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Estimer I'impact et les limites de 'ordonnancement en régime
permanent sur plates-formes hétérogenes pour le parallélisme
mixte.

Résumé : Dans ce rapport, nous appliquons des techniques d’ordonnancement en régime permanent pour
ordonnancer une suite de graphes d’application sur une plate-forme hétérogene de type “grille de calcul”.
Nous pronons 'usage de 'ordonnancement en régime permanent pour résoudre ce probleme difficile. Nous
montrons que les instances les plus ardues de ce probleme sont NP-completes, alors que la plupart des
situations présentant un intérét pratique peuvent étre résolues par une solution périodique qui admet une
description compacte (de taille polynomiale) et qui est asymptotiquement optimale.

Mots-clés : Parallélisme mixte, Ordonnancement, régime permanent, plates-formes hétérogenes



(a) Application graph (b) Platform graph

Figure 1: The application and platform graphs

1 Introduction

The traditional objective of scheduling algorithms is makespan minimization: given a task graph and a set of
computing resources, find a mapping of the tasks onto the processors, and order the execution of the tasks so
that: (i) task precedence constraints are satisfied; (ii) resource constraints are satisfied; and (iii) a minimum
schedule length is provided. However, makespan minimization turned out to be NP-hard in most practical
situations [37, 1]. The advent of more heterogeneous architectural platforms is likely to even increase the
computational complexity of the process of mapping applications to machines.

An idea to circumvent the difficulty of makespan minimization is to lower the ambition of the scheduling
objective. Instead of aiming at the absolute minimization of the execution time, why not consider asymptotic
optimality? After all, the number of tasks to be executed on the computing platform is expected to be very
large: otherwise why deploy the corresponding application on computational grids? To state this informally:
if there is a nice (meaning, polynomial) way to derive, say, a schedule whose length is two hours and three
minutes, as opposed to an optimal schedule that would run for only two hours, we would be satisfied.

This approach has been pioneered by Bertsimas and Gamarnik [9]. Steady-state scheduling allows to
relax the scheduling problem in many ways. Initialization and clean-up phases are neglected. The initial
integer formulation is replaced by a continuous or rational formulation. The precise ordering and allocation
of tasks and messages are not required, at least in the first step. The main idea is to characterize the activity
of each resource during each time-unit: which (rational) fraction of time is spent computing, which is spent
receiving or sending to which neighbor. Such activity variables are gathered into a linear program, which
includes conservation laws that characterize the global behavior of the system.

In this paper, we consider the execution of a complex application on heterogeneous computing platforms.
The complex application consists of a suite of identical, independent problems to be solved. In turn, each
problem consists of a set of tasks, modeled as an application graph. There are dependences (precedence
constraints) between these tasks. A typical example is the repeated execution of the same algorithm on
several distinct data samples. Consider the simple application graph depicted in Figure 1(a). This graph
models the algorithm. There is a main loop which is executed several times. Within each loop iteration,
there are four tasks to be performed. Each loop iteration is what we call a problem instance. Each problem
instance operates on different data, but all instances share the same application graph, i.e. the acyclic graph
of Figure 1(a). For each node (task type) in the application graph, there are N distinct tasks to be executed,
where N is the number of iterations in the main loop. Similarly, for each edge (file type) in the application
graph, there are N different files to be transmitted.

We use another graph, the platform graph, for the grid platform. We model a collection of heterogeneous
resources and the communication links between them as the nodes and edges of an undirected graph. See the
example in Figure 1(b) with four processors and five communication links. Each node is a computing resource
(a processor, or a cluster, or even a router with no computing capabilities) capable of computing and/or
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communicating with its neighbors at (possibly) different rates. The underlying interconnection network may
be very complex and, in particular, may include multiple paths and cycles (just as the Ethernet does).

Because the problem instances to be solved are independent, their execution can be pipelined. At a given
time-step, different processors may well compute different tasks belonging to different problem instances. In
the example, a given processor P; may well compute the tenth copy of task 77, corresponding to problem
number 10, while another processor P; computes the eighth copy of task 7%, which corresponds to problem
number 8. However, because of the dependence constraints, note that P; could not begin the execution of
the tenth copy of task T3 before that P; has terminated the execution of the tenth copy of task 77 and sent
the required data to P; (if i # j).

Deriving a steady-state solution for this complex mapping problem amounts to characterize the usage of
processors and communication links: for a given processor, which fraction of time is spent executing which
task type? for a given communication link, which fraction of time is spent communicating which file type?
The objective is to maximize the throughput, which is the number of problem instances solved per time-unit,
i.e. the number of copies of the application graph which are processed per time-unit. Of course, the previous
activity fractions and the throughput are rational numbers. To derive the actual periodic schedule there will
remain to scale everything, so as to derive an integer time-period. But the beauty of steady-state scheduling
is that this reconstruction can be automatically computed from the rational values. We can derive a periodic
schedule and express it in compact form, contrarily to the traditional makespan minimization approach which
would require a scheduling date for all tasks and files.

The objective of the paper is to assess the limits of steady-state scheduling when applied to the difficult
mapping problem that we just described. When is this approach asymptotically optimal? What is the
inherent complexity of computing the optimal steady-state throughput? The first major contribution of
the paper is a complexity result assessing that the most general instance of the problem is NP-complete.
Showing that the problem does belong to the class NP (i.e. that a solution can be verified in polynomial time)
already is a challenging problem. The second major result is positive: the optimal steady-state throughput
can be computed in polynomial time for most practical instances, and the corresponding actual schedule is
asymptotically optimal.

The rest of the paper is organized as follows. In Section 2, we introduce our base model of computation
and communication, and we formally state the steady-state scheduling problem to be solved. Then we deal
with problems of increasing difficulty:

e We start (Section 3) with the most simplified version of the problem, in order to introduce the main
ideas: we address the case where the application graph is reduced to a single node. In Section 3.1, we
use a linear programming approach to derive the optimal throughput. We give an algorithm to find a
schedule that achieves this optimal throughput in Section 3.2.

e Then, we deal with arbitrary application graphs in Section 4. In Section 4.2, we provide the optimal
solution to this problem, using the same kind of method as in Section 3.1. We give an algorithm to
find a schedule that achieves this optimal throughput in Section 4.3. Section 4.5 states the complexity
of the previous method and gives some insights for a practical implementation.

e In Section 5, we prove that the most general instance of the problem is NP-Complete.

e At last, in Section 6, we describe some related works and we give some remarks and conclusions in
Section 7.

2 Models

2.1 The application

The application is a suite of problem instances, each instance being modeled by the same application graph.
More precisely:

o Let P PR PW) be the N problems to solve, where N is large.
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e Each problem P{™) corresponds to a copy Gi‘m) = (Vlé(lm)7 E}(le)) of the same application graph G4 =
(Va, E4). The number |V4| of nodes in G 4 is the number of task types. In the example of Figure 1(a),
there are four task types, denoted as 11, Ts, T3 and Tj.

e Overall, there are N.|V4| tasks to process, since there are N copies of each task type.

For technical reasons it is simpler to have a single input task (a task without any predecessor) and a
single output task (a task without any successor) in the application graph. To this purpose, we introduce two
fictitious tasks, Tpegin Which is connected to the roots of the application graph and accounts for distributing
the input files, and T.,q which is connected to every task with no successor in the graph and accounts for
gathering the output files.

2.2 The architecture

The target heterogeneous platform is represented by a directed graph, the platform graph Gp = (Vp, Ep).
More precisely:

e There are p = |Vp| nodes Pi, Ps,...,P, in Vp that represent the processors. In the example of
Figure 1(b) there are four processors, hence p = 4. See below for processor speeds and execution times.

e Each edge represents a physical interconnection. Each edge e;; € Ep : P; — P; is labeled by a value ¢; ;
which represents the time to transfer a message of unit length between P; and P;, in either direction:
we assume that the link between P; and P; is bidirectional and symmetric. A variant would be to
assume two unidirectional links, one in each direction, with possibly different label values. If there
is no communication link between P; and P; we let ¢; ; = +o00, so that ¢; ; < +o0o means that P;
and P; are neighbors in the communication graph. With this convention, we can assume that the
interconnection graph is (virtually) complete.

e We assume a full overlap, single-port operation mode, where a processor node can simultaneously
receive data from one of its neighbor, perform some (independent) computation, and send data to
one of its neighbor. At any given time-step, there are at most two communications involving a given
processor, one in emission and the other in reception. Other models have been considered in [6, 4].

2.3 Execution times

e Processor P; requires w; j time units to process a task of type Tj.

e Note that this framework is quite general, because each processor has a different speed for each task
type, and these speeds are not related: they are inconsistent with the terminology of [14]. Of course,
we can always simplify the model. For instance we can assume that w; = w; X 0, where w; is the
inverse of the relative speed of processor P;, and J; the weight of task T. Finally, note that routers
can be modeled as nodes with no processing capabilities.

Because the task Thegin is fictitious, we let w; pegin = 0 for each processor P; holding the input files and
Wi, begin = +00 otherwise.

Using Tena, we model two different situations: either the results (the output files of the tree leaves) do
not need to be gathered and should stay in place, or all the output files have to be gathered to a particular
processor Py (for visualization or post processing, for example).

In the first situation (output files should stay in place), no file of type e, 4 is sent between any processor
pair, for each edge €k end © Ty — Tena. It is modeled by letting datay, eng = +00 (see below the definition of
datak,l).

In the second situation, where results have to be collected on a single processor Pg.s;: then, we let
West,end = 0 (on the processor that gathers the results) and w; eng = +00 on the other processors. Files of
type €y .4 can be sent between any processor pair since they have to be transported to Pgest.
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2.4 Communication times

e Each edge e, ; : T, — T; in the application graph is weighted by a communication cost datay, that
depends on the tasks Ty and T;. It corresponds to the amount of data output by T and required as
input to Tj.

e Recall that the time needed to transfer a unit amount of data from processor P; to processor P; is

ci,j- Thus, if a task T}gm) is processed on P; and task Tl(m) is processed on P;, the time to transfer the
data from P; to P; is equal to datar,; x c; ;; this holds for any edge Cpy Ty — T; in the application
graph and for any processor pair P; and P;. Again, once a communication from P; to P; is initiated,
P; (resp. P;) cannot handle a new emission (resp. reception) during the next datay; X ¢; ; time units.

2.5 Allocations and cyclic schedules

We need the following definitions: allocation, schedule, makespan, cyclic schedule, K-periodic schedule,
throughput. Although some are fairly intuitive, we formally state them all. The important result is Theo-
rem 1, but the proof is technical (and boring).

Definition 1 (Allocation). A wvalid allocation is a pair of mappings m : V4 +— Vp and o : E4 —
{paths in Gp} such that for each edge e, ; : Ty — Ti:

oeg) = (P, Py, -, B

p

P, =n(Ty), P, = n(1T;
) i [P = 000 Py = (3 v
(PZ] — HJ+1) € Ep forallje[l,p—1]

Obviously, 7 maps the tasks of the application graph G 4 onto the platform nodes and o maps the (files
associated to the) edges of G4 onto the paths of the platform network.

