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Introduction

L’objectif de cette thése est d’étudier les lois de conservation scalaires a flux discon-
tinu. Ces équations interviennent, par exemple, lors de la modélisation d’un écoulement
unidimensionnel d’un fluide composé de deux phases (par exemple eau/huile) dans
un milieu poreux hétérogene soumis a la gravitation. Ces équations sont de la forme :

du(t,z) + 0y (g(w,u(t,x)) =0, teRy, zeR,

(1)
w(0,2) = up(z), wup€ L®(R).

ou u: [0,4+00) x R — R est 'inconnue et g la fonction flux discontinue par rapport
a x et lipschitzienne par rapport a u.

L’étude de I’équation (1) consiste a donner un sens mathématique a la solution u, &
obtenir un résultat d’existence et d’unicité d’une solution et enfin & mettre en oeuvre
des schémas numériques qui completent ’étude théorique et qui permettent de valider
le modele.

Rappels historiques sur les lois de conservation

Des les années 50, les lois de conservation scalaires du premier ordre, qui sont des
équations aux dérivées partielles de la forme

O+ 0y (F(t,z,u)) =0,

ont été étudiées pour des flux F de classe C'. Pour analyser les comportements des
solutions de cette équation, la notion de courbe caractéristique a été introduite. On
va supposer pour simplifier la présentation que F(t,x,u) = f(u) ou f est une fonction
réguliere de R a valeurs dans R. L’équation devient :

dpu+ 0 (f(u)) = 0. (2)

Pour étudier le probléeme de Cauchy associé a I’équation (2), on se donne également
une condition initiale ug : R — R. Maintenant, admettons que ’on cherche une
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solution réguliere du probleme (2) : on suppose que u est de classe C! et bornée sur
[0,T] xR pour T' > 0. On veut alors calculer la solution w au point (¢1,x1) € [0, T]xR.
On note X la solution de ’équation différentielle suivante :

Ciz_):(t) = fult, X (1), 0<t<t,

X(tl) = x.

D’apres le théoreme de Cauchy-Lipschitz d’une part, et parce que f’(u) est bornée
d’autre part, il existe une solution X définie sur [0,¢1]. On pose a(t) = u(t, X(t)),
sachant que u est supposée de classe C', on a alors :

Z_‘:(t) - atu(t,X(t))+Cfi—f(t)ax(u(taX(t)))

Oy (u(t, X (1)) + f'(ult, X(1)))0x (ult, X (t)))
O (u(t, X (1)) + 02 (f (w) (£, X (1))
)

On obtient que a est constante et u(t1,z1) = a(t;) = a(0) = up(X(0)). De plus
X = f'(a(t)) = cste, donc X est affine : X (t) = f'(a(0))(t —t1) + z1. On peut alors
conclure que u est constante le long de la droite de pente 1/f(up(X(0))) passant
par (0, X(0)) dans le plan (¢,x) et sa valeur le long de cette droite est ug(X(0)). Le
graphe de X est la courbe caractéristique de u associée au point (¢1,x1).

On remarque que si deux caractéristiques se rencontrent en un point (t*,z*), la
solution u ne peut pas étre réguliere en ce point de rencontre (t*,z*) (elle prendrait
deux valeurs distinctes). Donc la notion de solution réguliere n’est pas adaptée au
probleme (2). En effet, si 'on considere ’équation de Burgers avec une condition
initiale décroissante :

Ou + Oy (u2/2) =0,
3)

up(zr) = —x

Les courbes caractéristiques sont des droites satisfaisant X (t) = X (0) + t uo(X(0)).
Les courbes caractéristiques associées au point (0, —1) et (0,1) se croisent en (0, 1).
Donc aucune solution réguliere en tout temps du probleme (3) ne peut exister.

D’ou la nécessité d’introduire la notion de solution faible associée au probleme (2) :

Définition 1. Une fonction u € L (R4 xR) est une solution faible du probléeme (2),
avec pour donnée initiale ug € L>®(R), si Vo € C°(R4 x R) -

/ /[u(t,x)atgp(t,x) + fu(t,z))0zp(t, )] dt de + / uo(x)e(0,z)dxr =0.  (4)
R, JR R
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On montre que le probleme (2) admet une solution faible mais cette solution faible
n’est pas unique comme le montre I'exemple suivant. On considere ’équation de
Burgers avec une condition initiale constante par morceaux, comme suit :

Oyu + O, (u2/2) =0,

-1 s o2<0 (5)
“0(9”)_{ 1 si >0

On peut construire au moins deux solutions faibles du probléme (5). La premiere est
celle qui reste égale a ug pour tout ¢ > 0, c’est a dire :

-1 si <0
“(t’m)_{ 1 si x>0,

En effet, u € L*((0,7) x R) et on a :

T [0 0 T
/ / (u0rp + f(u)0yp)dadt +/ up(x) (0, x)dx = / f(=1)e(t,0)dt,
0 —00 0

—00

T +00 +00 T
/ / (i + £ (u)Oyp)dadi + / uo(x) (0, 2)de = — / F(1)p(t, 0)dt,
0 0 0 0

En sommant ces deux égalités, on obtient que u est solution faible puisque f(1) =
f(=1).
La deuxieme solution est donnée par :

~1  si zft<-—1

u(t,z)=¢ =/t st —1<z/t<1

1 si x/t > 1.
On vérifie que v est aussi solution faible du probleme de Burgers (5).
La notion de solution faible ne suffit donc pas a déterminer la solution physiquement
observée car elle n’est pas unique.

Un critere d’origine physique (les conditions d’entropies) a été introduit pour sélectionner
une unique solution faible au probleme d’évolution (2). Sous sa forme la plus générale,
il a été écrit par Kruzhkov [Kru70] comme suit :

Définition 2. Soit ugp € L*®(R;[0,1]). Une fonction u appartenant o L™ (Ry x
R;[0,1]) est une solution entropique du probléeme (2) si elle satisfait les inégalités
entropiques suivantes : pour tout r € [0, 1], pour toute fonction positive p € C2°(R4 x

R),
/OOO/RM(t,x) — K| Opp(t, x) de dt + /OOO/R d(u(t,x), k) Opp(t, ) da dt

[ Tuole) = w000, 0) do 0, )
R
ou ® est le flur entropique associé aux entropies de Kruzhkov,

®(u, k) = sgn(u — r)(g(u) = g(r)).
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Remarque 1. On rappelle la définition de la fonction sgn : R — R

-1 s <0,
sgn(z)=<¢ 0 st x=0,
1 s z>0.

En supposant le flux f localement lipschitzien, Kruzhkov a démontré I'existence et
I'unicité d’une solution entropique pour le probleme (2) [Kru70].

On peut alors se demander d’ou vient cette définition. D’un point de vue physique, si
on prend en compte en plus des phénomemes d’échange les phénomenes de diffusion,
le nouveau probléeme nous conduit a 1’étude d’une équation du type

ot + 0y (f(ua)) — € Oggu® =0, (7)

ol € > 0 est un parametre petit devant les autres grandeurs. On remarque que si
e =0, I"équation (7) donne I’équation (2).

L’étude des équations paraboliques étant connue dans les années 70, on sait que pour
up € BV(R) !, pour tout ¢ > 0, il existe une unique solution faible du probleme (7)
u®. De plus, I’équation parabolique a un effet régularisant sur la solution : pour tout
e > 0, u est infiniment dérivable sur (0,7) x R. Enfin, on sait que la famille (u°)
converge vers u dans L} ((0,T) x R).

Maintenant, pourquoi la fonction u satisfait-elle les inégalités (6) ? Soit n une fonction
convexe de classe C2 sur R, soit ® = 7/ f’. Multiplions 1’équation (7) par 7'(uf), on
obtient :

0 (n(u)) + 02 (®(uf)) — €00 (n(u)) = —en" (u)]0 (w)]* < 0.

En multipliant cette derniére équation par une fonction test positive ¢ € C°([0,T") x
, puis en faisant une intégration par partie, on obtient :

/ / £) O + P(u°) Oy godtdm+/ (up(z dx>/ /68 Oz dtd.

En faisant tendre € vers 0, formellement, la fonction u satisfait :

/ / u) O + P (u) Oy dt do + / n(ug(z))dx > 0.

R
Cette dernicre inégalité est vraie pour n’importe quelle fonction convexe C? et par
approximation des fonctions s — |s — k|, K € R, on obtient que u satisfait les
inégalités (6).

Voila donc les principales caractéristiques de 1’étude des lois de conservation de la
forme (2). Je vais maintenant présenter les spécificités des lois de conservation a flux
discontinu.

'Une fonction v € Lj,(R) est a variation bornée, ca.d. v € BV(R) si |[v|pym =
sup { fR v(2)pa(z) dz, ¢ € CHR,R), |p(z)] < 1,Vz € R} < +00.
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Loi de conservation a flux discontinu

L’étude des lois de conservation a flux discontinu est un sujet récent. Les travaux ont
commencé il y a une dizaine d’années. Les comportements de schémas numériques ont
été étudiés dans ([Tow00, AJV04]), puis ont été introduites des notions de solutions
([Tow00, KRT02b]), et 'existence de ces solutions a été établie par passage a la limite
sur les schémas numériques. Toutefois, dans tous les travaux traitant d’existence de
solution ou d’unicité de solution, la fonction flux était supposée convexe ou concave
et/ou vraiment non linéaire.

On notera que les équations de transport linéaire a flux discontinu avaient été étudiées
sous la forme non conservative :

Oru~+ a(t,x)0yu =0,

avec a bornée discontinue dans [BJ98]. En supposant la fonction a continue par
morceaux, ces auteurs établissent I'existence d’une solution ainsi que la description
de telles solutions le long des lignes de discontinuité.

Toutefois, en ce qui concerne les lois de conservation a flux discontinu telles que le
probleme (1), aucun résultat d’existence et d’unicité de solution dans un méme espace
fonctionnel n’avait été établi jusqu’en 2003 [SV03], malgré une notion de solution
entropique introduite par [Tow00]. Essayons de comprendre pourquoi.

Le premier constat a faire est que le probleme linéaire est mal posé. En effet, considér-
ons l'équation Oyu + 0, (k(x)u) = 0 avec k(x) = sgn(x). Alors, a l'aide des ca-
ractéristiques, on voit que u n’est pas unique.

Modele physique

En fait, pour obtenir un probleme bien posé, il faut partir du modele. On considere
I'écoulement unidimensionnel d’un fluide dans un milieu hétérogene (sable/argile)
composé de deux phases, par exemple eau et huile, soumis a la force gravitationnelle
(voir Fig. 1). Si on suppose que ce fluide suit la loi de Darcy, on obtient le systéme
d’équations suivant :

I'(z)0wu — 0y (kAw (0xp + puwG)) = 0, (8)

F(x)at(l - u) - 8;,;(145)\0(83;]) + poG)) =0. (9)

On a choisi un systeme cartésien de coordonnées tel que la force gravitationnelle soit
dirigée dans la direction des x positifs. On note u la saturation de l'eau et 1 — u
la saturation de 'huile, p,, et p, les densités respectives de l'eau et de I'huile, p la
pression des fluides, Ay, = ky/(Pwtiw) €6 Ao = ko/(potto) OU fiy €t g sont les viscosités
respectives des deux fluides, k,, et k, sont les perméabilités relatives des deux phases
eau et huile. Enfin, on note G l'accélération gravitationnelle, k la perméabilité absolue
du milieu et I' la porosité.
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Argile [¢, k(x)]

Fi1a. 1 — Modélisation de I’écoulement Huile/Eau en milieu hétérogene

En ajoutant les équations (8) et (9), on obtient 9,Q = 0 ou
Q = k()‘w + )‘o)axp + k)‘wpr + k)‘opoG

est le flux total. En supposant que 1’écoulement est stationnaire, on exprime d,p
comme une fonction de @. On remplace alors d,p dans (8), et on obtient :

AwAo
Aw + Ao

Aw

F(m)@tu + a:r <k m

(o — pu)G + (-Q)) =0.
Pour le modele I' est une fonction discontinue en z, mais on va supposer pour sim-
plifier 'analyse mathématique que I' = ¢st = 1 (en réalité cela ne change pas fonda-

mentalement 'analyse). On obtient alors la loi de conservation suivante :
Oru + 0, (k(x)g(u) + £ () = 0,

o) = (9 = pu) 202
Aw ()
Aw(w) + Ao(u)

Comme le flux ) est constant, il a un signe et on suppose, par exemple, qu’il est
négatif. Enfin, les fonctions A\, et A\, sont les perméabilités relatives des deux phases
et satisfont les hypotheses suivantes (cf. [GMT96]] :

G,
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1. Ay € CY([0,1]) est croissante et satisfait A, (0) = 0,
2. A, € C([0,1]) est décroissante et satisfait A\,(1) = 0,
3. Il existe a > 0 tel que Ay (u) + Ao(u) > a pour tout u € [0, 1].

Finalement, on obtient le probleme de Cauchy suivant a étudier :

{ Ou+ 0y (k(x)g(uw) + f(u)) =0, (t,z) e Ry xR,
(10)

u(0,2) = up(xz), wp € L>®(R;[0,1]).

Les fonctions f, g et k satisfont les hypotheses suivantes :

(H1) g € C*(]0,1]), est positive et g(0) = g(1) =0,

(H2) f € C*([0,1]), est croissante et f(0) =0,

(H3) k est la fonction discontinue définie par :

k(z) = { ]]:; :iig avec kr,kr > 0 et kz, # kgr.

L’hypothese sur les valeurs des fonctions flux en 0 et 1 est nécessaire (et suffisante)
pour que le probleme (10) soit bien posé. Notamment, cette hypothese assure que les
deux fonctions constantes respectivement égale a 0 ou a 1, sont solutions du probléeme
alors que les constantes, en général ne le sont pas a cause de la discontinuité de la
fonction k. Du point de vue physique, cela traduit le fait que si au temps initiale le
fluide n’est composé que d’eau (ug = 1) ou que d’huile (ug = 1), au cours du temps,
la saturation du fluide reste constante (le fluide est toujours composé que d’huile ou
que d’eau.) Le modele permet donc de poser correctement le probléeme.

Premier résultat d’existence et d’unicité

Le premier résultat d’existence et d’unicité de solution du probleme (10) est di a N.
Seguin et J. Vovelle [SV03]. Ils ont introduit une notion de solution entropique pour
ce probleme dans la cas g(u) = u(l—u) et f = 0, notion équivalente a celle introduite
par Towers [Tow00].

Pour établir I’existence d’une solution entropique, ils obtiennent une estimation BV
sur ®(uf,1/2), ot u® est la solution entropique d’un probléme approché du probleme
(10). Puis, du fait que ®(.,1/2) soit une fonction de Temple [Tem82], ils obtiennent
la convergence d’'une sous-famille de (uf) vers une solution entropique du probléme
(10).

La preuve d’unicité comprend deux étapes. Tout d’abord, grace aux résultats de
Kruzhkov sur la comparaison de deux solutions entropiques d’une loi de conserva-
tion a flux lipschitzien, ils peuvent comparer deux solutions en dehors d’un compact
contenant {x = 0} (la fonction k est constante en dehors d’un tel compact). Dans un
deuxieme temps, par passage a la limite sur les fonctions tests, en utilisant I’existence
de traces pour une solution entropique le long de la ligne de discontinuité de k, la
comparaison de deux solutions entropiques est déduite. L’unicité est une conséquence
immédiate. L’existence de ces fonctions traces le long de la ligne {z = 0} pour une
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solution entropique est obtenue en utilisant un résultat da a Vasseur [Vas01]. Toute-
fois, ce résultat n’est valable que si g est vraiment non linéaire en u, c’est a dire que
la dérivée seconde de g ne s’annule pas sur un intervalle ouvert de [0, 1], (ce qui est
le cas pour la fonction u — u(1l — u)).

Cette premiere étude est a la base du travail de ma these.

Schéma volumes finis

Un deuxieme point de la these a été consacré a 1’étude de certains schémas numériques
pour le probleme (10). La méthode des volumes finis est une méthode d’analyse
numérique et adaptée aux lois de conservation parce qu’elle conserve les flux numé-
riques.

Le principe général de cette méthode sur la loi de conservation (2) est le suivant. Le
domaine R est découpé en volume de controle K; =|z;_1/9,%;41/2[ 00 (Ti41/2)icz est
une suite de réels strictement croissante, et le segment [0,7] est partitionné comme
suit :

0=t"<t' <. <tV 1<tV =T

Pour la suite, on note h; = ;12 — T;_1/2 et ky, = g+l gn
Si on integre 1’équation (2) sur [t",¢"*+1] x K;, on obtient

tn+1

| e — @) do [ (i) = fultaingg) de=0.(1)

tn

On note u]' la valeur approchée de u(t",z;) (ot x; est un point de Kj;), valeur
construite par le schéma. Si on remplace dans (11) u(t",z) et u(t"* x) par u? et
ult! dans la premiére intégrale et le flux f(u(t, z; 44 /2)) par le flux numérique ¢
on obtient :

n
i+1/2)

hi(u@n-i_l - u?) + kn(@?+1/2 - 80?71/2) =0.

Remarque 2. Par construction, les schémas volumes finis conservent le flux car
f(u(t,x;_l/Q) est approché comme f(u(t,ﬂ:;H/Q)). Ces schémas sont donc adaptés
aux lois de conservation.

Le choix de ¢}, /2 détermine la méthode des volumes finis employée. Par exemple
pour une méthode explicite monotone a trois points, on suppose que Lp?ﬂ /2

n n N . 2 . N BN .
F(ul?, u] ‘1) ou F' @ R® — R est croissante par rapport a sa premiére variable et
décroissante par rapport a sa seconde.
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Dans ce cas, le schéma s’écrit :

k
up = - o (F(ufuitey) = Fufly, ) = 0. (12)
7

On remarque alors que connaissant les trois valeurs u’ |, u' et uj,;, on construit
e

A
L’étude de ce type de schémas a fait I'objet de nombreux travaux (cf. [EGHO00] pour
référence).

Apres avoir situé le cadre général de mon travail de theése, je propose maintenant une
introduction de chaque chapitre de ce manuscrit.

Chapitre 1

Comme on 'a vu précédemment, I'existence et 'unicité d’une solution entropique
pour le probleme (10) n’ont été établies que si la fonction g est concave et vraiment
non linéaire (avec un seul maximum sur [0, 1]), comme g(u) = u(1 — u)). On notera
que les preuves d’existence et d’unicité proposées dans [SV03] utilisent fortement ces
hypotheses sur g.

L’objectif est donc de généraliser ce travail pour une fonction g ne satisfaisant que
Ihypothese (H1) (cf page 6) et d’ajouter la fonction f dans le flux.

Tout d’abord, une bonne notion de solution entropique a du étre introduite.

Définition 3. Soit ug € L*®(R;[0,1]). Une fonction w appartenant o L™ (Ry x
R;[0,1]) est une solution entropique du probléme (10) si elle satisfait les inégalités
entropiques suivantes : pour tout k € [0, 1], pour toute fonction positive p € C2° (R4 X

R),
/OO/ lu(t, x) — k| Opp(t, x) da dt
0 R
+ /0 /R (k(z) ®(u(t,z), k) + U(u(t, z),K)) Opp(t, ) da di
+ /le)(:v) — &l p(0,2)dz + |kr, — kg /OOO g(K) @(t,0)dt > 0, (13)

ou © et ) sont est les flux entropiques associés aux entropies de Kruzhkov,

O(u, k) = sgn(u— r)(g(u) = g(r)), Y(u,r) = sgn(u—r)(f(u) = f(r)).
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Cette définition est celle donnée par J.D. Towers dans le cas d'une fonction g convexe
et f = 0. Elle est aussi valable pour une fonction g quelconque, ni convexe, ni concave.
Le premier résultat obtenu généralise donc cette notion de solution entropique pour
le probleme (10).

L’existence et I'unicité d’'une solution entropique ont été établies pour une fonction
flux g vraiment non linéaire satisfaisant (H1) et pour une fonction f satisfaisant (H2).
Ces résultats sont présentés dans le chapitre 1 :

Théoréeme 1. Soit uy € L*°(R) telle que 0 < ug < 1 p.p. sur R. En supposant g vrai-
ment non linéaire, il existe une solution entropique u € L (R xR) du probléme (10).

Théoréeme 2. Soient ug, vo appartenant a L (R) telles que 0 < ug,vg < 1 p.p. On
suppose que u € L¥(Ry x R) et v € L*(R4 x R) sont deuz solutions entropiques
du probleme (10), avec comme conditions initiales respectives ug et vy. Alors, en
supposant g vraiment non linéaire, pour tout R,T" > 0, on a linégalité suivante :

T rR R+TM
/ / lu(t,x) —v(t,x)|dedt < T/ lug(x) — vo(x)| dex, (14)
0 —R

—R-TM

ou M = max(kr,kgr) sup |¢'(u)|+ sup |f'(u)].

u€(0,1] u€(0,1]
Remarque 3. L’hypothése ”g vraiment non linéaire” n’est pas donnée par le modéle.
Nous en avons eu besoin pour des raisons techniques.

Pour établir 'existence d’une solution entropique, on introduit un probleme (1.)
qui est une loi de conservation avec la fonction k régularisée. Grace aux résultats
dis a Kruzhkov, on obtient 'existence et 'unicité de u®, solution entropique du
probleme (1.). Une estimation BV sur 7(uf) est alors établie, ot y(s) = [ |¢/(s)|ds.
Il existe alors une sous-suite de v(u°) qui converge presque partout. Pour obtenir la
convergence d’une sous-suite de uf, on utilise une conséquence de ”¢ vraiment non
linéaire” qui nous donne que « inversible.

On remarque que pour une loi de conservation avec la fonction k constante, si on
a une condition initiale dans BV (R), alors u € BV (]0,7] x R) pour tout T' > 0.
Par contre pour le probleme (10), aucune estimation BV n’a pu étre obtenue sur la
solution entropique directement, le probleme reste ouvert.

Finalement, le cheminement de preuve consistant a utiliser la compacité dans I’espace
BV utilise I’hypothese sur g vraiment non linéaire.

Pour I'unicité, dans un premier temps, on a voulu adapter au probleme (10) la preuve
d’unicité de Kruzhkov par dédoublement de variables. Pour cela, en remarquant que
la fonction k est constante en dehors d’un compact contenant {z = 0}, la comparaison
de deux solutions entropiques est connue [Kru70]. En passant alors & la limite sur les
fonctions tests, la comparaison entre deux solutions entropiques du probléeme (10) est
alors possible, mais il faut pour cela connaitre les limites des solutions entropiques
enz = 0 et z = 0F. On utilise un résultat di & Vasseur [Vas01], sur Pexistence
de traces fortes des solutions, mais ce résultat n’est valable que si g est vraiment
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non linéaire. Finalement, par ce schéma de preuve, pour établir la comparaison entre
deux solutions entropiques et par 1a méme 'unicité d’une telle solution, I'hypothese
sur g vraiment non linéaire est nécessaire.

En conclusion, on a obtenu 'existence et 'unicité d’une solution entropique pour le
probleme (10) sans hypothese de convexité ou concavité sur g. Toutefois, I'hypothese
sur g vraiment non linéaire ne semble que technique et non liée au probleme.

Ce travail a été publié dans la revue Advances in Differential Equation ([Bac04]).

Chapitre 2

L’objectif de ce travail, en collaboration avec Julien Vovelle, est de lever 'hypothese
de vraiment non linéarité faite sur g. L’existence et 'unicité d’une solution entropique
ont ainsi été obtenues sous les seules hypotheses du modele (H1), (H2) et (H3).

Théoréme 3. Soit uy € L>°(R) telle que 0 < ug < 1 p.p. sur R. Alors, il existe une
unique solution entropique u € L>®°(Ry x R) du probléme (10).

Ces résultats ont nécessité de considérer le probleme comme un probléme nouveau
et de s’écarter des méthodes et des outils du premier chapitre. Pour ’existence, on a
introduit la notion de solution processus entropique pour le probléme (10) (ou notion
a valeurs mesures [DiP85]). Cette notion a été introduite par R. Eymard, T. Gallouét
et R. Herbin [EGHO0O0], pour une loi de conservation a flux lipschitzien. On a donc
étendue cette notion au probleme (10) comme suit :

Définition 4. Soit ugp € L*°(R;[0,1]). Une fonction u appartenant o L™ (R4 X
R x (0,1);]0,1]) est une solution entropique du probléme (10) si elle satisfait les

inégalités entropiques suivantes : pour tout k € [0,1], pour toute fonction positive
p € CX(Ry X R),

1 poo
/ / /|u(t,x,0z) — k| Op(t, x) dz dt do

/ / / u(t, z, @), k) + (ult,z,a), k) dpp(t, x) dz dt da
/|u0 _“|90(0$)d$+|kL—le/ p(t,0) dt > 0.

Pourquoi introduire cette notion? Cette notion est une notion a priori plus faible
que celle de solution entropique. Cet outil est essentiel dans I’étude de la convergence
d’approximations ayant peu de propriétés de compacité. En effet, on peut justifier
le passage a la limite dans une équation approchée, en se basant uniquement sur
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une estimation L°°. L’existence d’une solution processus entropique est alors obtenue
pour g qui peut étre constante sur des intervalles ouvert de [0, 1].

D’autre part, pour établir la comparaison entre deux solutions processus entropiques,
le probleme ne pouvait plus étre considéré comme dans le premier chapitre. En effet,
comme on ’a vu, cette approche nécessite 1’existence de traces des solutions le long
de la ligne {z = 0}. Or, l'existence des traces des solutions n’est pas établie pour
g quelconque. L’existence de traces n’est assurée que si g est vraiment non linéaire.
De plus, dans le cas ou k;, = kr et g non vraiment non linéaire, Oleinik, en 1957, a
montré que si on regarde les problemes sur Ry x R_ et sur Ry x Ry, il n'y a pas
existence de traces de la solution entropique sur les bords si la donnée initiale est
seulement dans L* ([Ole56, Ole57]).

Il a donc fallu aborder le probleme différemment. On a essayé d’adapter la preuve de
dédoublement de variables mais aucun résultat satisfaisant n’a été obtenu. On s’est
alors intéressé a la notion de solution cinétique. Cette notion est a été introduite dans
plusieurs travaux ([Bre83, GM83, LPT94]) pour une loi de conservation a flux lip-
schitzien. Une preuve d’unicité d’une solution cinétique a été établie par B. Perthame
[Per98]. On a alors étendu cette notion a celle de solution processus cinétique pour
le probleme (10), notion équivalente a celle de solution processus entropique :

Définition 5. Soient a et b les fonctions dérivées des fonctions flux :

a€)==4g'(&),  b&)=f(¢), E€R.

Soit ug € L*(R;[0,1]) et u € L>®(Q x (0,1)).
Soient hy et h. les fonctions d’équilibre associées a u et uq :

h:l:(t7x7a7§) - Sgni(u(t7x7a) - g)’ h(:)l:(xaf) - Sgni(u()(w) - 5) :

La fonction u est une solution processus cinétique du probléme (10) s’il existe my €

C(Re;w * =M (Q)) telle que m(-,§) qui s’annule pour & grand (resp. m_(-,§) qui
s”annule pour —¢& grand) et telle que pour toute fonction ¢ € C°(R3),

1
/ / ha (0 + (k(z)a(€) + b(£))0y ) dt dx dE do + / higo‘tzo dx d¢
0 JQxR,

RI XR{

ket [ el dods= [ Ocpdme. (15)
YxRe QxR

Ces outils ont été adaptés au probleme (10) et ont permis d’obtenir 'unicité d’une
solution processus entropique et I’équivalence entre les notions de solution entropique,
processus entropique et processus cinétique.
La comparaison de deux solutions processus cinétiques et celle de deux solutions
processus entropiques sont liées. En effet, soient u et v deux solutions entropiques
du probleme (16) et hy, ji, respectivement, les fonctions d’équilibre associées. On a
alors :

/ ha(t,z, N\, &) jx(t, z, 0, &) d§ = (u(t,z, \) — o(t,z, )t Y oz, N\ o
R
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Comparer u et v revient donc a comparer hy et j+. Comme 'équation (15) est linéaire,
les fonctions d’équilibre d’une solution processus cinétique admettent des fonctions
traces le long de la ligne de discontinuité de k, pour une fonction flux g quelconque.
On peut alors comparer hy et j+ en dehors d'un compact contenant {x = 0} (k est
constante en dehors d’un tel compact), puis par passage a la limite et en utilisant les
fonctions traces des fonctions d’équilibre, la comparaison est établie sur R.

Théoréme 4. Soit uy € L>®(R;|0,1]). Sous les hypothéses (H1), (H2) et (H3), il
existe une unique solution entropique uw € L*°(R4 x R;[0,1]) du probléme (10).

Ainsi dans ce travail, nous avons établi I’existence et 'unicité d’une solution entro-
pique pour le probléme (10). Ce probléme est donc bien posé sous les seules hy-
potheéses du modele. De plus, nous avons introduit de nouvelles notions de solution
toutes équivalentes a celle de solution entropique.

Ce travail a donné lieu a un article accepté pour une publication dans la revue
Communications in Partial Differential Equations [BV05].

Chapitre 3

L’objectif de cette troisieme partie est de présenter un schéma volume fini adapté
au probleme (10) et d’établir la convergence du schéma vers la solution entropique.
En effet, cette preuve de convergence n’a jamais été faite et pourtant de nombreux
industriels utilisent des schémas de ce type pour étudier le comportement de leur
modele.

En effet, depuis une dizaine d’années, plusieurs travaux présentaient des schémas
numériques pour les lois de conservation a flux discontinu ([Tow00, Tow01, KRT02b,
AJV04]). Dans ([Tow00, Tow01]), auteur présente un schéma & maillage décalé pour
la fonction k et établit la convergence d’une sous-suite, mais pas la convergence du
schéma.

Notre analyse inclut les schémas ”scheme 17, ”scheme 2”7 et ”Godunov scheme”
présentés dans [SV03], et les preuves peuvent étre adaptées pour un maillage décalé
sur la fonction k£ comme le proposait Towers. De fait, on montre que les schémas
utilisés par les industriels et le schéma de Godunov, qui a de meilleures propriétés de
convergence, convergent tous vers la solution entropique du probleme (10).

Théoréme 5. On se donne une suite de maillages T, dont la taille tend vers zéro
lorsque n tend vers linfini. Pour chaque maillage, on note u, la fonction constante
par maille construite par le schéma. Sous les hypothéses (H1), (H2) et (H3), la suite
(un)nen converge vers l'unique solution entropique du probléeme (10), dans tout les
espaces LY (R, x R) pour p € [1,+00].

loc
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Cette analyse est complétée par quelques essais numériques. Il est présenté trois types
de schémas : le schéma de Godunov, le schéma VFRoe-ncv et un troisieme nommé
God/VFRoe-ncv. Ces trois schémas sont testés pour deux fonctions g. Le premier
test est effectué avec une fonction g ni convexe, ni concave qui admet deux maxi-
mums locaux et un minimum local. Le deuxieme test concerne une fonction linéaire
par morceaux. Ce deuxieme test a deux objectifs. Tout d’abord, cela met en évidence
que 'hypothese sur g vraiment non linéaire (qui est imposée dans tous les travaux
antérieurs) n’est pas nécessaire.

Deuxiémement, I’étude de lois de conservation a flux discontinu peut étre vue comme
un travail préliminaire a ’étude des systemes résonnants [IT86]. Le probleme (10)
peut étre introduit comme un systéme résonnant (systéeme dont le caractére hyper-
bolique peut étre mis en défaut). En effet, ’équation (10) ( si on suppose f = 0 pour
simplifier) peut se réécrire :

Ou+ 0 (k(z)g(uw)) =0, 8k =0,
dont la matrice caractéristique est :

( kg'éU) g(OU) )

On remarque alors que cette matrice n’est pas diagonalisable pour les valeurs ou ¢’
s’annule.

Pour les deux séries de tests, on observe un comportement similaire des trois schémas
et une convergence, en norme L! discréte, a Pordre 1. Enfin, on remarquera que cette
estimation d’erreur n’est que numérique, aucune analyse n’a permis a [’heure actuelle
d’obtenir une estimation d’erreur.

Ce travail a fait 'objet d’une présentation avec acte au colloque Fourth Finite Vo-
lume for Complex Applications, en juillet 2005. De plus, une version complétée a été
soumise pour publication.

Chapitres 4 et 5

Les chapitres 4 et 5 concernent ’analyse de la loi de conservation a flux discontinu
suivante :

Ou+ 0y (g(x,u) + fu) =0,  (t,2) € Ry xR,
(16)
u(0,x) = up(z), upg € L>*(R; [0, 1]).
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Les fonctions f et g satisfaisant les hypotheses suivantes :

(H4) g est la fonction discontinue définie par
[ ogr(u) siz <O
g(w,u) = { gr(u) siz>0 avec gr, 7 gR,
g1, gr € Lip([0,1]) et 92(0) = gr(0) = g1.(1) = gr(1) =0,
(H5)  f € Lip([0,1]).

On remarque que cette loi de conservation est une généralisation du probleme (10).
Pour cela, il suffit de prendre comme fonction g7, = krg et gr = krg. Dans ([KRO1,
AJV04)), les auteurs présentent une analyse de convergence, mais aucune preuve n’est
établie. De méme que pour le probleme (10), aucun résultat d’existence et d’unicité
de solution n’a été obtenu sous les hypotheses (H4) et (H5). On notera toutefois
que parallelement et indépendamment du travail présenté, une premiere preuve de
convergence du schéma Lax-Friedrichs a été établie en supposant que le flux était
vraiment non linéaire [KT04].

Dans ces deux chapitres, je présente un résultat d’existence et d’unicité de solution
entropique, et une preuve de convergence d’un schéma volume fini. Pour cela, de
nouveaux points d’analyse sont nécessaires.

Tout d’abord, si on revient au modele décrit précédemment pour le probleme (10),
on suppose que la perméabilité absolue du milieu k£ dépend de x et les perméabilités
relatives ne dépendent que de u. Dans ce nouveau probleme, on suppose que la
perméabilité absolue dépend de x, que les perméabilités relatives dépendent du milieu
et du fluide (donc de = et de u), et que le flux total est nul, en rappelant que u est
la saturation de l'eau (et 1 — u la saturation de I’huile), d’ou la forme de g.

On remarque que le signe des fonctions g7, et gr est quelconque. Par contre, les
fonctions gy, et gr s’annulent en 0 et 1 (comme pour la fonction g dans les trois
premiers chapitres). Toutefois, cette hypothese est cohérente avec le modele car elle
traduit le fait que lors de ’écoulement, en présence d’un seul des deux fluides, le flux
est indépendant de x. De plus, cette hypothese est suffisante pour que le probleme
soit bien posé dans les deux modeéles.

La notion de solution processus entropique a du étre généralisée au nouveau probleme

(16) :

Définition 6. Soit ug € L>®(R) telle que 0 < uy < 1 p.p. sur R. Une fonction
u € L®(Ry xR x(0,1);[0,1]) est une solution processus entropique du probléme (16)
si elle satisfait les inégalités entropiques suivantes : pour tout k € [0, 1], pour toute
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fonction positive ¢ € C°(R4 x R),

/o1 /0°° /R(“(t’m’ a) — k)* Ovp(t, x) dt da da
+ /01 /OOO/R(CI)i(DU,u(t,x,Oz),/g)_i_\pj:(u(t’x’a)’ﬁ)) olt, ) do dt do

+ [t = w00 + [ () — grte)* e 0@ 20, ()
R 0

avec ®F et UF les flur entropiques associées aux entropies de Kruzhkov,

(I)i(x’u"%) = sgni(u—ﬁ)(g(x,u)—g(x,/-@)),
U (u, ) sgny (u— k) (f(u) — f(k))-

Dans ce cadre, 'unicité d’une solution processus entropique du probleme (16) a été
établie sous la forme suivante :

Théoréme 6. Soient u (resp. v € L¥(Ry x R x (0,1))) une solution entropique
du probléme (16), associée a la condition initiale ug € L*°(R;[0,1]) (resp. vy €
L>°(R;[0,1])). Alors, sous les hypothéses (H}) et (H5), pour tout R, T > 0, on a

1 1 T (R R+CT
/ / / / (u(t,z, ) — v(t,z,\))* de dt da d) < T/ (uo(z) — vo(z))Ede,
o Jo Jo J-R —~R-CT
avec C' := max{Lip(gr, )Lip(gr)} + Lip(f).

La preuve d’unicité a nécessité de prendre en compte le fait que les courbes de gy, et
de ggr, sur [0, 1], pouvaient se croiser, ce qui n’était pas le cas pour les fonctions kg
et krg ('une étant toujours au dessus de l'autre suivant le signe de k, — kr). Mais
un théoreme de comparaison des solutions processus entropiques, puis des solutions
entropiques du probléme (16) a tout de méme été obtenu. De plus, on en déduit
qu’une solution processus entropique est en fait une solution entropique.

Dans le chapitre 5, je propose un schéma volume fini explicite pour le probleme (16).
Le schéma considéré est toujours monotone. Le point délicat est de définir un flux a
I'interface {x = 0}. On a alors introduit un critére de monotonie qui est satisfait par
les schémas déja étudiés au chapitre 3 pour le probleme (10).

L’analyse de convergence est faite en plusieurs étapes. Tout d’abord, la monotonie
du schéma et les inégalités entropiques discretes, satisfaites par la solution approchée
construite par le schéma, sont obtenues. Puis, une estimation BV faible sur la solution
approchée est obtenue. Cette estimation est a la base de la preuve de convergence et
peut-étre vu formellement comme suit :
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Remarque 4. Approcher une solution du probléme (16) par une méthode volumes
finis (pour simplifier a pas constants h et k) est équivalent & approcher une solution
du probléme (16) par une solution du probléme parabolique suivant :

O + 0, (g% (z,u) + f(u)) — £dppu =0 (18)

ou € = (h —k)/2 sous une condition CFL.

On suppose alors que u est assez réguliere, qu’elle et sa fonction dérivée admettent
des limites nulles lorsque x — 400 et que ¢ est une fonction réguliére qui approche
g (quand ¢ tend vers zéro) telle que ¢°(x,u) = g(x,u) pour |x| > e, u € [0,1] et

9°(w,u) € [gr(u), gr(w)] ou € [gr(u), gr(w)] pour |z| < e, u € [0,1].
Si on multiplie (18) par u et qu’on intégre sur (0,T) x R, on obtient :

l/ (Tx)dw——/ 0xdx+// (Oyu)2(t, z) da dt
//3 (z,u) + f(u) udzdt = 0.

En utilisant la régularité de u on a :

/ /8 ) udx dt = 0.

On a aussi 0,(¢°(z,u))u = ¢5(x,u)u + 0,9° avec g° une fonction réguliére définie

par : 0ug° = udy(g°)(z,u). On en déduit :

T
\/ /axgE(m,u)udmdt\ < JfulloollBagfl s < Cr.
0 R

Finalement, on a montré, formellement, que pour T suffisamment grand :

T
/ / £(Opu)?(t,z) da dt < Co
0 R

avec Co qui ne dépend que de g, f et ug. C’est la variante continue de [’estimation
BV-faible obtenue sur les solutions discrétes dans le chapitre 5.

Enfin, a l'aide de 'estimation BV faible, 'existence d’une solution processus entro-
pique est déduite.

