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INF-SUP STABILITY OF THE DISCRETE DUALITY FINITE
VOLUME METHOD FOR THE 2D STOKES PROBLEM

FRANCK BOYER, STELLA KRELL, AND FLORE NABET

ABSTRACT. “Discrete Duality Finite Volume” schemes (DDFV for short) on
general 2D meshes, in particular non conforming ones, are studied for the
Stokes problem with Dirichlet boundary conditions. The DDFV method be-
longs to the class of staggered schemes since the components of the velocity
and the pressure are approximated on different meshes. In this paper, we in-
vestigate from a numerical and theoretical point of view, whether or not the
stability condition holds in this framework for various kind of mesh families.
We obtain that different behaviors may occur depending on the geometry of
the meshes.

For instance, for conforming acute triangle meshes, we prove the uncondi-
tional Inf-Sup stability of the scheme, whereas for some conforming or non-
conforming Cartesian meshes we prove that Inf-Sup stability holds up to a
single unstable pressure mode. In any cases, the DDFV method appears to be
very robust.

1. INTRODUCTION

1.1. The Stokes problem. In this paper, we are concerned with a finite volume
approximation of the following 2D incompressible Stokes problem: Find a velocity
field u :  — R? and a pressure field p: Q — R,

—Au+Vp = f, inQ,
(11) diva = 0, in Q, )
u = 0, on 09, m(p) & — / p=0.
Q

mq
We assume that €2 is a bounded connected polygonal domain in R?, mg, being its
Lebesgue measure, and f is a function in (L?(9))2.
We recall that the well-posedness of this problem is related to the validity of the
so-called Inf-Sup (or LBB) inequality

(1.2) inf sup _bvip) > 0,

peL3 (@) \vemi )2 VI llpllz2

where b(v,p) = / p(divv) and L3(Q) = {p € L*(Q2) : m(p) = 0}. This inequality

is itself known to be equivalent to the existence of a continuous right-inverse of the
divergence operator stated in the following result (see [10, 35]).
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Proposition 1.1. There exists a linear continuous operator 11 : L3(2) — (H(Q2))?
such that

div(T(p)) = p, Vp € L§(9).

1.2. Finite volume methods for the Stokes problem. Finite volume methods
have been extensively studied for a long time in several engineering fields. Indeed,
they are well suited for the numerical approximation of conservation laws appear-
ing for instance in fluid mechanics, petroleum engineering and many other fields.
The theoretical analysis of finite volume schemes (convergence analysis, error es-
timates,...) began at the end of the 1980’s and had a rapid expansion during the
1990’s: see for instance the book by Eymard, Gallouét, Herbin [30] and all the
references therein.

Finite volume approximation of Stokes problems is a current research topic and
can be split into two families of methods: collocated and staggered. Let us cite for
instance the Mimetic Finite Difference method [6, 7, 8], the Discrete Duality Finite
Volume schemes (DDFV for short) [21, 43], the Mixed Finite Volume schemes [27],
the Scheme Using Stabilization and Hybrid Interfaces [32]. The most celebrated
staggered scheme is the MAC scheme [37, 47] on Cartesian grids.

In this paper, we focus on a DDFV approximation of Stokes equations. It is a
staggered method since the approximate velocity field and pressure field are asso-
ciated with different control volumes. Actually, for a Cartesian grid, the scheme
we propose here is equivalent (except on the boundary) to two uncoupled MAC
schemes written on two different staggered meshes. Therefore, the DDFV method
for the Stokes problem can be considered as a possible extension of MAC to general
meshes.

The 2D DDFV scheme requires velocity unknowns on both vertices and “cen-
ters” of control volumes. These two sets of unknowns allow to reconstitute a two-
dimensional discrete gradient (defined on new geometric elements called diamond
cells) and discrete divergence operators that are in duality in a discrete sense giv-
ing its name to the method. This approach was first introduced in [21] but some
important points of the analysis were left open, such as the question of uniform
Inf-Sup stability of the method which is the main topic of our work.

Note that, to overcome these difficulties in the analysis, the author of [21] pro-
posed to formulate the Stokes problem in the vorticity-velocity-pressure form and
then to approximate the velocity on the diamond cells and the pressure on both
vertices and centers of primal control volumes. This dual approach does not seem
to be adapted to Dirichlet boundary conditions or more general problems such as
multifluid Stokes problem for which the viscosity is no more constant on 2. That’s
the reason why we believe that the study of the DDFV method in the natural
velocity /pressure formulation is still an important topic.

In order to cope with the lack, at that time, of a suitable discrete Inf-Sup in-
equality for the natural DDFV formulation, it was also proposed in [43] to add a
stabilization term in the mass conservation equation. With this usual stabilization
technique, a complete analysis of the scheme was given. However, it was numeri-
cally observed in this reference that very accurate approximations can be computed
without stabilization (or at least with very small stabilization parameters).

This is our main motivation in the present paper to go further in the analysis of
the Inf-Sup stability of the original (non-stabilized) DDFV scheme. This scheme
is easy to implement on general grids (with a single loop over diamond cells), has
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a reasonnably small stencil, is parameter-free and possesses the standard algebraic
saddle-point structure well-suited to many iterative solvers and preconditioners.
Moreover, using the Inf-Sup stability results proved in this paper, the error analysis
presented in [43] directly applies to the non-stabilized scheme. We only consider
here the 2D case but it is worth noticing that DDFV schemes have been successfully
extended to the 3D case in [17, 18, 41, 3] for linear anisotropic scalar diffusion
equations and in [45] for the Stokes problem.

The Inf-Sup stability issue has been extensively studied in the framework of
conforming Galerkin/finite element approximations and the main results in this
field can be found in [15, 29, 35] for instance; see also the review paper [9]. In many
cases, the Inf-Sup stability can be analysed by proving the existence of the so-
called Fortin operator as introduced initially in [34]. This strategy was for instance
successfully used for the Crouzeix-Raviart element [20] or the P!+bubble/P! (mini)
element [5]. For the generalised P? /P! Hood-Taylor element or its linear counterpart
PlisoP? /P!, an adaptation of Fortin’s method is necessary [50]. The proofs given
in the present paper can actually be seen as adaptations to the DDFV framework
of Verfiirth’s ideas, even though our approximate pressure field is not continuous.

As far as discontinuous Galerkin methods are concerned (see [23] for a more de-
tailed review of this class of methods), we can cite for instance [16] where the LDG
method in variables velocity-velocity gradient-pressure is analysed in details, in
particular its Inf-Sup stability properties. Since this method is locally conservative,
it can be understood in some sense as a higher order finite volume approximation.
However, this method requires a pressure stabilization term in the mass conserva-
tion equation. Another DG method in the velocity/pressure formulation without
pressure stabilization (at least on matching simplicial grids) is analyzed in [36].
None of these methods is able to cope with general grids without pressure stabiliza-
tion contrary to the DDFV method presented here. This is an important feature
of staggered methods.

1.3. Outline. This article is organized as follows. In Section 2, we first recall the
DDFV framework, introduce the DDFV scheme and define the associated discrete
Inf-Sup condition. In section 3, we first study three examples of different mesh
families for which we are able to prove the unconditional Inf-Sup stability of the
scheme. We also provide numerical illustrations for these properties.

Conversely, in Section 4, we prove that for some other mesh families (of Carte-
sian type), the Inf-Sup stability does not hold. However, we can provide a precise
description of the instability by establishing that there exists only one single unsta-
ble mode in such a way that the Inf-Sup stability holds if we impose to the pressure
fields to be orthogonal to the unstable mode. This seems to explain why, in that
cases, the Inf-Sup instability of the scheme is sufficiently weak so that the conver-
gence properties of the method are preserved even without a strong stabilization
term as observed in [43].

The general idea underlying our analysis is to build a kind of approximate Fortin
operator, since building a real Fortin operator seems to be complicated, in particular
for non-conforming meshes (see Propositions 3.1 and 4.5).

Finally, in Section 5, we propose some numerical experiments to check whether or
not the Inf-Sup stability holds for different mesh families for which we are not able
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yet to provide theoretical results. The conclusion of the study is that the DDFV
seems to be very robust as far as the Inf-Sup stability property is concerned.

2. DDFV FRAMEWORK

2.1. The DDFV meshes and notations. For any two vectors a,b in R?, we
denote by a-b = *ab € R their euclidean scalar product, by a@b = a’b € M5 (R)
their tensor product and by a A b =det(a,b) € R their wedge product. Moreover,
ez ="'(10) and e, = ‘(0 1) denote the canonical basis of R2.

