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We study the primordial density perturbations and non-Gaussianities generated from the com-
bined effects of an inhomogeneous end of inflation and curvaton decay in hybrid inflation. This dual
role is played by a single isocurvature field which is massless during inflation but acquire a mass at
the end of inflation via the waterfall phase transition. We calculate the resulting primordial non-
Gaussianity characterized by the non-linearity parameter, fNL, recovering the usual end-of-inflation
result when the field decays promptly and the usual curvaton result if the field decays sufficiently
late.

PACS numbers:

I. INTRODUCTION

There are many mechanisms by which quantum fluctuations of light fields present during inflation could affect the
primordial density perturbation [1, 2]. Variations in the local value of an inflaton field, slow-rolling during inflation,
lead to variations in the local duration of inflation and hence the resulting local density after inflation has ended.
But local variations in other fields, not necessarily evolving during inflation, could also affect the local expansion
either during or after inflation. Variations orthogonal to the background field evolution during inflation have been
characterized as entropy field perturbations [3] which can alter gauge-invariant density perturbations on very large
(super-Hubble) scales even after inflation has ended due to variations in the local equation of state and non-adiabatic
pressure perturbations [4]. While adiabatic field fluctuations in a single canonical inflaton field lead to Gaussian,
adiabatic density perturbations after inflation, entropy field fluctuations during inflation may lead to a much richer
phenomenology of non-Gaussian and non-adiabatic primordial density perturbations [1, 5–9].
A simple example of how isocurvature field perturbations can affect the primordial density perturbation is by

altering the time at which inflation ends in hybrid inflation models where the end of inflation is triggered by an
tachyonic instability in a “waterfall” field, leading to a rapid phase transition from false to true vacuum state [10–12].
If the local variations of an isocurvature field, coupled to the waterfall field, alter the point at which the false vacuum
becomes unstable then they will lead to a primordial density perturbation [13–21]. On the other hand, in the curvaton
scenario [22, 23] the isocurvature field is only weakly-coupled to the inflaton and its decay products, so that it survives
after inflation has ended and may source the primordial density perturbation when it decays into radiation some time
after inflation has ended.
In this paper we will study the effect of entropy fluctuations in a massless field during hybrid inflation, in a

model originally considered by Lyth [14]. We will show how primordial density perturbations can be generated from
inflaton field fluctuations and entropy fluctuations in the isocurvature field which is coupled to the waterfall field.
Entropy fluctuations therefore affect the surface of end of inflation, and the field spontaneously acquires a mass at
the waterfall transition. Therefore this massless field during inflation can play the role of a curvaton field which can
have a significant energy density when the field oscillations decay some time after inflation.
We calculate the primordial density perturbations from all these effects using the δN formalism [4, 24–26]. We

identify the non-linear dimensionless density perturbation, ζ [27–29], with the perturbation in the local integrated
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expansion, δN , from an initial uniform-curvature hypersurface up to a uniform-density hypersurface [30] in the
long-wavelength limit [31] where the local expansion is a function of the local field fluctuations, δφi, on the initial
hypersurface:

ζ =
∑

i

N,iδφi +
1

2

∑

i,j

N,ijδφiδφj + . . . . (1)

where N,i ≡ ∂N/∂φi. We consider the case of canonical light scalar fields, φi, where all these field fluctuations have

a Gaussian distribution with power spectrum Pδφi
≃ (Hk

2π )
2 when the wave-mode of interest, k, leaves the Hubble-

horizon, k = aH , with the Hubble expansion rate Hk. The primordial power spectrum is then given at leading order
by

Pζ =

(

Hk

2π

)2
∑

i

N2
,i (2)

and the lowest-order non-Gaussianity parameter, fNL, is given by [26]

6

5
fNL =

∑

,ij N,iN,jN,ij
(

∑

j N
2
,j

)2 . (3)

We introduce the hybrid inflation model in Section II and discuss the inflaton field dynamics and perturbations. In
Section III we discuss the end of inflation and the density perturbations produced due to the inhomogeneous end of
inflation. In Section IV we discuss how the same isocurvature field can act as a curvaton field, producing additional
density perturbations when it finally decays some time after inflation. We present our results for observable quantities,
such as the tilt of the primordial power spectrum and the non-linearity parameter, fNL, in Section V. We conclude in
Section VI.

