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Abstract

We have recently proposed a new class of gravitational scalar-tensor theories free from Ostro-
gradski instabilities, in Ref. [1]. As they generalize Horndeski theories, or “generalized” galileons,
we call them G3. These theories possess a simple formulation when the time hypersurfaces are
chosen to coincide with the uniform scalar field hypersurfaces. We confirm that they contain only
three propagating degrees of freedom by presenting the details of the Hamiltonian formulation.
We examine the coupling between these theories and matter. Moreover, we investigate how they
transform under a disformal redefinition of the metric. Remarkably, these theories are preserved
by disformal transformations that depend on the scalar field gradient, which also allow to map
subfamilies of G3 into Horndeski theories.
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1 Introduction

The fact that current cosmological observations consistently point to a recent phase of accelerated
expansion has boosted the exploration of alternative theories of gravity (see e.g. [2] for a review), that
could provide a more natural explanation than simply a cosmological constant. Even if these efforts
have not led to a compelling or even realistic model, these research activities have deepened our un-
derstanding of gravity by highlighting the theoretical and observational constraints that alternatives
to general relativity must satisfy.

Many models of modified gravity involve the presence of at least one scalar degree of freedom in
addition to the two tensor degrees of freedom of general relativity. The underlying scalar field can
sometimes be hidden in the explicit formulation of the theory. A typical example is f(R) theory,
where the Lagrangian is written as a function of the Ricci scalar R, but which can be reformulated
as a manifestly scalar-tensor theory (see e.g. [3]).

A minimal requirement on alternative theories is the absence of ghost-like instabilities within their
domains of validity (see e.g. [4] on this point). According to the so-called Ostrogradski’s theorem,
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such instabilities arise in theories characterized by a non-degenerate Lagrangian1 with higher time
derivatives (see e.g. [5]). The simplest example is the Lagrangian

L =
1

2
q̈2, (1)

which leads to fourth-order equations of motion. In the Hamiltonian formulation, an extra degree of
freedom appears so that the corresponding phase space is four-dimensional, with a Hamiltonian that
depends linearly on one of the momenta and is thus (kinetically) unbounded from below. In this case
the extra degree of freedom is a ghost and the theory is not viable.

Not all theories containing higher-order time derivatives in the Lagrangian suffer from Ostro-
gradski instabilities. In particular, this is the case for theories that lead to second-order equations of
motion, such as the much studied galileon models [6], briefly reviewed in Sec. 2.1. Although originally
introduced in Minkowski, the galileon Lagrangians can be extended to general curved spacetimes by
promoting the derivatives to covariant derivatives. However, as discussed in Sec. 2.2, maintaining
second-order equations of motion with respect to spacetime derivatives requires the addition of suit-
able gravitational “counterterms” [7, 8]. The largest class of these Generalized Galileons [9], or G2,
turns out to be equivalent to the more ancient Horndeski’s theories [10], which correspond to the
most general scalar-tensor theories with second-order field equations.

Although Horndeski theories are often considered as the most general scalar-tensor theories im-
mune from Ostrogradski’s instabilities, we have recently showed that this is not the case and proposed
a new class of scalar-tensor theories, reviewed in Sec. 3 (see also Appendix A for the details of the
calculations), that do not suffer from such instabilities [1]. Since our theory contains generalized
galileons (Horndeski) as a special limit, we dubbed it “Generalized Generalized Galileons” or G3

for brevity. It turns out that our theories have the same decoupling limit as Horndeski theories, as
briefly showed at the end of Sec. 3.

The stability properties of G3 are most easily seen by using the ADM formalism applied to the
uniform scalar field hypersurfaces (also called unitary gauge formulation). In this formulation, the
scalar field does not appear explicitly as it is part of the degrees of freedom of the metric, and the
action depends only on first time derivatives of the metric (the “velocities”), as generally expected
from healthy theories. Indeed, the Hamiltonian analysis confirms the absence of unwanted extra
degrees of freedom, and thus the absence of Ostrogradski instabilies [1]. In Sec. 4 of the present
article we give more details about the derivation of the Hamiltonian and about the counting of the
degrees of freedom, which depends on the number and nature (first or second class) of the constraints
between canonical variables. Our analysis clearly proves that our theories contain only three degrees
of freedom and do not suffer from Ostrogradski instabilities, as stated in [1].

Hints that one could go beyond Horndeski theories without encountering fatal instabilities ap-
peared in our previous work [11], where we studied the most general quadratic Lagrangian for linear
perturbations about a homogenous and isotropic spacetime that does not induce higher derivatives
on the linear propagating scalar degree of freedom. Such a Lagrangian contains an additional term,
which is absent in Horndeski theories. In Sec. 5.1 we review this analysis of linear perturbations
and we extend it in Sec. 5.2 by including some matter field, detailing the analysis of [1]. For con-
venience, we describe matter by means of a scalar field with non-standard kinetic term, which can
be formulated in terms of a simple Lagrangian and which is characterized by a nontrivial speed of
sound. We are thus able to derive a quadratic Lagrangian that includes both metric and matter
perturbations in the unitary gauge. A similar calculation was presented in [12], and generalized to
several matter scalar fields in [13]. We also give an equivalent treatment for perfect fluid matter by
working directly with the equations of motion written in the Newtonian gauge, in Sec. 5.3. For this
analysis we find it convenient to employ the notation proposed in Ref. [14], based on the effective

1A Lagrangian L(q, q̇, q̈) is said to be nondegenate if ∂2L/∂q̈2 6= 0
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approach to cosmological perturbations for dark energy, introduced in [15, 16, 11, 17]. In Appendix
B we review the connection between the different notations employed in these references.

Other fissures in the standard lore concerning Horndeski theories were pointed out in [18], which
studied scalar-tensor theories generated by disformal relations [19]

g̃µν = Ω2(X,φ)gµν + Γ(X,φ)∂µφ∂νφ , (2)

where X ≡ gµν∂µφ∂νφ. In particular, it was shown that starting from an action consisting of the
Einstein-Hilbert term for g̃µν and of a standard action for φ, one obtains equations of motion for gµν
and φ that are higher order but can be combined so that the dynamics is only second order. This is
another example beyond Horndeski that is not Ostrogradski unstable. Interestingly, a very similar
argument has been invoked in the context of ghost-free massive gravity in [20].

It is natural to wonder whether our theories could be formulated in a similar way, i.e. derived
via a disformal transformation from a theory belonging to the Horndeski class. We discuss this
issue in Sec. 6 and find that our general theory cannot be derived from Horndeski via a disformal
transformation. Remarkably however, the two non-Horndeski pieces contained in our Lagrangian can
be separately derived from a Horndeski Lagrangian combined with a disformal transformation. Since
the disformal transformation that we consider conserves the number of degrees of freedom, this proves
that our two non-Horndeski pieces are separately equivalent to a subset of Horndeski theories. In
Appendix C we explicitly check in Newtonian gauge that the disformal metric redefinition de-mixes
part of the kinetic couplings (the part containing higher derivatives) between the scalar field and
the metric. In this respect, the disformal transformations considered here are analogous to the field
redefinition removing higher derivatives discussed in the context of massive gravity in [20]. Since
the two disformal transformations are distinct for the two non-Horndeski pieces of G3, the procedure
cannot be applied to the whole Lagrangian. However, the fact that these pieces can be mapped
to Horndeski provides an alternative way to show the healthy behavior of our theories. Using a
disformal transformation, in Sec. 6.5 we provide an example of naively higher-derivative equations of
motion which can be reduced to second order ones, generalizing the treatment of [18].

2 Galileons and Horndeski theories

2.1 Galileon theories

One of the most explored frameworks for infra-red modifications of gravity is the so-called galileon
theory [6], which distills and generalizes the interesting features of the DGP scenario [21] and emerges
in the decoupling limit of massive gravity [22].

Galileon theories can be seen as the effective theory of a Goldstone boson φ in Minkowski space,
that is invariant under a generalized shift symmetry,

φ(x) → φ(x) + bµx
µ + c, (3)

for the five arbitrary parameters bµ and c. Only in Minkowski can we arbitrarily choose a constant
vector field bµ and thus this is where galileon theories are naturally set. At lowest order in derivatives,
there exists a limited number of Lagrangian terms invariant under (3), with schematic form Ln ∼
(∂φ)2(∂2φ)n−2, where n ≤ 5 in four dimensions. Such operators are protected by the symmetry (3)
against quantum corrections [23, 24].

These theories can be most naturally formulated as [6]

Lgal,1
n+1 = (Aµ1...µnν1...νnφµ1

φν1)φµ2ν2 . . . φµnνn , (4)

where Aµ1...µnν1...νn is a tensor separately antisymmetric in the indices µ’s and ν’s and symmetric
under the exchange {µi} ↔ {νi}, e.g. Aµ1µ2ν1ν2 ∝ gµ1ν1gµ2ν2−gµ1ν2gµ2ν1 (see e.g. the nice review [25]
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for technical details). In the above expression and in the rest of this section, we use the shorthand
notation φµ ≡ ∇µφ, φµν ≡ ∇ν∇µφ for convenience. More explicitly, the galileon Lagrangians are
written as linear combinations of the five following Lagrangians:

Lgal,1
2 = X , (5)

Lgal,1
3 = X�φ− φµφ

µνφν , (6)

Lgal,1
4 = X

[

(�φ)2 − φµνφ
µν
]

− 2(φµφνφµν�φ− φµφµνφλφ
λν) , (7)

Lgal,1
5 = X

[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

(8)

− 3
[

(�φ)2φµφ
µνφν − 2�φφµφ

µνφνρφ
ρ − φµνφ

µνφρφ
ρλφλ + 2φµφ

µνφνρφ
ρλφλ

]

.

In flat space there exist alternative (in fact, infinite) versions of galileon Lagrangians, equivalent
up to total derivatives. A particularly compact and popular choice (called “form 3” in [25]) is

Lgal,3
2 = X , (9)

Lgal,3
3 =

3

2
X�φ , (10)

Lgal,3
4 = 2X

[

(�φ)2 − φµνφ
µν
]

, (11)

Lgal,3
5 =

5

2
X
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

, (12)

where we have chosen the normalization factors in order to be consistent with the original expres-
sions (5)-(8).

