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A BGK approximation to scalar conservation
laws with discontinuous flux

F. Berthelin*and J. Vovelle

Abstract

We study the BGK approximation to first-order scalar conservation
laws with a flux which is discontinuous in the space variable. We show
that the Cauchy Problem for the BGK approximation is well-posed and
that, as the relaxation parameter tends to 0, it converges to the (entropy)
solution of the limit problem.

Keywords: scalar conservation laws — discontinuous flux — BGK model — relax-
ation limit

Mathematics Subject Classification: 35165 — 35F10 — 35D05

1 Introduction

In this paper we consider the equation
15 € _ XUE - fE
with the initial condition

f€|t:O = fo, in Rz X Rg (2)

Here k is given by
k=krLI—co0) +krI0,+00)

where Ip is the characteristic function of a set B, £ — a(£) is a continuous
function on R such that

vueln, [Caeiezo. [ aa-o 3)

and, in (EI), Xue, the so-called equilibrium function associated to f€ is defined
by

W () = / P, €)dE, Xal) = Toa((€) — Tao((©),
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fort>0,z€eR, (€ R,aeR.

Eq. (ﬂ) is the so-called BGK approximation to the scalar conservation law

By + 0, (K(x) A(w)) = 0, Alu) = / " ae)de. (4)

The flux (z,u) — k(z)A(u) is discontinuous with respect to = € R, actually ([)
is a prototype of scalar (first-order) conservation law with discontinuous flux
function. In the last ten years, scalar conservation laws with discontinuous flux
function have been extensively studied. We refer to the paper [BK0§ for a
comprehensive introduction to the subject and a complete list of references. Let
us simply mention that the discontinuous character of the flux function gives
rise to a multiplicity of weak solutions, even if traditional entropy conditions are
imposed in the spatial domain apart from the discontinuity. An additional cri-
terion has therefore to be given in order to select solutions in a unique way. For
scalar conservation law under the general form Ou + 0,(B(x,u)) = 0, where
the function B is discontinuous with respect to z, several criteria are possi-
ble [AMGO]]. For B(z,u) = k(z)A(u) as above, the choice of entropy solution
is unambiguous (see [AMGO5], Remark 4.4) and we consider here the criterion of
selection first given in [[Low01]. A kinetic formulation (in the spirit of [LPT94)])
equivalent to the entropy formulation in has been given in [BVO0(]. In
particular, solutions given by this criterion are limits (a.e. and in L') of the
solutions obtained by monotone regularization of the coefficient k in @), e.g.

kr —k k k
R L$+R+L

) Ifsgmgs + kRI€<zv e > 0.

The kinetic formulation of scalar conservation laws is well adapted to the analy-
sis of the (Perthame-Tadmor) BGK approximation of scalar conservation laws.
Developed in [PT91], this equation is a continuous version of the Transport-
Collapse method of Brenier , . BGK models have also been used

for gas dynamics and the construction of numerical schemes. See for example
the book of Perthame [[Per02 for a survey of this field.

Our purpose here is to apply the kinetic formulation of [] to show the
convergence of the BGK approximation. To this aim, we first study the BGK
equation in itself in Section E In Section , we introduce the kinetic formula-
tion for the limit problem. We also introduce a notion of generalized (kinetic)
solution, Definition E We show that any generalized solution reduces to a mere
solution, 7.e. a solution in the sense of Def. || This theorem of “reduction” is
Theorem . Then in Section @, we show that the BGK model converges to a
generalized solution of (E) and, using Theorem ﬁ, deduce the strong convergence
of the BGK model to a solution of ({), Theorem [L1.

A key step of the whole proof of convergence is the result of reduction of The-
orem ﬂ Its proof, given in Section @, is close to the proof of uniqueness of
solutions given in [BV0(]. A minor difference is that we deal here with gene-
ralized solutions instead of “kinetic process solutions”. There is also a minor
error in the proof given in [BV0(] (specifically, the remainder terms R, . s and
Qp.v0 in Eq. (BI) and (BY) of the present paper are missing in [BV06]). We
have therefore given a complete proof of Theorem E



We end this introduction with two remarks:

e the BGK model provides an approximation of the entropy solutions to (@)
by relaxation of the kinetic equation corresponding to (E) A relaxation
scheme of the Jin and Xin type applied directly to the original equation

() has been developed in [KKR04].

e in the last chapter of [Bac0d], is derived the kinetic formulation of scalar
conservation laws with discontinuous spatial dependence of the form dyu+
dx(B(z,u)) = 0 (which are more general than ([f)). We indicate (this
would have to be proved rigorously), that in case where our approach
via the BGK approximation was applied to this problem, the solutions
obtained would be the type of entropy solutions considered in .

Notation For p, g € [1, +0c], we denote by LEL{ the space LP(R;; LY(R¢)) and
by L{LL the space L(R¢; LP(Ry)).
We also set sgn (s) = Ifs50y, sgn_(s) = —Ijs<0y, sgn =sgn, +sgn_, s € R.

