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S U M M A R Y
The splitting of the Earth’s free-oscillation spectra places important constraints on the wave
speed and density structure of the Earth’s mantle and core. We present a new set of 164
self-coupled and 32 cross-coupled splitting functions. They are derived from modal spectra up
to 10 mHz for 91 events with Mw ≥ 7.4 from the last 34 yr (1976–2010). Our data include the
2001 June 23 Peru event (Mw = 8.4), the Sumatra events of 2004 (Mw = 9.0) and 2005 (Mw =
8.6), the 2008 Wenchuan, China event (Mw = 7.9) and the 2010 Chile event (Mw = 8.8).
The new events provide significant improvement of data coverage particularly in continental
areas. Almost half of the splitting functions have never been measured before. In particular, we
measured 33 new modes sensitive to mantle compressional wave velocity, 10 new inner-core
sensitive modes and 22 new cross-coupled splitting functions. These provide new constraints
on the large-scale compressional structure of the mantle and the odd-degree structure of the
mantle and inner core and can be used in future inversions of heterogeneous Earth structure.
Our new splitting function coefficient data set will be available online.

Key words: Surface waves and free oscillations; Seismic anisotropy; Seismic tomography;
Mantle processes; Core, outer core and inner core.

1 I N T RO D U C T I O N

Measurements of the splitting of long-period free-oscillation spec-
tra provide important constraints on the Earth’s 3-D wave speed
structure on scale lengths comparable to the Earth’s radius. In addi-
tion, normal-mode data are the only available seismic data to con-
strain aspherical density structure (Ishii & Tromp 1999; Resovsky
& Trampert 2003; Trampert et al. 2004), albeit that trade-offs arise
with mantle velocity structure (Resovsky & Ritzwoller 1999b; Ro-
manowicz 2001; Kuo & Romanowicz 2002). Nevertheless, normal-
mode analyses have indicated an anticorrelation between shear wave
velocity and density perturbation in the lowermost mantle beneath
Africa and the Pacific. This has had a profound influence on our
understanding of the thermo-chemical structure and dynamics of
the mantle, as it suggests the existence of compositional hetero-
geneity in the lower most mantle. New normal-mode measurements
are essential to improve constraints on mantle velocity and density
structure and further our understanding of mantle dynamics and
it is hoped that our new data set will improve the reliability and
robustness of tomographic models of aspherical density structure.

It is common to measure splitting function coefficients from
normal-mode spectra using least-squares inversion (Woodhouse &
Giardini 1985; Woodhouse et al. 1986; Ritzwoller et al. 1986,
1988; Giardini et al. 1987, 1988; He & Tromp 1996; Resovsky
& Ritzwoller 1998; Durek & Romanowicz 1999; Masters et al.

2000b). Splitting function coefficients are linearly dependent upon
the Earth’s aspherical velocity and density structure. They have
been used in tomographic inversions to obtain 3-D velocity and
density models (e.g. Li et al. 1991; Resovsky & Ritzwoller 1999a;
Ishii & Tromp 1999; Trampert et al. 2004), often in combination
with travelling wave data (e.g. Ritsema et al. 1999, 2011; Masters
et al. 2000a).

The most recent compilations of splitting functions are now more
than 10 yr old (He & Tromp 1996; Resovsky & Ritzwoller 1998;
Durek & Romanowicz 1999; Masters et al. 2000b). However, sev-
eral large earthquakes have occurred (see Fig. 1 and Table 1) and the
global network of seismic stations has expanded since then. Thus, it
is timely to update the measurement of normal-mode splitting func-
tions. We have already published new measurements of the longest
period normal modes that had never been measured before using
seismometers, including 0S2 and 2S1 (Deuss et al. 2011). Here we
present a new compilation of splitting functions that is almost twice
as large as earlier studies, especially in the 4–10 mHz frequency
range (see Fig. 2a). A large number of the new modes are sensitive
to compressional velocity (vp) structure in the mantle (Fig. 2b).
Some of these vp sensitive modes were measured by Resovsky &
Pestana (2003); here we will greatly expand the number of ob-
served splitting functions for vp sensitive modes of the mantle. We
will also add previously unmeasured mantle shear wave velocity
(vs) sensitive modes and inner-core sensitive modes (Fig. 2c).
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Figure 1. Locations of the 91 events used in this study. The red circles denote
events in continental locations where previous splitting function studies did
not have any events; the blue circles indicate events which are deeper than
100 km.

Table 1. List of events used in this study. Date is
day/month/year, depth is in km, Mw is the moment magni-
tude from the CMT catalogue and Ns denotes the number of
stations used per event.

Date Location Depth Mw Ns

16/08/1976 Mindanao Philippines 33.0 8.0 3
30/11/1976 Chile Bolivia 133.7 7.5 3
04/03/1977 Romania 83.6 7.5 5
22/06/1977 Tonga Islands 61.3 8.0 7
19/08/1977 Sumbawa Island 23.3 8.3 7
12/06/1978 Honshu Japan 37.7 7.6 3
29/11/1978 Oaxaca Mexico 16.1 7.7 8
06/12/1978 Kurils Islands 181.0 7.8 11
12/12/1979 Ecuador 19.7 8.1 9
17/07/1980 Santa Cruz Islands 34.0 7.7 9
25/05/1981 New Zealand 33.3 7.6 12
22/06/1982 Banda Sea 473.4 7.4 9
18/03/1983 New Ireland 69.6 7.7 15
26/05/1983 Honshu Japan 12.6 7.7 12
04/10/1983 Coast of Chile 38.7 7.6 9
24/11/1983 Banda Sea 157.1 7.4 10
06/03/1984 Honshu Japan 446.0 7.4 7
20/11/1984 Mindanao 180.7 7.5 12
03/03/1985 Central Chile 40.7 7.9 8
07/05/1986 Andreanof Islands 31.3 7.9 11
20/10/1986 Kermadec Islands 50.4 7.7 11
30/11/1987 Gulf of Alaska 15.0 7.8 19
06/03/1988 Gulf of Alaska 15.0 7.7 19
23/05/1989 Macquarie Islands 15.0 8.0 24
03/03/1990 South of Fiji 25.3 7.6 23
18/04/1990 Minahassa 33.2 7.6 24
16/07/1990 Luzon Philippines 15.0 7.7 21
30/12/1990 New Britain 204.8 7.4 14
22/04/1991 Costa Rica 15.0 7.6 24
22/12/1991 Kuril Islands 31.2 7.6 17
02/09/1992 Nicaragua 15.0 7.6 30
11/10/1992 Vanuatu 141.1 7.4 32
12/12/1992 Flores Island 20.4 7.7 36
15/01/1993 Hokkaido Japan 100.0 7.6 27
12/07/1993 Hokkaido Japan 16.5 7.7 46
03/03/1994 Fiji Islands 567.8 7.6 54
02/06/1994 South of Java 15.0 7.8 31
09/06/1994 Northern Bolivia 647.1 8.3 56
04/10/1994 Kuril Islands 68.2 8.3 46
28/12/1994 Coast of Honshu 27.7 7.7 50
30/07/1995 Northern Chili 28.7 8.0 50
09/10/1995 Jalisco Mexico 15.0 8.0 46

Table 1. (Continued.)

Date Location Depth Mw Ns

03/12/1995 Kurile Islands 25.9 7.9 44
01/01/1996 Minahassa Peninsula 15.0 7.9 24
17/02/1996 West Irian 15.0 8.2 63
10/06/1996 Andrean of Islands 29.0 7.9 33
17/06/1996 Flores Sea 584.2 7.8 53
12/11/1996 Coast of Peru 37.4 7.7 59
14/10/1997 South of Fiji Islands 165.9 7.7 42
08/11/1997 Tibet 16.4 7.5 61
05/12/1997 Kamchatka 33.6 7.8 41
04/01/1998 Loyalty Islands 114.3 7.4 35
25/03/1998 Balleny Islands 28.8 8.1 66
29/11/1998 Ceram Sea 16.4 7.7 53
17/08/1999 Turkey 17.0 7.6 63
20/09/1999 Taiwan 21.2 7.6 67
28/03/2000 Volcano Island 99.7 7.6 63
04/06/2000 Southern Sumatra 43.9 7.8 91
18/06/2000 South Indian Ocean 15.0 7.9 88
13/01/2001 El Salvador 56.0 7.7 61
26/01/2001 India 19.8 7.6 66
23/06/2001 Coast of Peru 29.6 8.4 88
07/07/2001 Coast of Peru 25.0 7.6 44
14/11/2001 Qinghai China 15.0 7.8 65
08/09/2002 Papua New Guinea 19.5 7.6 50
03/11/2002 Central Alaska 15.0 7.8 72
15/07/2003 Carlsberg Ridge 15.0 7.5 64
04/08/2003 Scotia Sea 15.0 7.6 61
25/09/2003 Hokkaido Japan 28.2 8.3 88
17/11/2003 Rat Islands 21.7 7.7 60
23/12/2004 North Macquarie 27.5 8.1 87
26/12/2004 Northern Sumatra 28.6 9.0 85
28/03/2005 Northern Sumatra 25.8 8.6 91
09/09/2005 New Ireland 83.6 7.6 59
26/09/2005 Northern Peru 108.1 7.5 63
08/10/2005 Pakistan 12.0 7.6 80
27/01/2006 Banda Sea 379.4 7.6 75
20/04/2006 Eastern Siberia 12.0 7.6 65
03/05/2006 Tonga Islands 67.8 8.0 43
17/07/2006 South of Java 20.0 7.7 60
15/11/2006 Kuril Islands 13.5 8.3 69
13/01/2007 East Kuril 12.0 8.1 58
01/04/2007 Solomon Islands 14.1 8.1 48
08/08/2007 Java Indonesia 304.8 7.5 49
15/08/2007 Coast of Peru 33.8 8.0 50
28/09/2007 Volcano Japan 275.8 7.5 54
14/11/2007 Northern Chile 37.6 7.7 50
09/12/2007 South of Fiji Islands 149.9 7.8 45
12/05/2008 Sichuan China 12.0 7.9 71
05/07/2008 Sea of Okhotsk 615.2 7.7 64
27/02/2010 Chile 23.2 8.8 129