For any two matrices &,& € M5 (R), we denote by (¢ : f) Tr(tgg) € R their
contracted product and by |£| = (£ : £)/? the associated norm.
The meshes. We recall here the main notations and definitions taken from [4]. A
DDFYV mesh T is constituted by a primal mesh MUIM and a dual mesh D*UOIN*.
An example for square locally refined primal mesh is on Figure 1.
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—— Interior primal cells £ € MM --- Dual cells x* € 9t* U 09N*

o Centers m  Vertices xy«

FIGURE 1. (Left) The primal mesh 9t U 090; (Right) The dual
mesh 0 U o™,

The (interior) primal mesh 90 is a set of disjoint open polygonal control volumes
K C £ such that UK = Q). We denote by 091 the set of edges of the control volumes
in 9 included in 0F), which we consider as degenerate control volumes.

e To each control volume k£ € M, we associate a point z,. Even though
many choices are possible, in this paper, we always assume x, to be the
mass center of k.

e To each degenerate control volume x € 09, we associate the point x equal
to the midpoint of the control volume x.

This family of points is denoted by X = {z,, k£ € MU IN}.

Let X* denote the set of the vertices of the primal control volumes in 97 that
we split into X* = X, U X7, where X, N0 = (0 and X7, C 9Q. With
any point .« € X/, (resp. ze+ € XJ,), we associate the polygon x* € I
(resp. k* € OMM*) whose vertices are {x € X, such that z,» € K, £k € M} (resp.

{z+} U{zc € X, such that z~ € K, £ € (MU IM)}) sorted with respect to the
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clockwise order of the corresponding control volumes. This defines the set 0T*UIM*
of dual control volumes.

For all control volumes k£ and £, we assume that dx N Jcz is either empty or a
common vertex or an edge of the primal mesh denoted by o = k|z. We note by &
the set of such edges. We also note ¢* = k*|c* and £* for the corresponding dual
definitions.

Given the primal and dual control volumes, we define the diamond cells D, ,«
being the quadrangles whose diagonals are a primal edge 0 = k| = (T, T,+)
and a corresponding dual edge o* = k*|c* = (2«,2.), (see Fig. 2). Note that
the diamond cells are not necessarily convex. If ¢ € £ N 09, the quadrangle », -
degenerate into a triangle. The set of the diamond cells is denoted by © and we

have Q = U D.
DeD
Notations. For any primal control volume £ € 9t U 99N, we note:

my its Lebesgue measure,

Ex the set of its edges (if £ € M), or the one-element set {x} if x € IM.
Dy ={Dpor €D, 0 € Ec},

e h, its diameter.

We will also use corresponding dual notations: myx, Ecx, D and hycx.

L

N : - :BL',*

N

x L‘
FIGURE 2. Notations in a diamond cell D

For a diamond cell o = D, ,~ whose vertices are (z,, Ti+, 2., x.+) (see Fig. 2), we
note

m, the length of the primal edge o,

m,+ the length of the dual edge o*,

n, . the unit vector normal to o oriented from z, to x,.,
f_»x+ the unit vector normal to o* oriented from z,+ to T+,
hp its diameter,

mop its measure.

We define the set of boundary diamond cells ©.;; as the set of diamond cells
which possess one side included in 0€2; the set of interior diamond cells is thus
Dint = 33\:Dea:t-

Mesh regularity measurement. Let size(7 ) be the maximum of the diameters
of the diamond cells in ®. We introduce a positive number reg(7) that measures
the regularity of a given mesh and is useful to perform the convergence analysis of
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finite volume schemes

M, M, hy Ry
reg(7) = max | N,N* max ——, max —, max ,
DeD®  mp Kem hp  kremruam* hp

DeD DED

(2.1)

hD h)c* h)c
max ,  max , Max ,
DED /Mp K*eMUIM* /Mycx KEM /M
where N and A'* are the maximum of edges of each primal cell and the maximum
of edges incident to any vertex. The number reg(7) should be uniformly bounded
when size(7) — 0 for the convergence results to hold.

2.2. Discrete unknowns and discrete mean-value projection. The DDFV
method for the Stokes problem requires staggered unknowns. It associates to any
primal cell k£ € 9 U I an unknown value u,e € R? for the velocity, to any dual
cell k= € M* U IM* an unknown value ue- € R? for the velocity and to any
diamond cell p € ® an unknown value p” € R for the pressure. These unknowns
are collected in the families

u”t = (u’c))ceml
T u’? = (Ux) ccom 2\ 7 o) D )
u’ = o € (R*)" and p®° = ((p”)pen) € R®.
%gm* = (Ues) v eon-
u = (“n*)n*eam*
We specify a subset of (RQ)T needed to take into account the Dirichlet boundary

conditions
Ey = {uTE (RQ)TSuch that u?™ = 0 and u?™" = O} )

We define now the interior mean-value projection for any vector field v € (H}(£2))?

(2.2)

(o) ) aso (G [ o))

We finally gather these projections in the following notation

Prv

(2.3) Py v = €Ey, Vve(HiN)?

0
Py

0

2.3. Discrete operators. In this subsection, we define the discrete operators
which are needed in order to write and analyse the DDFV scheme. We begin
with the discrete gradient.

Definition 2.1. We define the discrete gradient operator V® mapping vector fields
of (R?)” into matrix fields of (M>(R))®, as follows

1
vD T —
u 2mp

[m, (s — ) @ g + My (Upx — Wyer ) @ Tpniex], VD €D,

for any u” € (RQ)T.
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Definition 2.2. We define the discrete divergence operator div® mapping vector
fields of (RQ)T into scalar fields in R®, as follows

1 _
divPu” =Tr(VPu”) = —— [m,(uz — ux) - Baxc + Myr (Upx — Wper ) * Borper]
2mop
for any » € ® and any u” € (RZ)T.
Definition 2.3. We define the discrete divergence operator div’ mapping matrix

fields in (M3(R))® into vector fields in Eg, as follows

1
divee® = — > m £ f, Vi €M,
K

oedx
s KF D 1 E D= *
div 5 = ma*é_ N xpcx, Vi € N 5
Kr o*eoK*

for any ¢° € (Mo(R))®.

In order to write the DDFV scheme in a compact form, we will denote the
discrete divergence on the primal mesh and the one on the interior dual mesh as
follows

div”e® = (divee®) o, divTET = (divER) L o

Definition 2.4. We define the discrete gradient operator V7 mapping scalar fields
R?® into vector fields in Eq as follows

VTp® = div” (p°1d), ¥p° € R®.
Remark 2.5. We emphasize that, by definition, div’* ¢® and V<" p® are set to 0
for boundary dual cells £* € 09",
In short, we have introduced four operators
V2 (R?) = (Ma(R))®,
div® : (RQ)T — R?,
div” : (M2(R))® — E,
V7T :R® - E,.

2.4. Discrete inner product and norms. First of all, we define the three fol-
lowing inner products

1
[w”.v7], = ) ( DT Ml - Ve +) . My Uyenr v,c») ., vu”,v7 ¢ Ey,
KEM K*eM*
®°.¢%)s = 3 msp®q®, WW°,¢° €R?,
DED
(6% :¢°)o = Z@mp(f” 97), VED,¢° € (Ma(R))®.
DE

Then, we define the corresponding norms as follows
1
[u”|l72 = [u”,u"]?,  Vu” €Eo,
1
1P°llo,2 = (°,p°)3, ¥ €R?,

16202 = (€2 : €2)3,  VE° € (Ma(R))®.
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The following discrete Stokes formula holds, giving its name to the Discrete
Duality Method (see for instance, [4, 25]).

Theorem 2.6 (Discrete Stokes formula). For all £° € (M2(R))®, u” € Ey, we
have
[divTe® u7], = (€2 : VPu")o.

We finally recall (see for instance, [4]) that v7 € Eg — [[V®v7 |92 is a norm
in Eq (actually, a suitable Poincaré inequality holds) and that for some C; > 0
depending only on reg(7), we have the stability estimate

(2.4) IVoPvlo,2 < Cillvlm, Vv € (Hy(Q)*.

2.5. Stokes-DDFV scheme. The DDFV scheme for Problem (1.1) reads as fol-
lows: Find u” € Eq and p® € R® such that
div™ (-V®u” +p°Id) = 7,
div™" (-V®u” +p°1d) = ™",
div® u” =0,
m(p®) = ¥ mpp” =0,
DPED
with £ = P2 f and £ = P2 f, where the projection is defined by (2.2).

This scheme is formally obtained by integrating the momentum equation in
Problem (1.1) on the primal mesh 9t and on the interior dual mesh 9t* and the mass
conservation equation on the diamond mesh ®. The momentum and mass fluxes
are then approximated by using the DDFV gradients as defined in the previous
section. The homogeneous Dirichlet boundary conditions are specified on 99 and
on 09" through the definition of the space Eg.

We also want to emphasize that the practical implementation of the scheme is
easy since, for any kind of mesh, each numerical flux that needs to be evaluated in
the momentum equation depends, at most, on four velocity unknowns. Moreover,
the matrix of the system (see Section 2.6.2) can be assembled diamond cell by
diamond cell.