Théoréme 7. Soit ug € L*(R; [0, 1]). On se donne une suite de maillage 7,, dont la
taille tend vers zéro lorsque n tend vers linfini. Pour chaque maillage, on note u,, la
fonction constante par maille construite par le schéma. Sous les hypothéses (H4) et
(H5), la suite (up)nen admet une sous-suite convergente vers v € L*°(Ry x R; [0, 1])
pour la topologie faible-x non linéaire. De plus, la fonction v est une solution processus
entropique du probléeme (16).
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L’existence est donc obtenue différemment que celle démontrée dans le chapitre 2.
Toutefois, la méme démarche de preuve que dans le chapitre 2 est aussi valable et
présentée. Finalement, la solution processus entropique s’avere étre la solution entro-
pique (par les résultats présentés dans le chapitre 4), ce qui entraine la convergence de
la méthode des volumes finis pour la topologie non linéaire faible-x dans L°°, puis a
I'aide de la non linéarité, la convergence est établie dans tous les espaces LT (R xR)
pour p € [1,+o0o[. Ce résultat est résumé dans le théoréme suivant :

Théoréme 8. On se donne une suite de maillages T, dont la taille tend vers zéro
lorsque n tend vers linfini. Pour chaque maillage, on note wu, la fonction constante
par maille construite par le schéma. Sous les hypothéses (H4) et (Hb5), la suite
(Un)nen converge vers lunique solution entropique du probléme (16), dans tous les
espaces L (R, x R) pour p € [1,4o00].

loc

Ce travail a été soumis pour publication.
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Chapter 1

Analyse d’une loi de
conservation a flux discontinu
vraiment non linéaire

1.1 Introduction

We study here a model of conservation law with a flux function with discontinuous
coefficients, namely the equation dyu + 9 (k(z)g(u) + f(u)) = 0. We prove the
existence and the uniqueness of an entropy solution in L>®(R; x R) for ug, the
initial condition, in L*>°(R). We provide some physical background for the study of
this equation. In particular, g is not assume to be convex nor concave and k is a
discontinuous function.

The issues of existence, uniqueness and entropy conditions for hyperbolic conservation
laws with discontinuous coefficients are investigated. The Cauchy problem writes:

{ Oyu+ 0, (k(x)g(w) + f(w) =0, (t,z) € Ry xR,
(1.1)

U(Ov 1‘) = U0($)7

with initial value ug € L*°(R) and a.e. (t,z) e Ry xR, 0 < u(t,z) < 1.
The functions f, g and k are supposed to satisfy the following hypotheses:

(H1) g € C*(]0,1]), is non-negative and g(0) = g(1) =0,
(H2) f e C'([0,1]), is non-decreasing and f(0) =0,

(H3) g =0 or g is genuinely nonlinear, i.e., if I is a non-empty open interval in [0, 1],
g’ =0onl=g=0,

krp ifx<O

kp ifz>0 with k7, kr >

(H4) k is a discontinuous function defined by k(x) = {
0 and k1, # kg
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What underlies these hypotheses is our aim at giving and analyzing a model for a
two-phase flow in porous media with distinct permeabilities (e.g. sand/clay). Let
us precise this fact [GMT96]: we consider the flow (vertical and one-dimensional)
of two immiscible fluids. We assume that the flow of both fluids can be adequately
described by Darcy’s law and that capillarity forces can be neglected. Then, from
the equations of conservation of mass we deduce the following system:

D(2)0u — 8y (ke (9ep + puG)) = 0, (1.2)

F(x)at(l - u) - 8;,;(]{3)\0(83;]9 + poG)) =0. (1'3)

Here, we choose a Cartesian system of coordinates such that the gravitational force
points in the positive x-direction. We denote by w the saturation of the phase w, so
that 1 —w is the saturation of the phase o. Herein, p,, and p, respectively denote the
fluid densities of the phases w and o, p is the pressure of the fluids, Ay, = kuw/(Pwtiw)
and X\, = ko/(pofto) where p,, and p, are the respective viscosities and ky,, k, are the
relative permeabilities of the phases w and o. We denote by G the acceleration of
gravity, by k the absolute permeability and by I' the porosity.

The addition of (1.2) and (1.3) gives 9,Q = 0 where

Q = k(A + X0)0uD + kAwpuG + kXopoG (1.4)

is the total flow. We suppose that this flow is stationary. It is thus constant with
respect to z and t. By (1.4), 0,p can be written as a function of @) which, plugged
n (1.2) leads to

Awo Aw
I(2)dyu + 0, <k)\ 2 (po = pu)G + m(—Q)) ~ 0. (1.5)

The function I' is a discontinuous function of x but assuming I' = ¢st = 1 does not
change the mathematical analysis of the problem, without loss of generality we hence
assume I' = cst.

We thus obtain the form of equation (1.1) with

g(u) = (po — Pw)—AXX?ﬂL)

o Aw(u
= O o

G,
(1.6)

The total flow being constant, it has a constant sign. We suppose for example
—@ > 0. Like relative permeabilities, the functions A, and A, satisfy ([GMT96])

1. Ay € CY([0,1]) is a non-decreasing function such that A, (0) = 0,
2. \, € C1(]0,1]) is a non-increasing function such that \,(1) = 0,

3. there exists a > 0 such as A\, (u) + Ao(u) > a for every u € [0, 1].
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Functions f and g defined in hence (1.6) satisfy hypotheses (H1) and (H2).
Hypothesis (H3) has no physical basis. However, we need it to prove existence of
strong traces for an entropy solution to problem (1.1): we use a result of Vasseur
[Vas01], which allows to show the uniqueness of an entropy solution to problem (1.1).
Hypothesis (H3) is also necessary in the proof of Theorem 1.2.

Notice that we take care to study the equation dyu + 8, (k(z)g(u) + f(u)) = 0 on
a physical background. This is a way to ensure that the Cauchy problem (1.1)
makes sense. Indeed, this is not always the case. Consider for example the problem
Oyu + Oy (k(x)u) = 0 with k(x) = —sgn(x): the computation of the solution of the
Cauchy problem along the characteristic lines shows that this one cannot be specified
in the domain {¢t > 0, |z| < t}.

The interpretation of hypothesis (H4) for the model of a two-phase flow is the fol-
lowing: the fluids move in different porous media (e.g. in sand for z < 0 and clay
for x > 0) which permeabilities are distinct. Let us recall that our interest lies in the
analysis of the conservation law u;+ (k(z)g(u)+ f(u)), = 0 where k is a discontinuous
function and that, from that point of view, the elementary case where k is piecewise
constant is relevant: the main features of conservation laws with discontinuous coeffi-
cients stand out. In particular, the question of the entropy condition satisfied by the
potential solution on the line {z = 0}, line of discontinuity of the function k, arises.
In the analysis of problem (1.1), this question is probably the first to require an
answer, insofar as it rules the admissibility of solutions. Indeed, in the case where
the function k is regular, or constant on R, entropy conditions have been specified
and proved to constitute accurate admissibility criteria for solutions of (1.1) [Ole57,
Kru70]. In the study of problem (1.1) with the discontinuous function k defined in
(H4), the admissible solutions are of course subject to entropy conditions away from
{z = 0} and the point is to identify conditions on {z = 0} that should be satisfied.
Since the beginning of the 80’s, several answers have been given to this issue. The
account of these solutions first requires some mathematical setting: suppose that
the function v € L*° (R, x R) under consideration is a weak solution of (1.1), i.e.
solution in D'(R; x R), and admits some traces yut(t) and yu~(t) € L>=(R,) at
r = 0+ and x = 0— respectively (this the case if u|g+ € L> N BV(Q%), where
Q" = (0,+00) x (0,400) and Q= = (0,400) x (—00,0) for example). Then, from
the fact that u is a weak solution of (1.1) the Rankine-Hugoniot relation

krg(yu™) + f(yu™) = krg(yu™) + f(yu™) (1.7)

is easily deduced. This relation is still too weak to constitute an accurate criterion of
selection. Additional criteria have been given in the case f = 0, ¢” < 0 and ¢/ (u*) = 0,
first by Isaacson and Temple [IT86, IT92] and Temple [Tem82]. The authors give the
following geometrical condition: in the (u, k) plane, a state (yu™,kr) being given,

define
So ={(vut kr); kpg(yu™) + f(yu™) = krg(yut) + fyu™)}. (1.8)

The condition then reads:

So N{(u,k);u=u*} =0. (1.9)
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In [KR95], Klingenberg and Risebro give the wave criterion, inspired of Oleinik con-
ditions [Ole56, Ole57],

0u(k(w)g'(w) < C(1+ ).

In [Tow00], Towers gives the analytical condition

[g' (vu )]y - [g'(yu™)]- =0 (1.10)

(where [a]4 is, respectively, the positive and negative part of a real function a). Notice
that this condition is equivalent to the non crossing condition given by Isaacson and
Temple in [IT86, IT92], at least when the initial condition of (1.1) is a Riemann data:

wo(x) = urp ifz<0
7 ug ifax >0,

(Indeed, if one takes into account the fact that the state ug (resp. ur) has to be
linked to the state yut (resp. yu~) by (classical) admissible waves, then the non
crossing condition of Isaacson and Temple is equivalent to the condition of Towers.)
An other important feature of problem (1.1) is highlighted in [Tem82, I'T86]. Indeed,
by adding the equation k; = 0 to (1.1), Isaacson and Temple actually solve the
Riemann problem associated to the system

where U = (u, k)T and F(U) = (kg(u) + f(u),0)T. This system is viewed as a
prototype of resonant hyperbolic systems, that is a system for which eigenvalues can
coincide. Indeed, the derivative of the flux, DF(U), has two eigenvalues k¢g'(u)+ f'(u)

and 0 which can coincide and, in that case, DF(U) = ( 0 is not diagonalizable

*
0
on R. The connection between scalar conservation laws with discontinuous coeffi-
cients and resonant hyperbolic systems has not only a theoretical interest, it also has
applications to their numerical approximations, see [LTW95a, Tow01, SV03]. We
refer to [Tem82, IT86, IT92, GLO3] for further references and results on the Riemann
problem for resonant hyperbolic systems.

In fact, in [Tem82, IT86, LTW95a, Tow01, SV03], one takes f = 0, so that the first
eigenvalue kg'(u) of DF(U) vanishes if and only if ¢’(u) = 0. Besides, ¢’ has only
one point of cancellation, u*, which value governs the entropy condition at {z = 0}:
the pertinence of this additional entropy condition is therefore thoroughly related to
the occurrence of resonance.

Regarding problem (1.1), we have (briefly) discussed the questions of entropy con-
ditions and resonant hyperbolic systems. An other issue at stake here is the possi-
bility to give global weak entropy conditions, i-e, entropy conditions in D’ as (1.11)
for example, in opposition to local entropy conditions (1.9), (1.10). To clarify our
terminology, let us come back on the historical progression in the investigation of



1.1 Introduction 25

entropy conditions for (classical) scalar conservation laws u; + (h(u)), = 0 with, say,
B > a > 0: in 1956-1957 [Ole56, Ole57], Oleinik first gave the entropy condition

u(t, ') —u(t,z) 1
-z ~ at’

which we qualify as “local” while the work of Volpert and Kruzhkov [Vol67, Kru70] led
to the well-known “global” entropy condition 0|u—k|+0,[sgn(u—r)(h(u)—h(k))] <0
in D'

This point is of importance as the validity of local entropy conditions for approxima-
tions (in particular numerical approximations) of the solution w can be very difficult
to check, whereas global entropy conditions are much simpler to evaluate for an ap-
proximate solution. Global entropy conditions are therefore a powerful and essential
tool in the analysis of the convergence of approximations of (1.1). The elaboration of
the definition of a weak entropy solution is a considerable advance in the analysis of
scalar conservation laws with discontinuous coefficient. In the case where f = 0 and
g has a unique local maximum, this step was accomplished by Towers in [Tow00].
For general functions f and g satisfying hypotheses (H1) to (H4), we show that this
definition remains accurate (see Definition 1.11), as, first, a L' contraction property
for such entropy solutions holds (Theorem 1.1) and, second, such entropy solutions
exist (Theorem 1.3) and are limit of the approximation trough the regularization of
the coefficient k (Theorem 1.2). The proof of the convergence of this approximation
relies on the use of a Temple function as introduced by Temple in [Tem82].

Indeed, given an initial datum ug € L> N BV (R), the BV semi-norm [|u(-,0+)||pv
of the entropy solution u of problem (1.1) at time ¢ = 0+ may not be bounded
[LTW95b]. It is known that, in the case where the function k is regular, the BV
semi-norm of entropy solutions with initial data in L N BV (R) remains bounded
with time. Consequently, still in the case where the function k is regular, approx-
imations of entropy solutions have also bounded BV semi-norm and this provides
a criterion of compactness in L'. For discontinuous k, BV bounds are satisfied
not by the entropy solution u but by the new unknown H(u) to be defined in the
sequel, usually called a Temple function. Such functions have a wide range of appli-
cations: the study of the Riemann problem for resonant hyperbolic systems [IT86],
the analysis of the convergence of approximations given by the Glimm scheme, Go-
dunov method [LTW95b, LTW95a]; the design and the analysis of a front tracking
algorithm [KR95], the convergence of numerical schemes [Tow00, Tow01]; the con-
vergence of the approximation by regularization of the coefficient k in [SV03] and in
the present paper (see the definitions (1.40) and (1.41) of the functions F~ and F*
in the proof of Theorem 1.2).

As already mentioned, the analysis of problem (1.1) (or analysis of related problems
as in [KRTO02b]) is usually performed under the restrictive assumptions f = 0 and
g" < 0 (or g has a single local maximum) and that g = 0 or g is genuinely nonlinear.
These assumptions are not satisfied by the present model. Here, we solely assume that
g is genuinely nonlinear which seems in our opinion, technical and is used essentially
to obtain existence of traces for the solution on {z = 0} (see [Vas01] below).
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The paper is structured as follows. In Section 1.2, we give the definition of entropy
solution. In Section 1.3, the uniqueness of such solutions is proved. In Section 1.4,
the convergence of the approximation of (1.1) is analyzed which follows from the
regularization of coefficient k: wvia the use of a Temple function, we prove the con-
vergence of this approximation (and, at the same time, the existence of an entropy
solution) when wug is BV. Existence in the case ug € L*°(R) then follows.

Notice that, independently of our work, an analysis of the equation dyu+0, f (y(z),u) =
OzzA(u), where 7y is a discontinuous function and A is a non-decreasing Lipschitz con-
tinuous function, was performed by Karlsen, Risebro and Towers [KRT03]. In this
work, they improved the range of admissible functions f for which uniqueness of the
entropy solution can be addressed.

1.2 Definition of an entropy solution

Definition 1.1. Let ugp € L*°(R), with 0 < ug < 1 a.e. on R. A function u in
L (R4 xR) is said to be an entropy solution of problem (1.1) if it satisfies 0 < u <1
a.e. and the following entropy inequalities : for all k € [0,1], for all non-negative
function ¢ € C°(Ry x R),

/ooo /R Ju(t, z) — k| Dup(t, )

+ /0 /R (k(x) @(u(t, z), k) + O (ult,x), ) pp(t, x) dz dt

+ [ fuola) = (0.2 do

+ IkL—kRI/ g(k) (t,0)dt >0, (1.11)
0

where respectively ® and V¥ denote the entropy flux associated with the
Kruzhkov entropy,

P (u, k) = sgn(u — K)(g(u) — g(x)),
U(u, k) = sgn(u — k) (f(u) — f(x)).

Remark 1.1. An entropy solution of (1.1) is a weak solution of (1.1), i.e., for all
non-negative ¢ € C°(R4 x R)

/Ooo/Ru(t,x) Oe(t,x) + (k(x) g(u(t,z) + f(u(t,z)) Opp(t, z) dx dt
+ /Ruo(ac) ©(0,z)dx = 0.

1.3 Uniqueness of an entropy solution

Theorem 1.1. Let ug, vy in L*°(R) such that 0 < wug,vg < 1 a.e. We suppose
that u € L®(Ry x R) and v € L>® (R4 x R) are two entropy solutions of problem
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(1.1), with initial conditions uy and vy, respectively. Then, for every R,T > 0, the
following estimate holds :

R+TM

/ / u(t, z) — v(t, )| da dt < T/ o () — vo(x)] da, (1.12)

R-TM

where M = max(kr,kgr) sup |¢'(u)|+ sup |f'(u)].
u€l0,1] u€(0,1]

Proof of Theorem 1.1 :
The classical proof of uniqueness of Kruzhkov applies without changes to prove that,
if u and v are two entropy solutions of problem (1.1), if ¢ is non-negative function
of C°(R4 x R) which vanishes in a neighborhood of the line {x = 0} when k& is
discontinuous, then the following inequality holds

/OOO/R\u(t,x) —o(t, )8t )

/OOO/R(k(x)@(u(t,x),v(t,x)) + U(u(t,x),v(t,x)))0p(t,x) dx dt
/R|u0(:v) —vp(x)]p(0,z) dx > 0. (1.13)

Now, consider any non-negative function ¢ in C°(R; x R) and, for ¢ > 0, set
o(t,x) = P(t,x)(1 — we(x)) where the function w, is defined by

0 si 2e < |z,
we(r) = # sie < x| < 2,
1 si|z| <e.

By use of Lebesgue dominated convergence theorem and passing to the limit € — 0
in the inequality (1.13), we obtain

/OOO/R’U(ta”U) — o(t, z)|0p(t, x)

/OOO /R(k(x)@(u(t,x),v(t,x)) + U(u(t,x),v(t,z)))0:(t, z) dx dt
/]R |up(z) — vo(x)|(0,2) dz — J >0, (1.14)

where

J = limsupJ;.

e—0

~ limsup / / B, v) + U(w, ) (t, ) () da dt.

e—0
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We now prove that J is non-negative.
First, we evaluate J. In fact, J. can explicitly computed :

J. = / / (kb ®(u, v) + U (u,v))0(t, z) dz dt

2e
; E/O / (kr®(u,v) + ¥(u,v))Y(t, x) dz dt. (1.15)

In order to estimate this term J., we use the result of existence of strong traces for
solutions of non-degenerate conservations laws by Vasseur [Vas01]. Here, hypothesis
(H3) on g is used. We however believe that hypothesis (H3) is superfluous and that
the estimate (1.12) is true without such an hypothesis. The proofs uses the following
lemma which is adopted from lemma in Vasseur [Vas01]:

Lemma 1.1. Let u € L®(R4 x R) be an entropy solution to problem (1.1) with
initial condition ug € L®(R), 0 < up < 1 a.e. on R. Then the function u admits
strong traces on the line {x = 0}, that is : there exists two functions yu~ and ~yu™
in L*°(0,400) such that, for every compact K of (0,400),

hm / lu(t,z) —yu~ (t)| dx dt = 0, (1.16)
e—0¢

2e
hm / lu(t, z) — yut(t)|dxdt = 0. (1.17)
e—=0¢

From (1.16) and (1.17), we will deduce :

i:r%e/ / (kL ®(u, v) + U (u, v))(t, ) da dt

= [ tuGum )+ ¥ e it 0) (1.18)
Let K a compact such that supp ¥ C K x R, let & > 0 then

\—/ / (b ®(u,0) + U (u, 0))(t, o) da dt

[ G )+ BT e e 0)de

< kL/ /_e\é(u,v)w(t,m) By, v (0] da dt

N / / D(t,2) — U(yu~, o )b(E, 0) |da di

< kL/Kaa(t)dt—i—/KBg(t)dt (1.19)
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where

0clt) = 2 [ B, 0)pt.a) = Dlum 7070 da
and Lo

5.0 = [ 1 0)i(ta) = Wum 707 0)| do.

Remark 1.2. By noting M; = max,epqlg'(u)|, we have |®(a,b) — ®(a’,b)| <
M}la —d'| and |®(a,b) — ®(a, V)] < M}b—V'|, for all a,a’,b,b € [0,1].

Then, there exists C' > 0 such that:
/K 1B, 0)(t, ) — By, v (1, 0)] dt
< /K |P(u,v) — P(yu™,v)|Y(t, z)dt
+ [ et o)llvttn) — v o)l d
K
n / B(yu,v) — D(yu o) ib(,0) di
K
C(/K lu(t, ) —yu™ (t)| dt + /K [th(t,x) —(t,0)| dt
" /K [o(t, ) — yo~ (1) di)

IN

By using theorem of Fubini-Tonelli, lemma 1.1 and the regularity of function ¢, we
get:

/ ag(t) dt —ec—0 0.
K
In the same way, this yields:

/ Be(t)dt — .0 0.
K

Finally, we obtain (1.18).
In the same way, we have :

1 (o) 2e
lim — / / (kr®(u,v) + ¥(u,v))(t,x) dx dt
e—0¢ 0 e
= [ knOut )+ But 0 ), 0) . (1.20)
0
Then, J is well defined and this yields:

J:/ [kr@(yu™,yo™ ) + W (yu™,yv7)
0

— kr®(yu’, yvh) = W (yuT, v )]t 0)dt. (1.21)
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With this formula, we can actually determine the sign of J, J > 0: if we replace ¢
by pw. as the test function in (1.11) it yields:

/OO/ u(t, ) — K|Opp(t, ¥)we () dadt
- / / Jk) + W (u(t,z), £)Opp(t, z)we (z)dzdt
* / / k) + W(u(t, 2), 5)p(t o)l (z)dadt
+ [ Tuola) = (0, 2o (a)do
+ [k - kRI/ o(t,0)dt > 0. (1.22)

Since we(x) —.—0 0, by Lebesgue dominated convergence theorem both the first and
the forth terms tend to 0 when € — 0. Furthermore, with Lemma 1.1, we also have:

hm/ / k) + U(u(t,x), k))p(t, r)wl (z)dedt

e—0

= /0 (kr®(yu™, k) — kr®(yu™, k) + U(yu~, k) — U(yut, k))e(t,0)dt.

Eventually, passing to the limit ¢ — 0 in (1.22), we obtain:

/ (kr®(yu~, k) — kr®(yu™, k) + ¥(yu~, k) — U(yut, k))p(t, 0)dt
0
+ kL — k‘R|/ g(Kk)e(t,0)dt >0, Ve Cl(RyxR), ¢>0.

0

Consequently, for every k € [0, 1], u entropy solution of problem (1.1), the following
inequality holds:

I,(k) = kr®(yu~, k) + VU(yu~, k) — kr®(yut, k) — U(yu™, k)
+ ’kL — /{?R‘g(ﬁl) > 0. (1.23)

By choosing k = 0 in inequality (1.23), we have:

krg(yu™) + f(yu™) = (krg(yu™) + f(yu™)) = 0,
since g(0) = 0, f(0) = 0, and since yu™ > 0, yu~ > 0 a.e.
Similarly, choosing £ = 1 in inequality (1.23) leads to:

—krg(yu™) = (f(yu™) — f(1)) = [=krg(yu™) — (f(yu™) — F(1))] >
— krg(yu™) + f(yu™) — (krg(yu™) + f(yu®)) <
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Therefore, the following Rankine-Hugoniot relation holds

krg(yu™) + f(yu™) = krg(yu™) + f(yu™). (1.24)

Let us now prove, using (1.24) and (1.23), that J > 0. Suppose for example that
kr, > kr. We must discern several cases:

o sgn(yu~ —yv~) = sgn(yut —yvT) = s, then

J = slkrglyu™) + f(yu™) = krg(yo™) — f(yv7)]
[krg(yu™) — krg(yo™) + f(yu™) — f(yv™)]

= 0 by(1.24) for v and v.

S
S

e yu~ >~v~ and yu" < yvT, then by (1.24)

J = 2kp(g(yu) —g(yw™)) +2(f(yu™) — f(yv7))
= 2kp(g(yut) — g(y™)) +2(f(yut

S~—
|
=

5
<
\_—i_

1. vt < ~u~ implies yu™ < yvT < yu~, by choosing k = yv™ in I,, we have
2(kr(g(yu™) + f(yu®)) = 2(krg(yv™) + f(7v7)) 2 0= J > 0,

2. vt > qu~ implies yv~ < yu~ < qvTt, by choosing k = yu~ in I, we
obtain

2(kpg(yu™) + f(yu™)) = 2(kpg(yv™) + f(yv™)) 2 0= J >0,

o yu~ <~v~ and yuT > yvT, and by (1.24)

J = 2kp(g(yw™) —glyu™)) +2(f(yv7) = fyu™))
= 2kgr(g(yv™) — g(yu®)) +2(f (™) — f(yu™)).

1. yv~ < ~u' implies yu~ < yv~ < ~yut, by choosing k = yv~ in I, we
obtain

2(kpg(yv™) + f(yo7)) = 2(krg(yu™) + f(yu™)) 2 0= J > 0,

2. yv~ > yu" implies v < yut < qv~, by choosing kK = yu™ in I, we
obtain

2(krg(yot) + f(yoh)) = 2(krg(yut) + f(ruT)) > 0= J > 0.
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Finally, for all non-negative ¢ € C2°(R4 x R), we reach

/OOO/R‘U(t7x)_U(t7x)‘wt(t’x)
: /0 /R(k(x)q)(u(t’x)’”(’f’x)) + U (ult, ), v(t, @) (t, @) da di

+ /R|u0(x) —vo(x) (0, z)dz > 0.

It is then classical to derive inequality (1.12). This concludes the proof of Theo-
rem 1.1.

1.4 Existence of an entropy solution

To prove the existence of an entropy solution to problem (1.1), we use the existence of
an entropy solution in the case where the function k is regularized and then pass to the
limit. Let us consider a sequence (k). of regular functions converging to the function
k. We suppose that Ve > 0 the function k. is regular monotone non-decreasing, or
non-increasing according to the sign of kg — kr,, and satisfies

ke(x) =k if o < —e¢,
ke(x) =kp if x>ec.

Then, by the result of Kruzhkov [Kru70], we know that for any initial condition
ug € L (R, [0, 1]) there exists an unique entropy solution u. to problem (1.25) :

Ou + Oy (ke (z)g(u) + f(u)) =0, (t,x) e Ry xR,
(1.25)
u(0,z) = up(x).

The solution u. of problem (1.25) satisfies: for all non-negative ¢ € C2°(R4 x R) and
for all x € [0, 1]

/0+OO /R luc(t, ) — Kk|Opp(t, x)

400
b [ (001, + (a0, D )t
+ [ luole) = el 0,2)ds

400
- /0 /kas(x)sgn(ue(t,w)—n)g(n)ap(t,x)dxdt20.

Remark 1.3. The solution of (1.25) satisfies 0 < u. <1 a.e. in Ry x R.
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1.4.1 BV Estimates

In this paragraph, we assume that uy € BV (R) and we show that the sequence (u. ).
converges in L} (R, x R) to a function u € L* (R, x R).

loc

Lemma 1.2. Assume ug € BV(R) and 0 < uyp < 1 a.e. in R. Then the solution
ue of problem (1.25) satisfies the following BV estimate : for any T > 0, for any
k € [0,1], there exists C > 0 depending only on T, kr, kg such that

ke @ (ue, k) + V(ue, 5)| By (0,1)xr) < C|uol By w) + kL — kr). (1.26)

Definition 1.2. A function v € L}, .(I) is of bounded variation, i.e. v € BV (I), if

olpy ) = sup{ [wdive, o € .ol < 1} < too.

Proof of Lemma 1.2.
First we assume that ug € C°(R, [0, 1]).

Let v* denote the solution of the viscous approximation of problem (1.25), that is
O + 0y (ka(.%')g(?)) + f(v)) — 10zzv = 0, (t, 1‘) € Ry xR, (1 27)
v(0,z) = up(x). .

Then, as (1.27) is a parabolic equation, there exists a unique solution v* which is
smooth. Moreover, it satisfies the following properties:

Lemma 1.3. e ). Let w' be an other smooth solution of (1.27) with initial
condition wg, such that g(w(t,£00)) =0 and f(w(t,£o0)) = 0. Then,

/(v“(t,m) —wh(t,z))” dx < /(uo(x) —wo(x))” dx, Vt>0. (1.28)
R

R
e ii). The solution v* satisfies 0 < v* <1 in Ry x R.

e iit). For all R,T > 0, there exists a constant Cr r such as

T rR
,u/ / 0,v" > dx dt < OrR. (1.29)
0 -R

For the proof of the first point, let 7, denote a smooth approximation of the
function v — v~ defined by

a—v ifv<2a,
Na(v) =< v?/da if —2a < v <0,
0 if 0 <w.

Multiplying the equation

D" — wh) + 0, (keg(v¥) — keg(wh) + F(0") = F(")) = pdaa(v" — w¥)
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by n,,(v* — w*) and denoting

AP = O (v — wh)
+0s 10, (0# = wH) (keg(v") — keg(wh) + f(0") = f(wh))]
—na(U” )[ g () = keg(w) + f(0") — f(wh)],

we have
AP = 110 Na (VH — wh') — /”7;(”“ — W) [0 (V" — w“)]z < OpeNa(VF — wh).

We integrate this last inequality over (0,¢) x R. We note that g(v(t,+00)) = 0
because v(t,.) decreases rapidly to zero when z — +oo. Note furthermore that
g(w(t,£00)) =0, f(w(t,£00)) =0 by hypothesis. We hence obtain

/Ua(vu—w“)dx—/ﬂ%ﬁa(uo—wo)dx

/ / T (0 — w)[keg (o) — keg(w?) + F(") — F(w)]
—wh)dxdt

< c / / M0 — ) e |ob — wh| + o) — wh]]| O (0" — w?)| da dt,
0 R

IN

here C' = ' :
where maX(uIél[%ﬁ} lg' (u)], fél[gﬁ]\ "(u)])

Letting « tend to zero yields (1.28).

We use inequality (1.28) to estimate a lower bound on the solution in L*°. As
g(0) = 0 and f(0) = 0, the constant function 0 is a solution to (1.27) with initial
condition 0, therefore one has

/R(v“)_dx < /R(uo)_dm =0.

Consequently, v#* > 0 a.e. in Ry x R.
To prove that v* < 1, we use the following equalities

O —1) = O, Opp(vF — 1) = Oy,  0u(f(0*) — f(1)) = Du(f(0M)).
Since g(1)=0, we obtain
o ~ 1) + 0, (k@) (g(") — 9(1)) + F(0") — (1))
- Oy (v —=1)=0
— O = 1) + 8y (k@) (9(0") = g(1)) + F(0") = F(1)) = Bualv = 1).

We can then derive ( —1)Tdzx < / (up — 1)Tdx following the same procedure
R
that yields inequality (1 8). This yields v* <1 a.e. in Ry x R.
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We have hence proved ii) of Lemma 1.3.

To prove the last point of Lemma 1.3, multiply (1.27) by v, integrate over [0, 7] x R.
This yields

T4 T
/ —Bt/v‘ﬂ dxdt—i—/ /@(kgg(v“)—i-f(v“))v“dxdt
0o 2 Jr 0o Jr

T
—,u/ /v“(?mv“ dxdt = 0.
0 R
Since v*(+o0) = 0 and 0,v*(+o0) =0

1 ) 1 5 1 )
=0 | vWidadt = < [ V" (T, z)der — = | ug(z)dz.
o 2 Jr 2 Jr 2 Jr

We have

T
%/RU“Q(T,m)dm—%/Rug(x)dx—k/o /Ragc(kgg(v“)—i-f(v“))v“dxdt

T
—,u/ /&BU“dedt =0,
0 R

and therefore obtain

/OT/Ram(keg(vu)+f(vu))vudx+u/0T/Rava2 < %/Ru%(iﬂ)dx < 4o0. (1.30)

We now prove the existence of a constant C' > 0 such that

T
I:= / / O (keg(v") + f(vM)) vt dxdt < TClke| gy (w)- (1.31)
o Jr

Since v*(+o0) = 0, we have
T
I= —/ / (keg(v*) + f(v")) Opvtdadt
0 R

and, setting G(u) = /u g(s)ds and F(u) = /u f(s)ds,
0 0

T T
I= —/ /k:e(?mG(v“)dxdt—/ /(%F(v“)dxdt.
0 R 0 R

On the one hand,
T
/ / 0, F(v)dxdt =0
0 R
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because F(v*(+o0)) = F(0) = 0.
On the other hand, since G(0) = 0, we have

T
I = —/ /k:e@xG(v“)dxdt
0 R

T
/ / kLG (v")dzdt
o Jr

< T max |G k

< ve[%71}| ()| kel BV (®)

< T m G kr, — k
’UE[%?% ‘ (U)H L R’

which proves (1.31). Using inequalities (1.30) and (1.31), inequality (1.29) follows.
We now turn to the BV-estimate and, to this purpose, we first give a bound on the
L'—norm of v}'. For h > 0, the function w*(t,z) = v*(t + h,x) is a solution of

equation (1.27) with initial condition v*(h,.). Using the result of comparison (1.28)
with s — |s| instead of s — s~, we obtain

/ [o(t + h,x) — ¥ (t, z)|de < / |v*(h,z) — up(z)|dx, for every ¢t > 0.
R R
Dividing this inequality by h and letting h tend to 0" yields
/ |0y (t, x)|de < / |0yv* (0, z)|dx, for every ¢t > 0.
R R

We denote by My = sup |g(u)], M; = sup |¢'(u)], M} = sup |f'(u)].
u€0,1] u€l0,1] u€(0,1]

Since, vf'(0,x) = —ko(x)g(uo(x)) — ke(2)g (uo(x))ulhy — f'(uo(x))uy + pug(z) and

ke(x = k' (z)|dz, we obtain a bound on the L!'-norm
| v = [ Ik
[ 100t < My o) v + (i Er)M + Mol

4—MAW&MM- (1.32)

We can now prove estimate (1.26). Let x € [0, 1], multiplying equation (1.27) by
sgn(vt — k) yields

Oy (k@ (M, k) + T (v, k) < SI' + S5 + SH
in D'((0,T) x R), with

St = =0t — k|, S§ = k_sgn(v" — k)g(k) and S* = pdyz|v" — K.
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We evaluate each distribution on a test function ¢ € C2°((0,7") x R) such that 0 <
¢ < 1. From L' estimate of ;0" (1.32), we deduce that

< 8tp > T (Mlhclayie) + Mluolovisy 41 [ ujlds) (1)
R
where M := max(kr, kr)M, + M} Moreover, we have

T
< 8y, >< Z’ke’BV(R)- (1.34)

From energy estimate (1.29) and from the Cauchy-Schwartz inequality, we deduce
that

< Sua@ >< C@HaJBSDHLQ(R)\/IEa (135)

where C, depends on the support of ¢.

Now, it is known that lir% " = u. in L}, ((0,+00) x R) [Kru70].
n—

Therefore, S, S4, S* converge in D'((0,T') x R). From (1.35), we deduce S* — 0, so
that Oy (ke®(ue, k) + V(ug, k) < S1 + Sz holds with

<S> < T (Mg|ke|BV(R) + M|U0|BV(R)) )

T
<Sg,0> < Z|k€|BV(R),

for every ¢ € C2°((0,T) x R) such that 0 < ¢ < 1.
Hence for all ¢ in C2°((0,7) x R),

| < Op(ked(ue) + ¥(ue)), 6 > |
< T (4Myke| gy ) + 2M Juo| gy (w))
< T(4Mg‘kL_kR’+2M‘UO‘BV(R)) . (136)

Finally, as ug, k. € BV (R) and |ke| gy (r) < |kz—kR|, we know that (uc); are measures
uniformly bounded with respect to e. Moreover as g, f € C*([0,1]), we deduce that
(ke®(ue, k)+Y(ue, k)); are measures on [0, 7] xR uniformly bounded with respect to e.
Therefore, there exists C' depending only on f, g, T, such as for all ¢ € C°((0,T) xR),
0<p=<1,

’ < at(kg@(ug) + \I/(ug)),gp > ‘ < C‘UOIBV(]R)- (137)
From (1.36) and (1.37), we see that (k-®(u., k) + V(ue, k) € BV((0,7) x R) and
ke ®(ue, k) + W (ue, K)’BV((O,T)XR)
< T (4Mglkr, — k| + 2M]uo| v ®)) + Cluolsv (w)- (1.38)

We thus obtain a uniform BV-estimate on the sequence
(ke®(ue, k) + W(ue, k))e if ug € C°(R). The same result, for uy € BV (R) is obtained
by a density argument.



38 Chapitre 1. Loi de conservation a flux discontinu vraiment non linéaire

1.4.2 Existence for v, in BV (R)

Theorem 1.2. Let ug € BV(R) be such that 0 < wup < 1 a.e. in R. Then there exists
an unique entropy solution u to problem (1.1) in L=°(Ry x R).

Proof of Theorem 1.2:
Let n be a regular function such that n(z) = sgn(z), if || > 1. Let T' > 0.
Let

1
H™ (u) = /0 k£0,(g (0))(®(u, 0) — g(0)) do
1
+ /0 Oon('(0)) (¥ (u,0) — (o) dor (1.39)

With this function H~, we build a Temple function F~ such that (F~(u.)). will is
bounded in € BV ((0,7") x R_). After one integration by parts, we obtain

H™ (u) = 2F (u) + krn(g' (1) g(u) +n(f'(1)) f (u)
— kn(g'(0)g(u) +n(f'(0)) f(u)

where,
F(u) =2 /0 " kon(d (@) (o) + 1(F (@) ' (0)do. (1.40)

As g is genuinely non linear (Hypothesis H3) and f is non-decreasing, F'~ is an in-
vertible function. But, physically, we can suppose that f is strictly increasing and in
such case function F'~ is an invertible function too, even if ¢’ cancel or not and then
hypothesis (H3) is not necessary.

On the one hand, we have k(g (1))g(u)+n(f' (1)) f (u) and kzn(g'(1))g(uw)+n(f' (1)) f (w)
in BV (R4 x R*) with (1.38).

On the other hand, we get H™ (u.) € BV((0,T) x R*). Let ¢ € C*((0,7) x R),

x < 0. There exists C' > 0 such that, for ¢ sufficiently small,

1
| <H (ue),Opp+ Opp > | < C(/O 105n(g' ()] + 0o (f' (@) |do) ]| oo
< Ho00.
Finally, (F'~(uc))e is bounded in BV ((0,7) x R*). By Helly’s Theorem, there ex-

ists a subsequence of (F~(u.)). that converges in Lj ((0,T) x R*) and a.e. to
U™ := F~(u~) when ¢ tends to zero.

In the same way, we build F*, with

FHu) = 2 /0 * k(g (0)d (@) + n(f (@) ' (0)do, (1.41)
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such that and (F'*(uc))- is bounded in BV((0,T) x R%). There exists a subsequence
of (F*(u.)). that converges in L} ((0,T) x R%) and a.e. to U" := F*(u™).

loc

Consequently, we define a function v in L*°((0,7") x R) by:

vi=u ifzr<0and v:=utif x> 0.

With £~ and F'™ invertible, we see that the sequence (u). converges to v in L}, ((0,7)x
R) and a.e. in (0,7") x R.

On the other hand, from as v* converges to u. a.e. as p tends to 0, we deduce from
Lemma 1.3 that the sequence (uc)c is bounded in L*°((0,7") x R). Hence there exists
a subsequence of (u. ). that converges to u for the weak star topology.

