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Influence of Skew and Cross-Coupling on Flux-Weakening Performance
of Permanent-Magnet Brushless AC Machines
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A method is proposed for predicting the flux-weakening performance of permanent-magnet (PM) brushless ac machines accounting
for skew and d-q axis cross-coupling. The method is based on a d-q-axis flux-linkage model, a hybrid 2-D finite-element (FE)–analytical
method being used to predict the d- and q-axis inductances. However, it only requires 2-D FE analysis of the magnetic field distribution
over a cross section of the machine. The developed method is used to predict the torque-speed characteristic of an interior PM brushless
ac machine with one stator slot-pitch skew. This is compared with predictions from a direct FE analysis of the machine and validated
by measurements.

Index Terms—Cross-coupling, flux-weakening, inductances, magnetic saturation, optimal control, permanent-magnet machine, skew.

I. INTRODUCTION

P ERMANENT-MAGNET (PM) brushless ac (BLAC)
machines exhibit a high torque density and are being

employed for many applications, including aerospace and
automotive, for which a high electric loading, together with
forced liquid-cooling, may be desirable. Hence, the armature
reaction can be significant and may affect the electromagnetic
performance, in terms of the d- and q-axis inductances and
the torque, due to magnetic saturation and the influence of
d-q axis cross-coupling. The electromagnetic performance is
also influenced by skew, which is often employed to achieve
a sinusoidal back-emf waveform and to reduce the cogging
torque and torque ripple.

The influence of cross-coupling magnetic saturation in elec-
trical machines was analyzed in [1]–[3], and an equivalent cir-
cuit which accounted for saturation was presented in [4]–[6].
Since the influence of cross-coupling in synchronous reluctance
machines is particularly significant, their d- and q-axis induc-
tances and torque, accounting for saturation, have been inves-
tigated [7]–[10]. However, in PM BLAC machines, the stator
flux-linkage is due to two sources, viz. the permanent magnets
and the armature reaction. In order to determine the influence of
cross-coupling on the performance, the nonlinear permeability
distribution was determined under a specified load condition,
and to enable the d- and q-axis inductances to be subsequently
obtained from a linear calculation [11], [12]. However, this ap-
proach is not particularly convenient, and indeed is not possible
with some commercial finite element (FE) packages, although
some of them can do this, such as Jmag and Ansys FE pack-
ages. Therefore, in this paper a simpler method for predicting
the d- and q-axis flux-linkages, the electromagnetic torque and
the terminal voltage is proposed. Hence, it can be readily em-
ployed to determine the flux-weakening performance with due

Manuscript received June 04, 2008; revised January 10, 2009. Current ver-
sion published April 17, 2009. Corresponding author: Z. Q. Zhu (e-mail: Z.Q.
Zhu@sheffield.ac.uk).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TMAG.2009.2013244

account for the influence of cross-coupling magnetic saturation,
which is often neglected [13], [14].

As regards skew, numerous papers have accounted for its in-
fluence on the air-gap flux density distribution, the back-emf
waveform, the cogging torque, torque ripple, and the average
torque [15]–[18]. An analytical skew factor was employed in the
air gap flux density for machines with skew [19]. In addition, a
hybrid 2-D FE—analytical method was proposed to predict the
d- and q-axis inductances of PM BLAC machines with skew
[20], albeit neglecting the influence of cross-coupling. In this
paper, an improved analytical method is developed to account
for cross-coupling and skew. It is employed to predict the d- and
q-axis inductances and torque-speed characteristic of a skewed
interior PM (IPM) BLAC machine in the flux-weakening mode
of operation, and validated by measurements.

II. TORQUE CALCULATION ACCOUNTING FOR

CROSS-COUPLING MAGNETIC SATURATION

The electromagnetic torque of a PM BLAC machine can be
calculated from [21]

(1)

or

(2)

where is the number of pole-pairs, and are the d- and
q-axis flux-linkages, is the PM flux-linkage, and are
the d- and q-axis currents, and and are the d- and q-axis
inductances.

Under flux-weakening control, the maximum output torque
capability is determined by the phase voltage and current limits,
viz.

(3)

(4)

(5)

(6)
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where and are the phase terminal voltage and current,
respectively, and are the d- and q-axis voltages, respec-
tively, is the electrical angular velocity, and is the phase
resistance.

The maximum phase current is limited by the rated supply
current, whilst the maximum phase voltage can be estimated
from the dc link voltage when a hysteresis pulse-width mod-
ulated controller is employed [22]

(7)

In order to simplify the control strategy, the phase resistance
can be neglected in (5) and (6), but the associated voltage drop
can subsequently be compensated for in the voltage limit. The
voltage limit, can, thus, be expressed by [23]

(8)

where

(9)

(10)

Various methods for predicting the torque-speed character-
istic, corresponding to alternative definitions of the flux-link-
ages and inductances, are available, as follows.

