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MACDONALD-KOORNWINDER POLYNOMIALS
J.V. STOKMAN

ABSTRACT. An overview of the basic results on Macdonald-Koornwinder polynomials
and double affine Hecke algebras is given. We develop the theory in such a way that
it naturally encompasses all known cases as well as a new rank two case. Among the
basic properties of the Macdonald-Koornwinder polynomials we treat are the quadratic
norm formulas, duality and the evaluation formulas. This text is a provisional version of
a chapter on Macdonald-Koornwinder polynomials for volume 5 of the Askey-Bateman
project, entitled “Multivariable special functions”.
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1. INTRODUCTION

This text is a provisional version of a chapter on Macdonald-Koornwinder polynomials for
volume 5 of the Askey-Bateman project, entitled “Multivariable special functions”. The
aim is to introduce nonsymmetric and symmetric Macdonald-Koornwinder polynomials
and to present their basic properties: (bi-)orthogonality, norm formulas, g-difference(-
reflection) equations, duality and evaluation formulas.

Symmetric GL type Macdonald polynomials were introduced by Macdonald [58] as a
two-parameter family of orthogonal multivariate polynomials interpolating between the
Jack polynomials and the Hall-Littlewood polynomials. Root system generalizations were
subsequently defined by Macdonald in [60]. They were labelled by so called admissible
pairs of root systems. Recasting these data in terms of affine root systems (cf. [15] 61]) it
is natural to speak of an untwisted theory and a twisted theory of Macdonald polynomials
associated to root systems. An important further extension for nonreduced root systems
was constructed by Koornwinder [5I]. In [61, B2] important steps were undertaken to
develop a general theory covering all these cases. In this text we pursue this further. We
call the corresponding polynomials Macdonald-Koornwinder polynomials.

The symmetric Macdonald-Koornwinder polynomials are root system generalizations
of classical one-variable g-orthogonal polynomials from the ¢-Askey scheme [48]. Before
giving the contents of this chapter in more detail, we first illustrate this point of view for
the symmetric GL Macdonald polynomials and the symmetric Koornwinder polynomials.

1.1. Symmetric GL type Macdonald polynomials. The symmetric GL,,.; type Mac-
donald [58] polynomials form a linear basis of the space of symmetric Laurent polynomials
in n + 1 variables t,...,t,.1, depending on two parameters 0 < ¢,k < 1. They form
an orthogonal basis of the Hilbert space L?(T,, v, (t)dt), where dt is the normalized Haar
measure on T, = {t = (t1,...,t,11) € C"™ | |t;] = 1} and with weight function v, (¢)
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explicitly given by

vy (t) _ H (ti/tj; Q) 0o

1<i£j<nt1 (HQti/tﬁ q)oo

(the g-shifted factorial is defined by (3.11])). In addition, the symmetric GL,+; type Mac-
donald polynomials are common eigenfunctions of the commuting trigonometric Ruijsenaars-
Macdonald [73] 58] g-difference operators

—1
(D))= > ( 11 #) flg Tty 1<j<n+l,
1C{1,...,n+1} \rel,s¢l r §
#1=j

where ¢~ 2rer is the (n + 1)-vector with ¢~'’s at the entries labelled by I and ones
elsewhere. The eigenvalue equation for D, is equivalent to a homogeneity condition for
the symmetric Macdonald polynomials. Up to a monomial factor the symmetric GL,,
Macdonald polynomials thus only depend on the n variables t1/t, ..., t,/t,s1. Forn =1
the Macdonald polynomials are essentially the continuous g-ultraspherical polynomials in
the variable t1/ts. The above results then reduce to the orthogonality relations and the
second order g-difference equation satisfied by the continuous g-ultraspherical polynomials,
see Subsection B.7] for further details.

1.2. Symmetric Koornwinder polynomials. The symmetric Koornwinder [51] poly-
nomials form a linear basis of the space of Laurent polynomials in n variables tq,...,%,
which are invariant under the hyperoctahedral group (acting by permutations and inver-
sions of the variables), depending on six parameters 0 < ¢, a,b,c,d,k < 1. They form an
orthogonal basis of the Hilbert space L*(T,, v, (t)dt) with T, = {t € C"||t;| = 1}, Haar
measure dt on T, and weight function

n +2. +1.
U+(t):H (tz‘ ,q)oo H (ttts ’q)oo

o (atiq) (0 ) (et a) (a7 a) o s, (REEEY )

where (uz*';q) = (uz;q)_(uz"';q)_. The symmetric Koornwinder polynomials are
eigenfunctions of Koornwinder’s [51] multivariable extension of the Askey-Wilson [1] second
order g-difference operator

(DAY =D Y A (f(g*t) — f(1),

=1 ge{£1}
(1— at$)(1 = btS)(1 — ct)(1 — dtS) 1y (1 — kt5t;) (1 — kt5t; )

Eay . —
4 = (1—£5)(1 - gtf) (=60 = £i857)

J#i

For n = 1 the k-dependence drops out and the symmetric Koornwinder polynomials are
the Askey-Wilson polynomials from [I]. See Subsection (3.8 for further details.
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1.3. General description of the contents. Most literature on Macdonald-Koornwinder
polynomials deals with one out of the above mentioned four cases of Macdonald-Koornwinder
type polynomials (the GL-case, the untwisted case, the twisted case and the Koornwinder
case). Cherednik [I5] treats the first three cases separately. Macdonald’s [61] exposition
covers the last three cases, but various steps still need case by case analysis. We develop
the theory in such a way that it naturally unifies the above four cases, but in addition
contains a new class of rank two Macdonald-Koornwinder type polynomials (see Subsec-
tion [3.9). The setup will be close to Haiman’s [32] approach, which allowed him to give a
uniform proof of the duality of the Macdonald-Koornwinder polynomials.

It is tempting to believe that the initial data for the Macdonald-Koornwinder polynomi-
als should be similarity classes of irreducible affine root systems R together with a choice
of a deformation parameter ¢ and a multiplicity function (playing the role of the free pa-
rameters in the theory). In such a parametrization the untwisted and twisted cases should
relate to the similarity classes of the irreducible reduced affine root systems of untwisted
and twisted type respectively, the GL case to the irreducible reduced affine root system
of type A with a “reductive” extension of the affine Weyl group, and the Koornwinder
case with the nonreduced irreducible affine root system of type CVC' (we refer here to
the classification of affine root systems from [56], see also the appendix). It turns out
though that a more subtle labelling is needed to capture all fundamental properties of the
Macdonald-Koornwinder polynomials.

We take as initial data quintuples D = (R, Ag, e, A, A%) with Ry a finite reduced irre-
ducible root system, Ay an ordered basis of Ry, ® € {u,t} (u stands for untwisted and ¢
stands for twisted), and A, A? two lattices satisfying appropriate compatibility conditions
with respect to the (co)root lattice of Ry (see (2.2)). We build from D an irreducible affine
root system R and an extended affine Weyl group W. The extended affine Weyl group W
is simply the semi-direct product group Wy x A% with W, the Weyl group of Ry. The affine
root system R is constructed as follows. We associate to Ry and e the reduced irreducible
affine root system R°® of type e with gradient root system Ry,. Then R is an irreducible
affine root system obtained from R*® by adding 2a if a € R® has the property that the
pairings of the associated coroot a" to elements of A take value in 27 (see (2.5))). The
Macdonald-Koornwinder polynomials associated to D are the ones naturally related to R
in the labelling proposed in the previous paragraph.

In the literature the terminology Macdonald polynomials is used when the underly-
ing affine root system R is reduced, while the terminology Koornwinder polynomials or
Macdonald-Koornwinder polynomials is used when R is nonreduced and of type CVC. In
this text we will use the terminology Macdonald-Koornwinder polynomials when dealing
with arbitrary initial data D. We will speak of Macdonald polynomials if the underlying
affine root system R is reduced and of Koornwinder polynomials if R is of type CVC.

Duality is related to a simple involution on initial data, D + D? = (R, Ad e, A A)
with RZ the coroot system Ry if @ = u and the root system Ry if ¢ = t. This duality is
subtle on the level of affine root systems (it can for instance happen that the affine root
system R? associated to D? is reduced while R is nonreduced). The reason that the present
choice of initial data is convenient is the fact that the duality map D ~ D9 on initial data
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naturally lifts to the duality antiisomorphism of the associated double affine braid group
(see [32] and Section . This duality antiisomorphism is the key tool to prove duality,
evaluation formulas and norm formulas for the Macdonald-Koornwinder polynomials.

1.4. Topics that are not discussed. We do not discuss the shift operators for the
Macdonald-Koornwinder polynomials (see, e.g., [9, [79]), leading to the explicit evalua-
tions of the constant terms (generalized Selberg integrals). Other important developments
involving Macdonald-Koornwinder polynomials that are not discussed in this chapter, are

— connections to combinatorics. This is discussed in a separate chapter of the fifth
volume of the Askey-Bateman project,

— connections to algebraic geometry, see, e.g., [30, 311 [76],

— connections to representation theory, see [15 [16, 17, [41], 38, B9] and references
therein.

— applications to harmonic analysis on quantum groups, see, e.g., [62, 66, (64} 53], 22]
241, 25, [67],

— limit cases of symmetric Macdonald-Koornwinder polynomials, see, e.g., [58], 60, 15|
33, [34], 18] 78, 2] and the separate chapter of the fifth volume of the Askey-Bateman
project on Heckman-Opdam polynomials,

— the theory of Gaussians, Macdonald-Mehta type integrals, and basic hypergeometric
functions associated to root systems, see, e.g., [14, 80, [18], 82],

— interpolation Macdonald-Koornwinder polynomials, see, e.g., [46, [47, [74], [69, 68|, 52],

— the relation to quantum integrable systems, see, e.g., [7, 8, [73, [77, 5] ©], [70, [44], 45]

20, 81],

— special parameter values (e.g. roots of unity), see, e.g., [15], 12, 19| 43| 4T, 42| 26,
5 6],

— affine and elliptic generalizations, see, e.g., [23] 10, [73] and [49, [7T], 72, 20] respec-
tively.

See the introductory chapter of Cherednik’s [15] book for an extensive discussion on the
ramifications of Macdonald polynomials.

1.5. Detailed description of the contents. Precise references to the literature are given
in the main text.

In Section [2] we give the definition of the affine braid group, affine Weyl group and affine
Hecke algebra. We determine an explicit realization of the affine Hecke algebra, which will
serve as starting point of the Cherednik-Macdonald theory on Macdonald-Koornwinder
polynomials in the next section. In addition we introduce the initial data. We introduce
the space of multiplicity functions associated to the fixed initial data D. We extend the
duality on initial data to an isomorphism of the associated spaces of multiplicity functions.
We give the basic representation of the extended affine Hecke algebra associated to D,
using the explicit realization of the affine Hecke algebra.

In Section [3| we define and study the nonsymmetric and symmetric monic Macdonald-
Koornwinder polynomials associated to the initial data D. We first focus on the non-
symmetric monic Macdonald-Koornwinder polynomials. We characterize them as common
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eigenfunctions of a family of commuting ¢-difference reflection operators. These operators
are obtained as the images under the basic representation of the elements of the Bernstein-
Zelevinsky abelian subalgebra of the extended affine Hecke algebra. We determine the
biorthogonality relations of the nonsymmetric monic Macdonald-Koornwinder polynomi-
als and use the finite Hecke symmetrizer to obtain the symmetric monic Macdonald-
Koornwinder polynomials. We give the orthogonality relations of the symmetric monic
Macdonald-Koornwinder polynomials and show that they are common eigenfunctions of
the commuting Macdonald ¢-difference operators (also known as Ruijsenaars operators in
the GL case). We finish this section by describing three cases in detail: the GL case, the
CVC case, and an exceptional nonreduced rank two case not covered in Cherednik’s [15]
and Macdonald’s [61] treatments.

In Section 4| we introduce the double affine braid group and the double affine Hecke
algebra associated to D and (D, k) respectively, where & is a choice of a multiplicity func-
tion on R. We lift the duality on initial data to a duality antiisomorphism on the level
of the associated double affine braid groups. We show how it descends to the level of
double affine Hecke algebras and how it leads to an explicit evaluation formula for the
monic Macdonald-Koornwinder polynomials. We proceed by defining the associated nor-
malized nonsymmetric and symmetric Macdonald-Koornwinder polynomials and deriving
their duality and quadratic norms.

In Section |5 we give the norm and evaluation formulas in terms of g-shifted factorials
for the GL case, the CVC case, and for the exceptional nonreduced rank two case.

In the appendix we give a short introduction to (the classification of) affine root systems,
following closely [56] but with some adjustments. We close the appendix with a list of all
the affine Dynkin diagrams.

2. THE BASIC REPRESENTATION OF THE EXTENDED AFFINE HECKE ALGEBRA

We first introduce the affine Hecke algebra and the appropriate initial data for the
Cherednik-Macdonald theory on Macdonald-Koornwinder polynomials. Then we introduce
the basic representation of the extended affine Hecke algebra, which is fundamental in the
development of the Cherednik-Macdonald theory.

2.1. Affine Hecke algebras. A convenient reference for this subsection is [36]. For unex-
plained notations and terminology regarding affine Weyl groups we refer to the appendix.

For a generalized Cartan matrix A = (a;;)1<ij<r let M = (m;;)1<i j<r be the matrix with
my; = 1 and for 7 # j, m;; = 2,3,4,6,00 if a;;a5 = 0,1,2,3, > 4 respectively.

Definition 2.1. Let A = (a;;)1<ij<r be a generalized Cartan matriz.

(1) The braid group B(A) is the group generated by T; (1 < i < r) with defining relations
TTT; - - =1T;T,T; - - - (my; factors on each side) if 1 <1 % j <r (which should be
interpreted as no relation if m;; = 00).

(2) The Cozxeter group W(A) associated to A is the quotient of B(A) by the normal
subgroup generated by T? (1 <i<r).
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It is convenient to denote by s; the element in W(A) corresponding to T; for 1 <i <.
They are the Coxeter generators of the Coxeter group W(A).

Let A = (aij)1<ij<r be a generalized Cartan matrix. Suppose that k; (1 < i < r) are
nonzero complex numbers such that k; = k; if s; is conjugate to s; in W(A). We write
k for the collection {k;};. Let C[B(A)] be the complex group algebra of the braid group
B(A).

Definition 2.2. The Hecke algebra H(A, k) is the complex unital associative algebra given
by C[B(A)]/I}., where I, is the two-sided ideal of C[B(A)] generated by (T; — k;)(T; + k;*)
for1 <1 <.

If k; =1 for all 1 < i < r then the associated affine Hecke algebra is the complex group
algebra of W(A).

If w=s;8;,---s; is a reduced expression in W(A), i.e. a shortest expression of w as
product of Coxeter generators, then

Ty :=TyTs---Ti, € H(A k)

is well defined (already in the braid group B(A)), and the T, (w € W(A)) form a complex
linear basis of H(A, k).

Suppose Ry C V is a finite crystallographic root system with ordered basis Ay =
(aq,...,a,) and write Ay for the associated Cartan matrix. Then Wy ~ W(Aj) by map-
ping the simple reflections s,, € Wy to the Coxeter generators s; of W(A) for 1 <i < n.
The associated finite Hecke algebra H (A, k) depends only on k and W) (as Coxeter group).
We will sometimes denote it by H(Wy, k).

Similarly, if R is an irreducible affine root system with ordered basis A = (ay, ..., a,) and
if A is the associated affine Cartan matrix, then W(A) ~ W(R) by s; — s,, (0 < i < n).
Again we write H(W(R), k) for the associated affine Hecke algebra H(A, k).

2.2. Realizations of the affine Hecke algebra. We use the notations on affine root
systems as introduced in the appendix. The construction is motivated by Cherednik’s
polynomial representation [15, Thm. 3.2.1] of the affine Hecke algebra and its extension to
the nonreduced case by Noumi [63].

Let R C E be an irreducible affine root system on the affine Euclidean space E (possibly
nonreduced) with affine Weyl group W, and fix an ordered basis A = (ag, ay, ..., a,) of R.
Write A = A(R, A) for the associated affine Cartan matrix.