2.2 Coupling to gravity and Horndeski theories

By going from (5)-(8) to (9)-(12) we have exchanged the order of partial derivatives, which can be
consistently done in flat space. But in general curved spaces, while doing so for L4 and L5 we have
to pay a commutator proportional to the curvature. Indeed, by taking f as a general function of X,
we find that the two main blocks of terms appearing in Lgal,1

4 and Lgal,1
5 are related by, respectively,

f
[

(�φ)2 − φµνφ
µν
]

= −2fX(φµφνφµν�φ− φµφµνφλφ
λν) + f (4)Rµνφµφν + boundary terms , (13)

and

f
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

=

− 2fX
[

(�φ)2φµφ
µνφν − 2�φφµφ

µνφνρφ
ρ − φµνφ

µνφρφ
ρλφλ + 2φµφ

µνφνρφ
ρλφλ

]

− 2Xf
(

(4)Rµσρνφ
µφρσφν + (4)Rµνφσφ

µσφν − (4)Rµνφ
µφν�φ

)

+ boundary terms .

(14)

This also means that the different versions of the galileon Lagrangians, which are all equivalent in
flat space, correspond to genuinely different theories once minimally coupled to gravity by trading
ordinary derivatives for covariant derivatives. Of course, as realized in [7], the minimally coupled
versions of galileons L4 and L5 bring higher (third order) derivatives into the equations of motion.
For example, by varyingX(�φ)2 with respect to φ, one ends up with terms containing two derivatives
hitting on a Christoffel symbol, i.e., three derivatives of the metric. In order to get rid of such higher
derivatives, the authors of [7] added to Lgal,1

4 and Lgal,1
5 suitable gravitational “counterterms” and thus

“re-discovered” Horndeski theories [10], which can be described by an arbitrary linear combination
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of the Lagrangians

LH
2 [G2] ≡ G2(φ,X) , (15)

LH
3 [G3] ≡ G3(φ,X)�φ , (16)

LH
4 [G4] ≡ G4(φ,X) (4)R− 2G4X(φ,X)(�φ2 − φµνφµν) , (17)

LH
5 [G5] ≡ G5(φ,X) (4)Gµνφ

µν +
1

3
G5X(φ,X)(�φ3 − 3�φφµνφ

µν + 2φµνφ
µσφνσ) , (18)

following the presentation given in Ref. [9].

3 Beyond Horndeski: G3

As we have recently shown in [1], it turns out that it is possible to extend the Horndeski Lagrangians
presented above without encountering ghost-like Ostrogradski instabilities. In order to introduce
these theories, it is much simpler to use the so-called unitary gauge, where the uniform scalar field
(φ = const) hypersurfaces coincide with constant-time hypersurfaces. To do so, we assume that the
gradient of the scalar field, ∂µφ, is time-like. Using an ADM decomposition of the metric,

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt) , (19)

we write the Lagrangian density in terms of the intrinsic and extrinsic 3-d curvature tensors of the
spatial slices, respectively denoted Rij and Kij , their traces, R ≡ hijRij , K ≡ hijKij , as well as the
lapse function N . The theories presented in [1] are then given by the action

S =

∫

d4x
√−g(L2 + L3 + L4 + L5) , (20)

with

L2 ≡ A2(t,N) ,

L3 ≡ A3(t,N)K ,

L4 ≡ A4(t,N)
(

K2 −KijK
ij
)

+B4(t,N)R ,

L5 ≡ A5(t,N)
(

K3 − 3KKijK
ij + 2KijK

ikKj
k

)

+B5(t,N)Kij

(

Rij −
1

2
hijR

)

,

(21)

where Aa and Ba (a = 2, 3, 4, 5) are generic functions of t and N . Let us remind that, in terms of
ADM variables, the extrinsic curvature reads

Kij =
1

2N

(

ḣij −DiNj −DjNi

)

, (22)

where Di is the spatial covariant derivative. The combination K2 −KijK
ij in the third line is the

usual GR kinetic term. Indeed, when B4 = −A4 = 1/(16πG), while the other coefficients vanish, the
above action corresponds to the Einstein-Hilbert action up to boundary terms, as can be easily seen
upon using the Gauss-Codazzi relation (see eq. (132) in App. A). In this case the action becomes
fully 4-d diff invariant and there are no propagating scalar degrees of freedom.

We now rewrite the above Lagrangians in a manifestly covariant form, i.e. in terms of φ and
its spacetime derivatives. The dependence on t and N of the functions Aa and Ba will turn into a
dependence on φ and X ≡ gµν∂µφ∂νφ, since φ = φ0(t) and X = −φ̇20(t)/N2 in our ADM formulation.
We can then introduce the unit vector normal to the uniform φ hypersurfaces,

nµ ≡ − ∂µφ√
−X

, (23)
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and define the extrinsic curvature as

Kµν ≡ (gσµ + nσnµ)∇σnν . (24)

Using this expression and K ≡ ∇µn
µ, and denoting the derivation by a lower index, e.g. A2X ≡

∂A2/∂X, the above Lagrangians can be rewritten, after lengthy but straightforward manipulations
explicitly given in App. A, as [1]

L2 = LH
2 [A2] , (25)

L3 = LH
3 [C3 + 2XC3X ] + LH

2 [XC3φ] , (26)

L4 = LH
4 [B4] + LH

3 [C4 + 2XC4X ] + LH
2 [XC4φ]−

B4 +A4 − 2XB4X

X2
Lgal,1
4 , (27)

L5 = LH
5 [G5] + LH

4 [C5] + LH
3 [D5 + 2XD5X ] + LH

2 [XD5φ] +
XB5X + 3A5

3(−X)5/2
Lgal,1
5 , (28)

where Aa and Ba are now functions of φ and X, Aa = Aa(φ,X), Ba = Ba(φ,X), and C3, C4, C5,
D5 and G5 are defined as

C3 ≡
1

2

∫

A3(−X)−3/2 dX ,

C4 ≡ −
∫

B4φ(−X)−1/2 dX ,

C5 ≡ −1

4
X

∫

B5φ(−X)−3/2dX ,

D5 ≡ −
∫

C5φ(−X)−1/2 dX ,

G5 ≡ −
∫

B5X(−X)−1/2 dX .

(29)

If A4 and A5 are related to B4 and B5 by

A4 = −B4 + 2XB4X , A5 = −XB5X/3 , (30)

the last terms of both eqs. (27) and (28) vanish. In this case one is left only with the Horndeski
Lagrangians, which manifestly shows that eqs. (25)–(28) (and thus action (20)) contain Horndeski
theories. In general, the functions A4 and A5 are completely free, which means that our theories
contain two additional free functions with respect to the Horndeski ones.

It is straighforward to see that the minimally coupled versions of the original galileons proposed
in [6], (5)–(8), are contained in eqs. (25)–(28) by the choice of functionsB4 = 0, B5 = 0, A2 = X, A3 =

3X/2, A4 = −X2 and A5 = (−X)5/2. As a corollary, Lgal,1
4 and Lgal,1

5 are already healthy without the
need of additional gravitational counterterms. In other words, the straightforward covariantization of
galileons, i.e. substituting ordinary derivatives with covariant derivatives, is a viable covariantization.
It should be noted, however, that galileon symmetry remains broken by terms proportional to the
curvature, regardless of the chosen covariantization procedure.

Finally, before concluding this section, let us briefly comment on the decoupling limit of eqs. (25)–
(28). In Ref. [26], the decoupling limit of Horndeski theories has been studied by expanding the metric
gµν around Minkowski and the scalar field φ around a constant background value. In doing so, the
following scaling of the functions Ga(φ,X) introduced in eqs. (15)–(18) was assumed [27],

G2 ∼ Λ3
3MPl , G3 ∼MPl , G4 ∼M2

Pl , G5 ∼ Λ−3
3 M2

Pl , (31)

where Λ3 is a mass scale which may be associated to the current accelerated expansion of the universe
(in which case Λ3

3 ∼MPlH
2
0 ) andMPl is the Planck mass. The decoupling limit is defined asMPl → ∞
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while Λ3 remains constant. It is easy to see that taking this limit in eqs. (25)–(28) leads to the same
decoupling limit found in [26] for Horndeski, but with different dimensionless parameters. This is
clearly the case for eqs. (25) and (26), because they are equivalent to the Horndeski Lagrangians LH

2

and LH
3 . Equations (27) and (28) contain non-Horndeski pieces, respectively Lgal,1

4 and Lgal,1
5 . By

expanding these terms in scalar field and metric perturbations, the only contributions that do not
vanish in the decoupling limit are galileons, i.e.,

− B4 +A4 − 2XB4X

X2
Lgal,1
4 ∼ Λ−6

3 Lgal,1
4 ,

XB5X + 3A5

3(−X)5/2
Lgal,1
5 ∼ Λ−9

3 Lgal,1
5 , (32)

where the functions (B4 +A4 − 2XB4X)/X2 and (XB5X/3 +A5)/(−X)5/2 are evaluated on the
background. In conclusion, operators leading to higher-derivative equations of motion in eqs. (27)
and (28) are also higher order in the decoupling limit.

4 Hamiltonian analysis

As discussed in the introduction, theories that contain higher-order time derivatives often lead to
lethal Ostrogradski instabilities. The presence of higher derivatives manifests itself in the form of
extra degrees of freedom that behave like ghosts (i.e. negative energy states). For instance, the
dynamics of a system with a nondegenerate Lagrangian of the form L(q, q̇, q̈) is described by a 4-
dimensional phase space, corresponding to two degrees of freedom, one of which behaves like a ghost
(see e.g. [5]).