Finally, as (uc). converges to v a.e. in (0,7") x R, we can claim that u = v a.e.
We conclude that (u). converges to u a.e. on (0,7) x R and u € L*((0,T) x R).
Moreover, as 0 < u. < 1 a.e., we have the following inequality

0<u<1l ae in(0,7)xR.
We now show that wu is the entropy solution of problem (1.1). Let £ € [0,1] and ¢

be a non-negative function of C2°(R; x R). Let T be such that ¢(¢,2) = 0 for every
(t,z) € [T,+00) x R. For every € > 0, the function u. satisfies the following entropy

inequality :
| [ eetes) = ml et
0 R

- /000 /R (ko () ®(uc(t, z), k) + U(ue(t, z), k) Opp(t, z) da dt
[ uo(e) =l o(0.) e
_ /OOO/Rk;(CE)Sgn(ug(t,:U) —k)g(K) @(t,x)dzdt > 0, (1.42)

As u, converges to u a.e. on [0,7]xR , u. converges to u in L}, ([0,7]xR), so the first
term in inequality (1.42) converges to the first term in inequality (1.11) as € tends
to 0. The estimate |sgn(uc(t, ) — k)| < 1 implies that | [~ [p kL(z)sgn(uc(t,z) —
k)g(k) p(t,x) dx dt| < I, where

I. = [° Jx |K.(x)| g(k) @(t, 2) da dt. Hence, we obtain

/OOO /R luc(t, ©) — K| Opp(t, z)

+ /0 /R(k:e(x) D(uc(t,z), k) + VU(us(t,z), k) Opp(t, ) da dt

+ /R\uo(w) — k| p(0,z)dx — I. >0, (1.43)
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To conclude, we use the fact that the monotony of the function k. is set by the sign
of kr, — kr. Several integrations by parts yield

I. = sgn k:R—k:L/ /k' o(t, z) dx dt,

= —Sgn kR—kL / / J:‘P(t m)dxdt

and we obtain

liml. = —sgn(kr—kr) / / ) Ozp(t, x) da dt

e—0
. /O 9(x) (¢, 0) . (1.44)

Remark 1.4. This last results justifies the definition of an entropy solution we gave
in Definition 1.1. The entropy inequality is obtained as the limit of the inequality
entropy in the reqular case.

If £ tends to 0 in inequality (1.43), with (1.44), we obtain inequality (1.11). Eventu-
ally, we see that u is an entropy solution.

Remark 1.5. In the proof we saw that if the initial condition ugy is in BV (R), then
the sequence (uz)e is compact in L}, ([0,T] x R) for every T > 0 and has at least one
limit point value, which is an entropy solution of problem (1.1). It is the uniqueness
of an entropy solution that ensures the whole sequence (u.). converges to u.

1.4.3 Existence for v, in L>(R)

Theorem 1.3. Suppose that uy € L>®(R) such that 0 < uy < 1 a.e. in R. Then
there exists an unique entropy solution u of problem (1.1) in L°(Ry x R).

Proof of Theorem 1.3. Let (p,)nen be a classical sequence of mollifiers, such
that is p, = np(n-) with p € C2°(R) such that p is non-negative, [ p(z)dz =1 and
supp(p) C [—1,1]. Define the sequence
ug = Pn * (X(—n,n)uo)'
We have the classical result:
Lemma 1.4. For every n € N, uf € L>®(R,[0,1]) N BV(R) and liril ug = up in
n—-+0oo
Lige(R).
Proof of Lemma 1.4: Let n € N*,

ug(z) = /R P (T = Y)X[—nnt0(y)dy

n
< / pn(z —y)dy, because 0 <wup <1 a.e.

—n

< / pn(x - y)dy =1
R
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then 0 < u§ < 1. Showing uf € BV (R) :

1/a
[ omi@ias < [ ool [ a?l (L ldedy
R —1

Cnllug||pe x 2n < 400

A

As dyuly € LY(R), ul € BV (R).
For the last point, let K a compact of R, by using the theorem of Fubini-Tonelli, this
yields:

/K (@) — uo(a)ldz < /Zp,xy) /K fup(z — y) — uo(a)|dady
1

< [ o) [ e = u/n) =~ wo(e)ldody
—notoo 0.

Therefore, if ™ denotes the entropy solution corresponding to the initial data wug,
then the sequence (u™),en is a Cauchy sequence in L} ((0,7) x R) by the estimate

(1.12)
T (R R+MT
/ / |u™(t,x) — u™(t,x)| dxdt < T/ lug () — ug'(x)] de,
0o J-Rr —R—MT

for every R,T > 0. Consequently, the sequence (u"),en is convergent. Denote by u
its limit in L}OC(R+ x R). The function w is an entropy solution of problem (1.1).
This concludes the proof.
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Chapter 2

Analyse d’une loi de
conservation a flux discontinu

Ce travail a été fait en collaboration avec Julien Vovelle.

2.1 Introduction

In this paper, we investigate the issue of existence, uniqueness and entropy conditions
for hyperbolic conservation laws with discontinuous coefficients. We consider the
following Cauchy problem:

Opu+ 0y (k(x)g(uw) + f(u)) =0, (t,x) e Ry xR,
(2.1)
u(0,z) = up(z),

with initial value ug € L>(R;[0,1]). The functions f, g and k are supposed to satisfy
the following hypotheses:

(H1) g€ C*(]0,1]) is non-negative and g(0) = g(1) = 0,
(H2) feC'([0,1]) and f(0) =0,
(H3) & is the discontinuous function defined by
k(z) = { b fe<0 kr,kr >0 and kr # kg.
kr ifx>0 '
We introduce the time - space domain @ := (0,+00) x R and the curve (a line here)
of discontinuity of the function & in the time - space domain, ¥ := (0, +00) x {0}.

The particular shape of the functions f, g and k described through the hypotheses
(H1), (H2), (H3) is given by a model for two-phase flow in porous media with distinct
permeabilities. We refer to [GMT96] for the description of the model and to [Bac04]
for the adaptation to our notation. Let us just claim here that, in this context, the
hypotheses on f, g and k are natural. We also remark that no hypothesis of convexity
or genuine non-linearity on g is assumed, which is a new point in comparison with
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all the preceding works on the subject (see in particular [KR95, Kaa99, KRT02b,
KRT02b, KRT03, Tow01, SV03, KT04, Bac04)).

To justify further the hypotheses (H1), (H2), (H3), notice that we take care to study
the equation dyu + 0, (k(z)g(u) + f(u)) = 0 on a physical background. This is a way
to ensure that Cauchy problem (2.1) makes sense. Indeed, this is not always the
case. Consider for example the problem dyu + 0, (k(z)u) = 0 with k(x) = —sgn(x):
the computation of the solution of the Cauchy problem along the characteristic lines
shows that this one cannot be specified in the domain {¢t > 0,|z| < t}. Other
physical models lead to the study of problem (2.1) (sedimentation process, traffic
flow... [BKRT04]); the analysis of problem (2.1) has also to be related to the study of
resonant hyperbolic systems of conservation laws (systems of the form dyu+9, F(u) =
0, in 1D, for which the matrix DF (u) has real eigenvalues whose multiplicity happen
to vary at some state u*). Indeed, adding the equation k; = 0 to the equation
Opu + Oz (kg(u) + f(u)) = 0, one gets a 2 x 2 systems with resonance at a state u*
such that k¢'(u*) + f'(u*) = 0.

Since the beginning of the 80’s, problem (2.1) (and, more generally, the Cauchy
problem associated to the conservation law dyu+ 9, (A(z,u)) = 0 with a flux function
A possibly discontinuous with respect to the z-variable) has been the subject of
various works of analysis (definition of solution, existence, uniqueness, properties of
solutions, convergence of approximations...). We refer to the introductory part of
[KRT02b, KRT02b, Bac04] for description of this latter, and also to the introductory
part of the recent paper [AP04] as regards the issue of uniqueness of solutions in
particular.

Indeed, the question of uniqueness of solutions to (2.1) may have been not completely
settled yet, and the purpose of this present work is the investigation of the question of
uniqueness (stability) for problem (2.1). Indeed, we believe that a result of uniqueness
should satisfy the two following points:

e (R1) no particular structural hypothesis on the data or on the solution is re-
quired;

e (R2) the proof is the most algebraic as possible.

In item (R1), by reference to some ’particular structural hypothesis’, we have in
mind hypotheses as : “g genuinely non-linear”, or “the solution admits strong traces
aside X7, additional hypotheses that were present in all the preceding works dealing
with uniqueness for problem (2.1) (see for example [KRT03, KT04, Bac04]). In item
(R2), we have in mind the proof of the L!-contraction property for problem (2.1) in
the case where k is constant, proof of Kruzhkov by the technique of the doubling of
variables, which is completely algebraic. It is this algebraic character which makes
this proof so adaptable to the proof of error estimates (Kuznetsov, [Kuz76]). Our
investigations of a proof of uniqueness respecting the two preceding requirements has
led us to introduce various equivalent formulation of solution. In section 2.2, we
recall the definition of entropy solution to problem (2.1) given by Towers [Tow00].
In section 2.3.2, we explain why this notion is not exactly appropriate for the proof
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of a uniqueness result (very shortly : “the constants are not solutions of (2.1)”)
and, inspired by the works of Portilheiro [Por03a, Por03b] and Perthame, Souganidis
[PS03], we introduce the equivalent notion of so-called ”y-compared solution”. We
explain why this notion is also not well adapted to our goal and, in section 2.3.3,
we introduce the equivalent notion of kinetic solution. Kinetic solutions for scalar
conservation laws (problem (2.1) with & constant) have been introduced by Lions,
Perthame, Tadmor [LPT94] and a proof of uniqueness of entropy solutions of such
problems which rests on the use of this tool has been given by Perthame in [Per98].
We adapt this notion to the case where k is discontinuous and prove the following
theorem (entropy solutions to Problem 2.1 are defined in Definition 2.1):

Theorem 2.1. Under Hypotheses (H1)-(H2)-(H3), L' comparison holds for the
Cauchy problem (2.1): ifu and v € L (Q) are two entropy solutions of problem (2.1),
associated to the initial data ug and vy € L*°(R; [0, 1]) respectively and R, T > 0, then

T R R+CT
/ / lu(t,x) — v(t,x)|dxdt < T/ lug(x) — vo(x)| dx
0 —R

—R-CT
with C' := max{kr, kr} max{|¢’ (v)[; 0 < u < 1} + max{|f (u);0 <u < 1}.

Therefore, we manage to satisfy first point (R1) of the two requirements concerning
the proof of uniqueness. However, it turns out that, despite our different attempts,
second point (R2) is not completely satisfied (see Remark 2.5 for discussion of this
aspect).

Our attempts to develop a proof of uniqueness for problem (2.1) which satisfies the
two preceding requirement (R1) and (R2) were also motivated by our will to develop
the tools of nonlinear analysis that are the notions of “generalized weak entropy
solutions” (introduced by DiPerna with the measure-valued solutions [DiP85], exten-
sively used by Eymard, Gallouét, Herbin for the study of the Finite Volume Method
under the form of entropy process solution [EGHO00]). These tools are essential in
the analysis of several approximations to nonlinear first-order hyperbolic problems.
In subsection 2.2.2, we explain how these tools are involved in the proof of the con-
vergence of approximations to nonlinear scalar conservation laws, how they allow to
compensate the possible weak compactness estimates on the approximate solutions
by a robust result of comparison for entropy solutions (from which follows the im-
portance of the proof of uniqueness for entropy solutions) and illustrate our work by
proving the existence of weak entropy solutions via the proof of the convergence of the
solution of problem (2.1) with a regularized coefficient k (Theorem 2.4). Notice that,
as a by-product of this technique for the analysis of the convergence of approxima-
tions, no use of “Temple functions” or singular mapping technique is required here.
Simple (and natural) L estimates are sufficient to prove the convergence. Let us
also insist on the fact that the tools of nonlinear analysis that we will discuss in this
work in subsection 2.2.2 are not related to the technique of compensated compact-
ness, in particular no superfluous (with regard to the question of the convergence of
approximation) hypothesis as “g completely nonlinear” will be required in the proof
of the convergence of approximation.



46 Chapitre 2. Loi de conservation & flux discontinu

2.2 Entropy solution - Entropy process solution

Generically, the discontinuity of k enforces the instantaneous apparition of disconti-
nuities in the solution of problem (2.1) (whatever the regularity of the initial datum
may be), therefore weak solutions have to be considered, with the additional property
to satisfy entropy inequality to ensure uniqueness (selection of shocks, or physical dis-
continuities, among possible discontinuities). The definition of entropy solutions for
problem (2.1) has been given by Towers [Tow00].

2.2.1 Entropy solution
Definition 2.1. Let ug € L*°(R) with 0 <ug <1 a.e. on R.

1. A function u € L*>(Q) is said to be an entropy subsolution (resp. entropy
supersolution) of problem (2.1) if it satisfies the following entropy inequalities
: for all k € ]0,1], for all non-negative function ¢ € C°(Ry x R),

/ / (t,x) — k)T Oyp(t, ) dt da

/0 /]R (k(x) ®F (u(t, ), k) + UE(u(t, z), K)) Dpp(t, ) du dt
[ (wfa) = 0% p(0.0)da

(= ke [ o) plt0)d > 0 (2:2)

where respectively ®* and UF denote the entropy fluz associated with the Kruzhkov
entropy,

O™ (u, k) = sgn (u — k) (g(u) — g(k)),

U (u, k) = sgny (u— w)(f(u) = f(K)).

2. The function uw € L*°(Q) is an entropy solution of the problem (2.1) if it is
both an entropy subsolution and an entropy supersolution.

Remark 2.1. Let u € L*>(Q) be an entropy subsolution. By choosing k =1 in (2.2),
it is easy to see that u <1 a.e. Similarly, if u € L*°(Q) is an entropy supersolution
then uw > 0 a.e. Therefore, if u € L*(Q) is an entropy solution then 0 < u < 1

(which is expected, owing to the physical origin of the equation, in which the
unknown u is typically a saturation) and g(u), f(u) and also ®(u, k), V(u, k) are well
defined. To let the definition of entropy subsolution and entropy supersolution make
sense, we implicitly continue the functions f and g on R, for example by setting g = 0
on R\ [0,1], f =0 on (—00,0), f = f(1) on (1,400). Also notice that an entropy
solution of (2.1) is a weak solution of (2.1), ie: for all non-negative ¢ € C°(Ry x R)

+o0o
/ / w(t, 2)dhplt, x) + (k(2)glult, ) + F(ult, 2)))Deplt, x) dt da
0 R
+ /Ruo(x)ap(O,x)dm:O.
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This equality is a consequence of the two inequalities obtained, first by developing
the entropy inequality written for subsolution with kK = 0, second by developing the
entropy inequality written for supersolution written with kK = 1 on the basis of the
bound 0 < u <1 a.e. Similarly, if a function u € L>=(Q) satisfies 0 < u <1 a.e. on
the one hand and the entropy inequalities with classical Kruzhkov entropies: for all
k € [0,1], for all non-negative ¢ € C°(R4 x R),

/Ooo /R |U(t, 27) — ,‘€| 8“0(75, x) dt dx
b [ 00 D0att 0.0 + 0002).0) D)

+ /R\uo(x) — k|le(0,z)dx + |kr — k| /000 g(k) @(t,0)dt >0, (2.3)

on the other hand, then u is a weak solution of problem (2.1) and therefore satisfies
(2.2) (indeed ut = (|u| +u)/2 and v~ = (Ju| —u)/2). Conversely, by adding the two
inequalities of (2.2), we see that u € L*°(Q) is an entropy solution to problem (2.1)
if, and only if, it satisfies 0 <u <1 a.e. and (2.3).

It has been proved in different works ([Tow00, KR0O1, KRT02b, SV03, Bac04]) that
this notion of entropy solution is the accurate notion of solution for problem (2.1)
(existence, uniqueness, consistence with approximations... holds).

2.2.2 Approximation of problem (2.1)

Consider the problem of the approximation of problem (2.1) (by the finite volume
method [Tow00, Tow01, SV03, KT04], by viscous regularization, or by regularization
of the coefficient k& — this last situation will be considered here). More precisely,
we suppose that we are in the following position : (uf) is a sequence of solutions
of approximate problems to problem (2.1). Specifically, we suppose that the ap-
proximate problem under consideration is consistent enough with problem (2.1) to
ensure, first, the existence of approximate entropy inequalities: for all k € [0, 1], for
all non-negative function ¢ € C°(R4 x R),

/ooo /R(ue(t’ x) — K)F Opp(t, x) dt do
[ele} L. L
+ /0 /R(k(xm (us(t,z), k) + U (us(t, 2), k) Opp(t, ) dx dt

+ /R(uo(x) — k)T (0, ) dx

b=kt [ g0 et0) d = () (2.4
0
where lin(l) n:(p) = 0, and, second, the respect of the natural bounds for the solution
E—
of (2.1):

0<u® <1 ae. (2.5)
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To prove the convergence of (u®) to the entropy solution u of problem (2.1), a possible
approach consists in i) proving the strong (in L[ for example) convergence of (u®)
to a function 4, ii) passing to the limit in (2.4) to prove that @ is an entropy solution,
iii) using the uniqueness of entropy solution to show 4 = w.

Notice that, in step ii), one has to pass to the limit in the non-linear terms ®*(u?, k)
and U*(uf, k), which seemingly requires a result of strong convergence in step i).
Unfortunately, such a result of strong convergence is itself deduced from a result of
strong compactness, which requires in some way or other, a priori estimates on the
derivatives of the solution u®. These estimates are particularly difficult to obtain for
approximate solutions to problem (2.1) (in fact, it is not possible to get such BV
estimates on u°: one proves BV estimates on G(u®), G being an accurate invertible
function : a Temple function (also called “singular mapping”) [Tow01, Bac04]). A
possible way to bypass these difficulties is to use the method of the compensated com-
pactness. This has been done in [KRT02b, KT04]. By the method of compensated
compactness, one can show a regularizing effect of conservation laws, since it yields a
result of strong convergence of the solution with an hypothesis of weak convergence
of the data (see also the application of kinetic formulation of conservation laws by
Perthame on that point [Per02]). However this requires an hypothesis of complete
nonlinearity of the flux function which is superfluous when the mere question of the
convergence of approximations of the problem is analysed. Let us detail our approach
to this question:

A second approach to the proof of the convergence of (uf) to u is i) use the simple
estimate (2.5) to deduce the convergence of u° in an very weak sense (to be precised)
to a function 4, ii’) pass to the limit in (2.4) to prove that @ is a kind of entropy solu-
tion to problem (2.1), iii’) use a reinforced principle of uniqueness for problem (2.1)
to show that & = u (u entropy solution of problem (2.1)) and that the convergence
of u® is strong.

Let us be more specific about points i’), ii’) and iii’). The weak convergence of u®
which is alluded to in point i) is the so-called nonlinear weak-* convergence:

Definition 2.2. Let Q be an open subset of RN (N > 1), (up)neny C L¥(Q) and
u € L*®(Q x (0,1)). The sequence (up)nen converges towards w in the "nonlinear
weak-+x sense” if

1
[ stuntenv@yde— [ [ gtutza)i@idsda, asn— +oc
Q 0 JQ

vy € L1(Q), Vg € C(R,R). (2.6)

Otherwise speaking, the sequence (u,) converges to u € L(2 x (0,1)) in the
nonlinear weak-x sense if, for every g € C(R,R), the nonlinear expression g(u,)

1
converges in L>(£2) weak-* to a limit which has the structure / g(u(-,a))da. The
0

fact is, that any bounded sequence of L>°(£2) has a subsequence converging in the
nonlinear weak-* sense:
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Theorem 2.2. Let Q be an open subset of RY (N > 1) and (un)nen be a bounded
sequence of L>®(Y). Then (up)nen admits a subsequence converging in the nonlinear
weak-x sense.

This result is established in [EGHO00]. It can be proved via the introduction of the
concept of measured-valued solutions, which makes reference to the original work of
DiPerna [DiP85].

Remark 2.2. If the nonlinear weak- limit u of a bounded sequence (uy,) of L>=(§2) (©2
open bounded subset of RN ) happen to not depend on the variable o, the convergence
is strong : indeed, the choice of the nonlinearity g(u) = u? shows that ||u,||2 converges
to ||ul|a and therefore that (u,) converges to u in the Hilbert space L*(Q2). The strong
convergence of (uy) to w in LP(Q2) (1 < p < 400) then follows from the L bound on

(u).

In view of Theorem 2.2 and 2.5, we see that the function @ considered in i’) and ii’)
is what we call an entropy process solution, according to the following definition:

Definition 2.3. Let up € L®(R) with0 < ug <1 a.e. onR. Letu € L>(Q x (0,1)).

1. The function u is a weak entropy process subsolution (resp. weak entropy pro-
cess supersolution) of problem (2.1) if for any x € [0,1] and any ¢ € C*(R?),
¢ 20,

1
/ /(u(t,m,)\)—n)iatcp(t,x)dtdxd)\
0 JQ
1
+ /0 /Q [k(2)®* (u(t, z, \), k) + U (u(t, 2, \), k)] Ouip(t, v)dtdad)
+ /R(uo(x) — k)% (0, 2)dx

+oo
+ (kL — kR)i/O g(Kk)e(t,0)dt > 0. (2.7)

2. The function u is a weak entropy process solution of (2.1) if it is both a weak
entropy process subsolution and a weak entropy process supersolution.

A remark analogous to remark 2.1 applies to this definition of entropy process solu-
tion. In particular, any entropy process solution satisfies 0 < u < 1 a.e.

In point iii’), we speak of a reinforced principle of uniqueness insofar as we have in
mind a result of the kind: if v and v € L*>(Q x (0,1)) are entropy process solutions
of problem (2.1), then u(t,z,\) = v(t,z,() for a.e. (t,x,\, () € Q x (0,1) x (0,1).

Integrating this last equality with respect to ¢ € (0,1) (resp. A € (0,1)) shows that u
(resp. v) actually does not depend on the additional variable A (resp. () and therefore
is a real entropy solution to problem (2.1). This result also yields the uniqueness of
entropy solutions (for, if uw and v € L*(Q) are entropy solutions then the functions
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(t,z,\) — u(t,x) and (¢, z,() — v(t,x) are entropy process solution). Consequently,
by this “reinforced principle of uniqueness”, the limit of (a subsequence of) u®, which
is known to be an entropy process solution turns out to be an entropy solution, and
in fact the entropy process solution of problem (2.1). By remark 2.2, the convergence
is strong in L{’OC(Q) for any 1 < p < 400 and, by uniqueness of the limit, the whole
sequence u® converges.

The advantages of this approach to the proof of the convergence of approximations
is that it relaxes the need for a priori estimates on the approximate solutions and
focus the difficulties on the comparison of solution (or comparison of ’generalized so-
lutions’). This explains in part why we insist on the proof of uniqueness for entropy
(process) solution in this present work. Before coming to this very proof of unique-
ness, let us state our main result and, then, an application of the method previously

described:

Theorem 2.3 (Comparison). Assume hypotheses (H1), (H2), (H3). Let u (resp.
v € L®(Qx(0,1))) be an entropy process subsolution (resp. entropy process superso-
lution) of problem (2.1), associated to the initial conditions uy € L>°(R;[0,1]) (resp.
vo € L*®(R;[0,1])). Then, given R,T > 0, one has

/01 /01 /OT /i(“(f,lﬂ) —v(t,z,¢)) T dedtdrd¢ <

R+CT
T/ (ug(x) — vo(x)) " dz, (2.8)
—R-CT

where C' := max{kp, k1 }Lip(g) + Lip(f).

In particular, if uwy = vg, we obtain u(t,z,\) = v(t,z,() for a.e. (t,z,\,() €
Q@ x (0,1) x (0,1) as desired. Note also that Theorem 2.1 is an easy consequence of
Theorem 3.6.

Consider now the approximation of problem (2.1) by regularization of the coefficient
k:

{ O+ 0, (ke (2)g(u®) + f(u¥)) =0 (t,x) € Q
(2.9)

u®(0,z) = up(x), r €R,

where (k:): is a sequence of regular functions converging to the function k such
that: Ve > 0, the function k. is regular, monotone non-decreasing or non-increasing,
according to the sign of kr — k;, and satisfies

ke(x) =k if z < —¢,
ke(x) =kp if x>ec.

Results of Kruzhkov [Kru70] ensure that there exists a unique entropy solution u® €
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L>(Q) to problem (2.9), which, besides, satisfies the following entropy inequalities:

/ooo /R(ue(t’ ) — k)" Oupi(t, o) dit da

/000 /R(k:(x) OF(us(t,z), k) + UE(uf(t, x), k) p(t, ) da dt
+ /R(uo(x) — k)T (0, ) dx
/ / kL(x)sgny (u® — K)g(k)pdxdt > 0. (2.10)
0o Jr

From this entropy inequalities, the choice k = 0 or 1 and an appropriate choice of
test-function, follows (2.5) for u®.

e In fact, by choosing k = 0 in (2.10) (with the semi-entropies u +— (u — k)7).
Since (ug — k)~ = 0 a.e. and ¢(0) = 0, we have

/ / VO + (k(2)® (4, 0) + U~ (uF, 0))dupdadt > 0. (2.11)

Let R,T > 0, let r € C°(Ry) be such that: r is non-increasing, » = 1 on

[0, R+LT],r=0o0n [R+LT+1,+400) with L = max{1, kr, kr}Lip(¢g) + Lip(f).

T—1
The choice ¢(x,t) = —7Xo7) (t)r(|z| + Lt) in (2.11) gives

1 // r(lz] + wt) da dt
-, /

Since |[®~ (u®,0)| < Lip(g)(u®)~, |¥~(uf,0)| < Lip(f)(u®)~ and since r'(|z| +
Lt) <0 the second term of the left hand side of the previous inequality is non-

(|| + Lt)

u®)” +sgn(z) (K (z)® (u®,0) + ¥ (u°,0))) > 0.

negative. Since r(|z| +Lt) =1, VY(z,t) € (—R, R) (0,7T) and since r > 0, the
first term is upper bounded by — / / ~ dx dt which is, by consequent,
non-negative. Therefore, we have (u®)” = 0 on (—R,R) x (0,T). Letting

R, T — 400, we have u® > 0 a.e.

e Similarly, by choosing £ = 1 in (2.10) (with the semi-entropies u — (u — 1)),
we prove u® < 1 a.e.

On the other hand, notice that, since g(k)p > 0, we have

—kL(z)sgny (u® — Kk)g(k)p < [kL(2)]Tg(k)e.
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As the function k. is monotone non-decreasing or non-increasing according to the
sign of kr — kr,, we have [k.(z)]T = sgny(kr, — kr)kL(z). Therefore, the last term in
equality (2.10) admits the bound

- /OOO /Rké(x)s’gni(“s — r)g(k)pdr dt
< sgnz (kr — kg) /O ) /_ K. (2)g(k)p da dt

— sgn (ks — kr) /0 " g(s) (krplt, —) — krplt, ©))dt +n ()

where

ni(p) =

sens(h—kn) [ [ h()godspdede
0 —€
< 2¢9(k) maX{k:L,k:R}/ max{|0zp(t,z)|; x € R}dte.  (2.12)
0

This simple estimate shows that (2.4) holds true, with n.(¢) := n2(¢) +n2(¢) where

o0

n2(p) = (kr — ka)i/ g(k)p(t,0)dt
0

~seng (kr — k) /0 " g(m) (hpep(t,—2) — knepl(t, )t

tends to 0 with e. The application of the method previously described (points i’), ii’),
iii’)) then shows that these simple estimates ensure that sequence (u°) converges in
LY (Q) for every 1 < p < +00 to the entropy solution of problem (2.1). In particular,
we have the following result:

Theorem 2.4. Assume Hypotheses (H1), (H2), (H3); let uy € L*°(R;[0,1]). There
exists a unique entropy solution to problem (2.1).

In addition to the concept of entropy process solution and to the result of Theo-
rem (2.2), the heart of this method is Theorem (3.6); in what follows, we now explain
our attempts to give a proof of uniqueness likely to be generalized to a proof of
theorem (3.6), a proof satisfying also requirements (R1) and (R2) discussed in the
introduction.

2.3 Several concepts of solutions

We present different concept of solutions to problem (2.1). Each one brings a new
point of view and a possible new proof of uniqueness. This point is discussed and, of
course, we prove that the new concept introduced is equivalent to notion of entropy
solution.
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2.3.1 Entropy solution
Entropy solution with regular entropies

For problem (2.1) in the case k Lipschitz, it is a classical fact that the formulation
with Kruzhkov entropies is equivalent to the formulation with regular entropies. Here,
the term corresponding to the term related to the discontinuity of k in the entropy
formulation with regular entropies is not clear at first sight and we detail this relation
in the following proposition:

Proposition 2.1. Let ug € L*°(R;[0,1]) and u € L*(R4+ x R) satisfying 0 < u <1
a.e. on Ry x R . The function u is an entropy solution of problem (2.1) if and only
if u satisfies the following inequalities: for all convex function n € C*([0,1]), for all
non-negative function ¢ € C°(Ry x R),

/OOO/Rn(u(t,m))atap(t,x) + (k(z) ®(u(t,x)) + V(u(t,x))) Orp(t, ) dx dt
+ [ nlun(@)p(0.0) do
+  [(kp — kr)"®(0) — (kr — kg)T®(1)] /OOO o(t,0)dt >0, (2.13)
where respectively ®, U denote the entropy flux associated with the entropy n, i.e.
' =1n'g and V' =1'f'.

The entropy inequalities (2.2) follow from (2.13) by approximation of the semi Kruzhkov
entropies by regularized entropies, while, conversely, (2.13) is a consequence of (2.2)
and the following lemma:

Lemma 2.1. For every convez functionn € C2([0,1]), there exists a sequence (1, )ne N+
of functions of the form n,(s) = cns + dp + S oM (u — k7T with af > 0 for all

i =1.n, ¢, dy € R such that (1), nen and (np)nen+ converge locally uniformly to
1 and 1 respectively.

Proof of Lemma 2.1:
Let n € N*, we define for all i = 1..n,

and

Ma(s) =1/ (0)s + ) ailu—r)*.
i=1

We have 7/,(s) = n'(0) + Y1, cusgny (s — k;). For s € [0,1], there exists ¢ € [1,n],
such as i/n <n < (i+1)/n. Then

H(s) =7'(0) + 3 as = 1/(0) + /0 " (8)dt = of (i),

i<nt
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SO
M (s) =1/ (s) =0/ (i/n) —1/(s)-

Finally, we get for all s € [0,1], |n,(s)=7(s)| < [|n”||so, s0 (1},)n converge uniformly

to 7'

Moreover, 1,,(0) = 0 = n(0), so (9, ), converge uniformly to 7.

Proof of Proposition 2.1:

I. We suppose that u satisfies (2.13). Let ¢ € C.(R4 x R).

We take n(u) = (u — k)T, with k € R. Let 7, denote the smooth approximation of
the function v + v+ defined by

0 if v <0,
Na(v) =< v¥/4a if 0 < v < 20,
v—oa if 2a <.

By use Lebesgue dominated convergence theorem, and passing to the limit in (2.13)
when a — 0, we have

/0 ) /R (ult, x) — k)" Orp(t, ) dt dx
i /0°° /R k(x) sgn (u(t, z) — &) (g(u(t, ) — g(K))zp(t, x) dt da
i /OOO /R sgn (u(t, ) — ) (f(u(t, 2)) — f(r)) Do p(t, ) dt da
+ [ e) = 0 (0.0 o

+ [(kr — k)T ®(1) — (kg — ki)~ ®(0)] /OOO o(t,0)dt > 0, (2.14)

with &(1) = sgn,, (1—£)(9(1)— g()) = —g(x) and B(0) = sgn,, (0—r)(9(0) — g(x)) =
0. So it yields,

g

(u(t,x) — k)T Oyp(t, x) dx dt

k(@) sgn- (u(t, 2) — k) (g(u(t, 2)) — g()) Dy p(t, ) dt da

g

+

sgn(u(t, x) — ©) (f(u(t,2)) — F(x)) Duiplt, z) dt do

_l’_

+
\%c\g%
——

(uo(x) — )" 9(0,2) d + [~(kr — kr) " g(x)] /0 " o(t,0)dt > 0,

=
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but —(kr — kr)™ = (kg — kz)~. Then following:

/OO /(u(t’x) — k)T Op(t, ) dudt

/ / 2) sgns (u(t, z) — K)(g(u(t, ) — g(x))) Daspl(t, 7) dt d
/0 / sgns (u(t,7) — 1) (F(u(t, 2)) — £(x))) Dusplt, x) d dt
+ /R (uo(z) — k)" (0, ) dx

+ (kg — k)" /OOO g(K) o(t,0) dt > 0. (2.15)

In the same way with the entropy v — (u — k)™, we obtain

/Oo / (u(t,z) — k)~ Opp(t, x) dudt

/ / 2) sgn_(u(t,z) — k) (g(u(t,2)) — g(x)) Buip(t, x) dt da
/0 /R sgn_(u(t,z) — 1) (F(ult, 7)) — £(x))) psplt, x) da dt
+ /(uo(x) — k)" 0(0,2)dx + (kr — kr)Tg(k) /OO ©(t,0)dt > 0. (2.16)
R 0

Then with (2.15) and (2.16), we have shown that u is an entropy solution because it
satisfies two inequalities (2.1).

II. We suppose that u is an entropy solution.
Let n a convex function, n = n(0) + 77 with 77 convex such as 77(0) = 0. With
Lemma 2.1, let (7,), a sequence which converge uniformly to 7 and (77,), to 77 with
i =17(0)s + > ai(u— k)", a; € RT. Let ¢ € C°(RT x R) non-negative.
By adding the inequality (2.1) for all x;, ¢ = 1---n and by use u is a weak solution,
we obtain:

/R/[R+ T (u(t, 2))0p(t, x) + k(x)®, (u(t, z)) + U, (u(t, 2))0pp(t, z) dt dx
[ ntun()p(0.0)do

b (kg — k) B (0) — (g — k:L)‘cin(l)]/ (L, 0)dt > 0.
R
Moreover, 7/, converges to 7', so ®/, converges to ® and W/ converges to W'

On the other hand, we can choose for all n, ®,(0) = ®(0) and ¥,,(0) = ¥(0), so P,
and W,, respectively converge uniformly to ® and W.
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By use Lebesgue dominated convergence theorem, we obtain

/]R/R+ (u(t, 2))0pp(t, x) + k(z)®(u(t, z)) + VU (u(t, z))0s0(t, x)dtdx
[ Alun()p(0.0)ds

T+ [(kn — Bp)B(0) — (kn — kp)~B(1) /R (£, 0)dt > 0,

Wlth (i)/ — 77,9/ — 77,9, = and \I,/ — ﬁ/fl — 77,f, — \I’/f/.
This yields:

/R/Hw N(u(t, z))o0rp(t, z) + k(z)®(u(t,x)) + V(u(t, z))0pp(t, x)dtdx
+ /Rn(uo(x))cp(o,x)dx
b [(kr — k)T ®(0) — (kg — k)~ ®(1)] /Rgp(t, 0)dt > 0. (2.17)

On the other hand,

// n(O)Btcp(t,x)—i—/n(O)cp(O,x)dx =0. (2.18)
R JR+ R

By add (2.17) and (2.18), we obtain:

/]R/R+ n(u(t,x))o0rp(t,x) + k(z)P(u(t,z)) + VU(u(t, x))0pp(t, z)dtdx
[ nlun()p(0.0)ds

b [(kn — k) ®0) — (kp — kp)tD(1)] / o(t,0)dt > 0. (2.19)
R

Finally, u satisfies (2.13).

Uniqueness for entropy solution

The technique of the doubling of variable introduced by Kruzhkov [Kru70] to prove
the uniqueness of entropy solutions in the case where k is constant (or Lipschitz
continuous at least) satisfies the points (R1) and (R2) discussed in the introduction.
Unfortunately, we do not know how to adapt this technique to the case considered
here (k discontinuous). It is possible to use this technique to compare two entropy
solutions away from the line of discontinuity ¥ of &k, but then, in order to compare
the two solutions in the vicinity of X, one has to ensure the existence of traces of
the functions, existence which rests on superfluous hypotheses (e.g. finite number of
discontinuities in the solution [Tow00], g genuinely nonlinear [Bac04]...).
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The technical obstruction to the efficiency of the doubling of variables method is the
fact that, if p. is an approximation of the unit, then (krd, + k1.0y)p-(x — y) vanishes
only if k7, = kgr. But, fundamentally, the copy of the technique of the doubling of
variable of Kruzhkov is inefficient because constants are not solutions of problem (2.1)
(to be solution, a constant x should at least satisfies the Rankine-Hugoniot relation
krg(k) = krg(k) on 3, ie. g(k) =0).

Indeed, the basis of the technique of Kruzhkov (in the case where k is a constant
function) is to start from a result of comparison between any entropy solution and
the particular entropy solution that is a constant function, to deduce comparison
between any two entropy solutions.

Here, one should therefore start from a formulation of solution which already contains
a result of comparison between the solution and a particular class of solution C.
This is what we do in the next subsection, where, after Portilheiro [Por03a] and
Perthame and Souganidis [PS03], we introduce a notion of ” y-compared solution” for
problem (2.1). In that case, the particular class of functions C under consideration is
the one of regular functions x(z) (such functions are solutions of the equation with

source term 9y + 9y (k(z)g(x) + f(x)) = S, where S := 0, (k(z)g(x) + f(X)))-

However, a natural choice for C would be the class of stationary solutions to prob-
lem (2.1). This choice turns to be accurate as soon as the class C so defined is large
enough. Unfortunately, this is not the case in the context of our analysis, i.e. under
hypotheses (H1), (H2), (H3), because certain values of the interval [0, 1], in which
entropy solutions take their values, are out of reach by means of stationary solution.

Let us be more specific on this point by considering the example g(u) = u(l — u),
f =0, k > kg. If w is a stationary entropy solution to problem (2.1) then w is
constant aside ¥ (w(z) = wy if z > 0, resp. & < 0), and the Rankine-Hugoniot
relation kpg(w-) = krg(w;) (together with an additional entropy condition) holds.
This Rankine-Hugoniot relation implies w_ ¢ (a,1 — a) where a € (0,1/2) is such
that kpg(a) = kpmax g = krg(1/2). Therefore, on x < 0, the values in (a,1 — a) are
not reachable by stationary solutions while an entropy solution may well take these
values (at least for z < 0 far from 0).

Yet, notice that, in a different context (and therefore on a different physical back-
ground) such a program of comparison of solution via the use of comparison with the
particular class of stationary solutions has been realized by Audusse and Perthame in
a recent work [AP04]. This yields a very interesting proof of comparison of solutions.

To conclude, let us add that one may also consider the class C of stationary solutions
to problem (2.1) with non-homogeneous source term. Such an idea is in connection
with the ideas developed in the theory of mild solutions to evolution problems [Bén72].
We do not know how to deduce a result of comparison (satisfying (R1) and (R2))
from such considerations.
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2.3.2 y-compared solution
Definition, equivalence with entropy solution

We introduce the notion of“y-compared solution” briefly described in the previous
subsection.

Definition 2.4. Let ug € L*°(RR;[0,1]). Let u € L>(Q).

e The function u is a‘“x-compared subsolution 7 (resp.“x-compared supersolu-
tion”) of problem (2.1) if for all x € C(R), ¢ € C(R4 x R) non-negative,
k € R such that Vo € R, 0 < k + x(z) < 1, we have

+00
/ / (u(t,z) — Kk — x(2))F0pp(t, x)dtdx
0 R

+o0
+ /0 /R[k(x)fbi(u(t,x),ﬂ + x(x))
+UE (u(t, ), k + x ()]0 (L, z)dtdz

+o0o
- /0 /R sgns(u — 5 — x(@)k(2)0 (9(x + x(2))) p(t, 2)dtdz
+o00
+ /0 /ngni(u — K —x(2))0y (f(li + X(x)))w(t, x)dtdx
bk [ gl x(O)ett 00
0

+ /(uo(az) — K- X(m))igp(O,x)dx > 0. (2.20)
R

e The function u is a x-compared solution of (2.1) if it is both a x-compared
subsolution and supersolution.

Of course, a x-compared solution u to the problem (2.1) is also an entropy solution
(take x = 0), in particular 0 < u <1 a.e. The converse is true:

Theorem 2.5. Assume Hypotheses (H1), (H2), (H3). Let uy € L*(R;[0,1]). If
u € L®(Q) is an entropy solution to problem (2.1), then u is a x-compared solution
of problem (2.1).