2 The BGK equation

2.1 The balance equation

By the change of variables fg(t,z,é) = eﬁfe(t,z,é), Eq. ([[) rewrites as the
balance equation
i3
~ €&

0" + 0, ((@)al(©) ) = S

t
ec

with (unknown dependent) source term “-x,-. Hence, we first consider the
following Cauchy Problem for the balance equation:

Ouf + 0u(k(x)a(&)f) =g, t>0,z€REER, (5)

flt:o :f() in R, x Rg. (6)

Proposition 1 Suppose that kg -k > 0. Then Problem ([)-(4) is well posed
in L{LE, 1 <p < +oo: forall fo € L{LY, T >0 and g € L'(|0,T[; L¢LY), there

exists a unique f € C([0,T7; L%Lg) solving (f) in D'(]0, T[xR, x Re) such that
f(0) = fo. Besides, we have

t
15 @lsza <30 (Lollzgas + [ Na(o)lazazds). 7

— kL k
where M}, = max (ﬁ, ﬁ)
Proof: Since (E) is linear, it is sufficient to solve the case g = 0. The general
case will follow from Duhamel’s Formula. Assume without loss of generality
kr,kr, > 0. Let Ay := {£ € R;a(&) > 0}. Then, for fixed £ € A, and although
k is a discontinuous function, the O.D.E.

X(t, s,x,€) = k(X(t,s,2,8))alf), teR, (8)



with datum X(s,s,x,£) = = has an obvious solution for = # 0, given by
X(t,s,x,&) =x+ (t —s)kra(§), t > s, when z > 0, and by

X@&%@={$+“_ﬂhda if

t< s+ 2o

kra(£)’
IZ—’;:E + (t — s)kra(&) if t>s+ %,
when x < 0. Denoting by sT = max(s,0), s

= st — s the positive and negative
parts of s € R, and introducing

kr
ag(z) = Tipsoy + EI{I<O}a

this can be summed up as

X(ta S, 1',5) - {ak(z)x + (t - S)kRa(g)}Jr - {SC + (t - S)kLa(g)}ia

t>s. (9)
Similarly, we have, for the resolution of (E) backward in time,
X(ts,2,8) = {2+ (t = s)kra(§)}" — {Bu(@)z + (t = s)kra(§)} ™, t<s, (10)
where

k
Br(z) = él{z>0} + Iip<oy-

A similar computation in the case a(£) < 0 gives the solution to (§) by (f) for
(t — s)a(€) > 0, (Ld) for (t — s)a(€) < 0. For the transport equation (9 +
k(x)a(€)0y)e* = 0, interpreted as

Ew*(ta X(tv 5, T, 5)5 5) = 05
this yields the solution

SD*(ta :E,E) = Q/J(X(Ta taxag)ag)a

which satisfies the terminal condition ¢*(T") = ¢. We suppose in what follows
that 1 is independent on &, compactly supported and Lipschitz continuous.
Then, a simple change of variable shows that, for every ¢ € [0, T], for a.e. £ € R,

® ki kr
|wm@m<mwm,m=m4

1<¢g< . 11
wm)asgste (1D

If f € C([0,T); L{LE) solves ({)-(F), then, by duality (note that ¢* is Lipschitz
continuous and compactly supported in z if ¥ is) we have, for ¢ € [0, T1, for a.e.
£ eR,

[ 10290 8ds = [ o )¢ 0.0 €)da. (12)
In particular, the estimate (EI) where ¢ = conjugate exponent of p gives, for
a.e. £ € R,

£ e < Myl fo(, €Iz
and then by Duhamel’s principle, for g # 0,

T
(T, )y < My, <||f0('7§)||L§ +/0 ||g(t,~,§)||L£dt> : (13)



The estimate ([]) and uniqueness of the solution to ([])-(f]) readily follows. Exis-
tence follows from (fJ)-([L0)-([I2), from which one derives the explicit formula

[t 2, &) = J(t 2,8 fo(X(0,t,2,8),8),
the coefficient J(¢,x, &) being given by

kr,
J(t,2,€) = Lpcoyuiasthpa(e)} + EI{O<z<tha(§)}

if a(¢) > 0 and

kr
J(t,2,8) = Lpcthpa(e)}ufa>o) + El{tkLa(§)<m<0}

if a(§) <0.

2.2 The BGK equation

Denote by T(t)fo the solution to (ﬂ)—(ﬁ) with ¢ =0, i.e.
T(t)fo(m, 5) = J(ta z, E)fO(X(O’ t’ z, 5)) 6)’

X given by (f)-([Ld).

Definition 2 Let fo € L'(Ry x Re), T > 0. A function f¢ € C([0,T); L*(R, x
Re)) is said to be a solution to ({I)-{@) if

t 1 t_é € €
PO = TOh+ 2 [ IOt o = [ Flod 04

for allt €10,T).