A. Constant Parameter Method

The PM flux-linkage and the d- and q-axis inductances are
simply assumed to be constant, and the influence of magnetic
saturation is neglected, i.e.,

(11)

(12)

(13)

where and are incremental d- and q-axis currents, typ-
ically 5% of the rated current.

The torque and voltage are predicted from (2) and (8) for
specified vales of the d- and q-axis current. For IPM BLAC ma-
chines, the relationship between the d- and q-axis currents for
maximum torque can be derived from [24], as

(14)

(15)

In the flux-weakening operating region, the relationship for
maximum power can be derived from , viz.

(16)

where .
However, although being simple and easy to implement, since
, , and are constant, the error in the predicted perfor-

mance may be significant, especially if a high electric loading

is employed and magnetic saturation due to armature reaction is
significant.

B. Partial-Coupling Method

In order to improve the accuracy of the performance predic-
tion, the influence of the q-axis current on the PM flux-linkage
is accounted for, as well as the influence of the d- and q-axis
currents on the d- and q-axis inductances, respectively, i.e.,

(17)

(18)

(19)

The variation of with , due to magnetic saturation, can
be obtained directly by FE analysis. However, the analytical de-
termination of the optimized d- and q-axis currents cannot be
obtained so easily. Hence, optimized values predicted from the
constant parameter method are employed to obtain the torque-
speed characteristic in [24]. However, a large error may still re-
sult. Therefore, a simple program may be used to predict the
optimized d- and q-axis currents by scanning values of and

within the current limit (4). The voltage which results with
the identified optimal currents can be obtained according to (8),
and must meet the voltage limit, the corresponding torque being
predicted from (2).

Although the partial-coupling method accounts to some ex-
tent for the influence of magnetic saturation, the electromag-
netic performance can be influenced significantly by d-q axis
cross-coupling.

C. Flux-Linkage Method

Since the torque and voltage can be obtained from the d-
and q-axis flux-linkages (1), (8)–(10), and
can be determined directly by FE analysis and used to accu-
rately predict the torque-speed characteristic accounting for d-q
cross-coupling, the d- and q-axis currents again being scanned
to optimize and from which to determine the torque-speed
characteristic. However, it remains difficult to predict the d- and
q-axis flux-linkages by the FE method for machines with skew.
Hence, a simplified method based on the foregoing flux-linkage
method is proposed which uses the PM flux-linkage and the d-
and q-axis inductances and currents to describe the d- and q-axis
flux-linkages.

D. Proposed Method

The electromagnetic torque accounting for the influence of
cross-coupling is given by

(20)
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TABLE I
COMPARISION OF TORQUE CALCULATION METHODS

where

(21)

(22)

(23)

The voltage can be calculated from

(24)

Similar to the partial-coupling method, the PM flux-linkage
is obtained directly by FE analysis, although it should

be noted that, in practice, is also affected by . However,
it remains relatively difficult to predict since both the magnets
and the stator current produce fluxes on the d-axis, although it
can be obtained by predetermining the permeability distribution,
as outlined earlier.

By employing, (20)–(23), as an alternative to (1), the problem
of separating , and is avoided. Clearly, however,

, and defined by (21)–(23) are only approximate.
However, the electromagnetic torque and voltage obtained from
(20)–(24) are accurate and identical to those predicted by the
flux-linkage method accounting for the effect of cross-coupling
magnetic saturation, but the calculation is significantly simpler
for machines with skew, as will be shown in Section IV. The op-
timal values of and for maximizing the torque-speed char-
acteristic can again be obtained by scanning the d- and q-axis
currents.

Table I summarizes the features of the foregoing four ap-
proaches for predicting the torque-speed characteristic.

E. Direct FE Method

A further approach is to determine the torque-speed charac-
teristic directly by FE analysis, using the Maxwell stress inte-
gration or virtual work methods [25]. In order to obtain the op-
timal d- and q-axis currents at each rotational speed, the varia-
tion of the torque and the voltage with the phase and magnitude
of the current needs to be predicted. Clearly, when the predicted
voltage is lower than the voltage limit, the maximum torque
capability is obtained by comparing calculated torques for dif-
ferent current phase angles and magnitudes, and identifying the
optimized values. This process, for the IPM BLAC machine

Fig. 1. Variation of FE predicted voltage with current phase angle, � � � �,
3000 rpm.

