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Summary

Ramanujan (1919) studied expansions of the form n?E(P,Q, R) for d = 1 or 3
where 7 is Dedekind’s eta function and E(P, @, R) is some polynomial in terms of
the Eisenstein series, P, and R. In another direction, Newman (1955) used the
theory of modular forms to prove that the fourier coefficients of n? satisfy some
special arithmetic properties whenever d = 2,4,6,8, 10,14 and 26. Subsequently,
Serre (1985) proved that for even d, n? is lacunary if and only if d belongs to the

same set of integers.

In this thesis, we generalize the results of Ramanujan, Newman and Serre by
constructing infinitely many expansions of n¢E(P,Q, R) where d = 2,4,6,8,10
and 14, of which the last 3 cases are new. We first use invariance properties of
generalized Jacobi theta functions to construct identities involving two variables
which are equivalent to the Macdonald identities for Ay, Bs and G5. Applying
appropriate differential operators, we establish the cases for d = 8,10 and 14.
The problem can also be studied in a more uniform manner by using modular

forms. In this case, we obtain infinitely many identities for n¢F(Q, R) where d =




Summary

vi

2,4,6,8,10, 14,26 and F(Q, R) is a certain polynomial in terms of () and R. Most
of the results described here are original and appears in [CCT07].

In the second part of this thesis, we will describe an original construction of the
Macdonald identities for all the infinite families. Again by applying appropriate

differential operators, we deduce new formulas for higher powers of 1. For example,

the formulas for n™°+2, n?”+ and 72"°~" for all positive n are given. The results

described here will appear in [Toh].
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Chapter 1

Jacobi theta functions

Theta functions first appeared in Jakob Bernoulli’s Ars Conjectandi (1713) and
subsequently in the works of Euler and Gauss but the first systematic study was
published by C. G. J. Jacobi. Jacobi’s analysis was so complete that most of
the important properties of the theta functions appeared in his Fundamenta Nova
(1829) [Jac29]. One aspect of theta functions that was not studied by Jacobi is
the connection with modular forms. These came into prominence in the 1900s and
were pioneered by E. Hecke.

In Section [I.1, we will define the four theta functions introduced by Jacobi and
study some of their key properties. In Section[1.2] we will consider a generalization
of the Jacobi theta functions and establish some useful results. These functions

play a key role in the subsequent chapters of this thesis.

In Section we will review some key properties of modular forms.



1.1 Classical Jacobi theta functions

1.1 Classical Jacobi theta functions

Definition 1.1.1. Let ¢ = €™ where Im(t) > 0. The classical Jacobi theta func-

tions are:
g1 2 1z
Oi(zlq) = —igi »  (—1)Fg" TheHD
k=—o00
— 91 Z(_1>qu2+k sin(2k + 1),
k=0
i S 2 iz
O2(z|lq) = q7 Z e R+
k=—00
= 204} ¢ eos(2k + 1)z,
k=0

2 12
0s(zlq) = Z q* e

k=—o0c0

= 1+ QZq’“‘2 cos 2kz
k=1

and 04(z|q) = Z(—l)quge%iz

k=—o00

o0
= 142 2:(—1)’“(]}“2 cos 2kz.
k=1

They are analytic functions of a complex variable z and a parameter t. We shall
state some important facts about the Jacobi theta functions. These are well known

and can be found in [WW27, Chpt. 21] or [MM97, Chpt. 3].

Remark 1.1.2. In the classical theory of theta functions, it is customary to set
q = €™ but in the theory of modular forms, the standard notation is ¢ = e®™7.
Throughout this thesis, we let t = 27 and use the parameter t for theta functions

and T for modular forms.



1.1 Classical Jacobi theta functions

Proposition 1.1.3. The Jacob: theta functions satisfy the following transforma-

tion formulas:

—01(2]q); o

—02(2|q); Os(z + tlq) = q e **05(2|q);

01(z + 7l|q) =

Os(z + m|q) =

O03(z + mlq) = 65(z|q); 03(z + t|q
( ) =

04(z + lq 04(z|q); 04(z + mt|q

Hence they are quasi-elliptic with (quasi) periods m and 7t and it suffices to study

their values in the fundamental parallelogram,

I={ar+brt|0<a<1l, 0<b<1}.

The four theta functions are all related to each other via a half-period transforma-

tion. For example,
s
02 (Z + §‘Q> = —01(z|q).

Table [I.1] gives all the half-period transforms satisfied by the four theta functions.

t=z+%| z=z+=" r=z+7%
Oi(zlg) | Oa(zlg) | q Te#03(2lq) | iq ie #0u(2lq)
Ox(zlq) | —01(zlg) | —ig Te 04(2lq) | g~ Te *0s(zlq)
Os(xlq) || Oa(zlq) | g ie 0i(zlg) | g ie*0a(z]g)
Ou(zlq) | Os(zlq) | q Te0x(2lq) | ig Te7 =0 (2]q)

Table 1.1: Half-period transforms of Jacobi theta functions

Proposition 1.1.4. Each 0;(z|q) vanishes at exactly one point in I1. Specifically,

we have

91(0161) = 92(%‘Q> = 93<7T—;7Tt‘q> = 94(% q) =0.



1.1 Classical Jacobi theta functions

Proof. We first note the following consequences of Proposition [1.1.3]

01 (z + mtlg) _ 6i(zlg) 9 and 01 (z+7lq) _ 9’1(2\@‘
01(z + ntlg)  01(z|q) 01(z+7lq)  01(2]q)

Next, let m be a constant such that, C, the boundary of the parallelogram m + II

does not contain any zeroes of #;(z|¢). Then the number of zeroes inside m + II

can be computed by

R B e (C R A
210 Jo 61(2]q) 27m 1(z]q

By the principle of analytic continuation, we can let m tend to 0 and conclude that
01(z|q) has exactly one zero in II. Since 6;(z|q) is odd, it vanishes at z = 0. The
zeroes of the other theta functions can then be deduced from Table L1l m

We now state a fundamental lemma, the proof of which can be found in [AhITS|

Chpt. 7, Sect.2, Thm. 3 and 4].

Lemma 1.1.5. Let F(z,t) be a complezx function in the variables z and t. If t is

fized and

1. F(z,t) has at most a simple pole in I1;

2. F(z+4m,t) = F(z,t) and F(z + 7t t) = F(z,1),
then F(z,t) is a constant independent of z.

The first consequence of Lemma [1.1.5]is the following.

Proposition 1.1.6 (Duplication Formula).

82100 (=1)Bs (2 ]0)0a(210)
h1(2210) = 27 0100 (0l0)0s0g)




1.1 Classical Jacobi theta functions

Proof. Using Proposition we can check that both sides satisfy the same
transformation formula. Moreover, it is also evident that ;(2z|¢q) = 0 when z = 0,

7/2, (r + wt)/2 and 7t /2. Thus the quotient

01(22]9)02(0|q)03(0[q)04(0]q)
201(2|q)02(2|q)03(2]q)04(z|q)

is an entire function and equals a constant. As z approaches 0, we see that this

constant equals to 1. O

We shall now look at the expressions of the theta functions as infinite products.

For this purpose, we will adopt the following g-Pochhammer symbol.

Definition 1.1.7. For |q| < 1, we define

(a1, Q8 Q)00 = H(l —a ") (1 —apg")
and .
(@)oo = [J(1 = 0.

The celebrated Jacobi’s triple product identity is the following.

Theorem 1.1.8 (Jacobi’s Triple Product Identity). For x # 0 and |q| < 1, we

have

> 2" = (—26; 0o (—2 713 0%) o0 (0% 1) .

A proof of this theorem can be found in Appendix

Using Theorem [1.1.8] we can easily express each 6;(z|q) as an infinite product.



1.2 Generalized Jacobi theta functions

Proposition 1.1.9 (Infinite Product Formulas).

)0 (P67 ) oo

2iz

—_
—_

01(21q) = iqgie " (¢% ¢%)no(e

1, —2
= 247 sin 2(¢% ¢%) oo (€*%; ¢*) oo (P €25 4% ooy

—_
[\

2 ) ( 2212 2

0(z]q) = 2q7 cos (g i P Gt ) I
05(z1q) = (0% ¢*)oo(—0€”*; ) s (—q€ %1 ) s
(

04(2]0) = (¢ @)oo (46”5 ) oo (067 %) oo

=
N

~—~~ o~~~
— —
ot w
—  ~— ~— ~— ~—

Corollary 1.1.10. We have the following identities at z = 0.

0,0la) = 6:(010)65(010)6(0la) (16)

= 2q1 ()3, (1.7)
02(0lq) = 2qi(q2)w(—q2;q2)§o=2qi%, (1.8)
B0l = (Pl = e (19)
N (1.10)

Remark 1.1.11. In Jacobi’s original work, he did not prove the triple product
identity directly. Instead, he first used logarithmic differentiation of the duplication
formula (Proposition to obtain . Thereafter, he proved the product
formulas via Lemma and calculated the constant with (1.6)).

1.2 Generalized Jacobi theta functions

We now construct a m-th order generalization of Jacobi theta functions and study

the complex vector space spanned by these functions.

Definition 1.2.1 (m-th order Jacobi theta function). Let ¢ = €™, Im(t) > 0. For



1.2 Generalized Jacobi theta functions

eachm,j € Z, m>1 and | € {0,1}, we define

Trow(z) _ Z qu2+jk€(2mk+j)iz
k=—o00
m—2j . . t
=gy (e 4 - m) D),
mk2+j m )iz
Trln,j(z) _ Z (_1>kq k+]ke(2 k+j)
k=—o00

_ ) ) t
= j4q 1® e(]—m)zzel (mz + (j B m)%‘qm>7
Efn,j(z) = Té@,j(’z) + Trln,j(_z>

and  Oh (2) = T .(2) =T} ;(—2).

These functions are equivalent to the N-th order #-function with rational charac-
teristic developed by Farkas and Krall] Most of the results given in this section are

adapted from [FKOI, Chpt. 2, Sect. 7].