In [21] the author shows that for an acute triangle mesh or a non-conforming
rectangle mesh, then Problem (2.5) has a unique solution. However, no stability
estimate was derived even in that cases, that is the reason why we are interested
in studying the discrete Inf-Sup condition for this scheme.

(2.5)

2.6. Discrete Inf-Sup constant.

2.6.1. Definition. Given a DDFV mesh T, we define the discrete Inf-Sup constant
B+ associated with the scheme (2.5) as follows

(2.6) Br = inf < sup br(v7,p?) > ,

p2erR® \ y1eg, VOV [|lo2l[p® — m(p®)llo 2

where:
2.7) b (v, p°) = (divO v, p e = —[v7, VT p°],, W € Ko, Vp° € R®.

For a given mesh T, we classically know that the scheme (2.5) is well-posed if
and only if we have 8, > 0, see for instance [29]. Actually, since the problem is
finite-dimensional, it is easily seen that 5 = 0 if and only if there exists a non-zero
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pressure mode p®, such that m(p®) = 0 and V7 p® = 0. In that case, the couple
(v = 0,p?) is a non trivial solution to (2.5) with a zero right-hand side, which
proves that the scheme is not well-posed.

For a given family of meshes, such that size(7) — 0, we know that the scheme
is stable if and only if
(2.8) silzlg%’l)njo Br > 0.

Assuming this property, it is very easy to adapt the proof of the error estimates
given in [43] to get a convergence result for our scheme without any stabilization
term.

The aim of this paper is thus to investigate from a theoretical and numerical
point of view, whether or not the stability condition (2.8) holds for various kinds
of mesh families. We will see that the results depend on the particular geometry of
the meshes, in particular for non-conforming meshes, which is a case of particular
interest for applying the DDFV method.

2.6.2. Reformulation as an eigenvalue problem. In this section, we describe a prac-
tical method for computing, on a given mesh, the discrete Inf-Sup constant (2.6)
for the Stokes DDFV scheme. The key-point is to relate the value of 5, to the
eigenvalues of a suitable matrix.

To be more precise, let us define N = Card(7), Np = Card(®) and denote
by (-,-) the Euclidean inner product on the spaces R?2¥7 and RV® and |- | the
associated Euclidean norms. We are going to rewrite (2.5) and (2.6) by means of
the following matrices

e The stiffness matrix R € Mjn, (R) such that for any u” € (Rz)T, we
have:

(- dive(vou7))
uasm

(oo
uaim*

)ceim)
Ru” =

)c*EEJJZ*)

We can notice that R, satisfies

(Rru™,vT) = (VPu” : V2v7)p, VuT € (R?) W7 € E,.
Moreover, R+ maps Eg into Ey and is symmetric definite positive on Eg.
Therefore, R;l and Rfl/ 2 are well-defined operators that map Ey into

itself.
e The divergence matrix B € My, an,(R) such that for any u™ € Eo,
p® € R®, we have
<BTuTapD> = bT(uT7p®)'
We can notice that
((_mKVsz})rceim)
0
((*m,C*V’C*pg)mem*)
0

1
Bru” = ((mpdiviu”)pey) and  'Brp® = 3

Observe that, by construction, !B, p® € Eq for any p® € R®.
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e The pressure mass matrix M, € My, (R) such that for any p®,¢® € R®,
we have

(Mrp®,q°) = (0°,4%)n.
The matrix formulation of the scheme (2.5) is then: Find u” € (RQ)T and
p® € R® such that

(5. ) Ge)= ()
(2.9) B 0 p® 0
(M;p®,1) =0.
Using the matrices defined above we can now write (2.6) as follows
B-vT.p®
(2.10) By = inf ( sup (Brv7,p7) ) .

I I
e \Jres, (Revr v (Myp°, p2))
(M7p~,1)=0

We show in the following Lemma that, for a given mesh 7", computing 5 corre-
sponds to solving a suitable eigenvalue problem (see [46] and [15, Section I1.3]). We
then solve this problem by using the subspace iteration method with Rayleigh-Ritz
projections (see for instance [48]). We are then able to compute the actual value of
B+ for different meshes and thus to investigate the Inf-Sup stability properties of
the DDFV scheme.

Notation: From now on, for any square real matrix M with real eigenvalues,
we define \;(M) to be the ith smallest eigenvalue of M.

Lemma 2.7 (Relation with the Schur complement). The discrete Inf-Sup constant
Br satisfies B2 = \a(S7), where Sy is the symmetric matriz defined by

_1 -1
Sr =My *ByR7"ByM;* € M, (R).

1
Remark 2.8. If we set p© = M21, we have S,p® = 0, so that the smallest eigen-
value of the matrix S, is always A1(S7) = 0.

Proof. We perform the change of variable u” = Rév"" € Ey in (2.10) and we get

(BrR: a7, p?)

Br = inf sup

p® eR® uT ek (uT u””% Mo D\3
o) o (u7,u”)? (M7p®,p®)
_1
1 <uT,RT2tB7—p©>

= inf _— sup p

PUER® (Myp®,p®)* \uTeko [ul

(M7p®,1)=0

_1
’RTNBTPE

= ginfg —_—.

p® €R M. ZD’ D\ 2

<Mij’,1>:0< % p%)

1
Considering now 32 and performing the change of variable ¢° = M2 p®, we get

, (BR;"B,p°,p°) (5+¢°,4°)
(2.11) By = inf ; 5 = inf —an
I o

1
(M2q®,1)=0
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Thanks to Remark 2.8, we have actually proved that 32 is the second smallest
eigenvalue of the matrix S . (]

3. MESH FAMILIES WITH UNCONDITIONAL INF-SUP STABILITY

In this section, we study three families of meshes of the unit square domain
Q =)0, 1[? for which we are able to prove the unconditional Inf-Sup stability of the
Stokes-DDFV scheme.

ESMAEEEE
T T
o T

L
EEMEEMEENEE
T
T

H O

ESEsl=t

(A) Conforming triangle mesh (B) Non-conforming triangle mesh (¢) Checkerboard mesh

FIGURE 3. First series of meshes

e The conforming triangle meshes on Fig. 3a: note that all the results con-
cerning this mesh family hold for any other connected polygonal domain
Q.

e The non-conforming triangle mesh on Fig. 3b: these meshes are obtained
by performing a k X k rectangle mesh of the subdomain |0, 0.5[x]0, 1] and
a 2k x 2k rectangle mesh of the subdomain ]0.5,1[x]0, 1[ then by dividing
each rectangle into two triangles. We obtain a non-conforming triangle
mesh. Note that the non-conforming edges are situated along one single
line, called the interface.

e The checkerboard mesh on Fig. 3c: we start from a uniform square mesh of
Q) then we divide half of the initial squares into 4 smaller squares as shown
in the figure. This gives a non-conforming quadrangle mesh. Note that,
contrary to the previous case, there are many non-conforming edges in this
mesh (almost a constant proportion of the total number of edges).

3.1. Numerical results. For each of the three mesh families described above, we
compute numerically the square root of the second smaller eigenvalue of S obtained
by the subspace iteration method with Rayleigh-Ritz projection (see [48]).

We observe in each case the behavior of 8 = \/A2(S7) as a function of the mesh
size size(T) (see Fig. 4).

We infer from these numerical experiments, that the DDFV scheme seems to be
Inf-Sup stable for these mesh families, since we observe that 5, remains away from
zero when size(7) goes to 0.
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10°
r Conforming triangle meshes, Fig. 3a —o—
| Non-conforming triangle meshes, Fig. 3b —#—
Checkerboard meshes, Fig. 3¢ ——
10-1 L L
1072 101 10°

FIGURE 4. Stability investigation for a first series of meshes; S,
as a function of size(T)

3.2. Theoretical results. In this section, we prove that the stability observed
numerically in Figure 4 actually holds for these kind of meshes.

The analysis is based on the general theorem that we give below. It relies on the
following property which is proved in [43, Prop. 5.5]. It consists in proving that
the projection operator P], is, in some sense, almost a Fortin operator.

Proposition 3.1. Let T be a DDFV mesh associated with Q). There ezists a
constant Cy > 0, which depends only on reg(T), such that for any v € (H}(Q))?
and p® € R®, we have

(3.1)

> /pD (div® vT — divv) dz| < Colp® |n |Vl a1,
DED JD

where vT =P} v is the mean-value projection of v on the mesh T (see (2.3)).
In this result, the following weak seminorm | - |, over R® is defined by

(3.2) PRl = X (R +hE)eT —p7)? Vp° eRT,
D, D' €D
p|D’
where the notation p|p’ means that » and ' have a common side; we say that they
are neighbors.

Theorem 3.2 (General Inf-Sup stability result). Let be T a DDFV mesh on a
connected polygonal domain €.
Assume that there is o > 1 such that

(3.3) PP < arl[B7VT POl r,  VPT € RP.
Then, there exists C3 > 0 depending only on reg(T) such that,

Cs D D bT(VT7p®)
—[p7 —=m@7)llo2 < sup o5
ar VT ek IVEVT |2 2

that is B+ > Cs/ar.