Consider the lattice ZR in E. It is a full W-stable lattice with Z-basis the simple affine
roots. Denote by F' the quotient field Quot(C[ZR]) of the complex group algebra C[ZR]
of ZR. Tt is convenient to write ¢* (A € ZR) for the natural complex linear basis of C[ZR].
The multiplicative structure of F'is determined by

V=1, eMH=eleH, A\ 1L € ZR.

The affine Weyl group W canonically acts by field automorphisms on F. On the basis
elements e* the W-action reads w(e?) = e** (w € W, A € ZR). Since W acts by algebra
automorphisms on F', we can form the semidirect product algebra W x F.
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Let k: R — C* := C\ {0}, a — k, be a W-equivariant map, i.e. k,, = k, for all w € W
and a € R. If a € R but 2a € R then we set ko, := k,. Note that k"¢ := k|gina is a
W-equivariant map on R™? which is determined by its values k; := k,, (0 <4 <n) on the
simple affine roots. It satisfies k; = k; if s; is conjugate to s; in W. Hence we can form
the associated affine Hecke algebra H (W (R), k™).

Theorem 2.3. With the above notations and conventions, there exists a unique algebra
monomorphism

B =Brar: HW(R), k") — W x F

satisfying

ki = ki (Raa, — kg, )e”
(2.1) B(T;) = kis; + 1= o 2 (1-s;)
for 0 <11 <n.

The proof uses the Bernstein-Zelevinsky presentation of the affine Hecke algebra, which
we present in a slightly more general context in Subsection [3.1]

Remark 2.4. If 2a; ¢ R then simplifies to
-1
B(L) = kisi + u(l —5).
1 — e

The notion of similarity of pairs (R, A) (see the appendix) can be extended to triples
(R, A, k) in the obvious way. The algebra homomorphisms /3 that are associated to different
representatives of the similarity class of (R, A, k) are then equivalent in a natural sense.
Starting from the next subsection we therefore will focus on the explicit representatives of
the similarity classes as described in the appendix in Subsection [6.2]

Recall from the appendix that the classification of irreducible affine root systems leads
to a subdivision of irreducible affine root systems in three types, namely untwisted, twisted
and mixed type. It is easy to show that the algebra map (g ax in case R is of mixed type
(possibly nonreduced) can alternatively be written as (g Ay With appropriately chosen
triple (R, A’ k') and with R’ of untwisted or of twisted type. In the Cherednik-Macdonald
theory, the mixed type can therefore safely be ignored, as we in fact will do.

2.3. Initial data. It turns out that labelling Macdonald-Koornwinder polynomials by
irreducible affine root systems is not the most convenient way to proceed. In this subsection
we give more convenient initial data and we explain how it relates to affine root systems.
For basic notations and facts on affine root systems we refer to the appendix.

Definition 2.5. The set D of initial data consists of quintuples
D = (Ry,Ag, e, A, AY)
with
(1) Ry is a finite set of nonzero vectors in an Euclidean space Z forming a finite,

irreducible, reduced crystallographic root system within the real span V' of Ry,
(2) Ag = (a1, ...,an) is an ordered basis of Ry,



MACDONALD-KOORNWINDER POLYNOMIALS 9

(3) e=wu ore=t,
(4) A and A? are full lattices in Z, satisfying

ZRy C A, (A,ZRy) C Z,

2.2
22) ZRS C AY, (A ZR}Y) C Z

where RS = {a? := p8a" }oecr, and
e =1, a € Ry,
p o= lal?/2, a € Ry.

Note that RS = Ry if e =u and = Ry if @ = ¢.
We view the vector space V' of real valued affine linear functions on V' as the subspace

of Z consisting of affine linear functions on Z which are constant on the orthocomplement
VL of Vin Z. We write ¢ for the constant function one on V as well as on Z. In a

~

similar fashion we view the orthogonal group O(V') as subgroup of O(Z) and O.(V) as
subgroup of O.(Z), where O.(V) is the subgroup of linear automorphisms of V' preserving

¢ and preserving the natural semi-positive definite form on v (see the appendix for further
details).

Fix D = (Ry, Ag, e, A, AY) € D. We associate to D a triple (R, A, W) of an affine root
system R = R(D), an ordered basis A = A(D) of R and an extended affine Weyl group

W = W(D) as follows. We first define a reduced irreducible affine root system R* C V' to
D as

(2-3) R* = {mM;C + a}mEZ,aéRo

for @ € {u,t}. In other words, R* := S(Ry) and R’ := S(Ry)" in the notations of the
appendix (see (6.2))). Let ¢ € Ry (respectively 8 € Ry) be the highest root (respectively
highest short root) of Ry with respect to the ordered basis Ay of Ry. Then the ordered
basis A = A(D) of R* is set to be

A = (ag,a1,-..,a,)
with a; ;= «a; for 1 < i <n and

c— if  e=u,
2.4 Qg :=
(24) 0 {@0—9 if e=t.

Remark 2.6. Suppose that (R, A’) is a pair consisting of a reduced irreducible affine root
system R’ and an ordered basis A’ of R'. If R is similar to R® then there exists a similarity
transformation realizing R’ ~ R*® and mapping A’ to A® as unordered sets.

The affine root system R is the following extension of R*®. Define the subset S = S(D)
by

(2.5) S:={ie{0,....n}| (A a)) =2Z}.
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Let W* be the affine Weyl group of R®*. Then we set

(2.6) R =R(D) := R*U|JW*(2a:),

i€S
which is an irreducible affine root system since ZRy C A. Note that A is also an ordered
basis of R.

Remark 2.7. Note that R is an irreducible affine root system of untwisted or twisted type,
but never of mixed type (see the appendix for the terminology). But the irreducible affine
root systems of mixed type are affine root subsystems of the affine root system of type
CVC, which is the nonreduced extension of the affine root system R' with Ry of type
B (see Subsection for a detailed description of the affine root system of type CVC).
Accordingly, special cases of the Koornwinder polynomials are naturally attached to affine
root systems of mixed type, see Subsection [2.2] and Remark [3.28]

Remark 2.8. The nonreduced extension of the affine root system R" with Ry of type B,
is not an affine root subsystem of the affine root system of type CVCy. It can actually
be better viewed as the rank two case of the family R* with Ry of type C,, since, in the
corresponding affine Dynkin diagram (see Subsection , the vertex labelled by the affine
simple root aq is double bonded with the finite Dynkin diagram of Ry. The nonreduced
extension of R with Ry of type Cy was missing in Macdonald’s [56] classification list. It was
added in [61) (1.3.17)], but the associated theory of Macdonald-Koornwinder polynomials
was not developed. In the present setup it is a special case of the general theory. We will
describe this particular case in detail in Subsection (3.9}

Finally we define the extended affine Weyl group W = W (D) (please consult the ap-
pendix for the notations). Write s; := s,, (0 < i < n) for the simple reflections of W*.
Note that s; = s,, (1 < i < n) are the simple reflections of the finite Weyl group W, of
Ry. Furthermore, so = 7(¢")s, if @ = w and sy = 7(0)sy if ® = ¢, where 7(v) stands for
the translation by v (see the appendix). Consequently

W* ~ Wy x 7(ZRY).
We omit 7 from the notations if no confusion can arise. The extended affine Weyl group
W = W(D) is now defined as
W =W, x A%
It contains the affine Weyl group W* of R® as normal subgroup, and W/W* ~ A¢/ZRg.
The affine root system R® C Z is W-stable since

(2.7) () (muge+ B) = (m — (&, 8™))uc+ B, meZ, Be R

and (¢, %) € Z for ¢ € A% and B € Ry. Moreover, the affine root system R is WW-invariant.
We now proceed by giving key examples of initial data. Recall that for a finite root
system Ry C V/,

P(Ry):={ eV |(Na")eZ VYVae Ry}
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is the weight lattice of Rg. If Ay = (v, ..., ay,) is an ordered basis of Ry then we write w; €
P(Ry) (1 < i <n) for the corresponding fundamental weights, which are characterized by
(wi, Oé;/) = 52',]'.

Example 2.9. (i) Take an arbitrary finite reduced irreducible root system Ry in V. = Z
with ordered basis Ag. Choose € {u,t} and let A, A? be lattices in V satisfying

ZRy C A C P(Ry), ZR{C A C P(RY).
Then (R, Ao, e, A, A?) € D. Note that if A = P(Ry) then S = 0 hence R = R® is reduced
(Cherednik’s [15] theory corresponds to the special case (A, A?) = (P(Ry), P(RY))).
(ii) Take Z = R™* with standard orthonormal basis {e;}!4! and Ry = {€; — €;1<itj<nin

for the realization of the finite root system of type n in Z. Then V = (€] + -+ + €,41) .
As ordered basis take

Ag = (aq,...,0p) = (61— €., € — €nt1).

Then (RO,AO,u,Z"H,Z”“) € D. Note that 0 = ¢ = €1 — €,41, hence the simple affine
root ag of R is ag = ¢ — €1 + €,41. This example is naturally related to the GL, 1 type
Macdonald polynomials, see Subsection [3.77

Given a quintuple D = (Ry, Ag, , A, A?) we have the dual root system RZ with dual
ordered basis Al := (a4,...,a%). This extends to an involution D +— D¢ on D with

(2.8) D" = (RS, AL e, A%, A)

for D = (Ry, A, e, A,A%) € D. We call D? the initial data dual to D.

We write = p(D) and p? = pu(D?) for the function p® on Ry and Rd respectively. Let
wé € P(RY) (1 <i < n) be the fundamental weights with respect to Ad.

For a given D = (Ry, Ao, e, A, A?) € D we thus have a dual triple (R, Al o, A% A) € D
and hence an associated triple (R?, A% W9). Concretely, the highest root ¢? and the
highest short root 8¢ of RZ with respect to A¢ are given by

Spd:{ev if.:u,

® if =1,
and
g _ 14 if =,
16 if @ =1t
Hence

A4 = (ag,a‘li, o ,ai)

with a¢ = af (1 <i < n) and ad = pg(c —6Y). The dual affine root system R¢ = R(D?) is
R*=R*U [ W*(2a)
ieSd
with S = {i € {0,...,n}| (A% a?") = 2Z}, with R = {mpune + a?}mez.aer, and with
W ~ W, x 7(ZRy) the affine Weyl group of R?. The dual extended affine Weyl group
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is W? = Wy x A. The simple reflections s¢ := s,« € W (0 < i < n) are s§ = s; for
1 <i<nand sd=r7(0)sp.

Example 2.10. The correpondence R <+ R? can turn nonreduced affine root systems into
reduced ones. We give here an example of untwisted type. An example for twisted type will
be given in Example|3.27.

Take n > 3 and Ry CV = Z :=R" of type B,,, realized as Ry = {£e;} U {e L €;}icy
(all sign combinations possible), with {€;} the standard orthonormal basis of V. Take as
ordered basis of Ry,

Ag = (a1, 0p_1,00) = (€1 — €2, ..., €41 — €n, €p).
The highest root is p = €; + €5 € Ry. We then have
ZRy C P(R)) =7" =7ZRy C P(Ry)
with both sublattices ZRY C Z™ and Z™ C P(Ry) of index two. Taking A = Z™ = A% we

get the initial data D = (Ro, Ao, u, Z",Z") € D. Then S = S(D) = {n} and R = R(D) is
given by

R = {:l:Ez —+ mC}lSi§n7m€Z U {:l:Ez + €5 + mC}1§i<an7m€Z U {:|:2€z + 2mc}1§i§n,m€z.

It is nonreduced and of untwisted type B,,. We have written it here as the disjoint union of
the three W = Wy x Z™-orbits of R. Note that aq lies in the orbit {£e;£e;+mc}i<icj<nmez-
Dually, R¢ = R(D?) is the reduced affine root system of untwisted type C,. Concretely,

Rd = {:|:€Z + €; + mC}1§i<]’§n7m€Z U {i2€z + 2mc}1§i§n,mez U {:l:2€z + (2m + 1)0}1§i§n,mel>
written here as the disjoint union of the three We = W, x Z"-orbits of RC.

This example shows that basic features of the affine root system can alter under dual-
ization. It turns out though that the number of orbits with respect to the action of the
extended affine Weyl group is unaltered. To establish this fact it is convenient to use the
concept of a multiplicity function on R.

Definition 2.11. Set M = M(D) for the complez algebraic group of W -invariant func-
tions k : R — C*, and v = v(D) for the complex dimension of M.

Note that v = v(D) equals the number of W-orbits of R. The value of kK € M at an
affine root @ € R is denoted by k,. We call Kk € M a multiplicity function. We write
K® := K|ge for its restriction to R°®. For a multiplicity function kK € M we set Ky, := K, if
a € R is unmultiplyable (i.e. 2a € R).

First we need a more precise description of the sets S = S(D) and S? = S(D?), see
. It is obtained using the classification of affine root systems (see Subsection and

[56] ).

Lemma 2.12. Let D = (Ry, Ag, e, A,AY) € D. Set So=SN{l,...,n}.

(a) If @ = u then #S < 2. If #S = 2 then Ry is of type Ay. If #S =1 then Ry is of
type B, (n>2) and S = Sy = {j} with a; € Ay the unique simple short root.
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(b) If e =t then #S =0 or #S = 2. If #S = 2 then Ry is either of type Ay or of type
B, (n>2) and S ={0,j} with a; € Ay the unique short simple root.
Note that in both the untwisted and the twisted case, o € Wo(D(ag)) if So = {j}-

The following lemma should be compared with [32}, §5.7].

Lemma 2.13. Let D € D and k € M(D). Let a; € Ay (respectively o’y € Al) be a

jd
simple short root. The assignments

d ._
/iag = /{/2&].,

d o . .

Rod °= Ko if ie{l,...,n},
d ._ : d

Foad = K2ag if 0€e 59,
d . o d d

Fgad, 7= Kag if 79e S

J

uniquely extend to a multiplicity function kK € M® := M(D?). For fized D € D the map
Kk +— Kk defines an isomorphism ¢p : M(D) — M(D?) of complex tori, with inverse ¢pa.

Remark 2.14. Let kK € M(D). Recall the convention that ko, = K, for a € R such that

2a ¢ R. Then for all a € Ry,
d

Foa = Ry jetad:

Corollary 2.15. Let D € D. The number v of W-orbits of R is equal to the number 1%
of Wa-orbits of R.

Remark 2.16. Returning to Example the correspondence from Lemma links the
orbit {#e€; +mc} of R to the orbit {2¢; +2mc} of R?, the orbit {+¢; +¢€; +mc} of R to the
orbit {+€; £¢;+mc} of R? and the orbit {#+2¢;+2mc} of R to the orbit {£2¢;+ (2m+1)c}
of R%.

2.4. The basic representation. We fix throughout this subsection a quintuple D =
(Ro, Ag, e, A, A%) € D of initial data. Recall that it gives rise to a triple (R, A, W) of an
irreducible affine root system R containing R®, an ordered basis A of R as well as of R®,
and an extended affine Weyl group W = W, x A?. In addition we fix a multiplicity function
Kk € M(D) and we write £* := K|ge. It is a W-equivariant map R* — C*. Write k; := K},
for 0 <1 < n. Note that x; = k; if s; is conjugate to s; in W = Q x W*.

We write Rt and R** for the positive respectively negative affine roots of R and R*
with respect to A. Since the affine root system R*® is W-stable, we can define the length
l(w) =lp(w) of w € W by

l(w) :=#(RTNw'R*").
If we W* =W(R®) then [(w) equals the number of simple reflections s; (0 <i <n)in a
reduced expression of w. We have W = Q x W* with 2 = Q(D) the subgroup

Q:={weW |l(w)=0}

of W. Then Q ~ A?/ZR¢. The abelian group 2 permutes the simple affine roots a; (0 <
i < n), which thus gives rise to an action of 2 on the index set {0, ...,n}. Consequently the
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action of 2 on W* by conjugation permutes the set {s;}", of simple reflections, ws;w=! =

Sw(s) for w € Qand 0 < i < n (cf, eg., [61, §2.5]). A detailed description of the group (2
in terms of a complete set of representatives of AY/ZR¢ will be given in Subsection [3.4]

Extended versions of the affine braid group and of the affine Hecke algebra are defined
as follows. Let A = A(D) := A(R®,A) be the affine Cartan matrix associated to (R*, A).
Recall that the affine braid group B® := B(A) is isomorphic to the abstract group generated
by T, (w € W*) with defining relations T,T,, = T, for all v,w € W* satisfying I(vw) =
l(v) + l(w).