Theorem 3 Assume kg - ki, > 0. Let fo € LY(R, x R¢), T' > 0. There exists
a unique solution ¢ € C([0,T]); L*(R; x R¢)) to ([1)-([B). Denoting by S-(t)fo
this solution, we have:

L (S8 fd = Se (I s raxre) < Mill(f§ = SO ¥ ot o xie)
2. 0 <sgn(&)folx,8) <1 ae. = 0<sgn(€)S:(t)fo(x,8) <1 ae.
3. if fo = Xugs w0 € L (R), 0 <ug <1 a.e. then 0 < Sc(t)fo < x1-

Proof: the change of variable (', 2) = &(t, z) reduces (fl) to the same equation
with € = 1. We then have to solve f = F(f) for

t

F()() = e T () fo + / T () Xty dss = / F(€)de.

By ([]) and the identity

/|xufxv|<§>d§: -], wveR,
R



we have F: C([0,T]; L}, ;) — C([0,T}; L} ) and F is a (1 —e~") contraction
for the norm
Il ="sup [If(O)llLr®, xre)-
t€[0,T]

Indeed, we compute,

IE(F)(0) — F(P)0)1e, < / T () Ous(t—) — X (1ol s

x,&

t

:/0 €| Xus (t—s) _Xub(t*S)HLaln,gdS
t

= [ ettt =)~ 2= )l
0
t

< [ e = ey s
0 |

t
< / esds| £ — £
0

By the Banach fixed point theorem, we obtain existence and uniqueness of the
solution to ([])-(B). Since 0 < sgn(¢)x.(£) <1 a.e. we have

0< sgn(f)F(f)(t,x,f) <1lae.

if 0 < sgn(€)fo(x,€) <1 ae. This proves the point 2. of the Theorem. The
point 1. follows from the inequality

[ s (f = 0@ - QudE 0. fg€ L(Re). QU= s rae — .

that is easy to check, and from the identity

f0) =Tt fo+ / T(5)QU)(t — 5)ds

for the solution to ([)-(H). If fo = Xue, 0 < up < 1 a.e. then 0= xo < fo < x1.

Hence the item 3. follows from 1. and the fact that any constant equilibrium
function xa, @ € R is solution to ([I]). m

3 The limit problem

Assume fo = xu, With ug € L*(R), 0 < up < 1 a.e. Set

Afu) = /0 " ()T (6) . (15)

Note that by (), we have A > 0 and A vanishes outside the interval [0,1]. We
expect the solution f¢ to ([)-(H) to converge to the solution u of the first-order
scalar conservation law

Opu+ 0, (k(2)A(w)) =0, t>0,z€R, (16)

with initial datum

u(0,x) =uo(z), zeR. (17)
For a fixed T' > 0, set Q =0, T[xR,.



Definition 4 (Solution) Let ug € L*(R), 0 < ug < 1 a.e. A function u €
L>(Q) is said to be a (kinetic) solution to ([14)-(17) if there exists non-negative
measures my on [0,T] x R x R such that

e m is supported in [0,T] X Rx] — 0o, 1], m_ is supported in [0,T] X R x
[0, +-00[,

o for all ¢ € C([0,T[xR x R),
/ / he (910 + k(2)a(€)0, ) dédtda
QJr
T
. o +
t [ [ hosui0m,agds o k* [ [ a0, s

_ /Q / etpdme (t,2,€) (18)

where hy(t,x,&) = sgny (u(t,z) — &), ho+(z,§) = sgny (uo(x) —§).

Proposition 5 (Bound in L) Let ug € L*°(R), 0 < up < 1 ae. Ifu €
L>(Q) is a kinetic solution to ([[4)-(17), then 0 <u <1 a.e.

Proof: Consider the kinetic formulation (E) for hy with a test function
e(t, x,§) = o(t, z)u(s).
If 1 is supported in |1, 4o00[, two terms cancel:

/}R /}R o (0, 2, €)déde = /R /R Lo un oyoe0(0, 2) Tesa(€)dde = 0

and

/Q/]Ragwder(t’ ,6) =0

by the hypothesis on the support of m,. Hence we have
/Q [ 10 + k@)al0s o dededs

(kp — kr)* /0 /R a(€)p(t,0)u(€)dedt = 0.

A step of approximation and regularization shows that we can take () = Igsq
in this equation. Since

/m a(€)d€ = A(+00) — A(1) =0 -0 =0,

and

+o0 +oo
/ B (8, 2, €)de = / Te (o dé = (ult,z) — 1)*,
1 1



+oo +oo
/ B (t, 2, €)a(€)dE = / Tecuomya(€)de
1 1

u(t,z)
= sgn, (u(t,r) — 1)/1 a(§)d€ = sgn (u(t, ) — 1)(A(u(t,z) — A(1)),
we obtain
/Q(u 1) O+ k(e)sgn, (u— 1)(A(u) — A(1))d,pdtdz = 0.

