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Abstract

The subject of this thesis is image deconvolution. In many real applications, e.g.
biomedical imaging, seismology, astronomy, remote sensing and optical imaging, unde-
sirable degradations by blurring effect (e.g. optical diffraction-limited condition) and
noise corruption (e.g. photon-counting noise and readout noise) are inherent to any
physical acquisition device. Image deconvolution, as a standard linear inverse problem,
is often applied to recover the images from their blurred and noisy observations. Our
interest lies in novel deconvolution algorithms based on unbiased risk estimate. This
thesis is organized in two main parts as briefly summarized below.

We first consider non-blind image deconvolution with the corruption of additive
white Gaussian noise (AWGN), where the point spread function (PSF) is exactly known.
Our driving principle is the minimization of an unbiased estimate of mean squared error
(MSE) between observed and clean data, known as “Stein’s unbiased risk estimate”
(SURE). The SURE-LET approach, which was originally developed for denoising, is
extended to the deconvolution problem: a new SURE-LET deconvolution algorithm
for fast and efficient implementation is proposed. More specifically, we parametrize
the deconvolution process as a linear combination of a small number of known basic
processings, which we call the linear expansion of thresholds (LET), and then minimize
the SURE over the unknown linear coefficients. Due to the quadratic nature of SURE
and the linear parametrization, the optimal linear weights of the combination is finally
achieved by solving a linear system of equations. Experiments show that the proposed
approach outperforms other state-of-the-art methods in terms of PSNR, SSIM, visual
quality, as well as computation time.

The second part of this thesis is concerned with PSF estimation for blind decon-
volution. We propose a “blur-SURE” — an unbiased estimate of a filtered version of
MSE — as a novel criterion for estimating the PSF, from the observed image only, i.e.

the PSF is identified by minimizing this new objective functional, whose validity has

ix



X ABSTRACT

been theoretically verified. The blur-SURE framework is exemplified with a number of
parametric forms of the PSF, most typically, the Gaussian kernel. Experiments show
that the blur-SURE minimization yields highly accurate estimate of PSF parameters.
We then perform non-blind deconvolution using the SURE-LET algorithm proposed
in Part [, with the estimated PSF. Experiments show that the estimated PSE results
in superior deconvolution performance, with a negligible quality loss, compared to the
deconvolution with the exact PSF.

One may extend the algorithms based on unbiased risk estimate to other noise
model. Since the SURE-based approaches does not restrict themselves to convolution

operation, it is possible to extend them to other distortion scenarios.

Keywords: image, deconvolution, mean square error (MSE), Stein’s unbiased risk
estimate (SURE), linear expansion of thresholds (LET), blur-MSE, blur-SURE, Wiener

filtering, undecimated Haar wavelet.



Symbols & Conventions

v Vector of N components v,

v Any of the components v,

M Matrix of L x N components my,
1 Identity matrix

F(") Vector function of N components f,(-)
f() Any of the scalar functions f,(+)
Operators

* Convolution

& Mathematical expectation

\Y% Gradient of a scalar function
div{-} Divergence of a vector function
trace{-} Trace of a square matrix

diag{-}  Diagonal of a square matrix
Acronyms

AWGN  Additive Whit Gaussian Noise
BLS Bayesian Lease-Squares

DFT Discrete Fourier Transform

DCT Discrete Cosine Transform

DWT Discrete Wavelet Transform
GCV Generalized Cross-Validation
GSM Gaussian Scale Mixture

LET Linear Expansion of Thresholds
MAD Median of the Absolute Deviation
MAP Maximum A Posteriori

MMSE  Minimum Mean-Squared error
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Chapter 1

Introduction

1.1 Motivations and objectives

In many real applications, e.g. medical imaging [14], seismology [15], astronomical
imaging [16], remote sensing [17] and optical imaging [18], the observed images are
often degraded during image acquisition. There are two main sources of degradation,
described as follows.

The first degradation is blurring effect caused by the limitations of image acquisition
devices, e.g., the diffraction phenomenon of optical imaging system [19]. Blurring
is often mathematically modelled by convolution, and within this model the blur is
characterized by the point spread function (PSF) or kernel [20].

Another type of degradation is noise corruption introduced by the measurements,
e.g., photon-counting noise arising from the fluctuation of the number of incoming
photons [21], the thermal and readout noise of the electronic acquisition devices and
the analog-to-digital conversion [22]. Although the amount of noise actually depends on
the signal intensity, it is often modelled as an additive independent (typically Gaussian)
random variable, especially when the magnitude of the measured signal is sufficiently
high.

Due to the poor visual quality of the obtained images, image deconvolution is often
applied to remove the degrading phenomena and recover the images from their blurred
and noisy observations [20]. This problem can be divided into two categories: non-
blind deconvolution, which assumes that the PSF is exactly known in advance, and

blind deconvolution, where the PSF is (partially) unknown.
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1.2 Mathematical formulation for problem statement

The degradation is formulated as the following linear model [20]:
y=Hx+b (1.1)

where y € RY is the observations of the original data x € RY, linearly distorted by

convolution matrix H € RV*N

and corrupted by the additive white Gaussian noise
b € RY with variance ¢2. Non-blind deconvolution is to find a good estimate of x from
the measurements y, given exact H, whereas blind deconvolution attempts to estimate
both x and H, from y only.

Image deconvolution is an ill-conditioned or singular problem due to the nature of
the PSF [20]. In particular, ill-conditioned convolution operator tends to yield highly

noise-sensitive solutions, which makes the deconvolution problem particularly challeng-

ing [20].
1.3 Survey of non-blind deconvolution approaches

Since there is no unique solution to deconvolution problem in view of ill-conditioning
and noise, the selection of a specific solution must be guided by some criterion or a
set of criteria [20]. A huge amount of literature is dedicated to this selection. In this
section, we propose a formal classification of various existing deconvolution approaches,
based on their underlying criteria. For each class, we further discuss some of its most

popular representatives.

1.3.1 Regularization

Regularization is a standard technique to cope with the ill-posed nature of the decon-
volution problem, by imposing certain regularity conditions on the original image [23].
The principle of regularization is to find an estimate X € RY of an original x € R by
minimizing the regularized cost functional J(x,y), i.e. X = arg miny J(x,y), which is

usually of the following generic form [24]:
J(x,y) = [[Hx —y|* + A (x) (1.2)

where ||Hx — y||? is the data-fidelity term, X is the regularization parameter, ®(x) is

the regularization term. The most commonly used regularizers are listed below.
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Wiener filtering/Tikhonov regularization [25; 26]

Tikhonov regularization uses fo-norm for regularization term ®(x) = ||Sx||? for some
suitably chosen Tikhonov matrix S, which is usually chosen as the identity matrix
to give preference to smaller norms, or high-pass operators to enforce smoothness.

Tikhonov regularization yields the closed-form solution, given by [27]:
%= (H'H + ASTs)'H"y (1.3)

While straightforward to implement, this type of regularization often produces over-

smoothed edges [28].

Transform-domain sparsity constraints [29; 30]
The coefficients of a frame-based representation of the original image are estimated

under a sparsity-inducing regularizer such as the £;-norm [29], formulated as [30]:
J(x,y) = [|Ac —y|* + el (1.4)

where c is the transform coeflicients of the unknown image x. In particular, in wavelet-
based deconvolution methods, A is often chosen as A = HW, where W denotes
inverse wavelet transform. The underlying philosophy in dealing with the £1-norm
regularization criterion is that most images have a sparse representation in the wavelet
domain [31]. Another advantage of the £;-based regularization over the £2-based is that
as opposed to the latter, £;-regularization is less sensitive to and better to preserve sharp
edges.

One is the most popular methods for solving problem (1.4) is in the class of iterative
shrinkage-thresholding (IST) algorithms!, where each iteration involves matrix-vector
multiplication involving A and AT followed by a shrinkage/soft-threshold step [30].
This algorithm can be reinterpreted as the proximal forward-backward iterative scheme
[24], expectation-minimization algorithm [34] and majorization-minimization algorithm
[35]. More recently, fast algorithms of IST have been proposed, e.g., fast thresholded
Landweber algorithm [36], FISTA [37|, SALSA [38] and i-LET [39].