Definition 2.17. (i) The extended affine braid group B = B(D) is the group generated
by T (w € W) with defining relations T,T,, = Ty, for all v,w € W satisfying [(vw) =
l(v) + l(w).

(ii) The extended affine Hecke algebra H(k®) = H(D,k*) is the quotient of C[B] by the
two-sided ideal generated by (T; — k) (T; + r; ') (0<i<n).

Similarly to the semidirect product decomposition W ~ ) x W* we have B ~ Q x B*
and

H(k*) ~Qx HW?® k%),

where the action of 2 on B by group automorphisms (respectively on H(W?*, k*) by algebra
automorphisms) is determined by w - T; = Ty for w € Q and 0 < i < n. For w € Q we
will denote the element T, in the extended affine Hecke algebra H(k®) simply by w.

The algebra homomorphism

Braw  : HW® k) > Wk FCW x F
from Subsection extends to an injective algebra map
Bpy: H(K) =W x F

by Bpk(T,) = w (w € ). We will now show that it gives rise to an action of H(k*) as
g-difference reflection operators on a complex torus T}. It is called the basic representation
of H(k®). It is fundamental for the development of the Cherednik-Macdonald theory.

The complex torus T (of rank dimg (7)) is the algebraic group of complex characters of
the lattice A,

Ty := Homy (A, (C*).

The algebra C[T,] of regular functions on T} is isomorphic to the group algebra C[A],
where the standard basis element ¢* (A € A) of C[A] is viewed as the regular function
t — t(\) on Ty. We write t* for the value of e* at t € Ty. Since A is Wy-stable, W acts
on Ty, giving in turn rise to an action of Wy on C[T,] by algebra automorphisms. Then
w(e?) = e (w € Wy and A € A). We now first extend it to an action of the extended
affine Weyl group W on C[T)] depending on a fixed parameter ¢ € R-q \ {1}.

Set

¢o == q", a € Ry
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and define ¢¢ € Ty (¢ € A%) to be the character A — ¢ of A. The action of Wy on Ty
extends to a left W-action (w,t) — w,t on Ty by

T(E)t =g, €A teT,.

Then (wgp)(t) == p(w;'t) (w € W, p € C[T}]) is a W-action by algebra automorphisms
on C[Ty]. In particular,

T(€)g(e)) =g M, Le ! AeA

It extends to a W-action by field automorphisms on the quotient field C(7y) of C[Ty]. It
is useful to introduce the notation

re+XA . T\
=g, reR, AeA
for t € Ty. Then (w, 't);*™ = 2t for w e W, t € Ty, r € R and A € A.

We write W x, C(Ty) for the resulting semidirect product algebra. It canonically acts
on C(Ty) by g-difference reflection operators. We thus have a sequence of algebra maps

H(k*) = W x F — W x, C(Ty) — Ende (C(Ty)),

where the first map is fp, and the second map sends e *™t* to ¢g'e® for mu,c+a € R®.
It gives the following result, which is closely related to [32, 5.13] in the present generality.

Theorem 2.18. Let D = (Ry, Ao, e, A, A?) € D and k € M(D). For a € R set kg, = Kq
if 2a € R. There exists a unique algebra monomorphism

Thg = TDwg - H(D,k*) = Endc ((C[TA])
satisfying

1 —1\sa:
Ka; + (HQULi - 52(11-)tq1

1 — 2%

(mea(T)P) (t) = Fas(s040) () + ( -
(Ta@)p) (8) = (wqp) (1)

for0<i<n,weQ, peC[Ty] andt € Ty.

) (p(t) = (siqp) (1)),

If 2a; ¢ R then, by the convention ko4, = K, the first formula reduces to

-1

Ka; = Kq, )(p(t) - (Si,qp) (t))

1o

(Tua(TID)) (1) = o (si0) (8) + (

The theorem is due to Cherednik (see [15] and references therein) in the GL,, 1 case (see
Example 2.9(ii)) and when D = (Ry, Ao, e, P(Ry), P(R2)) with Ry an arbitrary reduced
irreducible root system. The theorem is due to Noumi [63] for D = (Ro, Ao, t,ZRy, ZRy)
with Ry of type A; or of type B,, (n > 2). This case is special due to its large degree of
freedom (v(D) =4 if n =1 and v(D) =5 if n > 2). We will describe this case in detail in
Subsection B.8
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Remark 2.19. (i) From Theorem one first obtains 7, , as an algebra map from H(x*®)
to End¢ (C(TA)). The image is contained in the subalgebra of endomorphisms preserving
C[Ty] since, for X € A, we have (\,a)) € Z if 2a; ¢ R and (\,a)) € 27 if 2a; € R.

(ii) Let s = s(D) be the number of W-orbits of R\ R*. Extending a W-equivariant
map k* : R* — C* to a multiplicity function kK € M on R amounts to choosing s nonzero
complex parameters. Hence, the maps 7, , define a family of algebra monomorphisms of the
extended affine Hecke algebra H(x*) into Endg (C[T4]), parametrized by s+ 1 parameters
k| r\re and q.

3. MonNic MACDONALD-KOORNWINDER POLYNOMIALS

In this section we introduce the monic nonsymmetric and symmetric Macdonald-Koorn-
winder polynomials. The terminology Macdonald polynomials is employed in the litera-
ture for the cases that R is reduced (i.e. the cases D = (Ry, Ao, e, P(Ry), P(RY)) and
the GL,; case). The Koornwinder polynomials correspond to the initial data D =
(Ro, Ao, t, ZRy, ZRy) with Ry of type A of of type B,, (n > 2), in which case R = R(D) is
nonreduced and of type CVC,,. To have uniform terminology we will speak of Macdonald-
Koornwinder polynomials when discussing the theory for arbitrary initial data.

The monic nonsymmetric Macdonald-Koornwinder polynomials will be introduced as the
common eigenfunctions in C[T] of a family of commuting ¢-difference reflection operators.
The operators are obtained as images under the basic representation m, , of elements from
a large commutative subalgebra of the extended affine Hecke algebra H(k®) constructed
by Bernstein and Zelevinsky. A Hecke algebra symmetrizer turns the monic nonsymmet-
ric Macdonald-Koornwinder polynomials into monic symmetric Macdonald-Koornwinder
polynomials, which are Wy-invariant regular functions on T solving a suitable spectral
problem of a commuting family of ¢-difference operators, called Macdonald operators. We
in addition determine in this section the (bi)orthogonality relations of the polynomials.

Throughout this section we fix

(1) a quintuple D = (Ry, Ao, o, A, A?) of initial data,
(2) a deformation parameter ¢ € Roq \ {1},
(3) a multiplicity function x € M(D)
and we freely use the resulting notations from the previous section.

3.1. Bernstein-Zelevinsky presentation. An expression w = ws;,s;, - -+ ;. € W with
we Qand 0 <i; <nis called a reduced expression if r = [(w).
For a given reduced expression w = ws;, S;, * * * Si, ,

Ty =wl, T, ---T;, € H(K®)

is well defined, and {7}, }wew is a complex linear basis of H(x*).
The cones
A ={¢e | (&a™) >0 VYae R}
form fundamental domains for the Wy-action on A?. Any ¢ € A? can be written as
€ = p— v with p,v € A% (and similarly for A?"). Furthermore, if £,& € A" then
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Wr(€+¢&)) =UT(&))+U(T(&)). Tt follows that there exists a unique group homomorphism
A? — B, denoted by ¢ — Y, such that

Ye = T.,-(g) V¢ e AT,
On the level of the extended affine Hecke algebra it gives rise to an algebra homomorphism
(3.1) C[Tya]| — H(K®)

which we denote by p + p(Y), where Tya is the complex torus Hom(A?, C*), and p(Y) =
D¢ ceYS if p(t) = 3, cet. The image of the map is denoted by Cy [Ta].

As in Subsection , the lattice A? is Wy-stable, giving rise to a Wy-action on Ta, hence
a Wy-action on C[Tya] by algebra automorphisms.

Denote by Hj the subalgebra of H(k®) generated by T; (1 < ¢ < n). We have a
natural surjective algebra map H (W, k|r,) — Ho, sending the algebraic generator T; of
H(Wy, k|r,) to T; € Hy.

The analog of the semidirect product decomposition W = W, x A? for the extended affine
Hecke algebra H(x*) is the following Bernstein-Zelevinsky presentation of H(k®) (see [54]).

Theorem 3.1. (1) The algebra maps C[Tpa] — Cy[Tha| and H(Wy, k|r,) — Hy are
1somorphisms,
(2) multiplication defines a linear isomorphism Hy ® Cy[Tha] ~ H(k*),
(3) fori e {1,...,n} such that (A%, o) = Z we have

32 pOOT; = T (0) = (575 ) (00) = s
in H(k®) for all p € C[Tyd],
(4) fori e {1,...,n} such that (A%, aV) = 2Z we have

(33) p(Y)j"’Z _ E(&p) (Y) _ (K/i - K/@'_ 1+_</;;)_;a§a )Yfai

) (p(Y) = (sip)(Y))

in H(k®*) for all p € C[Tpd].

These properties characterize H(k®) as a unital complex associative algebra.

With the notion of the dual multiplicity parameter k¢ (see Lemma [2.13)), the cross
relations (3.2) and (3.3]) in the affine Hecke algebra H(x*) can be uniformly written as

Ky — (R%) ™ 4 (K0 — (Iigad)_l)y_ag
(3.4) pMTi=Ti(sip)(Y) = [ — oy (p(Y) = (sip)(Y))

for p € C[Tha] and 1 < i < n.
It follows from the theorem that the center Z(H (k*)) of the extended affine Hecke algebra
H(k®) equals Cy [Tha]".
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3.2. Monic nonsymmetric Macdonald-Koornwinder polynomials. The results in
this section are from [59] 12| [75] [32]. For detailed proofs see, e.g., [61, §2.8, §4.6, §5.2].
We put in this subsection the following conditions on ¢ and x € M(D),

(3.5) 0<qg<l, 0<ke<1VaeR,
or
(3.6) q>1, ke >1 Ya € R.
Set
1 ifx >0
3.7 = ’
(3.7 (o) {_1 iy
and define a Wy-equivariant map v : R — R, (depending on x*) by
(3.8) Vgd 7= KAK] et a € Ry.

Definition 3.2. For A € A define vy 4 = Vaq(D; k*) € Tha by
aV a(i\/
gim gt T ot
aeRg
In other words, for all £ € A,
>\,O¢v ,adv
7/5\,(1 = ¢ H UZEI( N
aGRg
As a special case,
—adv .
’y,\7q:qAHvad VAe A,
aERg
where A* ={ e A | (\,a¥) >0 VaeR;}
Write (¢ = [a for the length function on the dual extended affine Weyl group W¢ and
Q4 = Q(D?) for the subgroup of elements of W of length zero with respect to I¢. We have

a g-dependent Wdaction on Tha extending the Wy-action by 7(A\),y = ¢*y for all X € A
and vy € Tpa. Then v, , = 7(N)gY0,, in Tha if A € A7, This generalizes as follows.

Lemma 3.3. We have for A € A,

Mg = Ud(/\)q%,q

in Trha, where u(\) € W% is the element of minimal length with respect to 14 in the coset
T(A)VW}

The conditions (3.5) or (3.6 on the parameters, together with Lemma [3.3] imply
Lemma 3.4. The map A — Tya, defined by X — x4, 15 injective.

For later purposes it is convenient to record the following compatibility between the
g-dependent W%action on 7y, € Tha and the Wéaction (wr(\), N) — w(A+ N) on A
(w e Wy and A\, N € A).
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Proposition 3.5. Let A € A. Then

(a) If w € Q¢ then wyYng = Vurg-
(b) If0 < i <n and s{X # X then s¢ g = Vsirg-

ad)v
(c) If0 <i<n and s{X = X then s{ g = vAquzl();?;)

Warning: D(a?) = (Da;)? holds true for 1 <i <n and for i = 0 if = ¢ (then both sides
equal —0). It is not correct when i = 0, @ = u and Ry has two root lengths, since then
(Dag)? = —¢" and D(ag) = —0".

For A\, € AT we write A < p if u — A can be written as a sum of positive roots a € Ry .
We also write < for the Bruhat order of W, with respect to the Coxeter generators s;
(1 <i<n). For A € A let A\ be the unique element in A= N Wy and write v(\) € W} for
the element of shortest length such that v(A\)A = A_. Then 7(\) = u4(X\)v()\) in W for
AeA

Definition 3.6. Let A\, p € A. We write X\ < p if Ay < py or if Ay = py and v(A) > v(p).

Note that < is a partial order on A. Furthermore, if A € A~ then u < X for all u € WyA.
For each A € A the set of elements p € A satisfying © < A thus is contained in the finite
set

{peAp=A}= U Wops,
B €AY g <Ay
which is the smallest saturated subset Sat(\;) of A containing A (a subset X C A is
saturated if for each a € Ry and A € A we have A —ra € X for all integers r between zero
and ()\, av), including both zero and ()\, av)).

We write p = dye* + lo.t. for an element p = ZﬂeA

1 2 A If in addition d) # 0 then we call p of degree .

d,et € C[T,] satistying d,, = 0 if

Proposition 3.7. For r € C[Tha] and X\ € A we have
7T,€7q<T(Y))6)\ = r(%:;)e)‘ + lLo.t.
in C[Ty].
Corollary 3.8. For each A € A there exists a unique Py = P\(D;k,q) € C[T\] satisfying
Trq(r(Y)) P\ = r(fyi;)PA, Vr € C[Thd]
and satisfying Py = e + l.o.t.

Definition 3.9. P\, = P\(D;k,q) € C[Ty] is called the monic nonsymmetric Macdonald-
Koornwinder polynomial of degree \ € A.

For D = (R, Ao, e, P(Ry), P(RY)) the definition of the nonsymmetric Macdonald-Koorn-
winder polynomial is due to Macdonald [59] in the untwisted case (¢ = u) and due to
Cherednik [12] in the general case. For D = (Ry, Ao, t,ZRy, ZRy) with Ry of type A,
or of type B,, (n > 2) the nonsymmetric Macdonald-Koornwinder polynomials are Sahi’s
[75] nonsymmetric Koornwinder polynomials. In the present generality (with more flexible
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choices of lattices A and A?) the definition is close to Haiman’s [32, §6] definition. The
same references apply for the biorthogonality relations of the nonsymmetric Macdonald-
Koornwinder polynomials discussed in the next subsection.

The GL, ;1 nonsymmetric Macdonald polynomials (corresponding to Example (ii))
are often studied separately, see, e.g., [46] 29].

3.3. Biorthogonality. We assume in this subsection that kK € M and ¢ satisfy
0<qg<l,
(3.9) 0<ky <1 Vae R,
0 < Kahmy <1 Vae R
and write for A € A,
Py:=P\(D,k,q),  P{=P(D.xq7),

where k! € M(D) is the multiplicity function a — &'
For a € R® define ¢, = ¢(-; D) € C(Ty) by

(1 = Kakoat?) (1 4 Kakig, t2)

(3.10) ca(t) = =)

Then for w € W and a € R®,
ca(wy ') = Cualt).
In addition,
Trg(1i) = ki + ’fz‘_lcai(si,q -1

for 0 < <n.
Since 0 < ¢ < 1, the infinite product

ac€R*t Ca

defines a meromorphic function on 7. In terms of products

m r—1

(3.11) (£B1,.. a:m,q HH 1—¢'z), r € Zso U {0}

=1 j=0

of g-shifted factorials it becomes

1 - t2a
v(t) =
*) H (1 — Kakaat®) (1 + /@a@_alta)

aeRS’

x H (587 43) o

2 —1 —1 . 2
BeR, q/BKﬁKQﬁt67 _QQ"iﬁKQQ tﬂ? ,Bﬁugc+ﬁ/€2,ugc+2,3tﬁa _Qﬁﬁ,ugchﬁﬁguﬁc_mﬂtﬁa QQ)OO
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Remark 3.10. If 8 € Ry satisfies (A%, 3%) = Z then Ky cip = kg and Kopyeios = Kag. In
that case the S-factor in the second line of the above formula of v simplifies to

(363 45) o
(gsriprast?, —qprptripst®; qs) .
If in addition kep = kg (for instance, if 20 ¢ R) then the S-factor simplifies further to

(g5t”;45)
(g512t7; q5)

By the conditions (3.9 on the parameters, v is a continuous function on the compact
torus T3 = Hom(A, S') C Ty, where S' = {z € C||z| = 1}. Write dt for the normalized
Haar measure on T}.

