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Beta Function and Anomalous Dimensions

Claudio Picar∗ and Francesco Sanninor†
r CP3-Origins, Campusvej 55, DK-5230 Odense M, Denmark.

We demonstrate that it is possible to determine the coefficients of an all-order beta function linear
in the anomalous dimensions using as data the two-loop coefficients together with the first one of the
anomalous dimensions which are universal. The beta function allows to determine the anomalous
dimension of the fermion masses at the infrared fixed point, and the resulting values compare well
with the lattice determinations.
Preprint: CP3-Origins-2010-50

Understanding the non-perturbative dynamics of
gauge theories of fundamental interactions constitutes
a formidable challenge. Recently a considerable effort
has been made to unveil the large distance conformal
dynamics of these theories, see [1] for a recent review.

The goal here is to prove the existence of an all-orders
beta function similar, in shape, to the one provided by
Ryttov and Sannino (RS) in [2].

We consider a generic vector-like gauge theory with Nr
Dirac fermions transforming according to distinct repre-
sentations r of the underlying gauge group. The beta
function of any gauge theory is a gauge independent
quantity and therefore can only depend on gauge in-
variant quantities. Besides, gauge invariance must be
respected at each order in perturbation theory. Since the
anomalous dimensions of the fermion masses are gauge
independent the beta function can depend on them. We
can therefore always write:

β(α) = f (α,Nr γr , γg) , with r = 1, . . . , p , (1)

where

β(α) =
∂α
∂ lnµ

, and γr = −
∂ ln mr

d lnµ
. (2)

mr is the Dirac mass of each fermion species. γg is the
gluon wave function renormalization anomalous dimen-
sion satisfying the important relation:

γg =
β

α
, (3)

in the background field method [3–5]. Note that the
background field method does not fix uniquely the
gauge. More precisely the quantities β, γrs and γg do
not depend on the gauge fixing parameter ξ while, on
the the other hand the anomalous dimensions of the
wave functions of the fermion fields do depend on this
parameter. It will become soon clear that these anoma-
lous dimensions are the minimal set of gauge invariant
quantities needed to determine the beta function.

∗Electronic address: pica@cp3.sdu.dk
†Electronic address: sannino@cp3.sdu.dk

We first assume f (α,Nr γr , γg) to be such that the beta
function is linear in all the anomalous dimensions and
later on show that such a scheme exists for which:

β(α)
α

= −
α

2π

a +

p∑
r=1

ar Nrγr − agγg

 , (4)

with r = 1, . . . , p labeling matter transforming accord-
ing to distinct representations of the underlying gauge
group.

Using (3) we find:

β(α)
α

= −
α

2π

a +
∑p

r=1 ar Nrγr

1 − α
2πag

. (5)

We will now show that it is possible to determine the
p + 2 unknown coefficients a, ar and ag using the uni-
versal coefficients of the two-loop beta function together
with the universal coefficient of the anomalous dimen-
sion of the mass for each representation. We henceforth
introduce the two-loop beta function:

β2L

α
= −

α
2π

[
β0 +

α
2π
β1

]
, (6)

with β0 and β1 the two universal coefficients:

β0 =
11
3

C2[G] −
4
3

p∑
r=1

T[r]Nr , (7)

β1 =
17
3

C2[G]2
−

10
3

C2[G]
p∑

r=1

T[r]Nr − 2
p∑

r=1

C2[r]T[r]Nr .

(8)

C2[r] is the quadratic Casimir and T[r] are the normal-
izations of the generators in the representation r, and G
indicates the adjoint representation. The explicit expres-
sions for C2[r] and T[r] can be found in [1]. Expanding
the all-orders beta function to two-loop and from the
matching of the coefficients we find:

a = β0 , agβ0 +

p∑
r=1

ar kr Nr = β1 , (9)

with kr = 3C2(r) a universal constant associated to the
anomalous dimensions as follows:

γr =
α

2π
kr + O

(
α2

)
. (10)
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The remaining p + 1 coefficients, ag and ar in (4) can
be determined from (9). We start by observing that, in
general, the coefficients ag(Nr) and ar(Nr) can depend
on the the number of fermion species Nr. We start by
considering the pure Yang-Mills case for which the only
unknown coefficient ag is immediately deduced from (9)
by setting Nr = 0 to be:

ag(0) =
βYM

1

βYM
0

=
17
11

C2[G] , (11)

and therefore the pure Yang-Mills beta function becomes:

βYM(α)
α

= −
11
3
α

2π
C2[G]

1 − α
2π

17
11 C2[G]

. (12)

This is the RS beta for the pure Yang-Mills. The result-
ing mass gap and the study of the poles of this theory
have been analyzed recently in [6]. We also understand
why the running of this beta function captures so well
the lattice simulations performed using the Schrödinger
functional scheme as shown in [2]. The reason is that the
present beta function and the one derived on the lattice
are both based on a background field method implying
automatically the relation (3) in the two cases.