Proof of Theorem 2.5:
Let ¢,0 € C°(Ry xR, R), ¥ € C°(R, Ry ) such that supp(¥)C [—1,1] and [, ¥(z)dz =
1.
Let 7, be a regularization of the function s — s™. It is the entropy function.
Let x € C°(R,RT), k € R such that Vy € R, 0 < x(y) + k < 1. We know that u
satisfies the inequalities (2.13).
For € > 0, choose the test function %\I’(%)go(t, y) in (2.13) and integrate the result
with respect to y to get:

L+ 1o+ 13+ 14+ I5 > 0.
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In a first step, we study each term when £ tends to zero.
1. We study I;:

+00 .
I = /R/R/O Mo (u(t, z) —/'i—X(y))atcp(t,y)é\I/(Ty)dmdydt.

Let z = =4,
[ matutts) = = x)2uett. ) 20y
= /Rna(u(t, x) — Kk —x(r —€2))0p(t,x — e2)U(z)dz.
Then
| /Rna(u(t, x) —k—x(z —e2))0pp(t,x —ez)V(z)dz
—na(u(t,z) — & — x(2))9p(t, z)|
= | /R (na(u(t, x) —k—x(r —e2))0p(t,x —ez)
—na(u(t,z) — k — x(x))0rp(t, x))\I/(z)dz]
< [ alultn) = k- xtz - e2)orpltn 2
{lz1<1}
—na(u(t,z) — & — x(2))dp(t, )| ¥ (2)dz,
but

Na(u(t,z) — K — x(x —€2))0p(t,x — e2) — no(ult,z) — k — x(x))Op(t, ) —c—0 0,
and

N (u(t, 2) = Kk = x(x = €2))0ip(t, & — €2) — na(u(t, z) — Kk — x(2))Orp(t, )]
< ([Jullos + & + l[xllo0) O, 2),

where O(t,z) = o foax lo(t,z)] and © € C.(RT x R), so by use Lebesgue domi-

nated convergence theorem, we obtain

+oo
lim [} = /]R/O Na(u(t,x) — kK — x(x))0pp(t, v)dzdt. (2.21)

e—0

2. We study Io:

400 | ey
I = /R/R/O k(@) @ault, z), 5 = X))t y) 5 V' (= )dudydt,  (2.22)
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with @ (u, k) = 1, (s — k)g'(s)ds.

IQ — _///+Ook(x)‘1>a(U(t,.%'),/€—|—X(y))(p(tjy)l@y[@(%)]dmdydt

+°° 1_z—y
= [ L] oaau) ) e ) 28 dedyar

“+o00 1 vy
+ /R/R/O k(z)@a(ult, ), & + x(y)0op(t, y) - W (= )dwdydt, (2.23)

with an integration by parts.
We study each term of the previous equality. First, we have

+oo 1 z—y
L[ raaatutta). s+ xto et w2 dodyd
+oo
L[] ettt ).+ xto - /(e - 2
R JR Jo
o(t,y)V(z)dxdzdt,
with 9, ®q(u, k) = — [“nl(s — K)g'(s)ds so that

0 Po(u(t,x), k + x(x —€2))X (x — e2)p(t,x — €2)
—em0 Oxa(ult, z), & + x(2))X (z)¢(t, 2),

and

10:Po(ult, ), 5 + x(x — 2))X (x — e2)p(t,x — e2)U(2)]
< O(t 2)|1Xlloo 19 [l ¥ (2),

with the left term is in L'(R x R x R,).
By use of the Lebesgue dominated convergence theorem we obtain:

+o0 T —
tim [ [ k@080t ). 5+ 3N )t 9) Yoy
+oo
_ / / ()0 @ (ult, 3, 5 + X(2))X (2)p(t, y)dad.
RJO
In the same way, the second term of (2.23) yields:
400 T —
L[ kaatutta)n+ xoose(. ) 2w dsdya
+oo
/]R/R /0 k()P (u(t,z), k + x(x — €2))0pp(t,z — e2)V(z)drdzdt

+oo
—c0 /R/O E(x)®q(u(t, z), k + x(x))0ze(t, x)dzdt.
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Finally, we obtain

+oo
lim I, = /R/O k(2)0,®a(u(t, z), k + x(2))x (x)p(t, z)dzdt

e—0

400
+ /]R/O E(x)®q(ult, z), k + x(x))0pp(t, z)dzdt . (2.24)

3. We study I3:

+oo 1 _,x—y
I3 = /R/R/O \I]a(u(t,x)a’{_X(y))gp(tay)gql (T)dwdydt’

with Wo(u, k) = [“1/(s — k) f'(s)ds.
In the same way that for Iy, replacing g by f , we show that:

+oo
ity = [ [ 0balutta) s+ (@ (@)t o)deds
E— R JO

+o0o
+ /R/O U, (u(t,z), k + x(2))0zp(t, x)dxdt. (2.25)

4. We study Iy:
By use Lebesgue dominated convergence theorem, we show:

I = / / aluto(z) — 5~ x(0)p(0,) 2 ¥ ("= L)y

- / oo () — & — x(2))p(0, ). (2.26)
R

5. We study I5:
In the same way, the term I5 becomes:

+o0 _
= [ ] = k) a0 xw)ett) T ¥y
+00 _
- /R/O (kL—kR)+¢a(1,l€+X(y))@(t7y)é\p(?y)dydt
+oo
- /0 (kr, — k)~ ®a (0, 5 + x(0))p (1, )dt

- "% (ki — k) 6 (L k4 x(0))(t, 0t (2.27)
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We conclude with (2.21), (2.24), (2.25) (2.26) and (2.27), for all a > 0:

+oo
// Na(u(t,z) — k — x(2))dyp(t, x)dxdt
R Jo
+o0
+ /]R/O k(2)0x®o(u(t,z), k + x)X (x)p(t, x)dxdt
+oo
[ [T 0batutt o)+ @) @t )sa
+oo
+ /R/o E(x)®q(u(t, z), k + x(x))e(t, x)dxdt
+o0
+ /R/O U (u(t,z), k + x(z))p(t, z)dzdt
+ /Rﬁa(uo(x),f@+x(w))gp(0,x)dm

+ /O+OO ((k = kr)™®a(0,5 + x(0)) = (kz — kr) T ®a(1, & + x(0)))
o(t,0)dt > 0.

In a second step, we pass to the limit when « tends to zero. We study each term
separately.

e The first term is
+o0o
o = / / Na(ult, 2) — K — x(2))Ohp(t, x)ddt (2.28)
R JO

Since |nq (u(t, ) —r—x(z))0rp(t, )| < 2|0p(t, x)| which is integrable on Ry xR
and 7o (u(t, z) — Kk — x(2))Opp(t, ) —a—0 sgn™ (u(t,z) — Kk — x(x))0p(t, ), we
have:

+o00
lim I = /R/O (u(t,) — Kk — x(2)) T Opo(t, x)dzdt. (2.29)

a—0

e We study the term

+o0o
I3 = /]R/O k(2)0:®o(ult, ), k + x(2))x (2)¢(t, ¥)dzdt.

We have 9, ®q(u, k) = — [ nli(s — k)g'(s)ds. After discussion of the respective
positions of k and s :

1. fu <k, 0xPu(u,k) =0
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2. If u > K, then there exists ag such as Va < aq, 2a < u — k and then

1

2a
0k P (u, k) = _%/ g'(s)ds —a—0 _9/(5)7

because ¢ is continuous.

This follows
Ox®o(t, k) — a0 —sgnt(u—r)g (k).

Moreover there exists M > 0 such that |k(2)0, P (u(t, x), k+x(2))X (2)p(t, )] <
M(t,x), so by use of the Lebesgue dominated convergence theorem, this yields:

lim 1§ =
a—0

+o0o
- /R /0 sgn (u(—r — x(@)k(@)0, (9(x + (@) p(t,2) dadt.  (2.30)
e We study the term

+oo
5= [ [ 0t o). r + (@)X @)olt,)dade.
RJO
Replacing g by f in the study of term Is, we obtain:

lim I35 =
a—0

+o00
- /R/O sgng (u(t, ) — k — x(2))0: (f(k + x(2))) p(t, z)dadt.  (2.31)
e We study the term

+oo
I = /R/O E(x)®q(ult, z), k + x(x))e(t, z)dzdt.
For the term I, we have
Dot 1) —a sgns(u — k) (g(w) — g()) = B (u, ). (2.32)

By using Lebesgue dominated convergence theorem, we obtain:

+oo
lim I = /]R/O k(x)®T (u(t,z), k + x(2))o(t, x)dzdt (2.33)

a—0

e In the same way

+oo
IS :/R/O E(x)®q(u(t, z), k + x(x))e(t, z)dzdt.
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We have
W (1 5) = sgn (1 — 1) (f(w) — £(5). (2.34)

By using Lebesgue dominated convergence theorem, we have:

lim 19 — / / T U (), 5+ x(@))olt, 2)didt, (2.35)

a—0
e The limit of the term
Ig = / o (t0(z), 5+ x(2))(0, z)dx
R

is obtained by using Lebesgue dominated convergence theorem:
lin%) Ig = / sgny(ug — k — x(x))e(0, z)dz. (2.36)
a— R

e Eventually, by (2.32), (2.34), we have limo ®,(0,k 4+ x(x)) =0 and
a—
lin%)q)a(l, k+ x(0)) = —g(x + x(0)) so that
oa—

+oo
lim I = /0 (kr, — kr)Tg(x + x(0))p(t,0)dt. (2.37)

a—0

We conclude with (2.29),(2.30),(2.31),(2.33), (2.35), (2.36) and (2.37) :
400
/ / (u(t,x) — Kk — x(2)) T Oro(t, x)dadt

+ //+Oosgn+ (u— K — x())

(k(x)(g(u) = g(r)) + (f(u) = f(K))p(t, z)dzdt

-/ /+w89n+(u—ﬁ— X (@)

[k(2)0:(g(k + x(2))) + 0x(f(k + x(2))]p(t, z)dzdt
+ /(uo —k—x(2)T (0, z)dz
R

+oo
(k= k) gl x(0) [ (00t > 0.

We do the same reasoning with the non-positive semi entropy to conclude that w is
a y-compared solution.
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Uniqueness via y-compared solution

Contrary to the derivative 0,, which is weighted by the function k(z), the derivative
O¢ has the constant coefficient 1 in the weak form of conservation law (2.1), and
it is therefore possible to show by the method of the doubling of variable that, if
u € L*(Q) is a y-compared solution to problem (2.1), then u can be compared to
any regular (say C'(Q)) solution 1 of the equation v; + (k(x)g(v) + f(¥))z = S
(where, by definition, the source term S is the first member of the equation): for
every nonnegative o € C3°(R?),

/ - / (u — )0y pdtdx

N / I / )+ U (u, )]0y pdtd
+oo
— /O /ngni(u — P)k(2)02(g()) + 0 (f () pdtdz
b=k [ o 0,00
0
T /R (uo(z) — (0, 2))* (0, 2)dx > 0. (2:38)

The next step on the way of Theorem 2.1 would then be the deduction from (2.38)
of the comparison between two entropy process solutions (without requiring one of
them to be regular). The way to proceed is an unsolved question for the moment.
Notice that, even in the case where k is constant, and as emphasized by Portilheiro,
this remains an unsolved problem. In particular, and in this last case k constant, one
could think to approximate any entropy solution v by a sequence of regular function

¥ in Li (Q), such that

loc

" + 0, (9(¢v°)) = 5°, (2.39)

with [|S¢|] L1 (@) small with respect to e (then, passing to the limit in the equation

/+OO/ — )00 + BF (u, 1) Dy pdtdx
/+00 / sgn(u — %) S pdtdx
0 R
+ [ (wole) — 70,0 pl0.2)d0 > 0, (2:40)
R

the analogous to (2.38) in the case k constant, f = 0, one would obtain the comparison
between u and v.) Let us highlight the fact that such a result of approximation is
wrong: in case the entropy solution v has a shock, it requires a source term of strength
O(1) (with respect to ) in (2.39) to approach v by ¢ regular. The reason is that,
in presence of a shock, the entropy solution actually dissipates entropy while the
solution ° of (2.39) dissipates entropy with an order ||S€||L11OC(Q). We justify this
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assertion on the example of the Burgers-Hopf equation with a stationary shock :
g(u) = u?/2 here and we let v, the initial datum, be equal to = — —sgn(x) on the
interval [—2,2]. Suppose also —1 < vy < 1 a.e. and vy with compact support; then,
by finite speed of propagation, the entropy solution v of the equation v+ (g(v)), =0
with initial condition v|;—g = vg, equals z — —sgn(x) for (x,t) € [-1,1] x [0,T1],
Ty = 1. Let n(u) = u? and let ® : u — u3/3 be the corresponding entropy flux. Let

¢ be the test function defined by ¢(z,t) = 0(z)u(t), where
6(z) = —lz|+1 if  zel-1,1], cclo.1) & .
10 else, ,uc,l,o,u—.

We compute
+o0o
/ / n(v)Opp + ®(v)Oppdr dt = 2/3. (2.41)
0 R

On the other hand, if 9° is a regular function which solves (2.39) with, say, S°©
with compact support, |[S%|[11(g) as well as 1)°|;—¢ — vo small with respect to € then
(by comparison of entropy solutions of non-homogeneous scalar conservation laws)
YF is close to v in Ll (Q). Suppose also the sequence (3°) uniformly bounded
with respect to € in L*°(Q) (this is consistent with the maximum principle for scalar
conservation laws), then, by the dominated convergence theorem, f0+oo fR (%) +
O (Y°)0ppdx dt is close to the left hand-side of (2.41) for € small. But this former
quantity can also be computed by multiplying (2.39) by 7'(¢), using the chain-rule
for derivative of composed functions, multiplying the result by ¢ and then integrating
by parts (operation which are licit for ¢° is required to be regular). Therefore 2/3
is close to the quantity — f0+°° Jp 7 (%) S%pdz dt which is bounded by C||S®[|11(q),
and this yields the contradiction with the hypothesis [|S¢|[11(q) small with respect
to e.

2.3.3 Kinetic solution

The concept of y-compared solution did not bring technical facilities to the proof of
Theorem 2.1, and, regarding this problem, the technique of the doubling of variable
is partly unsuccessful. Therefore, on the basis of the works of Lions, Perthame
and Tadmor [LPT94] and Perthame [Per98] we have introduced a concept of kinetic
solution to problem (2.1), and then proved Theorem 2.1. In fact, this proof can be
adapted to show Theorem 3.6 and we have directly defined a notion of kinetic process
solution. We define it and show its equivalence with the notion of entropy process
solution in subsections 2.3.3, 2.3.3, 2.3.3, then prove Theorem 3.6 in subsection 2.3.4.

Kinetic and equilibrium functions

If Q is a subset of R (m > 1) and u : 2 — R is measurable, the equilibrium function
Xu associated to u is the function @ xR 3 (z,&) — sgn, (u(x) — &) +sgn_(§). Notice
that x, is measurable and that x, € L*(Q2 x R;[—1,1]). More generally, a kinetic
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function is a function h € L>(£2 x R) such that:

0 < h(z,§)sgn(§) <1,

Och(x, &) = 0(§) — va(§)
where v is a Young measure. For an equilibrium function, v,(§) = §(§ — u(x)). In the
following, we also consider two functions associated with any kinetic one:

hi(z,8) = h(z, &) —sgn_(§),
h—(x7§) = h(x7§) - Sgn+(§)'

For equilibrium functions, we have, for a.e. £ € R:

h(z,€) = sgn (u(z) = §),
h—(z,8) = sgn_(u(z) - ).

For X a locally compact Hausdorff space, M, (X) denotes the set of positive Borel
measures on X which are finite on compact subsets of X or, equivalently (by Riesz
representation theorem) the cone of nonnegative linear form on C.(X). Therefore
m € C(Rg;w x+ =M (X)) means m(§) € My (X) for every £ € R and, for every

v € C.(X),

(2.42)

5'—>/Xs0dm(£)

is continuous.

Kinetic solution

Denote by a and b the derivatives of the flux functions:

a€):==4¢'(&), b :=f(, £eR.

We recall that, since f and g have been continued by constants outside the interval
[0, 1], these functions a and b are defined everywhere, except possibly at 0 and 1 and
that they vanish outside [0, 1].

Definition 2.5. Let ug € L*°(R;[0,1]) and u € L*>®(Q x (0,1)).

1. Let h and h° be the equilibrium functions associated with u and ug:

h(ta T, A, 5) = Xu(t,z,\) (5) ’ h? (xa 5) = Xug(x) (5) :

The function u is a kinetic process subsolution (resp. kinetic process super-
solution) of (2.1) if there exists my € C(Rg;w * —M(Q)) such that my(-, &)
vanishes for large £ (resp. m_(-,§) vanishes for large —&) and such that for

any ¢ € C°(R?),
RI XR{

1
/ / he (90 + (k(@)a(€) + b(©)Dn)p + / o,
0 JQxR

— (kL—k;R)i/Z ) a(§)®),_o :/Q . Ogpdmey. (2.43)
X Re xe
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2. The function u is a kinetic process solution of (2.1) if it is both a kinetic process
subsolution and process supersolution.

Remark 2.3. In the right hand-side of (2.43), my is defined by:

Vo € C( st),/

QxR

b = /R ¢ /Q 6, €)dm (€)

and, since my € C(Rg;w * —M 4 (Q)), we have my € Mo (Q x Re).

Remark 2.4. Notice that the class of admissible test-functions in (2.43) is larger
than C°(R3). Indeed, since m. () vanishes for large &, any function ¢ € C(R3)
such that supp(¢) C K x [~R,+00) for K a compact of Q and R € R is admissible
in (2.43) written for subsolutions. Similarly, any function ¢ € C®(R3) such that
supp(¢) C K x (—oo, R) for K a compact of Q and R € R is admissible in (2.43)
written for supersolutions.

Equivalence of the two notions

Theorem 2.6. The notions of weak entropy process and kinetic process semi-solutions
are equivalent.

We prove that the notions of weak entropy process and kinetic process subsolu-
tions are equivalent. Let u € L>(Q x (0,1)) be a weak entropy process subsolution
of (2.1). For k € R, define the linear form m/ on C°(Q) by:

1
mf(¢) = /0/Q(u(t,x,)\)—/@)Jr(?tgp(t,x)dtdmd)\
1
+ /0 /Q (k(z)®" (u(t,z,A), k) + ¥ (u(t,z,\), k) Dpp(t, x)dtdndA

+ /R(uo(aﬂ) — &) (0, z)dx + (kr, — kr)*t /Z g(k)p(t,0)dt (2.44)

Let k € R be fixed. Since u is a weak entropy process subsolution (resp. weak entropy
process supersolution), m/; is nonnegative. It therefore induces a nonnegative linear

form on C.(Q)) which can be represented by a Borel measure, still denoted m';. We
set mT (&) = mi (¢ € R). For K a compact subset of ), there exists a nonnegative

¢ € C°(Q) such that p(t,z) =1 for all (t,z) € K. If |k| < R (R > 0) we thus have,
by (2.44):

s (K) < mfi (o) < Cr (2.45)
where the constant Cr depends on R (and ¢) only. This yields my € C(Rg;w

—M4(Q)). Indeed, if (§,) is a sequence of real numbers converging to £ € R, then
there exists R > 0 such that |§,| < R for every n and, by (2.45), m™(p,&,) is
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bounded and nonnegative for every nonnegative ¢ € C.(Q). By the Banach-Steinhaus
theorem, there exists m1, € M (Q) such that m*(gp &) — mi () as n — +oo for
every ¢ € C.(Q). By (2.44), we have mZ (¢) = m™ (i, &) for every ¢ € C(Q), this
remains true for ¢ € C.(Q) by density: therefore m € C(Rg;w* —M(Q)). Besides,
from (2.44), and the fact that u < A a.e. for an A € R (u € L*(Q x (0,1)) by
hypotheses, it appears that m. (£) vanishes for £ > A, in particular for large &.

Let ¢ € C°(R?). We compute with an integration by part:

/ afgb(t,x’g)der(taxag)

QXR{
1

= [ w7000+ (a)® (. 6) + V(0,000

QXR{

4 /R o 0000 (b k) /2 9(€)0ed),_,
1

- / / sgn (u — €)(@6 + (k(x)a() + b(€))Da0)
0 JQoxr,

+ /R s (w0 = )01 — (b — k) / a(6)d),_,
xRe
1

- / / e (D1 + (E()a(€) + b(E)) a)
0 JQxR¢

+ [ o M e b JRGEN.

Therefore u is a kinetic process subsolution.

Conversely, suppose that u € L>®(Q x (0,1)) is a kinetic process subsolution. For
k € R, let £ — E,(£) be a smooth and convex approximation of £ — (£ — k)" such
that |E/(¢)] < 1 for any positive integer n. Let ¥ be a smooth function with sup-
port in [—2,2], values in [0,1] and that equals 1 on [—1,1]. Next, let ¢ € C°(R?),
and define U, (§) = ¥(¢/n). Now apply (2.43) to the test function ¢(t,z,§) =

o(t, )0, (E)E(E) :
/ U,y
Re

1

).

b ] | - -kt [
R | JR, b

= [+ B
QXRg

atSD + amQD

/ (k(2)a(€) + b)) T El by
Re

[ worite

S0|ac:0

If moreover ¢ is assumed to be nonnegative, then / oV, E"dm > 0 and letting
QXR{
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n — —+00, we get:

/01 /Q(u(t,x,)\) _ ,{)+atsp(t’x)

1
+ //(k(x)@Jr(u(t,x,)\),ﬂ)+\IFL(u(t,x,A),ﬂ))@acgp(t,x)dtdxd)\
0 J/Q

+o0o
4 /R (o (&) — k) F (0, 2)dx + (kp, — )t /0 g(K)e(t,0)dt > 0,
which is (4.6).

2.3.4 Proof of Theorem 3.6
Kinetic traces

We introduce two functions: regularization and cut-off function. Let p € C°(0,1)
be a nonnegative function with mass 1. For a small parameter €, we define the

regularizing kernel p. by
@0 =20(%)
r)=-pl—
Pe e’-:p

€
and the cut-off function w. by

||
we(m):/o pe(o)do .

Proposition 2.2. Let h € L*=°(Q x (0,1) x Re¢) satisfy (2.43). Then there exists two
functions hY € L>°(Q x (0,1) x R¢) and T4 € L>®(X x (0,1) x R¢) such that, up to
subsequences:

1 +o00 1
lim / / [ / hi(t)w,’?(t)dt] 0 = / / h0, (2.46)
n—=0% Jo JR,xR¢ LJO 0 JRyxRg

dim [ oo s o= [ v e

forany 6 € LY (R, x (0,1)xR¢) and any ¢ € LL(Xx(0,1)xR¢) (the subsequences with
respect to n are independent of 0 and v respectively). Besides, denoting by m’® (resp.
m+ ) the restriction of m4 to {0} x Ry x [0,1] X R¢ (resp. [0,+00) x {0} x [0,1] x R¢ ),
we have: V8 € C° (R, x Re), Vip € C([0, +00) x Re)

1
/ / h1PH = / h%.6 — Defdm’? (2.48)
0 Rz xR¢ Ry xRg Rz xR¢

and
1 1
Yo = — (kL — kg)* — Opdmy. . (2.49
/O /EXRE iw ( g R) /O /2ng a(é)?/) /[(),+oo)><]R5 §¢ e ( )
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The existence of A’ and Y4 follows from the local uniform boundedness of

0+°O ha (t)wy (t)dt and [ (a(&)k(x) 4 b(§))hs (x)w) (z)dz in L= (R, x (0,1) x Re) and
L> (¥ % (0,1) x Re) respectively. To prove (2.48), replace ¢ in (2.43) by the function
(t,x,&) — 0(x,£)(1 —wy)(t), for § € C°(R, x R¢) and pass to the limit on 7 in the
equation thus obtained. Similarly, use the test function (¢, z,&) — ¥(t,£)(1 — wy)(z)
in (2.43) to get (2.49).

Regularization, comparison

Suppose kr, < kr. Let h and j denote the equilibrium functions associated with

and v respectively and denote by m4 and ¢_ the associated entropy defect measure.
For ¢ € C°(R?), we have

1
[ ] he@+ twae +vpae+ [ e,
0 JQxR¢

RIXRE
= (k) [ a0, - /Q  ocgdm, (2.50)
xRg xIRg

and

Rz XRE

1
// G- (0 + (R(@)a(€) + b())Da)é + / o1,
0 JQxRr,

= / Depdg—. (2.51)
QxR

Let 6 € C2°(R?) be a test function with compact support in R} x R% x R¢ (6 vanishes
in a neighborhood of R; x {0} x R¢ and in a neighborhood of {0} x R, x R¢). Denote
by psu.e the function (¢,z) — pg(—t)p.(z)ps(§) and by v3,,, the function (¢,z) —
Pav.o(—t, —z,—&). For v small enough, the function (t,z) — 6 x v3,,, still vanishes
on Ry x {0} x R¢ and {0} x R, x R¢ so that we can specify this test function in (2.51)
to obtain

1
/ / (Sgn—i—(t)j—)*pﬁ,l/,aate
0 JR3
1
b [ (@l b)) + bOsen (04-) *100:0
0 JR3
= |, ¢ d(sgn (1)g-) * pg,v,0-

Still for v small enough, we have (sgn, (£)k(x)j—) * pgu.c0-0 = k(x)(sgn (t)j-) *
PB.v,00:0 and therefore get the regularized equation

1
| L3 2,000 + (w)a(€) + b)0.)0(0.2.6)

= | 0eB(t,x,€) dg”7 (t,2,), (2.52)
R3
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where j277 = (sgn, (8)j-) * pao, €277 = (seny(t)g-) * ppug. Similarly, with
obvious notations, the following regularized kinetic equation is satisfied by h (for e

small enough):

1
| r a0, 000 + (k@ate) + be)anp. .0

= Bc0(t, x,€) dmS° (t,2,€). (2.53)
R3

Let ¢1 € C°(R?) be a nonnegative function with compact support in R} x R% x Rg.
We apply (2.52) to the test function 6§ = jﬁ "%y and integrate the result with
respect to ¢ € [0, 1] (notice that, although this test function does not vanish for large

, it is admissible by Remark 2.4), apply (2.53) to the test function 6 = — 1%, and
Y y + ¥

integrate the result with respect to A € [0,1] (admissible by Remark 2.4) and sum
the two resulting equations to get

/ / /]Rg“’1 (0 + (k(x)a(€) + b(€)), ) (—h30§5+7)
+ / ( ha55 BVU)(B +(k( ) (§)+b(§))ax)(p1
R3

1
.B,v,0 a,e,0
— / dC/ @165(—353” )der’g’
0 R3

1
+ / A\ [ 10e(—hS=0)dg? (2.54)
0 R3

Since mS’ =0 ¢ > 0 and 9 (—j77), 35(—h3‘_’8’6) > 0, the right hand-side of (2.54)
is nonnegative. We integrate by parts with respect to (¢,z) in the left hand-side
(an operation which is admissible since ¢; vanishes in the vicinity of the line of
discontinuity of the coefficient k) to get

1 1
/ / / (—hEBY (B, 4 ((x)a(€) + b(E)Da)er > 0
0 0 R3

and letting «, e, d tends to zero, we have:

1 1
/0 /0 /Rs(_sgn+(t)h+jﬁ’y’a)(at + (k(z)a(€) +0(€)))p1 > 0. (2.55)

Let us now remove the condition imposed on the test function: let ¢ € C2°(R?)

be a nonnegative function, replace 1 by (t,z) — @(t, z)w,(t)ws(z) in (2.55), use
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Proposition 2.2 and pass to the limit on accurate subsequences on 7 and 77 to get
1 p1
/0 /0 /]RS(_Sgn—l—(t)h-yj_’%O—)(at + (k(z)a(§) 4+ b(£))0:)¢
1 pl1
+ / / / hf (x, A, 5)(_j€’l/,0(0’ 2,(,€)p(0,z) dr d€ dX\ d¢
0 0 o XRe

1 1
_ Bro
" /0 /0 /mg Ty (8, X, 6) (=277 (8,0, ¢, €))p(t, 0) di d dA d¢
>0, (2.56)

By (2.49), and since kr, < kg, we have
1 1
[ reeaeei77 0.0 dds andg
0 Jo JeExRre

1 1
- _/ / / @(t,O)ag(—jé’V’a(t’ 07C7§))dm+ dt d§ dX dC <0.
0 JOo JExRg

Similarly, by (2.48), we get

1 1
/ / / B (1, 0, €) (=27 (0,2, ¢, €))p(0, ) dar i A dC
0 Jo JR.xRg

IN

1 1
/0/0/ . hS (2, €)(—57"7 (0,2, ¢, €)p(0, ) da d€ d\ dC
z XR¢

1
= [ B0, )0, 0) o e
0 Rxng
and
1 1
[ s 0had )@+ (wya(©) + be)onye
0o Jo JR3
1
s [ @O 00,600 drde dG 2 0.
0 ]Rxx]RE
We let v, 0 — 0 in this last inequality, to get
1 1
L[] (sen im0+ (k@ate) + ieno
1
[ PO 0.0 deds g 20
0 z XR¢
and now compute the limit as 8 — 0 of the remaining terms. First,

1 1
i —son 8 n x)a o
lim /0 /0 /RS< an, (D7) + (k(@)a(€) + b(E))n)p

p—0

1 1
- / / / (—sgny (D d_) (@ + (k(z)a(€) + b(E)Dn)ep
0 0 R3
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second,
1
[ [ e 0mc.m rde
]Rxx]RE
- // / B (2, €)(=j~(5,2,¢,€))ps(5)p(0, @) dar dE d
]Rxx]RE

- //szg/ B (2,) (- (5. 2. G, O))()p(0, 2) dar d

and therefore, for an appropriate subsequence, we have by Proposition 2.2,

B—0

1
hm// . WS (w, €)(—=52(0,2,¢,)) (0, ) da d€ d¢
z XIR¢
/ / - (2, 6) (=57 (x,¢, €))p(0, ) da dé dC.
z XIR¢

The trace j7° satisfy the identity
T) o 0
J— = ] + O0gq—

from which we deduce
// B (2, €) (7 (@, ¢, €))p(0,) dar d ¢
]Rxx]RE
< [ RO @)l dods.
szRg
Collecting the previous results, and using the identities
[ i = -0 [ R0 = - )
R R
/ a(&)hy (—j-)dE = 7 (u,v), / b(&)hy (—j-)dé = U (u,v)
R R

eventually leads to the inequality

[ feorns
/ / / / 2)® " (u,v) + W (u,v)) 0o da dt X d¢

+ /R(uo — ) (0, )dx >0

from which (2.8) is classically deduced. This concludes the proof of Theorem 3.6.
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Remark 2.5. Notice that, insofar as the proof of (2.8) uses the weak notion of traces
introduced in subsection 2.3.4, it has not a complete algebraic character. Although
this weak motion of traces — natural in the context of kinetic solution — allows us to
satisfy the first requirement (R1) discussed in the introduction, the requirement (R2)
1 not satisfied. This could be an obstacle to the possible analysis of error estimates
for approzimations of problem (2.1).
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Chapter 3

Schéma Volume Fini pour une
lol1 de conservation a flux
discontinu

3.1 Introduction

The notion of entropy solution, and the convergence of finite volume scheme are
presented for the following hyperbolic conservation law:

{ Opu+ 0y (k(x)g(uw) + f(u)) =0, (t,z) € Ry x R,

3.1
u(0,2) = up(x), (3.1)

with initial value up € L*°(R;[0,1]). And finally, several numerical results are intro-
duced.
The functions f, g and k are supposed to satisfy the following hypotheses :

(H1) g € Lip([0,1]) is non-negative and g(0) = g(1) =0,

(H2)  f € Lip([0,1]),

(H3) & is the discontinuous function defined by

. kr ifz<O .
k(x) = { kn ifz >0 with kr,kr > 0 and kg, # kg.

The particular shape of the functions f, g and k described through the hypotheses
(H1), (H2), (H3) is given by a model for two-phase flow in porous media with dis-
tinct permeabilities (see [Bac04]). Let us just claim here that, in this context, the
hypotheses on f, g and k are natural.

No hypothesis of convexity or genuine non-linearity on ¢ is assumed, which is a
new point in comparison with all the preceding works on the subject (see by example
[Tow00, Tow01, KT04, SV03, Bac04]). Indeed, these preceding works assume that the
entropy solution must have traces along the line {x = 0}. To guarantee the existence
of these traces, they impose that g is genuinely non linear. Without the hypothesis on
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¢ genuinely non linear, these traces of function can not be considered. A new difficulty
is introduced. Indeed, problem (3.1) can not be considered as two conservation laws
with Lipschitz continuous flux on each side of the line {x = 0}, because this approach
seems to need the trace of the solution (see by example [KRT03, SV03, Bac04]).

Moreover, in [Tow00] and in [Tow01], it is only proved that a subsequence of the
approximation function, build with the scheme, converges to an entropy solution.
In [KT04], authors prove the convergence of the Lax-Friedrichs scheme without ex-
traction of a subsequence but they still assume that ¢ is genuinely non linear. In
fact, they need g genuinely non linear to show the uniqueness of entropy solution,
and the uniqueness permits to conclude that the whole sequence converges to the
entropy solution. Recently, in [AV03, AJV04], the authors present some studies for
a generalized problem for the following hyperbolic conservation law:

{ O+ 0p(g(z,u) =0, (t,w) € Ry xR, (3.2)
u(0,x) = up(z),

with

gr(u) if <0,
9(z,u) = { ;(u) if x>0,

such that g1(0) = gr(0) = gr(1) = gr(0). Assuming g7, and gr convexs, an explicit
2) is given.

formula of the solution to problem (3.

To begin, the notion of entropy solution to problem (3.1) is recalled. Generically,
the discontinuity of k enforces the instantaneous apparition of discontinuities in the
solution to problem (3.1) (whatever the regularity of the initial value may be). In
order to ensure uniqueness, weak solutions satisfying entropy inequalities have to be
considered.

Definition 3.1. Let up € L®(R) with 0 < ug < 1 a.e. on R. A function u €
L>® (R4 x R) is said to be an entropy solution to problem (3.1) if it satisfies the
following entropy inequalities : for all k € [0,1], for all non-negative function ¢ €

CSO(RJr X R)}
/00/ lu(t,x) — k| Opp(t, x) dt dz
0o Jr
/ /(k(x) O (u(t,x), k) + Y(u(t,x), k) Oxp(t,z) dz dt

/ o (x) — K| (0, 2) dz + [ks —kRy/ S(0)dE >0, (3.3)

where respectively ® and ¥ denote the entropy flux associated with the Kruzhkov
entropy:

(u, k) = sgn(u—r)(gu) - g(x)),
and  VU(u,k) = sgn(u—k)(f(u) —1f(k)).
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Remark 3.1. Let u € L*°(Ry x R) be an entropy solution. Choosing k = 1 in
inequality (3.3) and using g(1) = 0, it is easy to see that u < 1 a.e.. Similarly,
choosing k = 0 in inequality (3.3), we obtain u > 0 a.e.. Then 0 < u <1 a.e.. This
property will also be satisfied by the approzimated solution given by the scheme (see
Lemma 3.1).

This paper is divided into two main parts. First, the convergence of the scheme is
established. In section 3.2, the scheme is presented : this scheme is Euler explicit
in time and finite volume in space. Both discretizations (in time and in space) are
of first order. The aim of subsection 3.2.3 is to establish a stability property which
is verified by the approximate solution given by the scheme (see Theorem 3.1). In
subsection 3.2.5, some discrete entropy inequalities which are satisfied by the ap-
proximated solution are established. In particular, the monotonicity of the scheme is
introduced in subsection 3.2.2 is used.

By use of stability property of the scheme, in section 3.3, the existence of entropy
process solution is established. This notion appears as a generalization of entropy
solution. The convergence of a subsequence to an entropy process solution is proved.
Finally, using the theorem of comparison between two entropy process solutions es-
tablished in [BV05], the equivalence of entropy solution and entropy process solution
and the uniqueness of entropy solution are deduced. Then, the convergence of the
scheme to the unique entropy solution to problem (3.1) is obtained.

Secondly, some numerical results are presented. On the one hand, the behaviour
of Godunov scheme and VFRoe-ncv scheme is studied with g nor concave neither
convex. The approximated function build with this scheme converges to the entropy
solution. We observe, numerically, a first order convergence.

On the other hand, problem (3.1), setting f = 0, is equivalent to the 2 x 2 resonant
System :

{ O+ 0y (k(x)g(u)) =0, (3.4)

Ok = 0.

This system is resonant for all values where ¢’ is equal to zero. In fact, if the function
g is constant on an interval I included in [0, 1], system (3.4) is resonant on I. However,
for such a function g, we show that problem (3.1) is well posed. Godunov, VFRoe-
ncv schemes are presented. The convergence of these schemes is observed although
the VFRoe-ncv scheme is not monotone. Moreover, all these schemes have the same
behaviour.

3.2 Finite volume scheme

3.2.1 Presentation of the scheme

Definition 3.2. An admissible mesh T of R is given by an increasing sequence of
real values (Tiy1/2)iez, such that R =J;cz[7;_1/2,Tiy1/2]. The mesh T is the set of
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T = {K;, i € Z} of subsets of R defined by K; = (x;_1/3,%i1/2) for alli € Z. The
length of K; is denoted by h;, and set h = size(T) = sup;cyz h;.

Let 7 be an admissible mesh in the sense of Definition 3.2 and let At € RY be
the time step. To fix the notation, one assumes that z;,, = 0.
In the general case, the finite volume scheme for the discretization of problem (3.1)
can be written: Vi € Z, Vn € N

he
Kzt(u?ﬂ —ui') + H(u?auﬁl, Kiskiv1) — H(uiq,u' ki1, ki) =0,
3.5
o 1 (35)
u; = — [ w(x)de, ki=-— [ k(z)dz,
where v} is expected to be an approximation of w at time ¢, = nAt in cell K.

The quantity H (wj',uj, |, ki, kiy1) is the numerical flux at point x;4, /2 and time
associated to the function k(x)g(u) + f(u).
The formulation (3.5) is equivalent to:

= G ufud g ki, ki ). (3.6)

;

The approximated finite volume solution is defined by

ur at(z,t) = uj for x € K; and t € [nk, (n+ 1)k). (3.7)

The flux functions satisfy the following hypotheses :
(H4) Flux adapted to the function g: Yu,v € [0,1], H(u,v, kg, k) = Hf,

(
H(u,v,kr,kr) = Hg(u,v), H(0,0,kr,kr) = H(1,1,kr,kr) = 0and Hr(0
Hy,(1,1) = Hg(0,0) = Hp(1,1) = 0.

’U,,U),
,0) =

(H5) Regularity: The function H is locally Lipschitz continuous from R* to R and
admits as Lipschitz constant Ly , r only depending of k, g and f.

(H6) Consistency : Yu € [0,1], Hy(u,u) = krg(u)+ f(u) and Hg(u,u) = krg(u)+
f(w).

(H7) Monotonicity: (u,v, k1, ko) — H(u,v,ky, k), from [0, 1]* to R, is nondecreas-
ing with respect to u, ki, k2, and nonincreasing with respect to v.

3.2.2 Monotonicity of the scheme and L* estimate

Lemma 3.1. Let T be an admissible mesh in the sense of Definition 3.2 and let
At € R be the time step. Let ug € L®°(R) with 0 <wup <1 a.e. on R.

Let ur a¢ be the finite volume approxzimated solution defined by (3.7). Under the CFL
condition

At < inf;cz hy

< 3.8
2Lq,f 3.8)
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the function G is nondecreasing with respect to its three first arguments and the
approzimation ur a¢ satisfies

0<ur <1 forae xR andae teR,. (3.9)

For the proof, we assume for simplicity that G is C'. Under the CFL condition, the
partial differentials of G defined by (3.6) are non negative. Then, the monotonicity of
function G and the following equalities : G(0,0,0,.,.,.) =0 and G(1,1,1,.,.,.) =1
are used.