Definition 2 (Schedule). A wvalid schedule associated to a valid allocation (w,0) is a pair of mappings
t,:Var—Qandt, : Ex x Ep — Q satisfying to the following constraints:

e precedence: For all ey, : T, — T, if oey ;) = (P, Piy, ..., Pi,) then

t(Tk) + wiy k
(e,,C 1Py — Piy) + datag X ¢y 4,

o(eklapu - P12)

<
< o(eklﬂplz - Ple,)

tU(ek,l7 P - Plp) + datak7l X Cipflyip < tﬂ'(z-’l)

p—1

e computations: A processor cannot execute two tasks simultaneously: for all Ty, # T, we have
7T(T’k) = W(n) = [tﬂ (Tk)v tﬂ(Tk) + wW(Tk)7k[m[tﬂ (T’l)v tﬂ'(T’l) + wﬂ'(Tz),l[: 0

e communications: Two different files cannot simultaneously circulate on the edge from P; to Pj: for
all ey, |, # €y,1, € Ea and for all P; — P; we have

(to(ery 1s P = Py)itoley, 1 P — Pj) + datag, 1, % ¢ 4]

N[ty (hyins P — Pi)sty(€hy 150 Pi — Pj) + datag, 1, X c; j[=0

ato-

e one-port for outputs A processor cannot send messages to two processors simultaneously: for all
€ky1yr Choty € Fa and for all (P, — Pj,) # (P, — Pj,) we have

(to(ery s P = Pj)sto(er, 1 P — Pjy) + datag, 1, X cijy [
N[ty (ery1ys Pi = Pjy) ity (€hy 1, Pi — Pjy) + datag, 1, X cij,[= 0
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e one-port for inputs A processor cannot receive messages from two processors simultaneously: for all
€ky1yr Choty € Ea and for all (P, — Pj) # (P, — P;) we have

[to(ery 1> Pis = Pj)sto(ey, 1y, Piy — Pj) + datay, 1, X ¢, 4
N [ty (€hyins Pio = Pj)sty(€py 1y Pin — Pj) + datag, 1, X ciy j[=0

Definition 3 (Makespan of a schedule). The makespan of a valid schedule (t,.,t,) is

T) — mi 1
max (tx(Th) + wr(T).1) A te(Th)

The next definitions are more technical:

Definition 4 (Extended graph). Let G4 = (Va, E4) be an application graph and S a set. We write:

Va@S=Vyx8
Ey®8 = {((Tk,n),(Tl,n)Hem:Tk—>Tl €EqetneS}
GA®S=(VA®S,EA®S)

Ga® S is the extended graph of G 4 along S.

Definition 5 (Cyclic schedule). A cyclic schedule of an application graph G 4 on a platform graph Gp is
a valid scheduling of G4 ® N on Gp.

Definition 6 (Makespan of a cyclic schedule). The makespan of the first N tasks of a cyclic schedule

18
Dy = (tTr (Tka Tl) + wﬂ(Tk7n),k) - (Tk; Tl)

max min te
(Tk,’n)EVAX[[LNH (Tk,n)EVAX[[LNH

Definition 7 (K-periodic sequence). A sequence u is K -periodic if it is nondecreasing and if there exists
an integer no and a rational T, > 0 such that

Yn = ngt Unek = Un + 1)

K is the periodicity factor, T), is the period, and T% is the throughput of the sequence. If ny = 0, we say that
the sequence is strictly K -periodic.

Definition 8 (K-periodic schedule). To simplify the notations, f(x,n) and f(x)(n) are considered as
equivalent. A cyclic schedule (t,,t,) is K-periodic with period T, if for all T, € V4, the sequence t (Ty) is
strictly K -periodic with period Ty, and if for all e, ; € Ea and for all P; — Pj, to(ek’l, P, — Pj) is strictly
K -periodic with period T),.

Intuitively, this amounts to say that the scheduling of K consecutive instances of the application graph
is periodic.

Definition 9 (Throughput of a cyclic schedule). The throughput of a cyclic schedule is defined as the
following limait, if it exists:

Remark 1. A K-periodic schedule of period T}, is fully characterized by the first K values of the t. (Ty)
and of the t, (e ;,P; — P;), and its throughput is T%

The previous remark leads to an important question: is there a one-to-one correspondence between K
periodic schedules of period 7T}, and “patterns” of length T}, for the execution of K consecutive instances of the
application graph? The answer is positive, and this is good news: if we show that resource constraints are
satisfied during the period, then this guarantees the existence of a valid schedule with the desired throughput.
This result is formally proved in the rest of the section, which can be omitted by the reader.
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2.6 Patterns and periodic schedules

Definition 10 (K-pattern of length T},). A K-pattern of length T), is defined by an allocation (7, o) from
Ga®[1, K] onto Gp, and by two mappings t, : Va®[1,K] — [0,T,] and t, : (Ea®[1,K]) x Ep — [0,Tp[
satisfying all resource constraints and all one-port constraints modulo T),.

Definition 11 (Mk 1,). Mk 1, denotes the canonical mapping from the set of K-periodic schedules of
period T, onto the set of K-pattern of length T,: we let My 1, (t,,t,) = (t;,t,) such that:

VT € Va,¥n € [1, K] : £ (Tk,n) = t,(Tk,n) mod T,
Vey, € Ea,YP; — P; € Ep,Vn € [1,K] : t,(ey,n, Py — Pj) = t,(e;;,n, P, — P;) mod T,
Lemma 1 (Ma,, is surjective). Let T;, € Q%. Let (m,0) be an allocation from G4 onto Gp. Given
t,:Var[0,T,] and t, : Ea x Ep +— [0,Tp] satisfying all resource constraints and all one-port constraints

modulo Ty, there exists a 1-periodic schedule (t,t,) from Ga onto Gp (hence also satisfying to all precedence
constraints), of period Ty, such that

VT, € Va,¥n € Nt (Ty,n) =t,.(T}) mod T,
Ve, € Ea,YP; — Pj € Ep,¥n € N: t,((e;,n), P, — P;) =t,(e;, Pi — P;) mod T,
Proof. We look for ¢ and ¢, expressed as

tﬂ(Tk,n) =
ta((ek,lvn)ﬂPi - Pj) =

te(T) + (n+ A (Tk) T

Eo(ema P, — Pj) + (n+ A, (eg, P — Py)) T,

where A, and A_ take their values in Z. We give necessary and sufficient conditions on A, and A_ for
(t,,t,) to be a 1-periodic schedule from G 4 onto Gp.

P,

ip)-
Vn e N:t ((eg,n), Pi,_, — P;,)+ datag; X c;,_, 5, <t (T},n)

e Precedence constraints: Let e, ; € E4, and o(e, ;) = (P, Piy, - - -,

=4
{U(ek,lﬂ‘Pip—l Pi,)+ A (e, Piy oy — P )Ty + datagy x iy, <t (1) + AL (T)T,
=
EU(ek,l’Pip—l )+A (ekla ip—1 _>P1p Tp+datakl X Clp 1,ip {ﬂ(ﬂ)+Aﬂ(ﬂ)Tp
~
fﬂT—tge , P — P, ) —datar; X c; i
Ao‘(ek,lmpipfl _>P7,p) < \‘ ( l) ( = P T P) ml £ 1,pJ +Aﬂ(1—‘l)
P

Similarly, we have
Vn € N: to((ek,b ) -Ph — P )+ da‘ta’kJ X Ciyig S to((ek,b ) -Plz - -PZ?,)
=

) \‘ (ekbplz _>Pl3) (ekbpll lez)_data/%l Xcihin

A, (e Py — P T,

2

+ Ag(rs Pin = Piy)s
and
Vn e Nt (Ty) +wiy k < t,(egy, Py — Piy)
=

o€ Py = Piy) = £ (Th) — wi, &
A _(Ty) < ’
(Tk) \‘ Ty

+ Ao(ekJa P11 - P12)
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(t.,t,) satisfies all precedence constraints if and only if the following system of potential constraints
has a solution:

Ve,w : Tk — ﬂ

tole s Piy = Piy) — 0, (Th) — wiy &

AW(TIC)_A ((th —>P12) T
P

13) X T

(ek I8 P - Pls) - (ekl Pll - P72) data’kl X Ciy iy
Ay (e, Py — Piy) = Ag(epy, Py — B - -
1 2 W

Aa (ektylu P;

ip—1

*)PLp)iAﬂ'(ﬂ)g T
P

i (Tl) -1, ( °k, Z’PZTlfl - Pz,,) - ddtdkﬁl X (5iT,17ipJ

The graph G 4 is acyclic, hence the potential graph associated to the previous equations is acyclic too.
In particular, there are no cycles of negative weight, and the system admits a solution that can be
computed in polynomial time [16].

¢ Resource constraints: For all I;,I> C [0,T,[, we have (I1 + T,Z) N (Io + TpZ) = (I1 N L) + T, Z.
Since (,,f,) satisfies to all resource constraints, the same holds true for (¢,,¢,).

e l-periodicity of period T): for all T}, ¢, (%) is 1-periodic of period T}, and for all ¢, ;, t,(e;, ;) also
is 1-periodic of period T},. [ |

Lemma 2. If Mk, 1, et Mk, 1, are surjective, then My, 1k, 1, is surjective too.

Proof. Let (f,,t,) be (K; + Ks)-pattern of length T,,. Then we define vy x [1,K:1] — [0,T,] as
B (Thon) = 1.(Thyn) and 357« (Ba x [1,K]) x Ep = [0, T[ as 15" (15 1), B — P;) = T, ((eg1om), Py —
P;); then (tx £ ),t(l)) is a Kj-pattern of length 7,. Similarly, we define S T [1,K5] — [0,T,[ as
#m%)—MﬂKWMmMm(mxm&DM%HNTW&N@NmHHBbQ@WKﬁ
n), Py — P;); then (tgr) t(z)) is a Ko-pattern of length T),.

Since M, 1, et Mk, 1, are surjective, let (tS,”,tS,”) (resp. (tx 42 ),t(z))) be a schedule of pattern (ES,”,{E}))
(resp. (tgrz),t@))). Then define ¢t : V4 x N— Q as

(Tom) = t(Th,n) ifne 1, K] + (K1 + K3)Z
h @ (Tx,n) otherwise

and define t_ : (Fa x N) x Ep — Q as

t9((epom), P — P) ifn e [LE] + (K1 + K>)Z
(2)((ek ;»n), Py — Pj) otherwise

)

by (exm), Pr— Py) = {

We have derived a (K7 + Ka2)-cyclic schedule of period T}, and of pattern (%,,%,). [

™ Yo

Theorem 1. For all K € N*, Mg 1, is surjeclive.

Proof. By straightforward induction, using the previous two lemmas. [ |

2.7 From allocations to periodic schedule

We are ready for the main result of this section, which captures a very important feature of steady-state
scheduling, namely the guarantee that it is always possible to reconstruct a periodic schedule from a set of
weighted allocations satisfying all resource (computation and communication) constraints.
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Intuitively, we aim at “mapping” instances of the application graph onto the platform graph. An allocation
simply is the recording of one possible mapping (i.e. where everything takes place, from computations to file
transfers). Interleaving several different allocations looks promising to squeeze the most out of the platform
graph. Distinct allocations may use different resources, and their simultaneous use is easy in that case; but
they may also share some resources, and we then have to ensure that those shared resources are accessed in
exclusive mode. In other words, we have to orchestrate resource utilization requested by different allocations
to reconstruct a valid periodic schedule. Given a set of allocations, each of them having to be used with a
prescribed frequency, is it possible to reconstruct a valid periodic schedule with optimal throughput? The
answer is positive, and we state it now formally. Consider an application graph G4 = (Va,F4) and a
platform graph Gp = (Vp, Ep):

Definition 12 (Weight of an allocation). The weight of an allocation A = (w,0) is a positive rational
number o representing the number of times that the allocation is to be used every time-unit.

Definition 13 (Resource-compliant weighted allocations). A set of r weighted allocations (A, Cm )1<m<rs
where Ay, = (T, 0m), is resource-compliant if VP; € Vp the following three relations hold:

ks
e Computations: Z Z Wi k- | <1
m=1 \Ty/mm(Ti)=i

T

e Incoming communications: E E E datagi.cji.0m <1

m=1 ek,LGEA (PjﬁPi)Eom(ekyl)

T

e QOutgoing communications: E g g datay.;.cij.0m <1
m=1 \e, ,€Ea (Pi—Pj)€om(ey ;)

Basically, the first constraint states that within a time-unit, each processor can compute as many tasks
as required by each allocation counted as many times as its weight. The second and third constraint are the
counterpart for incoming and outgoing communications under the one-port model.