2 T H E O RY A N D M E T H O D

2.1 Normal-mode splitting functions

Normal modes are standing waves along the surface and radius of
the Earth. The observations and modelling of normal modes require
day-long, high signal-to-noise waveform data generated by large
(Mw > 7.5) earthquakes. There are two types of modes: spheroidal
modes nSl, which involve P-SV wave motion, and toroidal modes

nTl, which involve SH motion. Since we are particularly interested
in improving constraints on compressional mantle structure, we will
be measuring spheroidal modes. Normal modes only exist for dis-
crete natural frequencies; each mode is characterized by its radial
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Figure 2. Frequency versus angular order l of the measured modes, (a) all modes measured here, (b) the four ‘branches’ of modes particularly sensitive to
compressional velocity vp in the mantle and (c) modes sensitive to the inner core. Black squares denote modes measured here, which have been measured
before by He & Tromp (1996), Resovsky & Ritzwoller (1998) or Durek & Romanowicz (1999); red squares indicate new modes for which no reported splitting
function measurements exist in the literature. The numbers in (a) are the overtone numbers n of each branch; in (b) the compressional wave branches are
annotated which cross-cut the overtone branches of (a). The dashed line in (c) denotes the division between modes mainly sensitive to inner-core vp (on the
left) or vs (on the right).

order or overtone number n and angular order l. For fundamental
modes n = 0. Modes with n > 0 are called overtones. The different
branches with constant n can be identified in Fig. 2(a). Modes with
low radial order and high angular order are equivalent to laterally
propagating waves in the upper mantle (i.e. surface waves). Modes
corresponding to steeply travelling waves that are sensitive to the
deep mantle and inner core typically have large n and small l (No-
let & Kennett 1987). Frequencies of observed inner-core sensitive
modes are shown in Fig. 2(c).

Each spheroidal mode multiplet nSl consists of 2l + 1 singlets. In
a spherical, non-rotating, elastic, isotropic earth model the normal-
mode frequencies of one modal multiplet are degenerate, that is,
all 2l + 1 singlets have the same frequency. The Earth’s rotation,
ellipticity and the presence of heterogeneity and anisotropy cause
splitting, which removes the degeneracy resulting in distinct singlet
frequencies. This greatly distorts the amplitude and phase spectra of
the multiplets (Dahlen, 1968, 1969; Woodhouse & Dahlen, 1978;
Woodhouse, 1980), see Dahlen & Tromp (1998) for an extended
overview. The splitting of the longest-period modes is primarily due
to rotation and ellipticity of the Earth. Splitting due to heterogeneity
and anisotropy is more dominant for shorter period modes.

In the so-called ‘self-coupling’ approximation, split modes may
be treated as isolated and are only sensitive to even-degree struc-
ture in the Earth. If two (or more) modes are close in frequency,
self-coupling may not be valid and ‘cross-coupling’ (i.e. resonance)
between the two modes needs to be taken into account (e.g. Dahlen
& Tromp 1998; Resovsky & Ritzwoller 1998; Deuss & Woodhouse
2001). Here, we will only take cross-coupling into account between

strongly coupled modes whose singlets cannot be observed indi-
vidually. Wide-band coupling (e.g. Deuss & Woodhouse 2001) will
be considered here a second-order effect. While direct inversion
of spectra is the optimal way to incorporate normal-mode spectra
in tomographic inversions (Li et al. 1991; Durek & Romanowicz
1999; Kuo & Romanowicz 2002), we argue that a lot can still be
learned from splitting function measurements, especially for modes
that have not been studied before. Splitting function coefficients
are easily used by other researchers and incorporated into their in-
version for mantle structure (e.g. for mantle shear wave velocity
models S20RTS and S40RTS; Ritsema et al. 1999, 2011), which
is not the case for normal-mode spectra. In addition, the uncertain-
ties associated with the splitting-function coefficients can be used
to evaluate our data and, for example, to investigate the validity of
existing mantle models.

The splitting and cross-coupling of single modes or pairs of
modes can be described using the generalized splitting function
approach (Resovsky & Ritzwoller 1998). Splitting functions were
introduced by Woodhouse & Giardini (1985) and the first measure-
ments were published by Woodhouse et al. (1986), Ritzwoller et al.
(1986), Giardini et al. (1987), Giardini et al. (1988) and Ritzwoller
et al. (1988). Splitting functions are linearly dependent on the het-
erogeneous and anisotropic structure in the Earth; they are also
used to visualize how a normal mode ‘sees’ a depth-averaged Earth
structure. The splitting function coefficients cst are given by

cst(kk′) =
∫ a

0
δmst (r )Ks(kk′)(r )dr +

∑
d

δhst H d
s(kk′), (1)
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where δmst and δhst are the coefficients of the Earth’s heterogeneity
(compressional velocity vp, shear wave velocity vs and density ρ)
and discontinuity topography in terms of spherical harmonics and
Ks(r), H d

s are known kernels (Woodhouse, 1980). s is the angular
order and t the azimuthal order of the spherical harmonic used to
describe the structure in the Earth. a is the radius of the Earth and
k denotes a spheroidal mode with radial and angular order n, l.
For self-coupling, k = k′ and s is even. Cross-coupling between
pairs of normal modes with k �= k′ allows sensitivity to odd-degree
structure, if the difference in angular order l − l′ between the two
normal modes is an odd number. If l − l′ is an even number, then
the cross-coupling is sensitive to even structure only.

We define the cst coefficients following Masters et al. (2000b)
and Resovsky & Ritzwoller (1998). They can be converted from the
raw coefficients Ast, Bst (i.e. Woodhouse et al. 1986; Giardini et al.
1988; He & Tromp, 1996; Durek & Romanowicz, 1999) using

cst = (−1)t (2π )1/2(Ast − i Bst ) for t > 0, (2)

cst = (4π )1/2 Ast for t = 0, (3)

cst = (2π )1/2(As|t | + iBs|t |) for t < 0. (4)

Re(c00) and Im(c00) are related to the shift in centre frequency fc

and radial quality factor Q of each mode with respect to the 1-D
reference model, using

fc = f0 + (4π )−1/2Re(c00), (5)

Q = fc

2
(

fo
2Q0

+ (4π )−1/2Im(c00)
) , (6)

where f is frequency in Hz and f0 and Q0 are the frequency and
quality factor of the reference model. Splitting coefficients can be
visualized by plotting a splitting function map F(θ , φ), which is
analogous to a phase-velocity map in surface-wave analysis, that
is,

F(θ, φ) =
∑
s,t

cst Y
t
s (θ, φ), (7)

where Y t
s (θ, φ) are the complex fully normalized spherical harmon-

ics according to Edmonds (1960).
We use PREM (Dziewonski & Anderson, 1981) as the 1-D ref-

erence model. We also compute splitting functions for a model of
heterogeneous Earth structure, to compare with our measurements.
We use the shear wave velocity model S20RTS (Ritsema et al.,
1999) and scaling is of the form δvp/vp = αδvs/vs and δρ/ρ =
βδvs/vs. We use α = 0.5 and β = 0.3. Crustal structure is added in
the form of topography, ocean depth and crustal thickness as given
in model CRUST5.1 (Mooney et al., 1998).