II. HYBRID INFLATION

Our specific hybrid inflation model contains three fields, the inflaton field φ, the waterfall field χ and the light
isocurvature scalar field σ, which we will refer to as the curvaton field. The potential is

V =
λ

4

(

χ2 − M2

λ

)2

+
m2

2
φ2 +

g2

2
φ2χ2 +

γ2

2
χ2σ2 , (4)

where γ2, g2 and λ are dimensionless couplings. This is the same as the original hybrid inflation model considered in
Refs. [11, 12] except that we have included the additional field, σ, coupled to the waterfall field, as proposed by Lyth
[14]. The is the same as the model considered by Lyth, except that we have assumed for simplicity that there is no
additional self-interaction potential for the σ-field.
We assume that φ is initially large and the χ field rapidly rolls to its local minimum χ = 0 for g2φ2 ≫ M2. Inflation

proceeds as the inflaton field, φ, rolls towards φ = 0. Assuming the inflaton is light during inflation, m2 ≪ H2, we
have slow-roll inflation. Without loss of generality we assume that φ > 0 during inflation. Since σ is effectively
massless when χ2 = 0, we assume it remains fixed during inflation at some initial value σ∗.
We will introduce the dimensionless mass parameters α and β for the inflaton and waterfall fields

α ≡ m2

H2
=

12λm2M2
P

M4
, β ≡ M2

H2
=

12λM2
P

M2
, (5)

where MP = 1/
√
8πG is the reduced Planck mass. The condition that the waterfall is heavy during inflation requires

that β ≫ 1. To sustain a period of slow-roll inflation we require that α ≪ 1. Furthermore, the condition that the
waterfall phase transition at the end of inflation is very sudden requires that [32, 33] αβ > 1.

A. Inflaton dynamics

For simplicity, we consider the limit where the potential is dominated by the vacuum term so that the Hubble
parameter during inflation is approximately constant and given by

H2 ≃ V (φ, 0)

3M2
P

≃ M4

12λM2
P

. (6)
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The attractor solution for the inflaton, φ, in the vacuum-dominated limit is then

φ(N) = φee
−rN , (7)

where N is the number of e-folds (the logarithmic expansion)

N =

∫ te

t

Hdt =

∫ φe

φ

H

φ̇
dφ , (8)

and φe is the value of the inflaton field at the end of inflation.
In the slow-roll limit, α ≪ 1, we have r ≃ α/3 in Eq. (7) and hence

ǫ ≡ − Ḣ

H2
≃ α2φ2

18M2
P

. (9)

In order to satisfy the vacuum domination condition (6), we require the ratio of inflaton energy density to the total
potential, to be small, i.e., m2φ2/2 ≪ M4/4λ which corresponds to ǫ ≪ α/3.

B. Inflaton perturbations during inflation

During inflation only the inflaton field φ is classically evolving towards its final value. Therefore quantum fluctua-
tions in the inflaton field give rise to adiabatic curvature perturbations on super-Hubble scales. Since the dimensionless
density perturbation, ζ = δN , remains constant for adiabatic perturbations on super-Hubble scales, it can be calcu-
lated in terms of the field values at Hubble-exit, N,φδφ = N,φ∗

δφ∗ = −Hδφ∗/φ̇∗, etc, and thus

ζ∗ = δN ≃ 3

αφ∗

δφ∗ −
3

2αφ2
∗

δφ2
∗ + . . . (10)

In the slow-roll limit non-linear terms are negligible, |N,φ∗φ∗
| ∼ αN2

,φ∗

≪ N2
,φ∗

, and henceforth we will treat the

density perturbation due to inflaton fluctuations as an effectively Gaussian distribution, ζ∗ ≃ (3/α)δφ∗/φ∗.

III. END OF INFLATION

A. Waterfall transition

From Eq. (4) the derivative of the potential with respect to the waterfall field vanishes at χ = 0 and also at
λχ2 = M2 − γ2σ2 − g2φ2 for g2φ2 < M2 − γ2σ2. The effective mass of the χ field is given by

V,χχ = g2φ2 + γ2σ2 −M2 + 3λχ2 . (11)

Thus the χ field remains fixed at χ = 0 for g2φ2 > M2 − γ2σ2.
In the original model of hybrid inflation, where γ = 0 [11, 12], inflation ends after the inflaton field reaches the

critical value φ = φc, where

φc ≡
M

g
. (12)

For φ < φc the waterfall field becomes tachyonic and it rolls to its global minima where φ = 0 and |χ| = M/
√
λ. We

require αβ > 1 so that this transition is very sharp and inflation ends abruptly after the waterfall transition.
In the present model, due to the coupling of the waterfall field to the light field σ, the onset of the waterfall

transition and hence the end of inflation is determined by the condition φ = φe where