Theorem 2. Given a set of r weighted allocations (A, au), we can reconstruct a valid periodic schedule
of throughput p =" _| .

The significance of Theorem 2 is that it allows to go from purely local constraints to a global steady-state
schedule. We provide a formal proof below but the reader may want to skip it and follow the derivation
conducted in Section 3.2 for a simple particular case (where the application graph is reduced to one input
task, one main task and one output task). Section 3.2 can be read independently of the proof below.

Proof. For each weighted allocation (A, am), let s(P; — Pj, e, Apn) denote the fraction of time spent
by P; to send to P; data involved by the edge e, ; for the allocatlon We have s(P; — Pj,e; . Am) =
datayj.ci j.o if the edge P; — Pj is used to transmit files of type e, ; by the allocation A, (that is if
P — Pj € om(ey,)), and s(P; — Pj, e, Ay) = 0 otherwise.

Bipartite graph of the communications We build a weighted bipartite multigraph Gg = (Vg, Eg)
as follows: for each node P; in Gp, we create two nodes Pfe"@ and P/’ so that |Vp| = 2|Vp|. For each
non-zero value of >, ,  s(P; — Pj, €, Ann) we insert an edge between Pgend and Prect, whose weight is
D kim S(Pi— Pjep s Am), ie. the overall communication time between P; and P;. The number of edges in
Gp is such that |EB| < |Ep|. We are looking for a decomposition of the bipartite multigraph G g into a set
of subgraphs where a node (sender or receiver) is occupied by at most one communication. This means that
at most one edge reaches each node in the subgraph. In other words, only communications corresponding
to a matching in the bipartite graph can be performed simultaneously, and the desired decomposition of the
graph is in fact an edge coloring.

The total weight of a node P, defined as the sum of the weight of its incident edges, does not exceed
1 because of the constraint of the incoming communications. Similarly, the total weight of a node PV is
not larger than 1.
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Decomposition into matchings The weighted edge coloring algorithm for bipartite graphs of [34, vol.A
chapter 20] provides a polynomial number of weighted matchings (My,71),...,(Ms,vs) such that xg, =
D wYu-Xu and > 7y, < 1. Here, x, denotes the characteristic function of the matching (x.(e) = 1 iff
edge e belongs to the matching M,,). The number of matchings is bounded by |Eg| and the complexity of
the algorithm is O(|Eg|?), hence polynomial in the size of the application and platform graphs, and of the
number of allocations.

Link between matchings and allocations For each edge P; — F;, the sum of the weight of the matching
containing this edge is equal to the weight of this edge in the bipartite graph. Let us call M, ; the set of
matchings including edge P; — P; and S; ; the set of values (k, I, m) such that s(P; — P}, €k Ap) #0. We
have:

Z Tu = Z s(Pi — Pj,ep 1, Am)

ueMi,j (k,l7m)esi,j

which is also:

Z Vo = Z datay; X ¢;j X 0y,

uEMi,j (kJ,m)ESiJ

The time intervals of length ~, involved in the left sum are represented on the first line of the following
figure, whereas the intervals of length s(P; — P, €kl A,,) appearing in the second sum are represented on
the second line. We have to split both types of intervals into sub-intervals so that each of them is at the
same time part of a single interval of the first sum and part of a single interval of the second sum.

S(Pl — Pj, ek7l’ Am)
| | i | | | {transfers of different files €, , occuring on link P; — P;

for different allocations A,,: (k,l,m) € M, ;

| [ M, | | | matchings including link P, — Pj: u € S; ;

| | ' | || | intersection matchings-transfers

S(Pz - Pjaek7laAmaMu)

The above figure presents a simple way to split and distribute the communications of the intervals s(P; —
Pj. e A,,) into the matchings. We denote by s(P; — P, €1 Am, M,,) the fraction of s(P; — P;, x> An)
corresponding to the matching M, in the distribution. As datar,; and c;; are integers, if we let v, = ‘;—:,
Ym, ap, = ;—2 where ay,, by, ¢y, dy, are integers, the size of all chunks obtained in the decomposition of the
previous figure is a multiple of 1/P where P is the least common denominator of all b,,’s and d,,’s. In other
words, s(P; — P;, ex.1r Am, M,,) is a multiple of

1
lemy {by} X lemp{dm}°

Building a periodic schedule Let us define B = lem, {b,} x lem,,{d,,,} x lemy {datay;} x lem; ;{c; ;}.
In what follows, we aim at building a pattern of length B such that all communications and all computations
corresponding to (> ay,)B = pB application graphs can be realized (a1 B according to allocation Aj,...,
and «,, B according to allocation A,;,). This amounts to construct a p.B-pattern of length B. Owing to
Theorem 1, we know that the existence of such a pattern induces the existence of periodic schedule (that
can be built in polynomial time) with period B and achieving pB application graphs every B time units,
thus the optimal throughput.

The period of size B will be decomposed in (s+ 1) intervals of respective size (y1B,...,vsB,(1=>_ v.)B,
corresponding to the matchings. For each processor pair (P;, Pj), the communications between Pgend and
PjTeC” will take place in time intervals u < s such that (Pfend, PJTW’) € M,, so that during one interval, com-
munications will take place independently, since one processor can be involved in at most one send and one re-
ceive operation. During the u'" interval, processor P; sends to Pj exactly s(P; — Pj, €k 15 A, MU)W
files of type e, ; corresponding to allocation A, (thanks to the definition of B, this is a integer number of
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files). This transfer lasts s(P; — Pj, €, Am, My) x B time-units. The time needed to send all files for all
allocations during the interval corresponding to matching M, is:

5u:ZZS(Pi%Pj;ek7l;A7n,Mu) XB:*}/U x B

Am ey,

which is the length of the u'" interval. The total number of files ey, sent by P; to P; for allocation A,
during one whole period is:

B B

Z S(-Pi_’Pjaek,laAmaMu)X :s(PiHPjaek,la-Am)

ueEM,; j

=a, X B

— >< —
datar; X c; ; datar; X c; ;

so every files e, ; for allocation A,;, may be transfered during one period of length B.

Computation Since communication and computations can be overlapped, computations will take place
independently during the whole time period B. Let us now prove that processor P; is able to process all the
tasks assigned to it. The number of tasks of type T} assigned to P; is given by

Wi,k = (Z Z am)Ba

M o (Th) =1

and by construction of B, W; ; is an integer since Vm, o, B is an integer.

By construction,
YooY wikam <1,

m ﬂm(Tk):'L

Z Z w; k- (am B) < B.

M, (T)=i

so that

Thus, during the time period of duration B, P; can process a,,B tasks of kind Ty, V(k,m) such that
7m(Tk) = i. Thus, P; is able to process all tasks assigned to it within the request time-frame.

Thus, it is possible to organize all the communications and all the computations corresponding to pB
application graphs in a time period of duration B. Owing to Theorem 1, there exist a periodic schedule
(with period B) that achieves pB application graphs every B time units.

Finally, define the size of the mapping problem I as the size of the application and platform graphs. If
the number r of resource-compliant allocations is polynomial in I (which means that there is a reasonably
bounded number of allocations), and their weights are polynomial in I (which means that their weight can
be expressed in reasonable compact way) then log B has a size polynomial in I too, so that the construction
and the description of the schedule are fully polynomial in I. We will use this property in the proof of
Theorem 6. [ |

3 Steady-state scheduling of independent tasks

In this section we focus on scheduling independent tasks. Such an application is modeled with the very
simple application graph depicted on Figure 2(a), which includes only three task types on a linear path:
an input task, the main task and an output task. However, we point out that all the results shown in this
section also hold true when the application graph is a tree.

3.1 Optimal throughput

In this section we derive a bound on the optimal throughput that can be achieved in steady-state mode,
using a linear programming approach. Later in Section 3.2, we show how to build a periodic schedule that
achieves this throughput. This is the beauty of the steady-state approach: all the information needed to
construct the actual schedule lies in the solution of the linear program.
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3.1.1 Steady-state activity variables

e For each edge ¢;; : Ty — T; in the task graph and for each processor pair (P;, P;), we denote by
s(P; — Pj, ey ;) the (average) fraction of time spent each time-unit by P; to send to P; data involved
by the edge e, ;. Of course s(P; — Pj, e ;) is a nonnegative rational number. Think of an edge ¢, ; as

requiring a new file to be transferred from the output of each task T,Em) processed on P; to the input of

each task Tl(m) processed on Pj. Let the (fractional) number of such files sent per time-unit be denoted
as sent(P; — Pj,e; ;). We have the relation:

s(Pi — Pj,ey,) = sent(P; — Pj,ep ;) x (datay, X ¢ ;) (1)

which states that the fraction of time spent transferring such files is equal to the number of files times
the product of their size by the elemental transfer time of the communication link.

e For each task type Ty € V4 and for each processor P;, we denote by a(P;,T},) the (average) fraction
of time spent each time-unit by P; to process tasks of type T}, and by cons(P;,T},) the (fractional)
number of tasks of type T} processed per time unit by processor P;. We have the relation

a(P;, T,) = cons(P;, T),) X wi g (2)

3.1.2 Steady-state equations

We search for rational values of all the variables s(P; — Pj,e; ), sent(P; — Pj,ey;), a(P;,T)) and
cons(P;, Ty,). We formally state the first constraints to be fulfilled.

Activities during one time-unit All fractions of time spent by a processor to do something (either com-
puting or communicating) must belong to the interval [0, 1], as they correspond to the average activity
during one time unit:

VP VT, € V4,0
VH,Pj,Vek,l S EA, 0

(P, Ty) <1 (3)
s(P; — Pjvek,l) <1 (4)

NN

One-port model for outgoing communications Because send operations to the neighbors of P; are
assumed to be sequential, we have the equation:

VP, Y. > s(Pi— Pje,) <1 (5)

P]‘G’IL(Pi) eleEEA

where n(P;) denotes the neighbors of P;. Recall that we can assume a complete graph owing to our
convention with the c; ;.

One-port model for incoming communications Because receive operations from the neighbors of P;
are assumed to be sequential, we have the equation:

VP, Z Z s(Pj — Py epy) <1 (6)

Pjen(P;) e, €Ea

Note that s(P; — P, e, ;) is indeed equal to the fraction of time spent by P; to receive from P; files of
type e, ;.

Full overlap Because of the full overlap hypothesis, there is no further constraint on a(F;,T)) except that

VB, Y a(P,Ty) <1 (7)
Tp€Va

RR n°® 5198



3.1.3 Conservation laws

The last constraints deal with conservation laws. Consider a given processor P;, and a given edge €, ; in
the application graph. During each time unit, P; receives from its neighbors a given number of files of type
S P; receives exactly ij en(p;) sent(P; — P, ek’l) such files. Processor P; itself executes some tasks T},

namely cons(P;,T),) tasks Ty, thereby generating as many new files of type e Kl

What does happen to these files? Some are sent to the neighbors of P;, and some are consumed by P; to
execute tasks of type T;. We derive the equation:

VP@,Vek’l S EA : Tk — n,

Z sent(P; — Pi, ey ;) + cons(P;, Tj,) =
PjG’I’L(Pi)

ST sent(P — Pyye) + cons(PuTy) (8)
Pjen(Pi)

It is important to understand that equation (8) really applies to the steady-state operation. At the
beginning of the operation of the platform, only input tasks are available to be forwarded. Then some
computations take place, and tasks of other types are generated. At the end of this initialization phase, we
enter the steady-state: during each time-period in steady-state, each processor can simultaneously perform
some computations, and send/receive some other tasks. This is why Equation (8) is sufficient, we do not
have to detail which operation is performed at which time-step.