Proposition 1.2.2. We have

Trln,j(z) = T’rln,—j(_z) and Trln,j(z) = (_1)lqm+jT’rln,2m+j(z)‘ (1.11)
Furthermore,
Ono(2) =0}, 0(2) =0p,,.(2) = E) L (2) = 0. (1.12)

Definition 1.2.3. For each integer m > 1 and k,l € {0,1}, we define Vrfhk to
be the complex vector space consisting of entire functions, ank(z), satisfying the

following transformation formulas:

Frop(z+7) = (1) Fi(2); Fplz+7t) = (=1)'q "™ F, 1 (2).  (1.13)

We can easily check that the functions T}, ;(2), E}, ;(z) and O}, ;(z) all belong to

V! . whenever j =k (mod 2).

1See Definition




1.2 Generalized Jacobi theta functions

Proposition 1.2.4. Let F}, ;(z) € V]! ., where j = k (mod 2). Then F}, ;(z) has

exactly m zeroes in 11, the fundamental parallelogram.

Proof. The number of zeroes can be calculated in a similar fashion as Proposition

using the transformation formulas ((1.13)). O

Corollary 1.2.5. Let F}, .(z) € VI ., where j = k (mod 2). Then F}, ;(z) has the

following special values:

LA L gl T+ 7t
Fm,j ( 9 ) - (_1)] Fm,j - 9 )
! ™ - 7 ! 7t - !l 7t

Corollary is a direct consequence of (1.13)) and is useful for locating the zeroes

of El, ;(2) and O}, ;(z). For example, the even function Ej, |, ,; () is necessarily

zero at z = w/2,wt/2 and (7w + 7t)/2 since it satisfies

T+t Lon T+ 7t T+ 7t
E21n+1,2j—1 ( 9 ) = (_1)2]+2 +lE%n+1,2j—1 (_ 9 ) = _E21n+1,2j—1 (T) )

s . T 7
E21n+1,2j—1 (5) = (_1)2] 1E21n+1,2j—1 (‘5) = _E21n+1,2j—1 (5) )

Tt it 7t
E21n+1,2j—1 (3) = <_1)E21n+1,2j—1 (_5) = _E21n+1,2j—1 (7) .




Chapter 2

Powers of Dedekind’s eta function

Let ¢ = €*™™ where Im(7) > 0. Dedekind’s eta-function is defined as
o [[0 =)

For brevity, we sometimes omit the dependence on 7 and just write 7.

»"“

721 (q) oo

3
»"“

Certain powers of 1 possess very remarkable properties. M. Newman (1955) and
J. P. Serre (1985) proved two interesting theorems for some even powers of 7 using
the theory of modular forms. On the other hand, S. Ramanujan (1919) used
elementary methods to generalize the classical results of Euler and Jacobi for n
and 1®. We shall describe their work and present our generalizations in Section
2.1 Explanations and proofs of these results will occupy the rest of the chapter.
Most of the results presented in this chapter are original and appear in [CCTQT].

2.1 Theorems of Ramanujan, Newman and Serre

Let r denote an even integer and define the coefficients a,(n) by

T) = qﬁ Zar(n)q
n=0



2.1 Theorems of Ramanujan, Newman and Serre

10

Then Newman [Newb5| proved the following interesting theorem.

Theorem 2.1.1 (Newman). Let r be a positive even integer and p be a prime
> 3 such that r(p+ 1) = 0 (mod 24). Defining a.(a) = 0 whenever « is not a

non-negative integer, we have

a, (np n i (r* - 1)) = (—p)i~la, <@) (2.1)
if and only if r € {2,4,6,8,10,14,26}.
To describe another remarkable theorem for 7", we need the following definition.

Definition 2.1.2. A power series is lacunary if the arithmetic density of its non-

n

zero coefficients is zero. More precisely, > a(n)q" is lacunary if

o [l < el 20}

T—00 €T

Serre [Ser85| proved that:

Theorem 2.1.3 (Serre). If r is a positive even integer, then 0" (7) is lacunary if

and only if r € {2,4,6,8,10,14,26}.

Both Serre and Newman used the theory of modular forms. On the other hand,

using elementary methods, Ramanujan [Ram88, Pg. 369] gave the following.

Theorem 2.1.4 (Ramanujan). Let m be a non-negative integer and define

a— m_a?
Sum)= Y (=nleoamgr

a=1 (mod 6)
83(m) _ Z amqa2/8
a=1 (mod 4)
Then
Si(2m) = n(r) Z ajeP?Q R, (2.2)
j+2k+30=m
Ss(2m+1) = n3(7) Z bire P! QF RY, (2.3)

j+2k+30=m



2.1 Theorems of Ramanujan, Newman and Serre

where ajre and bjie are rational numbers, j, k and ¢ are non-negative integers, and

P, Q and R are Ramanujan’s Fisenstein series defined as

k=1

o kqu
Q=0Q(q) = 1+24021——q’“’
k=1

0 k5qk
R = R(q) :1_50421_qk'
k=1

When m =0, and reduces to the classical formulas of Euler and Jacobi
for [Tjs1 (1 = ¢*) and [],,(1 — ¢*)® respectively.

The main aim of this chapter is to prove analogues of Theorem involving n"
when r belongs to {2,4,6,8,10,14,26}. The cases when r = 2,4 and 6 are direct

consequences of Ramanujan’s theorem.

Theorem 2.1.5. Let m and n be non-negative integers and define
Sa(m,n) = Si(m)Si(n),

Sy(m,n) = Si1(m)Ss(n),
Se¢(m,n) = S3(m)Ss(n).

Then
Sy(2m,2n) = n?*(7) Z aijPijR£7 (2.4)
j+2k+30=m+n
Si(2m,2n+1) = 774(7) Z ajkerQkRZ, (2.5)
j+2k+30=m+n
Ss@m+1L,2n+1) = n°(r) > apP’Q"R". (2.6)

J+2k+3l=m+n

In each case, ajie are rational numbers, and j, k and { are non-negative integers.

The cases for r = 8 and r = 10 are as follows:
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Theorem 2.1.6. Let m and n be non-negative integers and define

Sg(m,n) = Z o @l +38%)/12

a=1 (mod 3)
a+B=0 (mod 2)

Then Sg(1,0) = 0 and

Ss(2m +1,2n) = n%(7) Z ajeP’Q"R", (2.7)

j+2k+30=m+n—1

provided m~+n > 1. Here aji are rational numbers, and j, k and  are non-negative

ntegers.

Theorem 2.1.7. Let m and n be non-negative integers and define

Siwo(m,n) = Z (—1)(etB=4/6(gman _ ngm)gla®+5%)/24,

a=1 (mod 6)
B=3 (mod 6)

Then
Sio(2m +1,2n+1) = n'%(7) Z afjk;ZPijRéa (2.8)

J+2k+30=m+n—1

where ajre are rational numbers, and j,k and € are non-negative integers.

The proofs of Theorem [2.1.6] and 2.1.7] will be presented in Sections [2.2] and [2.3]

respectively.

The case for » = 14 is more complicated and will be discussed in Section All
these identities involve the function P which is not a modular form on SLy(Z).
However, by restricting to modular forms on SLy(Z), we can obtain more uniform

results. In particular, we have the following theorems.

Theorem 2.1.8. Let n be a positive integer and define

Culnlr) = 3 (=) Im ((a+iVE)") 92

a=2 (mod 6)
B=1 (mod 4)

Then
Cu(bnlt) =n'(r) >  aupQR" (2.9)

4j+6k=6n—6
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Theorem 2.1.9. Let n be a positive integer and define

CQ(H‘T) = Z (_1)(a+ﬁ_2)/6<a+iﬁ)”q(a2+ﬁ2)/24’
C;(H‘T) = Z (_1)(064’,3*1)/6(05_'_iﬁ\/g)nq(a2+352)/36.

Then

3%0;(1271]7)—<_1)n02(12n\7):7726(7) S QR (210)

26n
4j+6k=12n—12
These modular form identities will be discussed in Sections [2.5] and 2.6l

Finally we remark that all these identities can be viewed as extensions of the results
of Newman and Serre. By a theorem of Landau [BD04, Pg. 244], each of the
series given in to is lacunary. Moreover, the coefficients of each series
satisfy an arithmetic relation analogous to . We will give explicit examples in

Theorems [2.2.4], and [2.4.3]

2.2 The eighth power of 7(7)

In this section we prove Theorem [2.1.6] the analogue of Ramanujan’s result for
n®(1). We first prove two lemmas and a theorem. Let f()(z|q) denote the /-th

derivative of f(z|q) with respect to z.

Lemma 2.2.1.

07 (01g2)07 TV (0lg2) - - 67TV (0lg2)

= (n(r))™ > a;ePIQ R,

JH2k+3l=L1+Lo+ AL,

for some rational numbers a;i;, where j, k and { are non-negative integers.
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Proof. We have

07V (2]g) = 2(=1)" g7 (= 1)M(2k + 1) gFF cos(2k + 1)

Therefore

ot (0]g2) =

_ 2(_1>131 Z (4k+1)2€1+1q(4k+1)2/8

k=—o00

= 2(—1)S55(20, + 1)

= ') >

j+2k+30=0,

aijPijRéu

by Theorem [2.1.4] The general case m > 1 now follows by multiplying m copies of

this result together.

]

The second lemma consists of two equivalent forms of the quintuple product iden-

tity which appeared in [She99]. More information on this identity can be found in

[Coo06].
Lemma 2.2.2.
_1/4
0 _ W
03,1(Z) - (qg)oo
_1/2
0 _ W
03,2(2) = m

5 01(21q)05(2|9)04(2]q),

- 01(2]q)02(2]q)04(2[q).

Proof. We prove only the first identity. Since Ogl (z) is an odd function, we observe

from Corollary that Of, (z) has three zeroes in the fundamental parallelogram

II, namely z = 0, nt/2 and (7 + 7t)/2. Furthermore it satisfies the following

transformation formulas (see ([1.13])),

F(z+m,t) = —F(z,t) and

F(z+mtt) = q e % F(z,1).