In the ADM formulation, our Lagrangian (21) depends on the dynamical quantities hij and their
“velocities” Kij : in this sense, it is already evident that the Lagrangian does not contain higher-
order time derivatives and that Ostrogradski instabilities should not be there. In order to confirm
this intuition, we now perform the Hamiltonian analysis for the Lagrangian (21) and show that
the number of degrees of freedom remains three—i.e. two tensor modes and one scalar mode, thus
excluding the appearance of dangerous extra degrees of freedom. The present analysis details that
of [1] and confirms its conclusions.

The phase space of our theory is described by the variables hij , N , N i and their conjugate
momenta, given respectively by

πij ≡ ∂L
∂ḣij

=

√
h

2

[(

A3 + 2A4K + 3A5(K
2 −KlmK

lm)
)

hij

−2(A4 + 3A5K)Kij + 6A5K
i
lK

lj +B5

(

Rij − 1

2
Rhij

)]

,

(33)

and

πN ≡ ∂L
∂Ṅ

= 0 πi ≡
∂L
∂Ṅ i

= 0 . (34)

The absence of time derivatives of the lapse N and the shift N i in the action implies that their
conjugate momenta automatically vanish. The relations πN = 0 and πi = 0 can thus be seen as
restrictions of the initial 20-dimensional phase space, corresponding to so-called primary constraints.
So far, the situation is quite similar to that of pure general relativity.

The canonical Hamiltonian is then obtained via the Legendre transform of the Lagrangian,

H ≡
∫

d3~x
[

πijḣij − L
]

. (35)

The Hamiltonian is expressed in terms of the canonical variables, which means that, in principle, one
must invert the relation in (33) to obtain ḣij as a function of πij . Because of the presence of primary

8



constraints, the time evolution is governed by the extended Hamiltonian,

H̃ = H +

∫

d3~x
[

λN πN + λi πi
]

, (36)

where λN and λi play the role of Lagrange multipliers. For any function F defined on the phase
space, its time evolution is given by

d

dt
F =

∂F

∂t
+

{

F, H̃
}

. (37)

The Poisson bracket in the above formula is defined, as usual, by the expression

{F,G} ≡
∑

A

∫

d3~x

(

δF

δφA(~x)

δG

δπA(~x)
− δF

δπA(~x)

δG

δφA(~x)

)

, (38)

where we use the collective notation φA = (hij , N,N
i) and πA = (πij , πN , πi).

4.1 Lagrangians up to L4

It is straightforward to apply the procedure outlined above to our Lagrangians up to L4, because the
expression (33) for πij is linear in Kij and can be easily inverted. Including L5 is more involved, as
(33) is quadratic in Kij and we briefly discuss the procedure in the next subsection.

Therefore, assuming that L5 is absent, i.e. A5 = B5 = 0, one can immediately invert (33) to find

Kij = − 1

A4

√
h

(

πij −
1

2
πhij

)

− A3

4A4
hij . (39)

Using (22), it is then straightforward to express ḣij as a function of πij and to substitute the result
in (35). Using integrations by parts to get rid of the derivatives of the shift, one finds that the
Hamiltonian can be written in the form

H =

∫

d3~x
[

NH0(N) +N iHi

]

, (40)

with

H0 ≡− 1√
hA4

(

πijπ
ij − 1

2
π2

)

− A3

2A4
π +

√
h

(

3A3
2

8A4
−A2

)

−
√
hB4R , (41)

Hi ≡− 2Djπ
j
i . (42)

As mentioned in the previous section, by specializing the above expressions to the case B4 = −A4 =
1/(16πG) and A2 = A3 = 0 one recovers the usual general relativity Hamiltonian. In the general
case, however, the Aa and Ba are functions of N , so that H0 now depends on N , in contrast with
general relativity. This difference plays a crucial role, as we will see below.

Let us now consider the time evolution of the primary constraints. Imposing that they are
conserved in time leads to the so-called secondary constraints. For the first constraint, πN ≈ 0, one
finds

π̇N =
{

πN , H̃
}

≈
{

πN ,H
}

= − ∂

∂N
(NH0) , (43)

where the symbol ≈ denotes equality in a “weak” sense, i.e. restricted to the constrained phase space.
Thus, the above equation yields the secondary constraint,

H̃0 ≡ H0 +N
∂H0

∂N
≈ 0 . (44)
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Note that, in general relativity, H0 is independent of N , thus leading to the familiar Hamiltonian
constraint H̃0 = H0 ≈ 0. Similarly, using

π̇i =
{

πi, H̃
}

≈
{

πi,H
}

= −Hi , (45)

the conservation in time of the three primary constraints πi ≈ 0 gives the secondary constraints

Hi ≈ 0 . (46)

These constraints are exactly the same as in pure general relativity, where they are associated with
the invariance under spatial diffeomorphims.

Let us now compute the Poisson brackets of the constraints. We start with the constraints
Hi, for which the treatment is very similar to general relativity. It is convenient to introduce the
“momentum” function

Mf ≡
∫

d3~x f i(~x)Hi(~x) , (47)

where the f i are three arbitrary functions of space. By reproducing the general relativity calculations
(see e.g. the appendix of [28]), one finds

{Mf ,Mg} = Mh, hi ≡ fkDkg
i − gkDkf

i . (48)

It is also straightforward to check that

{Mf ,Tg} = −
∫

d3~x g Di(T f i) =
∫

d3~x T f iDig , (49)

with

Tg ≡
∫

d3~x g(~x)T (~x) , (50)

where g is an arbitrary function of space and T is any combination of the Hamiltonian that depends
on πij and hij , but not on N . So T can be any of the following expressions,

T1 =
1√
h

(

πijπ
ij − 1

2
π2

)

, T2 = π , T3 =
√
h , T4 =

√
hR , (51)

or any linear combination of these with coefficients independent of N . In particular, (49) implies
that in general relativity, where the constraint H0 does not depend on N , the Poisson bracket of Mf

with H0 weakly vanishes.
If the combination T is now multiplied by a function of N ,

T̃ = F(N)T , (52)

one immediately deduces from (49) that

{

Mf , T̃g
}

= −
∫

d3~x gF Di(T f i) , (53)

and T̃ cannot appear after integration by parts. However, by introducing the slightly modified
constraints2

H̃i ≡ Hi + πN∂iN, (54)

2Note that its form is similar to the total momentum constraint that would arise in general relativity with a scalar
field.
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one obtains

{

M̃f , T̃g
}

=
{

Mf , T̃g
}

−
∫

d3~x g
∂F
∂N

T f iDiN = −
∫

d3~x gDi(T̃ f i) =
∫

d3~x T̃ f iDig , (55)

where now T̃ appears explicitly.
This treatment also applies to any linear combination of T̃ terms. In particular, it applies to H0,

since this is given by a linear combination of Ta with coefficients that depend on time and N , and as
a consequence it applies to H̃0 defined in eq. (44). Thus, from the above analysis one concludes that
the Poisson brackets of the constraints H̃i with H̃0 vanish weakly, i.e.

{

H̃i, H̃0

}

≈ 0 . (56)

Using eq. (48) and the fact that Hi does not depend on N , πN , N i or πi, it is also immediate to
verify that

{

H̃i, H̃j

}

≈ 0 ,
{

H̃i, πN
}

≈ 0,
{

H̃i, πj
}

≈ 0 . (57)

Therefore, the Poisson brackets of the three constraints H̃i with all the other constraints vanish
weakly. The same is true for the three primary constraints πi ≈ 0. Consequently, these six constraints,
associated with the 3-dimensional diffeomorphism invariance, are first-class constraints.

The remaining constraints, H̃0 and πN ≈ 0, satisfy the relations

{

πN (x), πN (y)
}

= 0,
{

H̃0, πN
}

=
∂H̃0

∂N
= 2

∂H0

∂N
+
∂2H0

∂N2
. (58)

Provided that the derivative of H̃0 with respect to N does not vanish, this shows that these two
constraints are of the second-class type, in contrast with general relativity.

It is also useful to check that no additional constraint arises from the time evolution of the
secondary constraints. Indeed, since

d

dt
H̃0 =

∂H̃0

∂t
+

{

H̃0,H
}

+ λN
∂H̃0

∂N
, (59)

imposing the conservation of H̃0 simply fixes the Lagrange multiplier λN without generating any
new constraint, provided ∂H0/∂N does not vanish, which is assumed here. As for the momentum
constraints, we simply have

d

dt
H̃i =

{

H̃i,H
}

≈ 0 , (60)

because the brackets of H̃i with all the elements in H vanish weakly, according to (55) and the first
relation in (57).

In conclusion, we find that the dynamical system is, in general, characterized by a 20-dimensional
phase space with six first-class constraints and two second-class constraints. Each first-class con-
straint eliminates two canonical variables and each second-class constraint eliminates one canonical
variable. In total, 14 canonical variables can be eliminated, which corresponds to a 6-dimensional
physical phase space, i.e. three degrees of freedom. The difference with general relativity, where all
eight constraints are first-class thus leaving only two physical degrees of freedom, is due to the pres-
ence of a preferred slicing defined by the scalar field, which breaks the full spacetime diffeomorphism
invariance.

Let us briefly discuss a special case where the second Poisson bracket in (58) vanishes weakly,
which happens when the whole N dependence factorizes in H0. Let us illustrate this case by consid-
ering the Lagrangian L4 with

B4 = − 1

A4
. (61)
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In this case

H0 = B4

[ 1

2
√
h

(

2πijπ
ij − π2

)

−
√
hR

]

(62)

and

H̃0 =

(

B4 +
∂B4

∂N

)

[ 1

2
√
h

(

2πijπ
ij − π2

)

−
√
hR

]

. (63)

One then notices that the system is equivalent to general relativity, up to the redefinition of a new
lapse function Ñ ≡ NB4.

Finally, let us make a few considerations on the restriction to the unitary gauge which is at the
basis of the Hamiltonian analysis of this section. An explicit Hamiltonian analysis without fixing
unitary gauge seems to be a very tedious task in view of the complicated expressions of our theories in
the covariant form, eqs. (25)-(28). Indeed, resorting to the unitary gauge has the huge advantage to
hide the scalar degree of freedom in the metric and to enormously simplify the analysis. Thus, the full
Hamiltonian treatment in an arbitrary gauge is beyond the scope of the present work. Fortunately, in
Sec. 6 we present a completely different approach, which shows that the higher-order time derivatives
in the equations of motion can be eliminated by using constraints that follow from these equations.
This other approach is valid in any gauge and it confirms that no additional degree of freedom is
necessary to describe higher-order time derivatives.