Finally, we point out that Equation (8) has been written in the most general setting (several masters,
prescribed resources for output files, etc.). We have a simpler formulation if we assume a single master and no
constraint on the localization of output files. In that case, let sent(P; — P;) be the number of files sent from
P; to P; within a time-unit, and let cons(P;) be the number of tasks consumed by P; within a time-unit. We
derive the conservation law, which states that each task received is either consumed or forwarded to another
resource:

VP, Z sent(P; — P;) = cons(P;) + Z sent(P; — Pj)
P;—P; P;—P;

3.1.4 Bound on the optimal steady-state throughput

The equations listed in the previous section constitute a linear programming problem, whose objective
function is the total throughput, i.e. the number of tasks T4 consumed within one time-unit:

p
p= Z ConS(Pia Tend) (9)
i=1
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Indeed, each time a task Te,q has been consumed, the dependence constraints imply that a whole instance
of the application graph has been executed. Here is a summary of the linear program:

MAXIMIZE p = Y ¢ cons(P;,T.,.,),
UNDER THE CONSSTRAINTS
) VP; VT € V4,0 < Oé(Pi,Tk) <1
(10c) VP, — Pj,Vey, € Ea,s (R — Pj, e l) = sent(Pl — Pjep ;) x (datay, x ¢ j)
) VP, VT € Va,a(P;,Ty,) = cons(P;, T},) X wi
)

VP, Y Y s(Pp— Pegy) <1

Pj—Pe, €EA

(10f) VP, D s(Pi— Pje) <1 (10)

P;—P; €y, lEEA

(10g) VP, Y a(P,Ty) <
TREVA
(10h) VPi,Vek’l S EA : Tk — ﬂ’
Z sent(P; — P, ey ) + cons(P;, Ty,) =
P;—P;
Z sent(P; — Pj, ey ;) + cons(P;, T))
P;—P;

As already pointed out, the beauty of steady-state scheduling is that the optimal throughput p given
by the linear program can be achieved. We show how to build a periodic schedule of throughput p in
Section 3.2, and we establish its asymptotic optimality among all possible schedules (not only periodic ones)
in Section 3.3.

3.2 Reconstruction of an effective schedule

Consider the platform depicted on Figure 2(b) and a set of independent tasks (whose characteristics are
depicted on Figure 2(a)). We suppose that all input files €pegin,1 initially reside on P, and that all output
files €1 end have to be gathered on P;. These conditions are ensured by imposing that neither Thegsn n0r Tepng
can be processed on another place than P;.

Solving the linear program, we get the values summarized on Figure 3. In Figure 3(b), solid edges
represent the transfers of e, ;. ; and dashed ones the transfers of e, ,,,,. The weights of the edges represent
the fraction of time spent for the associated file transfer. We have to show how to reconstruct a schedule
from this description. More precisely, given the throughput p = 0.525 (21 tasks every 40 seconds), we have
to build a K-pattern of length T}, such that p = K/T,. The construction of such a pattern proceeds in two
phases. First we decompose the solution of the linear program into a weighted sum of allocations («;,.4;)
(see Figure 4). Then we show how to simultaneously schedule these allocations without resource conflict.
Theorem 2 proves that this last step is possible in a more general context. Nevertheless, we present in this
section the actual reconstruction of the pattern on a simple example, for some readers may have (legitimately)
skipped the proof of Theorem 2.

The main motivation to consider steady-state scheduling is that several distinct allocations are interleaved
to squeeze the most out of the platform. In the simple case where G 4 only contains a main task, an input
task Thegin and an output task 7Tenq, the decomposition into allocations is computed by peeling off the
communication graph: see Algorithm 1.

Algorithm 1 depth-searches GG 4 and greedily select processors capable of executing the tasks. Conserva-
tion laws ensure that the desired allocation will always be found: when a task is consumed, it produces an
output file which either is used locally, either is forwarded to another processor. Once we have a valid alloca-
tion, we determine its weight by taking the minimum of the quantities cons(P;,T},) and sent(P; — Pj, e, )
involved in the allocation. We subtract this weight to these quantities, and we get updated variables still
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2
10 1 2
4

10Q
2 1 1
.a 0 2 @ 1 @ 1
(a) Application graph (b) Platform graph: input files €pegin,1 originally are on P

and output files e, ,, , have to be gathered on P;

Figure 2: A simple example for reconstructing the schedule

a(P;, 1Y) | cons(P;,T)
By 100% 0.025 | .25 0.5 0.25 0.5
P, 100% 0.125 ] |
Py 100% 0.125 ! '
Py 100% 0.250 ————— -
Total | 21 tasks every 40 seconds 0.25
(a) Computation times (b) Communication times (s(P; —
P, 3;“1))

Figure 3: Solution of the linear program : the platform graph is annotated with non-zero values of s(P; —
Py ep)
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P — P P — P P — P;— P P — P— P

@ " ( : ) Py Py Py Py
i Py P Py — P P—P—P PP P
v v v v v
Ay Ay As Ay As
0,025 0,125 0,125 0,125 0,125
Figure 4: Decomposition of the solution of the linear program into 5 allocations A;,...,A5. Each allocation

contributes to a certain amount to the steady-state regime, and the sum of these contributions (0.025 +
0.125 + 0.125 + 0.125 + 0.125) is equal to the total throughput total (0.525 = 21).

FIND_AN_ALLOCATION()
1: Choose P; such that cons(P;, T,,,,) = 0
71—(T’begin) — Pz
src «— 1
710
while cons(Pg,.,T;) = 0 do
Choose P; such that sent(Poc — Pj, €405, 1) > 0
71 H’ylu(Psrc_’-Pj)
sre «— j
U(ebegin,l) N
7T(T1) — Psrc
tye — 0
: while cons(Pe,T,,;) =0 do
Choose P; such that sent(Ps;c — Pj, ey opq) >0
VQHWQU(PSTC_)Pj)
sre «— j
: U(el,end) =2
: 7T(T’end) — -Psrc
: @ < min (cons(Pbegm, Tﬂ(Tbegm))’ cons(Py, Tﬁ(Tl))7 cons(Pend, T7T(TM))7
{Sent(Pl - Pj’ ebegin,l)|‘Pi - PJ € U(ebegin,l)}?
{Sent(Pl - Pj’ el,end)|Pi - PJ € U(el,end)})
19: return(o, 7, o)

© X NI RN

[ e S e T
© N N WNRO

Algorithm 1: Algorithm for extracting an allocation
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(a) Solution of the linear program (b) Bipartite graph

Figure 5: Communication graph and associated bipartite graph.

satisfying to all constraints (10): we start again searching for another allocation, until no more task can be
consumed.

Once we have the allocations, we can directly use Theorem 2 to reconstruct the periodic steady-state
schedule. However we illustrate the reconstruction on this example. The rest of this section can be skipped
by the reader who has followed the proof of Theorem 2.

From the weighted allocations we build the communication graph shown in Figure 5(a). Each node is
a processor. Solid edges represent transfers of type e, 1, while dashed edges represent transfers of type
€1 enq- Bach edge is labeled with an allocation number and a weight which represents the time fraction spent
communicating the corresponding file. For instance, the solid edge (A3, 0.25) from P; to P, means that every
time-unit, one fourth of the time (weight 0.25) is spent forwarding from Py to P files of type e, ;, ; and
used for Asz. There may be several edges between processor pairs.

To reconstruct a schedule from this description, we transform the communication graph into a weighted
bipartite graph (see Figure 5(b)). We split each node into two nodes, one for the sends (in grey) and one for
the receives (in white).

Because of the one-port model, there are at most two communications involving the same processor at
a given time-step: one for sending, and one for receiving. The one-port constraints are enforced locally by
Equations (5) and (6), but they have to be satisfied at the platform level. This is the role of the bipartite
graph: we have to extract communications that can take place simultaneously, without violating the one-port
constraints. Any set of communications which corresponds to a matching in the bipartite graph will do the
job: by definition of a matching, any sending processor will be involved at most once, and the same for any
receiving processor. Therefore, the bipartite graph must be decomposed into a weighted sum of matchings
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such that the sum of the weights is not greater than 1 (in order to orchestrate all communications within a
time-unit). Back to the example, we can have the following decomposition:

Ay
O A O @) O
) S &7
1 N 1 As
=1 X +Z X +
X2
lx +l X
4 4
X3 X4

(11)

Here, x denotes the characteristic function of the matching (x(e) = 1 iff edge e belongs to the matching).
Such a decomposition always exist and can be obtained. Decomposing a bipartite graph into a weighted sum
of matchings amounts to derive a weighted edge-coloring of the graph. The algorithm, although complicated,
is well-known, and its complexity is O(m?), where m is the number of edges in the bipartite graph [34,
chapitre 20]. The number of matchings is bounded by m. From the edge-coloring decomposition, it is easy
to reconstruct the schedule (see Figure 6) because we now have a pattern that satisfies to all resource and
one-port, constraints.

To summarize, the design of the final schedule is conducted as follows:

1.
2.

Solve the linear program (10).

Decompose the solution into a sum of allocations and build the communication graph induced by the
s(P — P, ek,l)-

Transform the communication graph into a weighted bipartite graph B.

Decompose graph B into a weighted sum of matchings B = > acx. such that > a. < 1.

ai

Letting (P, Ty) = - and o = f;—z, we define the period 7}, as the least common multiple of the
bi x w; and of the g. x datar,; x c;; if the transfer of a file of type €kl from P; to P; belongs to
matching x.. As a consequence, an integer number of each task type is consumed during each period T},
(owing to the a(P;,T;)) and an integer number of files is transferred during each of the time-intervals
corresponding to the matchings. Back to the example, T}, is the least common multiple of 10,2,2,1
(for Py, Py, P3, Py) and of 4 x 2 = 8 for the matchings (here, transfer times and weights are the same
for all matchings), leading to the value T, = 40.

By construction, each matching x; is a set of compatible communications of files €pegin,t OF €1 end
from a P; to a P; and corresponding to a given allocation. Hence we have built a K-pattern (here,
K=1+5+54+5+5 = 21) of length T}, where K/T), is equal to the optimal throughput. Using
the one-to-one correspondence between patterns and periodic schedules of Section 2.6, we derive the
desired periodic schedule of optimal throughput.
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P4—>P3
P3—>P4

P4—>P2
P2—>P4

Py— P
P— Py

P3—>P1
P1—>P3

Pz"Pl
P1*>P2

Py
Py
P,

P

""""""""""""""""""""" R e T T i e
CLLLLe ool ; LLLL!

o
B
(am)
o
o
—
o 4
[am)
—
D
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Figure 6: Schedule pattern achieving the optimal steady-state throughput

We point out that the description of the schedule has a size polynomial in the size of the problem input.
Indeed, the number of variables in the linear program is O(n®p®) (because of s(P; — Pj, e, ;)), so the
bipartite graph has a size polynomial in n et p. The number of allocations is also bounded by n?p? and the
communication graph has at most O(n*p*) edges. During the edge-coloring decomposition, the number of
matchings is bounded by n*p* and the description of the weighted sum is polynomial. The description of the
schedule is thus polynomial, and the period length can be encoded in polynomial size too, as it is obtained
as the least common multiple of the b; X w; ; and of ¢. X datar,; x c; ;.

However, if the period length can be encoded in polynomial size, the period itself may not be polynomial.
In other words, log T}, is polynomial in n and p but maybe T}, is not. Because we describe the operation of
the processors by time-intervals corresponding to each allocation, we do have a polynomial-size description.
It is important to realize that if we had described the operation of each resource at each time-step, we might
have obtained a description of exponential size.

Apart from some periods in the very beginning (initialization) and and in the end (clean-up), the cyclic
schedule achieves a perfect use of the resources. We show in Section 3.3 that the cyclic schedule is asymp-
totically optimal: in T' time-steps, any schedule cannot execute more than a constant number of extra tasks
than the cyclic schedule, and this constant is independent of 7.