2.2 The eighth power of (1)

By Propositions and [1.1.4) the product 601(z|q)03(z|q)04(z|q) has the same

zeroes and the same transformation formulas as 0371(2). Lemma m then allows
us to conclude that the quotient
Og,1<z)
01(219)0s(=|9)04(2]q)

is independent of z. Now we let z = 7/2 and use Table [L.1 (L.7) and Jacobi’s

triple product identity to simplify the required constant. We have

Og,l(z)
01(2]q)05(z]q)04(z|q)
1 - 3k2+k ((6k+1)mi/2 —(6k+1)mi/2
= e —e
GOlE e 2= T )

1 - k _3k24+k (o;
- 1/4(,2)3 Z(—l)q (2i)
i(?, 4" % ¢%) s
g4 (q?)3,
—1/4

1q
(H%

]

The next theorem is equivalent to Macdonald’s identity for Ay [Mac72]. (See
Chapter [3| for an introduction to the Macdonald identities.)

Theorem 2.2.3 (Identity for A,).

O3.1(2)8( + 2ylq) — ¢/ 05 5 ()65 (x + 2y]q)

B _Z'qfl/S

(9)s

01 (x]q?)01 (y|q? )0 (z + ylg?).

Proof. Let

M(z,y,t) = 09, (2)0:(z + 2y|q) — ¢"* O ()03 (x + 2ylq)
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and

N(z,y,t) = 01(z|q)01(y|q)01 (x + y|q)04(x|q)04(y|q)bs(x + ylq)
= é91($|qé)01(y|q§)gl(m+y|q§)02(0|qé)3.

The second equality follows from the infinite product formulas in Proposition|1.1.9
The transformation formulas in Proposition and (1.13)) imply that M(zx,y,t)
and N(x,y,t) satisfy the following:

F(x+7,y,t) = F(z,y,1); F(x+7t,y,t) = q e ¥ WE(z,y,t);

F(z,y+m,t) = F(z,y,t); F(z,y+mt,t) =q e " W (z,y,t).

Fix y and consider M (z,y,t) and N(x,y,t) as functions of x. N(x,y,t) has four
simple zeroes in I, namely x = 0, x = —y, * = 7t/2 and © = —y + 7t/2. Now,

08, (z) and Of,(x) are both zero at z = 0 and x = 7t /2.

M(~y,y.t) = =05 1 (y)02(ylq) + ¢"/* O3 (y)03(yq)

is also zero by Lemma [2.2.2) Therefore M(z,y,t)/N(x,y,t) has at most a simple
pole in IT and satisfy the hypothesis of Lemma [I.1.5

Now fix = and consider M(z,y,t) and N(z,y,t) as functions of y. We can check
that M(x,y,t)/N(x,y,t) also has at most a simple pole and thus is independent

of y. It follows that
M (z,y,t)
b ot
Nz,

for some constant C(t) independent of z and y. To calculate C(t), we let z = 7/2

and y = 7/4.

1

02(0[q2)?

[\
(=)
pi
Z
0
—~
)
S~——
—
|
o)
)
8[\.’)
—~
N
(=}
P
~
0
—
=)
SN~—
8
—
|
Q
L
Q
no
N~——
8
N—
oo~
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Hence

M(z,y,t) = O03,(z)0x(z +2y|q) — ¢"*03 5(x)05(z + 2ylq)
—iq~Y/8 1 1 1
= e 01(x]q?)01(ylq? )61 (z + ylg2).

We shall use the A, identity to prove Theorem [2.1.6]

Proof of Theorem[2.1.6. We change variables by setting = as u and = + 2y as v.
2m—+2n+1

au2m+1602n
left hand side is

Next, apply

to the identity in Theorem [2.2.3| and let u = v = 0. The

Z (—1)m(6j + 1)2m+1q3j2+j(2i) Z (—1)”(2/{‘—|— 1)2nqk2+k+1/4
jzfoo k=—0oc0
=Y (1G] + 2 (2) 3 (— 1) 2k
jzfoo k=—o0
_ 2(_1)m+niq71/12 Z a2m+lqa2/12 Z 52nq[52/4
a=1 (mod 6) B=1 (mod 2)
m-+n, — m 0(2 n 2
+2(—1)""ig 1/12 Z oty /12 Z 32ngP /4
a=4 (mod 6) B=0 (mod 2)
_ 2(_1)m+niq—1/12 Z a2m+152nq(a2+3[32)/12. (2‘11)

a=1 (mod 3)
a+B=0 (mod 2)

Since 91(2]q%) is an odd function, the right hand side is a linear combination of
terms of the form
g2
n(7)
where (20, +1) + (205 + 1) + (203 + 1) = 2m + 2n + 1. By Lemma[2.2.1] the right

hand side is therefore of the form

0 0la2)or TV 0la2)or™ Y (Ola?)

(r) D apP’Q' R (2.12)

JjH2k+3l=m+n—1
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If we combine (2.11]) and (2.12)), we complete the proof of the theorem for the case
m+mn > 1. The fact that Sg(1,0) = 0 can be deduced easily from Lemma O

The following identities are consequences of Theorem [2.1.6]

Ss(1,0) = 0,

Ss(3,0) = —6n°(7),

Ss(5,0) = —30n°(7)P,
S(1.0) = —ornEP - Q).
Ss(7,2) = 2n*(T)R,

Ss(5,4) = n*(1)(5P* — 3PQ).

An identity equivalent to Sg(1,2) = 2n®(7) was stated without proof by L. Winquist
[Win69]. The formula for n®(7) given by F. Klein and R. Fricke [KF92, Pg. 373] can
be shown to be equivalent to Sg(3,0) + 275s(1,2) = 487n®(7). We end this section
with an extension of (Newman’s theorem) for the coefficients of Sg(m,n).

Theorem 2.2.4. Let m be odd and n be even and
Ss(m,n) = ¢+ 3" a(k)g".
k=0
Then the coefficients satisfy

21 k
a(pk—l—p 3 )__perna (5>7

where p is prime and p =5 (mod 6).

Proof.

58<m7 n) — Z umvnq(u2+3v2)/12 + Z xmynq(12+3y2)/12.

1 (mod 6) z=4 (mod 6)
1

u
v (mod 2) y=0 (mod 2)
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Hence
a(k) = Z u™o" + Z TS
u=1 (mod 6) z=4 (mod 6)
v=1 (mod 2) y=0 (mod 2)
12k=u2+43v2 -4 12k=x2+43y2—4
When
2 2 2
u® + 3v° —4 (p*—1)
—_— =pk+ —= = 2.13
D Pk + o, (2.13)

we have u? 4+ 3v? = 0 (mod p). Since —3 is a quadratic non-residue for primes
p =5 (mod 6), we conclude that u = v =0 (mod p). Let u = —uyp and v = vyp,
where u; =1 (mod 6) and v; =1 (mod 2). Then (2.13)) reduces to

k
ui + 3v = 12— + 4.
p

Similarly, we let * = —z1p and y = y;p, where x; = 4 (mod 6) and y; = 0
(mod 2). Then we have

21
a(pk—irp 3 )

= S (=ymprtuler + 0 Y (=) ey

u1=1 (mod 6) z1=4 (mod 6)
v1=1 (mod 2) y1=0 (mod 2)
12(k/p)=u%+3v% —4 12(k/p)=x%+3y% —4

= —pm+na (E) .
p
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2.3 The tenth power of 7(7)

The first few examples of Theorem are:

S10(3,1) = —48n™(7),

S10(5,1) = n'(r)P,

S10(7,1) = —3360"(7)(15P? — 2Q),

S10(5,3) = —1447"°(1)(5P* — 2Q),

S10(9,1) = —1921'%(7)(315P% — 126 PQ + 16R),
S10(7,3) = n'%(7)(35P* — 28PQ + 8R).

To prove Theorem we construct an equivalent form of Winquist’s identity
[Win69|], which is also the Macdonald identity for By [Mac72]. See [BCLY04,
CS72, [CLNO05, [CCTO7, Hir87, [Kan97, [KL03, [Liu05] for more information about
this identity.

Theorem 2.3.1 (Identity for By).

031(2)035(y) — 03,(y) O3 5(x) = ﬁ% (x]@)01(ylq)0r (x + ylg)01 (z — ylq).

Proof. Let F(z,y,t) denote the function on the left hand side of the above identity.
It satisfies the transformation formulas:
—q e (z,y,1);

F(z,y+m,t) = —F(z,y,t); F(z,y+wt,t) = —q e "VF(z,y,t).

Flz+m,y,t) = —F(z,y,1); Flz +7t,y,t)

If y is fixed, F(x,y,t) has zeroes at x = 0 and x = £y in II. Thus, the quotient
F(z,y,1)
01(x|@)0 (yla) 01 (z + yla)b1(x — ylq)
satisfies the hypothesis of Lemma and equals a constant independent of x.

The same conclusion holds when we exchange the roles of z and y. Hence

Fa,y,t) = C0)01(x[q)01(y|g)01 (x + ylg)01(x — ylg),
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for some constant C(t). To determine the value of this constant, we let © = /2

and y = 7/3. Since Oy4(7/3) =0,

mwoT m m
r(33) - ‘051(5)053(5)

[e.9]

- _ Z 3J +j Z\/_) Z (—1 )kq3k2+3k <6(6k+3)%’i _ e—(6k+3)%i>

‘j*—OO kf—OO
= _2\/§(q2,q47q6;q6)oo : 2(_q67_q67q6;q6)00
= _4\/§(q2)oo<_q67_q67q6;q6>oo

On the other hand,
T s T
r(55) = con(Gl)a (s
)6(0]q) - V/3q1

— C8(0lg) - Vg () (ﬁ%(—qﬁ; q6>oo)
= 2V3C(t)q(d®)2(—d" —d°, ¢% ¢°) e

So
—2
C(t) =
) q9(4*)%
L]
82m+2n+2
Proof of Theorem[2.1.7. Set q as ¢'/? and apply D rigg to both sides of

Theorem [2.3.1] Next, let =y = 0, the left hand side simplifies to

4i2(_1)m+n Z (_1)j(6j+1)2m+1q(3j2+j)/2 Z (_1)k(6k+3)2n+1q(3k2+3k)/2

j=—00 k=—o0
o0 [e.9]

_42-2(_1)771—1—71 Z (_1)j(6j+ 1>2n+1q(3j2+j)/2 Z (_1>k(6k,+3)2m+1q(3k2+3k)/2

j=—o00 k=—o00
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m-+n — o - m n a2 2
= —4(=1)"*"q 10/24 Z (_1)( +B=4)/62m+1 gan+1 (o +5%)/24

a=1 (mod 6)
B=3 (mod 6)

m-n ,— (6% — n m a2 2
+4(-1) tng 10/24 Z (_1)( +5-4)/6 2 HﬁQ +1q( +5%)/24

a=1 (mod 6)
B=3 (mod 6)

— 4(_1)m+n+1q—10/24 Z (_1)(a+[3—4)/6 (&2m+162n+1 . a2n+152m+1)q(a2+ﬁ2)/24'
a=1 (mod 6)
B=3 (mod 6)

We omit the remaining details as they are similar to those in the proof of Theorem

2.1.6l [l

We also have the following result for the coefficients of Syo(m,n).

