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The most visited sites of biased random walks on trees

Yueyun Hu' Zhan Shi*

Abstract

We consider the slow movement of randomly biased random walk (X,,) on a supercriti-
cal Galton-Watson tree, and are interested in the sites on the tree that are most visited
by the biased random walk. Our main result implies tightness of the distributions
of the most visited sites under the annealed measure. This is in contrast with the
one-dimensional case, and provides, to the best of our knowledge, the first non-trivial
example of null recurrent random walk whose most visited sites are not transient,
a question originally raised by Erd6s and Révész [11] for simple symmetric random
walk on the line.
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1 Introduction

We consider a (randomly) biased random walk (X,,) on a supercritical Galton-Watson
tree T, rooted at @. The random biases are represented by w := (w(z), z € T\{2}), a
family of random vectors; for each vertex z € T, w(x) := (w(zx, y), y € T) is such that
w(z,y) > 0 for all y € T and that ) .pw(z, y) = 1. For any vertex z € T\{@}, let T
be its parent. For the sake of presentation, we modify the values of w(&, ) for z with

i

T = @, and add a special vertex, denoted by &, which is considered as the parent of &,
— “—

such that w(@, @) + > «__ w(@, z) = 1. The vertex & is, however, not regarded as a

-
vertex of T; so, for example, ) f(z) does not contain the term f(2).

—
Assume that for each pair of vertices = and y in T U {@}, w(z, y) > 0 if and only if
y ~ x, where by x ~ y we mean that x is either a child, or the parent, of y. Moreover, we

—
define w(@, @) := 1.
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The most visited sites of biased random walks on trees

-
Given w, the biased walk (X,,, n > 0) is a Markov chain taking values on T U {&},
started at Xy = &, whose transition probabilities are

Pw{Xn-‘rl =Y | X’n - I} = W(Jf, y)

The probability P, is often referred to as the quenched probability. We also consider
the annealed probability P(-) := [ P,(-)P(dw), where P denotes the probability with
respect to the environment (w, T').

There is an active literature on randomly biased walks on Galton-Watson trees; see,
for example, a large list of references in [17]. In this paper, we restrict our attention to a
regime of slow movement of the walk in the recurrent case.

Clearly, the movement of the biased random walk (X,,) is determined by the law of
the random environment w. We assume that (w(z, y), y ~ «) for z € T, are i.i.d. random
vectors. It is convenient to view (w, T) as a marked tree (in the sense of Neveu [23]).

The influence of the random environment is quantified by means of the random
potential process (V(x), z € T), defined by V(@) := 0 and

w(y, y)
Viz):=— log —————, rzeT , 1.1
(z) > g c o € T\{o} (1.1)

ye]o, z]

where 7 is the parent of y, and 19, z] = [@, z]\{@}, with [&, ] denoting the set of

vertices (including « and &) on the unique shortest path connecting & to x. There exists

an obvious bijection between the random environment w and the random potential V.
For any x € T, let |z| denote its generation. Throughout the paper, we assume

E( 3 e*V@”)):l, E( 3 V(x)e*v(ﬂ):o. (1.2)

x: |z|=1 x: |z|=1

We also assume that the following integrability condition is fulfilled: there exists § > 0
such that

B( Y e V@) pp( > V@) 4E[( Y 1)1%} <oo.  (1.3)

z: |z|=1 z: |z|=1 z: |z]=1

The random potential (V(z), z € T) is a branching random walk as in Biggins [6];
as such, (1.2) corresponds to the “boundary case" (Biggins and Kyprianou [9]). It is
known that, under some additional integrability assumptions that are weaker than (1.3),
the branching random walk in the boundary case possesses some deep universality
properties, see [25] for references.

Under (1.2) and (1.3), the biased walk (X,,) is null recurrent (Lyons and Pemantle [21],
Menshikov and Petritis [22], Faraud [12]), such that upon the system’s survival,

(log n)?