Total-Variation (TV) regularization [28; 40]

The underlying principle of TV regularization is that signals with excessive and possibly

Other names in the signal processing literature include, for example, thresholded Landweber
method [32] and split Bregman method [33]
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spurious detail have high total variation, that is, the integral of the absolute gradient

of the signal is high. It can be formulated as [41]:
J(x,y) = |Hx =y + Al|x|tv (1.5)

where || - ||rv denotes TV norm. TV regularization is remarkably effective at simul-
taneously preserving edges whilst smoothing away noise in flat regions, even at low
signal-to-noise ratios [28]. Several recent algorithms that solves (1.5) have been pro-

posed, see [411-44] for example.

1.3.2 Regularized inversion followed by denoising

For further improvements of deconvolution quality, the most state-of-the-art methods
are usually decomposed as a two-step procedure that consists of regularized inverse
followed by noise reduction. Some representatives of this popular class of approaches

are described below.

ForWaRD [45]

This two-stage shrinkage procedure successively operates in Fourier and wavelet do-
mains with an optimal balance (in terms of an approximate MSE metric) between
the amount of Fourier and wavelet regularization. ForWaRD also considers different

Fourier shrinkage parameters at different DW'T scales.

More sophisticated denoising techniques [46—49]

The recent deconvolution algorithms, e.g., the SV-GSM [46], GSM [47], SA-DCT [48]
and BM3D [49], apply the regularized inverse followed by a more sophisticated de-
noising technique (BLS-GSM [50], SA-DCT [51] and BM3D [52], respectively). This
strategy achieves the most state-of-the-art results, usually at the expense of a high

computational complexity.

1.3.3 Bayesian approach

Another class of deconvolution algorithms are derived in a Bayesian framework, where
some a priori statistical knowledge of the original image are assumed [5; 34; 47; 53-59]
. The regularization approaches can be re-interpreted in this framework as maximum
a posteriori (MAP) or penalized likelihood. We refer the interested reader to [5; 60| for

a more detailed description of the Bayesian approach.
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1.3.4 Remark

Either regularization techniques or Bayesian methods need to find a reasonable value
of the regularization parameter, to keep a good balance between data-fidelity and reg-
ularization terms [23; 61-63|, see generalized cross validation (GCV) method [63] for

example.

1.4 Survey of blind deconvolution approaches

Blind deconvolution is a highly ill-posed problem, especially when no parametric form
of the underlying PSF is provided or assumed, due to not only the ill-conditioned
degradation operator, but also the underdetermined nature of the problem itself: the
number of unknowns (x and H) is significantly more than that of knowns (y), and
hence, there may exist multiple solution-pairs (original image + PSF) that produce the

same observed image [64].

1.4.1 Non-parametric blind deconvolution

To deal with the ill-posedness of the problem, most existing methods formulate the
deconvolution process as minimization of an objective functional, by taking into account
a certain prior knowledge or assumptions of the original image and the PSF, within
a regularization framework or a Bayesian approach [65]. For a comprehensive review
of the non-parametric blind deconvolution methods, refer to [66—68] and the references

therein.

Iterative blind deconvolution algorithms
With much initial success, an iterative blind deconvolution algorithm [69] spurred a
great deal of interest in this subject. This pioneering work essentially generalized the
Fienup phase retrieval algorithm [70], and a priori knowledge is limited to the non-
negativity of images. In each iteration one obtains estimates of the object and the PSF
by simple inverse filtering.

Subsequent improvements and variants of this basis scheme [69] further impelled
research in this field. [10; 71| proposed iterative algorithms based on Wiener-type fil-
tering [25]; [11; 72; 73] developed Bayesian-based blind deconvolution algorithms based

on Richardson-Lucy algorithm [74; 75|, which has proved to be robust in the presence
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of noise; [76-79] proposed expectation-maximization-based [80] maximum likelihood
blind deconvolution algorithms; [9; 12] proposed multiplicative iterative algorithms to

maximize the likelihood probability.

Regularization technique
It imposes certain regularity conditions (e.g. smoothness) on the original image and the

PSF, and formulates the blind deconvolution as the following minimization problem:
min ||Hx —y[* + A1 (x) + A®2(h) (1.6)
x7

where ®; and ®5 are the regularization terms of original image x and PSF h, respec-
tively; A1 and Ao are two positive regularization parameters which measure the trade
off between a good fit and the regularity of the solutions x and h. The commonly used

choices of regularizer are:
e Tikhonov regularization [81]:
I}I{l}ﬁlllHX—B’IIQJr/\1||DX||2Jr/\zlthll2 (1.7)
where D is the first-order differencing matrix.
e TV regularization [82]:
I}Ei}?||HX_Y||2+)\1||X||TV+)\2||h||TV (1.8)
e Hybrid regularization [83]:
I}EiﬁlHHX—yHQ+)\1||X||Tv+)\2||Sh||2 (1.9)
where S is the discrete Laplacian matrix.
e Lipschitz regularization [84], anisotropic regularizations [85], and others.
This technique can be re-interpreted as the maximum a posteriori (MAP) from

Bayesian perspective.

Bayesian approach

It assumes underlying prior models on the image and the PSF, and then via Bayes’
rule, formulates the logarithm of the posterior distribution as a cost functional to be
optimized. It is known that the exact posterior distribution is very hard to compute.
Variational Bayesian methods are employed to approximate the posterior via minimiz-

ing the Kullback-Leibler (KL.) divergence related to the posterior distribution [86].
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Standard prior models for the image and blur include simultaneous autoregressive
(SAR) [5; 87; 88|, conditional autoregressive, Gaussian prior [87] and TV prior [88].
Notice that in [88], using a TV function as the image prior and a SAR model as the
blur prior under the Bayesian setting is equivalent to the formulation of [83].

Recently, more sophisticated prior models have been proposed, e.g., Student’s-t
distribution to model the sparse kernels [89], a mixture of Gaussians for the gradient of
the image and a mixture of exponentials for the PSF [90-92|, a sparse prior to model
the image edges [93] and a local prior of the image [91]. Moreover, the non-convex
regularization terms have also been introduced [93; 94|. Refer to [95] for a thorough

description of the Bayesian approach to blind deconvolution.

Remark

Both the original image and the PSF are often jointly estimated by minimizing an
uniform objective functional [5; 82; 87; 88|, whereas a few works separate the blur
identification and image restoration: the original image is estimated by non-blind de-
convolution using the PSF estimated by the blur identification [90-92].

In all of these existing approaches, the regularization parameters must be deter-
mined properly so that the algorithm can provide good recovered images and blurs.
The parameters can be estimated by either variational Bayesian method [88] or gen-
eralized cross validation (GCV) method [83; 96]. However, all the proposed methods

require expensive computational cost.

1.4.2 Parametric blind deconvolution

Necessity of parametric blind deconvolution

In several particular applications, e.g., linear motion blur [97; 98], atmospheric tur-
bulence [99], out-of-focus blur [100], astronomical imaging [101] and fluorescence mi-
croscopy [102], the parametric forms of the PSF are either theoretically available or
practically assumed [3; 103]. In this context, the PSF is completely characterized by
only a few parameters [102] or at least belongs to a limited space of admissible func-
tions [65]. The parametrized representation of the PSF can be considered as another
type of regularization [65], provided that the number of the PSF parameters is not

too large. Unlike the non-parametric blind deconvolution, parametric one has only a
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small number of PSF parameters to estimate, which dramatically reduces the degrees

of freedom in the problem.

Examples in practical applications

Fxamples of the parametric approach can be found in the applications of deconvolution
microscopy [102; 104; 105] and motion deblurring [97; 98; 106], where the analytical
models of PSF are provided in the specific contexts. Besides, [3] considered the PSF
in a form of low-exponent Lévy function with two parameters; [103] performed a soft
combination of several typical parametric blur structures (e.g. Gaussian, uniform and
linear blurs). Still, both the estimates of the original image and the PSF parameters

are obtained either simultaneously [102; 105] or separately [3; 65; 97].