(3.4) , Vp® eR®,

As consequence, if we consider a regular mesh family (that is such that reg(7) is
bounded when size(7) — 0), then the Inf-Sup stability of the scheme will be proved
if we can obtain the norm equivalence property (3.3) with a number «, which is
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bounded as soon as size(T) — 0. Proving this last property will be for instance the
aim of Propositions 3.3, 3.5 and 3.6 for different kind of mesh families.

Proof. Let us consider a fixed p® € R®. By adding a constant to p®, it is clear
that we can always assume that m(p®) = 0.

Let Cy > 0 be the constant appearing in (3.1) and II be the continuous right-
inverse of the divergence, as introduced in Proposition 1.1.

We divide the analysis into two cases in a similar way as in the classical proof of
the Inf-Sup stability of the Taylor-Hood element (see [29, 35]).

e First case, we assume that p® is such that
1
3.5 KVl r2 < =——[p° |2 2-
(3.5) | I, 2IIHHCzaT” o,

Since the integral of the piecewise constant function p® = 3 pP1, €
DED
L*(Q) is equal to zero on Q, we can take v = II(p®) so that

(3.6) divv=p® and |vlm < [H][lp°]o.2.

We set now v7 = P7 v so that, by construction, we have v7 € Eq. By
using (2.4), we obtain

(3.7) IVovTllo.2 < Cillvlm < [TC1[p® 0.2

We add and subtract Y. [ p”divv to br(v7,p®) and we use (3.6) to get
PED JD

br(vT,p°) = [p° 22+ X [ PP (div® vT —divv).

peED JD

Proposition 3.1 and Estimate (3.6) imply
br(vT.p®) 2 [[P° 113 2 — ITICa[p® [n][p® |10 2-
We apply now the assumption (3.3)
br(vT, %) > [[P° (13 2 = IT|Cocr BTV 2|7 2[1p° ||2,2-

By assumption (3.5), it is now clear that we have
1
b 1) = 2Pl 2

Thus, according to (3.7), letting be 5, = we finally obtain

1
2 cy

bT(VTapg)
Billp®lloz < sup s
vTer, [VEVT o 2

e Second case, we assume that p® is such that
1
3.8 WV r2 > =[P |0 2.
( ) H HT, 2||HHCQO£7—|| H 5

In that case, we do not use the operator II but we directly build a
vT € Eq as follows
(39) Vie = —h2V<p®,  VkeMm, Ve =0, Vkeom,
Vier = —h2.V<"p®, Vkr € M*, Ver =0, Vk* € OM*.
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For any p € ®, by using Definition 2.1 we have, for some C' > 0 depending
only on reg(7T),

mp|VEVT 2 < C (v = ve|* + [Vier — ves|?)
<20 (v + Vel + [vies [* + [vee )
=2C(|hEV™p° |2 + [R2V<p® |2 + |h2. V" p® | + |n2. V= p°|?)
< 2C71eg(T)? (muc | VEp® 2 + me | h . VEp° 2

B V" p2 |2 4 o |h o V7P 2).

+ My
It follows that, for some Cy > 0 depending only on reg(7T ), we have
IVovTllo.2 < Cal W7 V7P| 0.
Moreover, by (3.9) we get
br(v7,p7) = ~[v7, V%] = 17V 3 5.

Thus, we conclude with 85 = —————— that
27 20,1 Cy
br(v7 p@) 1 B2
IT\Y 8P ) > thTp’D > 22 p’}D )
|HV®VTH|©,2 4” ||T,2 aTH ||©72
Noting that a > 1 by definition, the claim is proved with Cs5 = min(8;, f2) which
actually only depends on reg(T). O

Our strategy now is to investigate whether or not the inequality (3.3) holds for
some «, which is uniform with respect to size(T) for each of the mesh families
described above. It corresponds to an estimate of differences of two pressure values
on neighboring diamond cells in terms of the DDFV pressure gradient which is
defined on primal and dual meshes. The difficulty comes from the fact that the
value of the pressure gradient on a given cell depends on the pressure values on all
the diamond cells associated with that cell. Therefore, it is not necessarily easy to
deduce an estimate on the difference of two pressure values.

In order to perform this analysis, we introduce the following notations.
Notations. Let be x a primal cell, p, D', " three diamond cells of k.

o We say that p? LN p®" if there is a C' depending only on reg(7) such that
’ m
p? =7 | < C= VPP
K

o’

We say that {pD,/ LN p” if we have both p” LN p”' and p” LN p””.
p

'

pD” if there exists a C depending only on reg(7) and

e We say that p® LN
a 0 € [0, 1] such that

D D’ D D’ m
0(p” —p™) + (1= 0)(p” —p™ )| < C= [ VP2
K<

e Similar notations are used for dual cells £* € 9t* in place of primal cells
e m.
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Proposition 3.3 (The case of conforming triangle mesh). For a conforming trian-
gle mesh (see Figure 3a), the inequality (3.3) holds with a ar which depends only
on reg(T).

As a consequence, for a regular family of conforming triangle meshes, the DDFV
scheme is Inf-Sup stable.

Proof. For any primal control volume x, we have three diamond cells in D, (one
associated with each edge), that we note D1, Py, P3. By definition of the discrete
pressure gradient we have

3 3
<, D Dj = =
meVip™ = E My, P 'MNyye  and g My, Ny e = 0.
i=1 i=1

This implies for instance

D1 D2

M V<D° = my, (p7 — PP )figyrc + Moy (P72 — PP )l pc

‘We use now the formula
2my = |(Me,Baixc) A (Mo, Ty )|, Vi # 7,

to get
[pPt — pP3| = mQaz |V1cp© /\ﬁayc’ < 07;:& |V’CPD‘~
K

We just proved that p™! LN pP3 and the same argument gives a similar estimate
for the other two possible couples of diamond cells associated with «.
Summing these estimates over the whole domain gives the result
POl = X (W +h3)" —p°)?
D,D €D
D|D’
< Clreg(T)) X hime|V<p®[* < Clreg(T)) N7V TP |5 .
KeM

O

Remark 3.4. Observe that, in this proof, we do not use the pressure gradient on
the dual cells. Actually, the same proof is valid if we assume that the dual cells are
conforming triangle cells.

Proposition 3.5 (The case of a non-conforming triangle mesh). For the non-
conforming triangle mesh described in Figure 3b, the inequality (3.3) holds with a
ar which depends only on reg(T).

As a consequence, for this particular family of non-conforming triangle meshes,
the DDFV scheme is Inf-Sup stable.

Proof. We can notice that if the control volume x has no edge on the interface or
if k is of the right-hand side of the interface, we can apply the same proof as in the
previous proposition.

Thus, the only case that we need to study carefully is the one of a primal cell «©
just on the left of the interface. Even though it is triangle-shaped, such a control
volume is rather a degenerated quadrangle cell since it has 4 neighboring cells and
thus 4 edges and 4 associated diamond cells. That is the reason why the situation
is different, and more complicated, than in the previous proposition.

The situation under study is described in Figure 5. We need to bound all the
possible neighboring pressure differences in « (that is p?* —pP2, pPr —pP4 pP2 —pPs
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FIGURE 5. Notations near the interface for the mesh 3b

and pP3 — pP4) by some quantity depending only on values of the pressure gradient
on a few (fixed) number of cells. Here, we will absolutely need to use neighboring
primal cells in order to get the result. Indeed, the pressure difference p®* — p®2 for
instance cannot been estimated by simply using the pressure gradient on the given
primal cell k. Indeed, if p®3 = pP+ = 0 and p®! = f%pm # 0, then V*<p® is
zero whereas pt — pP2 #£ 0.

e We start by proving a bound on p”' — p®2? by using the pressure gradients
on the other primal control volumes around x. We can see on Figure 5,
and using the same argument as in the proof of Proposition 3.3, that the
following chain holds

pD1 E)pﬁ E}p% EPDZ’
so that, by the triangle inequality, we get that

|pD1_ D2|<C< /C1|Vlc1 ’D|+ )C2|V7C2 ©|+

’Cs VKls @)
e T | |

K3

e We can now study the pressure gradient in the actual control volume under

study k and use that 1., = I, ,«, S0 that
o3 _ poa| = Moy + Moy

5 (Vep® A, x| < C |V’< 2|,

Ip™* —p

R e e A I S B e e A B RN e
and

p™> —p™s| < 5 | VP A | + 07— DQ|<C IV’C 2|+ pPr —p2.
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Combining all the estimates above, we see that any difference between two neigh-
boring pressure values can be bounded by using at most 4 neighboring values of
the primal pressure gradient, and we can conclude the proof as in the previous
proposition. [

Finally, we are able to prove the same Inf-Sup stability property for highly non-
conforming meshes, that is to say for some meshes containing a constant proportion
of non-conforming edges. This result seems to show that the Inf-Sup stability of
the DDFV method is very robust with respect to the non-conformity of the mesh.