Fig. 2. Variation of torque with current phase angle, � � � �, 3000 rpm.

whose specification is given in the Appendix, is illustrated in
Figs. 1 and 2, for a specified speed of 3000 rpm and a current of
magnitude 6 A. The variation of the line voltage with the current
phase angle is first calculated and compared with the voltage
limit in Fig. 1. As will be seen when the

, the line voltage is within the voltage limit, and the maximum
torque is achieved when the , as il-
lustrated in Fig. 2, which shows the torque-current phase angle
characteristic. However, since the current phase angle needs to
be optimized at different current magnitude over the entire speed
range, in order to maximize the torque-speed characteristic, the
direct FE method is very time-consuming.

III. COMPARISON OF ELECTROMAGNETIC TORQUE PREDICTED

BY ALTERNATIVE METHODS

Representative 2-D flux distributions for the IPM BLAC ma-
chine whose specification is given in the Appendix are shown
in Fig. 3. Fig. 4 shows variations of the d- and q-axis flux-link-
ages with the d- and q-axis currents. The d-axis flux-linkage in-
creases approximately linearly as is reduced in magnitude,
while the q-axis flux-linkage increases as is increased, the
rate of increase decreasing when due to the influence
of saturation. The variation of with is shown in Fig. 5.
As will be evident, reduces as is increased, again due
to saturation.

Fig. 6 shows the variation of the d- and q-axis inductances,
determined according to (21)–(23) and Figs. 4 and 5, accounting
for cross-coupling. As will be seen, increases slightly with an
increase in the magnitude of , and reduces significantly with
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Fig. 3. Flux distributions. (a) Open-circuit; (b) � � �� �, � � �; and (c)
� � �, � � � �.

Fig. 4. D- and q-axis flux-linkages accounting for cross-coupling.

an increase of . On the other hand, reduces significantly
with an increase of and is less sensitive to when is large.

Fig. 5. Variation of PM flux-linkage with q-axis current.

Fig. 6. D- and q-axis inductances accounting for cross-coupling.

The parameters for use in the foregoing five torque calcula-
tion methods are specified in Table II.

The optimized d- and q-axis currents of the IPM machine, as
determined by the foregoing methods, are compared in Fig. 7
when , , and (100 ).
As expected, the values predicted from the flux-linkage method
and the proposed method are identical, and agree well with
those obtained from the direct FE method over the entire op-
erating speed range. However, they are significantly different
from those predicted from the constant parameter and partial
coupling methods. Moreover, the analytically optimized q-axis
current is always lower than that obtained by scanning currents
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TABLE II
PARAMETERS FOR TORQUE CALCULATION METHODS

Fig. 7. Comparison of d- and q-axis currents, � � � �.

Fig. 8. Comparison of predicted line voltage by partial-coupling method,
� � � �.

in the partial-coupling method. Fig. 8 compares the variation of
the predicted line voltage by the partial-coupling method using
the analytically optimized d- and q-axis currents and optimized
values determined by scanning. As will be seen, at high speeds,
i.e., in the flux-weakening region, when the analytically opti-
mized currents are employed the line voltage is significantly
lower than the voltage limit.

Predicted torque-speed characteristics are compared in Fig. 9.
Again, good agreement is achieved between the torque predicted
by the FE, flux-linkage and proposed methods. However, al-
though the torque predicted in the flux-weakening region by
the partial-coupling method employing d- and q-axis currents
optimized by scanning is similar to that predicted by the FE
flux-linkage and proposed methods, the value in the constant
torque region is significantly lower. Further, when analytically

Fig. 9. Comparison of torque-speed characteristics, � � � �.

Fig. 10. Variation of maximum torque with current.

derived d- and q-axis currents are employed a large error in the
predicted torque exists over the entire speed range. The pre-
dicted torque, and the d- and q-axis currents, are from the con-
stant parameter method, quite different from those predicted
from the direct FE method.

Fig. 10 compares the variation of the maximum torque with
the current in the constant torque operating region as predicted
by the different methods. As will be seen, whilst they are similar
when the current is low, the difference increases as the current is
increased and cross-coupling magnetic saturation becomes sig-
nificant. The torque predicted by the constant parameter method
is larger than that derived from the other methods due mainly to
the neglect of the influence of on , whilst the lowest
torque is predicted by the partial-coupling method.

IV. INFLUENCE OF SKEW

Skew is usually accounted for by sub-dividing the active
length of the machine into several 2-D slices, analyzing each
slice independently and then combining the predicted results
[17]. Clearly, the positions of the d- and q-axes of each slice
relative to the current will be different, as illustrated in Fig. 11.
However, if the d- and q-axes of a skewed machine are assumed
to be coincident with those of an unskewed machine at the
center of the machine, the d- and q-axis flux-linkages produced
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Fig. 11. Relative positions of d- and q-axes in unskewed and skewed machines.

by the armature reaction in the skewed machine, accounting for
cross-coupling, can be obtained from

(25)

(26)

(27)

(28)

where signifies the machine with skew, 2-D signifies the
machine without skew, is the electrical skew angle, and
and are the current phase angles relative to the d-axes of the
skewed and unskewed machines, respectively. is the peak
rated phase current, and and are the
d- and q-axis inductances of the unskewed machine accounting
for cross-coupling. It should be noted that and of the 2-D
slices of the skewed machine vary with the axial position. How-
ever, if the skew angle is relatively small, this variation may be
neglected. Thus,

(29)

(30)

Hence, the d- and q-axis flux-linkages and inductances can
be derived from

(31)

(32)

Fig. 12. Predicted d- and q-axis inductances with skew, � � � � ���� �.