1.5 Objective assessment of the deconvolution quality

Evaluating the deconvolution quality is essential to compare various deconvolution al-
gorithms or to validate a deconvolution procedure applied on real data. In this section,
we discuss the most popular approaches to image quality assessment. By objective
quality assessment, we mean a mathematical measure that quantifies the similarity

between the deconvolved image X € RY and the original image x € RV,

1.6.1 Peak Signal-to-Noise Ratio (PSNR)

The mean-squared error (MSE)

1 N

1, 2 = 2
MSE = —[[% = x||* = = (T —2n) (1.10)

n=1
is the most widely used measure of quality. It is often normalized by the square of
the maximum value of the signal and represented in a logarithmic scale yielding the

popular peak signal-to-noise ratio (PSNR):

_ [E[ES
PSNR = 10log;g NISE (1.11)

1.6.2 Structural Similarity Index (SSIM)

However, the MSE is considered as a poor visual quality metric, mainly due to its
non-adaptivity to local signal specificities (intensity, correlation, ...) [107]. This has led

some researchers to design new measures of quality that better correlate with human



§ 1.6. Thesis contributions 9

visual perception. The most popular representative of these quality metrics is probably
the structural similarity index (SSIM) introduced in [108]. Taking into account three
types of similarities: the luminance similarity, the contrast similarity and the structural
similarity, the SSIM between two images x and y is defined as?:

(2pxpy + C1)(20xy + C2)

SSIM(x,y) =
¥) (12 + p2 4+ Cr)(pz + 2 + Co)

(1.12)

where all the notations are described in [108].

1.6 Thesis contributions

The general goal of this thesis is to design non-blind/blind deconvolution algorithms

based on unbiased risk estimates that satisfy the following requirements:

e Efficiency: the proposed solutions have to be competitive with the state-of-the-
art deconvolution methods, with respect to an objective measure of quality (e.g.
PSNR and SSIM).

e Computational cost: the proposed algorithms should be faster than (or at least

as fast as) the most efficient deconvolution algorithms available.

Along the lines leading to the fulfilment of the above requirements, this thesis brings

the following contributions.
1.6.1 Theoretical contributions

Non-blind deconvolution

To come up with efficient deconvolution algorithms, we need to achieve optimal perfor-
mances with respect to an objective measure of quality — an estimate of the MSE. For
AWGN;, such an estimate has been established by Charles Stein and is nowadays known
as Stein’s unbiased risk estimate (SURE) [109]. Since it involves only the measurements,
we can minimize SURE instead of MSE in practice. In this work, we extended SURE
theory to non-blind deconvolution. We derived several expressions of SURE bound to
linear or non-linear type of processings. We applied the linear combination of multi-

ple Wiener filterings with different regularization parameters: automatically finding a

2A Matlab code that computes the SSIM map and SSIM index is available at:
http://www.ece.uwaterloo.ca/~z70wang/research/ssim/.
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good combination by SURE minimization enabled us to avoid to manually adjust single

regularization parameter.

PSF estimation for blind deconvolution

To achieve superior performance to other state-of-the-art blind deconvolution methods,
we need to find an accurate estimate of PSF, which is essential to blind deconvolution.
In this work, we proposed a novel criterion for PSF estimation — blur-SURE, which is
an unbiased estimate of a filtered version of standard MSIE. We theoretically and ex-
perimentally proved that the PSF can be accurately estimated from the measurements
only, by minimizing the blur-SURE. We exemplified the blur-SURE framework with

several function forms of PSF in different applications.
1.6.2 Algorithmic contributions

Non-blind deconvolution

Most of the existing deconvolution algorithms require the optimization of several non-
linear parameters and/or involve sophisticated redundant transforms, see [49; 61-63]
for example. Consequently, their computational burden is usually quite heavy.

To achieve a high-quality non-blind deconvolution in a low computation time, we
apply the linear expansion of thresholds (LET), which was first proposed in [110], to
the deconvolution problem. The optimal linear parameters of this expansion are then
the ones that minimize an unbiased estimate of the MSE. Thanks to the quadratic
form of such MSE estimates, the whole parameters optimization boils down to solving
a linear system of equations, which is very fast and exact. In this LET strategy, fast

deconvolution algorithms can then be devised.

PSF estimation for blind deconvolution
Most of the existing non-deconvolution methods applied alternating minimization (AM)
algorithm between the original image and the PSF, see [5; 82; 83; 88; 91] for example.
Each iteration requires expensive computational cost, and the AM algorithm often has
slow convergence.

To achieve a high-quality blind deconvolution in a low computation time, we devised
several fast algorithms for the blur-SURE minimization in different applications. Then,

we apply the proposed non-blind deconvolution algorithm with the estimated PSF.
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1.7 Organization

The Part I of this thesis is dedicated to non-blind deconvolution problem. Although
numerous works have been already undertaken in this (yet still active) field of research,
we present in Chapter 2 a SURE-LET framework for general linear distortion model,
not limited to deconvolution.

In Chapter 3, we apply the SURE-LET strategy to linear or non-linear processings,
and arbitrary (including orthonormal and redundant) transform. We derive several

SURE expressions in each context.

In Part II of this thesis, we consider the blind deconvolution problem. We present
in Chapter 4 a generic blur-SURE framework for PSFE estimation.

Chapters 5 and 6 are dedicated to several applications of parametric blind de-
convolution. Experiments show that the estimated PSF parameter by the blur-SURE
minimization is very close to the true one, and the deconvolution performance is already

competitive with most state-of-the-art approaches.

Our concluding remarks, as well as some perspectives, are finally reported in Chap-

ter 7.
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Chapter 2

The SURE-LET Framework for Deconvolution

2.1 Motivations

Given some blurred and noisy measurements, the goal of deconvolution task is to find
the best estimate of the underlying original signal. The key point is then to quantify
how close to the original signal a given estimate is. We have already discussed in
Chapter 1 several objective measures of quality assessment. From a practical point of
view, the mean-squared error (MSE) clearly emerges as the best candidate, due to its
appealing mathematical properties (quadratic, symmetric, differentiable, invariant to
unitary transforms). In this chapter, we thus propose to consider the minimization of

the MSE as the driving principle of our deconvolution strategy.

2.2 Related work

This framework that will be introduced in this chapter is essentially based on Stein’s
unbiased risk estimate (SURE). In this section, we thus briefly review the SURE-based
approaches designed for denoising and deconvolution.

SURE — an unbiased estimate of the MSE under additive Gaussian noise assump-
tion — was first proposed by C. Stein in [109], and has been recently revitalized for
denoising purpose. The most straightforward way of distinguishing information from
noise in the wavelet domain consists in thresholding the wavelet coefficients. Donoho
and Johnstone proposed SURFEshrink, which chooses the optimal threshold value T" by
minimizing SURE [13]. Chang et al. proposed BayesShrink to derive their threshold
in a Bayesian framework, assuming a generalized Gaussian distribution for the wavelet
coefficients [111]. For computational efficiency, Linear expansion of thresholds (LET),

a new parametrized form of thresholding function in wavelet domain, was proposed

15
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in [1; 110]. Aimed at the SURE minimization, the SURE-LET approach reduces the
denoising problem to solving a simple linear system of equations.

More recently, SURE has been extended to any linear restoration problem [112-115].
Since SURE depends on the observed data only, it can be practically used for the

following purposes:

1. To optimize the parameters of the processing, e.g., the Tikhonov regularization
parameter [115] or the optimal parameters involved in the non-local means (NLM)

denoising technique [116];

2. To monitor the PSNR improvement during the iterations of IST algorithms,
without referring to the original unknown data, e.g., automatic determination
of the number of iterations [112], optimal update of the parameters at each iter-

ation [115];

3. As a minimization criterion for designing denoising/deconvolution algorithms ex-
pressed as LET structure, the so-called SURE-LET approach [1; 113; 117]. It
requires the basic structure or parametric form of the estimator to be determined

in advance [1; 113; 115].

Our work follows the last point. Similar to the work of [113], we further extend the
SURE-LET approach to regularized inversion followed by denoising. Note that [113]
empirically chooses the regularization parameter of the regularized inverse filter. The
main contribution of our work, also the major difference from [113], is that besides
applying a linear combination of non-linear thresholding functions for the denoising
step as in [113], we also linearly parametrize the regularized inversion into a number of
basic Wiener filters with different (but fixed) regularization parameters. Instead of op-
timizing or empirically choosing non-linear regularization parameters [61; 62; 113; 115],
the proposed multi-Wiener SURE-LET approach finds the best linear combination of
multiple Wiener deconvolutions. The linear parametrization reduces the deconvolution
problem to solving a linear system of equations. Its solution, i.e., the weights in the
linear combination, automatically constitutes the minimum MSE/SURE combination
as final estimate. As a result, the proposed deconvolution algorithm is fast and of low

computational complexity?.