Proposition 3.6 (The checkerboard mesh). For a checkerboard mesh as described
in Figure 3c, the inequality (3.3) holds with a ar which does not depend on size(T ).

As a consequence, the DDFV scheme is Inf-Sup stable for this particular family
of non-conforming meshes.

R R R R R R T T Y
AN NN NN NNN N NN NN NN N NN N NN NN NN NN
N N 4
. . Dg . N D10 , m
4 N D5 N ’
/Ds N 7 N 7 -
\ | SRl -
S L T VO
Ao [T <o D
N2 * ~o
+ K- o -
, N 1 ’ 1 =7
, N __—' /l\“\
, N
=71 P N R
c k 3 ' [ ¥ N
. ]/./'I S 7 'K:"k \‘ N
]
S R ’l \\//Dﬁ ’ To v D11
L N\
‘DQ" I R N ’
| ’ N 1 NI ,
,
- % N N7
, N
K P
Y 4--7 Dia .
o .- ’ < ,
- N
] I Sk P TN I

FIGURE 6. Possible configurations of neighboring diamond cells
for the checkerboard mesh, see Fig. 3c

Proof. Let us begin with some remarks. First, the smallest primal cells are square
for which it is impossible to bound all the possible associated pressure differences
by simply using the primal pressure gradient (since the pressure mode where two
opposite pressures equal 1 and the other two equal —1 clearly has a zero pressure
gradient). Second, the biggest primal cells are degenerate octagons since they
are associated with 8 different edges/diamond cells. These two reasons make the
analysis quite difficult.
All the generic configurations of neighboring diamond cells are presented in Fig-
ure 6.
e Let us first look at the situation away from the boundary. Using that ix; is
a square primal control volume, we deduce

K K
pPt =5 pP2 and pPr =L pPa.
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Using that k7, is a triangle dual control volume we deduce

pD1 }C;"l ng’ pD1 K::}l ng, and pD3 K;"l st.
Finally, we use that x; is a parallelogram. Just like in a square, the differ-

ence between opposite pressures can be controled by the pressure gradient,
so that

K K
pP2 =& pPs and pP —L pPr.

We can combine the previous arrows to obtain that

K. K Kt K
D 1 D: 1 D D 1 Ds 2 D
pTt ——=pt —pT, pt——p —pF,
Kk K K1 K K1
pre —= pPt =H pPr PP —= pPt =5 pP2 =5 pPe.

Using the triangle inequality, and the symmetry properties of the mesh, we
can see that all possible pressure differences between neighboring interior
diamond cells can be estimated by the previous computations. Notice that
some estimates require both primal and dual pressure gradient.

e It remains to cope with the case of boundary diamond cells, since we recall
that the dual pressure gradient is conventionally set to 0 on boundary dual
cells (see Remark 2.5) and therefore it cannot be used to obtain useful
estimates.

We observe in Figure 6 two kinds of boundary diamond cells that need

to be investigated.

— The terms involving the diamond cell Dy can be treated as in the
interior case by using the primal pressure gradient on xs and the dual
pressure gradient on K7, .

— Using symmetries of the mesh, we see that the only term involving the
diamond cell D1 that has to be carefully studied is the term p¥:0 —pPs
since the corresponding dual cell is a boundary dual cell for which the
corresponding pressure gradient cannot be used.

We observe that, by definition of the dual pressure gradient on K, we
have

1 e _
Moy (po - i(pvﬁ +pD11)> = Mg (V,Cpg . namE) .
It follows that the following chain holds

- Dg Icx * jo
K p T K- K T
leo { 2 pD12 3 pD7 L pD3 1 pD57

D11

and the proof is complete.

4. CODIMENSION 1 INF-SUP STABILITY

In this section, we shall study the stability properties of the Stokes DDFV scheme
for two families of Cartesian meshes of the unit square domain: the usual uniform
conforming meshes, and two-subdomain non-conforming Cartesian meshes (see Fig-
ure 7). Note that, the same analysis can be applied to other kinds of Cartesian
meshes as we will show in Section 5.
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(A) Uniform conforming mesh (B) Non-conforming mesh

FI1GURE 7. The Cartesian meshes under study

In both cases, we prove (Theorems 4.2 and 4.3) that Inf-Sup stability does not
hold. More precisely, we prove that - = 0 in the uniform conforming case, and
that 8- > 0 with

)

o
size(7T)—0
in the non-conforming case.

This behavior of 8, proves the existence of at least one unstable pressure mode.
More precisely, we prove (Theorem 4.4) that there is in fact only one such unstable
mode. It means that, the Inf-Sup stability property holds if we impose the pressure
fields to be orthogonal to the unstable mode, or if we add a suitable rank one
stabilisation term in the divergence equation. We call this property the codimension
1 Inf-Sup stability.

Actually, this is consistent with the fact that, in practice, the DDFV scheme
behaves very well on such kind of meshes. To illustrate this fact, we show in Fig.
8, the L2-error for the velocity and the pressure using the non-conforming grid of
Fig. 7b for the smooth exact solution given by

u(z,y) = (—271' sin? (mz) cos(my) sin(my)

2 sin? (my) cos(mx) sin(m) ) and p(z,y) = +y -1

We observe the second order convergence for both velocity and pressure.

4.1. Inf-Sup instability. The meshes we consider in this section are Cartesian.
This means that all primal edges are either horizontal, either vertical (note that this
does not necessarily hold for dual edges). Therefore, we can adopt the following
notations

e D" is the set of diamond cells whose associated primal edge is horizontal,
e D" is the set of diamond cells whose associated primal edge is vertical.
Similarly, we denote by 99" (resp. Q") the horizontal (resp. vertical) part of the
boundary of the domain.
We will prove in the sequel that the unstable part of the scheme is completely
contained in a pressure mode which looks like a checkerboard defined as follows.

Definition 4.1 (Checkerboard mode). The checkerboard mode ?® is defined by:

WP = +1, for p € DY,
—1, for p € "
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FIGURE 8. L?-error as a function of the mesh size for non-
conforming mesh (see Fig. 7b)

Observe that m(y®) = 0 and [|¢)® |92 = 1 for the two kinds of Cartesian meshes
studied in this section (see Figure 7).

We easily obtain the following result.

Theorem 4.2 (Inf-Sup instability for uniform Cartesian mesh). For a uniform
Cartesian mesh T, the checkerboard mode 1¥® satisfies

br(vT,p®) =0, W7 € K.
As a consequence, we have B = 0.

Proof. By definition of ¢®, and since every primal and interior dual cells are
squares, we have

VEY® =0, VkeM, and V<¢° =0, Ve e M.
This obviously implies that
br (v, ¥?) = —[v7, VT |r = 0.
O
In the case of the non-conforming Cartesian meshes, the analysis is not so easy
and we will prove that V79® does not vanish but is “small” in a suitable sense.

This implies that S is not zero in that case, but tends to 0 as size(7) — 0. The
precise result is the following.

Theorem 4.3 (Inf-Sup instability for non-conforming Cartesian mesh). For the
meshes shown in Figure 7b, there exist Cs,Cg > 0 which do not depend on size(T ),
such that the checkerboard mode ®° satisfies

bT(VTa 1#@)

C5size(7')% < =T
vTek, VOV llo,2

< Cgsize(T)?.

This implies in particular that B+ < C’Gsize(T)%.
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Proof. The proof is divided into different steps. For any v7 € g, we first evaluate
the contribution of the primal cells in b, (v™,4®), then of the one of dual cells in
order to get (4.1). The definition 4.1 of the checkerboard mode ® then leads to
the upper bound. To conclude, with a particular choice of the discrete velocity v7,
we are able to prove the lower bound.

To simplify the notations in this proof, we denote by h the length of the primal
edges of the coarse part of the mesh.

e We first show that, for any v7 € Eg, the primal control volumes do not

contribute to b (v7,®).

We can notice that if £ € 91 has exactly four primal edges, then the
same computation as the one for uniform Cartesian meshes shows that
V*<¢® = 0. It remains to study the case of primal control volumes with
five edges, that is the ones situated just on the left-side of the interface (see
Figure 9). For such a primal cell Icﬁ7 we have

h _
My VS = R(Pr — P ey 4 2 (67 97 — 207 ey
Since D;r, D, , Dﬁ» are vertical diamond cells and D

diamond cells, we have

tzr — wv; — wDﬁ, =1, and wDi+1/2 — ¢Dé71/2 =1,

l

it1/20 are horizontal

l
Di—1/2

so that we also have in that case Vm§¢@ =0.
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FIGURE 9. Some notations near the interface for the non-
conforming Cartesian mesh, Fig. 7b

e Let us now consider dual control volumes. For a x* € 9 whose associated

vertex xx+ is not on the interface I, we have V*"1)® = 0. This is the same
proof as for uniform Cartesian meshes.
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It remains to study the contributions of dual cells associated with vertices
located on the interface. The geometry of the mesh is such that, there
are two kinds of such dual cells. Some of them are triangle cells «}, for
i =1,...,N, the others are trapeze cells k7, , ,, fort =1,...,N —1 (see
Figure 9). Here, we have set N = n¢/2; n. being the total number of primal
edges which constitute the interface.