Xoo s (1.4)

1

W OIélananXll — C1 a.s., (15)

where X, is non-degenerate taking values in (0, o), and ¢; denotes a positive constant:
both X, and c; are explicitly known, see [18] and [13], respectively.
For any vertex xz € T, let us define

n
L,(z) := Z lix,=2) > n>1,
i=1
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which is the (site) local time of the biased walk at z. Consider, for any n > 1, the
non-empty random set

Ay = {x eT: Ly(z) = maan(y)}. (1.6)
yeT

In words, <7, is the set of the most visited sites (or: favourite sites) at time n. The study
of favourite sites was initiated by Erdds and Révész [11] for the symmetric Bernoulli
random walk on the line (see a list of ten open problems presented in Chapter 11 of
the book of Révész [24]). In particular, for the symmetric Bernoulli random walk on Z,
Erd6s and Révész [11] conjectured: (a) tightness for the family of most visited sites,
and (b) the cardinality of the set of most visited sites being eventually bounded by 2.
Conjecture (b) was partially proved by Téth [27], and is believed to be true by many. On
the other hand, Conjecture (a) was disproved by Bass and Griffin [5]: as a matter of
fact, inf{|z|, = € o,} — oo almost surely for the one-dimensional Bernoulli walk. Later,
we proved in [16] that it was also the case for Sinai’s one-dimensional random walk in
random environment. The present paper is devoted to studying both questions for biased
walks on trees; our answer is as follows.

Corollary 2.2. Assume (1.2) and (1.3). There exists a finite non-empty set %min, defined
in (2.5) and depending only on the environment, such that

lim P(4, C %nmin | nOn-extinction) = 1.

n—oo

In particular, the family of most visited sites is tight under P.

So, concerning the tightness question for most visited sites, biased walks on trees
behave very differently from recurrent one-dimensional nearest-neighbour random walks
(whether the environment is random or deterministic). To the best of our knowledge,
this is the first non-trivial example of null recurrent Markov chain whose most visited
sites are tight.

In the next section, we give a precise statement of the main result of this paper,
Theorem 2.1.

2 Statement of results

Let us define a symmetrized version of the potential:

1
U(z) :=V(z)—log(————), zeT. (2.1)
w(z, r)
Note that
1
e U@ — —_— e V(@) — o= Vi(®) | Z e*V(y), zeT. 2.2)
w(x, x) pal
yeT: y=x

It is known (Biggins [7], Lyons [20]) that under assumption (1.2),

inf U(z) — oo, P*-a.s., (2.3)
z: |z|=n
where here and in the sequel,
P*(-) := P(-|non-extinction),
P*(-) := IP(-|non-extinction).
EJP 20 (2015), paper 62. ejp.ejpecp.org
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Define the derivative martingale
D, = Z Viz n>0. (2.4)
z: |xz|=n

It is known (Biggins and Kyprianou [8], Aidékon [1], Chen [10]) that (1.3) implies that
D,, converges P-a.s. to a limit, denoted by D, and that

Dy, >0, P*-a.s.
Define the set of the minimizers of U(-):

Win = {xeT: U(a) = minU(y )}. (2.5)

Since inf,. |;=, U(z) — oo P*-a.s. (see (2.3)), the set i, is finite and non-empty.
The main result of the paper is as follows.

Theorem 2.1. Assume (1.2) and (1.3). For any ¢ > 0,!

Lu(z)  0® _pu
{llgn iD. ¢ -

sup P, e} — 0, in P*-probability,

zeT

where U( -) is the symmetrized potential in (2.1), D, the P*-almost sure positive limit
of the derivative martingale (D,,) in (2.4), and

—E( 3 V(y)%*‘/(y)) € (0, ). (2.6)

y: ly|=1

Corollary 2.2. Assume (1.2) and (1.3). If <, is the set of the most visited sites at time n
as in (1.6), then
P* (o, C Ymin) = 1,

where %y is the set of the minimizers of U(-) in (2.5).

Our results are not as strong as they might look like. For example, Theorem 2.1 does
not claim that P, {sup,cp \ - ””) — ;12— e V@ > ¢} — 0 in P*-probability. It essentially

says, in view of Proposition 2 3 below, that for any fixed = € T, P, {| 22 (2) & e V@) >

¢} — 0 in P*-probability. Corollary 2.2 is much weaker than what Toth [27] proved for
the symmetric Bernoulli random walk on Z: for example, it does not claim that P*-a.s.,
Ay, C Unin for all sufficiently large n; we even do not know whether this is true.