1A demo software is available at www.ee.cuhk.edu.hk/~tblu/demos/.
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2.3 Problem statement

Consider the linear model

y = Hx + b, (2.1)

where y = [ynln_1..nv € RV*1is a distorted observation of the original (unknown) data
X = [Za)ne1..x € RV*! The matrix H € RV*Y implements a linear distortion?, while
the vector b = [by]n—1.n € RV*! is a zero-mean additive Gaussian noise corruption
with covariance matrix C > 0. Our objective is to find an estimate X = f(y) =

[fn(¥)]n=1..~ that minimizes the mean squared error (MSE) defined by:

N
1. 2 1 —
MSE = [|% —x||" = &> (@ —2a)” (2.2)
n=1
Here, we would like to insist that the estimate X = f(y) is only the outcome of the
processing f. A key feature of our approach is to estimate the function (or processing)

f: RY — RY that transforms y into X, rather than the estimate X itself.

2.4 Stein’s Unbiased Risk Estimate (SURE) for deconvolution

Since we do not have access to the original signal x, we cannot compute the above
Oracle MSE as Eq.(2.2). However, without any assumptions on the original data x, we
will see that it is possible to replace this quantity by an unbiased estimate which is a
function of y only. This has an important consequence: contrary to what is frequently
done in the deconvolution literature (Bayesian approaches), the original signal is not
modelled as a random process in our framework (we do not even require x to belong
to a specific class of signals). Thus, the observed randomness of the observed data y

only originates from the Gaussian noise b.

2.4.1 Original SURE

Based on the linear model shown as Eq.(2.1) and the additive Gaussian noise assump-
tion, the MSE can be replaced by a statistical estimate, SURE, involving the measure-

ments y only. This is summarized in the following theorem [113; 115; 118].

2The theory that follows can be applied to rectangular matrices, but for the sake of simplicity, we
restrict ourselves to square matrices.
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Theorem 2.1 Given the linear model shown as Eq.(2.1) with any invertible matrix

H € RV*N  the following random variable
1 2 Tyy—T ; -7 1 2
€= N (Hf(y)H —2y H “f(y) + 2d1vy{CH f(y)}) + NHXH
is an unbiased estimator of the MSE defined in Eq.(2.2); i.e.,
sy = wo{ e -}
N
where &{-} denotes the mathematical expectation operator.

See the proof in Appendix A.1. In particular, if the Gaussian noise b is independent

and identically distributed (i.i.d.) with variance 2, SURE becomes
1 2 s . . 1 2
€= (Hf(y)H —2yTH Tf(y) +202dlvy{H Tf(y)}) + WHXH g (2.3)
which results from specifying the covariance matrix C = ¢°I.

Corollary 2.2 In the particular case of an i.i.d. Gaussian noise with variance o2, if

the processing £(-) can be expressed as f(y) = H f(y), then SURE becomes

1 N . 3 1
€= (HHTf(y)H2 — 2ny(y) -+ 202divy{f(y)}) -+ WHXH2 (2.4)
2.4.2 Regularized approximation of SURE

If the matrix H is ill-conditioned or singular, ¢ in Eq.(2.3) fails to be a reliable estimate
of the MSE. To keep the stability of ¢, we may intuitively replace the unstable inverse

H~! by a Tikhonov regularized inverse [26]
H;' - (H'H + gs"s)” H, (2.5)

for some parameter 3 > 0 and matrix S € R¥*Y. We can then approximate the

original SURE as
1 |
b-N (Hf(Y)H2 — 2y "HZ £ (y) + 20°div {HETf(y)}) 1. WHH?HXH% (2.6)

This approximated estimator of the MSE turns out to be an unbiased estimate of

%Hf(y) — H/ElHXH2 — a modified MSE (see the proof in Appendix A.2). Hence, if
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HngX is close enough to x (hypothesis on x), then, eg, the approximated SURE, is
a good estimate of the MSE.

In imaging application, a good choice for 8 is a high-pass operator. A reason-
able value for § should achieve a good balance between the approximation accuracy
and the stability of eg; i.e., 8 should be neither too large, to avoid significant loss of
high-frequency features, nor too small, to keep the stability of 5. We also define a reg-
ularized inverse for S as Sgl =5 (H™H + 6STS)_1 ST, which leads to the following

decomposition of the identity matrix: H/ng + S/gls =L
2.5 The SURE-LET approach

In practice, we will minimize the approximated SURE shown as Eq.(2.6) instead of
the actual MSE in Eq.(2.2). The next question that naturally arises is: how to choose
the function f, such that f(y) is sufficiently close to x? Here, we adopt the linear
expansion of thresholds (LET) method [1; 110; 117], which parametrizes f(y) as a
linear combination of a small number of pre-defined basic functions (or processing) fy

fork=1,2,.., K;ie,

.
K @
fly) =Y afily) = [B(y) R(y) ... fx(y)] | | =Fa, (2.7)
k=l £() :
ax
| o |

where K < N is the number of linear coefficients ag. Here, f(y) = Fa is a shorthand
matrix notation to outline the linearity of the representation. The deconvolution prob-
lem then amounts to find the linear coeflicients aj that minimize e¢g. This parametriza-
tion dramatically reduces the size of the estimation problem from N number of pixels
to K number of basis functions. Note that the LET decomposition shown as Eq.(2.7)
does not imply any hypothesis on x itself. Yet, a “bad” basis of processing f will
obviously lead to poorer deconvolution performances compared to a “good” basis.

Substituting Eq.(2.7) into Eq.(2.6), and performing the differentiation of e¢g with
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respect to ag for all k = 1,2, ..., K, we obtain the linear system of equations

K

1 . 1 peeT - T -
k/z:l ﬁfk (W) (y) arr — N (y H; fi(y) — o=div {Hﬁ fk(y)}) =0, (2.8)
My, 1/ cn

for Kk = 1,2,..., K. These equations can be summarized in matrix form as Ma = c,
where M = [My g]kp=12.. Kk and ¢ = [c1 ¢z ... x]T. Due to the possible singularity

of M, we solve the following fs-regularized linear system of equations
(M+tpull)a=c < a=(M+ul)"lc (2.9)

instead of Eq.(2.8), where p > 0 is a regularization parameter.

It is also worth noting that the corresponding MSE minimization leads to solving
Maysg = FTx, with the solution, namely MSE-LET, serving as a counterpart to
SURE-LET. The accuracy of using the SURE-LET estimate can then be verified by
comparing it with MSE-LET.

Notice that this SURE-LET framework can be used for any linear model as Eq.(2.1),
not limited to convolution. What this approach suggests is that the practitioner may
choose at will a set of K different algorithms (ideally with complementary processing
behaviors of fi(y)) and optimize a weighting of these algorithms to get the best of them
at once.

In the following chapter, we will further discuss the application of the SURE-LET

paradigm to different basic processings fi.(y), in the context of deconvolution.

2.6 Summary

In this chapter, we have devised a general procedure (SURE-LET) for the linear model
shown as Eq.(2.1), not limited to convolution. The general procedure of the SURE-LET
framework is summarized as Algorithm 2.1.

There are three key ingredients of the proposed approach listed below:

1. An unbiased estimate of the MSE, known as SURE. In particular, this statistical
quantity only depends on the observed measurements and can thus be computed
in practice. In contrast to the popular Bayesian approach, no prior on the un-

known original data is required to derive SURE.
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Algorithm 2.1: General SURE-LET Framework

Input: distortion matrix H and observed data y;
Output: optimal estimate X in MSE sense
begin
1. construct elementary functions fy for k = 1,2, ..., K;
2. compute M and ¢ according to Eq.(2.8);
3. solve the linear system of equation Ma = c according to Eq.(2.9);
4. perform linear combination f(y) = Zszl apfi(y) as Eq.(2.7), to obtain

the final estimate X.
end

2. An unbiased estimate of a modified MSE, known as regularized approximation of

the SURE. There is only a weak hypothesis on the original data for this approx-

imation.