It is then classical to deduce that (u —1)* = 0 a.e. (see the end of the proof of
Proposition [L0], after (B])), i.e. u < 1 a.e. Similarly, we show u > 0 a.c. ®

Our aim is to prove the uniqueness of the solution to ([L6)-([L7). Actually, more
than mere uniqueness of the solution to (E)-(E), we will show a result of
reduction/uniqueness (see Theorem ﬂ) of generalized kinetic solution. To this
purpose, let us recall that a Young measure @@ — R is a measurable mapping
(t,x) — vy, from @ into the space of probability (Borel) measures on R. The
mapping is measurable in the sense that for each Borel subset A of R, (¢, z) —
v 4(A) is measurable @ — R. Let us also introduce the following notation: if
feLYQ xR), we set

fe(y:8) = f(y,§) —sgn(§), ye@,{€R.

This is consistent with the notations used in Def. E in the case f = .

Definition 6 (Generalized solution) Let ug € L*(R), 0 < up <1 a.e. A
function f € LY(QxRg) is said to be a generalized (kinetic) solution to (L4)-(171)
if

0< f<x1 ae, —0cft is a Young measure Q — R,
and if there exists non-negative measures my on [0,T] x R X R such that

o m is supported in [0,T] X Rx] — 0o, 1], m_ is supported in [0,T] X R x
[0, +o0],

e for all ¢ € C°([0,T[xR x R),
/ / [+ (0 + k(x)a(£)0p1h)dédtd

//fOinwﬁ)d«de— kL—kRi/OT/Ra Y(t,0,€)dedt

= [ [owanstere) 9

R

o

where fo.1(z,&) = sgny (uo(z) — &).

Theorem 7 (Reduction, Uniqueness) Let ug € L®(R), 0 < ug < 1 a.e.
Problem @)—@ admits at most one solution. Besides, any generalized so-
lution is actually a solution: if f € LY(Q x R¢) is a generalized solution to

(28)-[7), then there exists u € L=(Q) such that f = X..

To prepare the proof of Theorem ﬁ, we first have to analyze the formulation
(L9 and the behavior of f at t = 0 and z = 0.



3.1 Weak traces

Introduce the cut-off function

|s]
we(s) :/0 pe(r)dr, p.(s)=c"'p(ets), seER, (20)

where p € C°(R) is a non-negative function with total mass 1 compactly sup-
ported in ]0, 1[. We have the following proposition.

Proposition 8 (Weak traces) Let f € L™(Q x R¢) be a generalized solution
to (14)-{(3). There exists fI° € L>(R x R), Fy € L2(]0, T[xR) and a sequence
(nn) 4 0 such that, for all p € L2(R xR), for all 0 € L2(]0, T[xR) (the subscript
¢ denotes compact support),

/ / filt, € (Dple, €)dédtdz — / / S (@, ) (e, €)dédr,
Q JR RJR
(21)

/ / fe(ty 0, h(@)a(), (1)0(H, €)dédtdz — / / Fo(t.€)0(t,)dedt (22)
QJR 0o JR

as n — +00. Besides, there exists non-negative measures m%°, m+y on R? and
[0,T] x R respectively such that:

70

o mY’ (resp. my ) is supported in Rx] — oo, 1] (resp. [0,T]x] —o0,1]), m™
(resp. m_) is supported in R x [0, +oo[ (resp. [0,T] x [0, +0o0]),

o for all p € C=(R2), § € C=([0, T[xR),

/ T odude = / Joipduds — / Depdm™ (2,6),  (23)
R2 R2 R2

/OT/RFi@dédt =— (kp —kgp)* /OT/RG(S)MEdt
_/()T/Ragedmi(t,g). (24)

Proof: The first part of the proposition does not use the fact that f is solution.
Indeed, since |f+| < 2, we have

T T T
[ fsttaga <2 [ wiola=2 [ pyar <2
0 0 0

for all (x,£) € R2. This gives in particular a bound in L?(K), K compact of R?
on fOT fx(t,-)wy (t)dt, hence existence of a subsequence that converges weakly in
L?(K). Writing R? as an increasing countable union of compact sets and using
a diagonal process, we obtain (R1). The proof of (R9) is similar. To obtain (%,
apply the formulation ([L9) to ¢ (¢, z,&) = ¢(z,€)(1 — wn, (t)). We obtain (R3)
by using (1) and setting

/}R2 pdm(z,§) = lim /Q/Rgo(x,g)(l — wy, (1))dmy (t,z,€)

n—-+oo



for all non-negative ¢ € C.(R?): the limit is well defined since the argument is
monotone in n and it defines a non-negative functional on C..(R?) which is repre-
sented by a non-negative Radon measure. Similarly, applying the formulation

(L9 to v(t, z,&) = 0(t,€)(1 — wy, (z)), we obtain (P4) with

/ /Odmitg ngrfw//etg (1w, (2))dme (1, 2, €)

for all non-negative 6 € C.([0,T] x R).