Theorem 2.3.2. Let m and n be odd and

o0

Sio(m,n) = ¢*%* Z a(k)q".
k=0

Then the coefficients satisfy

5 k
a (pk‘ + E(p2 - 1)) =p™"a (;) ,

where p > 3 is prime and p = 3 (mod 4).

Proof. We define
{ 1 if p=7 (mod 12)
€ =
—1 if p=11 (mod 12).

Since
a+p— m Qn m _n a?+32
Sio(m,n) = Z (—1)@HB=D/6 (qmpn — gman) gle +80/24
a=1 (mod 6)
B=3 (mod 6)
we have

alk)= Y (=)EFI(ampr - pran).
a=1 (mod 6)

B=3 (mod 6)
24k=a2+p52-10
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When

a4 3% — 10 5,
—_— = —((p—1 2.14

it follows that a?+ (32 = 0 (mod p). Since p = 3 (mod 4), we must have u = v = 0
(mod p). Let o = uep and [ = vep, where u = 1 (mod 6) and v = 3 (mod 6).
Then (2.14)) reduces to

k
u? + 0% = 24— + 10.
P

We can also check that

(_1)(a+574)/6 _ (_1)(u+v74)/6'

a (pk + —5(p2 — 1)> = Z (ep)mHn(—1)wto=/6 (ymyn _ ymym)

u=1 (mod 6)
v=3 (mod 6)
24(k/p)=u24v2—-10

p

2.4 The fourteenth power of 7(7)

Similar to the cases of the eighth and tenth powers, the analogue of Ramanujan’s
theorem for n'4(7) is deduced from a theta function identity, which in this case is

equivalent to the Macdonald identity for Gy [Mac72, [Coo97al.

Theorem 2.4.1 (Identity for Gy).

Oé,4(x + y)O%g(I —y)+ Oé74(y)0572(2x +y) — OéA(l’)O%,z(x + 2y)
_ 2
(4%)5%

x 01(z — ylg)01(2z + ylq)0r (x + 2ylq). (2.15)

01(x|q)01(ylq)0: (z + ylq)
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Proof. Once again, we shall use Lemma [1.1.5] Exploiting the symmetry, it suffices
to let y be fixed and consider both sides of the identity as functions of z, satisfying

the transformations
Fz+m,y,t)=F(x,y,t) and F(x+wt,y,t) = q_se_lﬁi’”_&yF(x, y,t).

We can next check that both sides are zero at the following points:

x =0, T = +y, r = —2y,
— _Y - Y,z — _Y ozt — _ Y, mtmt
r=-9, r=—5+5, T=—53+75, T=—5+ "5

What remains is the constant which can be calculated by setting y = /2 and

x = mt/2. O

5
followed by 8—5 to Theorem |2.4.1| to
dy =0

0
Now replace ¢ by ¢'/? and apply o
T

=0
obtain
T(5,1) — 107 (3,3) + 97 (1,5) = —30n"(7), (2.16)
where
T(mn) = Z (—1)(a_2)/6amﬁ”q(a2+362)/12.
Pl vet

Applying appropriate differential operators, we get additional identities:

2100 ()P = T(7,1) =77 (5,3) — 217 (3,5) + 277 (1,7)
—210n"(1)(8P? — Q) = 7T(9,1) —47(7,3) — 427 (5,5) — 367 (3,7) + 817 (1,9)
42900 (T)R = T(11,1) — 557(9,3) + 5947 (7,5)
— 17827 (5,7) + 14857 (3,9) — 2437 (1,11).

From the above examples, it is clear that the formulas involving n'#(7) are much
more complicated. The derivation of the following theorem from the G5 identity

can be found in [CCTOT, Sect. 5.
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Theorem 2.4.2. Let

514(manap) =
Z (_1>(a—2)/6 (ﬁ(aQ _ 62))771 (a(a2 _ 9ﬁ2))n (on i 3ﬁ2)pq(a2+362)/12.
521 moa 9
Then
Su(2m+1,2n4+1,p) = n*(r) > are P’ Q" R’ (2.17)

j+2k+36=3m+3n+p

where ajpe are rational numbers, and j,k and ¢ are non-negative integers.

Theorem 2.4.3. Let m and n be odd and
T(m,n) = ¢V a(k)g"
k=0

Then the coefficients satisfy

7 k
a (pk + E(ﬁ - 1)) =p"""a (]3> :

where p is prime and p = 11 (mod 12).

2.5 Modular form identities

In previous sections, we used equivalent forms of Macdonald’s identities to deduce
analogues of Ramanujan’s theorem. In this section, we will reconsider the same
problem using the theory of modular forms. The advantage is that this approach
works uniformly for all cases of r € {2,4,6,8,10,14}. A minor modification is
required when r = 26 and this will be explained in Section 2.6l Relevant facts
about modular forms can be found in Appendix [A.2]

Theorem 2.5.1. Let

Cy(n|t) = Z (—1)(a+ﬁ_2)/6(05+Zﬂ)nq(a2+ﬁ2)/247

a=1 (mod 6)
B=1 (mod 6)

then Co(4n|T)/n*(T) is a weight 4n modular form on SLy(Z).



2.5 Modular form identities

26

Theorem 2.5.2. Let

Ci(nl7) = Z (=)D a4 ipV/B) g,

0 (mod 6)
1 (mod 6)

then C3(6n|7)/n*(1) is a weight 6n modular form on SLy(Z).

Theorem 2.5.3. Let

Ci(nr) = Y (=) /Im ((a+zﬂ\/§)n) glo*+38%)/24
51 (mod 4

then Cy(2n + 1|7)/n*(7) is a weight 2n modular form on SLy(Z).

Theorem 2.5.4. Let

Colnlr) = 3 (a+iB)yg= O,

then Cg(4n + 2|7)/n°(7) is a weight 4n modular form on SLy(Z).

Theorem 2.5.5. Let

Cs(nr) = D7 (a+ipV3)"q@ 0,
a=1 (mod 3)

a+B=0 (mod 2)

then Cg(6n + 3|7)/n®(7) is a modular form of weight 6n on SLy(Z).

Theorem 2.5.6. Let

010(”|T)— Z Im ((a + i8)") g@*+07/12,

1 (mod 6)
4 (mod 6)

then Cio(4n + 4|7)/n'* (1) is a modular form of weight 4n on SLy(Z).

Theorem 2.5.7. Let

Cu(n|r) = Z (—1)@=2/61m ((Ck + zﬂ\/g)") q(a2+352)/12’

a=2 (mod 6)
B=1 (mod 4)

then C14(6n + 6|7)/n'* (1) is a modular form of weight 6n on SLy(Z).
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A few special cases of the above theorems appeared in Ramanujan’s Lost Notebook,
for example [Ram88| p.249]. Some of these identities have been examined by S. S.
Rangachari [Ran82, Ran8§].

We shall give a detailed proof of Theorem [2.5.5] The details for the other theorems
are similar, and a detailed proof of Theorem can be found in [CCTO7]. We first

recall some properties of a class of theta functions studied by B. Schoeneberg [Sch74].

Let f be an even positive integer and A = (a,,,) be a symmetric f x f matrix such

that
1. a,, € Z;

2. a,, 1s even;

3. x!Ax > 0 for all x € R/ such that x # 0.

Let N be the smallest positive integer such that NA~! also satisfies conditions

1—3. Let
PAx) =) ey (y'Ax)F,
y

where the sum is over finitely many y € C/ with the property y'Ay = 0, and ¢,

are arbitrary complex numbers.

When Ah =0 (mod N) and Im(7) > 0, we define

Vanpa(T) = Z Pl (n)e N 277"
nezf

n=h (mod N)

The result which we need is the following [Sch74, Pg. 210, Theorem 2]:

Theorem 2.5.8. The function §A7h7PI? satisfies the following transformation for-

mulas.
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and

N L f

1 (—2)5+2k7'5+k 2ri gt Ah

banre (-3) = Ul T R0
g T ‘detA’ g (mod N) B

Ag=0 (mod N)

We will also need the following.

Lemma 2.5.9. Let

. 024932
(Pr,s(T) = gpns(Gn -+ 3; 7—) = Z (30é + i\/§6)6n+3e%%6 1+22,8 7

a=r (mod 12)
B=s (mod 12)

where we suppressed the dependency on n. Then

mi(3r2452 2
907‘,8(7- + 1) = mildrits/12 (,07«,3(7')

and

1 (_i)77'6n+4 2mi(6rut-2sv) /122
o R D DI L
7 12 (u,v) (mod 12)

(6u,2v)=(0,0) (mod 12)

Proof. These follow from Theorem [2.5.§ on taking

A 60 h
- ) - ) g - ) y - )
0 2 s v iv3

N =12 and k = 6n + 3.
Proof of Theorem[2.5.5. We observe that

65" 3 Cq(6n + 3|7)

(2.18)

(2.19)

(2.20)

= > (6a+i6v33) TN L N (6o 4 i6y/3E) T g I

a=1 (mod 6)

= a=4 (mod 6)
B=1 (mod 2) B

0 (mod 2)

a=2 (mod 12) a=8 (mod 12)
B=6 (mod 12) B=0 (mod 12)

= a,6(T) + w80(7).
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(2.18) implies
pa6(T+ 1) + s0(T + 1) = €™ (026(7) + ps,0(7)), (2.21)
and (2.19)) gives
(=) + o ()
Y6\ —— ) +Tpso| ——
-
(_i)77—6”+4 ° . 2mi(27+6k) /12 27i(87/12
B 2—\/322(6 e ) K ()
=0 k=0
(_Z‘)77_6n+4
- A 2000 + 2066 + (=1 4+ iV3) a0 + (—1 — iV3) s

+(=1 = iV3)pas + (=1 + z'\/ﬁ)gom).

