descendants of a node are pairwise disjoint fosdlhee reason. Now,
the formula results from the updating rulecof O
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Note that(M, C) becomes a tree (connected and cycle-fred) i F.

Theorem 2. Let (F, C) be a weakly union-closed system. For g€ R’ ,v € V
withv =" . Br¢F, we have

1) = [ ao=3 pe [ 6" =3 demin . (14)
FeF

FreF

Proof. Assume that the Monge algorithm outputs the vegtoe R”, the set
family M = {M,, ..., M} and the sequence = p; ... p; upon the inputf €
RY. Consider the simple functiafi and recall that’(1/;) = 1 is equivalent with
F; € M;.

Let s be the smallest index such thate F;. Then we have; C M, (since
F is weakly union-closed and MA always selects-anaximal membef/ of the
current systend (X )). So we find

(¢ y) = Z ym; = fs = ?eliF?ft = /dei'

M;>ps

In view of LemmdB, MA thus computes the Choquet integralectty for simple
functions. So Theorelf] 1 guarantees the claim of the Theooebe true, and
Lemma[B explains the last equality {n]14).

0]
Corollary 2. Let (F, C) be weakly union-closed anfic RY. Then
/ fdv= /fd@ holds for all valuation® € V(F),
]_"
ando is determined by
8(8) = / lsdv= Y  o(F), vSe2V
F F maximal inF(S)
Proof. Assumev = >~ .~ Ar¢". Then Corollaryf]l yields
dv = in f; = do.
/ffv éﬁprfnelgfj /fv
The expression fo# results from the Monge algorithm. O
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Remark 9. (i) Corollary[2 shows that the Choquet integral on a weakipon
closed family essentially equals the classical Choquegnai, and therefore
inherits all its properties (in particular, comonotonidaiity (see Propo-

sition[1)).

(i) The fact thato is an extension of suggests the following interpretation:
consider again the classical definition of the Choquet naegjven by [b),
but with v defined onF instead of2". Call f € R" F-measurabldf all
level sets{i € N | f; > «a} belong toF, and denote by/(F) the set of
all #-measurable nonnegative functions. Then the classicadj@tante-
gral onF coincides with the (general) Choquet integral for all meakle
functions, and therefore the latter is an extension of theéo from M (F)
to R’

(i) The extensiono is well-known in cooperative game theory as Myerson’s
[[4] restricted gameand is used in the analysis of communication graph
games. ThereF is the collection of connected components of the graph
with the property of being weakly union-closed arising maky.

(iv) A capacityv on (F, C) may not yieldo as a capacity o2V, C). Consider
for exampleN = {1,2,3,4,5} and the weakly union-closed systef=
{12345, 1234, 2345, 1345, 124,234, 345,12, 35,2, 5}. Theno(N) = v(N)
ando(1235) = v(12) + v(35). v(N) = 1 = v(12) = v(35) shows that
0 is not monotone. Therefore, the Choquet integral w.r.t. gacy is not
necessarily monotone in general.

From Propositiofi]2, we immediately see:

Corollary 3. Let (F, C) be weakly union-closed and< V an arbitrary valuation.
Then the following are equivalent:

(i) The operatorf — [, f dv is superadditive ofRY.

(i) The extension : 2¥ — R of v is supermodular.

5.1.2 Algebras

An algebrais a collectionA of subsets ofV that is closed under set union and
set complementation with, N € A. In particular,7 = A\ {0} is a weakly
union-closed family. LeB = B(A) = { B, ..., By} be the family ofatoms(i.e,,
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minimal non-empty members) of the the algeldraThen(.A, C) is isomorphic to
25 (and, in particular, also intersection-closed).

Lehrer [§] (see also Tepef [R2]) has introduced a discratgmal relative to
the algebrad as follows. Given a probability measufeon A and a non-negative
function f € RY, define

/fdPAZISUP{Z)\SP(S)\stlsﬁf}-
L AZ0 % 5eu SeA

Lehrer shows that the functionfl— fﬁ f dP, is a concave operator dgy,. Let
us exhibit Lehrer’s integral as a special case of our ger@rafjuet integral.

Proposition 4. Let A be an algebra ané® a probability measure od. Setting
F = A\ {0}, one then has

/fdPA:/ fdpP forall f € RY.

L F

In particular, Lehrer’s integral can be computed with thenge algorithm.
Proof. Because of?(()) = 0, we have

/EfdPA = Iggg{sez;yslj(s) 1> ysls < f}-

SeF

By LemmdL, the Proposition now follows once we estahftsis a belief function
relative to(F, C). Indeed, as a probability measureis additive onA, we infer
the Mobius representation

P= Y P(B)"

BEB(A)

with non-negative coefficient8(B) > 0, which proves the Proposition.
O

Lehrer furthermore defines the induced capacityon 2V by

vA(S) :=sup{P(A) | Ac A, ACS}.
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Lemmab. Let P be a probability measure on the algebta Then the induced
capacityv 4 is precisely the extension @, i.e.,

va(S) = P(S) holdsforallS C N.