(33)

(34)

(35)

where is the skew factor. It should also be noted that
and are assumed to be constant in calculating the inductances

and , (33) and (34). However, in the multi-slice machine
model, and are different for each slice. Hence, the d- and
q-axis inductances accounting for both skew and cross-coupling
are obtained from the inductances determined without skew.
However, they can also be predicted by FE analysis of the mul-
tiple 2-D slices according to (25) and (26). However, this is very
time-consuming since and are different for each slice.
Fig. 12 compares the d- and q-axis inductances predicted by
(33) and (34) with those obtained by 2-D multislice FE anal-
ysis as the skew angle of the IPM machine is varied. As can be
seen, values from the two methods are in good agreement,
increasing and reducing as the skew angle is increased while
the saliency ratio reduces.

The proposed analytical method for accounting for the in-
fluence of skew has also been employed to predict the d- and
q-axis inductances of the IPM machine, whose parameters are
given in the Appendix, with one stator slot-pitch skew, and

being derived directly from Fig. 6 by using (33)–(35), whilst
is obtained from Fig. 5 by employing the skew factor

(35). The optimal current-speed and torque-speed characteris-
tics of the skewed machine accounting for cross-coupling can,
thus, be obtained. By way of example, Figs. 13 and 14 com-
pare the predicted characteristics with those of the unskewed
machine. Again, the direct FE method has been employed to
validate the predictions, the skewed machine being subdivided
into 15 slices to predict its voltage and torque. As will be evi-
dent, the flux-weakening capability is improved as the is in-
creased due to skew, although the torque in the constant torque
region is reduced since and the saliency ratio are reduced.

V. EXPERIMENTAL VALIDATION

The proposed methods for accounting for the influence of
cross-coupling and skew have been validated by measuring the
torque-speed characteristic of the IPM machine, whose end-
winding inductance is 6.9 mH [20], and employing on-line op-
timal flux-weakening control [26].
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Fig. 13. Current-speed characteristics of IPM machine with and without skew,
� � � �.

Fig. 14. Torque-speed characteristics of IPM machine with and without skew,
� � � �.

Fig. 15. Comparison of predicted and measured torque-speed characteristics
of IPM machine with one slot pitch skew.

However, the actual shaft torque is less than the predicted
electromagnetic torque due to the influence of iron loss and me-
chanical loss. Thus, in order to make a meaningful comparison
of the predicted and measured results, the mechanical loss was
measured by driving a dummy nonmagnetic rotor, whilst the
iron loss was predicted by FE analysis [27], [28].

Fig. 15 compares measured and predicted torque-speed
characteristics when the current limit is 4 A. As will be seen,
good agreement is achieved when the iron and mechanical
loss torques are subtracted from the predicted electromagnetic
torque.

Fig. 16. The 6-pole, 18-slot IPM machine.

TABLE III
MAIN PARAMETERS OF IPM MACHINE

VI. CONCLUSION

A simplified method for predicting the torque and voltage of
PM brushless ac machines, accounting for cross-coupling, has
been proposed. The determined electromagnetic performance
agrees well with that predicted directly by FE analysis. In ad-
dition, a hybrid 2-D FE-analytical method, which requires only
a single 2-D FE analysis has been developed to account for the
influence of both skew and cross-coupling. It has been shown
that when the skew angle is increased, increases while
reduces. Thus, the flux-weakening capability of the machine is
improved, while the maximum torque capability is reduced due
to the reduction in and the saliency ratio.

The proposed methods have been validated against the mea-
sured maximum torque-speed characteristic of an IPM BLAC
machine with one slot pitch skew.

APPENDIX

Fig. 16 shows a prototype 6-pole, 18-slot IPM BLAC ma-
chine whose main parameters are given in Table III. The stator
has a skew of 1 slot pitch. The line back-emf waveform was
obtained by multi-slice FE analysis and is compared with the
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Fig. 17. Open-circuit line back-emf waveform, 1500 rpm.

Fig. 18. B-H curves of stator and rotor lamination materials.

measured waveform in Fig. 17. The B-H curves of the stator
and rotor lamination materials are shown in Fig. 18.
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