For local time at fixed site of biased random walks on Galton-Watson trees in other
recurrent regimes, see the recent paper [15].

An important ingredient in the proof of Theorem 2.1 is the following estimate on the
local time of vertices that are away from the root:

Proposition 2.3. Assume (1.2) and (1.3). Then

lim lim sup P* { max L,(z)> £ }:0
e=0 nooo z€T: U(z)>log( 58 ) 10g n

In the light of the fact that inf|,—, U(z) — oo P*-a.s. (see (2.3)), Proposition 2.3
allows us, in the proof of Theorem 2.1, to estimate the probability for fixed z.

Proposition 2.3 is proved in Section 3; Theorem 2.1 and Corollary 2.2 in Section 4.

Throughout the paper, for any pair of vertices z and y, we write z < y ory > x if y is
a (strict) descendant of x, and x < y or y > « if either y is either a (strict) descendant of
x, or z itself. For any « € T, we use z; (for 0 < ¢ < |z|) to denote the ancestor of z in the
i-th generation; in particular, zo = & and z|;| = .

1By convergence in P*-probability, we mean convergence in probability under P*.

EJP 20 (2015), paper 62. ejp.ejpecp.org
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3 Proof of Proposition 2.3

Before presenting the proof of Proposition 2.3, we outline the overall strategy. We
exploit the relation between the local time at z, and the hitting time 7, and the return
time T (defined respectively in (3.4) and (3.5) below). Probabilities involving these
random times are known to have standard one-dimensional formulas ((3.6) and (3.7)).
Proposition 2.3 is then proved using large deviation properties away from the mean if
the potential U(x) is large. Since U(z) is indeed P*-a.s. large uniformly in the tree depth
(as seen in (2.3)), we will be done.

We need some preliminaries. Let

A):= Y e VW=V geT, (3.1)
y: gzx
In particular, A(2) =3_,. ;-1 e~V(®). By definition,

1

1+Az) = —.
T A) w(z, =)

Let S; — S;_1, 7 > 1, be i.i.d. random variables whose law is characterized by
E[h(Sl)] - E[ 3 e_V('””)h(V(x))} : (3.2)
z€T: |z|=1

for any Borel function 2 : R — R,.
The following fact, quoted from [18], is a variant of the so-called “many-to-one
formula" for the branching random walk.

Fact 3.1. Assume (1.2) and (1.3). Let A(z) be as in (3.1). For any n > 1 and any Borel
function g : R"** — R, we have

E[ > g(V@), - Ve, A@)| =E[e5 G (S0, -+, 5]

z€T: |z|=n

where S; — S;_1, @ > 1, are i.i.d. whose common distribution is given in (3.2), and

G(ai, - -, an) = Elg(ar, -+, an, Z e V@),

z€eT: |z]|=1

Define a reflecting barrier at (notation: |&, «[ := ], z]\{z})

fﬁ) = <z Z V() -Vix) 5 n ,
{ Tl (logn)Y
VeV < " .
Yoo < Gogry W€l o}, (3.3)
ze]o,y]

where v € R is a fixed parameter. We write z < .,%5“’) if >
ally €]o, =[.

We recall two results from [18]. The first justifies the presence of the barrier f,p)
for the biased walk (X,,), and the second describes the local time at the root.

ceteyn© O 7YY < gy for

Fact 3.2 ([18]). Assume (1.2) and (1.3). If v < 2, then

tim P LnJ{X,- e ZM}) =o.

n— o0 |
1=1

EJP 20 (2015), paper 62. ejp.ejpecp.org
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Fact 3.3 ([18]). Assume (1.2) and (1.3). For any ¢ > 0,

L,(@ 2
Pw{ ‘ 75 ) - 42 er(z)‘ > 5} — 0, in P*-probability .

logn
We now proceed to the proof of Proposition 2.3. Define

T, = inf{i >0: X; =x}, xeT, (3.4)
TS inf{i >1: X; = @}. (3.5)

In words, T, is the first hitting time at z by the biased walk, whereas Tg is the first
return time to the root &.