3.3 Asymptotic optimality

Let opt(Gp, K) denote the optimal number of tasks that can be computed on the platform Gp within K
time-units. Note that optimal refers to any valid schedule, not only periodic ones. We let p be the optimal
throughput, computed using the linear program 10.

Lemma 3. opt(Gp, K) < px K

Proof. Consider an optimal schedule. For each processor P;, and each task type Ty, let ¢; (K) be the total
number of tasks of type T} that have been executed by P; within the K time-units. Similarly, for each
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processor pair (F;, ;) in the platform graph, and for each edge e, ; in the application graph, let ¢; ;51 (K)
be the total number of files of type e, ; tasks that have been forwarded by P; to P; within the K time-units.
The following inequalities hold true:

Vi, Y op ik (K).w;p < K (time for P; to process its tasks)

Vi, Y op—p; 2ok tigked(K).datag.ci; < K (time for P; to forward outgoing tasks in the one-port
model)

Vi, 3 p,p, 2ok tii ki (K)-datag.cij < K (time for P; to receive incoming tasks in the one-port
model)

Ve 2op,—p bkt (K) + 6k (K) = 3 p . p tijki(K) + £, (K) (conservation equation holding for
each edge type ey ;)

Let cons(P;,T},) = %, sent(P; — Pj,e; ) = % We also introduce a(P;, T},) = cons(P;, T),).wi i
and s(P; — FPj, ek’l) = sent(P; — P;, ekJ).datakJ.cl»J. All the equations of the linear program 10 hold, hence

p

iy cons(P;, T, ) < p, the optimal value.

Going back to the original variables, we derive:

opt(Gp, K) = tiena(K) < px K |

Basically, Lemma 3 says that no scheduling can execute more tasks than the steady state scheduling.
There remains to bound the loss due to the initialization and clean-up phases in the periodic schedule that
has been reconstructed in the previous section. Consider the following (brute-force) approach (assume K is
large enough):

Solve the linear program 10: compute the maximal throughput p, compute all the values a(P;, T},),
cons(P;, Ty), s(P; — Pj, e, ;) and sent(P; — Pj, e, ;). Determine the period T),. For each processor P;,
determine per; ; ;, the total number of files of type ey, that it receives per period. Note that all these
quantities are independent of K: they only depend upon the characteristics w; , ¢; ;, and datay; of
the platform and application graphs.

Initialization: the master sends per; ;. ; files of type e, ; to each processor P;. To do so, the master
generates (computes in place) as many tasks of each type as needed, and sends the files sequentially to
the other processors. This requires I units of time, where I is a constant independent of K.

Similarly, let J be the time needed by the following clean-up operation: each processor returns to the
master all the files that it holds at the end of the last period, and the master completes the computation
sequentially, generating the last copies of T,4. Again, J is a constant independent of K.

Let r = | K521 ).

Steady-state scheduling: during r periods of time T},, operate the platform in steady-state, according
to the solution of the linear program.

Clean-up during the J last time-units: processors forward all their files to the master, which is respon-
sible for terminating the computation. No processor (even the master) is active during the very last
units (K — I — J may not be evenly divisible by Tj,).

The number of tasks processed by this algorithm within K time-units is equal to steady(Gp, K) =
(r+1)xT x p.

Clearly, the initialization and clean-up phases would be shortened for an actual implementation, using
parallel routing and distributed computations. But on the theoretical side, we do not need to refine the
previous bound, because it is sufficient to prove the following result:
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Ty

(a) Application graph (b) Platform graph: each processor is able to pro-
cess only one task type

Figure 7: Counter-example

Theorem 3. The previous scheduling algorithm based upon steady-state operation is asymptotically optimal:

steady(Gp, K)
im ————~ =1.
K—+o0 Opt(Gva)
Proof. Using Lemma 3, opt(Gp, K) < p.K. From the description of the algorithm, we have steady(Gp, K) =
((r+1)T).p = (K — I — J).p, hence the result because I, J, T and p are constants independent of K. W

4 Steady-state scheduling of a general application graph

In this section we move from independent tasks to general application graphs, which can be arbitrary direct
acyclic graphs (DAGs). As we will see, scheduling arbitrary DAGs turns out to be much more difficult than
scheduling independent tasks.

4.1 Why are DAGs difficult?

Consider the problem of mapping the application graph depicted on Figure 7(a) onto the platform depicted
on Figure 7(b). Processors are labeled with the task types that are able to execute. For instance, T4
can only be executed by P, or P». Looking carefully at the figure, we check that no schedule is feasible.
However, assuming that communication and communication times are all equal to one, if we had used the
same equations for the linear program as before, we would have get an expected throughput of 2 application
graphs per time-unit. The difficulty arises from the join node T4 of the application graph. We need to merge
data that corresponds to the same initial instance of the application graph. Therefore we need to keep track
of the schedule of some ancestors to ensure that join parts of the DAG will be done correctly.

4.2 Adding constraints

To avoid the problem exposed in the previous section, we keep track of the schedule by adding some infor-
mations to each variable.
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{Tbcgin } {Tbegin }
Theqi
{ g } {Tbcgi’ () Tl }
@2 @2 {Tbegin7 Tl }
Theqird, 11, T
{Tbegina T17 T2} { gu ’ }
T 13 T 13
{Tbcgi’rw T17 T2} {Tbegirw T17 T2}
(a)  Application (b) Annotating the application graph: eq,3 is labeled by Thegin
graph and Tp because of T3; e; 2 is labeled by prgm and T because

of T3; €53 is labeled by Tb,,gm, T1 and T2 because of T3 and T5;
Tend is not labeled because the only access path to it goes through
Ts;etc.

Figure 8: Computing constraints.

4.2.1 Definitions and algorithm

The variables sent(P; — Pj, ey ;). s(Pi — Pj,e; ), a(P;,T}) and cons(H, T,,) will be annotated with a list
of constraints L and will be written sent(P; — Pj,ef,), s(P; — Pj,ef)), a(P;, TF) and cons(P;, T}F). These
constraint lists are the schedule of some ancestors, e.g. {Thegin — Pl, Ty — P53, T35 — P2}. We now explain
how to build these constraint lists.

Definition 14. Given a dependency e, , we define the set of constraining tasks of e, ; as the ancestors T,
of Ty for which there exists a T4 which is a descendant of T, and which is not an ancestor of Tj.

The constraining tasks of the e ; are the tasks whose schedule is crucial to be memorized to ensure that
join parts of the DAG will be done correctly They can be constructed with Algorithm 2, which is illustrated
on Figure 8.

We now define the constraint lists for the tasks T} and the eg,- We distinguish between two types of
constraints for a task T, depending whether these constraints have to be verified to process Ty, (i.e. for all
e ) or whether all files ¢, ; have to respect these constraints.
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ACTIVATE(T,)

. Active[T,] « 1

: forall T, s.a. T,, — T, do

if Active[T,] # 1 then
ToActivate[ T]
inc(counter)

. dec(counter)

ToActivate[T,] < 0

No g sen=

REMEMBER(T,,T%)

8: if counter>1 then

9. forall T, s.a. T, — T, do
10: Listle,, ,,] < List[e, ,,|] UT,
COMPUTELISTE()

11: for all e, ; do

12 Listle, ] < 0

13: for all T, do

14 Counter «— 1

15.  ACTIVATE(T,)

16:  REMEMBER(T,,T.)

17 while | ToActivate| > 0 and counter > 1 do

TO_ACTIVATE:
18: for all T, s.a. ToActivate|T,]=1 do
19: nb «— 0
20: forall T, sa. T, — T, do
21: if (there is a path from T, to T,,) then
22: if Active[T,] then
23: next TO_ACTIVATE
24: inc nb
25: ACTIVATE(T,)
26: counter «— counter - nb + 1
27: REMEMBER(T,,T%)

Algorithm 2: Computing the constraining tasks.
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Definition 15. A constraint list for an edge ey, is a mapping from {Ty,, ..., Ty} to {P1,..., Py}, where
{Tky, ..., T, } is set of constraining tasks of ey ;. It is represented as a list of the form {Ty, — P“, ce
P}

Definition 16. Cnsts(e;, ;) = { constraint list for e, ; }
CnstsIn(Ty) = { mapping from U (constmmmg tasks of e, ,,) to {P1,..., Py} }

Ty, —

Cnsts(ey,;) if there exists an e, ; in Ea

CnstsOut(Ty) = (by construction, for a given k, all the e, ; have

otherwise
the same list of constraints).

The following definition enables to link constraint lists in Cnsts(ey, ;), CnstsIn(Tk), and CnstsOut(T}).

Definition 17. Two constraint lists L1 and Lo are compatible iff
V(Tk — i) € L1,VP; # P, (T, — Pj) ¢ Lo
The following two definitions simply help to build the equations of the linear program.
Definition 18. A file e, ; respecting constraints L € Cnsts(ek’l) can be transferred from P; to Pj iff ¢; j # oo.

Definition 19. A task T} can be processed on processor P; under constraints L € CnstsOut(Ty) iff wsr # 00
and if processing Ty, on P; does not violate one of the constraints of L (i.e. if there’s not a P; # P; such as
(T — P;) € L).

4.2.2 Equations

e For each edge €, ; : T, — 1} in the task graph, for each processor pair (P;, Pj) and each valid constraint
list L € Cnsts(ey;), we denote by s(P; — Pj, ey L ) the (average) fraction of time spent each time-unit
by P; to send to P; data involved by the edge ¢, , under constraints L. As usual s(P; — P; o l) is a
nonnegative ratlonal number. Let the (fractlonal) number of such files sent per time-unit be denoted
as sent(P; — Pj, ey L ). We have the same kind of relation as before:

s(P; — Pj, ey F) = sent(P; — P; N F1) % (datay, x c; ;) (12)

which states that the fraction of time spent transferring such files is equal to the number of files times
the product of their size by the elemental transfer time of the communication link.

e For each task type Ty € V, for each processor P; and for each valid constraint list L € CnstsOut(T}),
we denote by a(P;, TF) the (average) fraction of time spent each time-unit by P; to process tasks
of type T}, fulfilling constraints L, and by cons(P;, T{) the (fractional) number of tasks of type T
fulfilling constraints L processed per time unit by processor P;. We have the relation

Py, TE) = cons(P;, TE) x wi . (13)

Before being processed on P;, a task T has to be ready i.e. the files necessary to its processing have to
be gathered on P;. The constraint list of the input files (belonging to Cnstsin(T})) of a task and the
constraint list of the output files (belonging to CnstsOut(T})) are generally different. It may shrink
(e.g. T5 on Figure 8(b)) or grow (e.g. T7 on Figure 8(b)). That is why we distinguish the tasks that are
ready to be processed under some constraints (prod(P;,T},)) from the one that have just been processed
and have produced some output files (cons(P;,T},)). Therefore, we have the following equation linking
prod(P;,T,) and cons(P;, T},):

cons(P;, TE) = Z prod(P;, T}?) (14)

Ly € CnstsIn(Ty)
T} can be processed on P; under constraints Lo
L and Lo are compatible

RR n°® 5198



Activities during one time-unit All fractions of time spent by a processor to do something (either com-
puting or communicating) must belong to the interval [0, 1], as they correspond to the average activity
during one time unit:

VP;,VTy, € V,VL € CnstsOut(Ty,)

0<a(P;, TF) <1 (15)
VP;, Pj,Ve,, € E,YL € Cnsts(e;,;) 0 <

s(P; — Pj,ex;) <1 (16)

One-port model for outgoing communications Because send operations to the neighbors of P; are
assumed to be sequential, we have the equation:

VP, Z s(P; — Pj,eﬁ’l) <1 (17)
Pien(P;)
e, €E
LeCnsts(ey, ;)

where n(P;) denotes the neighbors of P;.