4.2 Including the Lagrangian L5

The inclusion of L5 makes the Hamiltonian analysis more involved, the main subtlety in this case
being inverting eq. (33) in order to obtain Kij as a function of πij . However, this technical difficulty
does not impair the basic counting of degrees of freedom, which is the main target of our Hamiltonian
analysis.

In the case when only A5 is considered, from the last line of (21) we obtain

πij =
3
√
hA5

2

[

(K2 −KmnK
mn)hij + 2(Ki

lK
lj −KKij)

]

. (64)

Inverting the above equation is technically more involved and because Kij is essentially a “square
root” of πij there is generally more than one branches of solutions. However, the inversion problem
is well-defined locally around some non-singular chosen value of Kij . It is worth mentioning how
the problem can be tackled in practice with a systematic series expansion around, for instance, a
spatially flat Friedmann-Lemâıtre-Robertson-Walker (FLRW) configuration,

(K0)
j
i = Hδji , (π0)

j
i = 3

√
hA5H

2δji . (65)

We can then fix whatever value of the conjugate momentum through the new “shifted” variable π̂ j
i ,

π j
i ≡ (π0)

j
i +

3

2

√
hA5 π̂

j
i , (66)

write a formal power expansion for K j
i ,

K j
i = (K0)

j
i + (K1)

j
i + (K2)

j
i + . . . (67)

and solve (64) order by order. By doing this, we obtain the recursive relations

(K1)
j
i = − 1

2H

(

π̂ j
i − π̂

2
δji

)

, (68)

(K2)
j
i =

1

4H

[

(

(K1)
2 − (K1)

n
m (K1)

m
n

)

δji + 4
(

(K1)
l
i (K1)

j
l − (K1)(K1)

j
i

)]

, . . . , (69)
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where (Ka) ≡ (Ka)
i
i .

A completely analogous procedure applies to other cases, such as when the full battery of terms
is present, as in eq. (33). In this case, the easily invertible part (L2-L4) can be used as the zeroth
order piece and one can make a formal Taylor expansion in A5.

4.3 Generalizations

Although we have focused our discussion on a specific class of theories, which represent a natural
extension of Horndeski theories from the ADM point of view, similar conclusions can be drawn for
a much wider class of models. Essentially, the basic ingredients that lead us to exclude the presence
of unwanted additional degrees of freedom can be formulated in unitary gauge as

1. unbroken spatial diffeomorphism (producing three first-class momentum constraints as in gen-
eral relativity);

2. absence of time derivatives of the lapse function N (which makes the Hamiltonian constraint
an algebraic equation for N);

3. absence of time derivatives of the extrinsic curvature Kij (which prevents that the Lagrangian
depends on the “accelerations”, i.e. the second time derivatives of hij).

Such an approach has already been used in the past to study, for instance, the behavior of specific
models of Horava’s gravity [29]. In analogy with Horava’s gravity, one could consider various combi-
nations of the intrinsic curvature tensor and its spatial derivatives, as well as various combinations
of the extrinsic curvature tensor, as recently discussed in [30]. Note, however, that these theories do
not generically have the same decoupling limit as Horndeski, as it is the case for G3 theories (see
discussion at the end of Sec. 3).

5 Linear theory and coupling with matter

The Hamiltonian analysis excludes the presence of extra degrees of freedom. However, one still needs
to check that the remaining scalar and tensor degrees of freedom are not themselves ghosts. In this
section we compute the quadratic action for the perturbations of the propagating degrees of freedom
and derive the conditions for which the kinetic terms have the right signs. We then add matter fields
minimally coupled to gravity and study the phenomenology on small scales. We first perform this
analysis in unitary gauge and then in Newtonian gauge.

5.1 Unitary gauge

Let us expand action (20) around a spatially flat FLRW metric following the general procedure
developed in [11, 31] (see also [32]). We use the ζ-gauge and write the spatial metric as

hij = a2(t)e2ζ(δij + γij) , γii = 0 = ∂iγij , (70)

and we split the shift as
N i = ∂iψ +N i

V , ∂iN
i
V = 0 . (71)

Moreover, it is convenient to express the dependence of the second-order action on the function Aa

and Ba introduced in the Lagrangians (21) in terms of the following functions evaluated on the
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background,3

M2 ≡ −2(A4 + 3HA5) ,

αK ≡ −2A′
2 +A′′

2 + 3H(2A′
3 +A′′

3) + 6H2(2A′
4 +A′′

4) + 6H3(2A′
5 +A′′

5)

2H2(A4 + 3HA5)
,

αB ≡ −A
′
3 + 4HA′

4 + 6H2A′
5

4H(A4 + 3HA5)
,

αT ≡ − B4 + Ḃ5/2

A4 + 3HA5
− 1 ,

αH ≡ −B4 +B′
4 −HB′

5/2

A4 + 3HA5
− 1 ,

(72)

where a prime denotes a derivative with respect to N and a dot a derivative with respect to t. We
discuss in Appendix B how these functions are related to the general formalism of Ref. [11].

Higher (spatial) derivative terms proportional to (∂2ψ)2, which are contained in quadratic prod-
ucts of the extrinsic curvature, cancel from the action up to a total derivative because of the particular
combinations in which these products appear in eq. (21). By varying the quadratic action with respect
to N i, one obtains the momentum constraints, whose solution is N i

V = 0 and

N = 1 +
1

1 + αB

ζ̇

H
. (73)

After substitution of this equation into the quadratic action, all the terms containing ψ drop out,
up to total derivatives [31]. For this reason, we do not need the Hamiltonian constraint, obtained by
varying the action with respect to N , to solve for ψ. After some manipulations the quadratic action
becomes [11, 31, 14]

S(2) =
1

2

∫

d4x a3
[

Lζ̇ζ̇ ζ̇
2 + L∂ζ∂ζ

(∂iζ)
2

a2
+
M2

4
γ̇2ij −

M2

4
(1 + αT )

(∂kγij)
2

a2

]

, (74)

where

Lζ̇ζ̇ ≡M2αK + 6α2
B

(1 + αB)2
, (75)

L∂ζ∂ζ ≡ 2M2(1 + αT )−
2

a

d

dt

[

aM2(1 + αH)

H(1 + αB)

]

. (76)

As expected from the previous Hamiltonian analysis, the quadratic Lagrangian (74) does not contain
higher-order time derivatives. As a consequence of the particular combination of extrinsic curvature
in eq. (21), neither does it contain higher space derivatives.

The condition required to ensure that the propagating degrees of freedom are not ghost-like is
that their time kinetic terms are positive, Lζ̇ζ̇ > 0 and M2 > 0. Moreover, gradient instabilities are
avoided when the speed of sound of the scalar and tensor propagating degrees of freedom,

c2s ≡ −L∂ζ∂ζ

Lζ̇ζ̇

, c2
T
≡ 1 + αT , (77)

are also positive, c2s > 0 and c2
T
> 0.

3The first four functions in eq. (72) have been introduced by Bellini and Sawicki in Ref. [14], where they consider
linear perturbations in Horndeski theories, with the difference αhere

B = −αthere

B /2, which simplifies further the equations.
In particular, M2, αK , αB and αT respectively parameterize the effective Planck mass, a modification of the scalar
kinetic term [34, 35], a kinetic mixing between the scalar and the metric (the so-called braiding) [36, 37, 38, 39] and a
tensor speed excess. As stressed in such a reference and also shown in Appendix B, these functions are just a convenient
basis of the parameters previously introduced in the context of the so-called Effective Field Theory of Dark Energy in
Refs. [15, 16, 11, 17] (see [31, 33] for reviews). Here we adopt this parameterization because it simplifies the notation.
We also introduce a new function, αH , which parametrizes the deviation from Horndeski theories [11, 1].
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5.2 Adding matter: P (σ, Y )

To study our theories in the presence of matter fields minimally coupled to gravity, we add to action
(20) a k-essence type action describing a matter scalar field σ (not to be confused with the dark
energy field φ),

Sm =

∫

d4x
√−g P (Y, σ) , Y ≡ gµν∂µσ∂νσ , (78)

with sound speed c2m ≡ PY /(PY − 2σ̇20PY Y ).
We can then expand at second order these actions and repeat the procedure discussed earlier. To

describe matter fluctuations it is convenient to use the gauge-invariant variable Qσ ≡ δσ− (σ̇0/H)ζ.
After substitution of the momentum constraints, the final action expressed in terms of ζ and Qσ

reads

S(2) =

∫

d4xa3
[

1

2

(

L̃ζ̇ ζ̇ ζ̇
2 + L̃∂ζ∂ζ

(∂iζ)
2

a2

)

− PY

c2m

(

Q̇2
σ − c2m

(∂iQσ)
2

a2

)

− 2σ̇0PY

Hc2m(1 + αB)

(

αB ζ̇Q̇σ − c2m(αB − αH)
∂iζ∂iQσ

a2

)

+m2
ζζ

2 +m2
σQ

2
σ +m2

cζQσ + λζ̇Qσ

]

, (79)

with the new coefficients for the kinetic and gradient terms of ζ

L̃ζ̇ζ̇ = Lζ̇ ζ̇ +
ρm + pm
H2c2m

(

αB

1 + αB

)2

, (80)

L̃∂ζ∂ζ = L∂ζ∂ζ −
ρm + pm
H2

(

1− 2(1 + αH)

1 + αB

)

, (81)

where we have used 2σ̇20PY = −(ρm + pm). The second line contains two derivative couplings
between ζ and Qσ while the third line contains non-derivative terms, which are irrelevant for the
present discussion.