Let z € T\{o}. The probability P, (T, < TZ) only involves a one-dimensional
random walk in random environment (namely, the restriction at [@, z[ of the biased walk
(X)), so a standard result for one-dimensional random walks in random environment
(Golosov [14]) tells us that

-
w(@, z1) eV (@) w(, &)
P(T,<TF) = = , (3.6)
x 1] Zze]]z,r]] eV (2) Zze]]z,z]] eV(z)
oU(x)
PodTo <Tf} = ——— (3.7)

Zzé 12, ] eV’

where z; is the ancestor of z in the first generation.

Proof of Proposition 2.3. By Fact 3.2, for all v; < 2, we have P*(U™,{X; € .Zn({“)}) — 0,
m — o0. So it suffices to check that for some v, < 2,

b
lim lim sup IP*{ max L, (z) > m } =0.
b0 m—soo $<“‘Z£?1):U($)210g(b%) logm

Since P*(U(2) > log()) — 0 for b — 0, it suffices to prove that for some v, < 2,

b
lim lim sup JP*{ max Lin(z) > —~ } ~0. (3.8)
b—0 m—oo $€T\{®}:w<$fnﬁ),U(a:)Zlog(b%) 1ogm
Let 7% := 0 and inductively TS’ := inf{i > TY ™" : X, = @}, for j > 1. In words,
Tg) is the j-th return time to @. We have, forn > 2, ¢ >0, € (0,1), 1 <y < 2 and
m(n) = [cnlogn],

IP*{ max Lpny () > en}
e€T\{@}:a< 20 | U(w)>log(£)
< IP*{T,;”) <m(n)}+ IP*{ max Lo (x) > sn} .
2eT\{@}io< 2 Uz)>log(8) 7
(n)
By Fact 3.3, nlegn — “%’“eU(‘Z ) in P*-probability, so the portmanteau theorem implies

that limsup, _,__ P*{T{" < m(n)} < P*{10:eV(2) < ¢}. Assume, for the time being, that
we are able to prove that for some v < 2, any ¢ > 0and any 0 < e < 1,

IP*{ max L. (z)> {—:n} — 0, n— o0o. (3.9)
2e€M\{o}:a< 2 Ux)>log(8) ~2

m(n)?

Then we will have

4D
lim sup ]P*{ max Ly (ny () > sn} < P*{—Qoer(g) < c} .
n—»co meqr\{g}:z<$7§j&),U(z)zlog(g) o
EJP 20 (2015), paper 62. ejp.ejpecp.org
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2 m(n+1)

Since n < ¢ Togm(n)

(for all sufficiently large n), this will yield

2 1 4D
lim sup IP*{ max Ly(ny(z) > ﬁw} < P*{ 2 U(@) < c} )
n—00 2eT\{2}:2< L) | U(z)>log(8) ¢ logm(n)

m(n)?

Let m € [m(n), m(n + 1)] N Z. Then L,,,)(x) < Ly, (x) (for all 2 € T); on the other hand,

ife < z,&?”, then z < fsj()n) for all 1 € (v, 2) and all sufficiently large n. Consequently,
we will have, for all ¢ > 0 and € € (0, 1),

2 4D
hmsupIP*{ max Ly (x) > £ m } < P*{—meU(g) < c}.

n
m—o0 T€T\(2}: 2< 25, U() >log(2) ¢ logm

Taking ¢ := 2¢'/2 will then yield (3.8) (writing b := £'/2 there) and thus Proposition 2.3.

The rest of the section is devoted to the proof of (3.9). By (1.5), m maxo<i<n | X;|
()

converges IP*-a.s. to a positive constant, and since nlggn converges in P*-probability to
1

a positive limit, we deduce that Tog m)® MAX[ ;o p(n) | X;| converges in P*-probability to
>ty

a positive limit. So the proof of (3.9) is reduced to showing the following estimate: for
some l <vy<2,anyc>0andany 0 <e <1,

IP*{ max L m(x) > En} — 0, n— 0o.
w< ) U(2)>log(8), 1<]z|<(logn)t 2

m(n)’

For k > 1, we have

Pw{ max L. (z)> k}
w<$(7) .