2.2 Synthetic seismograms

To measure splitting coefficients cst, we need to calculate synthetic
seismograms for a given mode (or small group of modes) and the
corresponding splitting coefficients. We use a method very similar to
Li et al. (1991). Synthetic normal-mode seismograms are computed
by summation of normal modes, using the method explained in
Deuss & Woodhouse (2001). The synthetic seismogram can be
written as a harmonic function of time t

u(t) = Re
[
r · ei

√
Mt · s

]
, (8)

where s is the source vector and depends upon the moment tensor,
and r is the receiver vector and depends upon instrument orientation
and incorporates instrumental response. r and s are computed for
PREM (Dziewonski & Anderson, 1981). M is the matrix containing
the splitting coefficients. Without ellipticity, rotation and aspherical
heterogeneity, M is diagonal and contains only the degenerate mul-
tiplet frequencies ω2

0, where ω0 is frequency in radians/sec. How-
ever, M is not diagonal when rotation, ellipticity, heterogeneity and
anisotropy are taken into account. In that case we have to diagonal-
ize M to compute its exponential. We do this by using eigenvalue
decomposition, that is, MU = U
, where the matrix U contains
the eigenvectors and 
 is the diagonal matrix of non-degenerate
eigenvalues ω2. The synthetic seismogram u(t) can then be written
as

u(t) = Re
[
(r · U)ei

√

t (U−1 · s)

]
. (9)

M is now a complex matrix that contains the degenerate multiplet
frequencies ω2

0 for PREM and the contributions of Coriolis force,
ellipticity and the Earth’s internal heterogeneity in terms of the
splitting coefficients. In the self-coupling approximation M is a
block diagonal matrix of size (2l + 1) × (2l + 1), where l is the
angular order of the mode. For coupled modes, there will be both
block diagonal contributions from every mode and off-diagonal
blocks of size (2l + 1) × (2l′ + 1) describing the cross-coupling
interactions. For a pair of modes k, k′ with degenerate frequencies
ωk,ωk′ in the spherical reference model, we can write M involving
splitting function coefficients cst as follows:

M(kk′)
mm′ = ω2

0δkk′ + ω0W(kk′)
mm′ +

l+l ′∑
s=l−l ′

s∑
t=−s

γ mm′ t
ll ′s cst(kk′), (10)

where ω0 = (ωk + ωk′ )/2 and δkk′ = 0 if k �= k′ and 1 if k = k′. The
coefficients γ mm′t

ll ′s are given by

γ mm′ t
ll ′s =

∫ 2π

0

∫ π

0
Y m∗

l (θ, φ)Y t
s (θ, φ)Y m′

l (θ, φ) sin θdθdφ, (11)

where Y m
l are again the fully normalized complex spherical harmon-

ics. Equations for evaluating this integral using Wigner 3-j symbols
can be found in Woodhouse (1980) and Dahlen & Tromp (1998).
The matrix W describes the effect of the Coriolis force. Ellipticity
is included as an additional degree s = 2, t = 0 term in the hetero-
geneity and discontinuity topography coefficients. These equations
reduce to well-known self-coupling equations for k = k′ (and thus
l = l′). The matrix M and the corresponding synthetic seismogram
can be computed with use of only the splitting function coefficients
cst and without knowledge of the model parameters δmst, δhst and
the kernels (eq. 1). Once measured, the kernels can be used to invert
the cst’s for tomographic mantle and core structure.

The synthetic seismograms depend non-linearly on the splitting
coefficients. To formulate the linearized, iterative inverse problem
for cst we require partial derivatives of the seismogram u(t) (eq. 9).
The derivatives of the seismogram u(t) with respect to the splitting
function coefficients cst are:

∂u(t)

∂cst
= Re

[
eiωt

(
r · ∂U

∂cst

) (
U−1 · s

) + (r · U)

(
∂U−1

∂cst
· s

)

+ (r · U) it
∂ω

∂cst
(U−1 · s)

]
(12)

where ω is the diagonal matrix ω = √

. A perturbation δcst in

the splitting function parameters leads to a perturbation δM in the
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coupling matrix. We use Rayleigh’s principle to find the result-
ing perturbation δU and δ
 to the eigenvalues and eigenvectors,
which are needed to evaluate eq. (12). This gives for the eigenvalue
correction,

δω2
n = δ
 = u−1

n δMun, (13)

where un is a column vector of U and u−1
n is a row vector of U−1.

The corresponding eigenvector corrections are given by

δun = l �=n
u−1

l δMun

ω2
n − ω2

l

ul , (14)

δu−1
n = l �=n

u−1
n δMul

ω2
n − ω2

l

u−1
l , (15)

where ωn represent the diagonal elements of ω. These eigenvector
corrections are then substituted in eq. (12) for ∂ω

∂cst
, ∂U

∂cst
and ∂U−1

∂cst
to

compute the derivatives.

2.3 Inversion technique

The synthetic seismogram u(t) depends non-linearly on the split-
ting function coefficients cst. Therefore, the splitting function co-
efficients are measured by iterated damped least squares inversion
(Tarantola & Valette, 1982). We solve for cst by the iterative appli-
cation of the recursion

ci+1 = ci +
(

AT
i C−1

d Ai + C−1
m

)−1
×

[
AT

i C−1
d (d − u(ci ))

− C−1
m (ci − c0)

]
(16)

where Ai is the matrix of partial derivatives calculated using equa-
tion (7),

Ai =
[

∂u

∂c

]
c=ci

st

, (17)

and ci is the model vector containing the splitting functions for one
mode (or small group of modes) and c0 is the starting model. d
is the data vector containing the corresponding observed normal-
mode spectra, u(ci) is the synthetic seismogram vector calculated
using equation (9) and Cd and Cm are the a priori data and splitting
function covariance matrices. The inversion is run for each of the
isolated modes and groups of Table 1 separately. The posteriori
resolution matrix R can be defined in the neighbourhood of the final
model c∞,

R = (AT
∞C−1

d A∞ + C−1
m )−1AT

∞C−1
d A∞. (18)

The trace of the resolution matrix then represents the effective num-
ber of degrees of freedom of the solution, or the effective number
of independent model parameters.

We assume that the data and model covariances Cd and Cm are
the same for all data or model parameters. In this case, equation
(16) can be rewritten in such a way that it only depends on Cd/Cm

and we apply damping by using one constant damping parameter
Cd/Cm for all the model and data parameters. The smaller this ratio
becomes, the less damping is applied. We vary this ratio by several
orders of magnitude and generally find that our results converge to
constant values when lowering the damping value, implying that we
do not have null space problems and our results are not dependent on
the choice of damping parameter. The centre frequency and quality
factor of the modes are the most robust parameters in the inversion,
and therefore we do not damp these parameters. We estimate the
optimal damping by investigating misfit, squared model size and
effective number of independent model parameters as a function of

the damping parameter and by cross-validation. We did not find any
improvement in our results by applying derivative damping, where
the model covariance matrix Cm is proportional to angular order
of the splitting function coefficients s. Thus, our use of a single
damping parameter Cd/Cm is justified.

For all mantle sensitive modes with frequencies below 4 mHz, it
suffices to start our inversions from the spherical reference model
(PREM, Dziewonski & Anderson 1981), taking only ellipticity and
rotation into account. Such treatment prevents the choice of start-
ing model from influencing the results for aspherical structure. For
modes with higher frequencies, it is necessary to use a 3-D man-
tle model (in our case S20RTS, Ritsema et al. 1999) as a starting
point in our inversion. Even for the modes for which S20RTS is
used as a starting model, we find significant reduction in misfit
compared to the S20RTS predictions (see Table 2). To measure
modes sensitive to the inner core, we tried four different inner-
core anisotropy starting models (Woodhouse et al. 1986; Tromp
1993; Durek & Romanowicz 1999; Beghein & Trampert 2003), in
addition to S20RTS and only PREM. We only report inner-core
sensitive modes for which the different starting models give con-
sistent splitting-function measurements. For each inversion we use
a range of damping parameters differing by several orders of mag-
nitude. We only include splitting-function measurements for which
reduced damping, does not anomalously increase splitting-function

Table 2. Normal-mode spectra used in this study; a total number
of 107 504 normal-mode spectra are used in the splitting func-
tion inversions. PREM denotes the misfit including only ellipticity
and rotation; the misfits for the S20RTS model and after cst mea-
surement are also given. Bold modes correspond to new modes
for which splitting functions have not been measured before, stars
denote inner-core sensitive modes and ‘p’ denotes modes sensi-
tive to vp in the mantle. Modes between brackets were included
in the measurement procedure for completeness, but their splitting
functions are not constrained well enough by the data to be re-
ported. Nev denotes the number of events and Ns the total number
of spectra.

Spectral segment PREM S20RTS cst Ns Nev

misfit misfit misfit

0S2 0.26 0.26 0.22 78 8

0S3(–0T2–2S1) 0.21 0.20 0.18 364 37

0S4(–0T3–1S2) 0.26 0.23 0.15 578 56

0S5 0.37 0.28 0.11 553 65

0S6 0.46 0.36 0.13 1356 82

0S7 0.56 0.44 0.16 1733 87

0S8–4 S p
1 (–0T9) 0.58 0.31 0.14 1897 89

0S9(–0T10) 0.53 0.32 0.19 1970 91

0S11–2S7(–0T12) 0.89 0.72 0.42 846 86

0S12(–6 S∗
1 –0T13) 0.64 0.40 0.30 1484 91

0S13(–0T14) 0.67 0.38 0.29 2507 91

0S14–2S9(–0T15) 0.79 0.47 0.27 2631 91

0S15(–0T16) 0.77 0.41 0.29 2663 91

0S16(–0T17) 0.79 0.39 0.29 2552 91

0S17–2S11(–0T18) 0.89 0.52 0.33 2402 91

0S19(–0T20) 0.97 0.84 0.49 1227 90

0S20(–8 S∗
1 –0T21) 0.89 0.53 0.47 2255 89

0S21–1S14(–0T22) 0.93 0.42 0.31 2872 91

1S2(–0S4–0T3) 0.23 0.23 0.18 136 9

1S3–3 S∗
1 0.27 0.38 0.15 468 54

1S4 0.28 0.31 0.19 1046 77

1S5–2S4 0.52 0.39 0.15 1464 84

1S6–2S5 0.84 0.74 0.17 1335 82

1S7 0.69 0.25 0.16 1244 74

1S8 0.94 0.43 0.15 1469 75

1S9 1.01 0.63 0.18 948 74
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Table 2. (Continued.)