Definition 3.11. Define a sesquilinear form (-,-) : C[Tx] x C[Tx] — C by
or)i= | pler@etodr
Tx

Proposition 3.12. Let p,r € C[T)] andw € W. Then (m o(Ty)p, ) = (p, M1 41 (T 1)r).

w

The biorthogonality of the nonsymmetric Macdonald-Koornwinder polynomials readily
follows from Proposition [3.12]

Theorem 3.13. If A\, ;i € A and X # p then (Py, P;) = 0.

3.4. Macdonald operators. Special cases of what now are known as the Macdonald
g-difference operators were explicitly written down by Macdonald [60] when introducing
the symmetric Macdonald polynomials. Earlier Ruijsenaars [73] had introduced these
commuting g¢-difference operators for Ry of type A as the quantum Hamiltonian of a rela-
tivistic version of the quantum trigonometric Calogero-Moser system (see Subsection |3.7)).
Koornwinder [51] introduced a multivariable extension of the second-order Askey-Wilson
g-difference operator to define the symmetric Koornwinder polynomials. This case corre-
sponds to D = (Ry, Ao, t,ZRy, ZRy) with Ry of type A; or of type B,, with n > 2 (see
Subsection .

The construction of the whole family of Macdonald ¢-difference operators using affine
Hecke algebras is due to Cherednik [9] in case D = (R, Ay, e, P(Ry), P(RY)) and due to
Noumi [63] in case D = (Rg, Ao, t,ZRy, ZRy) with Ry of type A; or of type B, (n > 2).
We explain this construction here, see [61, §4.4] for a treatment close to the present one.

In this subsection we assume that x € M and ¢ satisfy or . Consider the

linear map

Res, : W x, C(Ty) — 7(A%) x, C(T)

Res,( Z Dyw) = Z D,

weW)y weWy

defined by
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where D, € T7(AY) x, C(Ty) (w € Wy). Note that
(3.12) L) = (Resy(1)) () Vp € C(Ta)™.
Lemma 3.14. Let S, ,(Ho)' be the commutant of the subalgebra S, 4(Ho) in W x, C(T}).

Then Res, restricts to an algebra homomorphism

Res, : Buq(Ho) — (T(AY) x, C(Ty))"°
where (T(AY) x, C(Tp))"° is the subalgebra of W x, C(Ty) consisting of Wy-invariant
q-difference operators.

Since Z(H(k®)) = Cy[T)4)", the lemma implies that the Wy-invariant g-difference
operators

W,
D, := Resy(B.q(p(Y))) € (T(A%) x, C(Ty)) ", p € C[Tya)"™
pairwise commute. The operator D), is called the Macdonald g-difference operator associ-

ated to p € C[Tha]".
Define the orbit sums m¢ € C[Tya]"® (& € A) by

dy= > 1.
neWol
Then {m¢}¢cpa- is a linear basis of C[Tya]"?. We write D for Dy
Set, for w € W,

Cow 1= H cq € C(Ty)
a€ER*tNw—1Re—
and Ky 1= [[ocrernw-15e- Ka- Write Wy for the stabilizer subgroup of & in Wy,

Remark 3.15. If £ € A and w € Wy ¢ then w(cy(—g) = ¢r(—g) in C(Th).
Proposition 3.16. Let £ € A, Then

D, = /17_(1_5) Z w(cr(—g))T(WE)q + Z gnT(M)g

wEWo/Woﬁg nESat(§+)\WO€
for certain g, € C(Ty) satisfying guwy = w(gy) for all w € Wy and n € A%

The set of dominant miniscule weights in A¢ is defined by
A ={¢e | (&a™) €{0,1} VaeR{}.

Set Al := AN VL. We now first give an explicit description of the dominant miniscule
weights.

Recall that Dag = —¢ if @ = u and Day = —0 if @ = t. Hence —(Dag)?" is the highest
root of REV. Consider the expansion of —(Dag)?" € REY with respect to the ordered basis
AL = (o). .., ad) of RYY,

Dao E m,z,
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then m; € Z>; for all 7. Set
Jho={ie{l,...,n} | mi=1& (@ + V) NAY £ 0},
where V+ is the orthocomplement of V in Z.

Proposition 3.17. (i) A%f s a complete set of representatives of AY/ZRE.
(ii) For j € J3, choose an element @ € (wd+V*+) N AL Then

min

A% AduU 4+ AY)

(disjoint union).
(iii) For n € A? let u(n) € W be the unique element of minimal length (with respect to 1)
in the coset 7(n)Wy. Then Q = {u(&) | € € A%E

min

Since —(Dag)? € R3I'' is the highest root, —(Dag)? € RET is quasi-miniscule, i.e.
(—(Dag)?, a®) € {0,1} for all a¢ € RIT\ {— (Dao)d}
Let wg € Wy be the longest Weyl group element.

Corollary 3.18. (i) For j € J, we have

_ -1 ~d
Dwoz%;! = “T(,woﬁg) E w(CT(wa%?))T(wwowj)Q'
weWy /W, ~d

0,

(ii) We have

Dbayy = Frlopagyty O W(er(-aoyt) (T(w(Dag))y = 1) +m{pua(o4)-

weWo/W, 0,(Dag)®

3.5. Monic symmetric Macdonald-Koornwinder polynomials. Historically the sym-
metric Macdonald-Koornwinder polynomials preceed the nonsymmetric Macdonald-Koorn-
winder polynomials. The monic symmetric Macdonald polynomials associated to initial
data of the form D = (Ry, Ag, e, P(Ry), P(R3)) were defined in Macdonald’s handwritten
preprint from 1987. It appeared in print in 2000, see [60] (see [58] for the GL, case).
Macdonald used the fact that for a fixed € {wo@{} ;. 7 U {(Dag)?}, the explicit Mac-

donald ¢-difference operators D; (see Corollary is a linear operator on C[T]"° which
is triangular with respect to the suitable partially ordered basis of orbit sums and has
(generically) simple spectrum.

This approach was extended by Koornwinder [51] to the case corresponding to the initial
data D = (Ro, A, t,ZRy, ZRy) with Ry of type A; or of type B,, (n > 2), in which case D_y
is Koornwinder’s multivariable extension of the Askey-Wilson second-order ¢-difference op-
erator (see Subsection . The corresponding symmetric Macdonald-Koornwinder poly-
nomials are the Askey-Wilson [I] polynomials if Ry is of rank one and the symmetric
Koornwinder [51] polynomials if Ry is of higher rank.
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In this subsection we introduce the monic symmetric Macdonald-Koornwinder polynomi-
als by symmetrizing the nonsymmetric ones, cf. [9, §4]. We assume throughout this subsec-
tion that k € M and ¢ satisfy or . Recall the notation ky, := [],cpetrup-1pe- Ka-
It only depends on k* = k|gs. It satisfies kyky = Ky if [(vw) = [(v) 4+ [(w). Hence there
exists a unique linear character yy : H(k*) — C satisfying x4 (Ty) = Ky for all w € W,
the trivial linear character of H(x*).

Define C € Hy(k*|r,) C H(K*) by

1
(3.13) Co=—e" S kT
EwGWO K/’%U UU;/O
The normalization is such that y(Cy) = 1. Then T;Cy = k,Cy = C,.T; for 1 <i < n and
C? = C4. The following lemma follows from the explicit expression of 7, 4(T;) (1 < i < n).

Lemma 3.19. The linear endomorphism v, ,(Cy) of C[Tx] is an idempotent with image
C[Tp])".
Consider the linear basis {ma}aea+ of C[Tx]" given by orbit sums, mx(t) = 32 eyt

Recall that Py = P\(D;k,q) denotes the monic nonsymmetric Macdonald-Koornwinder
polynomial of degree \ € A.

Lemma 3.20. If A € AT then 7, ,(Cy)Py\ = ZueA+:u§>\ e my, for certain ¢y, € C with
o # 0.

Definition 3.21. The monic symmetric Macdonald-Koornwinder polynomial Py = P} (D;k, q)
of degree A\ € A" is defined by

Py = ¢\ q(Cy) Py € CITA)™.

Theorem 3.22. The monic symmetric Macdonald-Koornwinder polynomial Py of degree
A\ € AT is the unique element in C[T)\]"° satisfying

(1) P;_ = ZM€A+1MS>\ d)\#mu with d)\# € C and d,\)\ = 17
(ii) D, P} =p(¢ [locr: vy ) PY for all p € C[Tya]™o.
(Note that for p € C[Tya]"™ and X € AT we have p(q~> HaeRg v;adv) = p(fy;()l/\’q)).

Explicit expressions of the monic symmetric Macdonald-Koornwinder polynomials when
Ry is of rank one are given in Subsection [3.7 and Subsection

3.6. Orthogonality. In this subsection we assume that x € M and ¢ satisfy the con-
ditions (3.9). We thus have the monic symmetric Macdonald-Koornwinder polynomials
{P{} xea+ with respect to the parameters (k, ¢), as well as the monic symmetric Macdonald-
Koornwinder polynomials with respect to the parameters (', ¢™'), in which case we de-
note them by { Py} e+

Define the Wy-invariant meromorphic function

= [ =

Ca
a€R*:a(0)>0
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on Ty. It relates to the weight function v by
(314) U:CU-H C:C(aDa/{aQ) = H Cq-
aERy

One recovers vy from v up to a multiplicative constant by symmetrization in view of the
following property of the rational function C € C(Ty) (cf. [55, (2.8)& (2.8 nr)]).

Lemma 3.23. We have
(3.15) > we =C(vg,)

weWy

as identity in C(Ty), where v¢, = veqo( D% %) € Ty (€ € A?), of. Definition |3.4. More
generally, if ¢ € A%~ and if (k,q) is generic then

d Ca(’qu)
Z wC = C(7g,) Z H e o)
weWo NEWoE aeRrw(mRy o

as identity in C(Ty), where (recall) v(n) € Wy is the element of shortest length such that
v(mn =1n-.

The meromorphic function v, on Ty reads in terms of ¢-shifted factorials,

] -1 .2 ’
GeRo (“B’{%’tﬁ’ —KRagtP, ARuper sR2upe+26t7, _qﬁ’{uﬁwﬁ’fuﬁcwﬁtﬁ’ qﬁ) 00

It is a nonnegative real-valued continuous function on T (it is nonnegative since it can be
written on Ty as vy (t) = |6(¢)[* with §(¢) the expression (3.16) with product taken only
over the set Ry of positive roots).

Corollary 3.24. (-,-) restricts to a positive definite, sesquilinear form on C[Ty]"°. In
fact, for p,r € C[Tx]",

P,y = ——2- p(t)r(t)v,(t)dt.
P = gy " (@)r(t)v (1)

Symmetrizing the results on the monic nonsymmetric Macdonald-Koornwinder polyno-
mials using the idempotent C'y € Hj gives the following properties of the monic symmetric
Macdonald-Koornwinder polynomials.

Theorem 3.25. Let A € A™T.
a) The symmetric Macdonald-Koornwinder polynomial P € C[T\]"° satisfies the follow-
A
ing characterizing properties,
(i) Pl = ZMGA‘*:/LS)\ d,wmu with d)\y)\ = 1,
(ii) (Py,m,) =0 if p € AT and p < .
(b) " = Py
(c) (PY, Py =0if pe AT and pn # X,
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3.7. GL,;; Macdonald polynomials. Take n > 1 and
Vi=(e1+ - +e)  CR = 7
with {¢;}71] the standard orthonormal basis of R"*!. Let Ry = {¢; — €, }1<izj<ni1 With
ordered basis
AO = (Ozl,...,ozn) = (61 _EQa'-'7€n_€n+l)'

As lattices take A = Z"*t = A4, Then indeed D := (Ry, Ao, u, Z", Z"H1) € D.

The corresponding irreducible reduced affine root system is R* = {mc + a}mez.acry,
and the corresponding additional simple affine root is ag = ¢ — €; + €,41. There is no

nonreduced extension of R" involved since (A, a)) = Z for i € {0,...,n}. Hence R = R".
The fundamental weights @; = @} (1 < j < n) are given by

“IT T +1
Define for 1 < j < n + 1 the elements

(1 4+ +eu)tateat - +e.

W, =€+ -+ €.
The orthocomplement V+ of V in Z is Re,y1 and Al := AN VL = Zw@,,1. Then
@ € (w;+VH)NAY  Vjie{l,...,n}
Since —(Dag)™ = €1 — €,41 = Y5, & we conclude that
J=A{1,...,n}

The miniscule dominant weights in A? are thus given by
A = 25U (@5 + A9).
j=1

We have u(e;) = 7(€1)s1 - S,_15, in the extended affine Weyl group W ~ S, x Z"*!
(where Sj,+1 is the symmetric group in n + 1 letters). Note also that u(e;)(a;) = aj41 for
0 <j <nand u(er)(a,) = ap. In addition we have u(e;)? = u(w;) for 1 < j < n and
w(e))" ™ = w(@py1) = 7(Tpa1) in W. Hence Z ~ Q by m — u(e)™.

Observe that R = R" has one W (R")-orbit, hence also one W-orbit. The affine Hecke
algebra H(W(R); k) and the extended affine Hecke algebra H (k) = H(D; k) thus depends
on a single nonzero complex number k. Z acts on H(W (R); k) by algebra automorphisms,
where 1 € Z acts on T; by mapping it to T;,; (reading the subscript modulo n + 1). We
write Z x H(W(R); k) for the associated semidirect product algebra.

Proposition 3.26. (i) Z x HW(R);k) ~ H(k) by mapping the generator 1 € Z to
u(wy) = u(er).
(ii) For 1 <i<n+1 we have

Y& = 7_'2__11 s T271T171U(61)TnTn,1 s E
in H(k).
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We now turn to the explicit description of the Macdonald-Ruijsenaars g-difference oper-
ators and the orthogonality measure for the GL,,.; Macdonald polynomials.
The longest Weyl group element wy € Wy maps €; to €,,9; for 1 <i <n+ 1, hence

R'Nr(wow)R™ ={6, —e|1<r<n+1—-j&n+2—j<s<n+1}.
Write t; =t fort € Ty and 1 <7 < n+ 1. Then, for 1 < j < n we obtain

1— r2tt;!
11 ( )

Cricwsy 1) = =t

1<j<n+1—i
n+2—j<s<n+1

and consequently

(1 — k2t t;1)

D“’O%J - Z ( H H(l _ tTt_l) T(Z 6“”)q
Ic{1,...,n+1}: \rcl,s&l s
#I=n+1—j

-1
Kt — Kty
= — T €
Z (H t, — ts ) (Z r)q
Ic{1,...,n+1}: \rel,s¢l
=
for 1 < j < n by Proposition [3.18(i). These commutative g¢-difference operators were
introduced by Ruijsenaars [73] as the quantum Hamiltonians of a relativistic version of
the trigonometric quantum Calogero-Moser system. These operators also go by the name
(trigonometric) Ruijsenaars ¢-difference operators, or Ruijsenaars-Macdonald g-difference
operators.