φ2
e +

γ2

g2
σ2 = φ2

c , (13)

and φe ≤ φc represents the value of inflaton field at the end of inflation which is now a function of the local value of
the isocurvature field, σ. It will be convenient to re-write this in a dimensionless form

φ2
e

φ2
c

= 1−F , (14)
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where

F ≡ γ2σ2
∗

g2φ2
c

, (15)

is a dimensionless measure of the effect of the curvaton field at the end of inflation. Note that 0 ≤ F < 11. When
F = 0 we recover the familiar hybrid inflation results where first-order density perturbations are solely due to inflaton
fluctuations.
We will assume that the curvaton field, σ, is weakly coupled to the other fields so that its value remains fixed at

the end of inflation when φ and χ evolve rapidly to settle at φ = 0 and

〈χ2〉 = (1−F)
M2

λ
. (16)

By assuming that the curvaton field evolves much more slowly than the inflaton and waterfall fields, we require that
the curvaton effective mass remains much smaller than the effective masses of the inflaton and waterfall fields at the
end of inflation and hence γ2 ≪ min{g2, λ}.
One important question in hybrid inflation is how inflation ends after the waterfall phase transition. The waterfall

phase transition leads to two important back-reaction effects [32, 33]. Due to the interactions, g2φ2χ2 and λφ4/4,
the tachyonic growth of the waterfall field χ can back-react on φ and on itself. One natural criteria to determine end
of inflation is when the coupling g2χ2φ2 induces an effective mass for the inflaton larger then H so that the inflaton
field becomes too heavy to sustain slow-roll inflation. Comparing this induced mass to H we have

g2〈χ2〉
H2

= 12(1−F)g2
M2

P

M2
= 12(1−F)

(

MP

φc

)2

. (17)

Therefore, in order for inflation to quickly end after the waterfall, one requires that [33] φc ≪
√

12(1−F)MP .
Given the potential (4), where χ is classically zero during inflation, the σ field is massless during inflation. It

acquires an effective mass, mσ, spontaneously at the end of inflation due to the waterfall phase transition

m2
σ = γ2〈χ2〉 = γ2

λ
(1−F)M2 . (18)

To make sure that σ does not trigger a second stage of inflation with the chaotic inflation potential m2
σσ

2/2, we
require that σ is sub-Planckian at the end of inflation

σ∗ < MP . (19)

Note that the curvaton effective mass is a function of 〈χ2〉 and hence σ. Therefore the curvaton mass can change
as the curvaton itself evolves. However this effect is only important for F ≃ 1 and the curvaton mass is effectively
constant for F ≪ 1.
Although the curvaton field is effectively massless and therefore has negligible energy density during inflation,

ρσ∗ ≃ 0, if the curvaton field suddenly acquires an effective mass (18) at the end of inflation then it also acquires an
energy density

ρσe =
1

2
m2

σσ
2
∗ =

γ2

2λ
(1−F)M2σ2

∗ . (20)

Therefore, the energy density suddenly acquired by the σ field relative to the total energy density at the end of
inflation is given by

Ωσe ≡
ρσe

3mPl
2H2

=
2λγ2〈χ2〉σ2

∗

M4
= 2F(1−F) . (21)

Thus the fractional energy of the curvaton at the end of inflation is given by Ωσe ≃ 2F for F ≪ 1. The fractional
energy of the curvaton reaches a maximum, Ωσe = 1/2 for F = 1/2 and then drops to zero as F → 1.

1 For γ2σ2
∗ > g2φ2

c (corresponding to F > 1) the waterfall field would remain fixed at χ = 0 even as φ → 0 and the field σ would then act
as an inflaton field, slow-rolling towards its minimum to destabilize the waterfall field and end inflation.
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FIG. 1: The non-linearity parameter, fNL defined in Eq. (3), from the inhomogeneous end of inflation as a function of the
dimensionless parameter, F defined in Eq. (15), neglecting inflaton perturbations (wσ = 1). The exact result (25) is shown by
the solid blue line, while the approximate form (52) is shown by the dashed red line.