Remark: Since 0 < f < xq, (@) shows that f1°, resp. fI°, is supported
in Rx] — oo,1], resp. R x [0,400[. Similarly, F, resp. F_, is supported in
[0, T]X] — o0, 1], resp. [0,T]x [0, +0o[. We use this remark to show the following

Corollary 9 For all p_ € L*°(R?) supported in [-R, R] x [-R, +oo[ (R > 0)
such that Jep— < 0 (in the sense of distributions), we have

lim //erw (z f)d{dtdz>/ Jo,+p—dzdg. (25)

n—-+oo

For all 6 € L*°(]0,T[xR) supported in [0,T] X [-R,+oo] (R > 0) such that
0:0_ <0 (in the sense of distributions), we have

Jim / / fok(@)a(€)w!, (2)0_ (1, €)dedtdr > —(ky—kp)* /0 /]R a(€)6_dedt.

n—-+oo QJR
(26)

Proof: Note first that each term in (§) is well defined by the remark above
and that, by (@),

Jim_ /Q /R Fult 2, €y (D (x, €)dedtde = /R /R [P deda.

By regularization (parameter €) and truncation (parameter M), we have

/ 7 — fous)p—dudé = / ~ for )™M dude + (e, M),
RZ

where lim n(e, M) = 0. More precisely, we set
e—0,M—+o00

=M = (- * ) X xur,

where ). is a (smooth, compactly supported) approximation of the unit on R?
and xjs is a smooth, non-increasing function such that xy = 1 on | — oo, M],

xm =0 on [M + 1,4o0. Apply (RJ) to ©=M to obtain
L7 = o omdeds = = [ 0t am2(,) + (e, ).

For M > R+ 1 and € < 1, we have =™ = ¢_ % 1., hence 8£gaiM <0. It
follows that

07 = fo)p-dads = nfe. )

for M > R+ 1, e < 1. At the limit M — +o00, ¢ — 0, we obtain @) The
proof of (R4) is similar. m

10



3.2 Proof of Theorem [f]

Our aim is to show the following

Proposition 10 Let ug,v9 € L°(R), 0 < ug,vg < 1 a.e. and let f, resp
g, be a generalized solution to (@)-) with datum ug, resp. vo. Let M =

sup  |k(z)a(§)|. Then we have, for R >0,
z€R,£€[0,1]

1 (T
?/ / / —frg_dédxdt < / (up — vo) T dx. (27)
0 {lz|<R} JR {lz|<R+MT}

Remark: In case f = xu, § = Xv, we have [, —f1g-d{ = (u — )", hence
(B7) gives uniqueness of the solution to (E)-) (more precisely, it gives the
L'-contraction with averaging in time and the comparison result ug < vg a.e.
= u <wv ae.).

Remark: To obtain the second part of Theorem ﬂ, we apply (@) with g = f

to obtain .
/ / / —fyf-dédxdt < Q0. (28)
0 {|z|<R} JR

Since 0 < f < xi1, we have fi > 0 a.e. and f- < 0 a.e. We deduce from
(B) that f.f- = 0 a.e. Let v, denote the Young measure —0¢ f4+: we have
Ocf- = 0cf — 00 = O¢ f+ and, by examination of the values at £ = +o00 of f4,
for a.e. (t,z) € Q,

f+(ta$a€) = Vt,m(ga +OO), f—(taxag) = —l/t7l(—OO,£)-

But then, the relation fy f_ = 0 implies that v , is a Dirac mass at, say, u(¢, x).
By measurability of v, u is measurable and f = x4.

Proof of Proposition : Since fy and g_ satisfy
[ [ 10w+ kwya(©p,v)dsdrds
QJR
T
_ _ +
w [ [ poew0m,acdn o~k [ [ at@rute0. s

4A&WW@L@(M

and
//9—(3t1/1+k(z)a(§)3x¢>d§dtdz
Q JR
T
+AAQO,—¢(Oa$a§)dfd$—(kL—kR) /0 Aa(&)w(t,o,g)dgdt

_ /Q /R Detbdp_(t,2,€)  (30)

for all ¢ € C°([0, T[xR xR) (here go,— = sgn_(vp—&) and p_ is a non-negative
measure on [0,7] x R x R supported in [0,7] x R x [0, 4+00[), it is possible to

11



obtain an estimate for —f,g_ by setting ©» = —g_¢p in (@) and ¥ = fip in
(BY) (¢ being a given test function) and adding the result. This requires first,
however, a step of regularization.