One-port model for incoming communications Because receive operations from the neighbors of P;
are assumed to be sequential, we have the equation:

VP, > s(Pj—Piefy) <1 (18)
Pjen(pP;)
ekJGE
LeCnsts(ey, ;)

Note that s(P; — P, €, ;) is indeed equal to the fraction of time spent by P; to receive from P; files of
type e, ;.

Full overlap Because of the full overlap hypothesis, there is no further constraint on a(P;, TkL ) except that

VP, > (P, TE) < 1 (19)

TeeV
Le CnstsOut(Ty)

4.2.3 Conservation laws and linear program

The last constraints deal with conservation laws. Consider a given processor P;, and a given edge eé} ; in the
application graph annotated with the constraint list L. During each time unit, P; receives from its neighbors
a given number of files of type ef ;: P; receives exactly ) pyen(py) SEnt(P; — Py, ek ) such files. Processor P;
itself executes some tasks T, namely cons(P;, T) tasks T, thereby generating as many new files of type
L

€k

What does happen to these files? Some are sent to the neighbors of P;, and some will be used to produce
some ready TlL2 (with Lo compatible with L) that are going to be consumed by P;. We derive the equation:

VP;, Ve, € E: T, — T;,VL € Cnsts(ey, ;)
Z sent(P; — P, eﬁl) + cons(P;, TE) =

P; en(P;)

Z sent(P; — P}, eé’l) + Z prod(P;, T;"*) (20)
Pjen(FP;) LoeCnstsIn(Ty)
L and L2 compatible
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Altogether, we derive the following linear program, which resembles that of Section 3.1.4:

MAXIMIZE p = Y _7_, cons(P;, Te{id),

UNDER THE CONSSTRAINTS

(21a) s(P; — Pj,eé,l) = sent(P; — Pj,eﬁ)l) X (datag, X ¢; ;)
(21b)  a(P;, T) = cons(Pi, TF) x w; i

(21c) cons(P;, TE) = Z prod(P;, T;*)

Lo € CnstsIn(Ty)
T may be processed by P; and satisfies to Lo
L et Ly are compatible

(21d) VP, Y s(Pi—Pef) <1
P;—P;
e 1€EEA
LeCnsts(ey, ;)
(21e) VP; > s(P—Piefy) <1 (21)
PjHPi
e,c,LEEA
LeCnsts(ey, ;)
(21f) VP, > aP,TH <1

TLEVa
Le CnstsOut(Ty)

(21g) VP, Ve, € Ea: Ty — T, VL € Cnsts(ey, ;)
Z sent(P; — P, eﬁ}l) + cons(P;, TF) =
P;—P;
> sent(P; — Py ef)) + > prod(P;, T}?)

P;—P; Loe CnstsIn(Ty)
L and L2 compatible

4.3 Reconstruction on an effective schedule

Section 4.3.1 focuses on a simple example to explain why the reconstruction of the schedule is more difficult
than for independent tasks. Section 4.3.2 presents a method to decompose the solution of the linear program
into a weighted sum of allocations, and Section 4.3.3 shows how to mix those allocations to get an effective
schedule.

4.3.1 Why are DAGs more difficult (continued)

In the same way as computing the optimal throughput of a DAG on a general platform turns out to be much
more difficult than for independent tasks, reconstructing a schedule is a little bit more tricky, even with the
constraints introduced in Section 4.2.

Consider the example of Figure 9. Each processor in the platform of Figure 9(b)) can only execute one
task type; this task type and its execution time are indicated close to the processors. Each dependence file
has unit cost, so that the weight of the edges in the platform graph represent the time needed to communicate
the file. Using the linear program (21), we compute p = 1, i.e. one application graph per time-unit. Using
the same technique as in Section 2, we transform the communication graph into a bipartite graph and we
get the following decomposition:

_|_

ot

X
OO0—=O
o

N

O
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T4 T4 O O

(a) Application graph. (b) Platform graph (c) Bipartite graph trans-
All weights are identical formation

Figure 9: Difficulty of schedule reconstruction

Nevertheless, join parts have to be treated carefully. Figure 10 depicts two allocations. The first one
is constructed by using a breadth-first descent of the application graph and is incorrect because files corre-
sponding to e, 4 and ey 4 for the first instance of the application graph are sent to different processors (resp.
P, and Ps). This incompatibility could be avoided by adding some constraints when designing the linear
program (by remembering fork and join parts). Fortunately, correct allocations can be built traversing the
application graph backwards (see Figure 10).

4.3.2 Algorithm for decomposing the solution into allocations

The platform that we use to illustrate our algorithm in this section is depicted in Figure 2(b) and the
application graph is depicted on Figure 11.

The rationale of the approach is that mixing different allocations is likely to achieve an even better
throughput that using a single one (which is furthermore difficult to find). This section explains how to
decompose the solution of the linear program into a weighted sum of allocations. This is achieved by
annotating the application graph with the non-zero values of cons(P;, T}), prod(P;, TF) and sent(P; —
Pj,er,;) (see Figure 12). The process is much easier when introducing sent(P; — P;, ef.;), the amount of ef;,
that are produced in place, that are not transferred to another processor and that stay in place for another
computation. Hence, we have:

VP;,Vey, € E: Ty — Ti,VL € Cnsts(ey, ;) :

sent(P; — P, eél) = Z prod(P;, T;**)—

Lo € CnstsIn(Ty)
T; can be processed on P; under constraints Lo
L and L2 are compatible

g sent(Pj — P ert)  (23)
L, € CnstsOut(T})
L and L, are compatible

As explained in Section 4.3.1, we need to traverse the application graph backwards. Algorithm 3 builds
a valid allocation from the solution of the linear program. The weight of this allocation, i.e. its throughput,
is then equal to the minimum values over the cons(P;, T}), prod(P;,T)) and sent(P; — Pj,ef ;) involved
in it. The decomposition into a weighted sum of allocations then simply consists in finding an allocation,
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Py

Py
Py

Py
Py

Figure 10: Effective schedules deduced from the decomposition of the bipartite graph

evaluating its weight and subtracting it to the solution of the linear program, until cons(P;,T,, ;) = 0 for
all P;. The decomposition of the solution depicted Figure 12 is made of 10 different allocations. Figure 13

depicts the main two allocations (those with the largest weights).

4.3.3 Edge-coloring to ensure allocation compatibility

Once we have the allocations, we reconstruct the schedule as before, using Theorem 2. The approach is quite
similar to that of Section 3.2.

Going back to the example of Section 4.3.1, with the platform graph depicted in Figure 9(b), the optimal
throughput is obtained by mixing the two allocations depicted on Figure 14. The bipartite communication
graph is shown in Figure 15. We obtain the decomposition:

O O

VO
/O

©]
@)

1 O O 1 O 1 1 O
_2x |9 - - ol 4= o 24
1 X (, j + 4 3 + 4 Q\ + 1 X Q\ (24)
5 d o o o
& o o o & o

Therefore, we are able to compute a schedule achieving the optimal throughput, just like we did in
Section 3.2.
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Figure 11: Not so simple an application graph.

FIND_A_SCHEDULE()
1. to_activate— {Tepna}
2: CnstsCons(Teng) — 0
3: P(Tena) < a P, s.a. prod(P;, T?
4: while to_activate # () do
.| — Pop(to_activate)

)>0

5
6: i — P(Ty)

7. L« CnstsCons(Ty)

8: Let L; s.a. prod(H,TlLl) > 0 and L; compatible with L
9:  ChstsProd(T;) < L

10:  if T} # Thegin then

11: for all T}, s.a. T}, — T do

12: Let Ly and j s.a. sent(P; — Plv,eéfl) and L, compatible with L;
13: Cnsts(ey, ;) < Lo

14: CnstsCons(Ty)— Lo

15: transfer(ey, ;) < {P; — Pi}

16: Sre— j

17: if P; # P; and prod(P;,T)*) = 0 then

18: dst— j

10: repeat

20: let Py, # Pj s.a. sent(Psyc — Past,e3) >0
21: to_activate— to_activate U { Py, — P’dst}
22: until prod(Psm,TkLz) >0

23: P(Tk)<— Pg.

Algorithm 3: Algorithm for building an allocation
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Ty: Ry
prod : {}
cons : {}

Chnsts : {}
Py— P

T : P
prod : {}
cons : {1l =1

Cnsts : {1 — 1}
P — P

Ty: Py
prod : {1 — 1}
cons: {1->1,2—-3

Cnsts : {1 —
Py — Py

1,2—3}| Cnsts: {1 —1,2— 3}

Py — Py P — P

T;: Py Ty: Py
prod: {1 — 1,2 — 3} prod: {1 — 1,2 — 3}
cons : {1 = 1,2 — 3} cons : {1 = 1,2 — 3}

Cnsts: {1 —1,2—3
P, i P 1 Cnsts : {1 — 1,2 — 3}y

Ps— P

T5: P
rod: {1 — 1,2 — 3}
cons : {}

Chnsts : {}
P—h

Ts: Ry
prod : {}
cons : {}

(a) Weight : 0.117095 (27.88%)

Cnsts : {1 — 1}

Ty: Ry
prod : {}
cons : {}

Cnsts : {}
Py— P

T : P
prod : {}
cons 1 {1l =2

Chnsts : {1 — 2}
P— P

Ty: Py
prod : {1 — 2}
cons: {1 —2,2—2}

Cnsts: {1 —2,2—2} | Cnsts: {1 —2,2—2}
PP, P— Py

Ty: P Ty: Py
prod: {1 —2,2— 2} prod: {1 —2,2— 2}
cons : {1 —2,2 -2} cons: {1 —2,2—2}

,2— 2} Cnsts : {1 — 2,2 — 2}

Py— P

T5: Py
prod: {1 —2,2—2}
cons : {}

Cnsts = {}
B—hR

Ts: Ry
prod : {}
cons : {}

(b) Weight : 0.0990454 (23.58%)

Cnsts : {1 — 2}

P, — P

Figure 13: Two main allocations obtained when decomposing the solution depicted Figure 12

Tlipl
P1—>P2/// \\\P1—>P3
V4 N\

T2 P2 T31P3
P2—>P4\\ //P3—>P4
N\ /

T4ZP4

(a) Weight : 0.5 (50.0%)

(b) Weight : 0.5 (50.0%)

Figure 14: Two allocations obtained when decomposing the optimal solution for the application graph of

Figure 9(a) and the platform graph of Figure 9(b). For the sake of clarity, constraint lists are not depicted
because they are useless on this particular example.
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Figure 15: Bipartite graph associated to the platform graph depicted Figure 9(b) and to the allocations
depicted on Figure 14. Each edge goes from a processor F; to another processor P; and is associated to an
ey, and a particular allocation. The weight of the edges is the fraction of time needed to transfer this file
within this schedule from P; to P;.
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Figure 16: A 2D-mesh application graph. All Figure 17: A fork application graph. Only the
the gray tasks need to be memorized to ensure a  gray task needs to be memorized to ensure a cor-
correct reconstruction of the double-circled one.  rect reconstruction of the other tasks.

4.4 Cost of the approach

If we denote by n the number of tasks in the application graph and by p the number of nodes in the platform
graph, the number of variables involved in the linear program of Section 4.2.2 may be proportional to
p?n?p". Indeed, when dealing with sent(P; — P, eéj 1), L being a list of constraints (i.e. an application from
{Tky,-.., Ty, } to {P1,..., Py}), the number of possible constraint list may be equal to p™. This situation
may happen on graphs with cascades of forking and very late joining. For example in the graph depicted on
Figure 16, all the gray tasks need to be memorized to ensure a correct reconstruction of the double-circled
one. On the contrary, on Figure 17, there is at most one task in the constraint list.

Definition 20. The dependency depth is the mazimum number of constraining tasks of the €k
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Theorem 4. Let d € N. For all application graphs (G.,V,) whose dependency depth is bounded by d, and
for all platform graphs (Gp,Vp), it is possible in polynomial time (i) to compute the optimal steady-state
throughput and (ii) to reconstruct the periodic schedule that achieves this throughput.