Spectral segment PREM S20RTS cst Ns Nev

1S10 1.02 0.79 0.27 780 70

2S1 0.60 0.65 0.48 32 2

2 S∗
3 1.21 1.14 0.36 503 62

2S6 0.53 0.26 0.16 1192 84

2S8–4 S p
3 0.80 0.39 0.18 2634 91

2S10–4S5 1.09 0.46 0.19 2428 89

2S12 1.04 0.37 0.19 2668 90

2S13 0.94 0.48 0.34 1804 90

3 S∗
2 2.03 1.84 0.13 224 26

3S6 0.86 0.73 0.67 1240 87

3S7–5 S p
5 0.57 0.64 0.21 1902 86

3S8–6 S∗
3 0.80 0.53 0.18 1734 89

3S9 0.94 0.72 0.57 1936 90

4 S p
2 (–0S10–0T11) 0.61 0.41 0.30 1538 90

4S4(–1T8) 0.49 0.30 0.21 1203 86

5 S∗
2 (–0S13–0T14) 0.61 0.50 0.47 999 81

5S3 0.40 0.19 0.17 1189 86

5 S p
4 (–2T4) 0.50 0.45 0.21 1779 89

5 S p
6 (–0S21–0T22) 0.71 0.75 0.38 979 86

5 S p
7 0.87 1.03 0.39 1491 78

5 S p
8 0.99 1.04 0.39 1738 85

5 S p
11–7S8 1.22 1.27 0.51 376 73

5 S p
12 0.74 1.40 0.44 478 63

5Sp
14–9S8 1.44 1.23 0.29 1102 79

5Sp
15–11S∗

6 1.47 1.03 0.32 1061 73

5S16–8Sp
10 1.74 0.93 0.34 1114 80

5S17 1.35 0.64 0.38 715 65

6 S p
9 –7 S p

6 1.35 0.93 0.34 1760 87

6 S p
10 1.31 1.80 0.36 1179 75

6Sp
15–9S10 1.16 0.78 0.43 441 62

6Sp
18 1.26 1.11 0.42 798 78

7 S p
5 1.29 0.66 0.39 1444 88

7 S p
7 1.82 1.07 0.26 905 77

7S9–9S6 1.07 0.82 0.61 351 57

8 S∗
1 (–0S20–0T21) 0.85 0.67 0.24 594 60

8 S∗
5 (–5SJ∗

10) 1.29 1.28 0.31 1078 75

8S6 2.33 1.53 0.49 599 56

8S7 1.95 0.52 0.30 350 59

9 S∗
2 0.77 0.77 0.35 574 54

9 S∗
3 1.26 0.92 0.40 408 61

9 S∗
4 1.22 0.88 0.45 418 57

9Sp
11 1.70 0.55 0.39 885 72

9Sp
12–10S10 1.44 0.53 0.28 704 66

9Sp
13(–5S22) 1.57 0.69 0.29 588 58

9 S p
14–14S7 1.57 0.70 0.33 573 49

9Sp
15–14S8 1.62 1.02 0.48 340 39

10Sp
17–11S14(–19S∗

5) 1.67 0.69 0.32 388 46

10Sp
18–18S∗

6 1.56 1.01 0.43 253 29

10Sp
19(–22S∗

2) 1.76 1.58 0.40 351 31

10Sp
20–15S12–16Sp

10 2.62 1.26 0.27 749 57

10Sp
21–12S16–25S∗

1 1.42 1.34 0.45 575 36

11S∗
1(–8SJ∗

4 ) 3.10 2.51 0.45 107 17

11 S∗
4 1.85 1.54 0.29 654 51

11 S∗
5 1.70 0.70 0.28 757 60

11Sp
9 2.18 1.15 0.38 462 40

11Sp
10(–4S28) 1.87 1.40 0.43 238 42

11S12–12Sp
11–16 S∗

6 2.16 1.30 0.34 844 73

Table 2. (Continued.)

Spectral segment PREM S20RTS cst Ns Nev

11Sp
23–13Sp

18–19S10 2.20 1.55 0.32 675 50

11Sp
24–15Sp

15 1.89 1.08 0.33 426 42

11Sp
25 1.30 1.22 0.60 247 35

12Sp
6 1.50 0.86 0.60 230 36

12Sp
7 1.42 0.80 0.46 455 56

12 S p
8 –17 S∗

1 2.24 1.37 0.27 779 61

12 S p
12–16 S∗

7 2.59 1.54 0.31 891 67

12Sp
13 1.81 1.61 0.41 512 49

12Sp
14 1.72 1.79 0.45 285 42

12Sp
15 1.92 1.51 0.39 475 41

12S17–23 S∗
4 2.31 1.57 0.35 425 38

13 S∗
1 2.90 2.62 0.31 440 29

13 S∗
2 1.95 0.86 0.16 596 30

13 S∗
3 1.81 1.05 0.34 362 32

13S∗
6 2.38 0.93 0.39 313 43

13S15–20S∗
5 2.37 2.30 0.35 330 37

13Sp
16–14S13–16Sp

11 2.33 1.84 0.39 496 50

13Sp
19–19S11 1.71 1.32 0.39 463 43

13Sp
20 1.59 0.85 0.37 382 39

14 S∗
4 (–11S∗

7) 1.77 1.31 0.43 435 32

14S9(–20S∗
2) 1.84 2.14 0.36 383 57

14S14 1.01 0.61 0.34 127 26

15 S∗
3 1.49 1.06 0.35 426 49

15S∗
4 1.26 1.27 0.52 141 29

15Sp
16–17S15 1.76 1.24 0.43 521 49

16 S∗
5 (–17SJ∗

4 ) 2.21 1.62 0.31 515 41

16Sp
14–23 S∗

5 1.65 1.11 0.29 569 44

17S∗
8–22 S∗

1 1.17 1.37 0.34 346 27

17S12–21 S∗
7 2.60 1.25 0.30 387 37

17S13(–25S∗
3) 2.00 1.64 0.32 514 47

17S14 1.84 2.08 0.41 165 29

18 S∗
3 2.34 2.68 0.45 285 35

18 S∗
4 1.58 1.10 0.27 594 41

20S∗
1 1.00 0.52 0.34 138 17

21 S∗
6 3.17 1.72 0.35 293 32

25S∗
2 1.33 1.58 0.50 384 36

27 S∗
2 1.60 1.67 0.32 259 21

coefficients. Ideally, lowering the damping leads to convergence to
constant splitting-function measurements.

To determine error values for our measurements, we used cross-
validation to remeasure the splitting coefficients, leaving out differ-
ent events in different runs. This procedure allows us to assess the
importance of the large earthquakes, such as the 1994 Bolivia event
and the 2004 Sumatra event, on the final results, as each one will be
left out completely in different cross-validation runs. The maximum
spread in the range of the cross-validation measurements for each
measured splitting function coefficient is then used to estimate the
size of the error for that coefficient. This is a conservative estimate
of the error in our measurements.

3 DATA

We have selected normal-mode spectra for 91 large events since
1976 with Mw ≥ 7.4 (Fig. 1 and Table 1), which is a significant
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expansion of data sets used in other studies. For example, He &
Tromp (1996) used only two events, the Bolivia and Kuril Islands
events of 1994, to measure splitting functions. Resovsky & Ritz-
woller (1998) analysed a total of 33 events from 1977 to 1995. Our
data set includes spectra from seven earthquakes in continental re-
gions, including the 2008 Wenchuan, China event (Mw = 7.9), the
1999 Turkey event (Mw = 7.6), and the 2005 Pakistan event (Mw =
7.6) and 21 subduction zone events deeper than 100 km depth,
which are useful for measuring overtones. We have also included
some events with magnitude 7.4, but these are always deeper than
100 km. Shallow events with such low magnitudes do not produce
spectra with high enough signal-to-noise ratio. For each earthquake
we obtained up to a week of waveform data from the IRIS data
centre. We do not use events which have other events of similar
magnitude appearing within a week from the main event. Glitches
and smaller magnitude events are removed manually, which signifi-
cantly lowers the signal-to-noise ratio in the spectra. The tidal signal
is removed by fitting sine curves with the tidal frequencies and re-
moving the corresponding long-period signal from the time-series.

Fig. 3 shows two example spectra, one for the large amplitude
Northern Sumatra event with a depth of 25.8 km, and the other
one for the much smaller magnitude Mw = 7.4 event at Vanuatu

with a depth of 141.1 km. The Sumatra event has a large signal-to-
noise ratio, and clear modal peaks can even observed even below 1
mHz. Because this event is shallow, the fundamental mods between
about 1 and 3.5 mHz have the strongest amplitudes. The smaller
event at Vanuatu has a much smaller signal-to-noise ratio and we
are only able to observe clear modal peaks for frequencies larger
than 1.5 mHz. Because this is a deeper event, the modal peaks have
larger relative amplitudes above 3.5 mHz than is seen in the larger
event. This is because the deeper event excites more overtones,
which become observable at larger frequencies.