If we use the relation ¢, 4(7) = —@12_,12-s(7) and simplify, we find that

eao (=7) Hona (-7) = 0 (e Hema0)). 22)

(2.20)), (2.21), (2.22)) and (A.4) imply that the function

08(6n + 3|7’)

==

satisfies the transformation properties

F(r+1)=F(r) and F (—%) = 7" [F(7).

Since F(7) is holomorphic, it is a modular form of weight 6n on SLy(Z). This
completes the proof of Theorem [2.5.5] m

2.6 The twenty-sixth power of 7(7)

The analogue of Ramanujan’s theorem for the 26th power of n(7) is:
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Theorem 2.6.1. Letn > 1, then

1 /C5(12n|7)
n?(7) (

is a weight 12n — 12 modular form on SLy(Z)

., Ca(12n]1)
s (71 QT)

Proof. Calculations using Theorems [2.5.1| and [2.5.2] imply that the first few terms

in the g-expansions are
Cy(12n]7) = (—64)"¢"/" (1 —((2+30)"™"" +(2-3))""") ¢
+ (51 — (4430 — (4 =3)"") " + - )
Ci(12n|7) = (729)"¢"/*? (1 — ((1 +2iV3)1 4 (1 - 2¢\/§)12") q
—5ing? .. )

The ¢? terms in the two expansions are different because Re((4 + 3i)/5)'?" # 1 for
any integer n [Niv56, Cor. 3.12]. Therefore Cy(12n|7) and C5(12n|7) are linearly

independent. It follows that

1 C5(12n|7)
n*(7) (

is a cusp form of weight 12n on SLy(Z), and so must be of the form n?(7)F', where

, C2(12n|7)
s~ (71 ZT)

F'is a modular form of weight 12n — 12. m

Corollary 2.6.2.

1 Cy(12r)  C3(12)7)
26 _ 2 2
) = 16308864( i 19 )

Proof. Take n =1 in Theorem and observe that

(24 30)"2 + (2 = 30)" — (1 4 2iV3)"2 — (1 — 2iV3)'? = 16308864.
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The twenty-sixth power of n(7) is interesting because it cannot be explained by any
of the Macdonald identities. The first known formula for n?®(7) was discovered by
A.O.L. Atkin [Atk] and his formula was stated without proof in [Dys72]. (See also
Sect. [3.1]) The first published proof of an identity for n*(7) appeared in [Ser8F].
A different proof of Corollary using elliptic parameter methods is given in
[CCT06].



Chapter 3

Macdonald’s Identities

The Macdonald identities are generalizations of the Weyl denominator formula.
We will give a brief background to these identities in Section [3.1} In Section [3.2
we will describe an original construction for the infinite families. Finally in Section
3.3, we will discuss an application of these identities to obtain new formulas for

g-products. These results will appear in [Toh]|.

3.1 Background

F. J. Dyson in his Josiah Willard Gibbs lecture [Dys72], gave the following formula.

(a—b)(a—c)(a—d)fa—e)b—)b—db—e)c—d)c—e)d—e) ,
=2 11213141 ¢ (31

where the summation is over all sets of integers, a, b, ¢, d, e, with

a,b,c,d,e = 1,2,3,4,5 (mod 5) respectively,
a+b+c+d+e = 0,
A+ +E+d*+e? = 10n.
A proof of Dyson’s formula can be found on page [46l He went on to say “I found

that there exists a formula of the same degree of elegance as (3.1)) for the dth power

32
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of n whenever d belongs to the following sequence of integers:
d=3,8,10,14, 15,21, 24, 26,28, 35, 36, . . ..

In fact the case d = 3 was discovered by Jacobi (1.1.8]) [Jac29], the case d = 8 by
Klein and Fricke [KF92], and the cases d = 14,26 by Atkin [Atk].”

It turns out that these numbers with the exception of 2@, correspond to the
dimensions of finite-dimensional simple Lie algebras. This important connection
was established by I. G. Macdonald. In his landmark paper [Mac72], Macdonald
introduced and completely classified affine root systems. The list of all irreducible
affine root systems are:

e Infinite families:

An—l) TLZ 27 Bm 7123, B\/ nzga C’fh nZQ)

Cl,n>2; BCy,,n>1; Dy, n>4

e Exceptional cases:

G27 G¥7 F47 FX? E6a E77 ES-

To each root system, he associated a multi-variate infinite product, and computed
the corresponding Laurent series. These resulted in a list of identities that equate
a series to an infinite product, now commonly known as the Macdonald identities.
When the variables in the identities are specialized, we obtain the formulas that

were alluded to by Dyson.

For example, the A,_; identity is

- - 1 nm nm n ﬁmz im.
H (mjxkl;q)oo (qxj lxk;q)oo = ()ﬁle R "qZFlz GTIm;
1<j<k<n q) neM
x;q™
% H (1— Jm;q) . (3.2
1<j<k<n Teq™* o0

1See Section for more on 7?6
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where

M:{u:(ml,...,mn)

m; S Z, ij = 0}
j=1

In the previous chapter, we had also seen equivalent forms of the Macdonald iden-

tities for Ay, By and Gs.

Several elementary proofs of the Macdonald identities for the infinite families have
appeared in the literature, notably by D. Stanton [Sta89]. The A, _; case was
studied separately by S. Cooper [Co097b] and S. C. Milne [Mil85]. Recently, H.
Rosengren and M. Schlosser [RS06] used elliptic determinant evaluations to give
new proofs for all the infinite families. With the exception of [Mil85] which involves
a basic hypergeometric series generalization of the ¢g-binomial theorem, all of the
above proofs are based on the affine root systems. In Section [3.2] we will present a
construction for all the infinite families that is independent of root systems. (This

work will appear in [Toh].)

On the other hand, very little has been done for the exceptional cases since Mac-
donald. Cooper [Co097a] gave elementary proofs for G5 and Gy and an elliptic

function proof for G can be found in [CCTOT]. (See Section [2.4])

We should also mention that there are non elementary approaches to the Mac-
donald identities. In particular, they can be interpreted in terms of Kac-Moody

algebras. (See the introductions in [Kac90] and [Mil85].)

3.2 An original construction for the infinite fam-
ilies
In this section, we will construct the equivalent forms of the Macdonald identities

for the infinite families. These identities were discovered in January 2006. We

found out later that they appeared in the work of Rosengren and Schlosser [RS06].
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However, our construction differs from theirs and is independent of the affine root
systems. For ease of comparison with the existing literature, we will label our
identities according to the affine root systems.

Previously in Definition we defined the vector space V!, ,. We shall use the
structure of these spaces to construct the Macdonald identities.

Method of Construction

Fix a subspace of an%k spanned by functions {F}, ..., F,}, where each F; is of the
type Ty, ;(2), B}, ;(2) or Ol ;(z) and j =k (mod 2).

1. Form a determinant function in n independent variables,

det  (Fj(z)).

1<j,k<n

2. Locate the zeroes of this function. Some of these are intrinsic zeroes of all
the basis functions, i.e. Fj(a) =0, for all 1 < j < n. These can be calculated
from Corollary [I.2.5] The remaining zeroes result from the determinant
function. For example, if z; = z;, we will have two identical columns in the

determinant.

3. Form the infinite product on the right hand side of the identity with one

Jacobi theta function for each zero.

1%2’0@ (Fj(2)) = constant x H 0(z) H@l(zj — 2g)-

intrinsic

4. Check that both sides satisfy the same transformation formulas, giving an

elliptic function identity.

5. Calculate the constant.

There are altogether twenty possible cases depending on the parities of m, k and

[, giving us twenty families of identities.
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Theorem 3.2.1 (Identities for A,_;). For l=n (mod 2),

(_Z) n272n72 q 7n2<8§»n72

n2 —3n+2
2

det (Tfmj_n(zk)) =

01 (21 + 22 +
1<j,k<n

(¢%)

X H 01(25 — 2klq)-

1<j<k<n
( ,>n2—n —n2+n
l —t) 2 g
1;}22” (Tn,ijnfl(Zk)) = ) n=gni2 04 (21 + 22 +.
(¢%)oc
X H 01(25 — 2klq).
1<j<k<n
Forl #n (mod 2),
( ,)n27n 7n2+n72
! =) 2 q s
13%,?@ (Tn,Qj—n(Zk)) = , w2t O (21 + 22 + .
(¢*)oc
X H 01(z; — zlq).
1<j<k<n

. n2—n —n2+n
(—Z) 2 q 8
n2—-3n+2

(¢%)oo *

X H 61(z; — zklq).

1<j<k<n

Theorem 3.2.2 (Identities for B,,).

2

n_

i"2q~ -
1<d%t<n (O§n,1,2j,1(zk)) - (g2 H 01(2; £ 2xlq) H
ShES oo 1 <ilk<n =1
2
0 2T -
et | (En-12j-1(2)) = (@) H 01(2; £ 2xlq) H
=hE= oo 1 <ilk<n =1
n27n n
0 29~ 3
1<d_(zt< (E2n—1,2j—2(zk)) = (g)m H 01(z; £ 2lq) H
=DEST 7)o 1<j<k<n =1
n2—n n
29~
1 _ ,
1§(;1,7ekt§n (EZn—l,Qj—2<zk)) - (q2)£_" H 91 (’Z] + Zk’q) H

1<j<k<n

~

1

03(21+22—|—.