Step 1. Regularization. Let p, . s denote the approximation of the unit on
R3 given by

Pae,s(t,1,8) = pa(t)pe(2)ps(€), (t,x,€) € R,

where p. is defined in (R0)). Let ¢ € C2°([0, T[xR x R) be compactly supported
in ]0, T[xR\ {0} x R. Use ¢ % po.cs as a test function in (RY) and Fubini’s
theorem to obtain

/Q /R 2 @) + k(2)a(€)Da ) dedtde
T
4 /R /R fost # pave.s (0,2, E)déda — (kr, — kr)*+ / / Q(EN) * paes(t, 0, E)dEdt
/ /agwdma“S (t,2,8) + Rae.5(1),
where fi’87 = f+ * Pae,ds m+’ =0 = Mgk Page,s and

Roeos (i / / o IR(@)a(€) (00 # pac.s — (k(2)a(€)Drt) * poe.s]dedtda.

Here we have denoted p(t, z,£) = p(—t, —x, —§). Also observe that, implicitly,
we have extended fi by 0 outside [0, 7] since, e.g.

/f+ )Y * pa(t)dt = //f+ (s)pa(t — s)dsdt
— [ vt / P (t)pals — t)dtds.

Since 1) is supported in ]0, T[xR \ {0} x R, we have, for «, ¢ small enough,

//fO,-‘rw*pa,a,é(O,m,E)dfdm =0,
RJR

T
/ / a(E)V * pa,e,s(t, 0, &)dEdt =0,
0 R

and

Roeos (46 / / FLk(@)[a(€) (D) # pae.s — (@(E)Dath) % peoc.s]ddtde.

We deduce
/ / 25 0y + k(x)a(€)Dp ) dédtd

/ / Detbdm 0 (8, 2,€) + Racs(®). (31)
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A similar work on g_ gives

/ / ,8,1/70( tw k(x)a(‘f)azl/])dfdtdx
QJR
/Q/Ragzbdp ,u,a(t,z,é) + Qﬂ,y,g(zb), (32)

where

Qo) = /Q / 0 k(@) [a(€)(Dat) * s — ((€)010) * pp.00)dédtda.

a,e,d Bw,o

Step 2. Equation for — (g7, Let ¢ € C°([0,T[xR) be non-negative
and compactly supported in |0, T[xR\ {0} Notice that ¢ does not depend on

€. Set ¢ = —pg>" in BI), ¥ = —pf° in B2). Since
f0:(w0g) + g0(f) = fgorp + 0i(0fg),

we obtain by addition of the resulting equations

/Q /R pe P (D 4 k(2)a(€) Do) dEdbde

/ /8fmd 2 (1, €) + Deg 2T dmy T (¢, 2, €)

+ Raes(—09”"7) + Qp o (—of350).

Notice that the term
/ /Gfae‘sdp;"a(t:I:E)—i—@ggg”admae‘s(t,x,g)

a,e,0

is well defined since the intersection of the supports of the functions f,"=" and

P27 (resp. 27 and m¢ ¢ %) is compact. Actually, this term is non-negative

since p>"7 ,my %> 0 and agffr"s’a, 8598"/’0 < 0. We thus have

| [ =120 @ + @)a©)0uitds
QJR
> Roes(—99”"7) + Qpuo(—pf0). (33)
It is easily checked that
Racs(—pi®"7) = O(w™10), Qpua(—phy™") = 0( o),

hence

V0 a,e,d
61;m Raeé( (,09'(3 )+QB,V,<T( (pf © )

At the limit 6,0 — 0 in (B3), we conclude that

// 1P By + k(2)a(€)yp)dedtda > 0, (34)
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Step 3. Traces. Suppose that kr, < kr. We then pass to the limit €, — 0 in

(B4) to obtain
/ / Fog" (O + K()a(€)0p)dedtdr > 0. (35)
QJRr

Note that in the opposite case kr, > kg, and with our method of proof, we would
first pass to the limit on 3, v. Let us now remove the hypothesis that ¢ vanishes
at t = 0: suppose that ¢ € C°([0,T[xR) is non-negative and supported in

[0, T[xR\ {0} and apply BY) to ¢(t,z) = (¢, 2)w,, (t). We have
/Q [ =48 (00000 + k@)al)0,v) st
+ /Q /R —f+g2Pp(t, 2)w), (t)dedtdr > 0. (36)

By (9) applied with o_ (x, ) = g'f’”(O, x,8)Y(0,z), we obtain

n—-+o0o

lim /Q /]R f+927(0,2,6)9(0, x)w;, (t)dédtdz
2/R/Rfo,Jrg_’V((),:c,g)q/)(()’x)dgdz'

Now f4(t,x, f)glj’”(t, x, &)Y (t, x) has a compact support, say in [0, T] x[—R, R] x
[ R, R], thus ¢_(t,z,§) = gé’”(t,z,{)z/;(t,z) is uniformly continuous on this
compact support. Therefore for p > 0, there exists v > 0 such that |¢_ (¢, 2,£)—
0 (0,7,8)] < gz for any 0 <t < and any x,¢§ € [~ R, R], and then for large
n, we have n,, <~ and