We only use vertical component data, as we are interested in
spheroidal modes whose main energy is on the vertical component
of the seismogram. The spectra are derived from several tens of
hours of seismogram to calculate spectra, which are roughly of the
length of 1 Q-cycle per mode (Dahlen, 1982). The Q-cycle of a
mode is defined as the quality factor Q of a mode multiplied by its
period T in seconds, and is the time required for the modal signal
to decay to e−π . The first several hours of each seismogram are
not used, as the body waves in this part of the signal lead to noise
and interfere in the spectra. Sometimes up to 10 or 15 hours are
removed, especially for the higher-order overtones, to remove the
fundamental modes and other modes with shorter Q-cycles that will

Figure 3. Observed spectra for time series of 5–40 hr length, for (a) the large magnitude Mw = 8.8 Northern Sumatra event of 2005 and (b) the much smaller
magnitude Mw = 7.4 Vanuatu event of 1992.



Normal-mode splitting function measurements 927

Figure 4. Example of a spectral window for mode 0S6. (a) Observed data (solid line) and synthetic spectrum (dashed line) using only rotation and ellipticity
(misfit =0.476). (b) Synthetic spectrum (dashed line) using our measured splitting function in addition to rotation and ellipticity, showing a much improved fit
(misfit = 0.036) with the observed data (solid line). Vertical bars denote the synthetic singlet frequencies.

have attenuated after the first few hours. The time-series are padded
with zeroes and Fourier transformed to the frequency domain. The
synthetic seismograms are processed in exactly the same way as the
real data.

The spectrum up to 10 mHz consists of a large number of toroidal
and spheroidal modes. Many appear in clusters, but a significant
number of modes are sufficiently isolated from other modes so that
the self-coupling or group-coupling approximation can be applied.
We make an initial selection of individual spectra for each mode or
small group of modes for which the signal-to-noise ratio is larger
than two. The signal is defined as the maximum peak of the mode,
and the noise is defined as the maximum amplitude in parts of
the spectra just next to the target mode where no other modes are
predicted to exist. We run an inversion for this initial selection of
spectra, an then reselect the spectra and remove all outliers which
cannot be fit by the splitting-functions measurements. We then run
a second inversion for this new data selection, to obtain our final
splitting function measurements. For modes with frequency less
than 1 mHz we visually inspected all spectra and we kept some
records with signal-to-noise ratio of 1.5 and larger, if the spectra
looked acceptable.

In total, we measure 196 splitting functions, of which 164 are
self-coupled and 32 are cross-coupled splitting functions, and 92
are new measurements. Table 2 shows the list of isolated modes
and groups of modes which we measured, including the number
of events and total number of spectra used for each inversion. A
total of 107 504 spectra have been measured, which is an order
of magnitude larger than the number of spectra in previous studies.
The majority of our new modes are mantle (and outer core) sensitive
modes, totalling 60 newly measured mantle sensitive modes: modes
sensitive to vp are labelled with ‘p’. Inner-core sensitive modes are
labelled with a star; we have added 10 new measurements of inner-
core sensitive modes to previous collections (He & Tromp 1996;
Durek & Romanowicz 1999).

We define misfit as the difference between the data di and syn-
thetics ui(cst), normalized by the norm of the data, that is,

misfit = 1

N

N∑ ∑n
i=1(di − ui (cst ))2∑n

i=1(di )2
, (19)

where n are the number of data points in each spectral segment and
N are the total number of spectral segments for a specific mode. We
take into account both amplitude and phase in calculating the misfit.
Table 2 shows the misfit for each mode with respect to the PREM
model, including only splitting due to ellipticity and rotation. Also
shown is the S20RTS + CRUST5.1 misfit and the misfit includ-
ing our new splitting function measurements. The PREM misfit is
smaller than 1 for the longest period normal modes, and only mod-
est improvement is obtained when adding our splitting function
measurements. This is to be expected, as splitting of the longest
period normal modes is dominated by ellipticity and rotation. For
the shorter period normal modes, the PREM misfit is larger than
1. Since these modes are strongly sensitive to mantle heterogene-
ity, a significant reduction in misfit is obtained when our splitting
function measurements are incorporated in synthetic spectra. Fig. 4
shows an observed spectral window for mode 0S6 and illustrates the
improvement in misfit between data and synthetic when including
our splitting function measurement as compared to using PREM
and splitting due to ellipticity and rotation only.

4 S P L I T T I N G F U N C T I O N
O B S E RVAT I O N S

4.1 Mantle sensitive modes

4.1.1 Comparison with previous measurements

Table 3 shows the centre frequency and Q of all our measured split-
ting functions; for completeness we have also included the long-
period modes, which were already discussed by Deuss et al. (2011).
Tables with all even-degree self-coupling splitting-function coeffi-
cients and even- and odd-degree cross-coupling coefficients can be
found in additional online material to this paper and also online at
http://bullard.esc.cam.ac.uk/˜deuss/research/splitting-functions/.

Most modes below 3 mHz have been measured before by
Resovsky & Ritzwoller (1998), and our results show very sim-
ilar splitting function coefficients for a large number of modes,
especially at low angular order. However, our data set is signifi-
cantly larger, so we have been able to measure the splitting function

http://bullard.esc.cam.ac.uk/~deuss/research/splitting-functions/
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Table 3. Centre frequencies in μHz and quality factors Q for the
modes measured in this study. New modes are in bold, inner-core
sensitive modes are denoted by a star and mantle vp sensitive modes
are labelled with a ‘p’.

Mode PREM f0 Measured fc PREM Q0 Measured Q

0S2 309.28 309.48 ± 0.02 510 477 ± 177

0S3 468.56 468.46 ± 0.04 418 405 ± 14

0S4 647.08 646.78 ± 0.03 373 373 ± 9

0S5 840.44 839.99 ± 0.04 356 364 ± 5

0S6 1038.23 1037.54 ± 0.04 347 358 ± 4

0S7 1231.81 1230.98 ± 0.03 342 350 ± 3

0S8 1413.53 1412.81 ± 0.02 337 342 ± 2

0S9 1578.30 1577.56 ± 0.02 333 330 ± 2

0S11 1862.43 1861.90 ± 0.08 322 294 ± 4

0S12 1990.39 1989.73 ± 0.03 315 295 ± 3

0S13 2112.95 2112.02 ± 0.04 307 294 ± 3

0S14 2231.41 2230.47 ± 0.04 298 294 ± 2

0S15 2346.40 2345.45 ± 0.06 289 285 ± 3

0S16 2458.23 2457.50 ± 0.03 279 274 ± 2

0S17 2567.13 2566.53 ± 0.05 269 262 ± 2

0S19 2776.99 2776.86 ± 0.10 250 256 ± 2

0S20 2878.38 2878.36 ± 0.16 241 238 ± 4

0S21 2977.73 2977.48 ± 0.61 232 239 ± 3

1S2 679.86 679.91 ± 0.05 310 327 ± 5

1S3 939.83 939.98 ± 0.06 283 303 ± 5

1S4 1172.85 1172.89 ± 0.05 271 298 ± 3

1S5 1370.27 1370.09 ± 0.03 292 331 ± 3

1S6 1522.04 1521.48 ± 0.04 346 400 ± 5

1S7 1655.52 1654.56 ± 0.06 372 416 ± 5

1S8 1799.31 1797.86 ± 0.03 379 422 ± 3

1S9 1963.76 1961.94 ± 0.03 380 420 ± 8

1S10 2148.45 2146.30 ± 0.14 378 426 ± 5

1S14 2975.83 2973.36 ± 0.75 293 291 ± 9

2S1 403.95 404.17 ± 0.04 397 414 ± 70

2 S∗
3 1242.19 1242.82 ± 0.04 416 450 ± 8

2S4 1379.19 1379.51 ± 0.03 380 388 ± 2

2S5 1514.93 1515.23 ± 0.03 302 313 ± 2

2S6 1680.84 1681.10 ± 0.06 238 236 ± 1

2S7 1864.96 1865.11 ± 0.05 212 228 ± 4

2S8 2049.21 2049.39 ± 0.03 198 202 ± 2

2S9 2228.75 2228.57 ± 0.15 188 186 ± 2

2S10 2402.93 2403.09 ± 0.01 181 186 ± 2

2S11 2572.15 2572.24 ± 0.18 176 178 ± 2

2S12 2737.31 2737.15 ± 0.02 173 175 ± 2

2S13 2899.89 2899.78 ± 0.04 174 175 ± 2

3 S∗
1 943.94 944.29 ± 0.04 820 874 ± 34

3 S∗
2 1106.21 1106.28 ± 0.10 367 324 ± 3

3S6 2549.64 2548.80 ± 0.08 276 296 ± 8

3S7 2686.33 2685.78 ± 0.21 269 283 ± 7

3S8 2819.64 2819.25 ± 0.03 264 275 ± 2

3S9 2951.59 2951.39 ± 0.03 259 260 ± 4

4 S p
1 1412.63 1411.80 ± 0.05 355 380 ± 12

4 S p
2 1722.30 1721.41 ± 0.05 434 485 ± 18

4 S p
3 2048.96 2048.27 ± 0.01 480 520 ± 7

4S4 2279.60 2278.30 ± 0.03 290 292 ± 3

4S5 2411.43 2411.12 ± 0.03 282 287 ± 5

Table 3. (Continued.)