B. Inhomogeneous end of inflation

Local fluctuations in the curvaton field at the end of inflation, δσ, can induce a change in the integrated expansion,
δN in Eq.(1), which results in an inhomogeneous curvature perturbation at the end of inflation, ζe [14]. From Eq. (13),
fluctuations in the field σ lead to a change in the value of the inflaton field at the end of inflation,

∂σφe = − γ2σ

g2φe
. (22)

This leads to fluctuations in the integrated expansion at the end of inflation. From Eq. (8) we have

N,φe
=

H

φ̇e

=
−3

αφe
. (23)

Including both inflaton fluctuations during inflation and the fluctuations in the final value of the inflaton field at
the end of inflation we obtain

ζe = δN = N,φ∗
δφ∗ +N,φe

∂σφeδσ +
1

2

[

N,φeφe
(∂σφe)

2
+N,φe

∂2
σφe

]

δσ2 + . . . (24)

Including all the relevant terms in Eq. (24) we then have [14]

ζe =
3δφ∗

αφ∗

+
3

α

γ2σ

g2φ2
e

δσ +
3

2α

γ2

g2φ2
e

(

1 + 2
γ2σ2

g2φ2
e

)

δσ2 + . . . ,

=
3

α

[

δφ∗

φ∗

+
F

1−F
δσ

σ
+

F(1 + F)

2(1−F)2

(

δσ

σ

)2
]

+ . . . . (25)

In figure 1 we illustrate the corresponding non-Gaussianity parameter (3) as a function of F .

IV. CURVATON DECAY

The curvaton field, σ, is assumed to be weakly coupled and therefore, in contrast to the inflaton and waterfall fields,
the curvaton decay time may be much longer than the Hubble time at the end of inflation, Γ ≪ H∗. We may have an
extended period of time after inflation, before the curvaton decays, and thus even if the curvaton density is initially
negligible at the end of inflation (F(1−F) ≪ 1) it may become significant or even dominate the total energy density
before it decays.
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The non-linearly conserved radiation and matter perturbations, when the curvaton oscillates after the end of
inflation but before the curvaton decays, can be given relative to the total curvature perturbation, ζ, and written in
terms of the radiation and matter density perturbations on the uniform-density hypersurface as [30]

ζγ = ζ +
1

4
ln

(

1 +
δργ
ργ

)

, (26)

ζσ = ζ +
1

3
ln

(

1 +
δρσ
ρσ

)

. (27)

In particular we have δργ = −δρσ on the uniform-density hypersurface at the end of inflation, and hence

ζγ = ζe +
1

4
ln

(

1− Ωσ

1− Ωσ

δρσ
ρσ

)

,

= ζe −
F(1 −F)

1− 2F(1−F)

δσ

σ
− F(1−F)(1 + 2F(1−F))

2(1− 2F(1−F))2

(

δσ

σ

)2

+ . . . . (28)

where δσ is the (isocurvature) curvaton field perturbation on uniform-density hypersurfaces. Comparing this expres-
sion with Eq. (25) we see that ζγ −ζe = O(α)ζe. This difference is small in the slow-roll limit and is usually neglected.
However in our case we wish to consistently allow for the effect of the σ field both on the end of inflation and when
it decays. Therefore we shall take account of this difference between the radiation density perturbation and the total
density perturbation at the end of inflation, ζγ and ζe, for non-zero F .
In the sudden-decay approximation we can then derive the total non-linear perturbation, ζ, in terms of ζγ and ζσ

at the decay hypersurface corresponding to H = Γ [34–36]

Ωγe
4(ζγ−ζ) +Ωσe

3(ζσ−ζ) = 1 , (29)

ζ is non-linearly conserved on large scales for adiabatic density perturbations after the curvaton has decayed.
At zero-order this requires simply Ωγ + Ωσ = 1, while expanding up to second-order we have the non-linear

perturbation

ζ = ζγ + fd(ζσ − ζγ) +
fd(1− fd)(3 + fd)

2
(ζσ − ζγ)

2 + . . . , (30)

where

fd ≡
(

3Ωσ

4− Ωσ

)

H=Γ

. (31)

We will distinguish two cases according to whether the curvaton becomes underdamped and oscillates about its
minimum immediately at the end of inflation (m2

σ > H2
∗ ) or whether it remains overdamped at the end of inflation

(m2
σ < H2

∗ ) and only begins to oscillate when the Hubble rate drops below the curvaton mass some time after inflation.
In either case we assume that the curvaton decay only happens once the field is oscillating (Γ < mσ).