[ [ 14009 (5200, 00.0) = 210.0.000.2)) i, ()i
QJRr

< [ [ 1522000, 0 g Yo el mnpdéitds
Q Jr
<u [ o Odt=p. @7
Thus we obtain, at the limit n — 400 in (B4)),
/Q [ =107 00 + hia)a()0r0)dtitda
[ [ ~ha0.2.900.2)d¢0 > 0
R JR

The next step is then to remove the hypothesis that 1 vanishes at x = 0 by
setting ¥ (t, ) = 0(t, x)wy, (x) where 6 € C°([0, T[xR) is a non-negative test-

14



function. We have
/ / Fig? o, (@) (040 + k(x)a(€)0,60)dédtdx
+/Q/R—f+gB’”9(t,x)k(:E)a(§)w;n (z)dédtdx
4 /R /R o g™V (0,2, )0(0, ), (x)dédz > 0.
By (4) with 0_(t,€) = ¢ (£,0,£)0(t,0),
dim / / Fik( Pv(t,0,€)0(t, 0)dEdtda

—(kp, — kg) // Y(t,0,€)0(t,0)dedt,

and by an argument similar to (B7), the limit as [n — +oc] of the term

/ / Fik( W (g, (t,2,€)0(t, z) — gé’”(t,O,«E)H(t,O)) dedtdz

is zero. We have therefore
/ / —F+.9%7 (0,0 + k(2)a(£)0,0)dédtdn
o JRr
T
o=kt [ [ a7 10,0000, 0)dscs
o JR
+//—f07+g€’y(0,x,§)9(0,x)d§dac > 0.
RJR
Since (k1 — kr)* = 0, we have actually
| [ ~tia7 @6+ bwjate)o. e
QJRr

[ [~ fasd 0.0,900,2)d¢ds > 0.

Take 8 = n, where (1,) is given in Prop. E At the limit v — 0 first, then
n — 400, we obtain

//7f+g*(at9“f(x)a(&)@ze)dgdtdx
QJR

+1imsup//—f0,+g7l"(0,x,§)9(0,x)dfd:z: >0. (38)

n—-+oco JR JR

Observe that
T
g(0.2.6) = [ g-(t.2. O, (Dt
0

T
- / gt €, (D).
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By (9) (transposed to g_ tested against a function ¢ ), we have

lim /R /R — fo, g™ (0,7, )0(0, z)dédz < /}R /R — fo,+.g0,_6(0, z)déd.

n—-+0oo
Since
[ ~foeg-ds = [ ~sgn.un ~ E)sen_ (o0~ € = (w0 00)",
R R
we obtain by (BY),
/ / —f+9- (00 + k(z)a(£)0,0)dEdtdx + /(uo —v9)T(0,z)dz > 0. (39)
QR R

It is then classical to conclude to (@) let M >0,R> MT,let n >0 and let r
be a non-negative, non-increasing function such that r = 1 on [0, R], r = 0 on
[R + 1, +ool. Set O(t,z) = L=tr(|z| + Mt) in (BY) to obtain

1
—/ / —frg-r(Jz| + Mt)dédtde < / (up — vo) Tdx + J,
T'JgJe {lz|<R+n}

where the remainder term is

Tt
J= /Q [~ e Tt 200 + bwa(E)sen (o))t

By definition of M, J < 0 and since r(|z|+Mt) = 1 for || < R—MT,0<t < T,
we obtain

1 T
?/ / /ferg,dfdzdt §/ (up — vo) T da.
0 Jiz|<R—MT JR {|z|<R+n}

Replacing R by R+ MT, and letting 7 — 0 gives (7). m

4 Convergence of the BGK approximation

Theorem 11 Let ug € L'NL>®(R), 0 <wug <1 a.e. When e — 0, the solution
f¢ to the (ﬂ) with initial datum fo = xu, converges in LP(Q xR¢), 1 <p < 400
to Xu, where u is the unique solution to ([16)-(17).

Proof: For f € L'(R;), set

13
m(€) = / (tu — 1)(O)C, w= /R F(€)de.

— 00

It is easy to check that m; > 0 if 0 < sgn(§)f(€) < 1 for a.e. & (¢f. (29) in
B ). In our context, we have 0 < f€ < x1, hence m® := %mfs > (0. Viewed
as a measure, m® is supported in [0,7] x R, x [0,1]. Integration with respect

to & in ([]) gives

£ £
me(€) = by < /0 ff(@dg) +a, (k(z) /0 a<c>f6<§>d<>
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in D'(]0, T[xR;). Summing over (¢,z) € [0,T] x [z1,x2], § €]0,1], we get the
estimate

me (10, 7] x [a1, 5] x [0, 1]) = / - / (1= &)(f (T, ) — f°(0,,€))dedx

/0 /0 (1— O)k(@)a(€) f* (t,2.)dedt| . (40)

1

+

Since f¢(t) € L'(R, x Re¢), there exists sequences (z7) | —oo and (z%) 1T o0
such that the last term of the right hand-side in (i) tends to 0 when n — +oc.
Since, besides, f¢ > 0 and