G is nondecreasing with respect to its three first arguments :

°
S—Zz =1- %Hu(u?,u’;ﬂ, ki kiy1) + %(Hv(uyl,u?, ki, ki)
>1- 2%—:Lk,g,f >0,
under the CFL condition.
°
o =~ L ) > 0,
because H is nonincreasing with respect to its second argument.
°
3321 = %Hu(u?17u?7ki—17ki) >0,

because H is nondecreasing with respect to its first argument.

By hypothesis, 0 < u? <1 a.e. on R. For all ¢ in Z, using monotonicity argument,
we obtain :

G(07 0707 ki—17 ki7 ki-l—l) S ull - G(ugau?—huio-i-la ki—la kia ki-i—l)
<G, 1,1 Kk, ki ki)
with G(0,0,0, kﬁifl,ki,kprl) = 0 and G(l,l,l,kﬁifl,ki,kprl) == 1, because g(O) ==

g(1) =0 (see (HI)).
Inequality (3.9) is deduced by induction on n.

3.2.3 Weak BV estimates

Theorem 3.1. Let £ € (0,1) and o € (0,1) be given values. Let T be an admissible
mesh in the sense of Definition 3.2 such that ah < h; for all i € Z. Let At € RY
satisfying the CFL condition

At < (1 —-¢&)ainfiez hi‘
2Lk;7g7f

(3.10)
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Let {u}, i € Z, n € N} be given by the finite volume scheme (5.5). Let R € R and
T € RY and assume h < R and At < T. Let ig,i2 € Z and Ny € N such that:
—R e K;,, Re K;, and T €[Ny At, (Ny + 1)At]. Then there exists C € R, only
depending on g, f, R, T, ug, & and «, such that

ZNZ keg(®) + 1 () = Hi(p.q)]

(p q GC(uZ ulyg)

max \krg(q) + f(q) — Hr(p,q)|
(@) eC(ut,ufy )

4 ZAtZ max  |krg(q) + f(q) — Hr(p, q)|

1 (pa)€C(uf uiy)

+  max |krg(q) + f(q) — Hr(p,q)| < —,  (3.11)

C
(p.a)eC(up u, ) N

with for a,b real values, C(a,b) = {(p,q) € [aLb,aTb;(q¢ —p)(b—a) > 0}.
To establish this estimate, some tools introduced in [EGHO00] for conservation laws
are used. But in this preceding work, they strongly use that k is Lipschitz continuous

which is not the case in this work. Firstly, we focus the study on the left and on the
right on the line { = 0}. Secondly, the scheme is studied around {x = 0}.

3.2.4 Proof of Theorem 3.1

In order to prove (3.11), equality (3.5) is multiplied by h;u]" and the result is summed
over i =14g,...,—lorover ¢t =1,...,79, and over n =0,..., Np.

Remark 3.2. In this part, C; denotes constant only depending on k, g, f, T, R, uo,
£ a

On the one hand, |for ¢ = ig,...,—1, k;_1 = k; = kjx1 = kr |, the sum gives:
B+ By =0
where
N —1
Byo= > ha(uh —ui)ul, (3.12)
n=0i=ig
Nr -1
By = YN At(Hp(ululy,) — Hyo(uly, ul')) uf. (3.13)
n=0i=ig

Each term is studied separately.



3.2 Finite volume scheme 85

1. Study of term B,
A change of index permits to obtain:

By =

with

and

Np —1

S AUHL ) — (gl + )
n=0i=ig

Np —1

S AUHL 1) — () + )
n=0i=ig

Npr —1

Z Z At(Hp(ui,ufyq) — (kpg(ui) + f(ui)))ui
n=0i—io

Ny -2

Z Z At(Hp(ui uiy ) — (krg(uiyy) + f(uilyq)))uiyy
n=0i=io—1

Ny —1

SN At(HL(uf uty) — (kpg(uf) + f(uf)))uf
n=0i—io

—(Hr (v, uitr) = (krg(uin) + fuiyn)))uit

Np

D AM(Hp(ufy g ufy) — (krg(uly) + f(u)))u,

r]LV:TO

Z At(Hp(u" 1, ug) — (krg(ug) + f(ug)))ug

n=0

B, + B3,
Nt —1

= > At((Hulul uly) = (krg(ud) + £ () uf

n=01i=1g

—(Hp () = (rg(uly) + £ ()l ).

|B| < C).

Denoting by ®;, a primitive of the function (.)krg'(.) + (.)f'(.), an integration
by parts yields, for all a, b real values

b
B(b) - Bpla) = / s (kpg(s) + f(s)) ds

= a(Hg(a,b) — (kpg(a) + f(a)))

b(Hr(a,b) = (krg(b) + f(b)))
b
— [ (krg(s) + f(s) = Hi(a,b)) ds.

a
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Then, BJ becomes :

By = ZAtZCI)L ui'y1) — Pruiy)

i=ig

" Zmz / (kig(s) + F(s) = Hi(u i) ds

zzo

= Bé’l + By?

with, immediately \B ] < (5. For study term B , one needs the following
result:

Lemma 3.2. Let f € C(R) and j € C(R?) Lipschitz continuous which satisfies
forall s € R j(s,s) = f(s) and which is nondecreasing with respect to its first
argument and nonincreasing with respect to its second argument. Let j1 and jo
be the Lipschitz constants of j with respect to its two variables. Let (a,b) € R?,
then f and j satisfy the following inequality :

b 1 9
[ -dtan)ds > 5 ( max (50) - i)

2(J1 + J2) \(p,g)eC(arb)
+ max (f(q) —j(p,q))Q)-

(p.9)€C(asb)

The reader can find the proof of this lemma in the Handbook of numerical
analysis [EGHO00] (page 915).

Using Hy(s,s) = krg(s) + f(s) with Hy, nondecreasing with respect to its first
argument and nonincreasing with respect to its second argument, and applying
Lemma 3.2 to kg + f and Hp, B;’Q, we get

By > Z At Z( (ka(p) + £ (p) ~ Hi(p.4))’

2Lkgs & (raeClu: )

2
max k + — Hy(p, .
(p,q)eC(u;L,u;LH)( r9(q) + f(q) L(p,q)) )

Then, this yields

By > szZNZ( max  (kig(p) + f(p) ~ Hi(p.0))’

(p,g)eC(ul uZ_H)

2
+ ma. k + _ H ,
(p,Q)GC(u;{,u?H)( 19(q) + f(a) — He(p, q)) )

—(C1 +CQ). (3.14)
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2. Study of B;
Using the definition of B; (3.12), one has

—1

Npr -1 —1
1 1 1 N1
By = 5 Z Z(U?H —u)? — B} Z(u?)2 + 5 Z(u@ T
n=01i=io i=io i=io
Np —1 ~1

3D D AT (3.15)

n=0i=ig i=1ig

Using scheme (3.5), for i € {ip,..., —1}, with the CFL condition (3.10), this
yields

At?

(i = = S (L uln) = (90 (uf) + ()]

2
—[H (g ) = (gn(u?) + f(})))

(1-§At
Li,g.f

< ([H L ) = (Rrg(e) + ()]
(g uf) = (krg(u?) + F(?)]2).

IN

Then

Npr —1

_Zzhl n+1 U?Q

n=01i=ig

IN

sz,gf(ZAt;)HL ) — (keg(uf) + ()]
L (] ) = (keg(uy) + ()
+C5

(-9

IN

<Z At Z max  [kpg(p) + f(p) — Hi(p, q)]?

= (pq eC(up,uf )

max k + — Hi(p, 2
i hi9(@) + 1@ ~ Hup.a) )

+Cs. (3.16)
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Using the preceding inequality, equation (3.15) gives

(-9
2Lk;7g f

(zmz max_ [krg(p) + f(p) = Hi(p,0)

= Pa)eC(uf uiy )

+ max  [krg(q) + f(q) — Hr(p, q)]z) — Cs,
(p,9)EC(u uz+1)

(3.17)
=
: _ 0\2
with Cg = Cs5 + - Z(ui) :
i=ig
3. Final estimate
Adding (3.14) and (3.17) and using By + By = 0, this yields
0 = Bi1+ DBy
> £
X Z At Z max [kLg(p) + f(p) — He(p. q))?
(p q)eC(uf uf, )
max  [krg(q) + f(q) — H(p, q))?
(@) €C(ugt ui )

- C.

Then
At max k + — Hy(p, 2
Z Z S g IPE90) + S0~ Hilp )]
+ max  [krg(q) + f(q) — Hi(p.q))* < Cr.
(p.@)EC(ug uft )
(3.18)

On the second hand,
ner as above

1 =2,...,02, ki1 =k =ki1 =

, in the same man-

Z Atz max [krg(p) + (p) - Hr(, q))

(p q)eC(uf ud, )

+ max  [krg(q) + f(q) — Hr(p,q))* < Cs. (3.19)
(pa)eC(ul u, ;)
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Moreover
Nt
> At max [krg(p) + f(p) — Hr(p,q))?
n—0 (p7Q)€C(“1 7“2)
max  [krg(q) + f(q) — Hr(p,q)]* < Cy, (3.20)
(p,9)€C(ut ,uy)
Nt

because Z At <T.

n=0
Finally, adding (3.18), (3.19) and (3.20), this yields:

Z At Z max  [krg(p) + f(p) — Hi(p, q)]?

(p,g)eC(ul “z+1)

+  max  [krg(q) + f(q) — Hr(p, q))?
(p.a)€C(u u1+1)

+ ZAtZ max  [krg(p) + f(p) — Hr(p, q))*

(p,q) ECu “z+1)

+ max  [krg(q) + f(q) — Hr(p.q)]* < Cra.
(p,q)€C(uf,u, ,)

To obtain estimate (3.11) and conclude the proof of Theorem 3.1, it is sufficient to
apply the Cauchy-Schwartz inequality to the preceding inequality.

3.2.5 Discrete entropy inequalities

Theorem 3.2. Under (H4) to (H7), let T be an admissible mesh in the sense of
Definition 3.2 and At € RY the time step. Let {u]',i € Z,n € N} be given by (3.5);
then for all k € [0,1], i € Z and n € N, the following inequality holds :

At At '
"t — k| < |uit — K| — —(G" —G" 1)+ —|AR| (3.21)
v h; =3 h;
with
GZ.:L% = H(u!Tr,ui TR, ki ki) — H(ui Lr,ul L, ki, ki),
and |Ahz| == |H(Ii, K, k‘i, ki+1) — H(I{, K, k‘z;l, k‘z)|

The proof is based on the monotonicity of the scheme and on the following equality:
uTk —ulk = |u— k| with uTk = maz(u, k) and uLk = min(u, k).

At

hi '

The proof is divided into two steps according to the sign of Ah’.

Let t € Z,n € N, k € [0,1] and \; :=
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1. Assume that Ah* > 0.
On the one hand, by monotonicity, this yields :

wft = N AR < ut = Glud g uf ul ki ki ki)
< G Trw TRl Th ko, ki ki) (3.22)
and
k=N AR < Gul  Tr,ul Thyul g Try ki1, ki ki), (3.23)
then with (3.22) and (3.23)
(u;1Jr1 -\ Ahi)T(/-i -\ Ahi) < Gup TR, ul Tk, ui' g T ki1, Ky, kit1),
and
(W Tk) < Gul T, ul Tryuly Thy ki1, kiy k1) + N AR (3.24)
On the other hand,
K>k — N AR > Guly Lk, ul Le,ulq Li, ki1, ki ki),

and
u?“ > Guf Le,ud Le,uly Le ki1, ki ki),
then
u?JrlJ_/i > Gul Le,ul L, ul Le, ki1, ki, kig1)- (3.25)
Finally, combining (3.24) and (3.25) yields :
|u?+1 —K| = (u?"'l—l—ﬁ) — (u?HJ_/-i)
< G(ui  Tr,uy Tr,ul g Tr, ki1, ki, kiy1)
—G(ui Lk, u Le,ul Lk ki1, ki ki)
+ NAR
Gui 1 Tr,uy Tr,ul g Tr, ki1, ki, Eit1)
—Guf Lrud Le,uly Lk ki1, ki ki)
+ \i [ARY. (3.26)

IN

2. If AR' <0, in the same manner

k] = (TR - (L)

< Gui TR Tr,ul  Th ki1, ki ki)
—G(u Le,ul Le,uly Lk ki1, ki ki)
— NAR!

< Gui 1 Tr,uw TR ul TR ko, ki, ki)

—G(uj Lk, ui Le,uil Lk, ki1, ki, ki)
+ i AR (3.27)
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Eventually, this yields for all k € [0, 1]

]u?“ — k| < Gui TR, Trul TR kiz1, ki ki)
—Guf Lkui Le,ul Lk ki1, ki ki)
+ \; |AR'|.

Eventually,

G(u?—l—r’%7 U?T’KL? U?+1TI<L, ki—la kia ki-i—l) - G(u?—lL"ia U?LFL, u?—}—lJ*"ia ki—la kia ki-i—l)

Then, for all k € [0,1], i € Z and n € N

uf ™ — w| < uf — k] = X (G] — G ) 4+ N AR
2

3.3 Entropy process solution

Now the convergence of the scheme to an entropy process solution is presented. This
convergence result is obtained in the sense of “nonlinear weak-+x convergence”, defined
in [EGHO00], which is a convenient way to understand the convergence towards a
Young’s measure (see [DiP85]):

Definition 3.3. Let Q be an open subset of RN (N > 1), (un)nen C L¥(Q) and
u € L>®(Q x (0,1)). The sequence (un)nen converges to u in the nonlinear weak-*
sense if

1
/Qh(un(x))i/)(:c) dx — /0 /Qh(u(x,oz))i/)(x)dx da, asn — 400
Vi € LY(Q), Yh € C(R,R). (3.28)

Otherwise speaking, the sequence (uy)nen converges to u € L°(2 x (0,1)) in the
nonlinear weak-+ sense if, for every h € C(R,R), the nonlinear expression g(u,)
converges in L>°(Q) weak-x to a limit which has the structure fol h(u(-, «))da. The
fact is, that any bounded sequence of L°°(2) has a subsequence converging in the
nonlinear weak-* sense :

Theorem 3.3. Let Q be an open subset of RY (N > 1) and (un)nen be a bounded
sequence of L>®(Y). Then (up)nen admits a subsequence converging in the nonlinear
weak-x sense.

The notion of entropy process solution is adapted to problem (3.1) as follows :

Definition 3.4. Let ug € L*(R) with 0 < up < 1 a.e. in R. Let u € L®(R% x
R x (0,1)). The function u is an entropy process solution of problem (3.1) if for any
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€ [0,1] and any ¢ € C(R4+ x R) non negative,

00 1
/ // lu(t, z, o) — k| Opp(t, ) dt dz do

/ // u(t,z,a), k) + W(u(t,z,a), k) Oy p(t, x) do dt da

/ o (@) — k| (0, 2) dz + [ks —k:R]/ SL0)dE >0 (3.29)

Theorem 3.4. Let ug € L*®(R) with 0 < uy < 1 a.e. in R. Let £ € (0,1) and
€ (0,1) be given. Let (Tp,)men be a sequence of an admissible mesh in the sense of
Definition 3.2 such that for all m € N, i € N, asize(Ty,) < hi™. Let (Aty)men be a
sequence of real positive values satisfying the CFL condition (3.10).
For allm € N, let ur,, as,, be the finite volume approximated solution defined by (3.7).
Then a subsequence of (ur,, At.,,)meN converges towards v € L*°(R4y x R x (0,1)) in
the weak-x nonlinear sense, as h,, := size(Tm) — 0 and v is an entropy process
solution to problem (3.1).

3.3.1 Proof of Theorem 3.4

By monotonicity of the scheme and as 0 < up < 1 a.e., |uz,, At,,| <1 for all m € N.
Then by convergence in the non linear weak-x sense, there exists a subsequence of
(U7 At )men and v € L°(Ry x R x (0, 1)) such that this subsequence converges to
v in the weak-x nonlinear sense.

To establish that v is an entropy process solution, equation (3.21) is multiplied by

tn+1
5 ).

[EGHO0] ) are the study around x = 0 and the study of the last term given by
tn+1
z Siawile [ [ pttaards
tn K;

1€Z neEN

Let o € C°(Ry x R,R;) and m € N. Let 7, = 7 and At,, = At. As supp(y) is
compact, there exists T > 0 and R > 0 such that suppp C [0, T] x [-R + h,R — h].
Let 79,49 and Np be as defined in Theorem 3. 1

/ (t,x)dtdr and one sums over ¢ and n. The new issues (compared

tn+1

Let x € [0, 1], multiplying equation (3.21) by — A7 / / o(t, x) dt dz, and summing
tn K;

over i =1g,..., o and n =0,..., Np, yields :
Al + Ay < As.

Each term is studied separately.
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Study of term A;

tn+1

f:z(m"“ ~Jul — k| At/t

/go(t,x)dtdx
i=1g9 n=0 K;

i9 Nrp
= —ZZM?—M

t At
/ +ALT) —etT) o
’i:io n=0

_Z|“ _,@| // (t,z)dtdx

i=1g

tn+1

In fact, for this term, the convergence of u7 a; to v for the weak-x non linear con-
vergence as h tends to zero is used.
On the one hand

By, = —Z!u —/<;\ // (t,z)dtdx

i=ig

1 k
_ __/ / lut 0 — K|p(t, z) dt dz, (3.31)
AtJo Jor 7

with ur o= >,z u?lKi.
At
However ur converges towards ug in L} (R) and — / (t,z)dt converges to-

wards (0, x) as size(7) tends to zero. This yields
By — / |uo(z) — K|e(0,z) dt dz, as h tends to zero.,
R

On the other hand,

2
p(t+ At,z) — p(t,x

i=1g9 n=0
A
/|uT;€tm)—/@| plt+ tz; (p(t’x)dtdac

= // ]uTktx—ﬂ\ (t+Atm) (’x)dtdm.

ur j converges towards v in the nonlinear weak-x sense as h — 0, then

/ / luT 1 (t, ) —/@|dtdm—>/ / /|vtma — RK|dtdz.

tn+1
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and by use of the regularity of the function ¢

At hjoat@(t z)

T R pl
B, — —/ / / [v(t,x, ) — K|Oyp(t, x) dt dx.
h—0 o J-rJo
One concludes

T 1
lim A; = —/ // |u(t, x, ) — Kk|Owp(t, ) dt dx de
h—0 o JrJo
T
—/ luo(x) — K|e(0, z) dx. (3.32)
0

then

Study of term A,
Term A, is defined by:

2
A2 = _ZZ z+1/2 z 1/2/

i=1ig Nn= 0
Z2 1 NT

= - Z Z ?+1/2 Gi_ 1/2 /t

i=ig+1n= 0

tn+1

/ o(t,x) dt dz
K

tn+1

/ o(t,z)dtdz,  (3.33)
K;
because supp(yp) C [-R+ h, R — h.

This term A, is new compared with a conservation law with Lipschitz continuous
flux function. The discontinuity of the function k introduces new difficulties. Then,
several steps are needed to establish that

}llin%)Ag / / / v(t,z, a), k) + V(v(t, z,0), k) Opp(t, z) du dt dev.
o At first
}Lli% |A2 - A20| =0 (334)

with Aoy defined as follows:

2
Agg = —ZZGZH/Q/

i—ig n=0

tn+1

/ Opip(t, z) dt dz
K;

i9—1 Np g+l

- Z Z ir1/2 — Gie 1/2) /n o(t, Tig1/2) dt.

i=ig+1n=0
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The difference between these terms is majored as follows:
|Ag — A
i9—1 Np
< Z Z{G?-H/Q — G o
i=ip+1n=0
tn+l 1
/ <|<p(t,xl-+1/2) — f/ o(t,x) dx‘) dt
tn hl K;
is—1 Nr
< Z Z‘G?-H/Q — Gy o
i=ip+1n=0
tn+1 1
— o(t, x; —(t,z)|dx) dt
([ & ) et mine) - ott.0)] az)
is—1 Nr
= Z Z |G?+1/2 - G?71/2|Lip(¢’) Ath
i=ig+1n=0
_ Nrp
< Lip(@)h( Z Z At|GLy g = Gy ol
i=ig+1n=0
is—1 Nr
+ Z Z At|GYy g — G?—1/z|>
2 n=0
1 Np
+ Lip(p)h Y D> AL|GY s — Gyl (3.35)
i=—1n=0
* FOTi:’io,--- ,—2, k‘z :ki+1 :]CL and
‘G?+1/2 - G?—l/Q’ < [Ho(ui Tk, uii Tr) — (kLg(u Tr) + f(u Tr))|
b HL Lk LR) — (hpg(ul L) + F(u L))
+  [Hp(ui Tr,ui Tr) — (kpg(ui Tr) + f(ui Tk))|
+ [Hp(ui gLk, uf Le) — (kpg(u Le) + f(uf Lk))|.
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then
-2 Nt
DD kG — Gyl
i—=ig+1n=0
-1 Np
< 2> N R(Ho(uP ufy) = (gn(ul) + f(uf)]
i=ig n=0
[ Hp (ufuitg) = (kpg(uig) + f(uia))])
-1 Nr
< 23 S k(. max \kLg(p)Jrf(p)—HL(paQ)!
1

C(
i=ig n=0 (Pg)€C(u uiyy)

+  max \kLg(q)+f(q)—HL(p,q)!)
(p.q)eC(u u, )

1
20— 3.36
i (3.36)
using the weak-BV estimate (3.11).
x For i =2,--- Jig, ki1 = k; = kj;1 = kr. In the same manner as above
ia—1 Np
Z ZAt‘quLI/Q i— 1/2’
i=2 n=0
ia Np
< 23 N At([Hr(uf,uyy) — (krg(ul) + f(up)|
i=1 n=0

HHR (] uiyy) = (krg(ui) + fui)])

22 NT
< 2 > A max  |krg(p) + f(p) — Hr(p,q)|
i=1 n=0 pqec“ i)
+  max \kng(q) + f(q) — Hr(p. q)|)
(p, Q)EC(“ uz+1
1
< 20—, 3.37
< 7h (3.37)
* We can notice that
1 T Nt
DN AL G~ G| <CY AL <CT (3.38)
i=—1n=0 n=0

* Finally, with (3.36), (3.37) and (3.38), inequality (3.35) becomes:

|A2—A20|§C\/ﬁ—>0, as h — 0.
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e Now, we will prove that

lim |Agg — Agg| = .
hli%l 20 — Ago| =0 (3.39)
with Asy defined as follows:
- t
Agy = —/ /(k(x)q)(v,f@)—|—\If(v,/<))amgo(t,x) dtdx
0 JR

i9 N tn+1

= — Z Z /K (k(x)®(v, k) + V(v, k) Opp(t, ) dt d

i=ign=0"1"

The proof of this equality has to take into account the different value of i.

x For ¢ =14g,---,—1, one has k;_1 = k; = kg,
*x For ¢ = 1,--- ,ig, one has ki—l = ki = /{?R,
So A20 = A%O + A%O + A%O and AQO == A%O + A%O + A%O with

—1 N ¢+l
Ay = =Y. > G, / Opp(t, x) dt dz
T 2 Jn K;
i=1g9 n=0
—1 Nt ¢+l

- >3

/ (HL(u?Tn,u?HTﬁ)
i=ign=0"1" Ki
—Hp(uf Li,ufy 1 LK) Opp(t, ) dt da,

tn+l

/ (H(ugTr,ul Tk, kr,kr) — H(ug Lr,ui Lr, ki, kg))
Ko

Nt
2

Y|

n=0"1"
Opip(t, z) dt dz,

ia Nrp tnt1

A3y = _ZZGZ% / dpp(t, x) dt dz
i=1 n=0 e K
i2 NT tn+1

-y

i=1n=0"1t"

/ (HR(U?TK, ui 1 TK)
K;

—Hp(uj L, uj LK) Opp(t, ) dt du,
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and

—1 Nrp gn+l

Ay = —ZZ/tn /KZ /Ol(gL(UT’”v)—gL(Ui’”v)
+

=109 n=0
f(WTk) = f(vLk)) Opp(t, z) dt dz de,

tn+1

Nr 1
A2 — — X V., K V., K X Tao
A3 = 2230/ /K/O ((2)® (v, %) + U(v, £))Duco(t, z) dt drdor,

n

12 Nr n+1

A3 —ZZ/tn /K /OI(QR(UT%) — gr(vLlrk)
+

1=1 n=0
f(WTk) = f(vLk)) Opp(t, x) dt dz dov.

* At first, the difference A}, — Al is studied :

[Ago — Agl <
—1 Nrp tn+1

1
> /K/o ‘(HL(U?TK,U?HTK) — Hy(u? Lk,ulyy LK)

i=ign=0"t"

—(90.(vTK) — gr(vLr) + f(vTK) — f(vLﬁ))‘\Bxcp(t,x)\ dt dx do
We can notice that

‘ (HL(u?T/@, w1 Tk) — Hr(ui Lk, u?JrlJ_/-i))

~(9LTH) = krg(v L) + f(vTr) = f(vLk)|
< |Ho(uiTrul Tr) = (krg + f)(uf Tr)|
+ (g + )W Tk) — (kg + f)(vT k)|
+ ‘HL(U?J_I{, w1 LK) — (kpg + f)(u;u—“)‘
+ (92 + )} Lk) — (kpg + f)(vLk))|. (3.40)

Moreover, an individually study shows

|Hr,(ui Tr,ui 1 Tk) — Hp(uf Th,ul Tr)| <

max \kLg(p) + f(p) — Hr(p, q)l,
(p.@)EC(uf ui 1)

and

|Hr(ui L, w1 Lk) — Hr(ui L, uf Lr)| <

max \kzg(p) + f(p) — Hr(p, q)|.
(p,q)GC(u?,u?+l)
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Then, equation (3.40) becomes:

‘ (Hp(uj Tr,uly  TK) — H(uf Lk, ujl LK)

(9 (vT) = krg(vLr) + f(0T) = F(vLr))|
2 max - |kpg(p) + f(p) — Hi(p.q)|

(p.0)EC(u u?, ;)
+(max{kz, kr}Lip(g) + Lip(f))|(uf Tr) — (vTr)|
+(max{kyz, kr}Lip(g) + Lip(f))|(uf Lr) — (vLk)|

2 max \krg(p) + f(p) — Hr(p, q)|
(p.a)EC(u uf, )

IN

IN

+2 (max{kr, kr}Lip(g) + Lip(f))|u? — v|.
Finally

| A3 — A
—1 Nrp
20uplle YD Ath:  max - [kig®) + F(p) ~ Hrlp.o)

p,q)€C(uj ui, ;)

IN

1=19 n=0
—1 Nt

+ 20100¢lloc Y > (max{ky, kr}Lip(g) + Lip(f))

1=19 n=0
tn+1

1
/ / |u?—v(t,x,o¢)‘dtdmda
tn K; JO
-1 Nr

20)102¢llo0 > Y At max Jkrg(p) + £(p) ~ Hi(p,q)|

(p7Q)€C(u?7U?+1

IN

i—ig n=0
+ 2[|0pplloc(max{ky, kr}Lip(g) + Lip(f))
—1 Nr ¢nt1 1
/ / lur k(t, ) — v(t, 2, )| dt dz da.
K; Jo

>y

. . n
i—ig n=0

As the nonlinear weak-x convergence implies that w7 j converges to v in
L} (R, x R x [0,1]), and using estimate (3.11), we can conclude that

loc 1 1
h—0

* By the same way, by replacing H; by Hr and k;, by kg, we obtain
}Lh% |A§’0 - A§’0| =0
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* It remains to study the limit of A%, and A%,.

Np
< Y|
n=0 t

n

tn+1

/ {H(ug—l—m, uy Tk, kr,kr) — H(uy Lk, ul Lk, kg, kR){
Ko

|0pp(t, x)| dt dz

tn+1

Np
Cloelloe S / / dt da
n=0"1" Ko

C||0z¢|]ocTho
C0x¢|locTh — 0, as h — 0,

IN

IN A

and

tn+1

1
/ / |(k(2)® (v, k) + V(v K)) Dpo(t, )| dt dedo
Ko JO

tn

Nr
A% < >
n=0

tn+1

Ny 1
< C)10uglloo / / dt dudo
T;O tn Ko JO
< Cl|0z¢||cTh — 0, as h — 0.

To conclude, equality (3.39) had been shown.
e With (3.34) and (3.39), we obtain

}lliir%)AQ = —/0 /R(k:(:v)@(v,m) + Y (v, k) Opp(t, z) dt d. (3.41)

Study of term Aj
Term Ajs is defined by

i Nrp ¢nt1

Az = ZZ;Ahiy/t

. N n
i—=ig n=0

1
—/ o(t, z) dt dz. (3.42)
hi Jk,

To find its limit, Ag is divided it into three terms according to values of 7.
1. For i € {ig,...,—1}, Ah' = H(k,k, kr, k) — H(k, 5, kp, k) =0,
2. Fori € {2,... i}, Ah' = H(k,k, kg, kr) — H(k,r, kg, kr) = 0,

3. ’Ah(]’ = ’H("iv R, k[nkR) - H("@ R, klnkL)‘ - ’H("iv R, kL,kR) - kLg(’%) + f(’%)‘7
and |ARY| = |H (k, K, kg, kr)—H (k, k, kp,kR)| = |krg(r)+f(k)—H (k, K, kL, kR)|.

Assuming ky, > kg, (it is similar if k;, < kg), with hypothesis (H4)

AR = (kpg(r) + f(K)) — H(r, K, kr, k)
and |ARY = H(k, Kk, kp,kg) — (krg(r) + f(K)).
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Moreover

AR / ot 2)dz + AR [ ot v)da
KO Kl

0 x3/2
= o) (ke / | plt0)ds /O " o(t,0)dr)
H(H (s, 5, b k) — F() /0 2 o(,0) da — / " t0) dr)
T_1/2

—  g(k)(kr — kr)e(t,0), as h tends to 0.

Finally

+oo
}llir% As = (kL — k:R)g(/s)/ ©(t,0)dt
- 0

+oo
= M —kelo() [ o0t (3.43)

Final estimate

Using A; + Ay < A3 and the limits established in previous sections (see equa-
tions (3.32), (3.41) and (3.43)), the function v satisfies the following inequality: for
all kK € [0,1], for all p € C°(Ry x R,Ry)

1 poo
/ / / lv(t,z, ) — k| Op(t, ) da dt dx
0 JO R

1 roo
+ /0 /0 /R(k‘(ﬂz)@(v(t,x, a), k) +¥(v(t,z,a), k) Ox0(t, ) do dx dt
+ /R|u0(£6) — Kkl p(0,2)dx + /OOO |kr, — krlg(r)e(t,0)dt > 0.

So the function v € L*(R4 x R x [0, 1]) is a weak entropy process solution to prob-
lem (3.1).

3.4 Convergence of the scheme

Theorem 3.5. Let ug € L®(R) with 0 < ug < 1 a.e. in R. Let u € L®(R" x R)
the unique entropy solution to problem (3.1). Let & € (0,1) and o € (0,1) be given.
Let T be an admissible mesh in the sense of Definition 8.2 such that ach < h; for all
i € Z. Let At > 0 satisfying the CFL condition (3.10).

Let ut st be the finite volume approxzimated solution defined by (3.7). Then ur ar —
win LY (Ry xR) for all 1 <p < oo (and in L®°(R, x R) for the weak- topology),

loc

as h = size(7T) — 0.

To establish this result, a theorem of comparison between two entropy process solu-
tions is used. This comparison is obtained in a previous work [BV05] :
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Theorem 3.6 (Comparison). Under hypotheses (H1), (H2), (H3), let uw and v €
L>(Q % (0,1)) be entropy process solutions of problem (3.1), associated to the initial
conditions ug € L*(R;[0,1]) (resp. vo € L*°(R;[0,1])). Then, with R,T >0

/01 /01 /OT /I;(u(t,x,)\) —o(t,z, ()T dedtd ¢ < T/R+CT (uo(z) — vo(z))tda,

—R-CT
(3.44)
where C' := max{kp, kr }Lip(g) + Lip(f).

Corollary 3.1. Ifu and v € L*°(Q x (0,1)) are entropy process solutions of problem
(3.1), then u(t,z,\) = v(t,z,() for a.e. (t,z,A, () € Q x (0,1) x (0,1). Sou = is

a classical entropy solution.

Proof of Theorem 3.5:

Let (7,,)men a sequence of admissible mesh and (At,,)men a sequence of real positive
values such that for all m, At,, satisfies the CFL condition (3.10). We assume that
size(7p) = h™ — 0.

Using Theorem 3.4 ans Corollary 3.1, a subsequence of (uz, At,,)meN converges to-
wards an entropy process solution. Using Theorem 3.6, the entropy process solution
is unique and is the entropy solution to problem (3.1). Then the subsequence con-
verges towards the unique entropy solution to problem (3.1). Finally, as the sequence
has a unique value of adherence, the whole sequence (u7,, At,, )men converges towards
the entropy solution to problem (3.1) for the weak-+ non linear topology.

Then

// (ur, Atmtx))¢tmdxdt—>// W(t, z) dz dt

Vi € LY(RT x R), VheC(R,R).  (3.45)

Setting h(s) = s? in (3.45) and then h(s) = s and wu instead of 1 in (3.45) one
obtains:

/ /(uTm’Atm(t,x) — u(t,x))Qi/J(t,m) dx dt — 0, as m — oo,
o Jr

for any function v € L'(R,; x R). From equation (3.45), and thanks to the L
boundedness of (u7;, At,, Jmen, the sequence (u7z,, A¢)men converges to uin LT (R4 x
R) for all p € [1,00][.

3.5 Numerical methods

All the methods presented in this section are Finite Volume methods (see [EGHO00])
for the hyperbolic equation (3.1) (with f is equal to zero, to simplify because the
discontinuity of the flux doesn’t concern the flux f), as scheme (3.5) presented in
section 3.2.



3.5 Numerical methods 103

For the sake of the simplicity, the presentation is restricted to uniform meshes (all
methods may be naturally extended to non-uniform meshes). Let h be the space step,
with h = @10 — 2i_12, @ € Z, and let At be the time step, with At = tntl — ¢

n € N. Besides, let ' denote the approximation of A%c f;{ijll//; u(t", z) dw.

Integrating equation (3.1) over the cell |z;_y /9, 241 /2[ ¥ [t", t" 1] yields:

ot A

i Ui — 7(%&1/2 - @?71/2)

U
where @7, , is the numerical flux through the interface {z;;1/2} X [t" T We
recall that the function k£ is approximated by a piecewise constant function. The
numerical flux @7 | /2 depends on k;, kiy1, ul, u?“.

Moreover, the CFL condition imposed in Theorem of convergence 3.4 is satisfied.
Notice that all the methods presented here rely on conservative schemes, since the
problem is conservative. Finally, all the presented schemes are three-points schemes.

3.5.1 The Godunov scheme

The Godunov scheme [God59] is based on the resolution of the Riemann problem at
each interface of the mesh. In fact we remark that problem (3.1), assuming f = 0,
can be considered as the following resonant problem:

yu+ 0y (k(x)g(w)) =0, 9 =0. (3.46)

The Godunov Method applied to this resonant system had been studied by Lin,
Temple and Wang ([LTW95a], [LTW95b]). A specific Godunov scheme associated to
problem (3.1) had been studied by Towers using a discretization of k staggered with
respect to u ([Tow00], [Tow01] ). Here, we consider the Godunov Method applied to
the following 2 x 2 system:

Opu+ 0y (k(z)g(u)) =0,
Ok = 0, t>" xR,

w(0,z) = { %’L %fﬂﬁ < Zit1/2 , k(z) = { k; %fﬂﬁ < Tiy1/2

U, q if ¢ > Tit1/2 ki-f—l if z > Tit1/2
Let u?Jrl/Q((x — Tip12)/(t —17); ki, ki+1,u?,u?+1) be the exact solution to the Rie-
mann problem (see section 3.8 for an explicit presentation of the solution). Since
the function k is discontinuous through the interface {z;1 1/} X [t",t" 1], the so-
lution u}* is discontinuous through this interface too. However, the problem is

i+1/2
conservative, so the flux function is continuous through this interface, and writes:

80?4_1/2 = kig(u?+1/2(0_;kji?kiJrl,u?auzn—f—l))
= ki+19(uy+1/2(0+;ki7ki+17uglau?+1))- (3.47)
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Remark 3.3. To evaluate the numerical flux %0?+1/2’ we don’t have to calculate the

exact solution u' but only this value at x = 0~ or at x = 0F. As we remark in

i+1/2
the section 3.8, it 1s simpler.

Remark 3.4. In the examples presented in section 3.6 and 3.7, we can show that
the Godunov scheme is monotone.

3.5.2 The VFRoe-ncv scheme

If we don’t want to solve the Riemann problem at each step of the scheme, an
alternative scheme is presented. This scheme is an approximate Godunov scheme,
based on the exact solution to a linearized Riemann problem. A VFRoe-ncv scheme
is defined by a change of variables (see [BGHO00] and [GHS02]). The new variable is
denoted by 0(k,u). For problem (3.1), we take 6(k,u) = kg(u) for the new variable.
If v is defined by v(t,z) = 0(k(z),u(t,z)), the VFRoe-ncv scheme is based on the
exact resolution of the following linearized Riemann problem:

Orv + (/%g’(zl))@xv =0, t>1t" xeR,

O(kiui)  if o <z (3.48)
v(0,z) = " ;
O(kiv1,uiyy) > @009

where k = (ki + ki11)/2 and @ = (u + ui,1)/2. As the Godunov scheme, the flux
(which is represented by v) is continuous through the interface {412} x [t" x t"1]
(this property is obtained by the good choice of 6). If U;L+1/2((£C = Tip12)/(t —
t"); ki ki1, ul, uzn_H) is the exact solution to Riemann problem (3.48), as the function
k is positive, the numerical flux of the VFRoe-ncv scheme is:

90?+1/2 - U?+1/2(0; ki, ki1, ug' uityp)
B 0(ki,ul) if ¢'(a) >0
B { O(kiv1,uiyy) if g'(2) <0, (3.49)

We can remark that the VFRoe-ncv scheme is reduced to the well-known upwind
scheme for problem (3.48).

Finally, as function g is not genuinely nonlinear, the function ¢’ can be equal to zero
on an interval included in [0,1]. Then, if ¢'(4) = 0, problem (3.48) is not ill-posed,
we take for the numerical flux

Piv12 = (kig(ui') + kip19(uitg))/2. (3.50)

3.5.3 The God/VFRoe-ncv scheme

We will remark in section 3.8, that the resolution of the Riemann problem at the
interface {x,5} % [t",t"*![ where k is discontinuous, is long and difficult, then we
introduce the God/VFRoe scheme.
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For ¢ < 0 and ¢ > 0, the numerical flux is the Godunov flux (defined in subsection 3.5.1
with (3.47)):

SOZT'L+1/2 = kig(u?Jrl/Q(Oi;kivki-ﬁ-lvu?vu;zrl)
= Kir19(uiyy o (075 ks, kigr, uff uly), (3.51)

and for ¢ = 0, the numerical flux is the VFRoe-ncv flux (defined in subsection 3.5.2
with (3.49) and (3.50)):

Civie = Uik ki uiulty) if g'(@) #0,

Py = (kigui) + kivag(uiyy))/2  if g'(a) = (3.52)

3.6 Numerical results for nor convex neither concave

flux function

In this section, numerical results with g nor concave neither convex are presented.
The graph of g is the following :

35 8
3
~ kg
25 6 L
2
=3 4
15 o~
1 / A TN
05 Vekg—" \
. ’/' R \
0 ol
0 02 04 06 08 1 0 02 04 06 08 1
u u

Figure 3.1: Graph of g and kg, krg

For numerical tests, g is given by g(u) = —23.57u* + 48.33u® — 32.45u? + 7.69z.