Proof. All the algorithms described in Section 4.3 are polynomial and their inputs are of size bounded by
2,2,d [}
pnip-.

The conclusion of this section can be either optimistic or pessimistic. The good news is that the approach
is polynomial for a large collection of application graphs, such as series of fork-joins. The bad news is that
our approach has an exponential cost for some application graphs, those with a large dependency depth (such
as 2D meshes). In fact, unless P=NP, there is no polynomial algorithm in the general case: this important
NP-hardness result is shown in Section 5.

4.5 Hints for an actual implementation

4.5.1 Approximating the values

Let Si,...,Sk be the allocations computed in Section 4.3.2 and a1 = %-,..., o = Z& be the throughputs

of these allocations. If we denote by ap¢ the optimal steady-state throughput7 we have

q
Qopt = Zai. (25)
i=1

T, may be very large and therefore impracticable: rounding the weights of the allocations may be necessary.
Let us compute the throughput «(7') that can be achieved by simply rounding the «; over a time period T
If we denote by 7;(T") the number of DAGs that can be processed in steady-state using allocation S; during
a period T', we have :

ri(T) = i (26)

Note that, by using floor rounding, the equations of Section 4.2.2 still hold true and therefore lead to an
effective schedule. We have the following equations:

q q
T T OziT -1
Qopt 2 Oé(T) - g ) 2 g 2 Qopt — 2 (27)

We have proven the following result:

Proposition 1. We can derive a steady-state operation for periods of arbitrary length, whose throughput
converges to the optimal solution as the period size increases.

4.5.2 Dynamic algorithm on general platforms

The algorithm presented in Section 4.3.3 to ensure the compatibility of the allocations requires a global
clock and a global synchronization mechanism. A nice practical alternative is to use the 1D dynamic load
balancing algorithm presented in [13] to decide on the fly which allocation should be used.

Let S1,...,Sk be the allocations computed in Section 4.3.2 and a4, ..., ar be the throughput of these
allocations. We use the following dynamic programming algorithm:

For each value of b < B, let C®) = ({?) . ¢l denote the assignment of the first b= Y?_, ¢; chunks
computed by the algorithm. This a551gnment is such as max <= is minimized [13]. Therefore, when allocating
the allocations using the assignment A built with this algorlthm we respect the proportion of the weights
of the allocations in the best possible way. Using such an approach on a real platform where load variations
may occur, should lead to very good results while reducing the number of pending tasks on each processor.
Such an approach has already be used for scheduling independent tasks on tree-shaped platforms [15].
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DYNAMIC_ASSIGNMENT(c,. . . ,tp, B)
. C=(c1,...,¢)=(0,...,0)

2: for b=1..B do

3 i argming g, ((c; +1)/a )
4: A(b) — 1

5 ci+—oc+1

6: return(A)

Algorithm 4: Dynamic programming algorithm for the optimal assignment of B independent identical chunks
on p heterogeneous processors of relative speeds o, ..., ayp.

5 Complexity results

In this section, we derive some complexity results for the problem of maximizing the throughput when
mapping an application graph G4 = (Va, E4) onto a given platform graph Gp = (Vp, Ep). First we define
a restricted version of the problem, whose solutions can be verified in polynomial time. We will show the
NP-completeness of the restricted version. Before that, we show that we do not lose anything by sticking to
the restricted version: if the general problem admits a solution of given throughput, so does the restricted
version. Altogether, these results fully demonstrate the difficulty of the general problem.

Recall that datay,; denotes the volume of communications generated by task T}, for task 77, for any edge
e, € Ea, that ¢; ; denotes the time to transfer an elementary communication from P; to Pj, for any edge
(Pg, P;) € Ep, and that w;  denotes the time to process task T € V4 on processor P; € Vp. The target
decision problems can be stated as follows:

Definition 21 (GRAPH-THROUGHPUT(G4,Gp,p)). : Given a platform graph Gp, an application
graph G 4 and a rational bound for the throughput p, does there exist a periodic schedule whose throughput
is at least p?

However, we need a version where the solution can be verified in polynomial time:

Definition 22 (COMPACT-WEIGHTED-GRAPH-THROUGHPUT(G4,Gp,p)). : Given a plat-
form graph Gp, an application graph G 4 and a rational bound for the throughput p, does there exist a periodic

schedule consisting of at most k < 3|Vp| allocations Az, ..., A, where the weight c; is the average number
of graphs processed by the allocation A; within one time unit, o; = §+, and a; and b; are integers such that

Vi, loga; +logb; < 6|Ve|(2 + log(|Vel) +log(M)),

where M = max(1, |Va| maxw; k, |Vp||Ea| max ¢; ; max datay ;)

Zai>p?

In the latter definition, we restrict the search to solutions where a bounded number (k < 3|Vp|) of
allocations is used, whose weights can be expressed in a compact way (a; = Z—Z, where a; and b; are integers
such that loga; + logb; < 6|Vp|(log(|Ve|) + log(M)). This restriction is necessary in order to keep the
problem in the class NP, since an optimal solution may have a size exponential in the size of the initial data:
indeed, from any periodic solution with period 7', we can trivially build another solution, achieving the same
throughput, with period r - T', for any integer r. However, the following theorem asserts that this restriction
on the size of the solution does not affect the optimal throughput:

and such that the throughput is at least p:

Theorem 5. Given a weighted application graph G4 and a weighted platform graph Gp, if there exists a
periodic schedule to GRAPH-THROUGHPUT that achieves a throughput p, then there also exists a solution
of COMPACT-WEIGHTED-GRAPH-THROUGHPUT(G a,Gp,p).

Proof. In order to prove this result, we first derive a set of constraints that will be satisfied by any periodic
solution to the GRAPH-THROUGHPUT problem. Let us denote by A the set of all possible allocations.
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There may be an exponential number of such allocations (with respect to the size of the application and
platform graphs), but the number of allocations is nevertheless finite, since it consists in associating a given
processor to any task, and a given path in the platform graph (of size at most |Vp| since cycles are clearly
useless) to any dependence in the application graph. A solution of the GRAPH-THROUGHPUT problem
is then a set of weighted allocations {(A1, 1), ..., (Ar, a,)}: here the weight oy, is the number of times per
time-unit where allocation A4,, is used by the schedule. Let us denote by w(k, m) the index of the processor
that processes task T} in the allocation A,,, and by 3(k,l,m) the set of oriented links used to send data
from 7 (k, m) to w(I,m) in the allocation A,,. Then, any solution of the GRAPH-THROUGHPUT problem
satisfies the following set of constraints:

(Li) VE;, Zam Z wik <1

A, k,m(k,m)=i

(2,i) VP, Zam Z ¢i; X datag,; <1
Pi—>Pj (Tk,Tz)EEA,
(P, P;)EX(k,1,m)

(3,4) VP, Zam Z Z cji X datap; <1

Am Pj"Pi (Tk,Tl)EEA;
(Pj,P;)€X(k,l,m)

(4,m) VA, am =0

Indeed, for any solution to the GRAPH-THROUGHPUT problem, the processing capability of each processor
cannot be exceeded (constraint (1,7)); one-port constraints for sending (2,4) and receiving (3,4) messages
must be fulfilled at any node. Conversely, from any solution of previous set of inequalities, one can derive
a valid schedule, where Y a, messages are processed every time-unit (this is exactly Theorem 2). Thus,
the solution of the following linear program provides an optimal solution of the GRAPH-THROUGHPUT
problem:

MAXIMIZE ), O,

UNDER THE CONSTRAINTS

(1,i) VP, Zam > wip<l

Am k,m(k,m)=1
(2,i) VP, Zam Z Z ¢i; X datag,; <1
Am PLA)P] (Tk;Tl)EEA:

(P;,P;)eS(k,l,m)

(3,4) VP, Zam Z Z ¢ji X datap; <1

Am "Pz (Tk;Tl)EEA:
(Pj,P;)eX(k,l,m)

(4,m) VA, Qm =0

Let us denote by pmax the optimal value of the objective function. The previous linear program is of little
practical interest since both the number of constraints and the number of variables are possibly exponential
in the size of the original instance of the GRAPH-THROUGHPUT problem. Nevertheless, using linear
programming theory [33], it is possible to prove that one of the optimal solution to the linear program is one
instance of COMPACT-WEIGHTED-GRAPH-THROUGHPUT(G 4, Gp, p).

Indeed, the linear program has |A| + 3|Vp| constraints, where |.A| is the number of all allocations. There
is a vertex V of the polyhedron defined by linear constraints which is optimal, and V' is given by the solution
of a |A| x | A| linear system, such that at vertex V', at least |.A| inequalities among |A|+ 3|Vp| are tight. Since
only 3|Vp| constraints are not of the form (4, m), we know that at least |.A| — 3|Vp| constraints of the form
(4,m) are tight, i.e. that at most 3|Vp| allocations have a non-zero weight. Thus, there exists an optimal
solution where at most 3|Vp| allocations are actually used.

In order to achieve the proof of the theorem, we need to bound the size of the weights of these allocations.
Again, consider the optimal solution defined by vertex V', which is given by the solution of a |.A| x |.A]| linear
system, where at most m < 3|Vp| constraints are not of the form a; = 0. Let us consider the m x m linear
system containing non-trivial equations. The coefficients of both the matrix and the right-hand side are
either 0, 1, or

§ wi g < |Va| maxw; g,
k,m(k,m)=t
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or

Z Z ¢ ; X datag, < |Vp||Ea| maxc; ; max datay, ;.

PiHPj (Tk,Tz)EEA,
(P;,P;)eX(k,l,m)

Let us set o; = % Both a; and b; can be computed using Cramer’s rule, and therefore, both a; and b; are

the determinant of matrices A; and B; whose coefficients are bounded by

M = max(1,|Va| maxw; , |Vp||Ea| max ¢; j max datag,;).

Then,
det(4;) = [[; A where the A;’s are the eigenvalues of A;
< A where m < 3\Vp|
< (mM)™ see [17]
< (3|Vp M)V
Therefore

log(a;) and log(b;) < 3|Vp|(log 3 +log(|Vp|) + log(M)) and thus
log(a;) + log(b;) < 6[Vp[(2 + log(|Vp|) + log(M)),
and the sizes of both a; and b; satisfy the constraints of the instance of COMPACT-WEIGHTED-GRAPH-
THROUGHPUT(G4,Gp,p).

Thus, among the optimal solutions of the GRAPH-THROUGHPUT problem, there exists a solution which
uses at most 3|Vp| allocations, whose weights a; = §* satisfy loga; +logb; < 6|Vp|(2 + log(|Vp|) + log(M)).
Therefore, if there exists a solution to the GRAPH- THROUGHPUT problem with throughput pmax, then
there exists a solution to COMPACT-WEIGHTED-GRAPH-THROUGHPUT (G 4, Gp, pmax)-

|

We now show the intrinsic difficulty of the problem:

Theorem 6. COMPACT-WEIGHTED-GRAPH-THROUGHPUT(G 4,Gp, p) is NP-complete.
The proof of this theorem is divided into two lemmas.

Lemma 4. COMPACT-WEIGHTED-GRAPH-THROUGHPUT(G 4,Gp,p) € NP.

Proof. In order to prove that COMPACT-WEIGHTED-GRAPH-THROUGHPUT(G 4,Gp,p) € NP, we
use the set of allocations as a certificate. We know that the solution consists in at most 3|Vp| allocations,
whose weights a; = $* satisfy loga; 4+ logb; < 6|Vp|(2 + log(|Vp|) + log(M)), where

M = max(1, |V4| max Wik, |Vp||Ea| max ¢; j max datay,). Theorem 2 asserts that it is possible to build a valid
schedule of communications and task processing, that achieves the throughput ) ., using a weighted
decomposition of the bipartite graph. The weights on the edges of the bipartite graph represent the overall
communication time between the P; and P;. In order to prove that COMPACT-WEIGHTED-GRAPH-
THROUGHPUT(G 4,Gp, p) € NP, we only need to prove that both the bipartite graph and the processing
times can be encoded in size polynomial to the size S of the original instance, i.e.