Proof. Let B(S) = {B € B | B C S} be the collection of all atoms that are
contained inS. SinceP is non-negative and additive of, we apparently have

sup{P(A) | A€ A,LACS}= Y P(B)=> P(B)(?(S)=P(S).

BeB(S) BeB

6 Intersection systems

We address in this section a more general order relation t@mcontainment
order. It has applications in graph theory (namely, the etipsoblem, sed]7])
we do not detail here since this falls outside the scope op#per. This order
relation will permit to derive general results on supermadty.

6.1 Consecutive ordered systems

The (partial) precedence orderig, <) is said to beconsecutivéf
FNH C G holdsforallF,G,H € Fwith F <G < H.

The consecutive property implies a kind of submodularitpdibon: For any
F,Ge FandL,U € F(FUG)with L < F,G < L, we find

1, +1p <1p + 1c. (15)

(The familiar form of the submodular inequality appearsiititely in (I3) when
we employ the notatiod’ A G := L andF Vv G :=U.)

We call a consecutive ordered systém, <) anintersection systerif for all
setsF' € F the following is true:

(1SO) ForevenG € F with F NG # (), there is somé' v G € F(F UG) such
thatF,G <X 'V G.
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(IS1) Theupper intervallF) := {G € F | G = F} is “closed” under, A, i.e,
for everyG, H € [F) there exist set& vV H,G A H € F(G U H) such that

F<GAH=<G H=<GVH.

Remark 10. Note that every containment ordeF, C) is trivially consecutive.
So every weakly union-closed familf yields (F, C) as an intersection system:
In the case~, H € [F), it would suffice to take

GANH:=F and GV H:=GUH.

So intersection systems generalize the classical m@delC) in particular.

As an illustration, we give an example of intersecting systehere the order
is not the containment order.

Example 1. Let N = {1,2,3,4,5,6} and consider the system below. It can be
checked that it is an intersection system.

Our main result in this section assures that the Choquegriaiten intersection
systems may be computed with the Monge algorithm.

Theorem 3. Let (F, <) be an intersection systenf, ¢ RY and(y, M, ) the
corresponding output of the Monge algorithm. Then we have

[fl(v) = /ffdv = Z BF/ffdgF for all valuationsy € V.

FeF

18



Proof. By Theorent]L, it suffices to establish the Theorem for simpiefions.
Chooser = (*, the simple function associatedfp AssumeM = {M, ..., M}
andm = {py,...,pr} and set

8= {M}yU[F) = {M} U{F € F| ('(F) #0}.

Lety* € RS be the (with respect to the index order8j lexicographically max-
imal vector with the property

Syl <f and 3 yic(s) = /f fdci (16)

Ses Fes

It suffices to showf,, = 7,,, = y3,,. (The Theorem then follows by induction on
|N| becauser (N \ {p,}) is also an intersection system.)

Sincey,,, = min,y, f, the selection rule of MA guaranteés< y;, < 7y,
Supposé,,, > vy, were the case. Then there must exist séhe S\ { M, } with
ys > 0andM; NS # () (because otherwisg, could be increased without vi-
olating the feasibility conditions, which contradicts tkegicographic maximality
of y*). Set

C:={SeS|ys>0,M NS #0D}

the collection of such sets. For afye C, by (IS0).S Vv M, exists andS' v M; >
M. By the selection rule of MA, we conclude

M, =SV M, =S = F;, andhence M, € [F}).

Moreover,)M; is the uniqgue maximal member pf;) = S.
CLAIM: Cis a chain in(F, <).

Indeed, if there existed incomparable sEfg; € C, thenC C [F;) implies the
existence off' A G andF’' vV G in [F;) by property (IS1). So we could decrease
y* on the setd” andG by ¢ :< min{y}, y&.} > 0 and increase it o’ A G and
F' v G by the same value. The resulting vector

v =y " +e(lpve+ 1pac — 1r — 1g)

would be lexicographically larger thayt and satisfy the right equality iff ([16).
Moreover, from [15) we deduce thétstill satisfies the left inequality i (1.6) and
thus contradict the choice gf.
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Let C' be the maximal element 6f\ { M/, } and observe from the consecutive-
ness of( F, <):
COMNS foralSeS\{M}.

So y* could be increased on/; by y; > 0 and decreased ofi by the same
amount without violating feasibility — again in contradast to the choice of/*.
We therefore findj;, = 7,,,, which establishes the Theorem. O

6.2 Supermodularity and superadditivity

In view of Theoren{]3, the Choquet functional— fffdv IS superadditive on
RY if v is a belief function on the intersection systé#, <). Unfortunately, no

analogue of Propositiofj 2 is known for general ordered systidat would pro-

vide a "combinatorial” characterization of valuationsvith superadditive Cho-
quet integral. We will now exhibit a model that generaliziessical supermodular
functions and is sufficient for superadditivity.