3. A linear expansion of thresholds (LET): in image deconvolution, SURE was usu-

ally used for optimizing one or several non-linear parameters. LET was first

proposed for image denoising. In this chapter, we have extended the LET strat-

egy to the general linear model, by building a linearly parametrized estimator

which offers more flexibility than the standard processing functions. Thanks to

the quadratic form of SURE, we have shown that the optimal (in the minimum

SURE sense) parameters are simply the solution of a linear system of equations.

From a computational point of view, this makes the SURE-LET strategy partic-

ularly attractive.






Chapter 3

Multi-Wiener SURE-LET Approach

3.1 Problem statement

Chapter 2 has described the SURE-LET framework for inverse problems with general
linear distortion model. Figure 3.1 shows the image degradation of Eq.(2.1) in the
context of image deconvolution, where the distortion matrix H denotes the convolution

operation, which results in blurred observations.

original x =7 PSF h Gaussian noise b observed y

convolution noise co?ruption
Figure 3.1: The model of image degradation shown as Eq.(2.1): convolution (blur-
ring effect) followed by noise corruption.

This chapter exemplifies the SURE-LET framework in the scenario of Figure 3.1,

by showing how to construct the elementary processing fi in Eq.(2.7).

3.2 Linear deconvolution: multi-Wiener filtering

Beginning with the simplest case, we choose each fi(y) in Eq.(2.7) to be a Wiener filter

with a given regularization parameter Ag:

fo(y) = (HTH + \,STS) "H y, for k = 1,2, .., K. (3.1)

~
—1
H>‘k

23
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In the standard case of a shift-invariant convolution operator, the matrix products
with H or H' are commutative. Each elementary processing fx(y) can then be written
as fi(y) = Hfi(y) where f(y) = (H'H + )\kSTS)_ly and Corollary 2.2 applies.
Consequently, we do not need to use the regularized SURE ez defined in Eq.(2.6). The
SURE-LET method consists in finding the minimum SURE/MSE combination of these
Wiener filters, which is achieved by solving Eq.(2.8). Finally, the SURE of Eq.(2.4) is

simplified as:

K 2 K
1 - 2 T (ggT Tgy~1
2 K -1 1 2
+ o’ ;am{ (H"H + M) |+ I (3.2)

Note that divy{f.(y)} = Tr{ (HTH + )\kSTS)_l } Thus, the SURE minimization
over linear coeflicients a; reduces to solving the linear system of equations Ma = ¢

shown as Eq.(2.8), with k-th element of ¢ given as:

or = % YT ETH+ASTS) "y — o (HTH+ 48TS) T (33)
where the trace can be efficiently computed in Fourier domain, provided both H and
S are convolution matrices.

The flowchart of the SURE-optimized multi-Wiener deconvolution is shown in
Fig. 3.2. We observe that different values of Ax capture different details and features of
the image, and the optimal linear coefficients a; produce the combined estimate with
the best balance between noise reduction and edge preservation. The key advantage
of the multi-Wiener SURE optimization is that it avoids the empirical adjustment of a

unique non-linear regularization parameter A, contrary to [61; 62; 115].

3.3 SURE-LET in orthonormal wavelet representation
3.3.1 Mathematical formulation

We now present the construction of elementary functions fi(y) for the non-linear de-
convolution approach which consists of multi-Wiener filtering followed by pointwise

thresholding in orthonormal wavelet domain'. For LET strategy shown as Eq.(2.7),

1By thresholding, we denote any non-linear operation (smooth or non-smooth).
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i X ail—
Multi-Wiener Single-Wiener
est}ulﬁate F(y) =Fa estimate Wl%% "
: = X
Observation y el Hel]an ¢ gt =

X a9

PSNR = 20.97 dB f2(y), At = 1 x 1072 PSNR = 23.41 dB  PSNR = 23.42 dB
(3—— 7| 7 |
A .
— H;; — X az—
it
H>\opt

Figure 3.2: Example of linearly combining three Wiener filters with regularization
parameters A\, Ay and A3, balanced by their weights a; = 0.43, as = 0.61 and
ag = —0.04 given by Eq.(2.8). The linearly-combined estimate is equivalent to a
single optimal Wiener filtering in terms of PSNR.

besides from the multiple Wiener filtering, we also linearly parametrize the pointwise
thresholding functions: 6(-) = Zle a;0;(-), where (-) denotes any wavelet coefficient to
be thresholded.

For orthonormal wavelet transform, we use W and W~ to denote wavelet decom-
position and reconstruction. Here, W is an orthonormal matrix, such that W—! = W,

Our processing f(y) can be mathematically expressed as:

Wim

M L ,_/\_,
= Z Zamlw 91 WHA y) (3'4)
met = £, (y)

where H;wll is defined in Eq.(3.1), 6;(-) denotes elementary pointwise thresholding func-
tion, which is applied to high-pass subbands only (6;(-) is identity function for low-pass
subbands), w,, is the wavelet coefficients to be thresholded, for m-th Wiener filtering.

Since Eq.(3.4) cannot be rewritten in the form of f(y) = H f(y), we need to use the
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regularized SURE given by Eq.(2.6), which is further simplified as:

NH Zamlel Wm

2
% Z U (WHgly)TQZ (Win)
myl s e

w3
2 1
+ 50 > a0 (W) + ~ [ WH; 'Hx [ (3.5)
m,l *Wx

where the vector o, consists of diagonal element of matrix P,, = WHL’lLHgTW_l7
denoted as oy, = diag{P,}, 0/(-) denotes the derivative of the thresholding function.

The derivation of this expression is given in Appendix A.3.

3.3.2 SURE minimization in orthonormal wavelet domain

During the derivation of Eq.(3.5), the Euclidian norm is preserved in the transform
domain, thanks to the orthonormal transformation. Thus, the regularized SURL given
by Eq.(3.5) can be completely expressed in orthonormal wavelet domain. Using the

notation of wavelet subbands, this expression becomes:

J
Z Z afﬁl&l(wfﬁ)

2 1 2
! NH D an !

65 = ﬁ
jfl m,l
1 AT
B szaml (WHS'y) "i(w),) - _ZaizH(WJHHﬁ’lY) Win'
7=1 m,|d m N——
WB WBJH
+- —02ZZCL 19, 01 (wl) + —JQZaJ“ J+1Ty
7=1 mJ| m
1H i W/t H-'H ’ 3.6
+ x N s Hx ||, (3.6)
Wf( wit?

where W/ denotes j-th wavelet high- pass subband for 7 = 1,2, ...,.J, w? denotes the
wavelet coefficients in j-th subband, af, = dlag{WJH Hy 1WJ } in j-th subband
for j = 1,2,...,J,J + 1, the index J + 1 denotes the low pass subband. Thus, the
regularized SURE eg can be decomposed as the sum of each wavelet subband eé for
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2 2
1 9 . o . . T . 1 .

5 = Z{N S ouwh)| -5 Y d, (wé 0i(wh,) — o’ed, 92(W¥n)> *NHWi }

j=1 m,l m,l

¢
T > ag it Z—EZG"“ wittTwitt o201 ) ¢ Lllgrt|®  (a)
NS N L \Te " NI '
It
B

Finally, the SURE minimization can be performed in each wavelet subband, i.e. equiv-

alent to solving J + 1 linear systems of equations in each subband, separately:

mineg <= mineé —= Mal = ¢, forj=1,2,..,J,J +1 (3.8)
J

Qo 1 al
,

o for j = 1,2,...,.J: the matrix M/ — FITFJ ¢ RMIXML with

/= [01(w]), e O (W), o 01 (W), s O (W )| € RNHME
where N7 is the dimension of j-th wavelet subband. a’ = [a{yl, o a{m, e aJL’M}T
£ RIELEL of — [0]1'717 ...,cim, ...,cJL’M]T e RMIX1 with the element C{,m given by:

Clm = W5 Oi(W],) — o*ad, 01(w3,)

o for j = J + 1: the matrix M7+l = F/HTF/H1 ¢ RMXM ity

J+1 J+1 _J+1 J+1 NI M
F/tl = wi L, wy L wy | €ER

J+

where N7+ is the dimension of (J+1)-th low-pass subband. a/*! = [a/ ] melLM]’

J+1

= [+ with the element c;.F1 given by:

m ]mE[l;M]

; T T
g = wgﬂ witt — a1
To summarize, Figure 3.3 describes the whole procedure of SURE-LET approach
in orthonormal wavelet representation.