U(z)>log(%), 1<|z|<(logn)* 2

m(n)’

< Z PW{LT](;) (l‘) > k‘} .

2< L, Ul)2log(8), 1<[z[<(logn)?

The law of L) () under P, is the law of Y_ , &;, where (&;, i > 1) is an i.i.d. sequence
with P,(& =0)=1—aand P,(& > k) = apf~?t, Vk > 1, where

U(x)

l—p = Px,w{T®<T;}:e—v(z)7 (3.10)
Zzé]]@,x]]e
o, @

0 = PAT, <Ti}— 2 2) (3.11)

Zze]]z, z] eV

[We have used (3.6) and (3.7).]
The tail estimate of L, (v) under P, is summarized in the following elementary
z
lemma, whose proof is in the Appendix.

Lemma 3.4. Let0<a < 1land0 < p < 1. Let (§, i > 1) be an i.i.d. sequence of random
variables withP(¢;, =0) =1 —a and P(¢; > k) = ap®~ 1, Vk > 1.
Let0<e <1.If1—p> 2a, then

_(A-p)en
8

P{zn:& > [erﬂ} < 6nae

EJP 20 (2015), paper 62. ejp.ejpecp.org
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We continue with the proof of (3.9). If U(xz) > log(2), then 1 —p > 24, so we are
entitled to apply Lemma 3.4 to arrive at:

pw{ max Lo (2) > [an]}
w< [V U(z)>log(E), 1<|2[<(logn)*  * 2
—
w(e, @) en eV (@)
< 6n —exp(f——»
Z Zze]]@,w]] eV(Z) 8 ZZE]]Q7 ]]eV(Z)

<2 | 1<]z|<(logn)t

m(n)’

We have w(@, E) < 1. It remains to check the following convergence in P*-probability
(for n — o0):

nel @)

n £
—zexp(—f—z) 0. (3.12)
0t §m<(logn)4 ZzG]]@,m]] eV(z) 8 ZzE]]IZ,z]] eV (2)
Recall the definition of .Zs;y()n): z < fn(]()n) implies S — (log"(l(gl))w, which is
se]9, 2] © m(n

> % for all sufficiently large n (say n > ng). Also, we recall that V(@) = AL

1+A(x)’
with A(z) =3 o e V@Vl asin (3.1).

For the sum Zz < on the left-hand side of (3.12), we distinguish two possible
)

g(’Y)

m(n

situations depending on the value of A(z). Let 0 < ¢ < 1. Applying the elementary

inequality Ae ™ < ¢ eV2 (for A > 0) to A := £ e’

3 m, we see that for n Z no,

U(=)

Z 1 n exp ( 9 ne )
neV(x) 0 —Z _ 7—2
T<Z, ) U@ @) Kee o, a1 7 8% c10,a1¢"
V(x)
€ ne
< e 1 _ v - e U@ exp ( _ )
<§<v) h-&-A(ﬂS(m) }e 16(1 + A(x)) Zze]]z,x]] eV ()
<L (n)
8ca —U € neV (@) -
s 7 Z € (I)QXP(—f(—)l 9).
. 1673 1o, 4] eV (2)
$<=(£7(y7()n)
Since % = %(log n)Y~! (for x < .,2”75](11) and n > ny), this yields, for n > ng,
Z 1 n e p< € neU(‘”) )
V@) e XD s
o) {1+A("L)S(Zze]]z.m]]ev(2)) }Zze]]z,x]] eV (2) 8226]]@733]] O
m(n)
8co 5 (—1)(1—0) o
< e (- g (g TI) B0 et

w<$(’¥)

m(n)

which converges to 0 in P*-probability (recalling that for any v € R, @ ZzeT: oM e V)

converges in P*-probability to a finite limit; see [18]). So it remains to prove that there
exists ¢ € (0, 1) such that (removing the big exponential term which is bounded by 1)

n
E 1 V(@) N S — 0,
(IHA@> (v ) 2€]9, 4] eV(z)

V(=)
:L’<$7(1:'()n): 1<|z|<(logn)* z€12, 2]

in P*-probability (for n — 00). Since lim, o infj,—. V(2) — oo P*-a.s. (see (2.3)), it
suffices to prove the existence of p € (0, 1) and v € (1, 2) such that for all & > 0 and

EJP 20 (2015), paper 62. ejp.ejpecp.org
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n — 00,

n
1 Vo S — Loy >0, (3.13)
2 (I A@)> (g2 ey 350 V() =l

3:<j(’” 1 1<|z|<(log n)4 €12, =1°
in P*-probability, where V (z) := min.c g . V(2).