The corresponding monic symmetric Macdonald polynomials { Py} ca+ are parametrized
by

A+:{)\€Zn+l | )\1 Z)\Qz 2)\n+1}-
The orthogonality weight function then becomes
(ti/t39)
vy(t) = —_
1§i7élj_£n+1 (H%i/tﬂ'; q)oo

The GLs; Macdonald polynomials are essentially the continuous g-ultraspherical polynomi-
als (see [I5, Chpt. 2] or [61} §6.3]),

2 Ao—A t
+ A4 K™, q . qta
P)\ (t) - t11t222¢1 (q1+)\2)\1//{27q7 /€2t1> s

for A = (A1, \) € Z? with \; > Xy, where we use standard notations for the basic
hypergeometric ¢, series (see, e.g., [2§]).
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3.8. Koornwinder polynomials. Take Z = V = R" with standard orthonormal basis
{e:},. We realize the root system Ry C V of type B,, as

Ro = {£e}im) U{Ee £ € <icicn

(all sign combinations allowed). The Wy-orbits are O; = {£e; + €;}1<icj<n and O, =
{z£e},. As an ordered basis of R, take

A0 - (ala o -aan—han) = (61 —€2,...,€p—1 — Enaen)'

Note that ZRy = Z". For n = 1 this should be interpreted as Ry = {£e;}, the root
system of type Aj, with basis element ¢;. We consider in this subsection the initial data
D = (Ry, Ao, t,Z™,7") € D.

The associated reduced affine root system is

m
R' = {EC + O‘}nEZ,ans U {mc + 5}mez,ﬁeol

(for n = 1 it should be read as R' = {%'¢ % €, } ez, the affine root system R' with Ry of
type A1). The associated ordered basis of R? is

1
A= (ao,al,...7an):(56—9,041,...,04”)

with 0 = ¢; = 2?21 a; the highest short root of Ry with respect to Ag. The affine root
system R' has three WW-orbits,

R =0, UO,U Os,
where (51 = Wag = (% +Z)c—|— O, @2 = Wa; = Zc+ O (where 1 < i < n) and
(53 =Wa, =Zc+ Oy. If n =1 then A = (ag,a1) = (%c —€1,€1) and R' has two W-orbits

(/9\1 and 63.
Note that (A,a)) = 2Z for i = 0 and i = n, hence S = {0,n} = 5% and

R = RtUW(QCLo) UW(QCLn) = @1 U@2U63U64U@5

with additional W-orbits @4 = 2(51 and @5 = 2@3. If n =1 then R has four W-orbits (7)\2
(i=1,2,4,5). Since D¢ = D we have R? = R, A= A and W =W.

Suppose that k € M(D) and ¢ € C* satisfy or . Fix 1 <7 < n. Then
Kk € M(D) is determined by five (four in case n = 1) independent numbers K, Ka,, Ka,, s K24,
and kg, . The corresponding Askey-Wilson [I] parameters are defined by

1 1 1 _
(3.17) (a,b,c,d, k) = (Ka, K24, , —FKa, "32;”7 42 KagK2ags —42 Kag /{2;0, /fgl)

(the parameter k is dropping out in case n = 1). The dual multiplicity function % on
RY = R is then determined by KL= Koy, ngi = Ko KD 1= Kq,, ngao ‘= Kag, and

K4, = Kqy. The corresponding Askey-Wilson parameters are

~ 7 ~ 37 -1 1 1 -1 .2
(a“v b’ ¢, d? k) = ("{an’iaoa “RanRag » 4% K2an K200 —4? K2a, Kogy /fai)'
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In terms of the original Askey-Wilson parameters this can be expressed as k =k and

(@.b.e.d) = (v Tabed, 2 2 4

\/q*labcd ¢q*1abcd \/q*1ade

Note that
—(Dag)®™ = 0¥ =2a) +2a) +---+2a) | +a.

Furthermore, denoting the fundamental weights of Ry with respect to the ordered basis A
by {w;},, we have

1
wnzé(el—i—---—i—en)gAd:Zn.

Consequently Jj\rd = (). Hence the only explicit Macdonald g-difference operator obtainable
from Corollary isD_g=D_.

Write
D=k}, > w(ene) (T(-wea), — 1),
weEWo /Wo, e,

so that D_., =D +m?, (v5,). Write t; =t for ¢ € Ty and 1 <7 < n. Since
1
Rt-i- N T(—El)Rt_ = {617 56 + 61} U {6]_ + 6]‘};‘122

(= {e1, 3¢+ e} if n = 1) it follows that

H;(lq)cr(q)(t) = /43;(161)661 —c—i—sl H Cey— ej Ce1+ej (t)

1 (1— atl)(l —bt1)(1 — ctr)(1 — dt1)

Vatabedkn! (1—#1)(1 —qt7)
(1 — ktyt; 1) (1 — ktsty)

8 H (1—tat; ) (1 —taty)

Jj=2

(3.18) =

For n = 1 the product over j is not present in (3.18). In particular, the operator D then
only depends on ¢ and on the four parameters a, b, ¢, d.
Hence D is Koornwinder’s [51] second order g-difference operator

D= e (A ey = )+ AT (e 1)

(1 —at;)(1 —bt;)(1 — ct;)(1 — dt;) H (1 — ktit;) (1 — kit )

(=21~ at?) L) -1, )

A; (t) =

with the obvious adjustment for n = 1, in which case D is the Askey-Wilson [I] second-
order g¢-difference operator (this derivation is due to Noumi [63]). The weight function
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v (t) becomes

:ﬁ (6. t:%49) T (trto tit%q)

(at;, at; ", bty bt; ", ety diy, dt; s q) (ktrts, Kt t51q)

i= 00 1<r#s<n

The dominant elements A™ in A are the partitions of length < n,

The corresponding monic symmetric Macdonald-Koornwinder polynomials { Py },ca+ are
the symmetric Koornwinder [51] polynomials.

For n = 1 the Koornwinder polynomials are the Askey-Wilson [I] polynomials. Con-
cretely, using standard notations for basic hypergeometric series (cf. [28]), for m € Z>o =

AT,

-m g™ Labed, at, at™?
Pi(t) = cstinads (q K 14,4

ab, ac, ad

where

(ab, ac, ad; q)m
am™ (qm—labcd; q)m

The Cherednik-Macdonald theory associated to the Askey-Wilson polynomials was worked
out in detail in [65].

cst,, =

Example 3.27. Consider the initial data D = (Ry, Ao, t,Z", P(Ry)) € D with the root
system Ry C R™ of type B,, (n > 2) and the ordered basis Ay both defined in terms of the
standard orthonormal basis {€;}1'_; of R™ as above. Compared to the Koornwinder setup
just discussed we have thus chosen a different lattice A® = P(Ry), which contains ZRy = 7"
as index two sublattice. Still S(D) = {0,n}, hence R is the nonreduced affine root system
with five Wy x Z"-orbits O (1 <i<5) as introduced above. But the number v = v(D) of
Wy x P(Ry)-orbits is three: they are given by (92, (91 U (’)3 and (94 U (95

On the other hand, R* = R' since S(D?) = 0, in particular R® is reduced. It has the

three W = Wy x Z"-orbits O; (i =1,2,3).

Remark 3.28. Consider the initial data D = (Ry, Ao, u,Z", Z") with (R, Ag) of type
B, (n > 3) as above. Compared to initial data D % := (Ry, Ag, t, Z", Z") related to
Koornwinder polynomials, we thus have only changed the type from twisted to untwisted.
Then R" is the affine root subsystem (92 U (93 of the affine root system RC " of type
CV(C, as defined above, and R = R(D) is the nonreduced irreducible affine root subsystem
O, U O3 U Os of R(DCP). The dual affine root system R? = R(D?) is the reduced
irreducible affine root subsystem R? = OQU(’)4U(’)5 (it is of untwisted type, with underlying
finite root system Ry of type C,). The Macdonald-Koornwinder theory associated to the
initial data D thus is the special case of the CVC, theory when the multiplicity function
k€ M(DC ) takes the value one at the two orbits @; = W(ag) and O, = W (2ao) of
RCCn\ R.
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3.9. Exceptional nonreduced rank two Macdonald-Koornwinder polynomials.
For this special case of the theory we take D = (Ry, Ao, u, ZRy, ZRy) with Ry C Z =V =
R? the root system of type Cy (it is more natural to view it as type Cy then of type Bs)
given by RO = Ro’s U R(),l with
Ros = {*£(e1 + &), £(e1 — )},
RO,[ = {:|:2€1, :i:2€2},
where {e1, €} is the standard orthonormal basis of R% As ordered basis take Ay =
(a1, 0) = (€1 — €9,2€3). Then ¢ = 2¢; and 6 = € + €5. Hence the simple affine root
ap of the associated reduced affine root system R* = Zc + Ry is ¢ — 2¢;. Then S = {1}
hence
R=R"U W(20él)
with W = W* = W, x ZRj. Then R has four W-orbits,
Wiag) = (2Z+ 1)c + Ry,
W) = Zc+ Ry s,
W(ag) = 27c + RO,Z;
W<20él) = 27c+ ZRO’S.
For the dual initial data D? = (RY, AY,u, ZRY,ZR,) we have R" = Zc + Ry and R? =
R U W4(2ay) with W¢ = Wud = W, x ZRy. The simple affine root ad of R* is ad =
¢ — €, — €. The four W¢orbits of R? are
Wd(ag) =(2Z+ 1)c+ Rg’s,
W(aY) = 2Zc + R&S,
W) = Ze + ngl,
W9(20y) = 2Zc + 2Ry,
Note that R ~ R? but not (R, A) ~ (R, A?).
Let k € M(D). We write

(3.19) {a,b,c,d} = {kgkag, —FKokiop , /ﬁi,qm%},
| (@ 5,8} = (Koo, oy 15, i}

(the dual parameters (a, b, ¢, d) are the parameters (a, b, ¢, d) with respect to the dual initial
data D?). We identify Tyzr, ~ (C*)? by t — (21, 22) := (t*1,t*2). The Wy-action on Typ,
then reads s1(z1,20) = (271, 2%25) and (21, 20) = (2122, 25 1), giving rise to a Wy-action
on C[Tyg,] ~ C[zi, 25! by algebra automorphisms. The weight function v, (21, 25) of
the associated symmetric Macdonald-Koornwinder polynomials is given by v, (21, 22) =
§(21,22)0(27 Y, 25 1) with

(21, 2123;4%) (2722, 225 4)

: 2 2 .2
(azh az1zz,bzy, bz 29; C])Oo (CZ1 22, €29, A2 22, d22; q )

d(z1,22) =

[e.9]
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The symmetric Macdonald- Koornwinder polynomials associated to the initial data D form
an orthogonal basis of (C[zfd, 210 with respect to the sesquilinear, positive pairing

le d22
(p, : 2 Zl, 22 Zl, 22)U+(21, Zz)——
mi)? |z1]=1 J |z2|=1 Z21 2o

on C[zf, 251" (note that the monic symmetric Macdonald-Koornwinder polynomials are

parametrized by the A\ = \je; + Agen € AT with the \; € Z satisfying A\; + Ay € 2Z and

A1 > A > 0).
The associated explicit Macdonald operator is D_.,. Indeed,
—(Dag)™ = —(Dag)" =€, = a) + ay
hence

Jzry = {i € {1,2} | w{ € ZRy} = {1}

since w{ = ¢ € ZRy and wd = %(61 + €) € ZRY. By a direct computation we obtain the
explicit expression

Kokgho(D_c, f)(21, 22) =A(21, 22) f(q21, 20) + A(21 1, 20) f(q 21, ¢ 22)
FA(z 2y 2 ) faz, 7P 2e) + Az 2y 22) fa 21, 22),
(1 —az1)(1 — az129)(1 — bzy)(1 — bz129)(1 — c2329) (1 — dzizy)
(1= 27)(1 = 2723)(1 — 2722) (1 — q2iz2) '

Az, 29) =

4. DOUBLE AFFINE HECKE ALGEBRAS AND NORMALIZED
MACDONALD-KOORNWINDER POLYNOMIALS

Cherednik’s [8, 0] double affine braid group and double affine Hecke algebra are funda-
mental for proving properties of the (non)symmetric Macdonald-Koornwinder polynomials
such as evaluation formula, duality and quadratic norms (see [11} [12]). We discuss these
results in this section.

The first part follows closely [32]. We define a double affine braid group and a double
affine Hecke algebra depending on ¢, on the initial data D and, in case of the double affine
Hecke algebra, on a choice of a multiplicity function k € M(D). We extend the duality
D s D? on initial data to an antiisomorphism of the associated double affine braid groups,
and to an algebra antiisomorphism of the associated double affine Hecke algebras (on the
dual side, the double affine Hecke algebra is taken with respect to the dual multiplicity
function k¢ € M(D?) as defined in Lemma . These antiisomorphisms are called
duality antiisomorphisms and find their origins in the work of Cherednik [11} [12] (see also
[37, [75, [61), 32] for further results and generalizations).

As a consequence of the duality antiisomorphism and of the theory of intertwiners we
first derive the evaluation formula and duality of the Macdonald-Koornwinder polynomi-
als following closely [12, 13| [75]. These results, together with quadratic norm formulas,
were first conjectured by Macdonald (see, e.g., [60, 57]). For Ry of type A the evaluation
formula and duality were proven by Koornwinder [50] by different methods (see [58] for a



MACDONALD-KOORNWINDER POLYNOMIALS 33

detailed account). Subsequently Cherednik [I1] established the evaluation formula and du-
ality when (A, A?) = (P(Ry), P(R%)). The CVC case was established using Koornwinder’s
[50] methods by van Diejen [21] for a suitable subset of multiplicity functions. Chered-
nik’s double affine Hecke algebra methods were extended to the CVC' case in the work of
Noumi [63] and Sahi [75], leading to the evaluation formula and duality for all multiplicity
functions. Our uniform approach is close to Haiman’s [32].

Following closely [12,[13] we use the duality antiisomorphism and intertwiners to establish
quadratic norm formulas for the (non)symmetric Macdonald-Koornwinder polynomials.

We fix throughout this section initial data D = (Ry, Ao, e, A,A?) € D, a deformation
parameter ¢ € R \ {1}, and a multiplicity function x € M(D).

4.1. Double affine braid groups, Weyl groups and Hecke algebras. Consider the
W-stable additive subgroup A:=A+Recof Z. In the following definition it is convenient
to write X (X € A) for the elements of A. In particular, X* X7 = X7 for 7€ A and
X0 =1.

We write A = A(R,A) and Ay = A(Ry, Ay). The generators of the affine braid group
B* = B(A) are denoted by Ty, T1,...,T,, the generators of By = B(Ag) by Ti,...,T,.
Recall that elements T, € B (w € W*) and T, € By (w € Wj) can be defined using reduced
expressions of w in the Coxeter groups W* = W(A®*) and W, = W(A), respectively.
Recall furthermore that B = B(D) ~ Q x B* denotes the extended affine braid group (cf.
Definition [2.17)).

Definition 4.1. The double affine braid group B = B(D) is the group generated by the
groups B and A together with the relations:

(4.1) T,X> = X7,
if A€ N and 0 <i < n such that (X, al) = 0;

(4.2) T,X°T, = X*
if A€ N and 0 < i< n such that (X, al) =1;

(4.3) wX* = Xy
z'f/)\\EK and w € €.

Note that X®¢ is contained in ‘the center of B. It is not necessarily true that any element
g € B can be written as g = bX* (or g = X*b) with b € B and X € A. The cases that this
possibly fails to be true is if S(D) # 0 (these are the cases for which R # R®, i.e. for which
nonreduced extensions of R® play a role in the theory, cf. Subsection [2.4). Straightening
the elements of B is always possible as soon as quotients to double affine Weyl groups and
double affine Hecke algebras are taken, as we shall see in a moment.

Recall from Subsection the construction of commuting group elements Y € B (£ €
A?). Tt leads to a presentation of B in terms of the group A? (with its elements denoted by
Y* (€ € AY)) and the braid group By = B(Ay), see e.g. [61], §3.3]. On the level of double
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affine braid groups it implies the following alternative presentation of B (recall that Dag
equals —p if @ =wu and —0 if @ =1¢).