)

(3.3)
)

(3.4)
)

(3.5)
)

(3.6)
01(z1)q)- (3.7)
02(z11q). (3.8)
05(z1]q). (3.9)
64(2[‘q). (310)
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Theorem 3.2.3 (Identities for B)).

n2+n

"2 7 (¢
1<d'%t< (O;nzj(zk)) - (¢?)2+1 H 01(z; £ 2]q)
== 1) 1<j<k<n

n

x [ [ 61(zlq)02(z1l0). (3.11)

=1
2
2077 (q")oo
R R rorel | UICEE D
=pE=n 7)o 1<j<k<n
x [ 05(zlq)04(z1lq). (3.12)
=1

Theorem 3.2.4 (Identities for BC,,).

n2

q 4
det (E21n+1,2j—1(2k)): n2in H 01(zj £ 2xlq)

1%jkzn (q2>°° 1<j<k<n
x T 0a(21l0)05(21lg)0a(21]g). (3.13)
| p =1
0 A '
1331‘,?371 (02n+1,2j—1(2k)) = _(q2>'gj+n 131191 01(z £ zlq)
x [ [ 61(zl9)05(z110)04(z]q). (3.14)
e I=1
1q 4
det (08, 110;() = = | 01(z £ 2l0)
Ishsn (4*)5 1<j<k<n
x [T 01(zl9)02(2110)04(21q). (3.15)
=1
ing "
1 _ .
1S(jjl,e]f2" <02"+1’2j(zk)) a (q2)?j+n 1ggsn itz )
x [ ] 01(21l)02(211q)0s(zq)- (3.16)

=1
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Theorem 3.2.5 (Identities for C},).

n2+n

n o —

0 _ g ¢ A
lgcjl.itgn (02n+2,2j(zk)) = —(QQ)Qj“” 1<j1;[<n 01(z; £ zlq)
X HGl(zl\q)ﬁg(zl]q)eg(zl]q)94(zl\q). (3.17)
I=1

Theorem 3.2.6 (Identities for CY).

2
p —n

det Oon i (z) = v 01(z; £+ zx|q
i O 00 = oy e, L1 200
x [ [ 61(zlq)0a(z1lq). (3.18)
o
1 _ g T .
lgcjl.itgn (Ozn,2j—1(zk)) = (@)oo (@) 2(¢) H 01(2; % 2/q)

X 1<j<k<n

x [T 61(z10)0s(zlq). (3.19)

=1
2
qg T
det (B9 .. .(z 5 01(z; £ zklq
ot (B i (1) (=% ¢*)o ()5 (a") 0 13]'119 1 % =)
x [ [ 62(zl0)05(z1lq). (3.20)
=1
q_nT
det (B3, o 1(z)) = 01(z; £+ zilq
1§j,kgn( 2n25-1(%%)) (@)oo (@) 72(¢Y) 1<E<n 1z £ 2lg)
x [ ] 02(2110)64(z1lq)- (3.21)
=1
Theorem 3.2.7 (Identities for D,, n > 1).
det (EJ o) = ﬂ H 01(z; + zx|q). (3.22)
1<j,k<n 2n—2,25-2 <q2)n2—2n J

00 1<j<k<n
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Remark 3.2.8. 1. The identities associated to the same root system are equiv-
alent up to a half period transform. (Table ) For example (3.7) can be
obtained from (3.10)) by replacing z; with z; + wt/2 for all j.

2. Identities (3.19) and (3.21) can be obtained from (3.18) and (3.20) respec-

tively, by replacing q with —q.

3. The infinite product on the right hand side of Theorem has an extra
theta factor when compared to the Macdonald identity for A, _1, thus we label

them as An_l. Nevertheless the two identities are equivalent.

We shall now prove the C,, case in detail.

Proof of Identity . We consider the subspace of V,gjo with m even, spanned
by the functions {O}, ;|j even}. From the fact that both O}, ;(z) and Oy, ,.(z) are
identically zero, and , we can conclude that there are at most mT_2 linearly
independent functions. If we let n denote this number, then the possible candidates

for a basis would be

0 0
{02n+2,27 ce 7O2n+2,2n}'

1. Let F(z1,...,2,) denote the determinant expression in (3.17). We first assume
that all z;, 7 # 1 are fixed, distinct complex numbers in the fundamental parallel-
ogram II, that are different from 0,7/2, 7t/2 and (7 + 7t)/2. Then, F(z1,..., z,)
can be considered as a function of z, i.e F(z1,...,2,) = F(21).

2. As a function of z;, F(z;) is a linear combination of odd functions and is also
odd. Corollary allows us to conclude that the intrinsic zeroes of F'(z;) are
the four values 0,7/2, 7t/2 and (w4 nt)/2. It is also evident that F(£z;) = 0,
2 < j < n. This accounts for all the 2n + 2 zeroes of F(z;) in II. (The points —z;

are not in II but their equivalent points —z; + 7 + 7t are.)



3.2 An original construction for the infinite families

3. Now, we let

n

Pzi,z) = | 0z % zla) H (21]@)02(21]q)03(21q)04(z1q)-

1<j<k<n =1
As a function of z1, i.e. P(z,...,2,) = P(z1), it has the same zeroes as F(z1).
4. Since F(z) is a linear combination of 03, ,,,:(21) for j = 1 to n, it satisfies
the transformation formula (1.13). From Proposition (1.1.3)), we check that P(z)
also satisfies the same transformation formula. Thus the quotient F(z;)/P(21)
is elliptic and entire. By Lemma [1.1.5| F(z1)/P(z1) is a “constant” expression
c(za,..., 2, q) that is independent of z;.
We can repeat the same argument for each of the z; and conclude that the quotient
F(z1,...,20)/P(z1,...,2,) equals a constant ¢(q) that is dependent only on ¢q. The
principle of analytic continuation then allows us to conclude that the identity holds
for all z;.
5. We now calculate explicitly ¢(q), following the method of [RS06]. Let z, =
7k/(2n + 2) and let w denote the primitive (2n + 2)-th root of unity, i.e.

2
wk e?zzk _ €2n7:2k

Thus,

det  (09,12.;(2))

1<5,k<n
[e%9)
— det < Z q(2n+2)l2+2jl(wkj o w—kj))
1<j,k<n
l=—00

n
_ (H<q4n+4, _(]271-&—2—|—2j7 _q2n+2—2j; q4n+4)oo> det (wkj _ w—kj)

. 1<g,k<n
J=1

2n+2
— ((q4n+4)7;o H (_qu; q4n+4)oo> (_q2n+2; q2n+2);01 det (wkj _ w—kj)

e 1<j5,k<n
= (Y (P 2 (P det (wkj—w’kj), (3.23)

1<j,k<n
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where we have used Jacobi’s triple product identity to convert the series into infinite

products.

To evaluate the determinant expression explicitly, we use [Kra99, Identity (2.3)]

to obtain
det (wkj — w_kj)
1<j,k<n
= (w'...w")™" H (w? — wF)(1 — ww®) 1_[(11)2'C -1)
1<j<k<n k=1
_ (wl wn)—n-i-l H (w] _ wk)<1 _ wgwkz) H(wk —w k:)
1<j<k<n k=1
= ] w7 -w )T -0 ]k —w™). (3.24)
1<j<k<n k=1

Next, we evaluate the right hand side of (3.17)) for the same values of z,. From the
duplication formula (Proposition |1.1.6)) and the infinite product formulas (Propo-
sition ([1.1.9)), we have

H 01(211q)02(21]q)05(21]q)04(21|q)

=1

n
= ()" ()2 [ —w )P, w5 ¢
=1
n

= ()" ()2 L [ = w ), (3.25)
=1

and

H 01(2; + 2klq)

1<j<k<n
n2—n i o . o
= (_i)n2_nq * (q2)202_n H (w% — wkT])(w% — w2 k)
1<j<k<n
% H (qgwj_’“, qzwk—j7 qu”k, q2w—j—k; QQ)OO‘ (3.26)

1<j<k<n
We first observe that the products involving only powers of w is equal to the

n2—n
determinant evaluation in (3.24) up to a factor of (—1) =z . To simplify the four
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infinite products in the last line of (3.26)), we set k as j and j as k for the second
product, k as k + 1 for the third product. For the last product set j as n — j and
kasn—Fk+1to get

2 G-k 2 k—j 2 g+k 2 —j—k. 2
I @ w7, @™, w7 )
1<j<k<n

H H (q U) —k. 2 n—1n—1 n—1
_ j=1 l_lc[ 1 ( 14 % H H q wg+k+1 ) H(q2w2k+1;q2)oo
k=1 (0%)oo j=1 k=1 k=1

Hn—l 2n+2(q w”k g )

_ 2 2k+1
o (¢?)n 11—[ (q Wkt g2kt g 1;[
(q4n+4)n l(q w, q Z" q2w2n+1 2 2k+1
- ()5 2(q"™ ) H
An+4\n—2 2. .2 n
") (=07 0% ) o
- D T i) (3.27)

Substituting (3.27) into (3.26)) and combining with (3.25)), we have a simplified

expression for the right hand side of identity (3.17). Comparing with the expression

(13.23]), we can conclude that the constant

O

Theorems [3.2.1] to [3.2.7], provide a clearer picture of the structure of the vector

spaces V!,
Theorem 3.2.9. V], has dimension m and

j=k (mod2),—m<j§m}

{Trln,j(z)

forms a basis.

Proof. Since the infinite product in each identity of Theorem [3.2.1] is non-trivial,

the determinant is also non-trivial. Hence the set of m functions Tfm ; that appears
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in the determinant are linearly independent. To complete the proof, we will show

in Lemma that the dimension of each an%k is at most m. m

Each V,fm can be decomposed into odd or even subspaces spanned respectively by
{Oﬁm(z)} or {Efnj(z)} The dimensions of the odd and even subspaces depend
on the parities of m,[ and k. These are tabulated in Table [3.1]

Basis m odd m even
k (mod2) |k=1|k=0|k= k=
0,4(2) il Bl B A
<z> mil | mi | m | my
) mt=a | 2 | 2

Table 3.1: Dimensions of subspaces of Vﬂl%k

3.3 Formulas for ¢-products

The main application of the Macdonald identities is to obtain formulas for n prod-
ucts in terms of some power series. We shall ignore the fractional powers and

consider a general a ¢-product, i.e. an infinite product of the following form,

In this section, we give new formulas for ¢-products in terms of determinants,
or more precisely Wronskians, as applications of the identities proven in Section
[3.2l The method of proof is uniform in all cases. For each variable zj, we apply
an appropriate power of the differential operator %, followed by setting z, = 0.

Making use of the fact that all even derivatives of 6 (z;|q) is zero at z; = 0, we can
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obtain a simple expression in terms of ¢;(0|g) which equals Qq%(cf)io. (See (1.7)).)
Replacing ¢ by ¢ gives the required formula. We will illustrate in more detail for
the identities associated to A,_;, and simply list the differential operator used for

the other identities.