S =|Val+|Ea|l + |Vp| + |Ep| + maxlog(c;, ;) + maxlog(datar,;) + maxlog(w; ).

The overall communication time W (P;, P;) between processors P; and P; is given by

-IDMP Zam Z ci,jdatam.

(Tk,Tl)EEA, (Pi,Pj)GE(k,l,m)

Thus,

log(W (P;, P;)) < log(3|Vp|)+6|Ve|(log(|Ve|)+log(M))+log(E4) +maxlog(c; ;) +maxlog(datay,;) = O(S?).
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Figure 18: Platform graph for the reduction.

Similarly, the overall processing time W (P;) on processor P; is given by
m w(k,m)=1
Thus,
log(W (P;)) < log(3|Ve|) + 6|Ve|(log(|Vp|) + log(M)) + log(Val|) + maxlogw; , = O(S?).

Therefore, since all the quantities used in Theorem 2 are polynomial in the size of the original instance of
the problem, and we can build in polynomial time a valid schedule achieving throughput p. [ |

Lemma 5. COMPACT-WEIGHTED-THROUGHPUT(G 4,Gp, p) is complete.

Proof. In order to prove that COMPACT-WEIGHTED-THROUGHPUT(G 4, Gp, p) is complete, we use a
reduction from MINIMUM-MULTIWAY-CUT, which is NP-complete (and even APX-complete) [1]. MINIMUM-
MULTIWAY-CUT is the following decision problem:

Definition 23 (MINIMUM-MULTIWAY-CUT(Gyy, S, t, B)). Given a weighted platform graph Gp; =
(Vm, Enm), a set S C Vi of terminals, a weight function t on the edges and a rational bound B, is there a
multiway cut, i.e. a set By C Enp such that the removal of EYy, from Ep disconnects each terminal from

all the others, and
Z tle) < B?

ecEY,

In order to prove the completeness of COMPACT-WEIGHTED-THROUGHPUT (G 4,Gp,p), we need
to build from the original instance of MINIMUM-MULTIWAY-CUT(G s, S, t, B) an instance of COMPACT-
WEIGHTED-THROUGHPUT(G 4, G p, p) which has a solution if and only if the original instance of MINIMUM-
MULTIWAY-CUT(Gy, S, t, B) has a solution. Consider the following instance of COMPACT-WEIGHTED-
THROUGHPUT(G A, Gp, p):

e The application graph is built as follows. It has the same number of vertices and the same number
of edges as Gjr. Each (non-oriented) edge (Vi, Vi) (of weight ¢(Vi, Vi) in G is transformed in an
(oriented) edge (Tiin(k,1), Tmax (k1)) (of weight datar; = t(Vi, V1)) in Ga. The resulting graph is clearly
oriented and acyclic, thus representing a valid application graph.

¢ The platform graph is built as follows (see Figure 18). It consists of | S|+2 processors Pi, ..., Pig|, Pa, Py.
The capabilities of the edges of the platform graph depicted in Figure 18 are the following

Vi, cp;,P, = 07 Cp,,P; = 0 and cp,,pP, = 1,
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Figure 19: Reduction from the instance of MINIMUM-MULTIWAY-CUT: the weight of the cut is equal to
the communication volume. On the left is the original (undirected) graph Gj; which is also the (directed)
application graph G4. On the right the platform graph is represented. A processor P; has the same color
than the task T; (corresponding to terminal V;), which is the only task it can compute.

all the other communication times being +oc.

e The times to process the tasks of G4 on the processors of Gp are the following. If Vj, € S, then we will
refer T}, as a "terminal task”. Terminal task T is associated to terminal processor Py, so that wy =0
and w; = 400 if ¢ # k. All the other tasks are not associated to a particular processor and can be
processed in time 0 whatever the processor P; executing it. Finally, P, and P, are unable to process
any task (wg k= Wy = +00).

° Wesetp:%.

Let us first suppose that there is a solution to the original instance of MINIMUM-MULTIWAY-CUT(G s, S, t, B),
and let C; denote the set of nodes connected to the terminal V; € S in the graph Gar = (Var, Em \ EYy)-
Then, consider the following allocation (see Figure 19):

VT € C;, Ty is processed on P;,
V(Tk»Tl> € Cl X Cj» { 75 ja E(ka l) = {(Pu Pa)v (Pa’Pb)? (Pb’Pj>}'
In this allocation, all processing costs are 0, since all terminal tasks are mapped on their terminal
processor. All the incoming communication ports of the P;’s and that of P, are 0. The same holds true for

the outgoing communication port of the P;’s and of P,. The outgoing port of P, and the incoming port of
P, are busy during

Z datay; x cp, p, = Z thy = Z tey < B.
i, i, (Ve VD) EES,
(Tx, T1)€C; XCj (Ty,T7)€Ci XCj
Thus, by Theorem 2, the platform Gp is able to process one application graph G 4 every B time units using
this allocation.
Suppose now that we have a solution to the instance of COMPACT-WEIGHTED-GRAPH-THROUGHPUT(G 4, Gp, p)
that we have built, i.e. a collection of weighted allocations (A1, a1),. .., (Am, @m) such that the platform
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Gp is able to process ) .y, > % application graphs G4 every time unit. For every allocation, the fraction
of time spent by any processor (P;, P, or P}) is necessarily 0 since otherwise, the processing time would be
infinite. The fraction of time spent by P; or P, sending data, and the fraction of time spent by P; and P,
receiving data is 0 by construction.

The time spent by P, sending tasks is equal to the time spent by P, receiving tasks and is given by

Zam Z datap; x cp, p, < 1.
m (T, T1),

(Py,Py)ex(k,l,m)

Consider the allocation A,,, of weight «,,. Then

E datak,l X cp, p, = E tr-

(Tx,T1), (T, T1),
(Py,Py)eX(k,l,m) (Py,Py)eX(k,l,m)

For every terminal processor P; let C; be the set of tasks in G 4 processed on P;. Clearly, T; € C; (otherwise
the overall processing time would be infinite).
Let us now set
By ={(i. V) € By, (PuPy) € 5(k1m) .

Our aim is to prove that the removal of E, from Ej; disconnects any terminal from all the others. Suppose
by contradiction that there exists a (non-oriented) path between two terminals Vi and Vo in (Var, Ear \ EYy)
and consider the induced (oriented) path T3, T;,, ..., T; k, Ta. T, is either a predecessor or a successor of T
in the application graph G 4, so that if T3 and 7T}, had not been mapped on the same processor, then either
(Th,T;.1) or (T;,1,T1) would have been removed. By a straightforward induction, we can therefore prove that
there is no path between terminals in (Vas, Ear C EY;), and thus, every allocation induces a multiway cut
in GM
Let us denote by a,, the overall weight of this multiway cut

m = E k1,

(Tk,T1), (Pa,Pp)EX(k,l,m)

and suppose (by contradiction) that

Ym, a,, > B.
Then,
Zamam > (Z am)B > 1,
m m
what is absurd since
Zamam = Zam Z datay; x cp, p, < 1.
m m (Tx,T1),

(Pa,Pp)€X(k,l,m)

Thus, there exists m such that a,, < B: therefore, one of the allocation induces a multiway cut in Gy
whose weight is less than B, thus providing a solution to MINIMUM-MULTIWAY-CUT(G s, S, t, B). This
achieves the proof of the NP-completeness of COMPACT-WEIGHTED-THROUGHPUT (G 4, Gp, p).

6 Related problems

We classify several related papers along the following three main lines:

Scheduling task graphs on heterogeneous platforms Several heuristics have been introduced to sched-
ule (acyclic) task graphs on different-speed processors, see [31, 32, 43, 38, 12] among others. Unfortu-
nately, all these heuristics assume no restriction on the communication resources, which renders them
somewhat unrealistic to model real-life applications. Recent papers [22, 24, 40, 39] suggest to take
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communication contention into account. Among these extensions, scheduling heuristics under the one-
port model [25, 26] are considered in [5]: just as in this paper, each processor can communicate with
at most another processor at a given time-step.

Collective communications on heterogeneous platforms Several papers deal with the complexity of

collective communications on heterogeneous platforms: broadcast and multicast operations are ad-
dressed in [11, 28], gather operations are studied in [20]. Broadcasting and multicasting on hetero-
geneous platforms have been studied under different models, in the context of heterogeneous target
platforms.

Banikazemi et al. [2] consider a simple model in which the heterogeneity among processors is char-
acterized by the speed of the sending processors. In this model, the interconnection network is fully
connected (a complete graph). Some theoretical results (NP-completeness and approximation algo-
rithms) have been proved for the problem of broadcasting a message under this model: see [19, 30, 29].
A more complex model is introduced in [3], where the time spent for the transfer through the network,
and the time needed to receive the message are also taken into account.

Asymptotically optimal algorithms have been derived for series of broadcasts [8] and scatters [27] on an
heterogeneous platform, under the communication model presented in Section 2. On the other hand,
it has been proved in [7] that under the same communication model, optimizing the throughput of a
series of multicasts in NP-Hard.

Master-slave on the computational grid Master-slave scheduling on the grid can be based on a network-

7

flow approach [36, 35] or on an adaptive strategy [21]. Note that the network-flow approach of [36, 35] is
possible only when using a full multiple-port model, where the number of simultaneous communications
for a given node is not bounded. This approach has also been studied in [23]. Enabling frameworks to
facilitate the implementation of master-slave tasking are described in [18; 44].

In [42], Taura and Chien prove that finding the best allocation, as defined in Section 2.5, but when
restricting to a single allocation, i.e. when mapping all instances of a given task type onto the same
processor, is NP Complete in the strong sense. In this paper, it is proven that the problem of finding
an optimal linear combination of allocations can be solved in polynomial time for a large class of
application graphs, but remains NP-Complete in the strong sense for general application graphs. We
point out that linear combinations of allocations lead to better results, both from a practical and
theoretical point of view. From a practical point of view, consider the case where the number of tasks
in the application graph is much smaller than the number of processors in the task graph, which may
hold true on large grid platforms. When using a single allocation and mapping each task on a single
processor, several resources will be kept idle, thus leading to a poor throughput. From a theoretical
point of view, as noted by Taura and Chien, the problem of finding the best allocation is NP-Complete
even for simple application graphs. If we consider an application graph represented by a linear chain
of tasks without any data files (datar; = 0 for every k,l), and m identical processors, then finding
the best single allocation is equivalent to solving a bin packing problem with m bins. However, the
dependency depth of this application graph is 1, and therefore, the algorithm proposed in Section 4
provides the best linear combination of allocations in polynomial time.

Conclusion

In this paper, we have dealt with the implementation of mixed task and data parallelism onto heterogeneous
platforms. We have shown how to determine the best steady-state schedule in polynomial time for a large
class of application graphs and for a arbitrary platform graphs, using a linear programming approach.

We have also derived several complexity results. We have shown that the problem of optimizing the

steady-state throughput is NP-Complete in the general case. We have been able to formulate a compact
version of the problem that belongs to the NP complexity class but which does not restrict the optimality
of the solution.

This work can be extended in the following two directions:
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e On the theoretical side, we could try to solve the problem of maximizing the number of tasks that
can be executed within K time-steps, where K is a given time-bound. This scheduling problem is
more complicated than the search for the best steady-state, but a smaller time period limits memory
requirements and may be necessary in order to derive more dynamic schedules, where the allocations
may change according to changes in platform capabilities.

e On the practical side, we need to run actual experiments rather than simulations. Indeed, it would be
interesting to capture actual architecture and application parameters, and to compare heuristics on a
real-life problem suite, such as those in [10, 41].
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