The kinetic matrix for (ζ,Qσ) reads

M =
1

2

(

L̃ζ̇ζ̇ω
2 + L̃∂ζ∂ζk

2 A
[

αBω
2 − c2m(αB − αH)k2

]

A
[

αBω
2 − c2m(αB − αH)k2

]

−2PY c
−2
m (ω2 − c2mk

2)

)

, A = − 2σ̇0PY

Hc2m(1 + αB)
.

(82)
Requiring that its determinant vanishes yields the dispersion relation

(ω2 − c2mk
2)(ω2 − c̃2sk

2) = (c2s − c̃2s)

(

αH

1 + αH

)2

ω2k2 , (83)

with

c̃2s ≡ c2s −
ρm + pm
H2M2

(1 + αH)2

αK + 6α2
B

. (84)

From this equation one derives the two dispersion relations ω2 = c2±k
2. For Horndeski theories

(αH = 0), the matter sound speed is unchanged, despite the presence of couplings in the action
between the time and space derivative of ζ and Qσ, i.e. the non- vanishing of the non-diagonal terms
in the kinetic matrix. Indeed, these couplings are precisely proportional to ω2 − c2mk

2 and give the
standard dispersion relation for matter. However, this is no longer true with our non-Horndeski
extensions, where αH 6= 0.
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5.3 Newtonian gauge

We now study linear perturbations for our theories in the presence of a more general type of matter
by considering a gauge often employed in the study of cosmological perturbations: the Newtonian
gauge, where the metric reads

ds2 = −(1 + 2Φ)dt2 + a2(1− 2Ψ)d~x2 , (85)

taking into account only scalar perturbations.
Let us directly expand the action for the sum of the Lagrangians (25)–(28) up to quadratic order

around the background field solution φ0(t) = t, i.e.,

φ = t+ π(t, ~x) , (86)

where π describes the scalar field perturbation.4 The quadratic action for linear perturbations is
given by

S =

∫

d4xa3M2

{

1

2
H2αK π̇

2 +

[

Ḣ +
1

2M2

(

ρm + pm + 2(M2HαB)
· − 2(HM2αH)·

)

+H2(αB − αM )

+H2(αT − αH)

]

(∇π)2
a2

− 3Ψ̇2 + (1 + αT )
(∇Ψ)2

a2
+ 2H(αB − αH)∇Φ∇π

− 2H(αM − αT )
∇Ψ∇π
a2

+ 6HαB π̇Ψ̇ +H2(6αB − αK)Φπ̇ − 2(1 + αH)
∇Φ∇Ψ

a2

− 6H(1 + αB)Ψ̇Φ +H2

(

1

2
αK − 3(1 + 2αB)

)

Φ2 + 2αH
∇π̇∇Ψ

a2
+ . . .

}

,

(87)

where we have used the background equations to rewrite the coefficient of (∇π)2. We have written
explicitly all the terms that are quadratic in derivatives, as well as other terms involving Φ without
derivatives because they also contribute to the kinetic limit as we will see below. The ellipses in
the last line stand for all the other terms, irrelevant for the present discussion. As expected from
the Lagrangians (27) and (28), the quadratic action in the Newtonian gauge contains a higher order
derivative term, ∇π̇∇Ψ, which is proportional to the non-Horndeski coefficient αH . This term
generates higher order (one time- and two spatial-) derivative terms in the equations of motion, as
discussed in detail in Ref. [11].

It is possible to find a redefinition of the metric perturbations that de-mixes the new metric
variables from the scalar field π and removes the higher derivative term from the gravitational action.
In Brans-Dicke theories such de-mixed variables are usually referred to as Einstein-frame quantities.
In our much more general framework they are explicitly given by

ΦE ≡ 1 + αH

1 + αT
Φ+

(

1 + αM

1 + αT
− 1 + αB

1 + αH

)

Hπ − αH

1 + αT
π̇ ,

ΨE ≡ Ψ+
αH − αB

1 + αH
Hπ .

(88)

Using this change of variables into the quadratic action, one ends up with

S =

∫

d4xa3M2

{

H2Lζ̇ζ̇

2M2

(

1 + αB

1 + αH

)2 (

π̇2 − c̃2s
(∇π)2
a2

)

− 3Ψ̇2
E +

1 + αT

a2
[

(∇ΨE)
2 − 2∇ΦE∇ΨE

]

+ · · ·
}

,

(89)

4Assuming a monotonic φ0 = φ0(t), one can always make a field redefinition of φ and choose the background
solution φ0 = t.
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whose first line corresponds to the action of a minimally coupled scalar field. In particular, the term
proportional to π̇ in the definition of ΦE entails the removal of the higher derivative term ∇π̇∇Ψ.

Let us now consider matter. Since it is minimally coupled to the original metric, i.e.

Lint ≡
1

2
δgµνδT

µν = −(Φδρm + 3Ψδpm) , (90)

it becomes coupled to π after the field redefinition (88). When αH = 0, matter is coupled to
the gravitational sector with standard terms, ΦEδρm and ΨEδpm, as well as to π via fifth-force
terms, πδρm and πδpm. These couplings can be neglected on scales smaller than the matter sound
horizon, i.e. for k ≫ Ha/cm, where cm is the matter sound speed. However, in the non-Horndeski
case (αH 6= 0), the interaction Lagrangian (90) contains a new coupling proportional to the time
derivative of the scalar π,

Lint ⊃ − αH

1 + αH
π̇δρm , (91)

which cannot be neglected on scales smaller than the sound horizon. Indeed, on these scales, the
propagation equations for the density contrast δρm and field perturbation π become

δ̈ρm − c2m
∇2δρm
a2

− (ρm + pm)
αH

1 + αH

∇2π̇

a2
≈ 0 , (92)

π̈ − c̃2s
∇2π

a2
− 1

H2Lζ̇ζ̇

αH(1 + αH)

(1 + αB)2
δ̇ρm ≈ 0 , (93)

where the symbol ≈ stands for an equality in the kinetic limit. One can check that the propagation
equation is given also in this case by eq. (83). In contrast to the standard Jeans lore, the gravitational
scalar mode π cannot be decoupled from matter by going at sufficiently short distances. The presence
of the scalar field perturbations impacts the propagation of matter fluctuations, by changing their
sound speed.

6 Field redefinitions

This section is devoted to exploring some mathematical properties of the class of theories that we are
proposing and to confirm their soundness for subclasses of these theories. The approach discussed
in this section does not rely on the ADM formulation and we do not need to assume ∇µφ being
timelike, in contrast with our Hamiltonian analysis.

First, we analyse disformal transformations and focus on a specific class of disformal transforma-
tions that act as a “morphism” on our theories, in the same way in which conformal transformations
preserve the basic structure of Brans-Dicke theories. Next, we show how to relate, by means of such
disformal transformations, subsets of our theories—i.e. L4 and L5, separately studied in Secs. 6.2
and 6.3, respectively—into Horndeski ones. As these disformal transformations conserve the number
of degrees of freedom, this is yet another proof that our theories do not contain ghosts, even if they
contain higher derivatives. In the cases in which the mapping with Horndeski is possible, we further
clarify this issue in Sec. 6.5, by showing that naively higher-derivative equations can be reduced to
second-order ones. In passing, we also verify in Sec. 6.4 that the presence of matter does not spoil
the soundness of the theory.

6.1 Disformal transformations

In this section we compute the transformation properties of our theories under disformal transfor-
mations. More precisely, we consider a field redefinition of the metric tensor made of a conformal
transformation and of a further lightcone structure-changing piece [19],

gµν → ḡµν = Ω2(φ,X) gµν + Γ(φ,X) ∂µφ∂νφ . (94)
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For convenience, we directly work in unitary gauge even though the same results can be reached using
a covariant approach (see e.g. [40, 18]). As we shall see, the use of the unitary gauge considerably
simplifies the calculations.

In this gauge, the dependence of Ω and Γ on φ and X translates into an explicit dependence on
the time variable t and on the lapse function N . Moreover, we choose time to coincide with φ, so
that ∂µφ = δ0µ and eq. (94) reads, in ADM components,

N̄ i = N i , h̄ij = Ω2(t,N)hij , N̄2 = Ω2(t,N)N2 − Γ (t,N) . (95)

Thus, the volume element is transformed accordingly,
√−ḡ =

√−gΩ3
√

Ω2 − Γ/N2 . (96)

In order to find how the three-dimensional Ricci scalars, R and R̄, are related to each other,
we can apply the standard formulae to the conformal transformations of the 3-d metric (95) (see
e.g. [41]),

R̄ = Ω−2
[

R− 4D2 lnΩ− 2∂i(lnΩ)∂
i(lnΩ)

]

. (97)

Moreover, using the definition of the extrinsic curvature, eq. (22), one finds

K̄j
i =

N

N̄

[

Kj
i − Ng0µ∂µ ln Ω δ

j
i

]

. (98)

As in unitary gauge Ω depends on the spatial coordinates only through N , it makes a lot of
difference whether or not Ω depends on N . If it does, the transformation (95) generates derivatives
of N explicitly in the action, therefore changing the structure of action (20). Thus, transformations
with Ω dependent on N do not preserve the G3 form of the Lagrangian. On the contrary, if Ω is
independent of N , eq. (95) is just an overall (spatial) coordinate-independent rescaling from the 3-
dimensional point of view and the structure of our theory does not change after the field redefinition.