Finally, we remark that in the appendix of [Mac72], Macdonald gave one or more
specializations of each identity to obtain various formulas. These specializations
all correspond to the half-period transforms that gave us the various identities in
our list. Besides [Mac72], other representations for powers of (¢)s were also given

in [LM99a] and [LM99H)].

Formula 3.3.1 (A,_;: Representations of (¢) *2).

n2-n-2 _—n?4n-2
i (L2 2 ¢ det  f(j.k.n 3.8
(q>oo (nH;L:—ll(_:l)J(j)') 1§j,k§nf<']’ ) )7 ( . )
where for k <n,

FGokm) = D (=)™ ((2nd 425 — n)i)* " g HmmO/2

{=—00
and  f(j,n,n) = > (—1)"((2nf + 25 —n)i)" ¢RI

l=—00

Proof. For each k, from 1 to n — 1, we shall apply successively, the operator
o\ k-1 -

<<9%k> . All four identities for A,_; can be treated uniformly at this point.

zp=0

0
After applying (%) ‘ , the right hand side equals
z21=0

CHGH(zg—l—...—i—znh)H —2;q) H 61(z; — zklq).

j= 2<j,k<n

1
Next apply (%)

and the right hand side equals

zZo=

n

C'“H“(z3+...+zn|7')(—93(0|q))H —2;]q)? H 01 (z; — zklq).

=3 3<j,k<n
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, the right hand side equals

2p—1=0

n—2
Inductively, after applying (%)
n (n=2)(n-1)
Cueu(znh') (H(_l)jﬂ> 9’1(0|q) 2 01(_Zn|q)n_1

Jj=1
n
o)
Ozn

n—1

At this point, if u = 1, we apply ( to obtain formula [3.3.1| after simpli-

2n=0

to obtain the following three formu-
2n=0

las. O

fication. Otherwise, we apply (%

Formula 3.3.2 (A,_;: Consequence of (3.4)).

1 772z 2
(@)% %(q2)% = = . (3.29)
j:ll(_l)](])|
x det (30 (1 (@2ar+ 27— n— 1)) q<"62+<2f‘-n—1>f>/2) |
Formula 3.3.3 (A,_;: Consequence of (3.5)).
'n -n . —n +'n, 2
2_ 2 27 2
(@)% (%)% = i (3.30)
pR{mE
X 1<(j_%t<n < TL+1 ((277;6 + 2] . n)i)k_l q(nf2+(2j—n)£)/2> '
Formula 3.3.4 An 1: Consequence of (3.6 -
n2+4 ,n22—n2—n§+n
o _ (3.31)

(6)2%(a2)%  TTn (=1)(5)!
x det ( Z (_1)(n+1)€ ((2n€ +2j—n— 1)Z.)k—1 q(ne2+(2jn1)£)/z> .

1<j,k<n
{=—0c0

Due to the extra theta factor in identity (3.3)), we obtain a representation of (¢)" +2

instead of @)&2‘””“"‘”

given in [Mac72]. This can be overcome with a slight
modification. We illustrate this modification by giving a proof of Dyson’s formula

(3.1). The case for general n can be proven similarly.
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Proof of Dyson’s formula. We shall use the A4 identity in (3.6). We first introduce

a new variable x by replacing zj with z; + /5. Our resulting identity is now

det (ngj_6 <2k+ 5)) _qq > O3 (x4 21+ ...+ 25]q) H 01(z; — zi|q)-

1<45,k<5 (¢S, 1<j<k<5

for each k. The right hand side simplifies to

(H k:') 22404 (x|q). (3.32)

k—1
Now apply < 8Zk)

On the other hand, we have

det ( Z (106 + 25 — 6)i)"! q(562+(2j—6)e)62m62j5%)

1<5,k<5 \ =

— _ 1\yo(1)—-1 __o\o(2)-1 o(3)—1

= > sgn(o) Y (1omy —4) (10mgy — 2) (10ms)
0ESs (m1,.. ,ms))GZ5

X (10my + 2)°D =L (10ms 4 4)°®)-
% q5m%+...+5m§—4m1—2m2+2m4+4m5 eZi(m1+...+m5)x.
Extracting the term independent of x and setting

(5my — 2,5my — 1,5mg, 5my + 1,5ms + 2) = (a, b, ¢, d, €),

we have
Z sen(o Z aa(l)—lba(2)—1ca(3)—1d0(4)—1€a(5)—1qa2+b2+62gd2+€2*10 '
o€ESs (a,b,c,d,e)eZS

a+b+c+d+e=0

By switching the order of summation and using Vandemonde’s determinant formula

[Kra99, Identity 2.1], we complete the proof. O

Formula 3.3.5 (B,: Representations of (¢)2"°*").

5 2—n2+n—1
(@) " =

[T (1) 1(2k = 1)!
% det < Z (_1>€+k*1 ((4n - 2)£ + 2] . 1)2k—1 q((2n1)£2+(2j1)€)/2> ]

(3.33)

1<j,k<n
{=—0c0
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2%k—1
Proof. Apply (%) to identity (3.7]). This is equivalent to specialization
2,=0
(a) in [Mac72, p. 135]. O

Formula 3.3.6 (B,: Consequence of (3.8])).

2—712 +n—1

(@2 @")5)" = T ) (3.34)

C1E (4 — L1261 (2n-1)R+(2i-1)0)/2
xlgéitgn<;( D ((4n —2)0 + 25 — 1) q )

(
Proof. Apply (%) to identity (3.8]). This is equivalent to specialization
2z=0
(b) in [Mac72, p. 135]. O

Formula 3.3.7 (B,,: Consequence of (3.9))).

X\ _ 2!
2192 1 2 - nfl(_l)k(Qk)' (335)
(q )oo(qQ)oo k=1 :
k-1 _ S 1)2(k—1) _((2n—1)02+(25—2)0)/2
x det (E_Z( DY (@2n-1)0+5-1) q )

2(k—1)
Proof. Apply <a%€>

to identity (3.9). This does not appear in [Mac72].
0

2=

[
Formula 3.3.8 (B,,: Consequence of (3.10)).
-3, 1y2 \" ant
((q)oﬁ’ (qf)oo) = = (3.36)

k=1 (1R (2R)!

q\lHE—1 _ - \2(k=1) ((2n—1)0%+(2j-2)6)/2
xlgc}’%tgn(é_z_:( 1) (2n— 1) +35—1) q )

2(k—1)

Proof. Apply (%) to identity (3.10f). This is equivalent to specializa-
z=0

tion (c¢) in [Mac72 p. 135]. O
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Formula 3.3.9 (B,’: Consequence of (3.11)).

()5 (g)ee) ™ = HZzl(—l)z’f_‘l(% S (3.37)

1\ +k—1 N\ 2k—1 ne24j¢
x| det (ﬁ;( 1) (2nt +5)*" ' q )

Proof. Apply (%) to identity (3.11]). This is equivalent to specialization
zk—O
(a) in [Mac72, p. 136]. O

Formula 3.3.10 (B,’: Consequence of ({3.12))).

A
( (qz)oo > N Z;i(_1>k<2k)! (3.38)

k-1 - a\2(k=1)  2nf24(j—1)¢
X lg(ﬁtgn (ez (—1) 2nl+j—1) q ) :

2(k—1)
Proof. Apply (%) to identity (3.12]). This is equivalent to specializa-
Y Zk,=0
tion (b) in [Mac72, p. 136]. O

Formula 3.3.11 (BC,: Representations of (¢)2*"~").

o)

2—n2+n

(@2 " = RIS (3.39)

o0
% det ( Z (_1)Z+k71 ((4n + 2)£ + 2j . 1)2(14:—1) q((2n+1)£2+(2j1)f)/2> _

1<j,k<n

l=—00

2(k

Proof. Apply <8%k> to identity (3.13)).This is equivalent to specialization
2, =0

(c) in [Mac72, p. 138]. O

Formula 3.3.12 (BC,,: Consequence of (3.14))).

(q)gg—l{i n B 2—n2+n
( (¢*)5% ) T I (DR 1(2k — 1) (3.40)

% det ( Z (_1)k71 ((4TL + 2>€ +2j — 1)2k—1 q((2n+1)£2+(2j1)£)/2> )

1<j,k<n
{=—00
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2%—1
Proof. Apply (%) to identity (3.14]). This is equivalent to specialization
2,=0
(a) in [Mac72, p. 138]. O

Formula 3.3.13 (BC,,: Consequence of (3.15)).

2n-3., 1y2 ( 2v2 " 1
((Q)oo (47)%(q )oo) - T (— )12k — 1)!

x det ( Z (—1)"3—1 ((Qn + 1)4 + j)%*l q((2n+1)€2+2j€)/2> ‘

(3.41)

1<j,k<n
=—00

Proof. Apply (%) to identity (3.15)). This is equivalent to specialization
’ 2,=0
(b) in [Mac72, p. 138]. O

Formula 3.3.14 (BC,,: Consequence of (3.16))).

(@x™) _ ;371 ' (3.42)
(¢2)% [Teea ()51 (25 = 1)!
_1\l+k—1 N\ 2k—1 _((2n+1)£24-240)/2
x1<<}%‘c<n<;( 1) (2n+1)+5)" " ¢q >
2%—1
Proof. Apply (%) to identity (3.16]). This is equivalent to specialization
zk—O

(d) in [Mac72, p. 138]. O

Formula 3.3.15 (C)/: Consequence of (3.18])).

1, 1 2n+1 9—n’+n
((Q)oo (q2)oo) ~ I i@k = 1) (3.43)

1)1y 27— 1 2k—1 _(2nf24(25—1)¢)/2 )
><1<<]1f;j<n<g:( ) (Ant + 25 —1)7 g

Proof. Apply (%) to identity (3.18]). This is equivalent to specialization
Zk—O
(a) in [Mac72, p. 137]. O
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Formula 3.3.16 (C): Consequence of (3.19)).

(@2 " 9—n’+n
SUL = ik 1) (3.44)
(q )Oo(q2)oo k=1 :
X 1<d'%t< < Z (_1>£+k—1 (4nl + 2 — 1)2k—1 q(gne2+(2j—1)e)/2) .
S7,RSN P

2k—1

Proof. Apply (%)

to identity (3.19). This does not appear in [Mac72].
0
]

2=

Formula 3.3.17 (C): Consequence of (3.20))).