/R/RfE(T,:E,é)dfdzg/R/quodgdxzHUO”LI(R),

we obtain the uniform estimate
m=([0,T] x R > [0, 1]) < {|uoll 2 g)- (41)
We also have
0<f"<x1, —0fi(t,2,8) =v; () +0(e) (42)

where v§ ,(§) 1= Oy (1,2)(§) and the identity is satisfied in D'(]0, T[xR, x R¢).
Indeed, by ([lf)

)

f5 = xus + (00 f° + 0u(k(2)a(§) 7)) = xus + O(e),

hence

=0 [T = =0 f" + 60(§) = —0exus + 60(§) + O(e) = dus (§) + O(e).

Notice that, for a.e. (¢,z), v, is supported in the fixed compact subset [0, 1]
of R¢. We deduce from ([)-(#2) that, up to a subsequence, there exists a
non-negative measure m on R3 supported in [0,7] x R, x [0,1], a function
f € L>(0,T[; L' (R, x R¢)) such that 0 < f < x1, —0ef4+(t,2,£) = 11.5(€)
where v is a Young measure () — R¢ and such that m® — m weakly in the sense
of measures (i.e. (m®—m, ) — 0 for every continuous compactly supported ¢
on R?) and f* — f in L=(Q x R¢) weak-star. Besides, since f¢ € C([0,T]; L}, )
satisfies f¢(0) = fo and the BGK equation

Opf* + Op(K(x)a(§) ) = Ogm®,

it satisfies the weak formulation: for all ¢y € C°([0, T[xR x R),

/Q/RfE(atw+k(z)a(f)&ﬂ/f)d&dtdz+/R/Rf0¢(0,$,§)d§dz

- /Q [ ocvant.2,6)
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In particular, we have

/ / FEO0 + k(2)a(€)0, 1) dedida + / / fos (0., £)dedz

/ / sen- Ya(€)Dywdedtdr + / / Derpdm? (¢, z, €)
=(kgr — k1) / /sgn Y(t, 0 5)d§dt+/ /agwdm (t,z,§)

— (s, — kp) / / W(t,0,€ d§dt+/ /agz/zdmi(t 56, (43)
where
(Mm%, 0cy)) == (m=, O¢tp)

— [ €0k~ k)sen () + (ks — ke (e 0. ). (44)

More precisely, we set

+oo
ms, = m* + /E a(Q)[(kr — k) "sgn, (¢) — (ke — kr)~sgn_(C)]d¢o(x = 0),
and

13
me = m+ [ a(Ollkn ~ ki) *sn, (€) = (b~ ki) “sgn_()dC3(z = 0)

— 00

Notice that in both cases, and since A(£) > 0 for any &, we have added a non-
negative quantity to m®. At the limit ¢ — 0 we thus obtain m% — m4 where
m4 is a non-negative measure. Examination of the support of m% shows that
my, resp. m_ is supported in [0, T] x Ry x] — 00, 1], resp. [0,T] x Ry x [0, +00].
At the limit e — 0, we thus obtain the kinetic formulation ([L). We conclude
that f is a generalized solution to (E)—(E) By Theorem [, f = x. where
u € L™(Q) is solution to ([LG)-([[7). By uniqueness, the whole sequence (f¢)
converges (in L weak-star) to x,. Actually the convergence is strong since

/ / 1° = xulPdedtda = / / o2 = 2F% 0 + udédtda
QJR QJR

< /Q /R FE = 2f X + YudEdtda. (45)

We have used the fact that 0 < f¢ < 1. The right-hand side of ({g) tends to 0
when ¢ — 0 since 1, x, € L* can be taken as test functions. Hence f¢ — x,,
in L?(Q x R). The convergence in LP(Q x R), 1 < p < +oo follows from the
uniform bound on f€ in L' N L®(Q x R). m

Remark: it is possible to relax the assumption that the initial datum for ()
is at equilibrium and independent on € in Theorem E Indeed, the conclusion
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of Theorem @ remains valid under the hypothesis that the initial datum f§ for
() satisfies

0<fE<xi f—fo uole) = /}R Jola, €)de, (46)

where f§ — fo in ({6) denotes weak convergence in L'(R, x R¢). Indeed,
the proof of Theorem [L1] remains unchanged under the following modification:
passing to the limit in (), we obtain that f is a generalized solution to (L)
with an initial datum f that is not necessary at equilibrium. However, we have

(¢f- (29) in [Bres3)
fo —sgnp(€) = sgny (ug — &) — dem,

where m9. (resp. m%) is a non-negative measure supported in [0, 7] xR x]—o00, 1]
(resp. [0,7] x R x [0, +00]). Consequently, up to a modification of the kinetic
measure m4, we obtain that f is indeed a generalized solution to ([L6)-([[7). The
rest of the proof is similar.
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