Thus, let us consider an N independent conformal factor, Ω = Ω(t). Explicitly, starting from the
action (20) written in terms of the barred metric quantities with coefficients Āa and B̄a, and making
the substitution (95) with Ω = Ω(t), one ends up with an action in terms of the unbarred quantities.
Remarkably, this new action shares the same structure (20), up to a reshuffling of the coefficients:

A2 =
Ω3N̄

N

[

Ā2 + 3
d ln Ω

dt̄
Ā3 + 6

(

d ln Ω

dt̄

)2

Ā4 + 6

(

d ln Ω

dt̄

)3

Ā5

]

,

A3 = Ω3

[

Ā3 + 4
d ln Ω

dt̄
Ā4 + 6

(

d ln Ω

dt̄

)2

Ā5

]

,

A4 =
Ω3N

N̄

[

Ā4 + 3
d ln Ω

dt̄
Ā5

]

,

A5 =
Ω3N2

N̄2
Ā5 ,

B4 =
ΩN̄

N

[

B̄4 −
1

2

d ln Ω

dt̄
B̄5

]

,

B5 = ΩB̄5 ,

(99)

where dt̄ ≡ N̄dt. One notes that, in this disformal transformation, a Lagrangian of a given order
generally contributes also to the lower-order Lagrangians. For instance, the transformation of L4

contains also L3 and L2 pieces. Only when Ω = const. does this mixing not occur.
Although we have worked specifically in the unitary gauge, it is straightforward to perform the

same analysis covariantly, directly with the 4-dimensional transformation

gµν → ḡµν = Ω2(φ) gµν + Γ(φ,X) ∂µφ∂νφ . (100)
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One then obtains relations between the coefficients Aa(φ,X), Ba(φ,X) and Āa(φ, X̄), B̄a(φ, X̄),
which are essentially the above relations (99) with the correspondence N = 1/

√
−X and N̄ =

1/
√
−X̄. The relation between X and X̄ can be computed by contracting the inverse metric,

ḡµν = Ω−2

(

gµν − Γ

ΓX +Ω2
∂µφ∂νφ

)

, (101)

with ∂µφ∂νφ. This gives

X̄ =
X

ΓX +Ω2
, X =

Ω2X̄

1− ΓX̄
. (102)

We also have √−g√−ḡ =

√
1− X̄Γ

Ω4
=

1

Ω3
√
ΓX +Ω2

, (103)

which implies in particular that, in unitary gauge,

N

N̄
=

√
1− X̄Γ

Ω
=

1√
ΓX +Ω2

, (104)

which can be substituted in eq. (99).

6.2 Link between L4 and Horndeski

The disformal transformations discussed in the previous subsection can be used to relate Horndeski
theories with our general Lagrangians.

First, let us start from a Horndeski Lagrangian LH
4 expressed in terms of the metric ḡµν , with

coefficients Ā4(φ, X̄) and B̄4(φ, X̄) satisfying the Horndeski condition (see eq. (30))

Ā4 = −B̄4 + 2X̄B̄4X̄ . (105)

Substituting in this Lagrangian the expression

ḡµν = gµν + Γ4(φ,X) ∂µφ∂νφ , (106)

leads to a G3 Lagrangian, now expressed in terms of the metric gµν and X, with coefficients A4(φ,X)
and B4(φ,X). According to the results of the previous subsection, specialized to the case Ω = 1, the
link between the old and new coefficients is given by the relations

Ā4(φ, X̄) = A4(φ,X)
√

1 +XΓ4 , A4(φ,X) = Ā4(φ, X̄)
√

1− X̄Γ4 (107)

and

B̄4(φ, X̄) =
B4(φ,X)√
1 +XΓ4

, B4(φ,X) =
B̄4(φ, X̄)
√

1− X̄Γ4

, (108)

with

X̄ =
X

1 + Γ4X
, X =

X̄

1− Γ4X̄
. (109)

The Horndeski condition (105) on the coefficients Ā4 and B̄4 implies the following relation between
Γ4 and the new coefficients A4 and B4:

Γ4X =
A4 +B4 − 2XB4X

X2A4
. (110)

It is thus clear that the new Lagrangian, expressed in terms of the metric gµν , is not of the Horndeski
type unless Γ4 is independent ofX. This is consistent with the findings of Ref. [40] that the Horndeski
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form of the Lagrangian is preserved under a restricted version of (100), in which the disformal function
Γ, like Ω, does not depend on X.

Conversely, if we start with a G3 Lagrangian without L5 terms, but otherwise with arbitrary
functions A4(φ,X) and B4(φ,X), one can always rewrite it as a Horndeski Lagrangian LH

4 , provided
that the transformation function Γ4 is a solution of the differential equation (110). Note that the
field redefinition (106) is well-defined, in the sense that it leaves invariant the number of degrees of
freedom (see other examples in [20]). Indeed, one can express gµν in terms of ḡµν and φ without
introducing additional degrees of freedom. As the set of fields (ḡµν , φ) obeys the Horndeski equations
of motion, it describes three degrees of freedom. By the field transformation (106), also (gµν , φ)
obeying the equations of motion derived from the G3 Lagrangian L4 describe the same number of
degrees of freedom, i.e. three. This essentially confirms the Hamiltonian analysis of Sec. 4 which
excludes the presence of more than three degrees of freedom in G3 theories. As expected, the field
redefinition (106) partly de-mixes the metric and scalar field kinetic mixing presented in Sec. (5).
In Newtonian gauge, this corresponds to removing the higher-derivative coupling 2αH∇π̇∇Ψ from
action (87), as explicitly shown in Appendix C.

6.3 Link between L5 and Horndeski

The same procedure described above applies to L5 Lagrangians along similar lines. Namely, one can
always relate a G3 Lagrangian with arbitrary A5 and B5, but with A4 = B4 = 0, to a Horndeski
Lagrangian of the type LH

5 , provided the two metrics are related by

ḡµν = gµν + Γ5(φ,X) ∂µφ∂νφ , (111)

with Γ5 satisfying the condition

Γ5X =
3A5 +XB5X

3X2A5
. (112)

Analogously to the above discussion, this follows from requiring that Ā5 and B̄5, given by (see
eq. (99))

Ā5(φ, X̄) = A5(φ,X)(1 +XΓ5) , B̄5(φ, X̄) = B5(φ,X) , (113)

satisfy Horndeski condition (see eq. (30)),

Ā5 = −X̄B̄5X̄/3 . (114)

However, one cannot in general re-express an arbitrary G3 Lagrangian as a Horndeski Lagrangian
via a disformal transformation, because the would-be transformation coefficient Γ cannot satisfy
simultaneously the two differential equations (110) and (112).

6.4 Coupling to matter

When the G3 Lagrangian can be re-expressed as a Horndeski Lagrangian, i.e. in either of the two
cases discussed above, the coupling between matter and the gravitational sector, now described by
ḡµν and φ, becomes more complicated since the matter Lagrangian depends on the combination

gµν = ḡµν − Γ(φ, X̄)∂µφ∂νφ, (115)

or its inverse,

gµν = ḡµν +
Γ(φ, X̄)

1− Γ(φ, X̄)X̄
ḡρµḡσν∂ρφ∂σφ . (116)

Let us illustrate this with the simple example of an ordinary matter scalar field, minimally coupled
to the metric gµν . Its action, which intially reads

Smat =

∫

d4x
√−g

[

−1

2
gµν∂µσ∂νσ − V (σ)

]

, (117)
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becomes, when expressed in terms of ḡµν and φ,

Smat =

∫

d4x
√−ḡ

√

1− ΓX̄

[

−1

2
ḡµν∂µσ∂νσ − Γ

2(1− ΓX̄)
(ḡµν∂µσ∂νφ)

2 − V (σ)

]

. (118)

The equation of motion for σ is obtained by varying this action with respect to σ. Since each field
is at most derived once in the action, the equation of motion for σ will be second order. The same
conclusion holds with the matter contribution to the equation of motion of φ. Therefore, the presence
of a matter scalar field does not introduce higher-order derivative terms in the equations of motion.

6.5 Equations of motion

Using a disformal transformation, we provide a new example of naively higher-derivative equations
of motion which can be reduced to second-order ones. We consider a subclass of G3 theories that
can be mapped into Horndeski (where they appear with the metric ḡµν) and are minimally coupled
to matter with their usual metric gµν . The associated action can thus be written in the form

S =

∫

d4x
√−ḡ LH [ḡµν , φ] +

∫

d4x
√−g Lm[gµν ] , (119)

with
ḡµν = gµν + Γ(φ,X) ∂µφ∂νφ . (120)

Since the theory, written in terms of gµν , is not of the Horndeski type, one expects to find higher
derivatives in the equations of motion. We show below how to reduce such a system of equations to
a second order system.

The variation of the action (119) yields

δS =

∫

d4x
√−ḡ

[

Oµν
H δḡµν + SH δφ

]

+
1

2

∫

d4x
√−g T µν

m δgµν , (121)

with
δḡµν = δgµν + ΓX∂µφ∂νφδX + Γφ ∂µφ∂νφ δφ+ 2Γ∂(µφ∇ν)δφ (122)

and
δX = −∂µφ∂νφδgµν + 2∂µφ∇µδφ . (123)

The operators Oµν
H and SH , when expressed in terms of ḡµν and φ, contain only second order deriva-

tives since they come from a Horndeski Lagrangian. Variation of the action with respect to the
metric gµν gives the equations of motion

Oµν
H −Oαβ

H ∂αφ∂βφΓX∂
µφ∂νφ+

1

2
ΞT µν

m = 0 , (124)

where

Ξ ≡
√−g√−ḡ =

1√
1 + ΓX

, (125)

and we used eq. (103) for the second equality. Variation with respect to φ gives the scalar equation
of motion:

2∇µ

[

Oαβ
H ∂αφ∂βφΓX∂

µφ+Oµν
H ∂νφΓ

]

−Oαβ
H ∂αφ∂βφΓφ − SH = 0 . (126)

Contracting (124) with ∂µφ∂νφ yields

Oαβ
H ∂αφ∂βφ = −ΞTαβ

m ∂αφ∂βφ

2(1−X2ΓX)
. (127)
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Substituting back in (124) gives the equation of motion for gµν ,

Oµν
H = −ΞTαβ

m ∂αφ∂βφ

2(1−X2ΓX)
ΓX∂

µφ∂νφ− 1

2
ΞT µν

m , (128)

which is second order with respect to gµν . However, it also contains third order derivatives of φ since
Oµν

H is second order in ḡµν , which itself depends on the gradient of φ. By taking the trace of (128),
one can find a relation expressing the third time derivative of φ in terms of at most second-order
time derivatives. In this way, the equations of motion (128) are effectively second order in time
derivatives. Finally, substituting equation (128) in the scalar equation (126), one gets

∇µ

[

ΞΓX
(1 + ΓX)Tαβ∂αφ∂βφ

1−X2ΓX
∂µφ+ ΞΓT µν∂νφ

]

− 1

2
ΞΓφ

Tαβ∂αφ∂βφ

1−X2ΓX
+ SH = 0 , (129)

which is manifestly second order. This procedure extends that given in [18] and illustrates how
equations of motion that at first view look higher order can in fact be only second order.