Proposition 4.2. The doAuble affine braid group B is isomorphic to the group generated
by the groups By, A? and A, satisfying for 1 <i <n, A€ A and £ € A?,
(a) X% is contained in the center,
(b) LY T, =TY ¢ if (&af) =0,
2. T;X* = X T if (\, o)) =0,
(c) 1. TY T, =Y % 4f (£,adV) =1,
2. ;X T, = X5 if (\, o)) = 1,
(d) if (A, af) =0,
(Y—(Dao)dT—l )XA _ X)\(Y_(Dao)dT—l )’

SDCLO SDH.O

(e) if (\ay) =1,
(Yf(Dao)del )X)\ (Yf(Dao)del ) _ pBiOXSDGOA

$Dag SDag
where po, == X*¢ for a € Ry.
Recall that u(n) € W ~ Wj x A? denotes the element of minimal length in 7(n)W, for

all n € A% Then u(n) = 7(n)v(n)~* with v(n) € W, the element of minimal length such
that v(n)n = n_. Recall furthermore that Q = {u(¢)|& € A%E .

The identification of the two different sets of generators of B then is as follows: Ty =
Y*(D“O)dTS*Dla0 and u(§) = YéTv_(gl) for ¢ € A%L . Conversely, for & = i — 7y € A? with
1 € AT, YE =Y (y™) ™ and

Y = TT(775) — wﬂ1ﬂ2 Ce ﬂr

if 7(ns) = ws; Siy -+ - 84, € W is a reduced expression (w € 2 and 0 < 7; < n).
Recall the set S = S(D) given by ([2.5). Write

(4.4) Vi=X"“T'eB Vies.
Recall furthermore that R = R* U |J,. W*(2a;).

Definition 4.3. (i) The double affine Weyl group W = W(D) is the quotient of B by the
normal subgroup generated by T7 (j € {0,...,n}) and V? (i € S).

(ii) The double affine Hecke algebra H(k,q) = H(D;k,q) is C[]B%]/f,{,q, where Z{,q is the
two-sided ideal of C[B] generated by X" —q" (r € R), (T; — ;) (T;+ ;") ( €{0,...,n})
and (V; — kaq,) (Vi + k3a.) (i € S).

Recall that W acts on A by group automorphisms.

Proposition 4.4. W ~ IV x A
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For the double affine Hecke algebra, note that we have canonical algebra homomorphlsms

H(k*) — H(FL q) and C[A] — H(k,q). We write A, X’\ and X* for the images of h € H,
X* e C[A] ()\ € A) and X* € C[A] (A € A) in H(k, q) respectively. Define a linear map
m: H(k*) ®@c C[A] — H(k, q)
by m(h®X)‘) .= hX* for h € H(k) and A € A.
If X = A+ rc € A then we interpret e, as the endomorphism of C[Ty] by

(eqp) (t) := t’\p(t) = q"t*p(t), reR, AeA.

Theorem 4.5. (i) We have a unique algebra monomorphism H(k,q) — Endc(C[T}])
defined by

hs meg(h)  VheH(k),

XN eg V2 €A.

(ii) The linear map m defines a complex linear isomorphism H(k®) @c C[A] — H(k, q).
To simplify notations, we omit tlg\e tilde when writing the elements in H. With this

convention X(;\ =q¢"X* in H(k,q) if \ = X +re.

Together with the Bernstein-Zelevinsky presentation of the extended affine Hecke algebra
H(k*®) (see Subsection we conclude that

ClTha] ®c Ho(k|r,) ®c C[Ta] ~ H(k, q)

as complex vector spaces by mapping ¢¢ ® h ® e* to YShX?* (¢ € A4, h € Hy(k|gr,) and
A € A). This is the Poincaré-Birkhoff-Witt property of the double affine Hecke algebra
H(x, q).

The dual version of the Lusztig relations (3.2)) and (3.3)), now also including a commuta-
tion relation for T, is given as follows. Write p(X) € H(k, ¢q) for the element corresponding
to p € C[Ty]. In other words, p(X) = >y cx XM if p(t) = D0\ cp oat™

Corollary 4.6. Let 0 < i <n and p € C[Tp] C H(k,q). Then

(45)  Tp(X) = (i) (X)T: = <_ TEX

’{2a )Xaz
) (P(X) = (si4p) (X))

in H(k,q).

4.2. Duality antiisomorphism. Recall that we have associated to D = (Rg, Ao, ®, A, A9)
the dual initial data D? = (RJ, AZ, e, A% A), see (2.8).

We define the dual double affine braid group by B? := B(D?). We add a superscript d
to elements of B? if confusion may arise. So we write 9Y* (XA € A), ¢X¢ (¢ € AY) and T2
(0 <4 < n)in B% The group generators T (1 < i < n) of the homomorphic image of B,
in B? will usually be written without superscripts.

Recall that Day = —¢ (respectively —0) if ® = wu (respectively e = t). We have
so = T(—(Dag)?)spe, € W* C W and Ty = Y*(D“O)dTS’D{L0 € B. Dually, D(ad) = -0,



36 J.V. STOKMAN

s =171(0)sg € W¥and T¢ = Y9T$;1 € B9. The following result, in the present generality, is
from [32, §4] (in [32] the duality isomorphism is constructed, which is related to the duality
antiisomorphism below via an elementary antiisomorphism). See also [11], 12} 37, [75] [61]
for special cases.

Theorem 4.7. There exists a unique antiisomorphism 6 : B — B? satisfying

§(X7) = X" VreR,

§(Y¢) =9x"¢ VEe A,

§(T;) =T, Vie{l,...,n},
§(XY) =9y VAeA

Note that ¢ = 6!, where §¢ is the duality antiisomorphism with respect to the dual
initial data D<.

Recall that for A € A, v()) is the element in Wy of smallest length such that A_ = v(A)A.
Then 7(\) = u?(N)v(A\) in W2 where u?()\) is the shortest element (with respect to the
length function [? on W) of the coset 7(A)Wy in W2 Then Q = {u?(A) |\ € A}, } and
in B¢,

WA =ul(NT,0

hence

in B. On the other hand, 7(6) = sdsy and 14(7(0)) = l(s¢) + 1, hence
Tod — dYeTngl

in B¢ and

ST =T, ' X’

So
in B.

The next result shows that the duality antiisomorphism from Theorem descends to
an antiisomorphism between double affine Hecke algebras. In order to do so, we use the
isomorphism M — M¢ from the complex torus M = M (D) onto M?¢ = M(D?) from
Lemma 2.13

Theorem 4.8. The antiisomorphism § : B — B? descends to an antiisomorphism ¢ :
H(k, q) — H*(x?, q) := H(D% r, q).

For instance, the cross relations in H(k,q) for i € {1,...,n} match with the the
cross relations in H¢(k%, q) through the antiisomorphism §. Note that 6% = 6! also
on the level of the double affine Hecke algebra, where §¢ is the duality antiisomorphism
with respect to the dual data (D?, x%).
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4.3. Evaluation formulas. We follow closely the arguments from [12] (which relates to
the special case that (A, A?) = (P(Ry), P(R3))). See also [79, [61], 32]. We assume in this
subsection that ¢ and K € M(D) satisfy either or (3.6). Then we have the monic
nonsymmetric Macdonald-Koornwinder polynomials P, € C[T] (A € A) associated to
(D, k,q), as well as the dual monic nonsymmetric Macdonald-Koornwinder polynomials
P¢ e C[Tyd] (& € AY) associated to (D4, k%, q).

Write 'yg’q = Ye4(D% k%) € Ty (€ € AY) for the spectral points with respect to the dual
initial data (D%, k%, q). Concretely, they are given by

C‘{d\/ 0{\/
2, =gt T fonea™
aGRg
1 1 1 1
with %v, = (mid)i(mzachrad)i = kér3, for a € R§.
Cherednik’s basic representations
TDiyg : H(K") < Endc (C[T4]),
Ty : H(k™) < Endg (C[Tha))
extend to algebra maps
7 : H(k, q) — End¢ (C[TA]),
7 H(k?, q) — Endc (C[Thd))
by %(qu) = eg for A € A and %d(ng) = eg for £ € Ad,
Note that .
’yg,q = H dUa_a S TA7 Y0, = H U;a S TAd.

aERY aERY
Definition 4.9. Define evaluation maps Ev : H(k, q) — C and Ev® : “H(k?,q) — C by
Ev(Z):= (R(2)1)("5,),  Z € H(k,q),
Ev(Z) .= (RUZ)1)(n0,),  Z € HY(x",q).

The following lemma is crucial for the duality of the (nonsymmetric) Macdonald-Koornwinder
polynomials.

Lemma 4.10. For all Z € H(k,q),
Ev4(§(Z)) = Ev(Z).
Write H = H(k, q) and H? = H%(x%, q). Define bilinear forms
B:-HxH'—=C, B(ZZ)=Ev(6%2)Z),
B':H'xH—C, BYZ Z)=Ev§(2)Z)
for Z € H and Z € HX.
Corollary 4.11. B(Z,Z) = BYZ,Z) for all Z € H and all Z € H.
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The following elementary lemma provides convenient tools to derive the evaluation for-
mula for nonsymmetric Macdonald-Koornwinder polynomials.

Lemma 4.12. Let p € C[Ty], p € C[Thd], Z, 71, %, € H and Z, 2y, Zo € H. Then

(i) B(lezjg) = B(Z,6(Z1)Z).

(ii) B(ZT;,Z) = k:B(Z,Z) for 0 < i <n.
(iii) B((#(2)(p))(X), Z) = B(Zp(X), Z).

Lemma and Corollary imply
Proposition 4.13. (i) For £ € A? and p € C[T}],
P (100)p(7E,) = B(p, FY).
(ii) For A € A and p € C[Tpal,
PA(46,0)6(7nq) = B (P, P)).
Corollary 4.14 (duality). For A € A and £ € A? we have

Pé(v0.0)Pr(7e ) = Px(16.0) P (7aq)-

The next aim is to explicitly evaluate Ev(Py) = Px(v{,)-

Using the results on the pairing B above and using Proposition [3.5] one first derives
an important intermediate result which shows how the action of generators of the double
affine Hecke algebra on monic nonsymmetric Macdonald-Koornwinder polynomials P, can
be explicitly expressed in terms of an action on the degree A € A of P,.

Recall that W< acts on A by (wr(A\), ) = w(A+ X) (w € Wy and \, N € A).

Proposition 4.15. (i) If sIA = X for 1 <i <n then
7(T;) Py = kI Ps.
(ii) If siX = X then
T(ONT)) Py = KLPy.
(iii) Let A € A}, then
%(5d<ud()\)))1 - K’g()\)P*)\_'
(iv) Suppose 1 <i <mn, A € A such that (\,a)) > 0. Then
{— (R (g = d

d —1\ %
Ky — K ad) )Y
7(T;) Py = ( 20 M)PA + (k) Py,

(v) Suppose X\ € A such that al(\) > 0. Then

d_ (ndy—1 d _ (pd -1 —4
Ko (K()) + ("izag </€2ag> >q‘97>\7q P + d ( d )_1P

5 _2pd A H’v(sg)\) KUO\) 38)‘

L= a7 g

(note that al = pge — 0% = pg(c — 0¥) and six = X+ (1 — (X, 0Y))0).

A )= (

The proposition gives the following recursion relations for Ev(Py) = Py(7§,,)-
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Corollary 4.16. (i) If A € A}, then
Ev(Py) = ()"
(ii) If AN e A, 1 <i<n and al(\) > 0 then

1— wled ~2 (1 df.d -1
( K; "fgad%\,q)( + K (K’Qad) 'Y,\,q>
Ev(P,) = : : Ev(Py).

2a¢
(]' - fy/\,qz)

(iii) If A € A and ad(\) > 0 then

_pd pd
) (1— qugﬁgag%\g )1+ qe“ﬁ(’ig g) 1%\2 )
_di)

Bv(Pyy) = (5) w0 (K gan) ™ Ev(Py).

(1 —g37,
Recall the definition ¢, = ¢(+; D) € C(Ty) for a € R® from (3.10). The dual version is

denoted by ¢ = ¢#“4(.; DY) (a € R%). Concretely, for a € R?, ¢4 € C(Tya) is given by

(1 — rarsaty) (1 + kg (k3,) " 't0)

d
cs(t) == -
1—t2

We also set for w € W¢,
S H ¢ € C(Tya).
acRI®+tNw—1(Rd*:~)

An induction argument gives now the explicit evaluation formula for the nonsymmetric
Macdonald-Koornwinder polynomials (see [12} [79] 61]).

Theorem 4.17. For A € A we have
EV(PA) = (’%i()\))ilcid()\) (V0,4)-

4.4. Normalized nonsymmetric Macdonald-Koornwinder polynomials and dual-
ity. The treatment in this subsection is close to [12] and [79], which deal with the case that
(A, A = (P(RO) P(Rd)) and CVC' case, respectively. We assume that ¢ and kK € M(D)

satisfy (3.5 or . Then
PA(’Yg,q) #0 & Pgd(’Yo,q) #0

for all A € A and ¢ € A? in view of the evaluation formula (Theorem 4.17)).
Recall the Macdonald-Koornwinder polynomials Py € C[Ty] (A € A) and Pg € C[Tpd]

(€ € A?) satisfy
T(p(Y)) Py = p(rg) Pr,
()P =r(e, P

for all p € C[Ta] and r € C[T]. This motivates the following notation for the normalized
nonsymmetric Macdonald-Koornwinder polynomials.
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Definition 4.18. The normalized nonsymmetric Macdonald-Koornwinder polynomials are

defined by

_ Py
E(%\,;; )= PA(”yg ) € C[Ty], AEA
a
and ;
EU(f) ) = o €ClTh], €€ A%
’ Pg (70,q)

We denote by E°(ya4;-) € C[Tj] the normalized Macdonald-Koornwinder polynomial
with respect to the inverted parameters (x~',¢~') (and similarly for E%(+¢ ;).

For A € A we have E (7/\_,;; vqu) = 1. From the previous subsection we immediately get
the self-duality of the normalized nonsymmetric Macdonald-Koornwinder polynomials (cf.
[12, [75, 61, 32]).

Corollary 4.19. For all p € C[T}], r € C[Txa], X € A and & € A?,
B(p, E(v¢ ;") = p(4,),
B(E(Y34:):7) = 1(4)-
In particular, E(y;;;yg,q) = Ed(yg’q_l;%Hq) for all X € A and v € A
4.5. Polynomial Fourier transform. For the remainder of the text we assume that the
parameters ¢ and k € M(D) satisfy the more restrictive parameter conditions (3.9)).

In order to compute the norms of the normalized nonsymmetric Macdonald-Koornwinder
polynomials it is convenient to formulate the explicit formulas from Proposition in
terms of properties of a Fourier transform whose kernel is given by the normalized nonsym-

metric Macdonald-Koornwinder polynomial. For this we first need to consider the adjoint
of the double affine Hecke algebra action with respect to the sesquilinear form

(rpa) = [ Ot pipa € T

and express it in terms of an explicit antilinear antiisomorphism of the double affine Hecke
algebra.

Lemma 4.20. There erists a unique antilinear antialgebra isomorphism * : H(k,q) —
H(k™t, ¢71) satisfying T} = T;1 (w € W) and (X))} = X* (A € A). In addition,
<%n,q(h)p17p2> = <p17%/i—1,q—1(hi)p2>
for all h € H.
Define
S:={mg | A€ A} CTha,
Sti={y, | €€ N} C Ty,

and write F(S) (respectively F(S9)) for the space of finitely supported complex valued
functions on S (respectively S?). The following lemma follows easily from the results in
Subsection [2.2 and from Proposition [3.5
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Lemma 4.21. There exists a unique algebra homomorphism p® : H? — Endc(F(S))
satisfying for 0 <1 < n,

(P(TH9) (ng) = Kg(1ag) + (ﬁf)*lczgz(’Vx,q)(g(%gx,q) —9(ng)) i SIAE N,
(PUTH9) (aq) = K{9(ng) if SIA = A,

and satisfying for w € Q4,

(P'(@)9)(7n0) = 9(rm100)
and for € € A4,
(X)) (1rq) = 75.09(V0a)-
Definition 4.22. We define the complex linear map
F :ClT)] — F(S)
by
(Fp)(v) == (p. E°(7:+)),  peC[ly), v€S.

For generators X € H and p € C[T)]| we can re-express F(7(X)p) as an explicit linear
operator acting on Fp € F(S) using Lemma [4.20] Proposition and Theorem [£.17]
It gives the following result (the first part of the theorem follows easily from the duality
antiisomorphism).