In the two following tests, the Riemann problem is numerically solved. The length
of the domain is 10m. The mesh is composed of 100 cells and the CFL condition is
set to 0.05. The variable u is plotted, in order to appreciate the behaviour of the
Godunov scheme through the interface {z/t = 0}.

The initial conditions of the first Riemann problem are k;, = 1.5, kgp = 1, ur, = 0.53
and up = 0.4. The results of Fig. 3.2 are plotted at ¢t = 4s. The analytic solution to
this Riemann problem is given in section 3.8. The numerical approximations provided
by the three schemes are similar. We can observe that the three schemes present only
one point in the shock between uy and u(t = 45,07 ), moreover this point is in the
interval given by [ur,u(t = 4s,07)].

The initial conditions of the second Riemann problem are k;, = 1.5, kr = 1, u;, = 0.53
and up = 0.9. The results of Fig. 3.3 are plotted at t = 1s. The analytic solution to
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Figure 3.2: k, = 1.5, kg =1, ur, = 0.538, urp = 0.4, 100 cells.

this Riemann problem is given in section 3.8. The numerical approximation provided
by the three schemes are similar and we observe the same behaviour than for the first
Riemann problem presented.

3.7 Numerical results for a piecewise linear flux function

In this section, the function ¢ is defined as follows:

4u it 0 < u < 1/4,
g(u) = 1 if 1/4 < u < 3/4, (3.53)
—du—4 if 3/4 < u < 1,

We have already remark that problem (3.1) can be considered as the following reso-
nant system:

Ou+ 0, (k(x)g(u)) =0, Ok =0. (3.54)

We notice that the system is resonant for u € [1/4,3/4]. We will show that the
numerical methods are stable in spite of the resonance of the problem.

In the following test, the Riemann problem is numerically solved. The length of the
domain is 10m. The mesh is composed of 100 cells and the CFL condition is set to
0.12. The variable u is presented in order to appreciate the behaviour of the Godunov
and the VFRoe-ncv scheme through the interface z/t = 0.
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Figure 3.3: k, = 1.5, kr =1, ur, = 0.53, ug = 0.9, 100 cells.

The initial conditions of the two Riemann problems are k;, = 1.5, kg = 1, uy, = 3/8
and urp = 5/8. We remark that ur, ur € [1/4,3/4]. The results of Fig. 3.4 are plotted
at t = 2s. The analytic solution to this Riemann problem is given in section 3.8. The
numerical approximations provided by the Godunov scheme and the VFRoe scheme
are similar. We may notice that the VFRoe-scheme introduce an error in the shock
between uy, and u(t = 2,2 = 07). This error is due to the fact that ¢'(uz) = 0 and
g (u(t =2,2=07)) # 0 and isn’t due to the discontinuity of function k. Moreover,
the behaviour of the scheme God/VFRoe, described in section 3.5.3, is similar that
the behaviour of the Godunov scheme. This error is corrected. Then, even if g is
constant on an interval included in [0, 1], the behaviour of the schemes are similar as
our attends.

We study now the ability of the schemes to converge towards the entropy solution.
On the one hand, with Theorem 3.4 and as the Godunov scheme is monotone and
satisfies hypothesis (H7), we know that the approximated solution given by this
scheme converges to the entropy solution. But we don’t know the order of this
scheme. On the other hand, we don’t know if the two others schemes are monotone,
then Theorem 3.4 can’t be use.

The computation of this test are based on the Riemann problem exposed just above.
Some measurements of the numerical error provide that the methods tends to zero as
Az tends to zero. The L' discrete norm defined as follows: Az Y, y |ul' —u®(z;)|
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Figure 3.4: k;, = 1.5, kg =1, ur, = 3/8, ur = 5/8, 50 cells

is used. But, numerical tests provided by all schemes presented are same behaviour.
Several meshes are considering: involving 50, 100, 500, 1000. The axes of Fig. 3.5 have
a logarithmic-scale. We observe a first order convergence for all schemes presented.

-2

—— God

-6 VFroe

-3 _— —#— God/VFRoe
— —— Pente 1

Iog(error—Ll)

log(dx)

Figure 3.5: Error estimate in norm L'

Remark 3.5. We can observe the same results for g presented in section 3.6.

3.8 The Riemann problem
In this section, the exact solution to the Riemann problem is presented :
Oru+ 0y (k(2)g(u)) =0, reR teRy

_ _Jup ifx <O _Joup it <O
u(t—O,x)—{uB ifz <0 ’k(x)_{uR ifz<0’

where k7, kr € R and ur, ur € [0,1]. We note that a general approach of this
Riemann problem is given in [Die95].
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3.8.1 Local entropy condition of the entropy solution

In order to know if a function u is the unique entropy solution of Riemann prob-
lem (3.55), we have to verify that the function u satisfies entropy inequalities (3.3).
These conditions are difficult to satisfy. We can establish equivalent local conditions.
In the following, we assume that if u € L>®(Ry x R) is an entropy solution, then
u admits some traces along the line {x = 0} (see [SV03, Bac04]). Let us define
u~ = u(t,z = 07) and vt = u(t,z = 07). We can remark that u~ and ut are
constant. Moreover, in the proof of uniqueness (see [SV03, Bac04]) some properties
satisfied by the function u are established :

1. Vk € [0,1], I,(k) > 0 with

Iu(r) = kp®(u”, k) — kr®@(u”, k) + [k, — kglg(x),

2. The Rankine-Hugoniot relation
krg(u™) = krg(u®). (3.55)

If a function u € L*(R; x R; [0, 1]) satisfies these two conditions and if u is a weak
solution to problem (3.1) (with f equal to zero):

/ / u(t, x)0pp(t, x) + k(z)g(u(t, )0z p(t, x) dt de +/ uo(z)p(0,z)dx =0,
Ry JR R

then the function u is the unique entropy solution to this problem. Now, we use these
two conditions to solve the Riemann problem (3.55). To describe the solution, we
assume for instance kj > kp.

Let ur, ur € [0,1]. Let u € L>® (R4 xR;[0,1]) be the entropy solution to the Riemann
problem (3.55). Then u satisfies:

Fort >0,z <O0:
- u is the unique entropy solution to:

atu+(3x(kLg(u)) =0 teR,, xzeR",
u(t=0,2) =ur, x e RE (3.56)
u(t, e =07) =u" te Ry

- If u contains a rarefaction wave, ¢’(u(t,x)) must be negative for t € Ry, z € R*.
- If u contains a shock wave, the speed of the shock must be negative.

Fort >0, z > O:
- u is the unique entropy solution to:

Ou+ 0y (krg(u)) =0 teRy, z € RY,

u(t =0,2) = ugr r e Ry (3.57)
u(t,z =0") =u™ te Ry
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- If u contains a rarefaction wave, ¢’(u(t,z)) must be positive for t € Ry, x € RY.
- If u contains a shock wave, the speed of the shock must be positive.

Fort >0, z=0:
- krg(u™) = krg(u™),
-if u= <u™, we only need to verify: Vi € [u™,u™]

L(k) = —kpg(u™)+krg(k) — krg(u"™) + krg(r) + krg(k) — krg(x)
= 2kr(9(k) —g(u™)) =0,

using the Rankine-Hugoniot relation (3.55).
-if u= > u™, we only need to verify: Vk € [ut,u"]

I(rk) = kpg(u™) —kpg(k) + krg(u™) — krg(k) + krg(k) — krg(r)
= 2kgr(g(u™) —g(r)) >0,

using the Rankine-Hugoniot relation (3.55).

3.8.2 Solution to the Riemann problem with g nor concave neither
convex

In this section, the entropy solution to Riemann problem (3.55) is described, with ¢
nor concave neither convex. The function g admits two local maximums in « and in
~ and one local minimum in § with @ < 8 < = such that g(a) > g(v) > ¢9(8). A
graph of g is represented in Fig. 3.1.

When the function k is equal to kg, the construction of the solution to the Riemann
problem is necessary. Let u; and w, two different states in [0, 1]. We link u; and wu,
by a shock wave and/or a rarefaction wave. We don’t describe all possible situation,
but we refer to [Ser96] for more details.

Then, the construction of the solution to Riemann problem (3.55) is reduced to the
determination of v~ and w*. We only focus on the case kpg(8) > krg(a) (for
others case, the solution may be constructed by the same way). In fact, with this
assumption, the couple of root of krg(u™) = krg(u™) are reduced to two possibilities
in several cases:

o if up < a

— ifug < o and krg(ur) < krg(a):

* uT = ur,

* uT is the smallest root of krg(u™) = krg(ur) and vt and ug are
linked by a shock wave if krg(ur) > krg(ugr) or by a rarefaction wave
if kpg(ur) < krg(ug).

— ifup <o and kpg(ur) > krg(a):
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* u” is the greatest root of kpg(u™) = krg(a) and vy, and v~ are linked
by a shock wave,

* uT =« and u™ and up are linked by a rarefaction wave.

—ifa<ur <P and kpg(ur) < krg(ugr):

* U = ur,
* uT is the smallest root of krg(ut) = krg(ur) and vt and ug are
linked by a shock wave.
— if o <up < B, krg(ur) > krg(ur) and g(ur) < g(v)
and krg(ur) > krg(y):

* u” is the greatest root of kpg(u™) = krg(y) and v~ and uy, are linked
by a shock wave,

* uT =~ and u™ and up are linked by a shock wave.
— if a <up < B, krg(ur) > krg(ug) and g(ur) < g(v)
and krg(ur) < krg(7):

* u~ = uy is the greatest root of kpg(u™) = kgrg(v) and u~ and uy, are
linked by a shock wave,

* uT is the root of krg(ur) = krg(u™) included in [, f] and u™ and
upr are linked by a shock wave.
—ifa<ur <0, krg(ur) > krg(ur) and g(ur) > g(v):

% u~ is the greatest root of krg(u~) = krg(ug) and u~ and uy, are
linked by a shock wave,

* ut = UR-
—if B <upr <~vand kpg(ur) < krg(B):
* U = Uy,

* uT is the smallest root of krg(u') = krg(ur) and u* and ug are
linked by a shock wave, then a rarefaction wave.

—if B <upr <~vand kpg(ur) = krg(5):

* U = Uy,

* uT = and u" and up are linked by a rarefaction wave.
— if f<up <+vand krg(ur) > krg(8) and krg(ur) < krg(ur):

* U = Uy,

* uT is the root of krg(ur) = krg(u™) in the interval [, 3], and u™
and ug are linked by a shock wave.

— if f<up <+vand krg(ur) > krg(8) and krg(ur) = krg(ur):

— if f<up <+vand krg(ur) > krg(B) and krg(ur) > krg(ur)
and krg(ur) < krg(v):
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¥ U = uUp
* ut is the root of krg(ur) = krg(ut) in [B,7], and us and ug are
linked by a rarefaction wave.
—if B<upr <~and krg(ur) > krg(B) and krg(ur) > krg(ug)
and krg(ur) > krg(y):

% u~ is the greatest root of krg(u™) = krg(7), and ur, et u~ are linked
by a shock wave.

* uT =+, and uy and ug are linked by a rarefaction wave.

— urp >y and krg(ur) < krg(f8) and krg(ur) < g(ug):

¥ U =ur,
* uT is the smallest root of kpg(ur) = krg(u™) and vt and ug are
linked by a shock.
— ugp >y and krg(ur) < krg(f8) and krg(ur) > g(ug):
« u~ is the greatest root of krg(u™) = krg(ugr), and v~ and uy, are
linked by a shock.

x ut = ug.

— ug >~ and krg(ur) > krg(B) and krg(ur) < krg(ur):

* u~ = uy, is the greatest root of krg(ur) = krg(u™) and uz and u™
are linked by a shock,

x uT is the root of krg(ur) = krg(u™) included in [3,7], and u* and
up are linked by a shock wave.

— up >y and krg(ur) > krg(B) and krg(ur) > krg(ur):

% u~ is the greatest root of krg(ur) = krg(u~) and uy and u~ are
linked by a shock wave,

* u+:uR.
o if a<ur <~:

— ifup < a:

% u~ is the greatest root of krg(u™) = krg(a), and ur, and u~ are linked
by a rarefaction wave and then a shock wave,

* ut =« and uT and up are linked by a rarefaction wave.

— ifa <upr < fand krg(ur) > krg(v):

« u~ is the greatest root of krg(u™) = krg(ugr), and uy and u~ are
linked by a rarefaction wave and then a shock wave,

* u+ = UR.

— ifa <upr < fand krg(ur) < krg(7):

% u~ is the greatest root of krg(u™) = krg(7y), and ur, and u~ are linked
by a rarefaction wave and then a shock wave,
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* uT =+, and u™ and up are linked by a shock wave.
—iffg<ur <~
* u” is the greatest root of krg(u™) = krg(7y), and uy, and u~ are linked
by a rarefaction wave and then a shock wave,
* uT =+, and u™ and ug are linked by a shock wave.
— if v < ug:

* u” is the greatest root of krg(u™) = krg(7y), and uy, and u~ are linked
by a shock wave,

* uT = ug.
o if vy <wup:

— fup < a:

% u~ is the greatest root of krg(u~) = krg(a), and uy and u~ are
linked by a shock wave if krg(ur) < krg(ugr) or by a rarefaction wave
if kpg(ur) > krg(ur),

* uT =« and u™ and up are linked by a rarefaction wave.

— ifa<ugr < and kgrg(ur) > krg(v):

x u~ is the greatest root of krg(u™) = krg(ur), and uy, and u~ are
linked by a shock wave if krg(ur) < krg(ur) or by a rarefaction wave
if kLg(uL) > kRg(uR),

x ut = up.

— ifa <upr < B and krg(ur) < krg(v):

x u~ is the greatest root of krg(u™) = kgrg(y), and ur and u~ are
linked by a shock wave if krg(ur) < krg(7y) or by a rarefaction wave

if krg(ur) > krg(v),
* ut =+, and u™ and ug are linked by a shock wave.

—if g <up <7

x u~ is the greatest root of krg(u™) = kgrg(y), and uy and u~ are
linked by a shock wave if krg(ur) < krg(7y) or by a rarefaction wave
if kpg(ur) > krg(7),

* uT =+, and u™ and up are linked by a shock wave.

— ifug >

x u~ is the greatest root of krg(u™) = krg(ur), and uy, and u~ are
linked by a shock wave if krg(ur) < krg(ur) or by a rarefaction wave
if kLg(uL) > kRg(uR),

x ut = up.
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3.8.3 Explicit form of the solution to the Riemann problem with g
piecewise linear

In this section, we describe the entropy solution of Riemann problem (3.55), with ¢
defined as in section 3.7 (see Eq. (3.53)).

We first present the construction when the function £ is constant equal to kg. Let u;
and u, be two different states in [0,1]. We link u; and u, by a shock wave in all case
because g is piecewise linear:

w i x/t < ko—g(ul) — g(ur)

Uy — Uy
u(t,z) = (3.58)
up if x/t > ko—g(ul) — g(ur)
Uy — Uy

The construction of the solution to the Riemann problem is reduced to the determi-
nation of v~ and u™. We only focus on the case k;, > kg (if ky < kg, the solution
may be constructed by the same way).

o ifup <1/4

—ifur <1/4 and krg(ur) < krg(1/4):

 uT = ug

* uT is the smallest root of krg(ur) = krg(u™t), and u™ and ug are
linked by a shock wave (defined by (3.58) with u; = u*, u, = ug and
ko = kg).

if up < 1/4 and krg(ur) > krg(1/4):

« u~ is the greatest root of krg(u~™) = krg(3/4) and v~ and uy, are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
ko = kr),

* uT =1/4 and u™ and ug are linked by a shock wave (defined by (3.58)
with u; = u™, u, = ug and ko = kg).

if up =1/4 and krg(ur) > krg(1/4):

« u~ is the greatest root of krg(u™) = krg(3/4) and v~ and uy, are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
ko = k),

* ut =ug.
1/4 <ur <3/4 and krg(ur) < krg(1/4):

¥ U =ur,

* uT is the smallest root of kpg(ur) = krg(ut) and ut and ug are
linked by a shock wave (defined by (3.58) with w; = u™, u, = ur and
ko = k).

— 1/4 <up <3/4 and krg(ur) = krg(1/4):
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1/4 <up <3/4 and krg(ur) > krg(1/4):

% u~ is the greatest root of krg(u™) = krg(3/4) and v~ and uy, are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
kO — kL)a

* ut =up .

— up > 3/4 and krg(up) < krg(ug):

* U = Uy,
* uT is the smallest root of krg(ur) = krg(ut) and u' and ug are
linked by a shock wave (defined by (3.58) with u; = u™, u, = ug and

ko = k).
— ugr > 3/4 and krg(ur) = krg(ur):
* U = Uy,

* ut = up.

— up > 3/4 and krg(up) > krg(ug):

% u~ is the greatest root of krg(u~) = krg(ug) and u~ and uy, are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
ko = kL),

* ut = up.

o 1/4<up <3/4:

—upr < 1/4:

x u~ is the greatest root of krg(u™) = krg(1/4) and v~ and wuj are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and

kO — kL)a
* uT =1/4 and u* and ug are linked by shock wave.
— 1/4 < up:

x u~ is the greatest root of krg(u~) = krg(ur) and u~ and uy are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
ko = kL),

x ut = up.

o us > 3/4:

— upr < 1/4 and krg(ur) > krg(ug):

*x u~ is the greatest root of krg(u™) = krg(1/4) and v~ and wuj are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
kO = kL)a
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* uT =1/4, and u™ and ug are linked by a shock wave.
— up < 1/4 and krg(ur) < krg(ug):

« u~ is the smallest root of kpg(u~) = krg(ur) and u~ and ujy are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
ko = k),

* uT =1/4, u™ and ug are linked by a shock wave.
— up < 1/4 and krg(up) < krg(ug):

« u~ is the smallest root of kpg(u™) = krg(ur) and u~ and uy are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and

ko = k),
* ut =ug.
— 1/4 <upg:

« u~ is the greatest root of krg(u~) = krg(ug) and v~ and uy are
linked by a shock wave (defined by (3.58) with w; = ur, v~ = u, and
ko = kL),

* u+ = UR.

I would like to thank Thierry Gallouét, Nicolas Seguin and Julien Vovelle for theirs
helps and theirs advices.
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Chapter 4

Analyse d’une loi de
conservation a flux discontinu de
la forme g(x,u) : Unicité de la
solution entropique

Abstract : In this paper, one studies a hyperbolic scalar equation in one
space dimension with a flux function which is discontinuous with respect
to the space variable. In the first part, one presents a convenient definition
of weak entropy solution which ensures a uniqueness result. In the second
part of this paper, one proves the convergence of some numerical results,
whose a by product is the existence of a weak entropy solution.

4.1 Introduction

The Cauchy problem writes :
{ Opu+ 0p (g(x,u) + f(u) =0, (t,2) € Ry xR,

u(0, ) = uo(),

(4.1)

with initial value ug € L*°(R;[0,1]). The functions f and g are supposed to satisfy
the following hypotheses :

(H1) g is the discontinuous function defined by

ogr(w) ifz<0 .

gL, 9r € Lip([0,1]) and g1(0) = gr(0) = gr(1) = gr(1) =0,
(H2) f € Lip([0,1]).

One introduces the time - space domain @ := (0, +00) xR and the line of discontinuity
of the function g in the time - space domain, ¥ := (0, +00) x {0}.
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Conservation laws with discontinuous flux function appear in the modeling of a two
phase flow in porous media. The particular shape of function g comes from the model
described in [GMT96] and [Bac04] in the particular case g(x,u) = k(x)g(u) with k a
discontinuous function with respect to x. In this paper, the model takes into account
relative permeabilities of two phases which depend with respect to x, what explains
that g depends with respect to x and u a more global way. One just remarks that
these hypotheses are natural with this model. One does not assume hypothesis of
convexity or genuine non-linearity on g.

To study conservation law, a finite volume scheme is well adapted : one has been
interested in this scheme for problem (4.1). One wants to know if there is convergence
of the scheme and uniqueness of the “well” solution, under natural hypotheses. The
notion of entropy solution is introduced for problem (4.1) with Definition 4.1.

The aim of this paper, in part I, is to show the uniqueness of the entropy solution
with function g which isn’t genuinely non linear with respect to w. This last point
is a new point compared with preceding works on the subject (see in particular
[AV02, Bac04, KR95, KRT03, SV03]). However, in [BV05], a new point of view for
this type of problem is brought with g(x,u) = k(x)g(u) where k satisfies k(x) = kz, for
x < 0and k(z) = kg for z > 0 with k7, # kg. In this last work, one obtains existence
and uniqueness of entropy solution without hypothesis of convexity nor genuine non
linearity on g. In this paper, the proof of the uniqueness is adapted and generalized
to problem (4.1). Considering that g is not genuinely non linear brings as a main
difficulty : the traces of entropy solution along the line of discontinuity of function &
can not be considered. This implies that one can not consider problem (4.1) as two
problems on both sides of the line {x = 0}. In particular, if g is assumed genuinely
non linear, the technic of doubling variables of Kruzhkov for conservation law can be
adapted to prove the uniqueness of entropy solution of problem (4.1). In fact, two
entropy solutions are compared outside a neighborhood of {z = 0} and by using the
existence of traces of entropy solution, one obtains a comparison on R by passing to
the limit on the support of the test function (see [Bac04, KRT03, SV03]). In this
work (and in [BV05]), because ¢ is not assumed genuinely non linear, this technic of
doubling variables fails.

The main result of this paper is the following comparison between two entropy solu-

tions :

Theorem 4.1. Assume hypotheses (H1), (H2). Let u (resp. v € L*°(Q)) be entropy
solution of problem (4.1), associated to the initial conditions ug € L*°(R;[0,1]) (resp.
vg € L>®(R;[0,1])). Then, given R,T > 0, one has

T rR R+-CT
/ / (u(t,z) — v(t, z))Fdedt < T/ (ug(z) — vo(z))Fda, (4.2)
0 -R —R-CT
where C' := max{Lip(gr, )Lip(gr)} + Lip(f).

However, Theorem 4.1 is not directly established. In fact, in part II of this paper, the
existence of entropy solution is not obtained by the convergence of the finite volume
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scheme. The study of the scheme just permits to obtain the existence of entropy
process solution. This notion is “weaker” than the entropy solution. This notion
of entropy process solution is justified and introduced in section 4.2, and a theorem
of comparison between two entropy process solutions is obtained (see Theorem 4.3).
And finally, Theorem 4.1 is an easy consequence of Theorem 4.3 (see remark 4.2).
To establish this comparison between two entropy process solution, one uses some
tools which are introduced in [BV05]. As the technic of doubling variables to prove
the uniqueness of entropy solution of problem (4.1) and other attempts for g(z,u) =
k(x)g(u) in [BV05] have failed, one introduces the notion of kinetic process solution
of problem (4.1). This notion is equivalent to the notion of entropy process solution
(see section 4.3). Kinetic solution, for conservation laws with g Lipschitz continuous,
has been introduced by Lions, Perthame, Tadmor [LPT94] and a proof of uniqueness
of entropy solution has been established by Perthame in [Per98]. For conservation
laws with discontinuous flux function, this notion has been introduced in [BV05] to
establish the uniqueness of entropy solution to problem (4.1) with g(x,u) = k(x)g(u),
and one adapts this notion to the new generalized problem (4.1).

4.2 Notion of solution

4.2.1 Entropy solution

Once problem (4.1) written and justified, the definition of entropy solution is intro-
duced. In [BV05, Tow00] the non-negativity of the functions k and g implies that the

term (kg — kgr)* 0+°° g(k)p(t,0)dt is non negative. For problem (4.1), the notion of

entropy solution is defined as follows :

Definition 4.1. Let up € L>®(R) with 0 < ugp < 1 a.e. on R. A function u €
L>(Q;10,1]) is said to be an entropy solution of problem (4.1) if it satisfies the

following entropy inequalities : for all k € [0,1], for all non-negative function ¢ €
C(R x R),

/OOO /R(u(t?x) — 1)" Oplt, ) dt da
i /OOO /R(q)i(x7 u(t,z), k) + O (ult, x), ) Dop(t, ) da dt
[ o) = 0 (0.0 o
+ /OOO(QL(H) — gr(K)) o(t,0)dt > 0, (43)

where respectively ®* and UF denote the entropy fluz associated with the Kruzhkov
entropy,

q)i(x’u"%) = sgni(u—m)(g(x,u)—g(m,/{)),
U (u,r) = sgug(u—r)(f(u) = f(%)).
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One just makes the reader notice that : An entropy solution of (4.1) is a weak
solution of (4.1), i.e. : for all non-negative ¢ € C°(Ry x R)

+oo
/ / u(t, 2)drp(t ) + (gl ult, x)) + flult, 2)0up(t ) di de
0 R
+ /Ruo(x)go(o,m) dx = 0.

This equality is a consequence of the two inequalities obtained, first by developing the
entropy inequality written with x = 0, second by developing the entropy inequality
written with k = 1 on the basis of the bound 0 < u < 1 a.e. Similarly, if a function
u € L®(Q) satisfies 0 < u < 1 a.e. on the one hand and the entropy inequalities with
classical Kruzhkov entropies : for all x € [0, 1], for all non-negative ¢ € C2°(R4 x R),

/0°° /R |u(t, x) — k| Opp(t, ) dt d
+ /0 /R(‘b(x,u(t,m),ﬁ) U (u(t,x), K)) Bpp(t, z) du dt

" / Juo(z) — | (0, 2) dz + |gr(x) — gr.(x)| /O T o0 d >0, (44)

on the other hand, then w is a weak solution of problem (4.1) and therefore satisfies
(4.3) (indeed u™ = (Ju| +u)/2 and v~ = (|Ju| —u)/2). Conversely, by adding the two
inequalities of (4.3), we see that u € L*°(Q) is an entropy solution to problem (4.1)
if, and only if, it satisfies 0 < u <1 a.e. and (4.4).

4.2.2 Entropy process solution

The following result is established by R. Eymard T. Gallouét and R. Herbin (see
[EGHO00]). It is a result based on Young measure and a result of Di Perna (see
[DiP85]). It explains the introduction of entropy process solution.

Theorem 4.2. Let Q be an open subset of RN (N > 1) and (un)nen be a bounded
sequence of L>®(). Then (up)nen admits a subsequence, already noted (un)nen,
converging in the nonlinear weak-x sense, i.e. :

1
/Qh(un(x))ib(x) dr — /0 /Qh(u(x, a))(x)dz do, as n — 400
Vi € LY(Q), Vh € C(R,R). (4.5)

Theorem 4.2 is recalled to explain the introduction of the definition of entropy process
solution for problem (4.1). This kind of convergence permits to pass to the limit in
the numerical scheme and thus to show the existence of an entropy process solution
(see part IT). Then, to conclude to the convergence of the scheme, the uniqueness
of entropy process solution is sufficient. The definition of entropy process solution
follows :
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Definition 4.2. Let ug € L®(R) with 0 < up < 1 a.e. on R. Let u € L>®(Q X
(0,1);[0,1]). The function u is an entropy process solution of problem (4.1) if for
any k € [0,1] and any ¢ € C*(R?), ¢ >0,

1
/ /(u(t,x,)\) — Ii)iatgo(t,x)dtdxd)\
0 JQ
1
+ / /Q[fI)i(w,U(t,w,A),n)+\Ifi(u(t,x,A),n)] dpp(t, z)dtdzd)
0
+ /R(uo(x)—ff)iﬂﬂ(ow)dx

+oo
T+ (gu(k) — gr(r)* /0 (£, 0)dt > 0. (4.6)

Remark 4.1. Let ug € L®(R) with 0 < up < 1 a.e. on R and u € L®(Q X
(0,1);[0,1]). The function u is an entropy process solution of problem (4.1) iff for
any k € [0,1] and any ¢ € C*(R?), ¢ > 0,

/1/ lu(t, z,\) — k|0yp(t, z)dtdzd)
0 JQ
1
+ /0/Q[‘I’(%u(t,x,)\)ﬂi)—i—\P(u(t,w,A),ﬁ)]&Ccp(t,x)dtdxd)\

+o00
+ [ fuofa) = slol0. )z + lgn () = grlo)] [ (t0)ar >0,

4.3 Uniqueness of entropy process solution

To establish Theorem 4.3, the main difficulty, compared in previous work [BV05], is
that the functions gy, and gr can cross on [0, 1]. In the proof of uniqueness in [BV05],
one assumes (for instance) that ky > kg, it rises that Ve € [0,1] krg(k) > krg(k)
which is an important point of the proof. This permits, when the entropy solution
u satisfies inequality (4.3) with the half entropy s — (s — k)7, having the term
(k. —kr)™ = 0. Then, considering g(z,u) instead of k(x)g(u) brings a new difficulty
in the proof of the uniqueness of entropy solution. To circumvent this difficulty,
functions 67 := X{&: g1 (€)—gr(€)<0y and 1 — 0T are introduced. The result follows :

Theorem 4.3 (Comparison). Assume hypotheses (H1), (H2). Let u (resp. v €
L>(Q x (0,1))) be entropy process solution of problem (4.1), associated to the initial
conditions uy € L= (R;[0,1]) (resp. vy € L>®(R;[0,1])). Then, given R,T > 0, one

has
/01 /01 /OT /_i(“(tﬁM) —v(t, z,¢)) " dedtdAd¢

R+CT
<7 [ (unla) - o), (4.7)
—R-CT
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where C' := max{Lip(gr, )Lip(gr)} + Lip(f).

Remark 4.2. One remarks that if ug = vy in Theorem 4.3, one obtains u(t,x,\) =
v(t,z,C) for a.e. (t,z,\, () €@ x (0,1) x (0,1) as desired. Then u does not depend
on A, i.e. YA u(t,z,\) = u(t,x) with uw € L*°(R4 x R). And finally, Theorem 4.1 is
immediately deduced by Theorem 4.3.

We have not able to establish the inequality (4.7), with the habitual technic dou-
bling variables. To establish this comparison, one introduces an equivalent notion :
kinetic solution, motivated by the result of Perthame ([Per98]) as one explains in the
introduction and in [BV05].

4.4 Kinetic solution

4.4.1 Equilibrium functions

If Q is a subset of R™ (m > 1) and u :  — R is measurable, the equilibrium function
Xu associated to u is the function @ xR 3 (z,&) — sgn_ (u(x) — &) +sgn_(&). Notice
that y, is measurable and that y, € L>(Q x R;[—1,1]). In the following, one also
considers for equilibrium functions, for a.e. £ € R :

he(2,€) = sgn. (u(z) — €
h-(x,€) = sgn_(u(z) — €).

For X = Q, M (X) denotes the set of positive Radon measures on X (which are
finite on compact subsets of X) or, equivalently (by Riesz representation theorem)
the cone of nonnegative linear form on C.(X). Therefore m € C(Rg;w ¥ — M (X))
means m(§) € M (X) for every £ € R and, for every ¢ € C.(X),

)

~—

e [ pim(e)
X
1S continuous.

4.4.2 Kinetic solution

Denote by a and b the derivatives of the flux functions (defined a.e.) :

a’(x7§) = ug(xaf)a b(&) = f/(§)7 § eR.

Definition 4.3. Let ug € L™(R;[0,1]) and u € L*°(Q x (0,1)). Let h and h° be the
equilibrium functions associated with u and ug :

h(t, T, A, 5) = Xau(t,z,\) (5) ) ho(x> 5) = Xug(x) (5) :

The function w is a kinetic process solution of (4.1) if there exists m+ € C(Re;w *

—~M(Q)) such that m + (-,§) vanishes for large
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¢ (resp. m_(-,€) vanishes for large —¢) and such that for any ¢ € C°(R3),

1
/ / he (95 + (a(, €) + b(E))2u)p + / B,
0 JOxRg

Rx XRg

—/ Be(9.(6) — gr(€) =0y, = / Deodms. (48)
ExRé

QXR{

Proposition 4.1. The notions of entropy process solution and kinetic process solu-
tion are be equivalent.

This proof of this equivalence is obtain similarly than in [BV05].

Let uw € L*>(Q % (0,1)) be a weak entropy process solution of (4.1). For x € R, define
the linear form m% on C°(Q) by :

1
mi(p) = /0 /Q(u(t’xa)‘)_”)JratsD(t,ﬂJ)dtdxd)\
+ /01/Q(<I>+(x,u(t,x,)\)7/£) + W (u(t,z, ), k)0 p(t, z)dtdzd\

T / (uo(z) — )+ (0, 2)dx + / (9() — gr(R)) " (t.0)dt.  (4.9)

Let £ € R be fixed. Since u is a weak entropy process solution, m'} is nonnegative.

It therefore induces a nonnegative linear form on C.(Q)) which can be represented by
a Borel measure, still denoted mf. We set m™(£) = mi (£ € R). For K a compact
subset of @, there exists a nonnegative ¢ € C°(Q) such that ¢(t,x) = 1 for all
(t,z) € K. If |k| < R (R > 0) we thus have, by (4.9) :

mf (K) < m'; () < Cr (4.10)

where the constant Cr depends on R (and ¢) only. This yields m4 € C(Rg;w *

—M4(Q)). Indeed, if (§,) is a sequence of real numbers converging to £ € R, then
there exists R > 0 such that |,,| < R for every n and, by (4.10), m™ (¢, &) is bounded
and nonnegative for every nonnegative ¢ € C.(Q). By the Banach-Steinhaus theorem,
there exists mJ, € My (Q) such that m™(p,&,) — mi (¢) as n — +oo for every

¢ € C.(Q). By (4.9), we have mI (¢) = m™ (i, &) for every ¢ € C°(Q), this remains

true for ¢ € C.(Q) by density : therefore my € C(Rg;w * —M_(Q)). Besides, from
(4.9), and the fact that u < A a.e. foran A € R (u € L*°(Q % (0,1)) by hypotheses,
it appears that m, (§) vanishes for £ > A, in particular for large &.
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Let ¢ € C°(R3). We compute with an integration by part :

/ 8£¢(t,m,§)dm+ (t7x7§)

QxR
1
- / / (u— &) 010:0 + (OF (w,u,§) + ¥(u, £))Dr 0
0 JOxRg
v PCRCE T [0 = ante) 0o,
1
_ / / sgn., (u — €)(9 + (al(, &) + b(€))0:0)
0 JOxRg
+ /]R . sgny (uo — &), —/Eag(gL(g)_gR(f))+¢lx_o
XRe¢
1
_ / / B (946 + (alw,€) + b(E)) 0,0)
0 JOxRg

+ /R L /2 Be(91.(€) — 9r(©)) ..

Therefore u is a kinetic process subsolution.

Conversely, suppose that u € L>=(Q x (0,1)) is a kinetic process solution. For k € R,
let £ — E,(¢) be a smooth and convex approximation of £ — (£ — k)T such that
|E! (&)] <1 for any positive integer n. Let W be a smooth function with support in
[—2,2], values in [0, 1] and that equals 1 on [—1,1]. Next, let ¢ € C3°(R?), and define
U, (&) = ¥(¢/n). Now apply (4.8) to the test function ¢(t,z,&) = o(t,x)V, (§)EL(E) :

1
[ [f v
0 JQ | /R
+ / /\I/nE,ghg (pt_o—/
R | JRe by

— / S B+ U, B dm,
QXRE

at‘P + ax(P

/R (k(x)a(€) + b(€)UnFl by

/R U8 (gr.(€) — gr(€)) B,

3

80|x:0

If moreover ¢ is assumed to be nonnegative, then / oV, E'dm > 0 and letting
QXRE

n — —+o00, we get :
1
| [ @tax) -0 arete.0)
0 JQ
1
+ / /(<I>+(x,u(t,x,)\),/<;)+\Il+(u(t,x,A),ﬁ))@wcp(t,x)dtdxd)\
0 JQ

b [ tunlo) — ) (0.1 + (9n0) — gno)” | T o0t > 0,

which is (4.6).
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Traces of equilibrium function

One introduces two functions : regularization and cut-off function. Let p € C2°(0,1)
be a nonnegative function with mass 1. For a small parameter ¢, the regularizing
kernel p; is defined by

and the cut-off function w. by

||
wrl)= [ pulori.

Proposition 4.2. Let h € L*=°(Q x (0,1) x Re¢) satisfy (4.8). Then there exists two
functions hY € L>(Q x (0,1) x R¢) and T4 € L>®(X x (0,1) x R¢) such that, up to
subsequences :

1 400 1
lim / / [/ hi(t)w%(t)dt} 9:/ / h’00, (4.11)
n—=0*Jo JrR.xRe LJo 0 JRoxRg

ey 1 / . [ a6+ b1 w1 0 = | 1 / LT )

forany 0 € LL(R, x (0,1)xR¢) and any ¢ € LL(Xx(0,1)xRe¢) (the subsequences with
respect to n are independent of 6 and v respectively). Besides, denoting by m’° (resp.
M+ ) the restriction of m4 to {0} xR, x [0,1] xR¢ (resp. [0,400) x {0} x [0, 1] x R¢ ),
one has : Y0 € C°(Ry x Re), Vi € C2°([0, +00) x Re)

1
/ / h120 = / h%.6 — Defdm’? (4.13)
0 Ry xRg Rz xR¢ Ry xRg

and

1 1
— _ _ +. _
/0 /2ng Yoy = /0 /ZXR5 O (9(§) — gr(§)™¢ S Oepdimy . (4.14)

The existence of h? and T4 follows from the local uniform boundedness of

0+°° ha(t)wy (t)dt and [ (a(€)k(z) + b(§)he (wy (x)dz in L®(R, x (0,1) x Re) and
L> (X x (0,1) x Re¢) respectively. To prove (4.13), replace ¢ in (4.8) by the function
(t,x,&) — 0(x,£)(1 —wy)(t), for § € C°(R, x Re) and pass to the limit on 7 in the
equation thus obtained. Similarly, use the test function (¢, ,&) — ¥(t,£)(1 — wy)(2)
in (4.8) to get (4.14).
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4.5 Proof of Theorem : Comparison

Let hy and j_ denote the equilibrium functions associated with v and v respectively
and denote by m and g_ the associated entropy defect measure. For ¢ € C2°(R3)
with compact support in Rf x R} x R, one has

1
[ [ he@+ o +venoto= [ opam, (4.15)
QxRe¢ QxR
and
1
/ / GO+ (alx.€) + ()b = [ Beoda_. (4.16)
QxRe QxR

Let 0 € C2°(R?) be a test function with compact support in R} x R% x R¢ (0 vanishes
in a neighborhood of R; x {0} x R¢ and in a neighborhood of {0} x R, x R¢). Denote
by pgu,e the function (¢, z) — pg(—t)p.(x)ps(§) and by 5, , the function (¢,z) —
Pa.o(—t, —x,—€). For v small enough, the function (t,z) — 6 *y3,,, still vanishes
on R; x {0} x R¢ and {0} x R, x R¢ so that one can specify this test function in

(4.16) to obtain
/ / Sgn+ * PB,v, O’at
R3

[ ] (@ sem, 01+ 6, (05-)) et

= |, 060 dlsgn (1)a-) * P

Still for v small enough, one has
(sgn (D)a(2,€)-) * p3u0020 = alw, ) (sgn (1)j-) * a0 + Q11 (t,2,€)0,0
with

Q" (t,,€) = (seny ()a(, £)j_) % paer — alz, ) (5804 (=) % Py

Remark 4.3. By using Lebesgue dominated convergence theorem, one has

lim Qﬁ’yo(t z,§) — 0 and lim (hm@ QP (t,x,€)) = 0.