A. Heavy curvaton after the end of inflation

First let us assume that the curvaton effective mass is larger than the Hubble scale at the end of inflation, mσ > H∗,
which requires from Eq. (18)

λ

β(1−F)
< γ2 ≪ λ . (32)

The curvaton first begins to oscillate at the end of inflation, when ζ = ζe, and from Eqs. (26) and (27) we have at
this time

ζσ − ζγ =

[

1

3
ln

(

1 +
δρσ
ρσ

)

− 1

4
ln

(

1 +
δργ
ργ

)]

e

,

=
2

3(1− fe)

δσ

σ
−
[

3(1− fe)
2 − fe(3 + 5fe)

9(1− fe)2

](

δσ

σ

)2

+ . . . , (33)
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FIG. 2: The non-linearity parameter, fNL defined in Eq. (3), as a function of the curvaton density at decay, fd, for a heavy
curvaton after the end of inflation, with fixed curvaton density, fe = 0.001 and assuming wσ = 1. The exact result (35) is
shown by the solid blue line, while the approximate form (53) is shown by the dashed red line.
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FIG. 3: The non-linearity parameter, fNL, as a function of the curvaton density at decay, fd, as in Figure 2 but for fe = 0.01.

where, by analogy with Eq. (31), we identify

fe ≡
(

3Ωσ

4− Ωσ

)

e

=
3F(1−F)

2−F(1−F)
. (34)

Combining Eqs. (28), (30) and (33) we obtain the primordial density perturbation due to inflaton perturbations and
due to fluctuations in the σ field affecting the end of inflation and/or the curvaton effect due to late-decay

ζ = ζe +
2

3

(

fd − fe
1− fe

)

δσ

σ
+

(

2fd(1− fd)(3 + fd)− 3fd(1− fe)
2 − fe(1− fd)(3 + 5fe)

9(1− fe)2

)(

δσ

σ

)2

+ . . . . (35)

where ζe is given by Eq. (25). Note that, since fd is an increasing function of time, we must have fd ≥ fe. In figures 2
and 3 we illustrate the corresponding non-Gaussianity parameter (3) as a function of fd for two fixed values of fe.
In the limit that the curvaton decays immediately after the end of inflation, fd → fe, we recover ζ → ζe, i.e.,

the density perturbation is exactly that given in Eq. (25) due to the inflaton perturbations plus the effect of the
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inhomogeneous end of inflation. On the other hand, for fe ≪ fd ≤ 1 we have

ζ ≃ ζe +
2fd
3

δσ

σ
+

(

fd(3− 4fd − 2f2
d )

9

)(

δσ

σ

)2

+ . . . ,

≃ 3

α

δφ∗

φ∗

+

(

2fd
3

+
2fe
α

)

δσ

σ
+

(

fd(3− 4fd − 2f2
d )

9
+

fe
α

)(

δσ

σ

)2

+ . . . . (36)

which is simply the sum of the usual curvaton perturbation plus the perturbations due to the inflaton and Lyth effect
at the end of inflation. Note that for fd ≫ fe we require both Γ ≪ He and fe ≪ 1, and hence from Eqs. (21) and (34)
we have F ≃ 2fe/3 in the above expression.
For fd ≫ fe/α, the perturbation induced by the inhomogeneous end of inflation becomes negligible and we have

ζ ≃ 3

α

δφ∗

φ∗

+
2fd
3

δσ

σ
+

fd(3 − 4fd − 2f2
d )

9

(

δσ

σ

)2

+ . . . . (37)

Note that for fe ≪ 1 we have fd/fe ∝ ad/ae ∝ (He/Γ)
1/2 and thus for fd ≫ fe/α we require fe ≪ α and Γ ≪ α2He.

If fd ≥ α or Γ ≥ α2He then the effect of the inhomogeneous end of inflation cannot be neglected with respect to the
effect of the curvaton decay.
On the other hand, assuming only that the curvaton is very sub-dominant when it decays, fe ≤ fd ≪ 1, we obtain

directly from Eqs. (25) and (35) that

ζ ≃ 3

α

δφ∗

φ∗

+

(

2(fd − fe)

3
+

2fe
α

)

δσ

σ
+

(

fd − fe
3

+
fe
α

)(

δσ

σ

)2

. (38)

We see that if the curvaton density at the end of inflation is non-negligible, then it can effect the primordial density
perturbation not only through the inhomogeneous end of inflation, proportional to fe/α, but also by modifying the
transfer parameter for the curvaton decay, from fd to fd − fe.