Mode PREM f0 Measured fc PREM Q0 Measured Q

5 S∗
2 2091.27 2090.47 ± 0.06 318 358 ± 7

5S3 2169.66 2168.68 ± 0.06 292 310 ± 5

5 S p
4 2379.52 2379.18 ± 0.04 489 531 ± 7

5 S p
5 2703.35 2703.39 ± 0.01 502 568 ± 5

5 S p
6 3010.69 3011.03 ± 0.05 506 547 ± 7

5 S p
7 3290.76 3291.63 ± 0.04 493 579 ± 13

5 S p
8 3525.65 3525.91 ± 0.02 418 463 ± 4

5 S p
11 4456.55 4456.84 ± 0.11 375 399 ± 6

5 S p
12 4695.98 4695.73 ± 0.03 386 443 ± 4

5Sp
14 5136.82 5134.93 ± 0.06 372 403 ± 3

5Sp
15 5330.12 5326.85 ± 0.02 346 365 ± 2

5S16 5506.97 5502.43 ± 0.10 321 324 ± 2

5S17 5673.70 5668.75 ± 0.06 304 315 ± 3

6 S∗
3 2821.72 2821.70 ± 0.03 426 459 ± 8

6 S p
9 3965.34 3964.99 ± 0.04 321 320 ± 3

6 S p
10 4210.76 4211.02 ± 0.03 354 376 ± 2

6Sp
15 5602.51 5601.23 ± 0.13 272 289 ± 3

6Sp
18 6235.59 6235.66 ± 0.08 309 327 ± 2

7 S p
5 3659.75 3657.54 ± 0.02 477 514 ± 5

7 S p
6 3958.73 3955.63 ± 0.02 504 557 ± 3

7 S p
7 4237.86 4234.38 ± 0.03 415 446 ± 2

7S8 4452.59 4449.42 ± 0.13 322 381 ± 5

7S9 4617.94 4614.45 ± 0.14 282 333 ± 4

8 S∗
1 2873.36 2872.63 ± 0.01 930 1000 ± 15

8 S∗
5 4166.20 4165.22 ± 0.08 612 759 ± 13

8S6 4435.23 4430.29 ± 0.03 441 402 ± 3

8S7 4650.44 4646.44 ± 0.16 352 332 ± 10

8Sp
10 5508.74 5503.01 ± 0.04 492 489 ± 3

9 S∗
2 3231.73 3230.92 ± 0.08 408 439 ± 11

9 S∗
3 3554.98 3555.70 ± 0.04 778 742 ± 12

9 S∗
4 3877.96 3878.30 ± 0.10 515 521 ± 8

9S6 4620.88 4618.88 ± 0.17 331 349 ± 7

9S8 5144.46 5138.47 ± 0.06 472 494 ± 4

9S10 5610.94 5606.09 ± 0.23 320 323 ± 5

9Sp
11 5885.78 5882.36 ± 0.05 414 391 ± 3

9Sp
12 6187.26 6183.66 ± 0.04 465 448 ± 4

9Sp
13 6483.50 6480.68 ± 0.05 485 503 ± 3

9 S p
14 6768.24 6764.71 ± 0.03 485 499 ± 5

9Sp
15 7029.81 7025.29 ± 0.10 430 436 ± 5

10S10 6190.90 6186.47 ± 0.21 376 340 ± 7

10Sp
17 7675.88 7672.66 ± 0.07 388 381 ± 5

10Sp
18 7938.47 7936.38 ± 0.11 411 415 ± 6

10Sp
19 8197.94 8196.75 ± 0.09 412 413 ± 2

10Sp
20 8446.63 8446.05 ± 0.16 391 389 ± 3

10Sp
21 8673.46 8671.33 ± 0.18 342 333 ± 2

11S∗
1 3685.49 3687.69 ± 0.59 664 581 ± 20

11 S∗
4 4766.87 4765.98 ± 0.09 702 696 ± 11

11 S∗
5 5074.41 5072.76 ± 0.04 666 642 ± 7

11S6∗ 5351.70 5348.93 ± 0.04 463 399 ± 7

11Sp
9 6437.11 6431.87 ± 0.05 627 614 ± 9

11Sp
10 6712.40 6705.57 ± 0.11 426 431 ± 5

11S12 7149.62 7142.97 ± 0.41 367 372 ± 8

11S14 7686.83 7679.55 ± 0.52 399 361 ± 13
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Table 3. (Continued.)

Mode PREM f0 Measured fc PREM Q0 Measured Q

11Sp
23 9341.09 9332.85 ± 0.25 349 320 ± 4

11Sp
24 9578.37 9570.47 ± 0.24 363 360 ± 3

11Sp
25 9814.24 9808.51 ± 0.13 361 373 ± 8

12Sp
6 5646.54 5643.85 ± 0.15 267 262 ± 6

12Sp
7 5855.87 5852.44 ± 0.10 424 409 ± 4

12 S p
8 6137.16 6132.06 ± 0.06 567 559 ± 5

12Sp
11 7138.83 7133.44 ± 0.04 511 508 ± 6

12 S p
12 7455.08 7448.91 ± 0.04 570 557 ± 3

12Sp
13 7776.99 7769.84 ± 0.11 569 552 ± 3

12Sp
14 8097.36 8090.28 ± 0.09 523 515 ± 9

12Sp
15 8411.27 8404.52 ± 0.09 543 528 ± 5

12S16 8691.80 8686.69 ± 0.11 449 425 ± 7

12S17 8933.92 8928.22 ± 0.14 383 370 ± 10

13 S∗
1 4495.73 4494.38 ± 0.08 735 663 ± 5

13 S∗
2 4845.26 4844.55 ± 0.02 879 928 ± 8

13 S∗
3 5193.82 5193.81 ± 0.10 909 921 ± 13

13S∗
6 6161.19 6158.11 ± 0.11 649 570 ± 9

13S15 8474.44 8472.67 ± 0.63 337 337 ± 32

13Sp
16 8752.26 8744.85 ± 0.28 432 388 ± 3

13Sp
18 9371.79 9363.72 ± 0.11 491 490 ± 3

13Sp
19 9671.80 9664.48 ± 0.14 487 501 ± 4

13Sp
20 9961.01 9954.47 ± 0.10 473 478 ± 4

14 S∗
4 5541.84 5542.04 ± 0.28 743 693 ± 14

14S7 6772.89 6769.37 ± 0.24 330 324 ± 4

14S8 7047.91 7042.54 ± 0.28 483 416 ± 6

14S9 7354.10 7344.53 ± 0.12 528 545 ± 4

14S13 8734.79 8729.83 ± 0.07 477 474 ± 5

14S14 8985.11 8981.50 ± 0.08 331 368 ± 6

15 S∗
3 6035.23 6030.90 ± 0.07 806 764 ± 14

15S∗
4 6332.34 6323.45 ± 0.20 399 405 ± 7

15S12 8432.74 8427.74 ± 0.13 572 553 ± 9

15Sp
15 9597.78 9592.15 ± 0.11 499 467 ± 13

15Sp
16 9926.89 9921.12 ± 0.16 538 515 ± 5

16 S∗
5 6836.40 6830.81 ± 0.07 581 549 ± 11

16 S∗
6 7153.68 7149.10 ± 0.09 740 590 ± 6

16 S∗
7 7474.13 7470.18 ± 0.12 800 634 ± 8

16Sp
10 8437.72 8433.36 ± 0.08 774 697 ± 12

16Sp
11 8736.46 8730.13 ± 0.27 550 444 ± 11

16Sp
14 9304.33 9299.32 ± 0.95 371 314 ± 6

17 S∗
1 6129.05 6128.91 ± 0.24 716 420 ± 19

17S∗
8 7805.06 7802.59 ± 0.39 544 427 ± 13

17S12 9151.29 9148.44 ± 0.06 462 434 ± 10

17S13 9435.95 9428.47 ± 0.08 554 533 ± 4

17S14 9709.09 9698.54 ± 0.30 462 472 ± 5

17S15 9938.06 9932.67 ± 0.52 353 335 ± 3

18 S∗
3 6891.92 6888.97 ± 0.09 852 756 ± 22

18 S∗
4 7240.99 7238.54 ± 0.05 943 989 ± 3

18S∗
6 7957.06 7956.81 ± 0.26 396 394 ± 14

19S10 9357.40 9351.14 ± 0.05 676 616 ± 5

19S11 9653.75 9644.79 ± 0.23 676 588 ± 11

20S∗
1 6954.04 6953.99 ± 0.29 876 775 ± 10

20S∗
5 8471.58 8465.52 ± 0.15 636 580 ± 23

21 S∗
6 8850.77 8849.07 ± 0.13 740 582 ± 7

21 S∗
7 9173.79 9171.18 ± 0.21 800 664 ± 7

Table 3. (Continued.)