B,v,0—0 B.v—0 c—

The regularized equation follows :

/ /Rd+1 Bygtng)(at—i-( (7,8) +b(£))0:)0(t, x,8)

/ / QI (t 2, )0,0(t, ., &) = | eb(t,z,€) dg”"7 (¢, x,€),
0 Jr3 R3
(4.17)
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.B,v,0

ﬁ7l/70- —

where j777 = (sgn, (t)j-) * paues 4° (sgny (t)g—) * pgue- Similarly, with
obvious notations, the following regularized kinetic equation is satisfied by h, (for e
small enough) :

/ [ nE 20000 + (ale.€) + D)D) 2.)

/ HE(t,2,)0,0(t,2,€) = / Ocb(t, x,€) dmT="(t,2,)
0 Jr3 R
(4.18)

with
lim Ha €0 =0.

a,e,0—0

To compare two solutions, A* = {¢ : (g1.(€)—g(€))* =0} = {¢ : g1(€)—gn(€) < 0}
is introduced. A7 is open and included in [0, 1] and let 67 = x 4+. The aim is to take
this function 6% (resp. (1 —67)) as a test function to eliminate, in a first time, the
term ¢ (gr.(&) —gr (&))" (resp. de(9r(§) —gr(£))™) in the definition of kinetic process
solution. In a second time, one studies separately the new term which appears when
one forgets 0.

As 67 is not regular, a sequence of function (6,"),cy is introduced which converges
to 61 such that for all n € N, ;7 =0 on (A7), Then Lemma 4.1 follows :

Lemma 4.1. There exists a sequence (0, )nen such that 0 < 0,7 < 0% (i.e. 67 =0
on (AT)¢), 6 € CL(R) for all n € N and (6, )nen converges to 01 a.e.

Proof of Lemma 4.1 :

o0
A is open and include in [0, 1], then A" = U I; with I; an opened interval and
=0

LNI; =@ fori+#j. OnenotesAn—UIZ,thenXA S X+ =07

=0
Let n > 0, A, is a finished union of dlsJ01nted intervals so one can build a regular

function 9;‘ such that

0<6) <xa, and |6 —xa,ll <

Sl

This yields
10 = 0711 <1164 — xaullr + [Ixa+ = xa,llpr — 0 with n — 400
then 0 converges towards 61 and 0 < 6,7 < 67.
Remark 4.4. One notes that on 01;, gr, = gr for all i by construction. Moreover one
can define a sequence of disjointed intervals (J;)ien such that [0, 1] U LU U J;

and one also has on 0J;, gr, = gr for all i.
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Let ¢ € C?(R) such that ¢(x) = 1 for all x € [~1,1] and ¢(z) = 0 for all || > 2. Let
Yr(z) =¢(xz/R) for all R > 0.

Let ¢1 € C°(R?) be a nonnegative function with compact support in R} x R% x Re.
One applies (4.18) to the test function § = —j@’”’ogpl 0 1 r and integrates the result

with respect to ¢ € [0,1]; one applies (4.17) to the test function 6 = —hi’e’écpl 0 R
and integrates the result with respect to A € [0, 1]. Finally, one sums the two resulting
equations to get

1,1
L[ [ eittonton+ ot + bepon)-nse i)
w2 [ (IO R0+ (alo,€) + HENO e
! é ! 6
w [ Qo atine + [ [ HE0- 0 vr)
0 JR3 0 JR3
1
S Y RS e U
0 R3
1
+ / d)\/ (plag(—hi’a’é)(g:{ VYR dq_’y’a
0 R3
1
+ / dC/ @185(9:{1&3)(—jf’”’a)dmi’a’é
0 R3
! 6
b [an [ erde0) vn-ns ) dg? (4.19)
0 R
Since mT=?,¢>"7 > 0 and 9c(—j7"7), 9e(~h$=°) > 0, the first two terms of the
right hand-side of (4.19) are nonnegative. One integrates by parts with respect to

(t,x) in the left hand-side (an operation which is admissible since ; vanishes in the
neighborhood of the line of discontinuity of the function g) to get

1 1
/0 /0 AS(—hi’e’éjf’”’U)9$¢R(6t + (a(z,€) + b(€))0y) 1
' 5
i / (O IR AT
0 R3
! a,e,d .B,v,0 o+
* / HE 00 (=527 05 rep1)
0 R3
1
= / dg¢ /R3 ©10:(0;R) (—377)dmS=°
0

1
o [an [ ordeof wn) (-nt ) ag?
0 R
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Let a, ¢, tend to zero, one recalls that lim Ha &0 — = 0, this yields :

a,e,0—0

1 1
/ / / (—sgny (Ohy 290V 6R (D, + (ale,€) + b(E)da)er
0 0 R3
1
+ / 0s (QPYh 0 b
0 R3
1
/ dc / 0106 (0 VR) (—P )dm
0 R3

1
" /O A [ 0667 o) (—h) da . (4.20)

Y

Let us now remove the condition imposed on the test function : let ¢ € C°(R?)
be a nonnegative function, replace ¢ by (t,2) — ¢(t, z)wy,(t)w;(z) in (4.20), use
Proposition 4.2 and pass to the limit on accurate subsequences on 7 and 77 to get

[ [ comm 2 onon s .6 + oo
+/ [ 0:Q2" b
T / / /RMR&WM&)( 557 (0,2,¢, €85 Yrep(0, @) dar d€ dAd
+ ///2ng LA (=77 (4,0,C,€))0F Vrp(t, 0) di de dXdC
> [ac [ eoeron-52 am,

1
n /0 A [ 066 o)) da (4.21)

By (4.14), and since ;7 =0 on {£ : (91, — gr)™ # 0}, one has

/ / /E . 0N E) (=17 (£,0,C,€))p(t, 0)0; g dt dE dX dC
xXIRe
N _/0 / /mg (t,0)0 (=777 (,0,¢,€))dm . dt dg dXdg

1 1
_/0 / /z R (1,000 (05 ¥R) (57 (£,0, ¢, €))dimi. dt dE dA d¢
xXIRe

IN

1
- / /E 00000 ) (7 (4.0, C. ) e dE .
*Re
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because Og(— Byg(t 0,¢,€)) > 0. Similarly, by (4.13), one gets

/ / / B (A, €)(— 557 (0,2, €, )60 drep(0, ) di dé ddC
0 o XRe¢

IN

1 1
/0//R Rhi(x,ﬁ)(—jéw,g(o,m,c,g))emw(o,m)dxd§dAd<
x XIRg

1 1
- / / / D0 ) (=577 (0,2, ¢, €))p(0, &) dar dE AN dC
0 RxXRg

IN

1
/ / R (10,5, €00 i 0,2) d dE ¢
z>< g

- / / B (0 0r) (—777 (0,2, ¢, €))p(0, ) da dE dC,
Rxng

and finally (4.21) becomes :
[ [ s mas om0+ oe)on)e
+ / 0 (Q V1 0 o ep v it d d
0 R3

1
4 / / B (1, ) (=37 (0, 2, ¢, €))0 o 0, ) dx dE d
IXRE

Vv

[ ] om0 0...0)00,0) drde ac
]Rxx]RE
b [ a2 1,0, v
*Re
1
[ ac [ e on) (=7 am

1
" /0 aA /]R 100} ) (—hy) AP (1.22)

In this step of the proof, the comparison between v and v on {£ : ¢g1,(§) — gr(&) < 0}
is obtained by using hy and j_. In the same way, by using function (1 — 6,7), the
comparison on {& : gr(§) — gr(§) > 0} is obtained. And since on the support of
(1—6%), it is (g(£) — gr(£))”™ = 0, one compares, at the beginning, h_ and j_. By
using, h_ = hy — 1, a comparison between hy and j_ on the support of (1 —671) is
obtained, which permits to conclude.

Let 0 € C2°(R?) be a test function with compact support in R} x R% x Re. In the
same manner as in (4.17), one obtains

/ / P (4, ¢ €) (D + (al, €) + B(€)))O(E, 7, €)
B.v,0 o B.v,o
/0 /R Q0,0 = /R 00t 7,€) g™ (1, 6). (4.23)
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and
! 6
| [ i o0+ Gale.) + 6©)0)000.2.6)
1
+ / / HY0,0 = [ 9:0(t,2,6) dm™°(t,2,¢), (4.24)
0 JR3 R3
with
lim (1 Frayy = lim H** = 0. 4.2
gim (lim 9:(Q=77)) =0 and  lm H 0 (4.25)

Let ¢1 € C°(R?) be a nonnegative function with compact support in R} x R* x Re.
One applies (4.24) to the test function 6 = —jP 0 (1 — 6)+r and integrates
the result with respect to ¢ € [0,1]; one applies (4.23) to the test function 6§ =
—hi’e’(sgpl (1—6;") 1R and integrates the result with respect to A € [0,1]. Finally, one
sums the two resulting equations to get

[ [ [ o= eiono s e+ epon-neee i)

w2 [ (TP 0)0n0r+ (alo.€) + HENO e

1
= [ [ @ raenet i a - opyine)

1

Ha,e,éam _ Bwvoq 0-‘,-
o [ [ o= = 6 ne)
- / dc / 10(=1207) (1 = 0, ) dm ™=
+ / dX /R Bgolag(—hﬁv&é)u—e;)wqu@W
+ /dC/ <p18§ 1—(9+)1/JR)( ﬁ’uo)dmg’&é
+ /d)\/ 010 ((1 = 0)R) (—h™=0) dg? (4.26)
Since m®*%,¢*"° > 0 and O¢(— Py, (95(—h3’€’5) > 0, the first two terms of the

right hand- s1de of (4.26) are nonnegative. One integrates by parts with respect to
(t,z) in the left hand-side (an operation which is admissible since ¢; vanishes in the
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neighborhood of the line of discontinuity of the function g) to get
1,1
L[ [ e = 610n@: + (a(e.€) + b)2e )
1
+ [ @ g - 6
0 JRr3
1
b [ 0, 6 wre)
0 JRr3
> /dC/ 0106((1 = 0,)0r) (=57 )dm™
+ a,e,0 B.v,o
" / DA [ 0101 - 07 o) () dg? (4.27)
0 R
Let o, e,0 tend to zero, by using (4.25), one has :
[ [enedo0 - 00 + 0.9 + senooe
T A RS TR e
> /dg/ ©10:((1 — 6, )R) (—7" Ydm -
" / A [ 0101 - 07) o) (=h-) g (4.28)
0 R

Let us now remove the condition imposed on the test function : let ¢ € C2°(R?)

be a nonnegative function, replace 1 by (t,z) — @(t, z)w,(t)ws(z) in (4.28), use

Proposition 4.2 and pass to the limit on accurate subsequences on n and 7 to get
/ / [ (s (-7 7) (1 = 6701 + (a.€) + BN

+ / 0:(QP V(1 — 6 Ve
]R3

7—0 ﬁ7l/70 _pnt
; ///Rxngh (2.0, €)(—327 (0,2,¢,€)(1 - 6])
Yrp(0,z) dz d€ dX\ d¢

1 1
Ti _':671/70 _9+
4 /O/O/m (62 ) (=557 (£,0,¢,€))(1 — 67)
brep(t,0) dt dé dNdC

Y]

1
/ dc / 00 (1 — 05 bg) (— 377V dm
0 R3

1
" /0 ax /R @01~ 07) Yr) () g (4.29)
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One obtains a comparison between h_ and ]B 7 with the traces of equilibrium
function of h_ on the support of (1 — 6;F). Then, in the formulation which defines
h™ and I'_, the term with (g1 (§) — gr(§))~ = 0. However, one can compare u and v
by using hy and j_, (because one remarks that [, hy(—j—)d¢ = (u—v)T). Then in
the previous inequality, one wants to replace h_ by h, both in the first and in the
last terms, by using the equality h— = h. — 1. On the one hand one has :

1 1

/0 /0 Aa<—sgn+<t>h—jﬁ’”’”><1 — 0 )R(D, + (a(2,€) + b(E)Dy )
1 1

/0 /0 /[[{3(—Sgn+(t)h+j’”’”)(1—6’:)1/1R(8t+(a(x,§)+b(§))ax)<p

1
| [ s @m0 = 05)0n(0 + (ol + bIO)e (430)

The first term is the term one wants to keep. One studies the second term

1
/ /R \ (sgny (£)77) (1 = 0 )0R(0s + (a(@,€) + b(E))a)p
- / [ s 030 ((01 + (0l &)+ BN ~ 60 * Ype

- / /Ra sgn. (¢ + (a(x, &) + b(€))02) ((1 = 07)VR®) * Vpwo

+ ﬁvw, (4.31)

with

Ryt = [ @000+ () + )2 (- 6e) =

[ 600 (@ 09 000 - 8 5
By using Lebesgue dominated convergence theorem, one remarks that

lim ( lim ( lim |27 ) =o.

B,v,0—0 R—+o00 n—+400 By,a
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By using (4.8) for j_ (i.e. v is a kinetic solution), this yields :

1
| (e 05)@ + (0l €) + B0 (1= 6)0m0) *3pe
= — / ]9 ((1 - HTJ{)T/}R@) * ’Yﬁ,u,a)hzo
Rz xR¢

+ / De(91.(6) — 9r(€)™ (1 = 6)0RP) *Vp.10)
SxRe

|z=0
+ / O (1 = 0,)VRe) *V8,0,0)dq—
QxR
< [ 0O ~ 9rl©) (- 810me) *0e),
SxRe

s [ o - ohumedd
QxR

because j° (1 — 60,1 )¢rp) *Yp,0) = 0.

Finally, (4.29) becomes :

1 1
/0 /0 /RS(_SgDNt)hJK—;’”’J)G — 0)R(0y + (a(w, &) + b(€)Dy)p

IN

1 1
/0/0AS(_SgD+(t)h+j€’"’o)(1—93)¢R(8t+(a(x,g)+b(§))am)so
1
o [ [ o - enumpdate
0 R3

+ /E . e(gr(€) = 9r(€)™ (1 = 01)Yre) * Vouo),_, +R5y  (4:32)
xRe
On the other hand

1
/O I [ 01 = 6) v (~h) da”"
1
_ / dx / 00 (1 — 0) ) (—hy) dg®™
0 R3

1
+ / Be((1 — 67 )br)pdg™". (4.33)
0 R3
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Then (4.27) becomes

/o1 /o1 /Rg(_sgnﬁL(t)hnLjf’y’”)(l — 0 R0 + (a(x, &) +b(£)) )
+ /O 1 | 0@ R (L= 0 mee
-/ 1 [ 01~ 0 wm) g
o L 260000 —onl) (= 00 me) ), 4 il
+ /01 /0 1 / w (2, A, ) (=577 (0,2, ¢, €)(1 — 6] )rep(0, ) dar dE AN d(
* /01 /Ol/mE T (A, €)(—5777(£,0,8,) (1 — 0 )bre(t, 0) dt dE dhdC
> [ [ oot - a2 am
b [ [ e - g -ng)
+ /01 - Oe((1 = 05 )¢R)pdg”"? . (4.34)
After simplification, this yields :
/01 /01 AS(—SgH+(t)h+j5’”’o)(1 — 0 R0, + (alx, &) + b(£))dy)p
+ /01 - Q2" )y (1= 07 )brep
+ [ o 260000~ gn() (01 = B wme) w ), + Wi
+ /01 /01 /RxXRg BT (2, A, )= (0,2, ¢, €))(1 — 0;)hrep(0, 2) da dé dA d¢
" /o1 /o1 /mg T (8,677 (£,0,6,)(1 — 0 wrep(t, 0) dt dE dXd¢
> [ [ oot - 6 n -2 yim
+ /OICD\ /RS PIe((1 = 0) r)(—hy) dg”"”. (4.35)

Now, it remains to study terms where the trace of equilibrium function appear. At
first, one studies the term with the space-trace function. By (4.14), and by using the
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equality m_ = m, and since 1 — 60,7 =0 on {¢: (9, — gr)™ # 0}, we have

///m LN E) (=P (1,0,,€)) o (1 — 0F Yibg di dE dNdC
xRe

_ —/// Be(gL(€) — grl)(—3" (1,0,¢,€))p(1,0)
0 0 ZXRg
(1 — 0 g dt dé d\dC

1 1
- / / / (1,000 (—377 (1,0, ¢,€)) (1 — 6 )bdmy dt dE dNdC
0 0 ZXRg

1 1
- / / /Z . (t,0)0 (1 — 0, )r) (=377 (£,0, ¢, €))dmiy dt d€ dA d¢
xRe

/ / / (91 (6) — gr(E)) (—1P7 (£,0,¢.€))o (2, 0)
EXRé
(1 — 0 )bp dt dé d\d¢

- / / (80006 (1 — 0 Ybm) (377 (1,0, ¢, €))dmr dt de dC
0 EXRE

IN

because J¢(— Byg(t 0,¢(,€)) > 0. Secondly, one studies the time-trace function of
equilibrium function h_. By (4.13), one gets :

/ / / @A 0.2.¢.6)(1 - 6)
zxg
VR0, x) de dE dXdC

1
/ / Rh9<m,fs><—j@”’“<0,x,<,§>)<1—HmRso(o,x)dwdfdc
IX g

/ [ 0= 00un) (- (0,0,C.))o(0.2) dnde de.
Rxng

Always in the aim to compare u and v by using hy and j_, one uses the equality
h? = —1+hY, and as (=57 (0, ¢, ) (1=0)rep(0,2) > 0, and the last inequality
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becomes
1 rl
70 _.5,140 e
/o /o /ﬂw R (2, A, €) (=727 (0,2,¢,€))(1 — 6))
Yrp(0, x) d dé dX d¢
1
L[ w0 0.0.00)0 - 0 vrpl0.) drds de
z X 3

IN

. / / R =327 (0,2, ¢, ) (1 = 65)re(0, ) du dg d¢
z XIRg

[ - 00,6 )00 e g
Rxng

IN

// @)= 0.2, C )1 = 0 om0, ) drd
z X £
- / L 0= 020m (=2 (0.2.6.€)¢(0.) dud de,

z X £

Finally, using my = m_ (because an entropy process solution is a weak solution),
(4.35) becomes

1 1
/0 /0 AS(—sgn+(t)h+jf’“’”)(1 — 0 YR(0; + (a(z,€) +b(£))0)p
1
i / 0x(Q2" ) (1= 07 )0myp
0 R3

b [ B - 9nl©) (1 - 0ne) xS
YxRe
1
+ // hi(w,&)(—j@’”’”(o,x,(,g))(l—0;)¢R¢(0,x)dmd§dg
Ry XRe¢
1
2 [ A B 0,2, 0, 2) e
_pt ﬁva
o [ #0000 2 0, i i
b [ adon(e) — om©)(5 1,0, 0)p(t,0)(1 05 e dragac
SxRe
1
[ [ o ovm - im,
1
" /0 aA /R 01— 0) V) (—h) dg. (4.36)

In this step of the proof, a comparison between (4.22) and (4.36) leads to sum these



Chapitre 4. Analyse d’une loi de conservation a flux discontinu de la forme g(z,u) :
140 Unicité de la solution entropique

inequalities. By using 9¢(0;f + (1 — ;7)) = 0, this yields

1 1
/ / / (=sgny (Ohs 3 Y r(h + (a(z, €) + b(E))0s)p
0 0 R3
1
+ / 0 (Q%"Vhy 0 b
0 R3
1
n / 00(Q% Yy (1 — 0 Yoo
0 R3
b [ BelaulO) ~ r©) (U= 80me) ), + R,
EXRE
1
4 / / B (2, ) (3277 (0,2, €, &) Wbrep(0, ) dr d dC
0 z><]R§
1
> / / D (D) (=377 (0,2, ¢, €))p(0, ) dr d. dC
0 RxXRg
1
4 / / (1,006 (r) (3 (£,0,¢,€))dm dt de d
0 ZXRg
1
s [ ] Aelon() — an€)(—7 (10,6, €)p0.0)(1 — 67 )mdrde dc
0 JExRg
1
- /0 dC/RS p0c(r) (—j27)dm .
1
" /0 A [ oOe((wr)(he) g (4.37)

Now one can pass to the limit on n in (4.37). Indeed, the regularity of function 6,
is not necessary. The only term which brings difficulties is :

1
L[ 0eton®) — am(@)(—5770,0,6, 9)p(6,0)01 — e de e
0 Zng
1 +oo
- [ [ ] Be(9r.(6) — gr(©)) (3P (£,0,,€))p(t,0)
0 Jo {&:910(8)—9gr(£)<0}
(1 —0)gdtdédC,

but on {¢ : g1.(¢) — gr(€) < 0}, (1 —6;) tends to zero when n tends to infinity, then
by using the Lebesgue dominated convergence Theorem, this yields :

1
[ octon(©) — am@)(~577(1.0.6.)6(0.0)
0 JuxRre

(1- 9:{)7!)1% dtd§ d¢ —p— 100 0.
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So when n tends to infinity, (4.37) becomes :

1 1
/ / / (=, (Ohs 1257 ) op(d, + (alz, €) + () )
0 0 R3
1
+ / 5x(Q€’V’U)h+¢R<P
0 R3
+ / 0e(92(&) = 9r(©) ™ ((1 = 0)WRY) * Yp00),_, + Rbuo
EXRE
1
+ / / B (1, ) (357 (0,2, €, &) Wrep(0, ) d d dC
0 o XRe¢
1
_ Bo
> /0 / o, PR 00, )0,0) o
1
+ / / (1, 0)0 (Yr) (—§% (£,0,¢, €))dm dt de d
0 ZXRg
1
+ [ac [ om0 dm.

1
+ [ [ o) ad? (4:38)

1
Finally, one remarks that O¢9r(§) = Ew'@ /R) tends to zero when R tends to infinity
and Yg(£) — 1; by using Lebesgue dominated convergence Theorem, (4.38) becomes

1 1
|| [ s 0had™m @0+ (ae.€) + b0
0o Jo JR3
1
B.v,o
w [ ] 0@ g
1
b [ @O 0., )0, 0) o de i
0 Rxng

+ / 8&(911(5) - gR(g))i((l - HJF)SO) * f)/ﬁ,u,a)h:o + %B,y,o Z 07
YxRe

Remark 4.5. The function v¥gr are introduced in order to assure the well definition
of the considered integrals.
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Now, one passes to the limit on 3,v,0.
In (4.38), 0 — 0, then v — 0, using (4.25), this yields :

1 1
/ / / (—sgn, (Oh )0 + (al€) + b(€))0h)p
0 0 R3
1
0 € 8 T x) dx
+ /O /]Rxx]Rg h+( ag)(.]—(oa aCag))gp(Oa )d dédg
b [ Bl — grl©) (1= 0%)0) < pal)
EXRE

+ R>0 (4.39)

The limit as § — 0 of the remaining terms is studied. First,

1 1
i [ [ [ (s 0h4)(@ + ao.6) + 400

1 1
_ / / / (—sgn (Dhaj- )@ + (a(x,€) +b())D: )
0 0 R3

Secondly,
' 8
[ [ meor20mc 000w
0 IXRE
1 oo
= [ [ 6. 910, 0 drd ac
0 JRyxRe JO
1 00
- / / / hgr(x’g)(_.]*(saxaCvg))w/ﬁ(s)@(o,JT) dx d€ dC,
0 IXRE 0
therefore, for an appropriate subsequence, by Proposition 4.2, this yields

1
lim / / B (2, ) (=52 (0, 2, ¢, €))p(0, ) dx dE
0 RSCXR.E

B—0

1
— / / B (2, €) (=™ (2, €))p(0, ) da dé .
0 ]Rxx]RE

The trace j7° satisfies the identity
0 = jg + 85(]0_
from which one deduces

1
/ / B (2, ) (™ (2, C, €))p(0, ) d e ¢
0 IXRE

< [ RO @ €)el0.0) du de.
RIXRé
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Finally by using éim0 Rz =0, (4.39) becomes

1 r1
/ / / (=sgn (D)0 + (a() +b()9a)¢
0 Jo JR3
" / hS (2, €) (=12 (x,€))(0, ) dz dE
Rz xR¢

> 0. (4.40)

+ / (92 (&) — gr(&)) (1 —0")p) =
SxRe

|ac:0

To conclude, the last term becomes :

|ac:0

[ octan(©) - ane) (- 0))
ZXRg
= [T oton©) - on©) 11— 071000
0o Jo,]
= [Te0) [ oo - gn(e) (11— 0%,
0 [0,1]
with

0clo0(©) ~on(€)"(1=0) = tim 3 [ Gelan(©) ~anl6)) .

[0,1] Mmoo I
and for all ¢

/J_ de(gr (&) — gr(£))dE =0,

because on 0.J;, gr = g1, (see remark 4.4).

Then,

1 1
[ ][ sen g+ (atee) + 0©)00)
0 Jo JR3

b @O )00 duds 20, (4.41)
Rxng

Collecting the previous results, and using the identities
[ hetciode = @=oyt, [ K= = (o )
[ e (i = 0 @), [ WO (=i = ¥ wo),
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lead to the inequality

[ oo
n /01 /OI/OOO/R(thF(x,u,v)+\I/+(u,u))6x<pdmdtd)\dC
+ /R(uo — ) " p(0, )dz > 0.

Finally, it’s classical to obtain

/01 /01 /OT /z(“(t’xak) —o(t,z,())" drdtdAdC

R+CT
< T/I:CT(uo(x) —vo(z)) T da.

In the same way, the same result with the half entropy (v — k)~ is obtained.
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Chapter 5

Analyse d’une loi de
conservation a flux discontinu de
la forme g(x,u): Existence d’une
solution entropique et
convergence d’un schéma
Volume Fini

Abstract : In this paper, one studies a hyperbolic scalar equation in one
space dimension with a flux function which is discontinuous with respect
to the space variable. In the first part, one presents a convenient definition
of weak entropy solution which ensures a uniqueness result. In the second
part of this paper, one proves the convergence of some numerical results,
whose a by product is the existence of a weak entropy solution.

5.1 Introduction

The Cauchy problem writes :

{ Ou+ 0y (g(x,u) + f(u) =0,  (t,2) € Ry xR,
(5.1)

u(0, ) = uo(),
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with initial value ug € L*(R;[0,1]). The functions f and g are supposed to satisfy
the following hypotheses :

(H1) g is the discontinuous function defined by
~f ogr(w) ifx<0 .
g(z,u) = { gr(u) ifz >0 with g1, # gr,
g, 9r € Lip([0,1]) and g2 (0) = gr(0) = g2(1) = gr(1) =0,
(H2)  f € Lip([0,1]).

One introduces the time - space domain @ := (0, +00) xR and the line of discontinuity
of the function g in the time - space domain, ¥ := (0, +00) x {0}.

One refers to the introduction of part I for the model of problem (5.1).

To study conservation law, finite volume scheme is well adapted. In this paper, one
has been interested in this scheme for problem (5.1). One wants to know if there is
convergence of the scheme and uniqueness of the “well” solution, i.e. entropy solution
(see Definition 5.1), under natural hypotheses.

The uniqueness of entropy solution is established in part I, then the aim of this paper
is to show the existence and the convergence of the scheme to the unique entropy
solution. One specifies that the function g isn’t genuinely non linear with respect to
u. This last point is a new point compared with preceding works on the subject (see
in particular [KR95, Tow01, KRT02a, KRT02b, KRT03, SV03, AJV04, Bac04]). In
[BV05], the existence and the uniqueness have been established without assuming g
genuinely non linear. However, the existence is not established with the convergence
of a scheme. In particular, to establish the existence of entropy solution and to show
the convergence of the scheme one does not use Temple function (as in [KR95, Tow00,
Tow01, KRT02a, KRT02b, KRT03, SV03, Bac04]) because, principally, fos lg'(s)| ds
is not invertible if g is not genuinely non linear and moreover the existence of traces of
entropy solution along the line {x = 0} is not assumed. In fact, with g not genuinely
non linear, one don’t know if these traces exist.

The definition of entropy solution is remained :

Definition 5.1. Let up € L®(R) with 0 < ug < 1 a.e. on R. A function u €
L>(Q;[0,1]) is said to be an entropy solution of problem (5.1) if it satisfies the
following entropy inequalities : for all k € [0,1], for all non-negative function ¢ €
CSO (R+ X R);

/OOO /R(u(t’ x) — K)* Opp(t, x) dt do
- /0 /R(CP (z,u(t,x), k) + U (u(t, ), k) Opp(t, ) dz dt

T / (uo(z) — k)* 9(0,2) dr + /°°<gL<n>—gR<n>>iso<t,o>dtzo, (5.2)
R 0
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where respectively ®* and UF denote the entropy fluz associated with the Kruzhkov
entropy,

q)i(x’u"%) = sgni(u—m)(g(x,u)—g(w,/{)),
U (u, k) = sgny(u—r)(f(u) = f(r)).

The scheme for problem (5.1) considered is in first order Euler scheme explicit in
time and finite volume scheme in space (see subsection 5.2.1). In section 5.3, the
main property of this scheme is established : the “weak-BV estimate”. This estimate
permits to establish the existence of entropy process solution (see subsection 5.4.2)
differently that in [BV05] and the convergence of the scheme.

One remarks that there exists some studies of this point, in the case of g(z,u) =
k(x)g(u) with k discontinuous function and g is genuinely non linear or convex (see
by example [Tow00, Tow01]). But it is just proved that a subsequence of the approx-
imated function converges to a weak solution. In [AJV04], the authors establish the
same result with g;, and gr which only have one maximum on [0, 1] and not a local
minimum (in particular, they impose that g; and gr are genuinely nonlinear).

In addition, in several works ([KRT02b, KRT03, KT04]), a conservation law with
discontinuous flux function is introduced differently : the authors are interested in
the problem dyu + 0, f(k,u) = 0 with k a discontinuous function in space time.
This problem is equivalent to a 2 x 2 resonant (non-strictly hyperbolic) system of
conservation law

Ok=0 and O+ 0pf(k,u)=0.

In [LTW95], the authors are interested in Glimm and Godunov scheme and in
[KR95, KRO1], in front tracking scheme. It is proved that these different schemes
converge to a weak solution for such a problem and they assume that f is convex
or genuinely non linear with respect to u. Recently, in [KRT03], the authors have
established the existence and the uniqueness of entropy solution for the problem
Oyu + Oy f (k(z,t),u) = 0 with k piecewise Lipschitz continuous and f genuinely non
linear with respect to u. For such a problem, in [KT04], the authors have proved, for
the first time, the convergence of the Lax-Friedrichs scheme to the entropy solution
that they introduced in previous work ([KRTO03]). Nevertheless, they always assume
that the entropy solution must have some traces along the line of discontinuity of
function k and that g is genuinely non linear.

In this paper, one proves that the approximated function, built with monotone finite
volume scheme, converges to the unique entropy solution (see section 5.5). By using
the convergence of the scheme, the existence of entropy process solution is obtained
differently from [BVO05] (see subsection 5.4.2). To establish this results, one uses
some tools introduced by R. Eymard, T. Gallouét and R. Herbin (see [EGHO00])
since Theorem 5.3, and by C. Chainais Hillaret and S. Champier in [CHCO01] for
conservation law with ¢ Lipschitz continuous function.
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5.2 Finite volume scheme

5.2.1 Presentation of the scheme

In this section, problem (5.1) is approximated by a finite volume scheme. Several
works deal with this subject (see [Tow00, Tow01, SV03, AJV04, KT04]). In this
paper, it is a general approach which includes previous works ([Tow00, Tow01, SV03,
KTO04]). However, in [KT04], the problem which is considered is not exactly the
same: u; + f(k,u); = 0 with k£ a discontinuous function on z. But the ideas, which
are in our works, can be adapted for such a problem.

The definition of the mesh in space writes :

Definition 5.2. An admissible mesh T of R is given by an increasing sequence of
real values (2;11/2)iez, such that R = U;cy[Ti—1/2, Tit1/2] and satisfies 1o = 0. The
mesh T is the set of T = {K;,i € Z} of subsets of R defined by K; = (7;_1/2,%;11/2)
for all i € Z. The length of K; is denoted by h;, so that h; = x; /5 — x;_1/2 for all
i € Z. One notes h = size(7T) = supjez h;.

Remark 5.1. The choice of x5 =0 does not lose generality.

Consider an admissible mesh 7 in the sense of Definition 5.2 and let £ € R* be the
time step. In the general case, the finite volume 3-points scheme for the discretization
of problem (5.1) can be written : Vi € Z, Vn € N

?(ui o ug') + Qi+1/2(ui S Uy) — Qi—l/Q(ui—laui ) =0,

1
ug = _/ uO(':C) de,
hi Jk,

where v} is expected to be an approximation of u at time ¢, = nk in cell K;. The
quantity G;q /Q(U?, u, ) is the numerical flux at point ;4 /2 and time ¢, associated
to the function g(z,u) + f(u).

(5.3)

The approximate finite volume solution is defined by
ur k(z,t) = uj for x € K; and t € [nk, (n + 1)k). (5.4)

The writing (5.3) is equivalent to :

U?H = Hi(uwiq,ui,uilyy)
k
= u - F(Qi—f—l/Z(u??uﬁl—l) = Qi—12(ui1,ui")). (5.5)
T

The flux functions satisfy the following hypotheses :
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(H3) Flux adapted to g :
* Vi< =1, Qip12=QL, Vi>1 Qir1/2=0Cr,
* Vi € [0,1], Q2 (r, k) € [gr(K) + f(K),gL(k) + f(K)] or Q1y2(k, k) € [gL(K) +
f(K), gr () + f(K)].

(H4) Regularity of flux functions : Functions Qr, Qr and @, /2 are locally Lip-
schitz continuous from R? to R and respectively admits for Lipschitz constant
Ly, only depending of gz and f, Lg only depending of gr and f, Ly, only
depending of g and f.

(H5) Consistency of flux @ and Qg : Yu € [0,1], Qr(u,u) = gr(u) + f(u) and
Qr(u,u) = gr(u) + f(u).

(H6) Monotonicity (u,v) — Qr(u,v), (u,v) — Qgr(u,v), and (u,v) — Q1 /2(u,v)
from [0,1]? to R, are nondecreasing respect to u and nonincreasing with respect
to v.

Remark 5.2. Hypothesis (H3) is satisfied by the schemes called scheme 1, scheme 2
and the Godunov scheme are be presented in [SV03], for g(u) = u(l —u) and f = 0.
In fact, for the Godunov scheme, the authors impose the continuity of the numerical
flux through the interface as follows :

« Qup(uf,uy) = Qrlug,ul™) = Qr(ul™", uf) with gr(ui”) = gr(u™).

and this hypothesis implies the second point of hypothesis (H3) for the Godunov
scheme. In [AJV0]], schemes which are presented also satisfies all these hypothe-
ses.

In [Tow00, Tow01], the author considers a staggered scheme which satisfies (HS3)
(with theses notations, if one takes xo = 0). Then, the study presented here requires
several adaptations to establish the convergence of this staggered scheme to the unique
entropy solution of problem (5.1).

5.2.2 Monotonicity of the scheme and L* estimate

Hypothesis (H7) ensures the monotonicity of the scheme under CFL condition (5.6)
and this hypothesis is satisfied in all schemes presented in previous works ([Tow00,
Tow01, AJV04]. The monotonicity permits to establish the L>° estimate under the
CFL condition (5.6). One remarks that this property of the scheme is classical in the
theory of the numerical schemes for conservation law with continuous flux function

(see [EGHO0]).

Lemma 5.1. Let T be an admissible mesh in the sense of Definition 5.2 and let
k € R be the time step. Let ug € L®°(R) with 0 <wup <1 a.e. on R.

Let ut i, be the finite volume approzimate solution defined by (5.4). Under the CFL
condition

L < inf;ez h;
= 2max{Lyr, Lg, L12}’

(5.6)
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the function H;, for all i € 7 is nondecreasing with respect this all arguments and the
approzimation ur j, satisfies

0<ur,r<1 forae xR andae teRy, (5.7)

as the entropy solution associated with initial condition ug.

One wants to show that H;, which is defined by (5.5), is nondecreasing with
respect to all these arguments. To simplify, one assumes that for all i € Z, Q; /3 is
C'. This yields :

OH; k n o n k n n
—— =1 E(Qz‘—}—l/Q)u(ui ,Ui+1) + F(Qi—l/Q)v(ui—laui )

ou? i

k
>1- Qh_ maX{LgL’LgR,Ll/Q} >0,
%

under the CFL condition.

oul, | - _h_i(QiH/?)U(uz‘ suiy1) 2 0,

because @Q;41/2 is nonincreasing with respect to it second argument.

OH;
uil

k
= F(Qi—l/Q)u(uzn—bU?) >0,
(2
because ;1 /2 is nondecreasing with respect to it first argument.

By hypothesis, 0 < u? <1 a.e. on R, then for all ¢ € Z, by monotonicity one obtains

HZ'(O,O,O) < uzl = Hi(u?’uo—l’u?-i-l) < Hl'(la 1, 1)

7

with H;(0,0,0) = 0 and H;(1,1,1) = 1, because g, and gg are equal to zero in 0 and
in 1 (see (H1)).
By induction on n, this gives (5.7).

5.2.3 Discrete entropy inequalities

In this part, some entropy inequalities satisfied by the approximate solution are estab-
lished by using the monotonicity of the scheme (this point is classical, see [EGH00])
and by using the value of H;(k, K, k) # Kk, generally.

This entropy inequalities are satisfied on each cell [t", t"1[x K;.
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Theorem 5.1. Under (H3) to (H7), let T be an admissible mesh in the sense of
Definition 5.2 and k € RY_ be the time step. Let {u},i € Z,n € N} be given by (5.3);
then for all k € [0,1], i € Z and n € N, the following inequality holds :

k k
ntl <y — k] — (G G" + —|; 5.8
=l < =l = G, - 6Ty + 59
with
G;:_% = QHl/Q(u?T/{,u?HT/{) — QHl/Q(u?J_/{,u?HJ_/{),

6 = Qip12(k, k) — Qi_1/2(K, k).
Remark 5.3. [t is clear, with hypothesis (H3), that §; # 0 just for i =0 and i = 1.

Proof : ]
Let i € Z,n € N, k € [0,1] and \; := 7
The proof is based on the monotonicityzof the scheme, on the equality : a Tb—alb =

|a — b| (for all a,b real values) and on the value of H;(k, K, k) = k — \; 9.
The proof is divided in two steps according to the sign of §;.

1. Assume that §; > 0.
On the one hand, by monotonicity, one gets :

u?—H—)\i(Si < U?HZH(U? 1 U )
< Hi(uiy Tw,ui TR, uilyy Tr) (5.9)
and
k=0 < Hi(ul Tk, ul Tk quTli) (5-10)

then with (5.9) and (5.10)
(Wt = N 6)T (5 — N &) < Hy(ul" y Tr,ult Thyuly TR),
and
(W TR) < Hi(ul T, ul Tryulyy TR) + N 6 (5.11)
On the other hand,
K> K—N0 > Hi(ul Lr,u) Lr,uiy LK),

and
T > Hy(ul oy Lk, ul Lk, uly ) Lk),

then

Lk > Hy(uf ) Lk, ul Lk, ul L k). (5.12)
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Finally, withdrawing (5.11) and (5.12) this yields :

juptt — k| = (W] TR) = (uft! LK)
< Hi(u} 1 Tr,ul TR, uj TR)
— Hi(ui LR, uw) L, uiy 1 LK)
+ Aidi
< Hi(u}  Tr,u! Tr,u Tk)

— Hi(w"  Lr,ui Lk, uiy Lk)
+ i |04]. (5.13)

2. If §; <0, one proceeds in the same manner to obtain (5.13) : one gets

uf ™t = sl = @R = (T L)
Hi(ui  Tr,up Truj TR)
— Hi(ui_ Lr,ui L, uiy LK)
— N0
Hi(u} 1 Tr,ul TR, uj TR)
— Hi(ui LR, uw) L, uiy 1 LK)
+ i |04]. (5.14)

IN

IN

Eventually, this yields for all x € [0, 1]

;”rl —kr] < Hi(ui TR, u TRyuiy  TR)
— Hi(ui_ Lk, ui L, ui'y 1 LK)
+ Ai |0

|u

Eventually,

Hi(up  Tr,ud Tryuiy Te) — Hi(u Lk, ui L, ul LK)

Then, forall K € [0,1],7 € Z and n € N

[t — k| < Jul — K| — )\i(G;:_% -G ) + i |64

5.3 Weak BV estimate

In this section, an estimate on the discrete derivates of the approximation solution
are established. It is called “weak-BV estimate”. This weak-BV estimate is a crucial
point for the proof of convergence of the scheme. For conservation law with continuous
flux function g; = ggr, the proof of the weak BV estimate is established by R.
Eymard, T. Gallouét and R. Herbin (see [EGHO00]). Here, their methods are adapted
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to problem (5.1), the problem is considered as two problem : on the left and on
the right of line {z = 0} (because in this domain one has a conservation law with
Lipschitz continuous flux function). Then, a study of the scheme around {z = 0} is
necessary.