To show how to derive the other coefficients we con-
sider first the case of a single matter representation R for
which the constraint in (9) reads:

agβ0 + aR kRNR = β1. (13)

We therefore determine the coefficient aR, at the value
NR for which asymptotic freedom is lost, i.e. β0 = 0, to
be:

aR(NR) =
β1(NR)

kRNR
. (14)

The two conditions (11) and (14) did not have, in prin-
ciple, to lead to a universal solution valid for any num-
ber of matter fields. However, it is straightforward to
show that a solution to (9) is obtained if ag and aR are
constant, i.e. do not depend on NR, and equal to the
values given by (11) and (14). In fact one can consider
the two cases in which either aR does not depend on NR
or the case in which ag is constant. Surprisingly these
two limits lead to the same solution. The reason lies in
the linearity of the two-loop beta function coefficients
with the number of flavors NR. Thus the solution with
aR and ag constants independent on NR is the most nat-
ural choice. We note, however, that it is not the only
logical possibility. In fact other solutions can be easily
built, for example, by choosing any function aR(NR) such
that aR(NR) = aR(0) = β1(NR)/(kRNR), and then choosing
ag(NR) to satisfy (9). The constraints on aR guarantees
the solution to be regular at NR = 0 and NR as we will
discuss in more detail below. In the following we will
only consider the solution with aR and ag constant and
study its consequences.

Given the two coefficients ag and aR the all-orders beta
function (5), for a single representation R, is determined
to be

β(α)
α

= −
α

2π

β0 +
β1(NR)
NRkR

NRγR

1 − α
2π

βYM
1

βYM
0

. (15)

The expression above is, in shape, identical to the RS
beta function [2] and, for NR = 0, matches the Yang-Mills
result. However for NR → NR the RS does not reproduce
the value of the anomalous dimension at the perturbative
infrared fixed point. This occurs because the RS solution
does not satisfy the condition (14). We will show below
that (14) is, in fact, a necessary condition if the perturba-
tive expansion of the anomalous dimension at the fixed
point has to be recovered.

We note that, in general, if either (11) or (14) are not
satisfied, the coefficients ag or aR will have pole singu-
larities at NR = 0 or NR = NR. In fact, for example, it
is easily seen from (9) that if (14) is not satisfied then
ag(NR) ∼ 1/β0 for NR → NR. This generalizes to any
number of matter representations.

Note also that for the solution proposed here the de-
nominator does not depend on the number of flavors.
Finally the value of the anomalous dimension at the
fixed point is corrected with respect to the RS result.
We rewrite the beta function after having evaluated the
different coefficients:

β(α)
α

= −
α

6π
11C2[G] − 2T[R]NR(2 + ∆RγR)

1 − α
2π

17
11 C2[G]

, (16)

with

∆R = 1 +
7

11
C2[G]
C2[R]

. (17)

Interestingly in [7] the same form of the beta function
was also suggested among a one-parameter family of
solutions of (9), partially motivated from holography
and assuming the RS shape of the beta function. It is
worth stressing that our main point here is to provide a
field theoretical justification for the RS form of the beta
function and the uniqueness of the solution introduced
here.

The new analytical expression of the anomalous di-
mension of the mass at the infrared stable fixed point is
obtained by setting the beta-function to zero and reads:

γR = −
β0(NR)

β1(NR)

NR

NR
kR =

11C2[G] − 4T[R]N f

2NRT[R]
(
1 + 7

11
C2[G]
C2[R]

) . (18)

The RS result is instead:

γRS
R =

11C2[G] − 4T[R]NR

2NRT[R]
. (19)
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It is useful to compare the two anomalous dimensions:

γR =
11

11 + 7 C2[G]
C2[R]

γRS
R . (20)

This shows that the corrected anomalous dimension at
the fixed point is smaller than the one predicted ear-
lier, which agreed roughly with the Schwinger-Dyson
results.

We now show that if ar differs from (14) the anoma-
lous dimension at the fixed point obtained via (4) does
not reproduce the perturbative value. The latter is ob-
tained using the two-loop beta function and the one-loop
gamma function which gives:

γ
perturbative
R = −

kR

β1(NR)
β0 + O(β2

0) . (21)

On the other hand from the proposed beta function we
obtain (18):

γR = −
(
ar(NR)NR

)−1
β0 + O(β2

0) . (22)

Requiring, for consistency, equations (21) and (22) to
agree in perturbation theory allows to recover exactly
(14). This new condition implies that only the regular
solutions, i.e. non singular in β0, are acceptable when
solving (9).