To prove this, we first recall that x < Zr(n'&) implies that for all y € ]@, ], we have

V()
EZE]fV’(yy“) < tog gt (for n > ng) which is bounded by n for all sufficiently large n

(say n > n1); a fortiori V(y) — V(y) < logn (with V(y) := max.c )y, 4 V(y)). By Fact 3.1,
we obtain, for n > ng V nq,

n
E[ > 1 o (@) = v Hw@>- }}
{1+A(m)>(7z e} V(2) Tz
E<fff<> )+ 1<]2|< (log n)* B RS Zze]]ra ] ©

L(logn)*]

< Z { Y L) -vy)<iozn, vyelo, o]} X
x: |z|=k
1 " ]
_ neV@® P V(z)>-
{1+A(w)>(225]]z,w]]ev(z)) } ZZE]]Z,I]] eV (2) {V(z)>—a}

L(togn)* S N

ne
E{esk Lis#< F(( )g) 1(s >7o¢}:| ;
]; {S% <logn} Zle eSi 2521 oSi k=

where F(\) :=P(1+)_,. lz|=1 e V@ > A) for A > 0, Sy := maxy<;<k S, Sy, 1= minj<;<x S;,
and ij := max;<;<k(S; — S;) for any k > 1.
An application of the Holder inequality, using assumption (1.3), yields the existence

of 41 > 0 such that
1461
[( Y eV )) } (3.14)

w: |w|=1

As such, ¢z == E[(1 + 3, V)] < 00, s0 F(A) < ez A717% for all A > 0.
Consequently,

n
E[ E 1 V@) = o Hve:>- }}
1+A —ne 7 ___ _ (z) vV r)z—«
2< L\, 1<)l < (log n)* A e 7@ Lzeo,ar ©
[ (log n)*

Si\ o(1+4681)—1
= 1e
< c3 Z E|:( n eSk ) l{S?fglogn} 1{§1¢,2_0‘}} : (315)

Lemma 3.5. Let § be the constant in assumption (1.3). For all « > 0 and 63 € (0, § A 15),

[(logn)*] Zk s,

iy O
. i—1 € 2 —
3 B[(S55) st cun Liso-m] =0
k=1

Since it is possible to choose 0 < ¢ < 1 such that o(1 + d;) — 1 lies in (0, § A ), we
can apply Lemma 3.5 to see that (3.15) implies (3.13), and thus yields Proposition 2.3.
It remains to prove Lemma 3.5.

Proof of Lemma 3.5. Since Zle St < keS, it suffices to check that

L(log n)* ]
(log n)** 32 (Sk—5k)
7,”62 E[e"’ k—Ok 1{S?f§logn} 1{§k270‘}] — 0.
k=1
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Recall the law of S; from (3.2). By assumption (1.3) and Holder’s inequality, we have
E(e®') <00, Va€ (=6, 1+9),

where § > 0 is the constantjn (1.3). In particular, E(ea‘sﬂ) < oo forall 0 <a<é. Since
0 < dy < 6, we have E(e?2(5¢=5%)) < e4* for some constant ¢, > 0 and all £ > 1. So

ogn /
M soLdlos e E[e%2(Ss=5k)] — 0. It remains to prove that

(10g n)452 L(IOg n)4J 6a(3
5 Z E[e 2(Sk—Sk) 1{S§<logn} 1{§k2*0‘} — 0.
T klogmrra) )