B. Light curvaton after the end of inflation

Alternatively, the curvaton effective mass may be smaller than the Hubble scale at the end of inflation, mσ < H∗,
which requires from Eq. (18)

γ2 <
λ

β(1 −F)
≪ λ . (39)

In this case the curvaton remain overdamped until the Hubble rate during the radiation era after inflation drops below
the effective mass of the curvaton. For simplicity we assume that the curvaton remains fixed, σ = σ∗, until we have
H = mσ at which point the field begins to oscillate and evolve like matter.
The radiation perturbation, ζγ , after inflation is given by Eq. (28) and this remains constant until the curvaton

decays. On large scales, the uniform expansion hypersurface H = mσ corresponds to a uniform-density hypersurface,
δργ = −δρσ and hence from Eqs. (26) and (27) we have

ζσ − ζγ =

[

1

3
ln

(

1 +
δρσ
ρσ

)

− 1

4
ln

(

1 +
δργ
ργ

)]

H=mσ

(40)

=
2

3(1− fo)

δσ

σ
−
[

3(1− fo)
2 − fo(3 + 5fo)

9(1− fo)2

](

δσ

σ

)2

+ . . . , (41)

where

fo ≡
(

3Ωσ

4− Ωσ

)

H=mσ

, (42)

and we have fd ≥ fo ≥ fe. After the curvaton starts oscillating it behaves like a pressureless fluid and the entropy
perturbation, (40), remains constant on large scales until the curvaton decays into radiation. In the limit of a heavy
curvaton that begins oscillating at the end of inflation, and hence fo = fe, we recover the previous result (33).
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FIG. 4: The non-linearity parameter, fNL defined in Eq. (3), as a function of the curvaton density at decay, fd, for a light
curvaton after the end of inflation, with fixed curvaton density immediately after the end of inflation, fe = 0.001, and when
the curvaton begins to oscillate, fo = 0.01, assuming wσ = 1. The exact result (43) is shown by the solid blue line, while the
approximate form (53) is shown by the dashed red line.
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FIG. 5: The non-linearity parameter, fNL, as a function of the curvaton density at decay, fd, as in Figure 4 but for fe = 0.001
and fo = 0.1.

Substituting Eqs. (28) and (40) into Eq. (30) gives the resulting primordial density perturbation after the curvaton
decays

ζ = ζe +
2

3

[

fd
1− fo

− fe
1− fe

]

δσ

σ

+

[

fd
(

2(1− fd)(3 + fd)− 3(1− fo)
2 + fo(3 + 5fo)

)

9(1− fo)2
− fe(3 + 5fe)

9(1− fe)2
+

]

(

δσ

σ

)2

+ . . . . (43)

Again one can check that in the limit fo = fe we recover the previous result (35). In figures 4 and 5 we illustrate the
corresponding non-Gaussianity parameter (3) as a function of fd for fixed values of fe and two difference values of fo.
If the curvaton mass is much smaller than the Hubble scale at the end of inflation (m ≪ He) and the curvaton is

very sub-dominant at the end of inflation, we have fe ≪ fo ≤ fd ≤ 1. In this case we can simplify Eq. (43) to give

ζ ≃ ζe +
2fd

3(1− fo)

δσ

σ
+

[

fd
(

2(1− fd)(3 + fd)− 3(1− fo)
2 + fo(3 + 5fo)

)

9(1− fo)2

]

(

δσ

σ

)2

. (44)



10

If in addition the curvaton is still very sub-dominant when it starts oscillating and the curvaton decay is slow relative
to its mass (Γ ≪ mσ) so that fe ≪ fo ≪ fd ≤ 1, then we recover the same result as we obtain for a heavy curvaton
at the end of inflation when fe ≪ fd ≤ 1, Eq. (36).
On the other hand, assuming only that the curvaton is very sub-dominant when it decays, fe ≤ fo ≤ fd ≪ 1, we

can recover from Eq. (43) the same simple expression (38). This expression is the same regardless of whether the
curvaton is heavy or light immediately after inflation ends.

V. OBSERVATIONAL PREDICTIONS

We have shown how a curvaton field can contribute to the primordial density perturbation both through its effect on
the end of inflation, in a hybrid inflation model, and through its final decay into radiation. The relative contribution
of σ to the power spectrum (2) can be written as

wσ =
N2

,σ

N2
,φ +N2

,σ

. (45)

Note that N,φ = −H/φ̇ ≃ −(2ǫ)−1/2M−1
P , hence the power spectrum is dominated by inflaton perturbations if