7 Conclusions

Since its original appearance in [6], the galileon mechanism has proved an essential tool for modified
gravity. Several concrete modified gravity proposals happen to have galileons as their basic skeleton
and reduce to galileons in the appropriate decoupling limit. This leads to the possibility of classifying
modified gravity scenarios according to the different inequivalent ways in which the galileons can be
consistently coupled to gravity, or “covariantized”. For instance, massive gravity models can be seen
as non-minimal covariantizations of the galileon [22], because they involve other degrees of freedom
than simply the metric and the scalar field. If we insist on having the minimal number of degrees of
freedom and equations of motion strictly of second order in derivatives, we end up in the realm of
Horndeski—or generalized galileons, G2 theories [10, 9].

In this paper we have studied in details the scalar-tensor theories proposed in [1], called here G3.
This class of theories, presented in Sec. 3, covariantizes the galileons in a minimal way, i.e. without
introducing any other degree of freedom than the metric and a scalar field. However, they extend
Horndeski in containing two more free functions. They can display equations of motion with deriva-
tives higher than second order in some gauges, but such higher derivatives are in fact harmless, in
the sense that they do not bring in unwanted extra degrees of freedom, as we have shown with a
detailed Hamiltonian analysis in Sec. 4. It turns out that the direct covariantization of the original
galileons proposed in [6], obtained by simply substituting ordinary derivatives with covariant ones,
belongs to our class of theories. As such, original galileons are “ready to go” without the need of the
gravitational counterterms prescribed in [7]. Contrarily to what was previously thought, their simple
minimally coupled versions are free of ghosts instabilities.

Despite the aspects of “minimality” just discussed, the covariant form of G3 theories is mathemat-
ically challenging, due to the high number of derivatives and complexity of the equations involved.
We have highlighted a few “handles” to manage their basic properties. First of all, the unitary gauge
formulation based on a 3 + 1 ADM decomposition, eq. (21), is particularly compact and reveals the
basic healthy structure of the dynamical system that we are considering. Indeed, the expressions (21)
only contain “velocities”, i.e., first time derivatives of the dynamical variables.

Important insights about scalar-tensor theories can also be given by field transformations. The
simplest well-known example is constituted by Brans-Dicke theories, that maintain their basic form
under a conformal rescaling of the metric tensor that depends only on the scalar field. On the other
hand, the structure of our G3 theories is invariant under disformal transformations, as we discussed
in some detail in Sec. 6. In particular, disformal transformations with the conformal factor depending
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on the scalar field only, and the disformal one depending on both φ and X,

g̃µν = Ω2(φ)gµν + Γ(φ,X)∂µφ∂νφ , (130)

are the most general class of transformations that preserve the basic G3 structure. This is analogous
to the role played by disformal transformations with Γ = Γ(φ) for Horndeski theories, which leave
them invariant [40]. We have showed that by applying eq. (130) to a Horndeski theory we end up
in G3—another way of proving the soundness of the corresponding G3 theory—but that, conversely,
not all G3 theories can be reduced to the Horndeski form by using (130).

Finally, disformal transformations also help understanding another remarkable property of G3:
even when minimally coupled to ordinary matter, G3 exhibit a kinetic type coupling, leading to a
mixing of the dark energy and matter sound speeds, and thus to a modified Jeans phenomenon [1].
In linear perturbations theory, in order to isolate the scalar propagating degree of freedom, one is
implicitly de-mixing the scalar from the metric with a field redefinition. For Brans-Dicke theories this
can be done at full non-linear level by simply going to the Einstein-frame metric with a conformal
transformation. In our more general set of theories the mixing terms between the scalar and the met-
ric can be higher in derivatives, in which case they are weighted by the parameter αH , with which we
measure the departure from Horndeski. However, it is still possible to perform the de-mixing, at least
at the linear level in perturbation theory. As we show in App. C, part of the field redefinitions (88)
that bring us to this generalized Einstein frame corresponds to a disformal transformation of the
type discussed above. Because such transformations contain higher derivatives, it ends up mixing
matter with the scalar field at a higher order in derivatives, thus affecting the speed of sound of
both components. The phenomenology of G3, which includes this type of mixing, is an interesting
development of this work that we intend to pursue in the future.5

Note added: While finishing this paper, Ref. [43] appeared with an analysis and results similar
to those of our Sec. 4
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A Covariant theory

Let us give more details on how to go from the Lagrangians in eq. (21) to their covariant versions,
eqs. (25)–(28). A crucial relation needed for this calculation is

Kµν = − φµν√
−X

+ nµṅν + nν ṅµ − 1

2(−X)
nλ∇λXnµnν , (ṅµ ≡ nν ∇νnµ) , (131)

which follows from (23) and (24). As the covariantization of L2 is trivial we start from L3. To rewrite
K in terms of scalar field quantities we use the trace of eq. (131), K = −

(

�φ− φλ∇λX/2X
)

/
√
−X.

Integrating by parts the term proportional to ∇λX we obtain eq. (26).

5Besides dark energy, the other playground for these theories is inflation, as recently considered in [42].
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For L4 we replace the 3-d Ricci curvature R in terms of the 4-d one, (4)R, using the Gauss-Codazzi
relation,

(4)R = R−K2 +KµνK
µν + 2∇µ(Kn

µ − nρ∇ρn
µ) , (132)

after which L4 becomes

L4 = B4
(4)R+ (A4 +B4)(K

2 −KµνK
µν)− 2B4∇µ(Kn

µ − ṅµ) . (133)

Then, using eq. (131) and that ṅµ = h ν
µ ∇νX/(−2X), it is possible to express the quadratic combi-

nation of extrinsic curvatures as

K2 −KµνK
µν = −(�φ)2 − φµνφ

µν

X
− ∇µX(Knµ − ṅµ)

X
. (134)

After an integration by parts on the last term of eq. (133) we obtain

L4 = B4
(4)R− B4 +A4

X

[

(�φ)2 − φµνφ
µν
]

+ 2
B4 +A4 − 2XB4X

X2
(φµφνφµν�φ− φµφµνφλφ

λν)

+ (C4 + 2XC4X)�φ+XC4φ ,

where the last line comes from rewriting the term proportional to B4φ analogously to L3 above. This

equation can be rewritten as eq. (27) by using the definition of Lgal,1
4 in eq. (7) and eqs. (15)–(17).

The case of L5 is the most cumbersome. In addition to the relations (131) and (132), we will also
need the Gauss Codazzi relation

Rµν =
(

(4)Rµν

)

‖
+

(

nσnρ(4)Rµσνρ

)

‖
−KKµν +KµσK

σ
ν , (135)

where a symbol ‖ denotes the projection on the hypersurface of all tensor indices, e.g. (Vµ)‖ ≡ h ν
µ Vν .

For simplicity, let us treat the two parts of L5 separately. Using eq. (131) we can rewrite the term
proportional to A5 as

A5

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

=−A5(−X)−3/2
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

+ 3A5(−X)−3/2

[

− 1

2
φρ∇ρX(K2 −KµνK

µν)− 2(−X)3/2(Kṅµṅ
µ −Kµν ṅ

µṅν)

]

.

(136)

As we did for L3, we define an auxiliary function, F5, satisfying F5

2X + F5X = A5(−X)−3/2 and
integrate by parts the last line so that up to boundary terms the above equation reads,

A5

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

=−A5(−X)−3/2
[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

− 3F5

√
−X

[

1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

+Kµνnσnρ(4)Rµσνρ

− 3Knσnρ(4)Rσρ + ṅσnρ(4)Rσρ

]

+
X

2
F5φ(K

2 −KµνK
µν) .

(137)

Now we need to deal with the second part. Using the Gauss-Codazzi relations, eqs. (132) and
(135), this can be rewritten as

B5KµνG
µν = B5

[

Kµν
(4)Gµν +Kµνnσnρ

(4)Rµσνρ −Knσnρ
(4)Rσρ

+
1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

]

.

(138)
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We can now replace Kµν
(4)Gµν using eq. (131) and again ṅµ = h ν

µ ∇νX/(−2X). Introducing a new

auxiliary function defined as G5 ≡ −
∫

B5X(−X)−1/2 dX, and integrating by parts, first on the φµν
term, then on the B5X term that appears, we finally obtain

B5KµνG
µν = G5φµν

(4)Gµν +

(

B5φ√
−X

+G5φ

)

φµφν
(4)Gµν

+B5

[

1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

+Kµνnσnρ
(4)Rµσνρ −Knσnρ

(4)Rσρ + ṅµnν
(4)Rµν

]

.

(139)

We can now combine the two parts of L5, eqs. (137) and (139), and use the Gauss-Codazzi relation,

nµnν
(4)Gµν =

1

2

(

R+K2 −KµνK
µν
)

, (140)

to rewrite the term φµφν
(4)Gµν in eq. (139). To simplify this further, we rewrite the combination of

Riemann and Ricci that remains employing again eq. (137) which yields

L5 = G5φµν
(4)Gµν −A5(−X)−3/2

[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

+ (3A5 +XB5X)

[

1

2

(

K3 − 3KKµνK
µν + 2KµνK

µρKν
ρ

)

+ (−X)−3/2(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ)

]

− X

2

(

G5φ +
B5φ√
−X

)

R− X

2
G5φ(K

2 −KµνK
µν) .