We make a change of indices k = | (logn)*/2| +¢. Let S, := Set | (logn)1/2) — S| (logny1/2) £ =
0. Then (S, ¢ > 0) is a random walk having the law of (S, £ > 0), and is independent of
(Si, 1 <i < [(logn)/2]). For £ >0, 8oy | (ogn)i/2] = Set [(togmyi/2) = Max(z, maxo<;<¢ S;) —
Sy > maxo<;<¢ §j — Sy, where z = S\ (logn)1/2) = S|ognyi/2)- So for k > | (logn)'/?]
and ¢ := k — [(logn)!/?], on the event that {S, > —a}, either maxy< </ §j < z, then
Sp—Sp=x— §g = gL(logn)l/ﬂ -5, < g[(logn)l/zj + @, Or maxo<j<¢ gj >z, then S, — S, =
maxXg<;<¢ §j — Sy. Tt follows that

52(Sk—Sk)
Ele l{Sz#glogn} 1{§L(1Ogn>1/2JZ—0¢}

Sa(a+S S, —
< E(e 2ot mogn)l/%)) + P(EL(logn)l/zj 2 _a) x E|:652(S£ = I{Sfﬁlogn}} ’

(52 S )452

Since E(e Zﬁ(lig(lﬁﬁ)uzj E(e? S 1esm1/2)))

0. On the other hand, P (S| (154 py1/2] > —) < €5 (log n)~'/* for some constant c5 > 0 and
all n > 2 (see Kozlov [19]); it suffices to prove that

52(Se—Se)
ZE[ 25 {s#smgn}}_)o'

This will be a straightforward consequence of the following estimate (applied to A\ := logn
and b := do; it is here we use the condition d3 < 7 ) forany 0 < b < 4,

Loogm)1/2]) < ge4 (logn) /2 we have (log”

(logn )462—(1/4)

Tan—1
lim su E( e b (Se— Sf)]) , (3.16)
)\~>oop ;%

where 7y :=inf{i > 1: S; —S; > \}.
To prove (3.16), we define the (strictly) ascending ladder times (H;,i > 0): Hy :=0
and for any ¢ > 1,
H;, :=inf{¢ > H;_1 : S; > grg})é 1Sj}.
Therefore,
Th—1 _ oo H;—1
b(S.—5S, b(Su, ., —Se
B3 ) =Y B( Y e )
=0 i=1 0=H;_,

We apply the strong Markov property, first at time H;_; to see that
Hy—1
b(S : # —bS
( Z o1 750 {ngA}) < P(SHH < )‘) E( > e Zl{sfgx})a
f=H,_ £=0
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and then successively at times Hy, Hs, ---, H;_; to see that P(Sﬁl_1 <A< P(S}‘f1 <
AL, As such,

T>n—1 e o] 1 Hi—1

_ # —bs
E( Z ob(Se Sw) < ZP<5H1 < /\) E( Z e’ “1{82*9})'
£=0 =1 =0
We define o_y := inf{n > 0: S, < —A}. Then 1 - P(S}; < \) = P(o_, < H;) > 1% for

some constant c¢g > 0 and all sufficiently large A, say A > )¢ (for the last elementary
inequality, see for example, Lemma A.1 in [17]). Thus we get that

Ta—1

E( ; eb(§g752)> L+A ( Z o {s,#gx})'

Finally, for all small b > 0, there exists some positive constant ¢; = ¢7(b) > 0 such that

H;—1

Hi-1
_ (64
( Z e "1 S#<,\}> ( Z € bsel{oﬂﬂ}) < XebAv
=0

by applying [2] (Lemma 6, formula (4.17)) to (—S;, ¢ > 1). This yields (3.16), and
completes the proof of Lemma 3.5 and Proposition 2.3. O

4 Proof of Theorem 2.1 and Corollary 2.2

Proof of Theorem 2.1. Recall that limy o infy. o= U(x) — oo P*-a.s. (see (2.3)). In
view of Proposition 2.3, we only need to prove that for any fixed = € T and € > 0, when
n — 0o,

L,(z) o?
{2
o 4D ¢

5} 50,  in P*-probability.