— A straightforward computation shows that in triangle dual cells k] we

have,

: h DT 1, o= pt 3h DT
mchVK'iw@:Q(wi—Q(wi+¢"))em+4(¢ —P7i ey
= —heg, Vi=1,..., N.

— For trapeze dual cells «f we immediately get

i+1/20

« 1 -
m)c:ﬂ/zvxjﬂpwg =h <2¢Di+1/2 *1/1 1+1/2 + = (1/1 : + 1+1)> €y
3h - +
+ i e,
—heg, Vi=1,...,N—1.

We observe that the orientation of the two gradients are exactly opposed;
this is precisely the reason why we are able to prove that the contribution
of these terms in b, (v7,1®) is small. More precisely, for any v7 € Eg, we
have

where, we recall that, the boundary value Vi1
Eo.

For any 1 < i < N, we consider the diamond cell p;". By definition of the
velocity discrete gradient on D;r, we have

hy

"
_n T
(V,C;;H/2 — Vi) €p = 5 ex.V7ivT ey

is equal to 0 since v7 €

Therefore, for some C > 0 independent of the mesh size, we get

h
5 V’C:+1/2 ~ Vi) €z

It follows, by the Cauchy-Schwarz inequality that

< Cim. [V VT,
k3

N N %
BT, 00) < C Y m [VPIVT < CIVOVT o (Z mw)

=1 =1
< OVPVT |0,z size(T)?,

and the upper bound is proved.

It remains to prove the lower bound. To this end, we build a particular dis-
crete velocity field v € [Eq parallel to e;, which is zero everywhere except
for its horizontal component on each triangle dual cell on the interface <7,
i=1,..., N, for which we choose v+ = €.
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From (4.1) and straightforward computations we get
AN 1 C

b '7’7 Dy =, S
79 2 2 size(T)2

and [[VOvTlos <

)

which imply the required lower bound.
O

4.2. Inf-Sup stability up to the checkerboard mode. Despite the Inf-Sup
instability of the DDFV scheme on Cartesian meshes that we established in the
previous section, it is observed that the scheme is very accurate (see Figure 8).
Note that, in the case of uniform Cartesian meshes, it is needed to add some
stabilization term (if not the scheme is not well-posed since S = 0), but the
magnitude of this stabilization term does not seem to have any influence on the
accuracy of the method.

We propose an interpretation of this surprisingly good behavior by proving that
there is essentially one single unstable mode and that, in the orthogonal of this
mode, the uniform Inf-Sup inequality holds. Moreover, this unstable mode is close
to (but not always equal to) the checkerboard mode ¢® that we identified just
before (see Theorem 4.7). We refer for instance to the discussion in [15, Section
I1.3].

We first illustrate numerically this phenomenon in Figure 10, by plotting as a
function of size(T)

e the value of 5,

o the value of \/A3(S57) which is the next eigenvalue of the Schur complement
of the system,

e the value of the following co-dimension 1 Inf-Sup constant

7 : bT(vTap:D)
(4.2) Br= _ inf sup
T ey \vrer, IVOVTllo2p® o 2
m(p®)=0

where {2} = {p® € R® : (M, p®,4®) = 0}. Note that 3, can also
be computed by solving a suitable modified eigenvalue problem for which
we do not give the details here.

We observe on Figure 10a that, in accordance with Theorem 4.3, we have 8- — 0
when size(7T) — 0. We also observe that 1/A3(S7) is bounded from below, which

confirms the presence of a single unstable mode. Moreover, 3, also appears to be
bounded from below and seems to almost coincide with 1/A3(S7). This suggests
that the unstable mode (that is the pressure mode for which the Inf-Sup inequality
is an equality, which is related to the eigenvector of S, associated with A2(S7))
should be not too far from the checkerboard mode ¥® that we introduced below.
This is confirmed in Figure 10b where we plot the computed unstable mode, refered
to as qD.

Even if we do not have an explicit formula for this mode, we will prove in
Theorem 4.7 that [|¢® — 0.2 < Csize(T)z.

We are now in position to provide a theoretical justification of these observations
in the following result.

Theorem 4.4 (Codimension 1 Inf-Sup stability). Let be T a uniform or non-
conforming Cartesian DDFV mesh as described in Figure 7. There exists a C7 > 0
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FIGURE 10. Inf-Sup instability for the non-conforming Cartesian
mesh, see Fig. 7b

which does not depend on size(T) such that for any p°® € R® we have

#°,9®)0 = 0 and m(p®) 0] = [C Pl < sup 22T
3 D = - 7 0,2 T arraa— Y
S Vv

which means that BT > (.

This theorem relies on the following proposition which is a suitable generalisation
of Proposition 3.1 adapted to the framework under study.

Proposition 4.5. Let be T a uniform or non-conforming Cartesian DDFV mesh
as described in Figure 7. There exists a ar > 0, independent of size(T), such that
for any v, v € (HE(Q))? satisfying
(4.3) divv" =0 on U D, and divv’'=0 on U D,

Dedv Dedh
there exists a v7 € Eq such that

(4.4) IVovTllo.2 < ar(IV"ar + IV° (a0,
and, for any p® € R®
(4.5)
. A GE
Z@ /pD (leD(VT)dIV <2)>‘ SaT(thHHl + HV’UHHI)HhTVTngTJ.
DE D

Let us first give the proof of Theorem 4.4 using this proposition.

Proof. Let be p® € R® such that m(p®) = 0 and (p®,9®)p = 0. We define the
“vertical” and “horizontal” parts of this pressure field defined by

v h
pD = Z pPlp, and pz) = Z p° 1o,
Dedv DeDh

where 1, is the indicator function of ». By definition of the checkerboard mode
¥® (see Definition 4. 1) we observe that

/ / —Oand/ / = (p°, 1) =0
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It follows that both pgh and p®" have a zero mean-value so that we can apply
Proposition 1.1 and set v = H(pgh), vV =TI(p®").

We can notice that, by construction, div v? = 0 on all the vertical diamond cells,
divv” = 0 on all the horizontal diamond cells, and that divv" + divv? = p®. We
take now v7 € Eq given by Proposition 4.5 which satisfies

IVovTllo.2 < ar(IV* | + [v°][a1) < 207 |T[[p® |9 2-

We can now compute
1 ) ) Vh + v
bq—(VT,p©> = —||p©|\2©,2 + > p” (dlvD(vT) — div ()) )
2 DED JD 2
According to Proposition 4.5 we deduce
1
(4.6) br(vT.p®) > §||p©||2@,2 — 207 [T [[p® |2, 2A7 V7 P® 2.

e In the case where |[h7 V7 p® |2 < mﬂpgﬂg,g, the estimate (4.6) di-
rectly gives
br(vT,p®) 1 HPQH%,Z 1
IVovTlloe = 41VEVTlo2 — Sar ||
and the claim is proved.
e Assume now that |h7 V7 p® |
v7 by (3.9) as in Theorem 3.2, gives the claim in the same way.

19° 10,2,

r2 > mnpgﬂgg. In that case, defining

O

It remains to give a proof of the preliminary proposition. To this end, we use
the following approximation lemma which is a straightforward consequence of usual
results in the finite volume framework (see for instance [4, Lemma 3.3]).

Lemma 4.6. There exists a C > 0, such that if o1 and oo are two segments in R?
contained in a bounded convex set P with non empty interior, we have

1 1 1 1 di 2
/ v — / v|<C ( + ) fam (P) / Vv,
Moy Joy Moy Joy Mg, Mgy, mp P

for any v € WH1(R?).
Proof of Proposition 4.5. In order to simplify the presentation of the proof, we set

VUil dof viivh

(4.7)

The pro20f is divided into different steps. We first deal with the conforming case
(which is simpler) and then with the non-conforming one for which a specific care
is needed for the control volumes near the interface.

We will first start by giving an explicit formula (4.8) for the discrete velocity
vT € Eqy that will fulfill all the requirements. Note that we will need to apply
Proposition 1.1 twice. The stability estimate (4.4) will then be a simple consequence
of Lemma 4.6.