@\ _ e o)
(4%)s0 1)k (2k)! :

X det ( Z (—1)’“_1 (4nl + 25 — 1)2’6*2 q(2n52+(2j—1)€)/2> .

1<j,k<n

{=—00

2(k—1)
Proof. Apply (%) to identity (3.20)). This is equivalent to specializa-
g 2=0
tion (b) in [Mac72, p. 137]. O

Formula 3.3.18 (C): Consequence of (3.21])).
2n—1 9—n*+n

(@2 @=De) " = o ram (3.46)

x det ( Z (_1>Z+k71 (4nl +2j — 1)2k—2 q(2n€2+(2j1)£)/2> _

=—o00

2(k
Proof. Apply (%)

to identity (3.21]). This does not appear in [Mac72].
0
[

Z=

Formula 3.3.19 (C,: Representations of (¢)2°+").

omZin 1
(D = @ 1

x| det ( Z (=Dt ((2n+2)0 + )% q(n+1)£2+jz> '

1<j,k<n

(3.47)

{=—00



3.3 Formulas for ¢-products

Formula g-product R.S. || Formula g-product R.S.
3.3.1 (g +? A1 | B3.11 (q)2 " BC,
3.3.2 ()2 12 5 (@QZ+\"

3. q)n " *(q2)%, A,q | 13312 ()2 BC,
333 | @2 A% | Awa | B33 (@2 @A) | BC,
n2+4 _ m+3\ "
3.3.4 s s (9)s BC,
(¢*)3.(92)% (¢2)5% -
1 n+
3.3.5 (q)277+n B, || B.3.15 ((q)gl(qf)w) cY
. (q)n+2 2n+1
3.3.6 (@)22%(g*)2,) B, || 13.3.16 o cY
(q2)0<>(q2)oo2 )
2n+3 n n+1\ <"
3.3.7 L) B, | 13.3.17 (9)sd o
(42)2(a7)3 (42)oo -
338 | ((027°@2) | Ba | p318 | (@52(@)wlad)x) | O
3.3.9 | (05 (@))"" | BY | B-3.19 (q)2 n
(q)n+l 2n—1 9
3.3.10 (q;)o BY | 3.3.20 (q)2m D,

Table 3.2: Formulas for ¢g-products

2%—1
Proof. Apply (%) to identity (3.17). This is equivalent to the formula
zk—O
in [Mac72 p. 136]. O

Formula 3.3.20 (D,: Representations of (¢)2”"~", n > 1).

(e e}

o2n?2—n __ 2n72
RO | .

_ 11 (25 — 9 ._12k—2 (n—1)2+(j—1)¢ ]
xlgggn(Z_Z( T ((2n = 2)0+ 5 - 1)% g

2(k—1)
Proof. Apply <a%¢)

to identity ((3.22)). O
0

2=



Appendix A

A.1 Theta functions

There is a more general notion of a theta function [FKOI, Pg. 72] defined in the

following way.

Definition A.1.1. The theta function with characteristic [E/} € R? is defined by

€

o[ 0= 3 ewrmi (5 (e 5) 1+ (n45) ().

Comparing with Definition [I.2.1] our m-th order Jacobi theta function
J J J

T}, ;(m2) = e’”ﬁq’(%ye {?1 (mz,mt).

We list below, some useful results mentioned in Chapters 1 and 3, starting with a

proof of Theorem [I.1.8]

Theorem A.1.2 (Jacobi’s Triple Product Identity). For z # 0 and |q| < 1, we

have

> 2" = (—26; 0o (—2 713 0%) o0 (0% 1) .

Proof. There are many proofs of this theorem. In the following, we reproduce the

proof in [KLO03]. (As explained in [Co098], this proof was actually first given by

52
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Macdonald [Mac72].) Let
F(z) = (=2¢;0")oo (=274 ¢")oo (0% 7)o

and consider the Laurent series expansion

The quotient

F(g?r)  (=2¢% ¢)oo(=(20) 0% _ 1
F(x (=24 %) (271 *)0e 2q

Hence

rqF (2q*) = F(x).
Equating coefficients, we have the following recurrence

cnlq) = Cnf1(q)q2"’1 = ...

which gives us

F(z) = (—2:0)oo(—7 ¢ o0’ D)oo = colg) Y "¢, (A1)

n=—oo
To evaluate cy(q), let w denote the primitive cube root of unity and substitute
r = —q, —wq and —w?q respectively, into (A.1). Summing the three resulting

equations, we get

3(0% %) = colg) D (—1)"¢" (14w +w™)
= colg) Y 3(=1)"g™

3|n

Finally, set ¢ as ¢° and = as —¢* in (A.1]) to get

o0

(%) = cold’) Y (~1)"g" 3,

Comparing these last two equations, we can calculate that co(q) is actually inde-

pendent of ¢ and equals 1. O
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Proposition A.1.3. Let F}, ;(z) € V], ., j =k (mod 2). Then F}, ;(z) has ezactly

m zeroes in 11, the fundamental parallelogram, whose sum is

.y _
m= + K |7+ m=J + K’ t,
2 2
for some integers K and K'.

Proof. The fact that each anyj(z) has exactly m zeroes is given in Proposition

1.2.4] For the second part, we use the fact that

1 [z (E)
5 /c Wdz = Z zeroes — Z poles,

where C' is the positive contour about a + II, for some a.

L/ z (an,j(z))/dz
C

2mi Fl i(2)
_ i/a” (z (Fzm(z))/ B (z 4 mt) (F&’j(z—i-ﬂt))/) "
2mi J, Fl, i(2) Fl, (2 + 7t)
1ot (2 (FL(2) (z+m) (B +m) .
ori J, FI (%) FI_(z+m) ©
1 a+m (Fl <(Z)),
= — —mt— 0+ 2mi t)|d
2 |, ( T ) +2mi(z + 7t) | dz
1 a+mt (Fl j(Z))’
2 Wmi\B)) Y 4
T2 ), (W oz )&
m t a-+m (Fl (Z))/ 1 a+mt (Fl (Z))/
= (2 21rt) — — ASLCY ANV —_ ASCY ANy F
5 (20w 2nt) 2¢/a FI (%) e 2¢/a FL.z)

To evaluate the last integral, we consider an open domain containing the segment a
to a + mt, where Fiw(z) has neither poles nor zeroes. In this domain, the function

has an analytic logarithm and we can write

an](z) = exXp (hinj(’z)) :



A.1 Theta functions

When z = a + 7t, by (1.13)),
l L _—m _—2mia 1ol
Fjla+mt) = (=1)¢™e F,;(a)

= exp (il — mmwit — 2mia + hl, (a) + 2Ki) |

where K is some integer.

Hence
1 a+mt (Fl j(z))’ 1
il MmN gy = — (R t) — ht
2 u Frln,j(z) < % ( m,J(a+7T) m,J(a))
[ t
= % — % —ma+ K.

The other integral can be calculated in a similar fashion to obtain

a+m Fl ) / .
t/ Ens@) o _ <—%+K’) t.

2i El i(2)

Lemma A.1.4. anm has dimension at most m.

Proof. Suppose on the contrary that the dimension of Vrfl’ i 1s strictly greater than

m. Let x1, x9,...,x,,_1 be distinct points. Consider the following evaluation map
¢:Vy, — C71
f = (f(xl)af(xQ)a"'af(xm—1>)-

Since ker(¢) has dimension at least two, we can find independent f,g € ker(¢).

Choose a point « such that
. m—1
m — 1 m —
o # (T —|—K>7r—|— (TJ+K’) Wt—;xk.

Then the function f(a)g(z) — f(z)g(«) vanishes at a and each z; contradicting

Proposition [A.T.3]
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A.2 Modular forms

We list below, some standard facts about modular forms. See [Ser73, Chpt. VII]
or [Kob93, Chpt. III] for a more detailed account.

Let SLy(Z) denote
a b
< ) a,b,c,d e Z ,ad —bc=1
c d

Definition A.2.1. A modular form f(7) of weight k is a holomorphic function on
the complex upper half plane, i.e. Im(7) > 0, satisfying

f (Z:i;) —(er+d)Ff(r),  forall ( Z Z ) € SLy(Z). (A.2)

Definition A.2.2. A cusp form f(7) is a modular form that vanishes at infinity.

We use M (SLa(Z)) (and Sk(SL2(Z))) to denote the set of modular (resp. cusp)

forms of weight k.

Theorem A.2.3. A holomorphic function f € My(SLa(Z)) if and only if
fr+1)=f(r),  f(=1/1)=7"f(7). (A.3)

Since modular forms satisfy the first relation in the previous equation, we can

27‘('@7" i

express f as a function of ¢ where ¢ = e

F(m) =Y a(n)q"

n=0

.€.

Definition A.2.4. Ramanujan’s Fisenstein series are defined as

k=1

©© k’qu
Q=Q(q) =1 +24021——qk’
k=1

0 kqu
R = R(q) :1_50421_qk'
k=1




A.2 Modular forms 57

Q(q) and R(q) are modular forms of weight 4 and 6 respectively, while P(q) is not

a modular form on SLy(Z). We usually omit the dependence on g.

Theorem A.2.5. Ramanujan’s Fisenstein series satisfies the following differential

equations [Rami106, Eq. 30):

AP _P-Q @Q _PQ-R  dR_PR-Q"
T = 12 0 Y4y T T3 0 Ty T T 2

Theorem A.2.6. [Kob93, Pg. 118] Let k > 2, then any f € Mg(SLa2(Z)) can be

written in the form,

- 3 eaw

4i+-65=

Definition A.2.7. Dedekind’s eta-function is defined as

o 1L =a =

»""
»""

721 (q)0o-

n(7) satisfy the following transformation formula [Kob93, Pg. 121]:
n(r+1) =e"n(r),  n(=1/7) = V=it n(7). (A.4)

Theorem A.2.8. [Kob93, Pg. 117] S12(SLa(Z)) = Cn*t. Moreover for k > 14,

we have

Sk(SLa(Z)) = 1° My, —15(SLa(Z)).
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