Mode PREM f0 Measured fc PREM Q0 Measured Q

22 S∗
1 7819.55 7822.62 ± 0.03 767 944 ± 12

23 S∗
4 8941.57 8936.44 ± 0.11 809 710 ± 8

23 S∗
5 9289.58 9289.93 ± 0.04 899 883 ± 6

25S∗
1 8655.17 8656.67 ± 0.39 844 787 ± 18

25S∗
2 9022.91 9025.15 ± 0.04 788 752 ± 8

27 S∗
2 9865.34 9871.92 ± 0.19 790 784 ± 4

coefficients up to higher angular order. We have also been able
to improve the measurements of several modes, which are more
difficult to observe and benefitted from our new data set. We will
focus our discussions here on the modes which are significantly
different as they are the ones that are providing us with new and
improved constraints.

Fig. 5 compares splitting function measurements for five modes
with the measurement of Resovsky & Ritzwoller (1998) and the
prediction for S20RTS and CRUST 5.1. For these modes, our split-
ting functions are different than those measured by Resovsky &
Ritzwoller (1998) which, we believe, is because we use a data set
which is 10–20 times larger. For example, for modes 1S14, 2S12 and

3S9 we have been able to measure splitting functions up to larger
maximum angular order smax. Our observations are also more simi-
lar to the predictions for S20RTS + CRUST5.1 than the Resovsky
& Ritzwoller (1998) measurements for these three modes. We mea-
sured all of these modes starting from PREM, so any similarity with
S20RTS predictions is not because of damping towards S20RTS.
We also find significant misfit reduction for our measurements as
compared to the S20RTS misfit (Table 2).

Mode 1S14 is almost a Stoneley mode (i.e. confined to the bound-
ary between the mantle and core), and strongly sensitive to the
core–mantle boundary (CMB) region (Fig. 5a). Thus, its splitting
function will have an important effect on determining potential an-
ticorrelation between δvs/vs and δρ/ρ in the lowermost mantle. In
our measurement, mode 1S14 now shows the expected signature of
a mantle-sensitive mode, with positive frequency anomalies in a
ring around the Pacific surrounding negative frequency anomalies
in the mid-Pacific and under Africa. This signature is also predicted
by S20RTS+CRUST5.1. In contrast, the Resovsky & Ritzwoller
(1998) splitting function resembles the zonal structure expected for
inner-core sensitive modes, although 1S14 is not sensitive to the in-
ner core. We believe our observation is more representative of real
mantle structure since it matches traveltimes of Sdiff. We found
that we were only able to robustly measure this mode by including
cross-coupling with 0S21.

Our observed splitting function for mode 2S12 (Fig. 5b) is very
similar to the predictions by S20RTS + CRUST5.1. This mode
is mainly sensitive to upper-mantle shear wave velocity vs, which
is very well predicted by S20RTS because of the use of surface
waves in its construction. Thus, normal modes and surface waves
give very similar structure for upper-mantle vs. Even though there
is such good agreement with S20RTS, we still find that our split-
ting function gives a significant additional improvement in misfit
(Table 2); the S20RTS misfit is 0.37, which reduces to 0.19 for our
measured splitting function. Modes 3S9 and 4S4 (Figs 5c and d) are
also dominated by upper- and lower-mantle vs structure and again
agree well with predictions by S20RTS.

Mode 5S4 (Fig. 5e) has stronger sensitivity to mantle vp than to vs.
For this mode, the agreement with S20RTS is much lower, which is
to be expected as S20RTS is a shear wave model and it indicates that
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Figure 5. Our splitting function observations compared with the S20RTS + CRUST5.1 predictions and corresponding the splitting functions previously
measured by Resovsky & Ritzwoller (1998) (denoted ‘R&R’). For the splitting function observations, smax indicates the maximum angular order of the splitting
function and Ns is the number of spectra used for the inversion. All our splitting functions in this figure are measured from PREM and without knowledge of
the S20RTS + CRUST5.1 predictions. Also shown are the degree s = 0 sensitivity kernels Ks, where the solid black line is vs, the solid red line is vp and the
dotted line is ρ.

a constant depth scaling to get δvp/vp is not correct. The PREM
misfit for this mode is 0.50, which only reduces to 0.45 for the
S20RTS model. A further reduction in misfit to 0.21 is obtained for
our splitting function.

4.1.2 New mantle vp sensitive modes

To improve constraints on mantle compressional velocity vp, we
investigated previously unmeasured modes with strong sensitivity

to vp. We observed strong isolated peaks for many new groups
of modes in the spectra between 4 and 10 mHz. Fig. 2(a) shows
angular order l versus frequency ωk for all our measured modes, and
Fig. 2(b) shows a subset of all the modes which are strongly sen-
sitive to mantle vp. It is obvious that these modes form ‘branches’
that cross-cut the conventional overtone branches with constant
n, but can still be ordered in terms of increasing angular order
l. Fig. 6 shows sensitivity kernels for four branches, which dif-
fer by the number of maxima in the vp mantle sensitivity kernels.
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Figure 6. Sensitivity kernels for angular order s = 0 for representative
modes of the first four vp mantle branches, where the solid red line is the vp

sensitivity, the solid black line is vs and the dotted line is ρ. (a) First branch
with one maximum in the mantle for the vp sensitivity, (b) second branch
with two maxima, (c) third branch with three maxima and (d) fourth branch
with four maxima. Additional maxima exist in the outer core for some of
the modes.

The first vp branch has one maximum in the mantle, the second
vp branch has two maxima etc. The branches behave in the same
way as conventional mode branches, i.e. the sensitivity kernels of
a given branch vary smoothly with angular order l and the sensi-
tivity kernels of each branch increase near Earth’s surface for the
larger values of l, similar to the standard fundamental branch 0Sl.
Table 3 shows the centre frequency and Q measurements for the vp

sensitive modes. We observe that for the first branch, our Q mea-
surements are all larger than the PREM predictions, while for the
fourth branch our Q measurements are smaller than PREM. These

provide new constraints on the radial variations of Qμ and Qκ in the
mantle.

We measured 33 new mantle vp sensitive modes which had not
been measured before. It is therefore important to test whether our
measurements are robust, especially at these relatively high frequen-
cies, and whether potential interference with other modes has been
taken into account properly. It is useful to check branch consistency
of the splitting function coefficients. The sensitivity kernels only
change smoothly with increasing l (Fig. 6), so we expect that the
coefficients vary smoothly with increasing l. We found that this is
indeed the case for all our vp branches modes. Fig. 7 shows the
branch consistency for the s = 2 coefficients of the first three vp

sensitive branches. Also shown are the predictions for shear wave
velocity models S20RTS and S40RTS (Ritsema et al., 1999, 2011)
which are scaled to get compressional mantle velocity. We find
that neither of these two models predict the vp sensitive modes
well, which is not surprising as these modes were not included
in the construction of these models. Also, these models assume a
constant scaling between δvs/vs and δvp/vp, and our new obser-
vations of vp sensitive modes shows that this is not the case pro-
viding new constraints on the compressional structure of the lower
mantle.

Fig. 8 shows one example splitting function map for each of the
vp branches. Overall, the splitting functions show the expected ‘ring
around the Pacific’ as is also predicted by S20RTS + CRUST5.1.
The consistency of these features across all four observed split-
ting functions, indicates that our measurements are robust. This is
especially encouraging as these modes are measured in different
groups and frequency ranges and some in the self-coupling approx-
imation and others are cross-coupled to close lying neighbouring
modes. However, there are also consistent differences between our
measurements and the S20RTS mantle predictions. This is evident
in the misfit calculations (see Table 1), which are all much larger
for the S20RTS predictions than for our splitting function mea-
surement. For example, for mode 5S14 the S20RTS misfit is 1.23,
which reduces to 0.29 for our measured splitting function. Differ-
ences can also be seen in the splitting function maps of Fig. 8. A
high-frequency anomaly extends across Asia and Northern Europe
in 5S14, 12S13 and 15S16, which is not as strong in the predictions.
Another high-frequency anomaly in the South Pacific just South of
30◦S also is not seen so strongly in the predictions. The predictions
are obtained by using a constant depth scaling between δvs/vs and
δvp/vp, which clearly cannot fully explain our newly measured vp

sensitive modes.

4.1.3 Odd-degree mantle structure

The generalized splitting function technique also allows for the
analysis of cross-coupled modes, and hence provide information on
odd-degree structure. We included cross-coupling for most groups
of modes in Table 2, but will discuss only the ones for which the
measured splitting functions are robust. Some cross-coupled struc-
ture coefficients were measured by Resovsky & Ritzwoller (1998)
and we find that our results for modes pairs such as 1S5−2S4 and

1S6−2S5 are very similar to their results. We have made measure-
ments of the same 10 cross-coupled modes as Resovsky & Ritz-
woller (1998) and added a total of 18 new cross-coupled mantle-
sensitive splitting functions of which 12 provide information on
odd-degree structure. There are now a total of 18 mantle-sensitive
odd-degree splitting functions available. In addition to odd-degree
structure, we have also measured a total of 10 cross-coupled
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Figure 7. Our measured values for degree s = 2 splitting function coefficients for three branches of mantle vp sensitive modes (black diamonds). Also shown
are the predictions for models S20RTS (grey solid line) and S40RTS (grey dotted line).

splitting functions which are sensitive to even-degree mantle
structure.