The difficult part will be to prove (4.5). In the case of uniform meshes, we will
obtain that only the boundary diamond cells actually contribute to the estimate and
that the sum of all the contributions can be bounded by some quantity depending
on the velocity gradient and the discrete pressure gradients. For non-conforming
meshes, additional contributions coming from diamond cells near the interface have
to be taken carefully into account.
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e For any k£ € M (resp. k* € M*), we consider two segments 72 and 2 (resp.

v, and 7. in Q passing through the point x, (resp. x,+) as described
in Figure 11. Notice that 2. is horizontal and 7”. is vertical; this is due
to the fact that the superscript indicates the kind of diamond (horizontal

or vertical) for which each ~¢ will contribute and not its orientation.

o0

v h

O S > e € >l
N
N
A A
AN
AN v h
§ h T v AT
N i 7"2‘4-1
i € = s s = @ - € o>
\ Tr Ty
N v
N
AN v
N ; 7R
\ <.
A h Tc* i A A _h
N I x| Vet
N R h Habs) € @ >
\ Viex ~h . v
N N <L i v it
\. € s ... .....
N3 T, e
N E v h
N :
N v : Akpy’c;‘*—l/z
d ’Y[_* E
AN
N o > Y. *->
N L* " K
N 7’%-1/2 i=1/2
N
N
N
AN
AN
AN

(A) Conforming mesh (B) Non-conforming mesh

Fi1cURE 11. Definition of the segments ~g

We can now build v7 € Eq by setting

1 1
Vi €p = v’ ey, Vi €y = Vh~ey, VK € M,
h
.

T Mgk

1
/ vley, Ve cey = vY-ey, VEreM.
h
. VP

Moy Iy
e Let us prove the stability estimate (4.4). We observe that
mp|VPVT |2 < Clreg(T)) (|v,c — VP Ve — vL*\Q) ,

and, with Lemma 4.6,

|V;c - VL|2 < C(reg(T)) //\ (‘Vvv|2 + |vvh|2) )
Kul

(‘VVU|2 + |vvh‘2) ,

Ve = ver P < Cloeg(T)) [

Kruc*
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Using that the set of all the convex hulls of the kind K U 2, for instance,
covers the domain ) at most 5 times, we can sum all these inequalities in
order to finally get

IVOVTI% 2 = X mo|VEVT 2 < Cleeg(T)) (VY13 + V" (13-

DED

e Let us prove (4.5) in the case of a uniform Cartesian mesh. Let p® € R®
and D be any diamond cell. We need to consider different cases.

— The case where D is not a boundary diamond cell. We assume for
instance that D € DY \ Deyt, the case of an horizontal diamond cell
being similar. We refer to Figure 11a for the notations.

Using the definition of the discrete divergence operator div® (see Def-
inition 2.2) and the one of v7 given in (4.8), we get

1
mp dive v7 = i[mo(vg-ew Vi €g) + My« (Ver - € - ey

1
g [ [ et [ v /
2 03 Vi Ve

We use the Stokes formula on the rectangle R, whose sides are ¢,
Yo, ve and 7. and we get

mp dive (vT) = }/ divv?.
2 Jrp
Since D is a vertical diamond cell, we observe that Ry \ D is included
in the union of all the horizontal diamond cells. By assumption (4.3),
we deduce that divv? is zero on Ry \ ». Moreover, using again (4.3)
we get divv"® = 0 on p. It follows that

v h
Mop divD(vT):/div <v+v) :/divv”’h.
D 2 D

Therefore, the corresponding term in the left-hand side of (4.5) is
simply zero.

— The case where D is a boundary diamond cell. We assume for instance
that D € Y N Dy, since the case of a boundary horizontal diamond
cell is similar. We refer to Figure 12 for the notations.

Since vT € Ey, we have viex = v« = 0 and moreover, since vV is
supposed to be zero on 92 and vY C 02, we have

1 1
Vi, €z = vl-ep, and v,.-e, =0= vY - eg.
e, Mg Jyz

It follows that

1
mpdive v7 = =3 7/ v”'ez+/ v' ey
27 Yy

L
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FIGURE 12. Notations for the study of the contribution of bound-
ary diamond cells

where Ry, is the rectangle whose sides are v/ , 7/., 77 and v/.. By
the same argument as in the previous case, using (4.3), we get

1
/pD(divD vT —divv"h) = ipp (/ v’ ey —/ v -ey> .
D Ve Vix

Summing all the contributions of the boundary vertical diamond cells,
we get

> / pP(div® v7 — div v¥")
DED JDEDVND st

1
- > p® v’ ey — vY- ey
2 DeDV D0 o o

1c*

1 / v
B > (pD_pD)</ v 'ey>7
K*eom* Viex

Tyex €00

where D and D’ are the two diamond cells touching x,~ as shown on
Figure 12.
Using the notations of Figure 12, for any x* € 991" such that z,« €

0N we see that the chain p® LN pT1 EZ—) pr2 Ko, p? holds. It
follows that
p” = p”' | < C(reg(T))size(T)(| V1 p®| + |V2p®| + [VFEp2)).

Moreover, for any » € DY N Dy, and according to (4.7) in Lemma
4.6, we have

1 / Ve — / V' e <M/ Vv
Yy y| =
Myr, Jy My Sy My, K1UK2

—_— ——
=0
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so that finally, by using the Cauchy-Schwarz inequality

S 00— [ v ey < Ol IV e
K*EoM™ v

.
Tyox €00Y K

— In conclusion, we proved that

> [ p? (divPvT — divv”’h) <C (||vh||H1 + V¥ #) A"V p® | ;2.

DED

e Let us now prove (4.5) in the case of the non-conforming Cartesian mesh
defined in Figure 7b. We begin by writing the term under study as follows

4.9) ¥ [ p” (divPvT —divv?") = % S (p®—p™) (/ v? ~ey>

DED JD K*€eoMm™*

T €OQY x
1 D D’ h
+ > (@ —-p") v'-eg | + 1.
2 K*€coMm* 'y}’é*
:E,C*Eaﬂh
T E1

The first two terms contain the contributions of the boundary diamond cells
away from the interface, this is the same computation as in the conforming
case. Those terms can be estimated as we did before.

It remains to compute and estimate the contributions of the diamond
cells near the interface that we gathered in the term T7.

We denote by D7 the set of the diamond cells having at least one vertex
on the interface. This set contains both horizontal and vertical diamond
cells and we need to distinguish the two cases. A particular numbering of
those diamond cells is given in Figure 13. In the same figure, we define
vertical segments denoted by wl and oF that will be useful in the proof.

Associated with each of these segments we introduce the following fluxes

+ _ h + _ h
F1+1/2_ v'-eg, F; _/+Vb'ew7
o)

(4.10) - / o= /_ .

We conventionally set, for simplicity

Fl, =F/,

1/ 1/29

FN+1/2’

— - _ gt

Fypp = and Fyy,, = Fy

— We begin with the contribution of the diamondb in ®* N ®!. For in-
stance, we consider the case where D = ;" for some i € {1,..., N —1},

according to Figure 14a and to the deﬁmtlon of the discrete dlvergence,
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FIGURE 13. Definition of ¢Ff and wF for the non-conforming
Cartesian mesh

we have
+ 1
. D T I . _ .
My, div?Pi v7T = 5 (mw2+vnj e, mw;&v,cé e,
Ty Vit T @y T Ve ey
1
T2 VRt TG M Vi " )
i i
h
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R e oA
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FiGure 14. Computation of the vertical interface diamond cells
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By definition of v” given in (4.8), we obtain

Lo 1 1
m+ div?i v = = vl ey — = vY . ey
i 2 ,Y'U 2 v
it v

1 1
—I-*/ vh-em—f/ vh~em>.
2 ot 2/,

If we denote by R the rectangle whose sides are Y., Vot s %gﬁm’

h
*
Kiti2

*
7

w;", and using (4.3), we get
/ divv? = divv”
'D;r R:f

:/ v”-em—/ v“-em—i—/ V”-ey—/ v’ ey.
8! w vy R

’Cf+1/2 i
By subtraction, and using that divv® = 0 in ;" which is a vertical
diamond cell and the definition of the fluxes (4.10), it follows that

v
it
i

/ (diij vT —divv"h) =
+
D

i

(Gj_ -Gy + F¢+ +F - F:Hﬂ B Fill/z) ’

R

In the case where » = p; for i € {2,..., N}, we obtain by similar
computations that
- 1

/ (div?s v —divv®h) = 1 (-Gf+G; +Fr+F —FY ,—F_, ).

D

Finally, for the two boundary diamond cells p; and D‘}\', we get
- 1
/ (div®r v7T — divv¥") = Z(—Gf +Gy + F +F),
D

T
1
/+ (div™¥ vT — divyv®h) = 1 (G — Gy +Fy +Fy).
D

— Let us consider now the horizontal diamond cells touching the inter-
face. We can easily see that, by definition of the segments v"., such
interior diamond cells located on the right of the interface (namely D7,
i=1,..,N and p{,, ,, i = 1,..,N — 1, see Figure 13) do not con-
tribute to the sum under study. Actually, the computation is exactly
the same as in the case of a uniform Cartesian mesh.

It remains to study the contributions of the interface horizontal dia-
mond cells located on the left of the interface and refered to as D!, /2
fori=1,...,N — 1, see Figure 14b.