ǫ ≪ (2N2
,σM

2
P )

−1 and dominated by perturbations in the σ-field if ǫ ≫ (2N2
,σM

2
P )

−1.
The spectral index is given in terms of slow-roll parameters as [37]

nζ − 1 ≃ −2ǫ+ (1− wσ)(2ηφ − 4ǫ) , (46)

where ηφ = M2
PVφφ/V . In the limit that the inflaton perturbations dominate the primordial power spectrum, wσ ≪ 1,

we recover the familiar result nζ ≃ −6ǫ+2ηφ and hybrid inflation models of the form given in Eq. (4) produce a blue
tilted spectrum, nζ > 1, in the vacuum-dominated limit [12].
If σ-field perturbations dominate the primordial power spectrum, wσ ≈ 1 due to either the inhomogeneous end

of inflation or curvaton decay, then we have nζ − 1 ≃ −2ǫ since the curvaton is massless during inflation. This is
compatible with observational evidence favoring a red spectrum, ns < 1, and from Eq. (9) we see that for α ≈ 0.5
and φ ≈ MP we obtain nζ ≈ 0.97.
The primordial non-Gaussianity (3) can then be written as

6

5
fNL = w2

σ

N,σσ

N2
,σ

. (47)

If the σ-field perturbations have a red spectrum, and the inflaton perturbations have a blue spectrum then the relative
contribution of the two different field perturbations to the primordial density perturbation will be scale-dependent.
This can yield a scale-dependence of the non-linearity parameter (47) [38–40]

nfNL
≃ 4(1− wσ)(2ǫ − ηφ) ≃ −4ǫ+ 2(1− nζ) . (48)

If the inflaton perturbations dominate the primordial power spectra, wσ ≪ 1, then the non-linearity parameter, fNL,
is suppressed. On the other hand if the σ-field perturbations dominate, wσ ≃ 1, then fNL could be large, but it
also becomes scale-independent. Self-interactions of the curvaton field during inflation, which we have assumed to
be negligible, could lead to a scale-dependence of the non-linearity parameter, without affecting the scalar tilt of the
power spectra [39].
In the following we will focus on the case wσ ≈ 1 and ǫ ≃ 0.02, corresponding to nζ ≃ 0.96 and nfNL

≪ |nζ − 1|.

A. End of inflation

Let us assume first of all that the curvaton decays soon after the end of inflation. This corresponds to a heavy
curvaton at the end of inflation, mσ > H , and a rapid decay, fd ≃ fe. Equation (35) then reduces to ζ = ζe, i.e., the
primordial density perturbation is given solely by the inhomogeneous end of inflation (25).
The relative contribution of the σ field to the primordial power spectrum (45) is then

wσ =
F2φ2

∗

(1−F)2σ2
∗ + F2φ2

∗

. (49)
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Thus we have wσ ≈ 1 in the limit

(1 −F)2σ2
∗ ≪ F2φ2

∗ . (50)

The σ field perturbations will therefore dominate the primordial power spectrum so long as the σ field VEV is much
smaller than that of the inflaton field during inflation.
The non-linearity parameter (47) is given by

3

5
fNL = w2

σ

α

6

1 + F
F . (51)

In the limit wσ ≈ 1 and F ≪ 1 this can be re-written as

fNL ≈ 5α

9Ωσ,e
. (52)

This agrees with the original result of Lyth [14], but here we have expressed it in terms of the fractional density of
the field immediately after inflation, in analogy with the usual result for a curvaton field. Just as in the conventional
curvaton scenario, we see that the non-Gaussianity becomes large in the limit that the curvaton density is small at
the end of inflation.
If the σ-field decays rapidly at the end of inflation then the curvature perturbation is conserved on large scales

throughout the radiation dominated era. However if the curvaton is sufficiently long-lived then it may further affect
the primordial perturbation through the usual curvaton mechanism.

B. Curvaton decay

If we include the effect of the inhomogeneous decay of the curvaton sometime after the end of inflation then we
may again get significant non-Gaussianity when the curvaton density is small, yet its contribution to the primordial
power spectrum is significant. Assuming that the curvaton density remains sub-dominant throughout, Ωσ,d, we have
from Eq. (38)

fNL = w2
σ

5

4[fd − fe + (3fe/α)]
, (53)

where

wσ =
4α2[fd − fe + (3fe/α)]

2φ2

81σ2 + 4α2[fd − fe + (3fe/α)]2φ2
=

8ǫ[fd − fe + (3fe/α)]
2mPl

2

9σ2 + 8ǫ[fd − fe + (3fe/α)]2mPl
2
. (54)

This approximate form for the non-Gaussianity is shown in figures 2 and 3 alongside the exact result, Eq. (35), for a
heavy curvaton field after the end of inflation, and in figures 4 and 5 alongside the exact result, Eq. (43), for a light
curvaton field after the end of inflation.
The existence of primordial perturbations due to the inhomogeneous end of inflation then places an upper bound

on the non-Gaussianity possible in this case:

fNL ≤ 5α

12fe
. (55)