Theorem 4.23. (i) The following formulas define an algebra isomorphism ® : H — H¢,

o(T;) = T, 1<i<n,
®(T,,' X %) =T¢,
CI)(T&}\)—lXiA) = ud()\>717 A€ A:r_zma
P(YE) =4X7¢, ¢ e

(ii) We have for all h € H,
Fom(h) = p*(®(h)) o F.

4.6. Intertwiners and norm formulas. Define for 0 <i < n,
4= [T, 1X%) e HY,
and % := w € H? (w € Q4). The following theorem extends results from [13} [75] [79].

Theorem 4.24. For a reduced expression w = wsf st ---s¢ € W (weQ? 0<1i; <n),
the expression
18 =101trd - 1t e o
is well defined (independent of the choice of reduced expression). In addition,
7(I%) =1 - w, € Ende(C[Tya]),
where rd = [Tocare+ruwre-) rd € C[Tha] and r? € C[Tha] is defined by

ra(t) = (k) ™' (1 = rgrdate) (1 + Kg(K,)~tg)
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fort € Tya. In addition, in H?,

Lpli = 1 (1X) (weri-1) (1 X)
and

Iip(*X) = (wep) (“X) 1,
for all p € C[Tya].
The I¢ € H? (w € WY) are called the dual intertwiners. The intertwiners are defined by

T, =641 eH, —weWw!

Then in H,
LTy = 13, (Y ") (werg-)(Y ™)
and
p(Y ™)Ly = Zu(wep) (Y )

for all p € C[Ta4]. Proposition and Theorem [1.17] give the following result.
Proposition 4.25. (i) If A € A and 0 < i < n satisfy sé\ # X then

—~ _ —ad o
FLE(rg ) =Yg Tar () E(Vgy 3 7)-
(ii) If A € A and 0 < i < n satisfy sé\ = X then
AT E(vag;) = 0.

d

(iii) Ifw € Q¢ and X\ € A then
R(Zo)E(Vagi ) = E( R0 5)-

This proposition shows that intertwiners can be used to create the nonsymmetric Macdonald-
Koornwinder polynomial from the the constant polynomial E(v, ;; ) =1 (cf, eg., [61]
§5.10]). We explore now this observation to express the norms of the nonsymmetric
Macdonald-Koornwinder in terms of the nonzero constant term

c(d,
(1,1)—/Tuv(t)dt— ;VW’O) /T vy (£)dt.

The constant term (1,1) is a g-analog and root system generalization of the Selberg in-
tegral, whose explicit evaluation was conjectured by Macdonald [60] in case (A, A?) =
(P(Ry), P(R2)). By various methods it was evaluated in special cases (for references we re-
fer to the detailed discussions in [60, 9]). A uniform proof in case (A, A?) = (P(Ry), P(RY))
using shift operators was given in [9, Thm. 0.1] (see [79] for the CVC' case).

Write for A € A,

(E(Yxgi)s B (7ag5 7))

(4.6) N = Y
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We write
e H ¢ e C[Tyd],
a€Rd®+tNw—1(Rd*—)
A= H ¢, € C[Thd]

acRd®+Nw—1(Rd®—)

for w € W (warning: ¢ (t) = ¢ (¢t71) is only valid if w € Wy). Part (i) of the following
theorem should be compared with [I5] Prop. 3.4.1] and [61) (5.2.11)] (it originates from
[12] in case (A,A%) = (P(Ry), P(R%)) and [75 [79] in the CVC case). The first part of
the theorem follows from Proposition and the fact that the intertwiners behave nicely
with respect to the antiinvolution * (see Lemma [4.20)): for all 0 < i < n,
I, =1,
in H(x™t,¢!) and for all w € Q%
TP =T,

in H(k™',¢7!). The second part of the theorem is immediate from the first and from the

biorthogonality of the nonsymmetric Macdonald-Koornwinder polynomials (see Theorem

3.13)).

Theorem 4.26. (i) For A € A,

d

Cud(n) (70,4)

N(A) = cd—()’
ud(\)\ V0,

which is nonzero for all A € A.
(i) The transform F : C[TA] — F(S) is a linear bijection with inverse G : F(S) — C[T}]
given by

(GN)(t) =

for f € F(S) and t € Ty.
Combined with the evaluation formula (Theorem [4.17)) we get

Corollary 4.27. For all A € A,

<PA7 Po) 2
(1 1; - ("@Z«i(x)) ng(x)(%,q)ciud(n(’Yo,q).

ﬁzNu)—lm,q)Ew;;;t)
’ AEA

4.7. Normalized symmetric Macdonald-Koornwinder polynomials. We keep the
same assumptions on ¢ and on k € M(D) as in the previous subsection. The results in
this subsection are from [12] in case (A, A?) = (P(Ry), P(RY)) and from [75, [79] in the
CVC case.

For A € A~ define

E*(y54:+) € CITA™
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by

E¥(5g07) = Tra(CH)E (75,4 ):
where (recall)

1
Cy = =——— Kw -
ZU)GWO K/%U UIEZVVO
We call E*(%:;; -) the normalized symmetric Macdonald-Koornwinder polynomial of de-
gree A € A™.
Lemma 4.28. (i) For allw € Wy and A € A~
(4.7) E*(5g17) = R(COE (1 45)-
(i) E* (g6, =1 for all X e A™.
(iii) {E*(%:;; Vhrea- is a basis of C[TA)" satisfying, for all p € C[Tya)"?,
Dy(E* (75 i) = PO ET (ki ) = (@00 BT (e -

(iv) For all A € A,
Py ()

EY(ei) = 50—~
Py (78,

A
(iv) For all A\ € A~ and £ € A%,
~1..d\ _ mtdd-1.
E™(75g3ea) = BT (Veq 5 00)-
As before we write superindex o to indicate that the parameters (k, q) are inverted. The
nonsymmetric and symmetric Macdonald-Koornwinder polynomials with inverted param-
eters (k71,¢!) can be explicitly expressed in terms of the ones with parameters (x,q).

The result is as follows (see [15, §3.3.2] for (A, A?) = (P(Ry), P(RY)) and [82, (2.5)] in the
twisted case).

Proposition 4.29. (i) For all A € A,
E° (Vg5 t7h) = K;s (ﬁmq(Two)E('?’juo)\,q; )) (t)

in C[Ty], where wy € Wy is the longest Weyl group element and t € Ty.
(ii) For all X € A~ we have

E*°(mgit™) = BT (v gagi b

E*°(yagit) = BT (7505t
m C[TA]WO.

Using intertwiners or Proposition |4.15|it is now possible to expand the normalized sym-
metric Macdonald-Koornwinder polynomials in nonsymmetric ones. This in turn leads to
an explicit expression of the quadratic norms of the symmetric Macdonald-Koornwinder
polynomials in terms of the nonsymmetric ones. Recall the rational function C(-) =
C(-; D;k,q) € C(Ty) from (3.14). We write C¥(-) = C(-; D% k%, q) € C(Ta) for its dual

version.
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Theorem 4.30. (i) For A € A~ we have

(4.8) P): (t)= Z H Ci(%\,q) Pu().

HEWOA a€RT M(p)Ry

(ii) For A € A~ we have

d
E+(’Y_1't) — Z C (P)/'u”q)E(’y_l't).
il = 2 Gty PO

(iii) For A\, € A~ we have
(Bt (g ) B (g Ne 5, CUgN(N)
(1, D+ " C(04)
where <p7 T>+ = fTK p(t)mv-f-(t)dt'

As a consequence we get the following explicit evaluation formulas and quadratic norm
formulas for the monic symmetric Macdonald-Koornwinder polynomials. Set

(E*(Yagi ) E (g N+
<17 1>+ ’
Corollary 4.31. (i) For A € A~ we have

NT(\) = AeA.

p+ (’yd ) = Cd(%’q)cf()\) (70,0)
000 = Gy
(ii) For A e A—,
n Cd(%\,q)ciT(A) (70.0)
NT(\) = — y :
C(0.0)7 ) (V0.4)

Remark 4.32. For A € A~
SO NG = N

neEWp A

5. EXPLICIT EVALUATION AND NORM FORMULAS

We rewrite in this subsection the explicit evaluation formulas and the quadratic norm
espressions for the symmetric Macdonald-Koornwinder polynomials in terms of g-shifted
factorials (3.11)). The explicit formulas for the GL, 1 symmetric Macdonald polynomials
(see Subsection can be immediately obtained as special cases of the explicit formulas
below. We keep the conditions on the parameters (k, q).
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5.1. The twisted cases. In case we have initial data D = (Rg, Ay, @, A, A?) with e = ¢
the evaluation and norm formulas take the following explicit form.

Corollary 5.1. (i) Suppose ¢ =t and S = ) = S Then R = R* = R, k = k% and
Empacta = Ko for allm € Z and oo € Ry. Then for all A € A~

(K803 9) _p vy

N 70, =7 o sy
SR g (Youg ) _(r
1 — 0 ) (dakia 03 90) _rav)

—(\aY)  — —a,
1—ga ™ yge ) (R0 0a) o)

Y

NTN) = (

(ii) Suppose @ = t and (A,A?) = (ZRy,ZRy) (the CVC case), realized concretely as in
Subsection . Recall the relabelling of the multiplicity functions k and k¢ given by k =
KJ?O =k and

{CL, b7 C, d} = {"19’%297 _Keligglu doRoKR2ag _QGHO'“G;;O},

~ 7 ~ N -1 -1
{a, b,c, d} = {'ialio, —Roky  qoR20K2ay), —qwzoligao}-

Then for A € A= we have

(K270 40) _(\ v
P06, = (i) [T s

O‘ER(JJr,l (70_,3; qsﬂ)—(A,aV)

< 11

O‘ER({S

(@osg D0 D0 055 98) _ n. 2
(00"198) _x.av)

and

L=\ (9R5™05590) ey
NTO) = (i) ] ( o) ) —

A, —« .
I —qp “ Y0,q (ki%,q ) qé@)_(,\,av)

Y

T ( 1— 5 2e )(qga o, b, e e, qad s d) (V)2

AaY) 9 — _ _ —a.
1-— qa 2 )’702 (a’yo,q ) bfyo,q ) C/VO,q ) dIYO,q ) QQ) —(MaVv)/2

aER({S
where Ry s C Ry (respectively Ry, C Ry) are the short (respectively long) roots in Ry. In
addition, q, = qj.

The formulas in the intermediate case @ = t and S = ) # S? (or S # () = S%) are
special cases of the CVC' case (by choosing an appropriate specialization of the multiplicity
function).
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5.2. The untwisted cases. If the initial data is of the form D = (R, Ao, u, A, A?) then
there are essentially two cases to consider, namely the case that S = () = S¢ and the
exceptional rank two case (see Subsection . Indeed, the cases corresponding to a
nonreduced extension of the untwisted affine root system with underlying finite root system
Ry of type B,, (n > 3) or BC,, (n > 1) are special cases of the twisted CVC,, case.

Corollary 5.2. (i) Suppose @ = u and S = () = S%. Then R = Zc + Ry, R = Zc + Ry
and Kpmera = Ko = f-@ﬁwrav for allm € Z and o € Ry. Then for all A € A,

Y
( 3’70;1 ;Q)_(A7QV)
ot (Yosg 39)_ra)
Y -2, —aV,

- T (i) s e

4 —naV).—aVY —aVv, :

acRt l—gq A, )’70,11 ("%%,q ’Q)_()Hav)
(ii) Suppose D = (Ry, Ao, u, ZRy, ZRY) with Ry of type Csq, realized concretely as in Sub-

section . Recall the relabelling of the multiplicity functions r and k% given by ([3.19).
Then for A € A= we have

d -\
P)-\:_ (70,q) = Yo,q

Y

v o~

~—aV T —aV, ~ —B A
Py () =)™ 11 (D05 D0g 1 8) vy I1 (@00 20100 30)_000

achy, ('70,3 §q)f(A,QV) BeRY, (7&26v7q) (\,8Y)
and
NT(A) = (45 ) H <1 jo_’v%vw) (q%il%,qv’qzdfl%_gv;qQ)—(A,av)/?
achy, — 4 g (670,q =d70,q ha?) —(hav)/2
seRt, 7,q (a%,q Ny ;Q)_WV)

where Ry s C Ry (respectively Ry, C Ry) are the short (respectively long) roots in Ry.

6. APPENDIX ON AFFINE ROOT SYSTEMS

6.1. Affine root systems. The main reference for this subsection is Macdonald [56].

Let E be a real affine space with the associated space of translations V' of dimension
n > 1. Fix a real scalar product (-,-) on V and set [v]* = (v,v) for all v € V. It turns E
into a metric space, called an affine Euclidean space [4], §3].

A map ¥V : ' — FE is called an affine linear endomorphism of F if there exists a linear
endomorphism dV¥ of V such that W(e 4+ v) = ¥U(e) + d¥(v) for all e € F and all v € V.
Set O(E) for the group of affine linear isometric automorphisms of E. Let 75 : V' — O(FE)
be the group monomorphism defined by 75(v)(e) = e + v. Then we have a short exact
sequence of groups

75(V) < O(E) % O(V).
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For a subgroup W C O(FE) let Ly C V be the additive subgroup such that 7x(Lw) =
Ker(d|w).

Set E for the real n + 1-dimensional vector space of affine linear functions a : £ — R.
Let ¢ € E be the constant function one. The gradient of an affine linear function a € E
is the unique vector Da € V such that a(e + v) = a(e) + (Da,v) for all e € E and v € V.
The gradient map D : E—Vis linear, surjective, with kernel consisting of the constant

functions on AE .
For a,b € E set

(a, b) = (Da, Db),

which defines a semi-positive definite symmetric bilinear form on E. The radical consists
of the constant functions on E. We write |a|? := (a,a) for a € E. Let O(E) be the form-
preserving linear automorphisms of E and OC(E) its subgroup of automorphisms fixing the
constant functions. N R

The contragredient action of g € O(F) on E, given by (ga)(e) := a(g'e) (a € E, e € E),
realizes a group isomorphism O(E) ~ O,(E). Note that 75(v)a = a — (Da,v)c for a € E
and v eV. R R

A vector a € F is called nonisotropic if Da # 0. For a nonisotropic vector a € F let
se 1 E — E be the orthogonal reflection in the affine hyperplane a=1(0) of E. It is explicitly
given by

sa(€) = e —ale)Da”, ee€E,

where vV := 2v/|v|? € V is the covector of v € V \ {0}. Viewed as element of O.(E) it
reads
5q(b) = b — (a”,b)a, be F,

where a" := 2a/|a|? € E is the covector of a. For a subset R of nonisotropic vectors in

E let W(R) be the subgroup of O(E) ~ O,(E) generated by the orthogonal reflections s,
(a € R).

Definition 6.1. A set R of nonisotropic vectors in E is an affine root system on E if
(1) R spans E,
(2) W(R) stabilizes R,
(3) (a¥,b) € Z for all a,b € R,
(4) W(R) acts properly on E (i.e., if K1 and Ky are two compact subsets of E then
w(Ky) N Ky # 0 for at most finitely many w € W(R)),
(5) Lwr) spans V.

The elements a € R are called affine roots. The group W (R) is called the affine Weyl
group of R. The real dimension n of V' is the rank of R.

Definition 6.2. Let R be an affine root system on E. A nonempty subset R' C R is called
an affine root subsystem if W(R') stabilizes R" and if Ly gy generates the real span V' of
the set {Da}acr of gradients of R' in V.
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Remark 6.3. With the notations from the previous definitions, let E’ be the V'*-orbits of
E, where V'* is the orthocomplement of V'’ in V. It is an affine Euclidean space with V"’
the associated space of translations and with norm induced by the scalar product on V’.
Let F' C E be the real span of R'. Then F = E’ with form-preserving linear isomorphism
a +— a' defined by a'(e + V'*) := a(e) for all @ € F and e € E. With this identification R’
is an affine root system on E’. Furthermore, the corresponding affine Weyl group W (R')
is isomorphic to the subgroup of W(R) C O(E) generated by the orthogonal reflections s,
(a € R').