Fig. 9 shows examples of our new cross-coupled odd-degree
splitting functions. The overall pattern of our observed splitting

functions is similar to the S20RTS + CRUST5.1 predictions. How-
ever, there are also significant differences which are larger than
seen in the even-degree self-coupled splitting functions (Fig. 5 and
8). Constraints on odd-degree mantle structure in S20RTS come



Normal-mode splitting function measurements 933

Figure 8. Our splitting function observations for mantle vp sensitive modes
which have not been measured before. Also shown are the S20RTS +
CRUST5.1 predictions. Sensitivity kernels for these modes are shown in
Fig. 6.

from surface waves and body waves only, so it is not surprising that
the longest period odd-degree normal-mode structure is not as well
predicted by S20RTS.

4.2 Inner-core sensitive modes

Observations of the splitting of inner-core sensitive modes have
been used extensively to study the anisotropic structure of the
Earth’s inner core (Woodhouse et al. 1986; Tromp 1993; Beghein
& Trampert 2003). We have found that we were not able to make
robust measurements for some previously measured inner-core sen-
sitive modes. Mode 6S1 was only measured by Resovsky & Ritz-
woller (1998), but we found that there was no signal visible in
individual data spectra, not even for large and deep earthquakes
such as the Bolivia 1994 event. For modes 21S8 and 27S1, we found
that the c20 coefficients in particular are poorly constrained. On
the other hand, we were able to measure several new inner-core

Figure 9. Our splitting function observations for odd-degree cross-coupled
mantle sensitive modes which have not been measured before. Also shown
are the S20RTS + CRUST5.1 predictions. The angular order range of the
splitting function of each mode pair is denoted by s.

sensitive modes which had not been measured before. These are

11S1, 11S6, 13S6, 15S4, 17S8, 18S6, 20S1, 20S5, 25S1 and 25S2. We have
also made a new measurement for mode 16S6, which was mea-
sured before by Widmer et al. (1992), but not by the more recent
studies of He & Tromp (1996) and Durek & Romanowicz (1999).
We find that all of our newly measured modes (except for 15S4)
have a lower measured Q than predicted by PREM, suggesting that
the inner core may be more strongly attenuating than previously
thought.

Fig. 2(c) shows the angular order versus frequency of all our mea-
sured inner-core sensitive modes. Just like mantle-sensitive modes,
the inner-core sensitive modes are divided into modes mainly sensi-
tive to vs, also called ‘PKJKP’ modes, and modes mainly sensitive
to vp but also with some vs sensitivity, the ‘PKIKP’ modes (Deuss,
2008). For a given overtone number n, the low angular order l modes
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Figure 10. Our splitting function observations for two inner-core sensitive modes which have not been measured before. Also shown are the S20RTS +
CRUST5.1 predictions and the sensitivity kernels, where the solid black line is vs, the solid red line is vp and the dotted line is ρ.

Figure 11. Coefficients (a) c20, (b) c40 and (c) c60 for inner-core sensitive modes measured in this study. Also shown are the S20RTS + CRUST5.1 predictions.

are ‘PKIKP’ (or vp) modes and the signature changes to ‘PKJKP’
(or vs) modes for increasing angular order.

Fig. 10 shows splitting function observations for two inner-core
sensitive modes which have not been measured before. Mode 13S6

(Fig. 10a) is a ‘PKJKP’ mode with small vs sensitivity to the inner

core. This mode shows the typical ‘zonal’ structure which is seen
in inner-core sensitive modes; this zonal structure is not seen in the
S20RTS + CRUST5.1 predictions. Mode 20S1 is a ‘PKIKP’ mode
(Fig. 10b) with strong sensitivity to vp, and again displays zonal
structure which cannot be matched by S20RTS + CRUST5.1.



Normal-mode splitting function measurements 935

10

Figure 12. Our splitting function observations for odd-degree inner-core sensitive cross-coupled pair 16 S5 −17 S J
4 . For s = 1, the index (1,2,3) relates to c10,

Re(c11), Im (c11). For s = 3 the index (1,2,3,4,5, . . . ) relates to c30 , Re(c31), Im (c31), Re(c32), Im (c32), . . . etc. The blue diamonds indicate our measurements
(as plotted in Fig. 13a), the green diamonds denote model predictions for hemispherical boundaries at 0◦ and 180◦ and the red diamonds for hemisphere
boundaries at 14◦E and 151◦W. The predictions are for the inner-core anisotropy model of Durek & Romanowicz (1999).

All our inner-core sensitive modes show zonal structure which
is due to anomalous c20 coefficients, which cannot be explained
by mantle structure only and thus require the presence of inner-
core anisotropy (see Fig. 11a). It has been well known from pre-
vious splitting function studies that the c20 and c40 coefficients of
inner-core sensitive modes are strongly underpredicted by mantle
models only (Woodhouse et al. 1986; He & Tromp 1996; Durek
& Romanowicz 1999), while the other coefficients are close to
mantle predictions. These anomalous coefficients have been
attributed to inner-core anisotropy. In particular, cylindrical
anisotropy with its symmetry axis aligned with the Earth’s rota-
tion axis explains the ‘zonal splitting’ seen in these coefficients
(Woodhouse et al. 1986; Tromp 1995), in agreement with body-
wave traveltimes observations of inner-core anisotropy (i.e. Morelli
et al. 1986; Creager 1999). Here, we show for the first time that
the c60 coefficients are also anomalous (Fig. 11c). Whereas the
c20 coefficients are always positive in sign, the c40 and c60 coeffi-
cients have positive and negative values. The new modes and the
c60 coefficients will provide improved constraints in future models
of inner-core anisotropy.

4.2.1 Odd-degree inner-core structure

Cross-coupling between inner-core sensitive modes allows for mea-
suring hemispherical structure in inner-core anisotropy (Deuss et al.,
2010), which had been observed in body-wave studies only (Tanaka
& Hamaguchi, 1997; Niu & Wen, 2001; Irving & Deuss, 2011).
Hemispherical structure is odd-degree, and therefore can only be
observed using cross-coupled modes (Irving et al. 2009). Such cou-
pling was shown to be strong for pairs of modes where one is an
observable inner-core sensitive mode, and the other one is an inner-
core confined oscillation (denoted J in Table 1). We calculate split-
ting function coefficients for hemispherical inner-core anisotropy

using the theory of Irving et al. (2009). If cylindrical anisotropy is
present in the Western Hemisphere only with boundaries at 0◦ and
180◦ longitude, then the odd-degree coefficients are dominated by
Im (c31) and Im (c51) (see Fig. 12). These are the odd-degree equiv-
alents of the dominant c20 and c40 coefficients in the self-coupling
measurements of inner-core sensitive modes. For the hemispheres
boundaries at longitudes of 14◦E and 151◦W, additional coefficients
Re(c31) and Re(c51) appear.

Deuss et al. (2010) reported observations for the three pairs of
modes 8S5–5 S J

10, 14S4–11S7 and 16S5–17 S J
4 (which have been repeated

here for completeness, see Fig. 13a–c). In this study, we have added
one more pair of cross-coupled inner-core sensitive modes, that is,

11S1–8 S J
4 (Fig. 13d). For these pairs, we first measure the splitting

function without cross-coupling and calculate the corresponding
misfit. We then add cross-coupling for odd-degree structure and for
each pair the misfit significantly improves. Thus, we believe that
all these mode pairs robustly show hemispherical structure in their
cross-coupled splitting function. Fig. 13 shows the observed odd-
degree splitting functions for these four mode pairs, compared with
predictions for mantle structure only. Similarly to what is seen in
Fig. 10, mantle structure cannot explain the strong antisymmetric
zonal splitting which is observed in the real data splitting function.

5 D I S C U S S I O N A N D C O N C LU S I O N S

We have measured a new data set of 196 normal-mode
splitting functions, of which 92 had not been measured be-
fore. Our splitting function coefficients can be found online
at http://bullard.esc.cam.ac.uk/˜deuss/research/splitting-functions/
and are also available as online supplement at Geophysical Journal
International. Previous data sets were dominated by modes sensitive
to mantle shear wave velocity or inner-core structure. Our data set
contains 33 new modes which are mainly sensitive to compressional

http://bullard.esc.cam.ac.uk/~deuss/research/splitting-functions/
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Figure 13. Our splitting function observations for odd-degree cross-coupled
inner-core sensitive modes. Also shown are the S20RTS + CRUST5.1 pre-
dictions. The angular order range of the splitting function of each mode pair
is denoted by s. The black solid lines denote the hemisphere boundaries at
14◦ E and 151◦ W, as seen in body wave observations (Irving & Deuss,
2011).

wave velocity in the mantle, which will provide new constraints on
the upper- and lower-mantle compressional structure and on the
scaling ratio between δvs/vs and δvp/vp. We have also signifi-
cantly expanded the number of cross-coupled odd-degree splitting
functions with mantle sensitivity to a total of 18. This quantity of
odd-degree splitting functions will make it feasible to constrain
odd-degree mantle structure using splitting functions. Finally, we
added 10 new inner-core sensitive splitting functions and found that
anomalous zonal structure, representative of inner-core anisotropy,
is also present at degree 6 (i.e. c60), in addition to degrees 2 and 4
(i.e. c20 and c40).
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