Accordlng to Fact 3.3, this is equivalent to convergence in P*-probability P, { | L"(“)

—[U(=)—

U@l > ¢} — 0 (for n — o0), and thus to the following statement: for any = € T
and m — 00,

LT(m) (.T)
Pw{ ’ai — e_[U(z)_U(z)]‘ > e} — 0, in P*-probability ,
m

where Tém) is as before, the m-th return time of the biased walk (X;) to the root &. This,

however, holds trivially as L,.(m) (2) — L(m-1) (x), m > 1, are i.i.d. random variables under
P, with E,[Lo(z)] = = e~ U(@)-U(2)] (see the notation at (3.10)—(3.11) as well as
the discussion preceding the equations). Theorem 2.1 is proved. O

Proof of Corollary 2.2. Lete >0and 0 < a < 1. Let

L, 2
E, (g, a):= {w : sup PWO 7Sx) ~ T U@
zeT logn 4Ds

>5)<a}.

By Theorem 2.1, P*(E, (¢, a)) — 1, n — oo.
Let 2, € o, and let Zyin € %min- For allw € E, (e, a), we have

La(y)  o* _y
-7 < >1_
P“’(‘ T gp. ¢ ’—5)—1 @
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for y = x,, and for y = ziy; hence, for allw € E,, (e, a),

Ln n 2 L71 min 2
Pw( E{T ) < 42’) e Uln) 4, /("’fL ) > 4; e~V (@min) —s) >1-2a.

logn logn

By definition, L, (2, ) = sup,er Ln(2) > Ly, (2min). Therefore, for all w,
P, (i e UlEn) > i e~ U(@min) _ 26) > (1—=2a)1g, (o) (w).
“\4D_, = 4D, = n(ea)
Taking expectation with respect to P* on both sides gives that
2 o2

ag
IP*( e V) > qup
4Doo zeT 4Doo

e V) —2¢) > (1 - 20) P*(Bu(c, a)

which converges to 1—2a when n — co. Since a > 0 can be as small as possible, this yields
41‘51 e V@) — sup, o & e~U(®) in probability under P*, i.e., U(x,) — inf e U(x) in
probability under IP*.

Since %min, the set of the minimizers of U( - ), is P*-a.s. finite, we have inf, ¢, , U(z) <

infyem 2, U(7) P*-a.s., which yields P*(z, € %uin) — 1, n — o0. O

A Appendix: Proof of Lemma 3.4

). Then E(Sgl) =1 —a+ M. SO

Let s € [1, —

1
p

[Bs))" — [P{g =0}

P{ i& = k‘} < sik E[SZL&"' 1{2?:15»0}} =
i=1

ok
Observe that
B! - Pla =0 = (1-a+ S22 - qap
a(l —p)s a(l —p)s\—1
" 1—ps (1—a+ 1—ps ) ’

where, in the last line, we used 2™ — y" < n(x —y)2" ! (for 0 < y < x). Hence

- 1— 1-— n—1
P{> ez k) sl (1 dllopsyr A1)
p 1—ps 1—ps
First case: 3 < p < 1. We take s := 12% €, I%), so that (i%): = ip”; hence by (A.1),
n 1 —k 1 n—1
P(Sezi) = (52 (0
= 2p p p
1 1— —k n—1
= nai_'—p (1 + 7]0) (1 + E)
P 2p p
<

2 1— py* n
na (1 + —p) (1 + 9) .
D 2p D
Since (1+u)"! <e %2 (for0<u < 1)and 1+v < e’ (for v > 0), applied to u := 12 < 1
and v := %, we obtain, in case 1<p<l,

P{gfiZk‘}SGHaexp(—u;;)k—FT:).
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Second and last case: 0 < p < % We choose s := 2 < %, SO (1%;25 < 4; by (A.1), we
obtain:

n
P{Y 6>k} < 4na27F(1 430" < dna27(1+ 30)".
=1

In view of the inequality 1 + v < e (for v > 0; applied to v := 3a), we obtain, in case
0<p<i,

P{ Seg> k} < dna 2k eBon
=1

So in both situations, as longas 1 — p > g a, we have, for k := [en], 7% + 5 <

7,”((1;:)5 _ %) < 7(1*817[))5” < 7(1*5)5"’ and 27k63an < efn(slog273a) < efn(slog2f%)’
en . . 1—plen .

which is bounded by e~ s (because log2 > %), and a fortiori by e_( 2 . Lemma 3.4 is

proved. |
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