(141)

For the last step, we rewrite the cubic combination of extrinsic curvatures using eq. (131) and rewrite
the last line analogously to L4, which finally leads to

L5 = G5
(4)Gµνφ

µν − (−X)−3/2A5

[

(�φ)3 − 3(�φ)φµνφ
µν + 2φµνφ

νρφµρ
]

− XB5X + 3A5

(−X)5/2

[

(�φ)2φµφ
µνφν − 2�φφµφ

µνφνρφ
ρ − φµνφ

µνφρφ
ρλφλ + 2φµφ

µνφνρφ
ρλφλ

]

+C5
(4)R− 2C5X

[

(�φ)2 − φµνφµν
]

+ (D5 + 2XD5X )�φ+XD5φ ,

where, again, the last line comes from applying the method of L4 to the last line of eq (141). To

rewrite this expression as eq. (28) we use the definition of Lgal,1
5 , eq. (8), and eqs. (15)–(18).

B Connection to the building blocks of dark energy

The dynamics of cosmological perturbations around a FLRW background in the presence of dark
energy and modifications of gravity can be systematically studied using the Effective Field Theory of
Dark Energy, introduced in Refs. [37, 15, 16, 11, 17] in the case where dark energy can be described
by a single scalar degree of freedom. In particular, Ref. [11] proposed a minimal description of
dark energy and modified gravity encompassing all existing models in terms of quadratic Lagrangian
operators leading to at most two derivatives in the equations of motion, the so-called Building Blocks
of Dark Energy. In this section we would like to make the connection between these operators, the
unitary gauge Lagrangians in eq. (21) and the parametrisation introduced in Ref. [14].

As in [11], let us consider a Lagrangian which is a function ofN ,K, R, S and Y, where S ≡ KijK
ij

and Y ≡ KijR
ij , i.e.,

L = L(N,K,S, R,Y) , (142)
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such as eq. (21). To isolate linear perturbations, we focus on the quadratic action. This can be
expanded at second order in the perturbations around a flat FLRW metric, ds2 = −dt2 + a2(t)d~x2,
using that

√−g =
√
hN and that

√
h|0 = a3 on the background. Then, integrating by parts the term

linear in K and using the background equations of motion (the details of these calculations can be
found in [11]) the second-order action can be rewritten as

S2 ≡
∫

d4xδ2
(√−gL

)

=

∫

d4x
M2(t)

2

{

δ2

[√−g
(

(4)R− 6H2 + 2ρm/M
2 − 2

N

(

2Ḣ + (ρm + pm)/M2
)

)]

+ 2HαM (t)δ2
[
√
h(K − 2H)

]

+ αT (t) δ2
(
√
hR

)

+ a3H2αK(t) δN2 + 4a3HαB(t) δNδK + a3αH(t) δNR

}

,

(143)

where we have introduced the time-dependent quantities

M2 ≡ 2LS ,

αM ≡ L̇S

HLS
,

αK ≡ 2LN + LNN

2H2LS
,

αB ≡ 2HLSN + LKN

4HLS
,

αT ≡ LR + L̇Y/2 + 3HLY/3

LS
− 1 ,

αH ≡ LR + LNR + 3HLY/2 +HLNY

LS
− 1 ,

(144)

evaluated on the background. Notice that to remove the dependence of action (142) on Y and obtain
eq. (143) we have used the relation [11]

λ(t)Y =
λ(t)

2
RK +

λ̇(t)

2N
R , (145)

valid up to boundary terms.
For a constant M , the first line of action (143) describes second-order metric perturbations in

a ΛCDM universe. The parameters in eq. (144) appear naturally as the coefficients of the second-
order expansion of L beyond this standard case. This expansion makes it also clear that these are
the minimal number of parameters describing the dynamics once the background expansion history,
H(t), and the matter content, i.e. ρm(t0) and its equation of state, are given.

Not surprisingly, the first 5 of these parameters are the same as those proposed in Ref. [14]. The
last one is new and parameterizes a deviation from Horndeski theories. Using L = L2+L3+L4+L5,
in eq. (72) we have written these parameters in terms of the functions Ai and Bi appearing in the
Lagrangians (21).

In Ref. [11] we explicitly separated the operators affecting the perturbations from those fixed by
the background evolution, writing the action as

S =

∫

d4x
√−g

[

M2
∗

2
f(t)(4)R− Λ(t)− c(t)g00 +

M4
2 (t)

2
(δg00)2 − m3

3(t)

2
δKδg00

− m2
4(t)

(

δK2 − δKµ
ν δK

ν
µ

)

+
m̃2

4(t)

2
Rδg00

]

.

(146)
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As explained in [15, 16, 11, 17], the functions c and Λ are fully specified by the background expansion
history. We are thus left with 6 free parameters in this action. As expected, there is a simple relation
between these parameters and those in eq. (144). Indeed, at second order the above action reduces
to eq. (143) with the following dictionary between the two notations,

M2 =M2
∗ f + 2m2

4 ,

αM =
2Ṁ

MH
,

αK =
2c+ 4M4

2

M2H2
,

αB =
M2

∗ ḟ −m3
3

2M2H
,

αT = −2m2
4

M2
,

αH =
2(m̃2

4 −m2
4)

M2
.

(147)

To see this, one can use g00 = −1/N2 and rewrite the term proportional to c up to second order as

− cg00 = − c

N
(1− δN)− c δN2 . (148)

The last term combines with the operator proportional to M4
2 . Moreover, one can rewrite the term

proportional to m2
4, up to boundary terms, as

m2
4

(

δK2 − δKµ
ν δK

ν
µ

)

= m2
4

(

(4)R−R− 6H2 + 4HK
)

+ 2(m2
4)
·K
N

= m2
4

(

(4)R−R
)

+
[

M2
∗ ḟ + 2(m2

4)
·]K
N

+M2
∗ ḟ δNδK +

M2
∗ f̈

N
+ 3HM2

∗ ḟ
δN

N
,

(149)

and use the background equations of motion for the last two terms.
Finally, it is also easy to make connection with the (slightly different) notation adopted in [44],

where the phenomenological aspects of dark energy were studied by using the formalism developed
in [15, 16, 11, 17, 31]. There, the time-dependent “Planck mass squared” M2

∗ f(t) was pulled out of
the action,

S =

∫

d4x
√−g M

2
∗ f(t)

2

[

(4)R − 2λ(t) − 2C(t)g00

+µ22(t)(δg
00)2 − µ3(t) δKδg

00 + ǫ4(t)
(

δKµ
ν δK

ν
µ − δK2

)

+
ǫ̃4(t)

2
Rδg00

]

,

(150)

so that the natural order of magnitude of the time-dependent coefficients (inside the square brackets
above) is the Hubble parameter to the appropriate power. This is also evident by the following
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dictionary

M2 =M2
∗ f (1 + ǫ4) ,

αM =
ǫ̇4

H(1 + ǫ4)
+
µ

H
,

αK =
2C + 4µ22
H2(1 + ǫ4)

,

αB =
µ− µ3

2H(1 + ǫ4)
,

αT = − ǫ4
1 + ǫ4

,

αH =
ǫ̃4 − ǫ4
1 + ǫ4

.

(151)

C Disformal transformation in Newtonian gauge

In this appendix we show that (part of) the change of variables introduced in Sec. 5.3 in order to de-
mix the metric Newtonian potentials and the scalar field can be understood in terms of a disformal
transformation. In particular, we restrict to the G3 Lagrangian L4 in eq. (21), given in terms of
the metric gµν , and we show that after the disformal transformation (106) with Γ = Γ4 satisfying
eq. (110), all the couplings proportional to αH disappear from action (87). To maintain the usual

background time-time component of the barred metric, ḡ
(0)
00 = −1, together with the field redefinition

(106) we also perform a time coordinate change,

t̄ =

∫

√

1− Γ0 dt− α , α ≡ Γ0√
1− Γ0

π , (152)

where Γ0 is the background value of Γ. The change t → t − α ensures that ḡ0i = g0i and that we
thus remain in Newtonian gauge (see eq. (85)). Using φ = t + π, the combination of eq. (106) and
the above time redefinition gives, up to linear order,

ḡ00 =
g00 + Γ(1 + 2π̇)

1− Γ0
− 2

dα

dt̄
, ḡ0i = g0i = 0 , ḡij = gij , (153)

where a dot always denotes the derivative with respect to t. Expanding Γ to linear order and defining
ḡ00 ≡ −(1 + 2Φ̄) and ḡij = a2(t̄)(1− 2Ψ̄)δij , we obtain, for the potentials in the barred frame,

Φ̄ =
(1− ΓX)Φ + ΓX π̇

1− Γ0
+

Γ̇0π

2(1− Γ0)2
, Ψ̄ = Ψ− Γ0

1− Γ0
Hπ . (154)

Since the time has been redefined according to eq. (152), π in the barred frame reads

π̄ =
1√

1− Γ0
π , (155)

where we have used π = −δt and π̄ = −δt̄.
We can rewrite the time dependent quantities Γ0, Γ̇0 and ΓX in terms of the quantities αi and ᾱi,

using the definitions of αi in eq. (72) together with the metric transformation (106) and eqs. (107)
and (108). This yields

1− Γ0 =
1 + αT

1 + ᾱT
, Γ̇0 =

1 + αT

1 + ᾱT
(αM − ᾱM ) , ΓX = −αH . (156)
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Replacing these relations in the above equations and using H̄ = H/
√
1− Γ0 due to the time redefi-

nition, we obtain

Φ̄ =
1 + ᾱT

1 + αT
[(1 + αH)Φ + (αM − ᾱM )Hπ − αH π̇] ,

Ψ̄ = Ψ +
αT − ᾱT

1 + αT
Hπ ,

π̄ =
1 + ᾱT

1 + αT

H

H̄
π .

(157)

These are the field redefinitions in Netwonian gauge between the two frames. One can use these
relations, together with an expression for ᾱB and ᾱK as a function of the other quantities, to rewrite
action (87) in the barred frame, where all the couplings proportional to αH disappear. Here we
simply check, using the relations above and

ᾱB = −1 +
1 + αB

1 + αH

1 + αT

1 + ᾱT
, (158)

that ΦE and ΨE given in eq. (88) become, as expected,

ΦE =
1

1 + ᾱT
Φ̄ +

(

1 + ᾱM

1 + ᾱT
− 1− ᾱB

)

H̄π̄ ,

ΨE = Ψ̄− ᾱBH̄π̄ .

(159)
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