Similar computations as the ones above give

. ‘D,li T : v,h) _ 1 + - + -
(le +12yvT —divv =3 (Fi+1/2+Fi+1/2 —-Fr—F_,).
Di+1/2



32 FRANCK BOYER, STELLA KRELL, AND FLORE NABET

Gathering all these terms, we are led to the following expression of the
interface term

1

N
+ — _ _
TI :1 217731 (Gj _Gi +F1’+ +Fz _Fij-l/2 _F‘i+1/2)

i—1/2 i—1/2

N
1 Z - _ _ -
+ 4 i=1 P™ <_G;~_ +Gi+ Fi+ +F - Ff,,—F )

N-1
1 ! _ _
T3 Z prve (B, +Fh,, — FF = F)
=1

1 L _ B 1 - 1 r _
_ §pD1/2 (F1/2 + F] ) + §p’71 F1/2 + §p91/2F1/2
1 1 o+ 1 o
_ §pDN+1/2 (FJJ\;+1/2 4 F]J\?) + §pDNF§+1/2 + ipDNH/zFJJ\ﬂ_l/g.

In this computation, we have taken care of the fact that a part of the
contribution of the boundary diamonds D! /25 Dl N ,, and Dy, . have
already been taken into account in the second term of the right hand-side
of (4.9).

We can now reorganize all these terms in the following way

N
+ - _
AT; = (p™ —p" )G} - G;)
=1
N-1 I . B
4 Z (2pDi+1/2 —pPi — pDi+1)(Fi':1/2 + Fijﬂ/z — Fi+ — szrl)
=1
N—-1 B B
(4.11) + ) (Fiy = EN P —p™)

@
Il
—

_ _ + -
(Fy = F )@ —p")

] =

+
1

+ 2Flli (pD; - pvll/Q) + 2F172(pD;/2 - lel/z)

.
Il

+ 2FJ¢ (PDX - PDIN“/Q) + 2F§+1/2 (pD?wl/z — pDi\erl/Q)'

In this formula, the difference of fluxes can be estimated, as before, in terms
of velocity gradients thanks to Lemma 4.6. It thus remains to bound all the
pressure differences involved in this formula by means of DDFV pressure
gradients.

For i € {1,..., N}, according to the Figure 9 we have

i+1

* h s h — +
. VSit129® = [ —p Dé+1/2 —pPiti2 L —(pPit1 D,
) mey, p ( P A opPi 4 (pPe 4 pT) ) e

3h, - +
+ B e~ e,
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so that

2pD'l»'+1/2 — pDT _ pDﬁl :%(p”ﬁl/z — pD?) + %(ppﬁl/z — p”ﬁl)

2 e
. 3
R « V< it1/2
hm}Ci+1/2 p
Moreover, the following chains hold
_ K cx —
i+1/2 + i
pDi+1 —/> pDi — pDi ,
r Kt Kc*
pDi+1/2 LN pDi y ij ,

" Ko . Kr
pD;+1/2 ﬁ pDi+1 —+1> P 7,+1

. _ 1 r I +
lWe also have to bounld the differences pP?1 — pT1/2, pP1/2 — pP12 pPN —
pPN+1/2 and pPN+1/2 —pPN+1/2 corresponding to boundary terms. Let us for

instance detail the reasoning for p®1 — lel/? and pPiz — pDLW. We simply

write
! Dy ! D! 1 ! DY 1 D! ot
pP1z — pPi :(p 12 —p 3/2)+§(p 3/2 —p 3/2)+§(p 3/2 —p 1)
1 + — 1 r ” 1 r -
3 ) ) )
and

lel/Z _pDI/z — (pD1/2 _ D3/2) + % ( D3/2 _ D3/2) + % (pvé/z _pvf)

) )+ ()
According to (4.12), specified to the dual cell J2r We have
% (ng/z _ng/z) + % (p'Dé/Q _pbr)

1/1
= E (3mK§/2VK3/2P mK§/2VK3/2p > .

Furthermore, the following relations hold

Ky

le1/2 BN pDé/z’
+ K3 " r K3

pri — pP, pht — p™
Kt . -

p733/2 RN p1717 le _1> pD1/2.

To conclude, we use all the above estimates of pressure differences and
Lemma 4.6 in formula (4.11) as well as the Cauchy-Schwarz inequality to
obtain

Tr| < C (V" + V2 [lan) 17V 7272,
and the theorem is proved by coming back to (4.9).
O

We are now able to prove that, asymptotically, the unstable mode ¢® is es-
sentially equal to the checkerboard mode. We recall that, according to (2.6), the
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unstable mode ¢® is completely characterized by the formula

b(vT,q°)

(4.13) By = sup et
T vrer, IVEVTlle 2
with m(¢®) = 0 and [|¢®|lp2 = 1 and, for instance, the orientation condition

(¢®,9®) > 0. The following result implies in particular that ¢® converges weakly
(but not strongly) to 0 in L?().

Theorem 4.7 (Unstable mode asymptotics). Let be T a non-conforming Cartesian
DDFV mesh as in Figure 7b and ¢® be the unstable mode numerically observed in
Figure 10b. There exists Cg > 0 which does not depend on size(T) such that

1g° — ¢ ||n,2 < Csize(T)%.
Proof. We set
(4.14) p° =q° — (¢°,v°)°,

so that we get (p®,9®) = 0 and m(p®) = 0. We apply Theorem 4.4 to obtain,
with (4.13) and (4.14), that

b(VT Pg) D D b(VT ¢®)
Crlp® o2 < sup ios—i— < Br + (¢°,0°) sup esi.
vreg, IV2VTllo2 =77 7 vTek, IVPVT o2

By observing that ||1® |2 = [|¢° |02 = 1 and (¢°,9®) < 1, Theorem 4.3 implies
Cs . 1
(4.15) lg® = (4, )9 ®|o,2 < 20—(;5126(7')2.

Furthermore, we have (¢°,9®)2 = ((¢°,¢°)¥® — ¢°,¢°) + [|¢®||3 5. and since
(p®,1%®) =0 and (4.15), we get

2

Cs .
(@0 =1 ¢® = (@ v®)02 3 > 1 — 4 5size(T).
7

We conclude by observing that

19° =920,z < [14° = (a°, ) ®lo 2 + (1 = (¢7,97)) .

5. FURTHER NUMERICAL RESULTS AND CONCLUSION

(1) We first consider other kinds of non-conforming Cartesian meshes of the
unit square Q =]0,1[? as shown in Figure 15. Note that these meshes
present more than one non-conformity interface.

We observe the same results as in the previous case, namely that the
Inf-Sup constant S+ tends to 0 and that 4/A3(S7) is bounded from below
when size(7) tends to 0. In both cases, we deduce that the codimension 1
stability property also holds. We also observe that the unstable mode in
each case has again the shape of a checkerboard mode. Actually, one can
check that the theoretical results proved in Section 4 can be adapted to
these geometries.
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(A) Mesh with two interfaces

(¢) Locally refined mesh
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(B) The corresponding unstable mode
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(D) The corresponding unstable mode

[+ for the mesh with two interfaces —e—

/A3(S7) for the mesh with two interfaces —8—

B for the locally refined mesh ——
\/A3(S7) for the locally refined mesh —4—

(E) The discrete Inf-Sup constant 87 = v/X2(S7) and v/A3(S7)

as a function of size(T)

F1GURE 15. Other non-conforming Cartesian meshes
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(2) We investigate now the Inf-Sup stability property for two families of con-
forming meshes corresponding to various subdomains with either a uniform
Cartesian mesh, or a triangle mesh (see Figures 16a and 16b).

Our results (see Figure 17) show that 5 remains away from 0 when
size(T) tends to 0, and therefore that the DDFV scheme is Inf-Sup stable
for such families of meshes. However, it seems that the adaptation of the
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previous proofs to those cases is not straightforward and thus will be the
object of a forthcoming work.

We also observe in Figure 17 that the DDFV method seems to be Inf-
Sup stable for mixed triangle/quadrangle meshes (Figure 16¢) but also for
more general polygonal meshes constituted by hexagons for instance (Figure
16d).

(A) Mesh with one interface (B) Mesh with two interfaces

(¢) Conforming quadrangle and (D) Hexagon mesh
triangle mesh

FIGURE 16. Various kind of meshes

6. CONCLUSION

In this paper, we have investigated from a numerical and theoretical point of
view whether or not the Inf-Sup stability condition for the DDFV scheme holds
for various kinds of mesh families. We observe that the DDFV scheme seems to
be very robust as far as this stability property is concerned, in particular in the
case of non-conforming meshes. We managed to prove this property for different
mesh families but the proof strongly depends on the geometry of the meshes. Up
to now, we are not able to prove the stability for very general polygonal meshes,
even though we have given numerical evidences that it should be true.
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FIGURE 17. The discrete Inf-Sup constant S = 1/A2(S7) as a
function of size(T)
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