3.3.3 Computational issues

Computation of noise variance in particular wavelet subband
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Fl(y)
—1 Wi =11 1 1
_H>\1 — W ey jH)q y—:E - xa‘m,l }Z a’m,lol(wm) —
N, —/, L m,l
Wi . high-pass for j =1,2,...,J
J
.1 3 Thresholdin; F ()
y Hy W EWH Y= 0 | S WX
] ><a‘rn,l }Z a’m,lol (Wm)
W% m,l
low-pass )
L=l W ::WjH’ly—’:,> J+1 J+1} Tl J+1 |
>\M = v>‘3 > Xam %:am Wm
_________________ W
il N\[){]ﬂtiple I ' T]Sansfqrm : l Mi S.U.REt. I :'C L]ior.lealg. : :’\ngavelet i
i lener | > omain | »! Minimization i ,iCombination ., o
i Filtering . Thresholding . 1in j-th subband . 1 j-th subband. | tﬁiﬁ?gn |

Figure 3.3: Flowchart of the SURE-LET approach in orthonormal wavelet repre-
sentation: SURE minimization in wavelet domain.

Generally, the thresholding function €;(-) has a threshold 7" as its parameter, and the
parameter is often adaptive to the noise level of particular wavelet subband for better
performance. For example, one may choose the following thresholding functions used
in [1]:

O (w?) = w’

Oz (w?) = w’ {1 —exp (- %)2} (3.9)

where T7 = 30, 0]2 is the noise variance of j-th wavelet subband. More specifically,

for the m-th Wiener deconvolver and j-th wavelet subband, the noise becomes b, =
W/H; 'b. The variance denoted by o2, ; is theoretically given by:

1 LT i -~ T he . B N
ot = 75 {bh i} = 5 (PTHTW WR b | — T (WOR L HTW ) (3.10)

Because of the huge size of the matrices, Eq. (3.10) cannot be computed in practice.
Due to the easily accessible actions by these matrices on any vector, Monte-Carlo

technique provides a good approximation of ag% ;» which is described below as Algorithm
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3 L
Algorithm 3.1: Monte-Carlo algorithm to evaluate U%z,j in Eq.(3.10)

Input: noise variance ¢, Wiener filtering H;wll and orthonormal wavelet

transform WV7:

. 1 ; 2
Output: noise variance oy, ;

fori< 1to I do

1. Generate a Gaussian white noise b* € RY with variance o2;

2. Apply the operator W7H}! to b’ to get the vector
b = WiH;!'b' € RV,

AR bz

. . . 2 1
3. Compute the noise variance according to oy, ; = N; o gl o A

end

Finally, ag% ; 1s obtained by averaging the I randomizations:

2
Om,j —

I
> o (3.11)
=1

~] =

Computation of diagonal element afﬁ
M-C simulation is still applied to evaluate diagonal element od, = diag{Wj H;wll H/ngj T}7

summarized below as Algorithm 3.2.

Algorithm 3.2: Monte-Carlo algorithm to evaluate o, in Eq.(3.6)

Input: wavelet transformations W7 and W7, Wiener filterings H;' and H';
Output: diagonal element od, = diag{WjH;wlngleT}
for i + 1 to I do
1. Generate a normalized Gaussian white noise bt € RV’:
2. Apply the operator Pl, — W/ HL}LHETWJ'T to b® to get the vector
bi, . = Phbt e RV,
3. Compute the component-wise product of b?, ; with b to get a vector u’,

which is also diag{bfﬁjb"T}.

end

Finally, od, is obtained by averaging the I randomizations:

al, =

~ =

I
o (3.12)
=1

See [1] for the proof.
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3.4 SURE-LET approach for redundant wavelet representation

We now present the construction of elementary functions fi(y) for the non-linear de-
convolution approach which consists of multi-Wiener filtering followed by redundant
transform-domain thresholding. Both steps are linearly parametrized using the LET
strategy shown as Eq.(2.7).

An illustrative description of the proposed non-linear deconvolution approach with
redundant wavelet transform is shown in Figures 3.4 and 3.5. In Figure 3.4, the matrices
D and R represent a pair of linear decomposition/reconstruction that satisfies the
perfect reconstruction condition RD = I. Typically, D and R implement a (J+1)-band
filterbank of undecimated filters. They are structured as D = [Df D} ... DT DY H]T
RUFDNXN and R = [Ry Ry ... Ry Ry ] € RVXUTDN where D; € RV*N and R, €

RV*N for j = 1,2,...,J,J + 1. We consider (J + 1) bands for the convenience of the

S

future discussion. Mathematically, the flowchart of Figure 3.4 can be described by the

following function:

-1
f(y) = RO (DH}'y) . (3.13)
fi(y)
—TN—
-1 o
T o HR | Rewy) el
; Multi-Wiener
: - SURE-LET Estimate
£ (v) : K
] Thresholding —
Y—H— D B Vgl B R [~ ROMDH,y) —|xuDEy) = arfily)
P k=1
fx () with a = arg mir}l{ €3
—, _ cR
“Hy 1D 2| R [~ RO(DH,y) —|¥ak|— i
T Multiple i Transform e i\ "Regcularized
| Wiener — _ Domain | Linear Combination of || BeRiigieed |
i Filtering | i Thresholding ! i mlementary: Funetions | i Minimization

Figure 3.4: Flowchart of the proposed multi-Wiener SURE-LE'T approach with
redundant wavelet transform.

Corollary 3.1 Given the processing f(-) defined by Eq.(3.13) and considering a point-
wise function 6(-), the regularized approximation of SURE eg introduced in Eq.(2.6)

can be further derived as

1 1
s = & (EO)I? =2y H; () + 20%070'(w)) + T ||BG Bx]®. (3.19)
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J+1 Multi-Wiener
SURE-LET Estimate

with g(z)a? I?lin €
Observation y 77 gae]RK E

PSNR = 22.93 dB

. . I Optimal !

: j | Linear |

 Combination |

Bl | L
ﬁ X asgli+1

R a r

: ;o] | Multiple ! ; ! | Subband- | | Indivi v ] |
Blurry and Noisy____ 1 Wiebr i Wmiaed Ll Aapine e Bobpaual || Regylarieed |
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Figure 3.5: Ilustration of the proposed multi-Wiener SURE-LET approach with
redundant wavelet transform. Note that (1) The undecimated wavelet subbands
and their processed reconstructions are displayed in reduced size for convenience;
(2) The reconstruction Ry is performed to the specific j-th subband only, by setting
all the other subbands to zero [1]; (3) The thresholding function 6(-) can also be
linearly parametrized as 6(-) = Zlel a0(-).

where the vector w = DH 'y = [w] wi .. w7} WEH}T e RUFDN with w; =
Dngly e RN for j = 1,2,...,J + 1, denotes the transform coefficients. The vec-
tor @'(w) = [QZ(wn)]ne[l; Jn] represents the first derivative of the pointwise function 6,

which is applied to high-pass subbands only. The vector o € RN ig defined by

o = diag {DH;lHETR} = [Pn,n]ne[l;(JJrl)N]

where P = DH;ngTR e RUFDNX(HON = Congequently, the vector a is structured

D
as a = [af of ..o} a}‘+1] , where

o = diag {D;H;'H;"R; } € RY (3.15)

forj=1,2,....,J + 1.

The proof of Corollary 3.1 is very similar to that of Appendix A.3 and Corollary 1
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n [1]. We thus omit it here.

Note that for the final deconvolution results of this thesis, we confine ourselves
to redundant wavelet transforms, due to their superior denoising abilities. Since the
applied redundant wavelet transform is not orthogonal, the minimization of ¢z has to
be performed in the image domain to ensure a global minimum MSE optimality.

Suppose that the decomposition D produces J highpass subbands and one lowpass
subband (indexed as the (J + 1)-th subband) that is not thresholded, then f(y) of
Eq.(3.13) can be linearly parametrized as

M J M
§ : § :E :am,l,JR 01 (Wi 5) + E U, J+1R I 11 Wi 41, (3.16)
m=11=1 j=1 m=1
highpass subbands lowpass subband

where M denotes the number of Wiener filters, L. the number of elementary pointwise
thresholding functions, and J the number of highpass wavelet subbands (typically J = 9
for three decomposition levels).