Next, we would like to show that it is always possible
to find a renormalization scheme in which (15) holds. To
this goal we introduce the general perturbative expan-
sion for the anomalous dimensions and the beta function:

β(α)
α

= −
α

2π

∞∑
n=0

(
α

2π

)n
βn , (23)

γR(α) =

∞∑
n=1

(
α

2π

)n
γn−1 , (24)

and by inserting the equations above in (15) we derive
the infinite set of relations:

γn−1 =
βn − βn−1 ag

NRaR
, n ≥ 1 , (25)

with γ0 = kR = 3C2(R). The transformation laws be-
tween the beta function and the anomalous dimensions
above and the ones in another mass-independent renor-
malization scheme β̃(α̃) and γ̃R(α̃) are:

α̃ =

∞∑
n=1

hnα
n , with h1 = 1 , (26)

m̃ = m zm (α) = m
∞∑

n=0

`nα
n , with `0 = 1 , (27)

β(α) =
∂α
∂α̃
β̃(α̃) , (28)

γR(α) = γ̃R(α̃) − β̃(α̃)
∂ln zm

∂α̃
. (29)

γ0, β0 and β1 are unchanged being universal. The other
coefficients do depend on the transformation and we
report the explicit form of the first coefficients:

β2 = 4π2β0(h2
2 − h3) + 2πh2β1 + β̃2 , (30)

γ1 = 2π`1β0 + 2πh2γ0 + γ̃1 . (31)

Imposing the relation (25) between γ1, β1 and β2 yields:

4π2β0(h2
2 − h3) − 2π aRNR`1β0 − agβ1 + 2πh2β1 +

+β̃2 − 2πaRh2NRγ0 − aRNRγ̃1 = 0 . (32)

To each successive order in perturbation theory, two
more coefficients (one from α and one from zm) appear
and only one relation coming from (25) should be im-
posed. Therefore we can always write (15) as a series in
perturbation theory.

The new anomalous dimensions at the fixed point in
(18) are in better agreement with the lattice determina-
tions, which tend to be smaller than the RS estimate.
We quote below the value obtained for different theories
on the lattice which have to be taken cum granum salis
given that they are still subject to large systematic errors
difficult to estimate.

The anomalous dimension of the mass for the Min-
imal Walking Technicolor theory [8, 9] corresponding
to an SU(2) gauge theory with two Dirac flavors in the
adjoint representation is now predicted to be γMWT =
11/24 ' 0.458 rather than 0.75 as predicted earlier.
This result compares well with the latest lattice result
γlattice

MWT = 0.49(13) [10], while a more conservative lattice
estimate indicates the fixed value to be smaller than 0.56
[11]. The anomalous dimension of the mass for the Next
to Minimal Walking Technicolor theory (NMWT) cor-
responding to an SU(3) gauge theory with fermions in
the two index symmetric representation is predicted to
be γNMWT = 143/173 ' 0.827 which is closer to the one
obtained via first principle lattice simulations in [12].

For 3 colors and 10 flavors in the fundamental repre-
sentation we find γFund ' 0.53 versus 1.3 obtained via
the RS result.

Using the linearity in the number of flavors of the
first two-coefficients of the beta function it is straightfor-
ward to generalize the beta function to any number p of
fermionic species, the result being:

β(α)
α

= −
α

6π

11C2[G] − 2
∑p

r=1 T[r]Nr(2 + ∆rγr)

1 − α
2π

17
11 C2[G]

, (33)

with ∆r given by (17). Our results generalize immedi-
ately to the supersymmetric case [13] by simply replacing
the corresponding quantities with the supersymmetric
ones in (11) and (14) and obtain, for a single representa-
tion:

βS(α)
α

= −
α

2π

βS
0 + 2T[R]NRγR

1 − α
2πC2[G]

, (34)
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where the anomalous dimension of the mass is defined
with an overall sign difference with respect to the non-
supersymmetric case and the S apex means supersym-
metric, for example, βS

0 = 3C2(G) − 2T[R]NR. We find re-
markable that the beta function is shape invariant when
going from the nonsupersymmetric to the supersymmet-
ric parent theory. This was not the case for the RS beta
function.

We have argued that the beta function for any non-
supersymmetric vector like gauge theory with fermionic
matter as well as its supersymmetric version can be

written in the universal form (15). The latter is ob-
tained solely in terms of the universal coefficients of the
two-loop beta function and the universal coefficient of
the first term in the coupling constant expansion of the
anomalous dimension of the mass operator.

From (15) it is possible to read the values of the anoma-
lous dimension of the mass inside the conformal win-
dow, which is found to be in fair agreement with the
numerical estimates obtained via numerical simulations.

We thank Oleg Antipin, Marco Nardecchia, Thomas
A. Ryttov and Joseph Schechter for helpful comments.
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