Assuming the initial curvaton density is sufficiently small, fe ≪ α, and the decay rate is slow enough, Γ/He ≪ α2,
then the effect of the curvaton field at the end of inflation can be neglected and the expression for the curvaton
perturbation reduces to (37). The corresponding non-linearity parameter is

3

5
fNL = w2

σ

(

3− 4fd − 2f2
d

4fd

)

. (56)

In the limit fd ≪ 1 and wσ ≃ 1 this reduces to the famous result fNL ≃ 5/4fd. In terms of the fractional energy
density when the curvaton decays, Eq. (31), this gives fNL ≃ 5/3Ωσ,d.
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VI. DISCUSSION

In this paper we have studied a model of hybrid inflation within which the primordial density perturbation can
be produced either through an inhomogeneous end of inflation or through a curvaton scenario when the field decays,
or from a combination of the two. The perturbations originate from vacuum fluctuations during inflation in a light
isocurvature field, σ. This field is coupled to the waterfall field, χ, whose tachyonic instability triggers the sudden
end of hybrid inflation. Hence fluctuations, δσ, can affect the point at which the instability is triggered. Because the
field σ acquires a mass at the phase transition, it will begin oscillating about its minimum when the mass is larger
that the Hubble scale after inflation. If the oscillations are sufficiently long-lived then the energy density in the σ
field may become significant and inhomogeneities in the energy density of the σ field are transferred to the primordial
radiation density when the field decays, as in the curvaton scenario. 2

We are able to recover the standard results for primordial perturbations from an inhomogeneous end of inflation
when the σ field decays instantaneously at the end of inflation. We also recover familiar curvaton results in the limit
where the field is sufficiently long-lived and curvature perturbations produced at the end of inflation are negligible.
In both cases we express the resulting non-linearity parameter, fNL, in terms of the fractional density of the curvaton
field, Ωσ, either at the end of inflation or when the curvaton decays. We find that for large non-Gaussianity we have

fNL ≈
{

w2
σ(5α/9Ωσ,e) for Ωσ,e ≫ αΩσ,d

w2
σ(5/3Ωσ,d) for Ωσ,d ≫ Ωσ,e/α

. (57)

Any contribution to the overall primordial power spectrum from inflaton fluctuations, wσ < 1, tends to suppress the
primordial non-Gaussianity.
Primordial perturbations from an inhomogeneous end of inflation are enhanced by the slow-roll parameter α.

Nonetheless curvaton-type perturbations tend to dominate over the end-of-inflation effect when the decay is slow,
Γ ≪ α2He, unless the σ-density is already significant immediately after the end of inflation, Ωσ,e > α. More generally
we find that perturbations due to the inhomogeneous end of inflation place an upper bound on the non-Gaussianity

fNL ≤ 5α

9Ωσ,e
. (58)

We have used sudden-end-of-inflation and sudden-decay approximations to match the curvature and density pertur-
bations across the end-of-inflation hypersurface and the curvaton-decay hypersurface. We expect this instantaneous
matching to be a good approximation on length-scales much larger than the corresponding Hubble length. This long-
wavelength approximation is usually an excellent approximation for scales relevant for the large-scale structure of our
Universe [34, 42, 43]. On the other hand we know that the tachyonic instability in the waterfall field at the end of
inflation leads to a very inhomogeneous fragmentation of the inflaton and waterfall field due to tachyonic preheating
[44, 45]. If a curvaton field, σ, is weakly coupled to the waterfall field so that its mass remains less than the Hubble
scale (a light curvaton immediately after inflation) then it remains overdamped and we would not expect the coherent
curvaton field to be significantly disrupted by preheating in the inflaton and waterfall fields. On the other hand if
the curvaton is sufficiently strongly coupled so that its mass becomes larger than the Hubble scale immediately after
inflation, then its dynamics may be considerably more complicated, and possibly highly non-linear. Previous studies
[46, 47] have considered resonant decay of the curvaton, but here we are considering possible parametric production
of the curvaton itself. This has no effect on large scale density perturbations if all the fields rapidly thermalize, but
short wavelength curvaton modes can alter the predictions in the curvaton scenario [34]. A full study of the effect on
the curvaton production and decay after tachyonic preheating in this intermediate regime requires a careful numerical
treatment which goes well beyond the present work.
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