As Eq.(3.16) shows, K = M - J - L + M weights a,,;; and L thresholding function
need to be determined. The weights a,,; ; are obtained by minimizing the regularized
approximation of SURE eg, which boils down to solving a linear system of K equations

shown as Eq.(2.9).

3.5 Computational aspects

Similar to Section 3.3, the proposed method of Section 3.4 also requires to compute
several Wiener filters (3.1), the subband-dependent noise variances 0]2 and the subband-

dependent vectors ar; (3.15), listed here below:

o Wiener filter: H 1 (HTH+)\STS) 1HT;

e Variance 0]2 of the colored noise b; = D;H; 'b, theoretically given as

2
02 = Nijg){bfbj} = Nijg){bTH/\TDJTDjH/\lb} = ;—jTY(H;TDjTDjH/(l) (3.17)

o Vector aj = diag{DngngTRj}.

In this section, we show how to perform these computations analytically in the

Fourier domain, for redundant wavelet transforms. For the sake of brevity of the
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discussion and formulation, we stick to one-dimensional case. The 2-D computations
can then be straightforwardly deduced. We define the coefficients of a 1-D filter as g(n),
the coefficients of the input of the 1-D filter as x(n) and the coefficients of the output of
the 1-D filter by y(n), forn = 0, 1, ..., N—1. All these coefficients are assumed to be zero
outside the domain [0, N — 1]. Note that the implementation of the proposed approach
needs the specification of boundary conditions. The most commonly used are periodic
extensions. Yet, periodic extensions may generate unwanted artifacts (discontinuity at
the boundaries), so symmetric boundary extensions are often preferred in practice [44;
119; 120]. In the next two sections, we discuss the computations of the above mentioned

terms for these two particular choices of boundary conditions.

3.5.1 Periodic boundary extensions

Circular convolution
Under periodic boundary conditions, i.e. a(k) = a(k + ngN) for any ng € Z and

k=0,1,..., N — 1, the convolution is circular and reads as:

y(n) =Y g(n -k (k)

kez
N-1
= Z Z gn—k+noN)x(k+noN)
no€Z k=0 \:Zk)_/
N—1
— gn—k+noN)x(k) (3.18)
k=0 no€Z
gn(n—k)
where
gn(n) = Z g(n+ngN) (3.19)

ngEZ
Consequently, the matrices H;17 D;, R;, and H/ET are all circulant. They can thus be

efficiently computed by discrete Fourier transform (DFT) with period N [121], where
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the Fourier coefficients of 2(n) and g(n) are given as:

X<e]27;\l;n> def X(k]) _ Zm(n)e ]27rkn
nez
27rk(n+n N)
XY o
nOGZ n=0
k -l 2 k
Y S oo oM — 3 ) (3.20)
n=0 ng€Z n=0
INYH)
Ge?™v") 2 =3 gln)e W
ner
27rk(n+n N)
DD IR
ng€Z n=0
N-1 s Sl
Z Z gn+ngN)e "N (3.21)
n=0 no€Z
gNYn)

Note that xy(n) = x(n) for n = 0,1,..., N — 1 due to the periodicity of 2(n) and the

interval [0, N — 1].

Analytical computation of 0]2. given in Eq.(3.17) (see also [113])

Theorem 3.2 Under periodic boundary conditions, given a zero-mean white Gaussian

Zgn k)b

noise b(n) with variance o2 and a filter g(n), the variance of p(n

keZ
given by
i 0 N 27rk
o)} =0* ) an(n)® = > Ged
n=0 k=0
forn =0,1,..., N—1, where gn(n) and G(ej%) are given by Eq.(3.19) and Eq. (3.21)).

Proof The second equality comes from Parseval’s theorem [121]. The i.i.d. condition

of the zero-mean white Gaussian noise b(n) implies that

& [bm)b(n')} = 626(n —n') = o sforn=vw (3.22)

0 , otherwise
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Thus, we obtain that the variance of the filtered noise p(n) is:

E{pm)?t = D) gn(n—k)gn(n— k)& {b(k)b(k)}

kEL k' €T
(322) o 2 B = 2
= JZg(n—kJ) =g ZZg(n—k;JrnoN)
k€eZ no€Z k=0
819 o N-—1 e n—(N-1)
=0 Z Zg(n—k+noN)2702 Z gn(n')?
k=0 no€Z n'=n

'

gn(n—Fk)

N-1
= o2 Z gn(n)?  (by periodicity gn(n) = gn(n + noN))
n=0
|

Note that Theorem 3.2 is a straightforward application of the result obtained for filtered
wide-sense stationary process (see for instance Theorem 3.14 of [122]). It is restated
and proved here for later comparison with that obtained under symmetric boundary

conditions.

Analytical computation of «a; given by Eq.(3.15)

Theorem 3.3 Under periodic boundary conditions, the vector formed by the diagonal

elements of the convolution matrix G € RV*V is given by
1 i ork
diag{G} =gn(0) -1 = (ﬁ G(63§)> -1
k=0

where gn(n) given by Eq.(3.19) is the filter implemented by G, G(ej%) is given by
Eq.(3.21).

Proof The second equality is essentially the inverse DF'T. In matrix form, each element
of the diagonal of G can be obtained as eE, Gey, where the indicator vector ey is defined

asep = [0...010...0]T € RY with k’-th element 1. In convolution form, it reads as:

N N
e Gey = ) ok — k) (Z g (k —n)d(n - k’)) = gn(0)
k=1 n=1

where §(k — k') is defined as in Eq.(3.22). [ |



36 CHAP. 3. MULTI-WIENER SURE-LET APPROACH

We conclude the proof by using the fact that, under periodic boundary conditions,

the convolution matrix G is circulant and thus its diagonal elements are all equal.

3.5.2 Symmetric convolution

The term “symmetric convolution” was first introduced by S. Martucci in [123], to
describe the convolution under symmetric boundary conditions. In [123], he discussed
64 possible types of symmetric convolutions, depending on half-point or whole-point
symmetry. The symmetric convolution can be performed by DCT or Types I-VIII DST,
according to specific types of symmetry. Tables 3.1 and 3.2 summarize the filtering
under various symmetric situations.

The following subsections will describe how to perform these computations in half-

point and whole-point symmetric boundary extensions.

3.5.3 Half-point symmetric boundary extensions

Formulation for half-point symmetric convolution

Lemma 3.4 Given a signal 2(n) and filter g(n), under half-point symmetric boundary

condition of x(n), convolution is defined as

N—

)d

(gon(n — k) + gan(n + k + 1)) (k) (3.23)
k=0

forn =0,1,.., N — 1, where gan(n) = >, ez g(n + 2noN)
Proof Since x(n) = x(n+mng-2N) for Vng € Z and x(n) = (2N —1 —n) by half-point
symmetry, we have:

2N—-1

y(n) = S gtn—ka(k) = 3 ( ™ gln—k o 2N) )x(k;)
kez k=0 “no€Z
gan(n—k)

N-1 2N—1

= gan(n — k)z(k) + Z gan(n — k)x(k)
k=0 k=N
N-1 N-1

=Y g —kak) + > gan(n— 2N —1-K)) 22N —1 k)
h=0 b=l gzN(n+k’+1;r(period:2N) z(k') (by symmetry)
N-1 N-1