Let (F, <) be a consecutive ordered system &ne- { F1, ..., F},,} arranged
sothat foralll <i,j <m,
F,=-F, = 1<].

We call two setsF;, F; € F co-intersectingif there exists some indek <
min{4, j} such thatt), N F; # ) andFy, N F; # (. (F; N F; = O may be permitted
for co-intersecting sets;, F).

It is convenient to augment the ordered systefy <) to the order(Fy, <),
whereF, := F U {0} and@ is the unique minimal element. Morever, we extend
any valuatiorw to a function onF, via the normal property () := 0. We now
say that a valuation is supermodulaif for all co-intersecting set$’, G € F,
there are sets8' A G, F' vV G € Fy(F U G) such that

(S) FAG=<F.G<FVG.
(S2) v(FAG)+v(FVG)>v(F)+v(G).

Recalling that a capacity is a non-negative and monotongatiah, we can
show with the technique of Theordin 3:
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Theorem 4. Letv : F — R, be a supermodular capacity on the intersection
system(F, <). Then

/ffdvzxgggc{(v,yﬂzwlpgf} holds for all f € RY.

FeF
Hencef — ff f dv is a positively homogeneous and superadditive functional.

Proof. Since(F, <) is an intersection system, the Monge algorithm computes the
Choquet integral. Consequently, it suffices to prove

8(F) = max {(0.9) | Y yrlr < £} = 3 Fpu(F),
FeF FreF
where we assumgj, M, ) to be the output of MA withM = {M;, ..., M}
andr = {py, ..., px} (cf. the proof of Lemm4]1). Set
S ={M}U{F e F|v(F)#0}

and lety* € RS be the (with respect to the index order®&j lexicographically
maximal vector with the optimality property

Y ysls < f oand Y yio(S) = (f).
Ses SeS
We will argue that the assumptian,, > y;, would lead to a contradiction.

Indeed, there must exist sonsec S\ {M;} with y& > 0 andM; N S # (.
So we haveS v M, = M, and hencell; = SV M; = S, i.e, M; is the unique
maximal member of

C:={SeS|ys>0,MnS#0}.
So any two memberB, G € C are co-intersecting.

CLAIM: Cis a chain in(F, <).

Suppose’ did contain incomparable sefs G. Then we could decreagg
on the setd’ and G by ¢ := min{y},y5} > 0 and increase it o’ A G and
F Vv G by the same value > 0. Lety’ be the resulting vector. Because of the
supermodularity of, we have

V(F A G)Yppa +0(EFV G)ypye + v(F)yp +0(G)yg
> v(F AG)Yipg +0(FV Gypye +v(F)yp +0(Gys. (A7)
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In view of F' v G = F and the monotonicity of the capacity we have
v(FFVG)>v(F)>0 andthus FVGeS.

Soy’ would be lexicographically larger thayt, feasible by [(T]5) and optimal by
(1), which contradicts the choice gf.

Let C be the largest member 6f { M, } and observe from the consecutiveness
of (F, X):
COMNS foralSeS\{M}.

So y* could be increased on/; by y5 > 0 and decreased ofi by the same
amount without violating feasibility — again in contradact to the choice of;*.
We therefore concludg;,; = v,,,, which establishes the Theorem. O

6.2.1 Union-closed systems

As an application of Theoref} 4, consider a famfiythat is closed under taking
arbitrary unions. TheF, C) is an intersection system in particular a#d is
closed under the well-defined operations

F'VF":=F UF"
FAF' = {FeFR|FCFNF"Y}.

Theoren{} allows us to establish the following generalratf Lovasz’ [11L]
result (Propositiof]2).

Theorem 5. Assume thaf is union-closed and a capacity or{.7, C). Then the
following statements are equivalent:

(i) /ffdv:max{@,y)|y€Ri,ZyF1FSf}foralleRﬁ.

FeF
(i) The functionalf — fffdv is superadditive oY .

(i) v is supermodular.
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Proof. (iii) = (i) = (ii) follows from Theoren{$. We show (i (iii):

1 1 1
/ —1Fd1)+/ —1F/dv§/ —(1F+1F/)dv
2 -2 52

yields
1 1 1
§U(F) + QU(F/) < Q(U(F UF)+o(FAF)
forany F, F' € F. Hencev is supermodular. O

Corollary 4. Let F be a union-closed anda capacity with extensioion (F, C).
Then the following statements are equivalent:

(i) v:F — Ris supermodular ofiF, ).

(i) ©:2Y — Ris supermodular o2V, C).
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