We call an affine root system R irreducible if it cannot be written as a nontrivial or-
thogonal disjoint union R’ U R” (orthogonal meaning that (a,b) = 0 for all a« € R’ and
all b € R”). It is called reducible otherwise. In that case both R’ and R” are affine root
subsystems of R. Each affine root system is an orthogonal disjoint union of irreducible
affine root subsystems (cf. [56, §3]).

Remark 6.4. Macdonald’s [56, §2] definition of an affine root system is (1)-(4) of Definition
. Careful analysis reveals that Macdonald tacitly assumes condition (5), which only
follows from the four axioms (1)-(4) if R is irreducible. Mark Reeder independently noted
that an extra condition besides (1)-(4) is needed in order to avoid examples of affine root
systems given as an orthogonal disjoint union of an affine root system R’ and a finite
crystallographic root system R’ (compare, on the level of affine Weyl groups, with [3]
Chpt. V, §3] and [4, §1.3]). Mark Reeder proposes to add to (1)-(4) the axiom that
for each o € D(R) there exists at least two affine roots with gradient a. The resulting
definition is equivalent to Definition [6.1] as well as to the notion of an échelonnage from
[4, (1.4.1)] (take here [4, (1.3.2)] into account).

An affine root system R is called reduced if RaNR = {+£a} for all « € R, and nonreduced
otherwise. If R is nonreduced then R = R U R*™ with R™ (respectively R*“"™) the
reduced affine root subsystem of R consisting of indivisible (respectively unmultiplyable)
affine roots._

If R C E is an affine root system then Ry := D(R) C V is a finite crystallographic
root system in V| called the gradient root system of R. The associated Weyl group Wy =
Wo(Ry) is the subgroup of O(V') generated by the orthogonal reflections s, € O(V) in the
hyperplanes at (o € Ry), which are explicitly given by s,(v) = v — (a",v)a for v € V.
The Weyl group Wy coincides with the image of W (R) under the differential d.

We now define an appropriate equivalence relation between affine root systems, called
similarity. It is a slightly weaker notion of similarity compared to the one used in [56, §3].
This is to render affine root systems that differ by a rescaling of the underlying gradient
root system similar, see Remark [6.6]

Definition 6.5. We call two affine root systems R C Eand R C E' similar, R ~ R/, if
there exists a linear isomorphism T : E — E' which restricts to a bijection of R onto R’
preserving Cartan integers,

((Ta)Y,Tb) = (a¥,b),  Va,b€R.



50 J.V. STOKMAN

Similarity respects basic notions as affine root subsystems and irreducibility. If R ~ R/,
realized by the linear isomorphism 7', then T's,7~! = sp, for all @ € R. In particular,
W(R) ~ W(R'). Note that 7" maps constant functions to constant functions. Replacing
T by —T if necessary, we may assume without loss of generality that T'(c) € Ryoc’, where
c € F and ¢ € E' denote the constant functions one on E and E’ respectively. With this
additional condition we call T" a similarity transformation between R and R’'.

If R is an affine root system and A € R* := R\ {0} then AR := {Aa}.cr is an affine root
system similar to R (the similarity transformation realizing R — AR is scalar multiplication
by |A]). We call AR a rescaling of the affine root system R. If two affine root systems R
and R’ are similar, then a similarity transformation 7" between R and a rescaling of R’
exists such that T'(¢c) = ¢/. In this case T arises as the contragredient of an affine linear
isomorphism from E’ onto E. For instance, each affine Weyl group element w € W(R) is
a selfsimilarity transformation of R in this way.

If the affine root systems R C E and R C E are similar, then so are their gradients
Ry € V and R C V' (i.e. there exists a linear isomorphism ¢ of V' onto V' restricting
to a bijection of Ry = R} and preserving Cartan integers). Indeed, if 7" is a similarity
transformation between R and R’, then the unique linear isomorphism ¢ : V -~ V"’ such
that D o T =t o D realizes the similarity between Ry and Rj,.

Remark 6.6. Let R C E be an irreducible affine root system with associated gradient
Ry C V. Fix an origin ¢ € E. For A € R*\ {#1} and a € R define ay € E by
ax(e + v) := a(e) + A(Da,v) for all v € V. Then Ry = {ay}scr C E is an affine root
system similar to IR, and Ry o = ARy. The affine root systems R and R, are not similar if
one uses Macdonald’s [56] §3] definition of similarity.

In the remainder of this section we assume that R is an irreducible affine root system of
rank n. Since W (R) acts properly on E, the set of regular elements

Ereg:=E\ [ Ja'(0)

a€ER

decomposes as the disjoint union of open n-simplices, callAed chambers of R. For a fixed
chamber C there exists a unique R-basis A = A(C, R) of F consisting of indivisible affine
roots a; = a;c (0 <7 <n)such that C = {e € E'|a;(e) >0 Vi € {0,...,n}}. The set of
roots A is called the basis of R associated to the chamber C. The affine roots a; are called
simple affine roots. Any affine root a € R can be uniquely written as a = >, \ja; with
either all \; € Z>¢ or all \; € Z<,. The subset of affine roots of the first type is denoted
by RT and is called the set of positive affine roots with respect to A. Then R = RT U R~
(disjoint union) with R~ := —R™ the subset of negative affine roots. The affine Weyl group
W (R) is a Coxeter group with Coxeter generators the simple reflections s,, (0 <1i < n).
A rank n affine Cartan matrizis a rational integral (n+1) x (n+1)-matrix A = (ay)7,—o

satisfying the four conditions

(1) aiw =2,

(2) aij € Z<o it i # J,
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(3) a;; = 0 implies aj; =0,

(4) det(A) = 0 and all the proper principal minors of A are strictly positive.

(5) A is indecomposable (i.e. the matrices obtained from A by a simultaneous permu-
tation of its rows and columns are not the direct sum of two nontrivial blocks).

The larger class of rational integral matrices satisfying conditions (1)-(3) are called
generalized Cartan matrices. They correspond to Kac-Moody Lie algebras, see [40]. The
Kac-Moody Lie algebras related to the subclass of affine Cartan matrices are the affine Lie
algebras. The affine Cartan matrices have been classified by Kac [40, Chpt. 4].

Fix an ordered basis A = (ag, a4, ...,a,) of R. The matrix A = A(R, A) = (aij)o<ij<n
defined by

Qi5 1= (CL;/,CLJ‘)
is an affine Cartan matrix. The coefficients a;; (0 < 4,j < n) are called the affine Cartan
integers of R.

If R ~ R’ with associated similarity transformation 7', then the T-image of an ordered
basis A of R is an ordered basis A’ of R'. Let R and R’ be irreducible affine root systems
with ordered bases A and A’ respectively. We say that (R,A) is similar to (R, A’),
(R,A) ~ (R',A’), if the irreducible affine root systems R and R’ are similar and if there
exists an associated similarity transformation 7" mapping the ordered basis A of R to the
ordered basis A’ of R'. For similar pairs the associated affine Cartan matrices coincide.
Moreover, the affine Cartan matrix A(R, A) modulo simultaneous permutations of its row
and columns does not depend on the choice of ordered basis A. This leads to a map from
the set of similarity classes of reduced irreducible affine root systems to the set of affine
Cartan matrices up to simultaneous permutations of rows and columns. Using Kac’ [40]
Chpt. 4] classification of the affine Cartan matrices and the explicit construction of reduced
irreducible affine root systems from [50] (see also the next subsection), it follows that the
map is surjective. It is injective by a straightforward adjustment of the proof of [35, Prop.
11.1] to the present affine setup. Hence we obtain the following classification result.

Theorem 6.7. Reduced irreducible affine root systems up to similarily are in bijective
correspondence to affine Cartan matrices up to simultaneous permutations of the rows and
columns.

Remark 6.8. Affine Cartan matrices also parametrize affine Lie algebras (see [40]). For a
given affine Cartan matrix the set of real roots of the associated affine Lie algebra is the
associated irreducible reduced affine root system.

Affine Cartan matrices up to simultaneous permutations of the rows and columns (and
hence similarity classes of irreducible reduced affine root systems) can be naturally encoded
by affine Dynkin diagrams [40, [56]. The affine Dynkin diagram associated to an affine
Cartan matrix A = (a;;)} ;o is the graph with n + 1 vertices in which we join the ith and
jth node (i # j) by a;;a;; edges. In addition we put an arrow towards the ith node if
la;;| > 1. At the end of the appendix we list all affine Dynkin diagrams and link it to Kac’s

[40] classification.
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6.2. Explicit constructions. The main reference for the results in this subsection is [56].
For an irreducible finite crystallographic root system Ry of type A, D, E or BC there
is exactly one similarity class of reduced irreducible affine root systems whose gradient
root system is similar to Ry. For the other types of root systems Ry, there are two such
similarity classes of reduced irreducible affine root systems. We now proceed to realize
them explicitly.

Let Ry C V be an irreducible finite crystallographic root system (possibly nonreduced).
The affine space E is taken to be V with forgotten origin. We will write V' for £ in the
sequel if no confusion is Eossible.

We identify the space F of affine linear functions on F with V & Rc as real vector space,
with ¢ the constant function identically equal to one on V' and with V* ~ V the linear
functionals on V' (the identification with V' is realized by the scalar product on V'). With
these identifications,

O.(E) =~ O(E) = O0(V) x 7(V),

~

with 7(v)(e) = e + v. Regarding 7(v) as element of O.(V) it is given by
7(v)a = —(Da,v)c + a, aeV.

Note that the orthogonal reflection s, € O(F) associated to a = Ac+ a € E (A € R,
a € V' \ {0}) decomposes as Syerq = T(—A¥)s,.
Consider the subset

S(Ro) == {mc+ O‘}mez,aeRg"d U{(@m+1)c+ 5}meZ,BeRO\Rg"‘i

of V, where Ri" C Ry is the root subsystem of indivisible roots. Then S(Ro) and S(RY)"
are reduced irreducible affine root systems with gradient root system Ry. We call S(Ry)

(respectively S(Ry)Y) the untwisted (respectively twisted) reduced irreducible affine root
system associated to Ry. Note that S(Ry) ~ S(Ry)Y if Ry is of type A, D, E or BC.

Proposition 6.9. The following reduced irreducible affine root systems form a complete
set of representatives of the similarity classes of reduced irreducible affine root systems:

(1) S(Ry) with Ry running through the similarity classes of reduced irreducible finite
crystallographic root systems (i.e. Ry of type A, B, ..., G),

(2) S(RY)Y with Ry running through the similarity classes of reduced irreducible finite
crystallographic root systems having two root lengths (i.e. Ry of type B, (n > 2),
Cn (n Z 3), F4 and G2);

(3) S(Ry) with Ry a nonreduced irreducible finite crystallographic root system (i.e. Ry
of type BC,, (n >1)).

In view of the above proposition we use the following terminology: a reduced irreducible
affine root system R is said to be of untwisted type if R ~ S(Ry) with Ry reduced, of twisted
type if R ~ S(Ry)Y with Ry reduced, and of mized type if R ~ S(Ry) with Ry nonreduced.
Note that a reduced irreducible affine root system R with gradient root system of type
A, D or F is of untwisted and of twisted type.
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Suppose that Ay = (aq,...,a,) is an ordered basis of Ry. Let ¢ € Ry (respectively
0 € Ry) be the associated highest root (respectively the highest short root). Then

A= (ag,a1,...,a,) = (c—p,0q,...,0)
is an ordered basis of S(Ry), while
0]

A= (a07a17"'7an> - (70_0,061,...,0671)
is an ordered basis of S(Ry)".

6.3. Nonreduced irreducible affine root systems. If R is an irreducible affine root
system with ordered basis A, then A is also an ordered basis of the affine root subsystem
R™? of indivisible roots. Furthermore, R ~ R’ implies R ~ R To classify nonreduced
irreducible affine root systems up to similarity, one thus only needs to understand the
possible ways to extend reduced irreducible affine root systems to nonreduced ones.

Let R’ be a reduced irreducible affine root system with affine Weyl group W = W (R/).
Choose an ordered basis A = (ag, ay,...,a,) of R'. Set

(6.1) S:={a€A|(ZR, a") =27}
Let 1 <m < #S5 + 1 and choose a subset S, of S of cardinality m. Then
R™ :=RU | ] W(2a)

aESm

is an irreducible affine root system with R(™-"¢ ~ R/,

Considering the possible affine Dynkin diagrams associated to (R, A) (see Subsection
it follows that the set S is of cardinality < 2. It is of cardinality two iff R’ ~
S(RY)Y with Ry of type A; or with Ry of type B,, (n > 2). It is of cardinality one iff
R ~ S(Ry) with Ry of type B,, (n > 2) or of type BC,, (n > 1). Hence the similarity class
of R does not depend on the choice of subset S,, C S of cardinality m, and it does not
depend on the choice of ordered basis A of R'. The number of W-orbits of R(™ equals the
number of W-orbits of R’ plus m. The number of similarity classes of irreducible affine
root systems R satisfying R ~ R is #S5 + 1.

If Ry is of type A; or of type B,, (n > 2) we thus have a nonreduced irreducible affine root
system in which two W-orbits are added to S(Ry)Y. It is labelled as CVC,, by Macdonald
[56]. In the rank one case it has four W-orbits, otherwise five. A detailed description of
this affine root system is given in Subsection

Irreducible affine root subsystems with underlying reduced affine root system S(Ry)
having finite root system Ry of type BC,, (n > 1) or of type B,, (n > 3) can be naturally
viewed as affine root subsystems of the affine root system of type CVC,,. This is not the
case for the nonreduced extension of the affine root system S(Ry) with Ry of type By. It
can actually be better viewed as the rank two case of the family S(Ry) with Ry of type C,
since, in the corresponding affine Dynkin diagram, the vertex labelled by the affine simple
root ag is double bonded with the finite Dynkin diagram of Ry. The nonreduced extension
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of S(Ry) with Ry of type Cy was missing in Macdonald’s [56] classification list. It was
added in [61, (1.3.17)].

6.4. Affine Dynkin diagrams. In this subsection we list the connected affine Dynkin
diagrams (cf. [50, Appendix 1]) which, as we have seen, are in one to one correspondence
to similarity classes of irreducible reduced affine root systems. Each similarity class of
irreducible reduced affine root systems has a representative of the form S(Ry) or S(Ryy)" for
a unique irreducible finite crystallographic root system Ry up to similarity, see Subsection
6.2 Recall that S(Ry)Y ~ S(Ry) if Ry is of type A, D, E, BC. We label the connected
affine Dynkin diagram by X with X the type of the associated finite root system R if
X € {A,D,E, BC}. If the associated finite root system Ry is of type X € {B,C, F,G}
then we label the connected affine Dynkin diagram by X (respectively X t) if the associated
irreducible reduced affine root system is S(Rp) (respectively S(Ry)Y). Since A} ~ By ~ C}
and By ~ (Y there is some redundancy in the notations, we pick the one which is most
convenient to fit it into an infinite family of affine Dynkin diagrams. In the terminology of
Subsection the irreducible reduced affine root systems corresponding to affine Dynkin
diagrams labelled by X with X € {A, D, E'} are of untwisted and of twisted type, labelled
by BC of mixed type, labelled by X* of untwisted type and labelled by X1 of twisted type.
In [56, Appendix 1] the affine Dynkin diagrams labelled Bf, and C!, are called of type C
and B respectively. The remaining relations with the notations and terminologies in [50,
Appendix 1] are self-explanatory.

We specify in each affine Dynkin diagram a particular vertex (the grey vertex) which is
labelled by the unique affine simple root ag in the particular choice of ordered basis A of
S(Ry) or S(Ry)Y as specified in Subsection [6.2]

In Kac’s notations (see Tables Aff 1-3 in [40, §4.8]) the affine Dynkin diagrams are

labelled differently: our label X corresponds to XM if X € {A, D, E} and EE‘,L corresponds
to Agi) (n > 1). Our label X* corresponds to X if X € {B,C, F,G}. Finally, our label
Bﬁ(L )corresponds to Dfizl (n > 2), Ct corresponds to AL | (n > 3), F! to E? and G} to
DY,
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