In what follows, one introduces :

Definition 5.3. Let a,b be real values, then one defines
C(a,b) = {(p.q) € laLb,aTb]; (¢ —p)(b—a) = 0}.

Theorem 5.2. Let £ € (0,1) and o € (0,1) be given value. Let T be an admissible
mesh in the sense of Definition 5.2 such that for all © € Z ah < h;. Let k € R
satisfying the CFL condition

(1-&ah
B 2maX{LLa LRa L1/2} .

(5.15)

Let {u}', i € Z, n € N} be given by the finite volume scheme (5.3). Let R € R and
T € R and assume h < R and k < T. Let ig,ia € Z and Ny € N be such that
~R € Ky, R € Ky, and T € (Nrk,(N + 1)k]. Then there exists C € R*, only
depending on g, f, R, T, ug, & and a, such that

ZkZ o ®)+ 1) = Qrlr )

pqECu U

+ max  |gr(q) + f(q9) — Qr(p,q)|

(p.a)€C(u uf, 1)

+ ZkZ \gR( )+ f(p) — Qr(p;q)

0 i 1pqECu uZ+1

+ max  |gr(q) + f(q) — Qr(p,q)| <

(5.16)
(P.)€C(u u1+1)

SR

Remark 5.4 (Formal derivations of the weak BV estimate). Approzimating
the solution of problem (5.1) by the finite volume scheme (5.3) (with h; = h for all
i, for the sake simplicity), is equivalent (as far as approzimation is concerned) to
solving the equation (5.17)

Ou+ 0 (97 (z,u) + f(u)) — €0zgu =0 (5.17)
where € = (h — k)/2 under the CFL condition (5.15). One assumes that u is reqular

enough, with null limits for u(t,z) and its derivates as x — +oo and ¢° a regular
function which approximates g when e tends to zero such that ¢°(x,u) = g(x,u) for
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2] > e, uw € [0,1] and g*(z,u) € [gr(u),gr(w)] or € [gr(u),gr(w)] for |z| < e,
u € [0,1]. Multiplying (5.17) by w and summing over (0,T) x R yields

1/ (Tx)dm——/ Oxdx—i—// (0pu)?(t, ) dz dt

/ /6 (z,u) + f(u)) udzdt =0

On the one hand, one remarks by the reqularity of function u that

/ /8 ) udzdt = 0.

On the other hand, 0,(¢%(x,u))u = 0y¢°(z,u)u + 0,9° with g° a regular function
defined by 0,5° = u@uge(x,u). This yields :

T
[ ] 2ug @y wdode] < Jlullcliongls < Co.
0 R

Finally, one obtains with T sufficiently large :

T
/ / £(0pu)?(t,x) dz dt < Cy
0 R

with Cy depending only on g, f and ug. This is the continuous analogous of (5.16)
and one remarks that one just needs that ug € L*°(R) to obtain this estimate.
5.3.1 Proof of Theorem 5.2

In order to prove (5.16), one multiplies equality (5.3) by h;u] and sums the result
over ¢ =1ig,...,—l orover ¢ =1,...,i9, and over n =0,..., Np.

Remark 5.5. In this part, C; denotes constants only depending on g, f, T', R, uo,
§ a

On the one hand, |for ¢ = ig,...,—1, Qi+1/2 = Qr, and Qi_l/Q — Qp |, the sum gives
B1+By=0
where
Nr —1
Bio= ) > hilwfTt i), (5.18)
n=01i=ig
Np —1
By = SN k(Qulul ufy) — Qrlul g ult))ul. (5.19)
n=0i=ig

We will study each term separately.
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1. Study of term B,
A change of index permits to obtain :

Nr —1

By = 33 MQuuf,uli) — (gn(ul) + Fluf)))ul

n=0 i=ig
Np —1

— >N RQuuly ) = (gr(uf) + f(u)))up

n=0 i=ig
Np —1

_ Z Z E(Qr(uw,uiy 1) — (9o (ui) + f(ui)))uf

n=01i=ig
Nr =2

- Z Z R(Qr(ui' uit 1) — (gr(uiyr) + fuir)))uiy

n=01i=ip—1
Nt —1

= D> KQuluf,ufy) = (gr(uf) + fluf))uf

n=01i=ig

—(Qr(ui, uiyy) — (gr(uiyr) + fuihr)))uii

Nt
— Y k(Qulupyup) = (gr(u) + f(uf))))
n=0

Nt
+ Y KQu(uly uf) = (91(ug) + f(uf))uf
n=0

_ Bl+B
with
Nr —1
B =33 k((Quluf wly) = (gruf) + F(uf)))uf
n=0 i=ig
~(Qulu, ) = (gu () + Fluer))) i )
and

|B| < C).

Denoting by @7, a primitive of the function (.)g} (.) + (.)f'(.), an integration by

parts yields, for all a, b real values

b
Bp(b) - ®p(a) = / 5 (g (s) + f(s)) ds

= a(Qr(a,b) - (gz(a) + f(a)))
— b(Qr(a,b) — (gr.(b) + £(b)))

b
— [ on)+ 76) ~ Qufa) ds.
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Then, BJ becomes :

By = ZkZCI)L ui'y1) — Pruiyy)

i=ig

+ ZkZ/ (91.(5) + £(5) = Quul' ul\.)) ds

with, immediately ]Bgl’l\ < (5. For study term B , one need the following
result :

Lemma 5.2. Let f € C(R) and j € C(R?) Lipschitz continuous which satisfies
for all s € R j(s,s) = f(s) and which is nondecreasing with respect it first
argument and nonincreasing with respect it second argument. Let j1 and jo be
the Lipschitz constants of j with respect to its two. Let (a,b) € R?, then f and
j satisfy the following inequality :

b 1 9
[ -itan)ds > 5 ( max (50) - i)

2(J1 + J2) \(p,g)eC(arb)
+ max (f(q) —j(p,q))Q)-

(p.9)€C(asb)

The reader can find the proof of this lemma in the Handbook of numerical
analysis [EGHO00] (page 915).

By using Qr.(s,s) = gr.(s) + f(s) and Qr, nondecreasing with respect it first ar-

gument and nonincreasing with respect it second argument. Applying Lemma 5.2
12 .

to gr, + f and Qr, By gives :

By > 2LLZ z( max - (9u(0) + f(0) = Qulp )"

i~ (P)€C(u,ufy )

max  (g1(q) + £(0) — Qu(p.a))*)-

(p.@)eC(u ,ufy )
Then, this yields :

Np -1
2
B, > 2L, n;) k;% <(,,,q)ef§}3§§,um(9L(p) +f(p) = QL(p,9))
2
F e, (900) + /(@) = Qulp,q)) )
S (5.20)
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2. Study of B;
By using the definition of B; (5.18), one has

Nr —1 -1 -1

1 1 1 N_—
I ) DRI Ny s
n=0 i=i0 i=i0 i=i0
| Nr - =
> IS S - by 521
n=01=1i9 =10
By using scheme (5.3), for i € {ip,..., —1}, with the CFL condition (5.15),
this yields
1 2 k?
hau =) = = (1Qulufuiy) = (gn(uf) + F(uf))]
(2

Qe 1) — (gn () + F(u7))])

(1 -9k
ma*X{L[n LR7 L1/2}

% ([Qu(uf ully) = (g (uf) + f ()
HR () = (g0.(uf) + FW))P)

IN

Moreover, one has

Nr -1
Z k Z[QL(U?7 utyr) = (gr(uy) + f(uiy)))?
n=0

=10

~[Qr(ufy,uf) = (gr(uf!) + f(u}))]* < Cu.
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Then, one obtains

1 Npr -1
52 D bt =)

n=0i=i
(1- . .
< 2maX{LL,LR,L1/2} <Z k ZZZ% Qr(uf,ulyy) — (gr(ul) + f(u)))?
+Qr(uf', uiy 1) — (gr(uiyr) + f(U?H))]Z)
+C5
L -9

2max{LL, Lg, L1/2}

<Zk2 max  [gz(p) + f(p) — QrL(p, )]?

(p.a)€C(u uf, 1)

+ max lgr(q) + f(q) — Qr(p, Q)]Q)

(p,@)EC(u “1+1)
LG (5.22)

By using the preceding inequality, (5.21) gives

(1-9)
>
B =2 2maX{LL,LR,L1/z}

(zkz max  [g1(p) + f(p) — Qulp,q))”

(p,q)eC(ul uZ_H)
+  max - [gr(q) + f(a) — Qr(p, q)]Z) - Cs,
(p,a)eC(uf,ufy )
(5.23)
=
: _ 0y2
with Cs = C5 + B Z(uz) .
BN
3. Final estimate
By adding (5.20) and (5.23) and by using By + By = 0, this yields :

0 = B+ By
§
2maX{LL,LR,L1/2}

>

kaZ max  [gz(p) + f(p) — Qr(p, @)?

(p.a)€C(uf uf, 1)

+ max  [g2(q) + f(q) — Qr(p, q)]?

(p, Q)EC(U uz+1)
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Then, one obtains :

Z Z max lgr(p) + f(p) — QL(p. q))?

; (p QEC(u,uy )

+ max  [g1.(q) + f(q) — Qr(p, q))* < Cr.
(p@)€C(u “1+1)
(5.24)
For i =2,...,i2, Qi11/2 = Qr and Q;_1/2 = Qg |, in the same manner as bellows,
one shows :
k max + — Ik
Z ZZ o) ml)[ 9r(p) + f(p) — Qr(p, q)]
+ max  [gr(q) + f(q) — Qr(p,q))* < Cs. (5.25)
(p Q)EC(U uz+1)
Moreover
Zk max  [gr(p) + [(p) — Qr(p, )]’
5 (Po)EC(ulug)
+  max [gr(q) + f(q) — Qr(p,q)]* < Co, (5.26)
(p,a)€C(uf ,uf)
Nt

because Z k<T.

n=0
Finally, adding (5.24), (5.25) and (5.26), this yields :

Z Z max [ L(p) + f(p) — Qr(p.q))?

(p q)eC(uf u, )

max lgr(q) + f(q) — Qr(p, Q)]Q

(p.g)€C(uf u?, 1)
+ k max + _ ’ 2
Z Z(p q)eC(uy ,um)[ 9r(p) + f(p) = Qr(p, )]

+ max lgr(q) + f(q) — Qr(p,9)]* < Cia.

(p.@)€C(uf sui 1)

i=

To obtain estimate (5.16) and conclude the proof of Theorem 5.2, it is sufficient to
apply the Cauchy-Schwartz inequality to the preceding inequality.
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5.4 Entropy process solution

5.4.1 A property of bounded sequences in L*(R, x R)

Definition 5.4. Let Q be an open subset of RN (N > 1), (up)nen C L®(Q) and
u € L*®(Q x (0,1)). The sequence (un)nen converges towards w in the nonlinear
weak-x sense if

1
/Qh(un(m))i/}(x) dx — /0 /Qh(u(x, a))p(z)dx do, asn — 400
vy € LY(Q), Vh € C(R,R). (5.27)

Otherwise speaking, the sequence (uy)nen converges to u € L°(2 x (0,1)) in the
nonlinear weak-x sense if, for every h € C(R,R), the nonlinear expression g(u,)
converges in L>°(Q) weak-+ to a limit which has the structure fol h(u(-,))da. The
fact is, that any bounded sequence of L>°(£2) has a subsequence converging in the
nonlinear weak-* sense :

Theorem 5.3. Let Q be an open subset of RNV (N > 1) and (un)nen be a bounded
sequence of L>®(2). Then (up)nen admits a subsequence converging in the nonlinear
weak-* sense.

This result is established by R. Eymard T. Gallouét and R. Herbin (see [EGHO00]).
It is a result based on Young measure and a result of Di Perna (see [DiP85]).

This kind of convergence permits to pass to the limit in the numerical scheme and
thus to show the existence of an entropy process solution, as follows.

5.4.2 Existence of entropy process solution

The notion of entropy process solution is introduced. This notion appears when one
considers the convergence of the scheme by using the weak-x non linear convergence.

Definition 5.5. Let uy € L®(R) with 0 < up < 1 a.e. on R. Let u € L*®(Q X
(0,1);]0,1]). The function u is an entropy process solution of problem (5.1) if for
any K € [0,1] and any ¢ € C(R?), ¢ > 0,

/1/(u(t,x,)\) — &) E0p(t, x)dtdzd\
0 JQ
1
* +
+ /0 /Q[‘I> (z,u(t,x,\), k) + U (u(t, x, \), k)| Opp(t, z)dtdzd\

+ /R (uo(z) — K)= (0, 2)dx
+o00

© (k) — gr(r))* /0 (£, 0)dt > 0. (5.28)
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Remark 5.6. Let up € L®(R) with 0 < up < 1 a.e. on R and u € L®(Q x
(0,1);[0,1]). The function u is an entropy process solution of problem (5.1) iff for
any k € [0,1] and any ¢ € C*(R?), ¢ >0,

/1/ u(t, 2, A) — k|Orp(t, ) dtdzd)
0 JQ
1
" /0 /Q[q)(x’“(t’x“)’”)+‘1’(U(t,m,A),n)] Duip(t, z)dtdzd)

+oo
+ [ fuola) = o0 )z + lan(e) =gl [ et 0)a >0,

In following Theorem 5.4, the existence of entropy process solution by convergence
of the scheme is established.

Theorem 5.4. Let ug € L2¥(R) with 0 < ug < 1 a.e. on R. Let & € (0,1) and
a € (0,1). Let (T, km)m be a sequence of admissible meshes and time steps such
that for allm € N, for all i € Z a size(T,,) < h]*. Assume that ky, satisfies (5.15),
for T =T, and k = ky,, and size(T,)— 0 as m — +o0.

Let ur, k,. be the finite volume approximate solution defined by (5.4). Then there
exists v € L®(Ry xR x (0,1)) and a subsequence of (ur,, k., )men which converges to
v for the weak-* nonlinear convergence as h'™ = size(Ty) — 0, and v is an entropy
process solution.

By Lemma 5.1, the sequence (u7,, k., )men is bounded by 1 in L*>(R* xR). Therefore,
by Theorem 5.3, there exists v € L*(R% x R x (0,1)) such that a subsequence of
(UT,,, ki Jmen converges, as m tends to oo, towards v in the nonlinear weak-x sense.
In fact, function v is an entropy process solution to problem (5.1).

Remark 5.7. This proof of existence of entropy process solution is based on some
tools used in [EGHO0] to prove the existence of entropy solution of a conservation law

with a Lipschitz continuous flux function. To establish that v is an entropy process
tn+1

1
solution, (5.8) is multiplied by E/
t

n

/ o(t,x)dtdr and one sums on i and n.
K;

One studies each term separately. The main new points (compared with [EGHO00])
are the study around {x = 0} (see subsection 5.4.2) and the study of the last term

1 tn+1

of discrete entropy inequality (5.8) given by Z Z |5l|—/ / o(t,x)dtdz (see

; hi Jo K,

1€Z nEN ¢
subsection 5.4.2).
Let ¢ € C°(Ry x R,R;), m € N. Let 7,,, = 7T et ky, = k. As supp(yp) is compact,
there exists 7' > 0 and R > 0 such that suppy C [0,T] x [-R +h,R —h]. Let i, iy
and N7 as defined in Theorem 5.2.

1
Let k € [0,1], multiplying (5.8) by E/
t

n

tn+1

/ o(t,z)dt dx, and summing for i =
K;
10y--., %2 and n =0,..., Ny, yields :

A+ Ay < As.
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We will study each term separately.

Study of term A;

tn+1

i N 1
A= S (=l = =)

N B n
i—=ig n=0

/ o(t, ) dt dz
K;

i9 Nrp tn+1

t+k — (t
X, k

i=ig n=0 t

12 1 k
— ) — k|~ o(t,z)dtdz
! k
0 JK;

=10

In fact, for this term, one just uses the fact that uz ; converges to v for the weak-x
non linear convergence as h tends to zero.
On the one hand, one gets

19 1 k
By = _Z|U?_K|E/O /Kgo(t,x)dtdx

=10
1 k R
= ——/ / lur, 0 — Kkle(t, z) dt dz, (5.30)
k 0 —-R
with ur o =)z uglKi.

1 [k
However ur o converges towards ug in L}, (R) and % / ©(t, z) dt converges towards
0

©(0,z) when size(7") tends to zero. This yields :
By — / |uo(x) — K|e(0,z) dt dz, with h tends to zero.,
R

On the other hand,

i9 N g+l
_ n (P(t + k,.%') B (P(t,.%')
B = ‘ZZ;'“Z““'/W /K ) dt d
1=10 N= g
7 Nt ¢+l
t+k,x)— ot
S 3 O I TR R A e
i=ign=0"1" Ki &
T rR
t+k,x) — ot
= —// ’uTk(ux)—/‘&‘@(_i_ @) =) gy
o Jor ' k

ur ) converges towards v in the nonlinear weak-+ sense wit A — 0, then

T (R T R 1
/ / lur k(t,x) — K| dt de —p_0 / / / lv(t, z, ) — K| dt dx.
0 -R 0 -RJO
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and by use the regularity if the function ¢, one gets : Moreover

ot + k,x) — p(t,x)
k

T R 1
B; —p0 —/ / / [v(t,x, ) — k|Opp(t, x) dt dx.
o J-rJo

One concludes

T 1
lim A; = —/ / / [v(t,z, ) — k|Opp(t, ) dt dox do

T
—/ lug(x) — kle(0, z) dz.

0

—h—0 Op(l, ).

then

Study of term A,
Term As is defined by :

ia Nt

Ay = —ZZ Q12 — Qi 1/2/

lzonO

tn+1

/ o(t, z) dt dz
K;

ia—1 N g1

= = Z Z z+1/2 Qi 1/2 /

i=ig+1n= 0

because supp(yp) C [-R+ h, R — h).

/ o(t,x) dtdz,
K;

(5.31)

(5.32)

The discontinuity of function g and the definition of Q7' /2 bring difficulties. Then,

ones specifies various steps to establish that

h—0

e At first, one proves :
lim ‘AQ - AQO’ =0
h—0

with Aoy defined as follows :

i N n+1

Ay = _ZZQM/Q/ /Bxgp(t,x)dtdx
i=ig n=0 K
is—1 Nr g+l

- Z Z +1/2 Qi 1/2) /tn 80(15,%+1/2)dt-

i=ip+1n=0

1 proo
lim Ag = —/0 /0 /R(q)(x,v(t,x,a), k) + U(v(t, 2, a), k) 0pp(t, ) dz dt dov.

(5.33)
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The difference between these terms is majored as follows :

| Ay — Agol
ios—1 Nr
< D D QN — Qg
i=ig+1n=0
tn+1 1
/ <|§O(t,1‘i+1/2) — h_/ <p(t,x) d.%") dt
tn i JK;
io—1 Nr
< D D@ @l
i=ig+1n=0
tn+l 1
</tn T /K lo(t, 2i41/2) — @(t, @) dx) dt
is—1 Np
< Z Z ‘Q?—l—l/Q - Q?—l/Q{LiP(@) kh
i=io+1n=0
_ Nt
< Lin@)h( 3 D k|Qk s — Q)
i=ig+1n=0
io9—1 Np
+ Z Z k ‘Q?+1/2 - Q?—1/2|>
2 n=0
1 Ny
+ Lip(e)h Z Z k ‘Q?ﬂ/z - ?71/2|- (5.34)
i=—1n=0
* For i =g, -+, =2, Qiy1/2 = Qi—1/2 = 1 and
|Q?+1/2 - Q?,1/2| < |QL(U?T&U?+1T’€) — (9. (ui' TK) + f(ui Tk))|
+1Qu(wi Lk, uiyy Lk) — (9o (uf! Lr) + f(ui Lk))]
+ |Qu(uiy T, Tr) = (gr.(uf Tr) + f(ui Tk))|
+ 1Qru(ui Lk, uf L) — (gr(uff Lr) + f(uf Lk))|.

IN

IN

IN

IN
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then
—2 Nr
Z Z klQ7 12 — Qi1 ol
i—=ig+1n=0
—1 Np
< 230 3 k(IQu i ulyy) — (gn?) + F(u))
i=ig n=0

HQr(u, uity) — (gr(ui) + f(uq))l)
-1 Np

< 23 > k( max - |gr(p) + f(p) — Qrlp,q)|

(p,q)eC(ul ulJrl

i—=ig n=0
max + _ ’
(relltar, ) l9.(q) + f(a) — Qr(p,q)l)
1
= U 5.35
-V (5.35)

by using the weak-BV estimate (5.16).

* For i = 2, i, Qiy1/2 = Qi—1/2 = Qr. In the same manner as what precedes,
one obtains :

i9—1 N
DD K@y — Qo
=2 n=0
in Np
< 23N k(IQr(u}, uly) — (gr(ul) + f(uf)]
i=1 n=0
+Qr(uf, uy) — (gr(ufy ) + f(uiy))])
22 NT
< 2) > k(. max  |gr(p) + f(p) - Qr(p.q)|
i=1 n=0 (Pa)EC(uyuyy)
+ - )
g, 18D + @) = Qrlp. D)
1
< 20——. 5.36
= (5.36)
* One remarks :
1 NT NT
Z Z k[Qy12 — Q:‘L—l/ﬂ < CZ k <CT (5.37)
i=—1n=0 n=0

« Finally, with (5.35), (5.36) and (5.37), (5.34) becomes :

|A2 —A20| < C\/E h— 0, when h — 0.
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e Now, one shows that

}LH% ‘AQO — AQO‘ =0 (538)
with Asg defined as follows :

t
o —/ /(@(x,v,n)—i—\I/(v,ﬂ))@wcp(t,x)dtdx
0o JR
i2 Nrp ¢+l

= _ZZ /K (®(z,v, k) + U(v, k) Opp(t, ) dt dx

i=ign=0"t"

To prove this equality, one proceeds according to the value of 7.

* For i = d4p,---,—1, one has Q;y1/2 = Qr and for all z € K;, O(z,v,k) =
O (v, k) =g (vTk) —gr(vlk) and ¥(v,k) = f(vTkK) — f(vLk).
* For i = 1,--+ ,ig, one has Qi1 = Qr and for all z € K;, ®(z,v,k) =

Dr(v,k) = gr(vTK) — gr(vLlk) and ¥(v,k) = f(vTk) — f(vLEk).
One obtains Agg = A}y + A3, + A3, and Agg = Al + A3, + A3, with

—1 Nr tnt+1
Ay = =Y. > G / Opp(t,x) dt d
S 2 Jn K;
i=19 n=0
—1 Nr tnt+1

- >3

/ (QL(u?Tﬁ,u?HTn)
i=ign=0"1" Ki
—Qr(uf Lk, ufy 1 LK) Opp(t, x) dt da,

tn+1

Np
A3, = —Z/t /K(Ql/Q(ung,u?Tm)—Ql/Q(ugJ_m,u’fJ_m))
n=0"1" 0
Opip(t, z) dt dz,
ia Np tnt1
A3, = —ZZGZ; /3x<p(t,x)dtdx
i—1n=0 Jt* JKi
i2 NT tn+1

-y

i=1 n=0"1"

/ (Qr(ulTr,ul,, Tr)
K;

—Qr(ul Lk, Ui J_K)) Orp(t, ) dt dz,
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and

—1 Np 1

1
Ay = —ZZ /K/O (9r(vTK) — gr(vLk)
+

i=ig n=0"1"
f(wTk) — f(vLk)) Opp(t, z) dt dz do,

tn+1

/ /1 (q)(x,v, k) + U(v, m))@mgo(t,x) dt dzdo,
Ko JO

N
9 B
A = =)
n=0
19 Np tn+1

1 - Z Z /K /01 (9r(vTk) — gr(vLk)
+

t?’L

s
0o o
S
I

i=1 n=0"1"

f(wTk) — f(vLk)) Opp(t, z) dt dx dov.
* At first, one studies the difference A, — Al :

1 Al
|A20 - A20| S
—1 Nrp n+1

>y

— n
i—=ig n=0

—(92.(vTK) — gr(vLr) + f(vTk) — f(vJ_/-{))“(?xgo(t,xﬂ dt dx do

1
/ / ‘(QL(u?Tﬂ,u?HTﬂ) — QL(u?LF;,u?HLF;))
K; Jo

One has
‘(QL(U?TI{, u?_HT/{) — Qr(ul Lk, u?_HJ_/{))
(92 (0TR) = gr(vLk) + FWTR) = f(vL1R))|
< |Qu(up TR, uly TR) = (91 + )(uf Tk))|
+ (g + ) Wi Tr) = (90 + [)(vTK)|
+|Qr(uf Lr, uflyy Lr) — (g1 + f)(ufl Lr)|
+ (g2 + [)(u Lr) = (92 + [)(vLr)|. (5.39)

Moreover,

Qr(ui Tr,ui1 Tk) — gr(u] Tk)

0 if k>u!and K > Ui
QruiTr,ul 1 Tk) —gr(uj Tr) if k€ [uf,u,] and up <wuj
Qr(ui Tr,ul | Tk) —gr(uj Tr) if k€ [ul,uf] and ui,; <uf
Qr(uj,ui ) — gr(uf) if k<wu®and kK <uP,

In all cases, this yields :

|Qr(uf Tr,uly 1 Th) — Qr(uf Th,ui Tr)| <

max  |gr(p) + f(p) — Qr(p, 9)l,
(p.q)eC(u u, )
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and

1Qr(ui Lr,uil L) — Qr(uj Lk, u Lr)| <
max lgL( )+ f(p) = Qr(p,9)l-

(p, Q)GC( 1+1

Then, (5.39) becomes :

‘ (QL(U?TF;, ui  TR) — Qrui Lk, ul'yy Ln))

~(g(Tw) = go(v1k) + FWTR) = f(v1R))|

< 2  max = [g.(p) + f(p) — Qr(p, 9|
(p,a)eC(ui uit 1)
+(Lip(gr) + Lip(f ‘ UTH)|
+(Lip(gr) + Lip(f ‘ vJ_/-i)|
< 2 \gL(p) ( ) Qr(p,q)|

(p, q)GC(ul uly )
+2 (Lip(gz) + Lip(f))|uf — v].

Finally, one obtains :

IN

2010:¢llo0 Y > kh;i  max lor(®) + £(p) = Qu(p,0)

(p.9)€C(uf uf )

i—ig n=0
-1 Np
+ 2[|0¢llse ¥ Y (Lin(gr) + Lip(f))
i—=ig n=0
grtt 1
/ / / luf — v(t,z, )| dt dw dov
tr K; JO
-1 Np

IN

2h)|0:pllo0 > Dk max  [gn(p) + £(p) — Qu(p,q)|

—i0 n=0 (@) €C(ug uit )

+ 2[|020||00 (Lip(gr) + Lip(f))

—1 Np tnt+1
/ / |uTkt:U —vtxoz‘dtdmda

i=1ig n= 0/
By using the estimate (5.16) and the nonlinear weak-+ convergence which implies
that ur j converges to v in Lj,.(R; x R x [0,1]), this yields }llin%) |Ady — Ao = 0.

« In the same manner, by replacing Q1 by Qr and g1, by gr, one shows ]lir% |A3, — A3y =0
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* It remains to study the limit of A%, and A%,. One has
Nt
2
P |
n=0"1

tn+1

n

/K {Q1/2(U6LT’€,U?T“) - Q1/2(U6LJ—&U?J—“){
0

|0z (L, z)| dt dx

tn+1

Nt
Cloelloe S / / dt da
n=0"1t" Ko

Cl102¢llocTho
C||0z¢||cTh — 0, when h — 0,

IN

VANVAN

and

NT tn+1 1
Z/ / / [(®(z,v, k) + (v, k) Dpp(t, )| dt drda
n=0"1t" Ko /0

tn+l

Nr 1
< Cllowplln / / / dt dwdo
TLZ:O tn Ko JO

< C||0z¢||ccTh — 0, when h — 0.

| 430

IN

To sum up, one has shown (5.38).

e With (5.33) and (5.38), one concludes that

}ILiL%AQ = —/0 /R(fb(x,v, k) + U(v, k) Opp(t, x) dt dz. (5.40)

Study of term As
Term Ajs is defined by

i9 Nrp $n+1

A3:ZZ|6i|/t

. . n
=19 n=0

h%- /K ot ) drd (5.41)

To find the limit of A3, one will divide it into three parts according to values of .
1. Fori € {ig,...,—1}, 8 = Qiy1/2(k, k)= Qi—1/2(k, k) = QL(K, k) —QL(K, k) = 0,
2. Fori €{2,... iz}, 6; = Qiy1/2(k, k) — Qi_1/2(K, k) = Qr(k, k) — Qr(k, k) =0,

3. [o] = ’Ql/z(f@ K) — Q*l/?(’%a k)| = ’Ql/z(f@ k) — Qr(k, k)| = \Q1/2(/<&, K) —
(9(k) + f(k))], and [01] = |Q5/2(k, &) = Q1/2(k, k)| = |QR(K, K) = Q1y2(k, K)| =
lgr(k) + f(Kk) — Q1/2(k, K)].

Assuming gr,(k) > gr(k), (it is similar if g7 (k) < gr(k)), with hypothesis (H3), this
yields :

00] = g1(k) + f(K) = Qu/2(k, k) and |01] = Q1/2(k, k) = (9r(K) + [f(K)).
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Then,

T
Ay = [ (G @00+ 569 = Quati, )t ) do

+h1 (Q1/2(/£ k) — gr(k) — f(K))p(t, ) dm)

T 1 x3/2
= / / o(t,z)dr dt — gr(k) / — / o(t,x) dx dt
O Z‘_l/g 0 hl 0

— (Quja(k, k) — f(K)) /OT<hi0 /O o(t,z)dr — hil /:3/2 o(t, ) dm) dt.

T_1/2
(5.42)
1 /0 1 [%3/2
By continuity of function ¢, — - / ©(t,x) dr and s ©(t,x) dz tend to ¢(t,0)
0Jz 1) 1
when h tends to zero. This yields :
+oo
i A = (o)~ n() [ o(t.0)d
+o0
= |gr(K) — gr(k \/ o(t,0)d (5.43)

Final estimate

By using that A; + A2 < Az and the limits established in previous sections ((5.31),
(5.40) and (5.43)), one concludes that function v satisfies : for all k € [0, 1], for all
peCRy xR, Ry)

1 poo
/ / / |o(t,x, ) — K| Opp(t, ) da dt dx

// / (z,0(t, z, ), k) + U (v(t, 2, ), K)) Oxp(t, ) da d di
/!uo ) — k| (0, x)dm+/ l91.(K) — gr(K)|p(t,0)dt > 0.

Finally, one shows that function v € L*°(R; x R x [0, 1]) is a weak entropy process
solution of problem (5.1).

Remark 5.8. In this work, the existence of entropy solution is obtained differently
from [BVO5] : one uses the approzimation built with numerical scheme and one proves
the convergence of the scheme. However, if g, is an approximation of function g, such
that gy, 1is Lipschitz continuous for all n, one can prove, similarly as in [BV05] the
existence of entropy solution.
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5.4.3 An other approximation of problem (5.1)

In this part, the existence of entropy process solution to problem (5.1) is established
differently. This other proof does not use the numerical scheme and then can be
presented an interest if one does not introduce the numerical scheme. This proof is
deduced by the proof of existence in [BV05].

Let H the Heaveside function defined by :

Oifz<0
H(””):{ 1if > 0.

Let (Hp)nen a sequence of regular non decreasing functions such as this sequence
converges towards H. Then, one defines the sequence of functions (g, )nen : for all
neN

gn(@,u) = Hn(2)gr(u) + (1 = Ho(2))gr(w)  V(z,u) € R x[0,1].

Then (g, )nen converges to g on R x [0,1] and for all n € N, for all x € [0,1] g, (., k)
is monotone according to the sign of g1, (k) — gr(k).

Considers the following regularized problem :

{ Opu" + Oy (gn(,u™) + f(u™)) =0 (t,z) € Q

u™(0,z) = up(z), z €R,

(5.44)

Results of Kruzhkov in [Kru70] ensure that there exists an unique entropy solution
u™ € L*°(Q) to problem (5.1), which, besides, satisfies the following entropy inequal-
ities :

/OOO /R(“"(’fv z) = k) Ouplt, @) dt do
+ /OOO /R(@f(m,u"(t,m),n)+\pi(u"(t,x),,ﬁ))ax(p(tw)dxdt
* /R(“o(@ — k) (0, 2) dx
_ /OOO /ngni(u” — £)0% ((gn(z, K))p(t, ) dz dt > 0. (5.45)

with
(I)rjz:(x’u’ k) = sgny (u — K)(gn (T, u) — gn(z, K)).

Proposition 5.1. Let ug € L>®(R;[0,1]). Then, for all n € N, the entropy solution
u € L*®(Q) of problem (5.44) satisfies :

0<u" <1 a.e.



Chapitre 5. Analyse d’une loi de conservation a flux discontinu de la forme g(z,u) :
174 Existence d’une solution entropique et convergence d’un schema volume fini

One introduces too £ = max(Lip(gr), Lip(gz)) + Lip(f).
One choices k = 0 in (2.10), since (ug — 0)~ = 0 and g, (z,0) = 0, this follows :
/ / (u"(t, )" Opp(t,z)dt dx
o Jr
+ / /(@;(m,u"(t,x), 0) + UE(u"(t, 2),0)) Bpp(t, ) dx dt > 0
o Jr

(5.46)

Let R,T > 0, let r € C2°(R4) be such that : r is non-decreasing, r = 1 on [0, R + £],
r=0on [R+ £T + 1,4+00). The choice p(z,t) = %X(O,T)(t)r(\x] + £t) in (5.46)
gives

_%/R/OT(un)r(yx\ + wt) d dt

T p—
+/R/O L= fal + 1
(L(u™)” +sgn(z) (@, (z,u",0) + ¥, (u",0))) > 0.

Since |®;, (u",0)| < max(Lip(gz.), Lip(gr))u~, [¥~ (u,0)| < Lip(f)u" and since 7'(Jz[+
£t) < 0 the second term of the left hand-side of the previous inequality is non-
negative. Since r(|z| + £t) = 1, V(z,t) € (=R, R) x (0,T) and since r > 0, the

1 R T
first term is upper bounded by —T / / u~ dx dt which is, by consequent, non-
-RJo

negative. Therefore, we have u= = 0 on (—R, R) x (0,7). Letting R,T — +o0, we
have u > 0 a.e.

Similarly, by choosing £ = 1 in (2.10) (with the semi-entropies u — (u™ — 1)), one
proves u” <1 a.e.

With Proposition 5.1, this yields :
Proposition 5.2. There exists a subsequence of (un)nen, already noted (uy)nen, and

u € L®(Ry xR x[0,1]) such as (un)nen converges to u in the nonlinear weak-x sense.
Moreover, u is an entropy process solution of problem (5.1).

One recalls that for all n € N, u,, satisfies (2.10), then one studies the limit of each
term of this inequality.
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On the one hand, by nonlinear weak-x convergence, this yields :

/OOO /R(“"(f, 7) — K)* Oyp(t,z) dt du
+ /000 /R(@%(un(t,x),n) FUE(E 2), ))) Ot ) da dt
1 o0
T /0 /0 /R(“(f’%a) — k)% Opp(t, x)da dt dz

1 00
+ +
+ /0 /0 /R((I) (x,u(t,z,a),k) + ¥ (u(t, z,a),K))
O p(t, x) do dx dt.

On the other hand, notice that
—sgn (u" — £)0z(gn (2, K))p < [0z(gn(, 8)] T .
As the function g, (., k) is monotone non-decreasing or non-increasing according to

the sign of gr(k) — gr(k), we have [0.(gn(z,k))]T = sgn¢(gL(/£) — gr(k))H] ().
Therefore, the last term in equality (2.10) admits the bound

—/Ooo/ngnjE(uE — k)02 (gn(z, K))p(t, z) dx dt
senc(ou() ~an)) [ [ Hi(w)ptt,e) dode
= s - oa() [ [ H@oup(ta)dids

—ﬂﬁm<ﬂmw@mmﬁéwﬂnmw

IN

Then, with n tends to infinity, (2.10) gets that u satisfies 0 < u <1 a.e. and :

/01 /OOO /R(“(t’x’a) — K)F Opp(t, x)do dt da
+ /01 /OOO /R(@i(x,u(t,x,oz),m) + UE(u(t, 2, a), k) Oy p(t, 2) da da dt.

+ Awww—m*wamw

+<mw—%mﬁA<MMﬁzm
Vk € [0,1], Vo € C°(Ry x R,R4).

To conclude, u € L*°(Ry x R x (0,1)) is an entropy process solution.
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5.5 Consequences of uniqueness

5.5.1 Existence of entropy solution

In part I, it is proved that the entropy process solution is the entropy solution (see
section “Uniqueness of entropy process solution” of chapter 4). Then, this yields :

Theorem 5.5. Let ug € L*(R) with 0 < ug < 1 a.e. on R. Then there exists
u € L®(Ry x R;[0,1]) entropy solution of problem (5.1).

5.5.2 Convergence of the scheme

Theorem 5.6. Let ug € L®°(R) with 0 <wup <1 a.e. onR. Let u € L®(RT x R) be
the unique entropy solution of problem (5.1). Let £ € (0,1) and o € (0,1) be given
values. Let (T, km)m be a sequence of admissible meshes and time steps such that
for all m € N, for all i € Z, o size(T,,) < hi*. Assume that k, satisfies the CFL
condition (5.15), for T =T, and k = ky,, and size(7,,)— 0 as m — +o0.

Let ur,, 1,, be the finite volume approzimate solution defined by (5.4). Then the
sequence (UT, g, )meN converges to w in L} (Ry x R) for all p € [1,00) (and in
L>*(Ry x R) for the weak-x topology) as h™ = size(7,) — 0.

By Theorem 5.4, one knows that a subsequence of (urz, k. )men converges to the
entropy process solution. By uniqueness of entropy process solution, established
in chapter 4, the whole sequence that converges to the entropy process solution.
Moreover, one remarks that the entropy process solution is in fact the entropy so-
lution. Then, the sequence (u7,, k,,)men converges to the unique entropy solution
u € L®°(RT x R) for the weak-x nonlinear convergence. Moreover, this yields :

//ukamtx))qﬁtxdxdtH// W(t, ) dz dt

vy € LYRY x R), Vh e C(R,R). (5.47)

Taking h(s) = s? in (5.47) and then h(s) = s and tu instead of 1 in (5.47) one
obtains :

/ / (ur,, ko () — u(t,x))Zi/)(t,x) dxdt — 0, as m — oo,
0 R

for any function ¢ € L'(Ry x R). From (5.47), and thanks to the L> boundedness
of (uz;, kn)men, the convergence of (uz, k,,)men towards uw in L} (R; x R) for all
p € [1,00) is deduced.
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