= > gan(n—k)z(k) + Y gan(n+k+ Da(k)
k=0 k=0
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input signal z(n) filter g(n) output signal y(n)
Symmetry | Transform | Period Symmetry Transform Symmetry Transform
e even around
g(n) = N-dim n=0 N-dim
g(—n) DCT-I e even around DCT-I
n=N—1
;r:i::(:l e odd around
s O Nodim N 2 g(n) = (N — 2)-dim n=0 (N — 2)-dim
DOT.I —g(—n) DST-I e odd around DST-I
n=N—1
e even
e even around
around = | (0¥ - 1)-dim n——1 (N — 1)-dim
[ g(—1—mn) DCT-II e even around DCT-II
o= N — %
e odd around
g(n) = (N — 1)-dim n = 7% (N — 1)-dim
—g(—1—mn) DST-II e odd around DST-II
n=N — %
e even around
g(n) = (N + 1)-dim n = 7% N-dim
g(—n) DCT-I e even around DCT-II
n=N — %
;rj::;l e odd around
me 1 N-dim oN g(n) = (N — 1)-dim n = 7% N-dim
2 —g(—n) DST-I e odd around DST-II
DCT-IT 2 prown
e even =
e even around
aﬁround 1 g(n) = N-dim n=20 (IV + 1)-dim
=Nz g(l—n) DCT-II e even around DCT-I
n=2N
e odd around
g(n) = N-dim n=—1 (N — 1)-dim
—g(—1—mn) DST-II e odd around DST-I
n=N—1
e even around
g(n) = N-dim n=0 N-dim
g(—n) DCT-IIT e odd around DCT-III
e even o= N
— A e odd around A
e O N-dim AN g(n) = N-dim n=0 N-dim
DT —g(—n) DST-IIT e even around DST-IIIT
e odd =N
e even around
ar(in]l\(;l g(n) = N-dim n = 7% N-dim
"= g(—1—mn) DCT-IV e odd around DCT-1V
n=N — %
e odd around
g(n) = N-dim n = 7% N-dim
—g(—1—mn) DST-IV e even around DST-IV
= N — %
¢ even around
g(n) = N-dim n = 7% N-dim
g(—n) DCT-IIT e odd around DCT-IV
= N — %
;r:i::(:l e odd around
me _1 N-dim AN g(n) = N-dim n = 7% N-dim
2 DOTIV —g(—n) DST-IIT e even around DST-IV
n=N—21
e odd 2
around e even around
m— N _ L g(n) = N-dim n=0 N-dim
2 g(l —n) DCT-IV e odd around DCT-III
n=N
e odd around
g(n) = N-dim n=—1 N-dim
—g(—1—mn) DST-IV e even around DST-IIT
n=N—1

Table 3.1: Filtering y(n) =

k)y(k) under symmetric extension (I)
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input signal z(n) filter g(n) output signal y(n)
Symmetry | Transform | Period || Symmetry Transform Symmetry Transform
e odd around
g(n) = (IV + 1)-dim n=—1 N-dim
g(—n) DCT-I e odd around DST-I
e odd i = B
around e even around
e 1 Nodim ON 4+ 2 g(n) = N-dim n=—1 (N + 1)-dim
DST.I —g(—n) DST-I e even around DCT-I
e odd =
around e odd around
N g(n) = (N + 1)-dim n = 7% (IV + 1)-dim
"= g(l—n) DCT-II e odd around DST-II
n =N + %
e even around
g(n) = (N + 1)-dim n = 7% (N + 1)-dim
—g(1l—mn) DST-II e even around DCT-II
n=N + %
e odd around
g(n) = (IV + 1)-dim n = 7% N-dim
g(—n) DCT-I e odd around DST-II
e odd = — %
e even around
ariuncll Nodi ON g(n) = (N — 1)-dim n=—% N-dim
=g DS_TH;II —g(—n) DST-I e even around DCT-II
e odd m=N = %
around e odd around
N1 g(n) = N-dim n=—1 (N — 1)-dim
"= 2 g(1—n) DCT-II e odd around DST-I
n=N-—-1
e even around
g(n) = N-dim n=20 (N + 1)-dim
—g(l—mn) DST-II e even around DCT-I
n=N
e odd around
g(n) = N-dim n=—1 N-dim
g(—n) DCT-IIT e even around DST-IIT
e odd =¥ —1
— A e even around A
AN N-dim AN g(n) = N-dim n=—1 N-dim
DST.III —g(—n) DST-IIIT e odd around DCT-IIT
e even el Ll |
e odd around
aﬁro;\lfnd 1 g(n) = N-dim n= 7% N-dim
A g(l —n) DCT-1V e even around DST-IV
n=N — %
¢ even around
g(n) = N-dim n = 7% N-dim
—g(l—mn) DST-IV e odd around DCT-IV
n=N — %
¢ odd around
g(n) = N-dim n = 7% N-dim
g(—n) DCT-IIT e even around DST-IV
e odd o= — %
around e even around
e _1 N-dim AN g(n) = N-dim n = 7% N-dim
2 DST.IV —g(—n) DST-III e odd around DCT-IV
n=N — %
;rj::;l e odd around
e N _ L g(n) = N-dim n=—1 N-dim
2 g(l —n) DCT-1V e even around DST-IIT
n=N-—-1
e even around
g(n) = N-dim n=20 N-dim
—g(l1—mn) DST-IV e odd around DCT-IIT
n=N

Table 3.2: Filtering y(n) = >, 4 9(n — k)y(k) under symmetric extension (1I)
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Merging the two terms completes the proof. |

Computation of filtering via transform domain

The general computation of filtering is summarized as three steps:

1. According to the boundary conditions of x(n) and the symmetric type of g(n),
perform the corresponding forward transform (DCT or DST) to obtain the coef-

ficients X (k) and G(k);

2. Perform point-wise multiplication in transform domain to obtain the coeflicients

Y(k) = G(k) X (k);
3. Perform corresponding inverse transform to obtain y(n).

Tables 3.1 and 3.1 list various types of transform. Taking half-symmetric boundary
extension of x(n) and whole-point symmetric filter g(n) for example, the following

theorem gives the detailed computation in transform domain.

Theorem 3.5 Given x(n) with half-symmetric boundary extension and whole-point
symmetric filter g(n), then, the DFT of x(n) and g(n) become N-dim DCT-II and
(N + 1)-dim DCT-I, respectively. The output signal y(n) is half-point symmetric, its
DFT becomes N-dim DCT-II.

Proof Under this boundary condition, DFT of x(n) is:

IN—-1 N-1 IN—1
X(k) = Z :E(n)e_ﬂ;ﬁn — Z :E(n)e_ﬂ;f@n + m(n)e‘jzgﬁn
n=0 n=0 n=N
e I = 2rk(2N—1—n)
= x(n)e 7N + (2N —1—n)e™@ 28
n=0 n=0
N-1
= x(n) (6_j i ~+ ejwcz(fzﬂ))
n=0
N-1
_ geith i 1)}
= 2¢72 2 x(n) cos ~ n+ 5

N-dim DCT-II standard
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The whole-point symmetric filter satisfies g(n) = g(—n), then, the DFT of g(n) is:

N
G(k) = Zg(n)e—ﬂ;}@” _ Z ( Z g(nJrnO,gN))e—jQ;};"
n=—(N-1)

nez noEL

gan(n)

:2mkn :2mkn
= Z 92N JeTI N + 2921\/(")6_] N+ gan(0) + (1) gan(N)

n=

— 2 x EgzN(O) + (_1 gan(N) + Z gan(n) cos (Wkn)}

N

(N + 1)-dim DCT-I standard

From Eq.(3.23), we have:

N—1_
y(2N —1—n) = 9N (2N — 1 =n—k) +gon(2N =1 —n+k+1)|z(k)
-y
= _92N(—1 —n—k)+gn(-n+ kz)} x(k) (period = 2N)
-y
= Y |tk D)+ gann—K)|a(k) (by gan(n) = gan(—n))
k=0
= y(n)

which illustrates that y(n) is half-point symmetric. Hence, the DFT of y(n) has the

same form with that of x(n). We omit here. [ |

Analytical computation of 0]2. given in Eq.(3.17)

Theorem 3.6 Under half-point symmetric boundary conditions, given a zero-mean

white Gaussian noise b(n) with variance ¢? and a filter g(n), the variance of p(n) =

> rez 9(n — k)b(k) is given by:

P

&{pn)?} =o* {ggN(n—kJ) +92N(n‘|‘]€+1)}2
0

T

in spatial domain, where gon(n) is given in Eq.(3.23), and is also expressed as:

2

ag 2V .7k
sy} = 7 kz {‘ (%)

"t Ref{ (G(F)) %I H }}

in Fourier domain, where G(ej%) = YA gon(n)e IR
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See Appendix A.4 for the proof. Theorem 3.6 indicates that the variance of the
filtered noise p(n) depends on n, which implies that filtering under periodic extension
breaks the stationary property of b(n). Furthermore, it can be easily generalized to two-
dimensional case, where the given Gaussian white noise b(m,n) for m =0,1, ..., M —1
and n =0,1,..., N —1 with variance o2 is two-dimensional data. According to Theorem
3.6, applying any possible filter g(m,n) to b(m,n) will produce the filtered noise p(m, n)

that can be expressed as:

2M—12N—1 M—-1N-1
=¥ Z gantan(m —k,n = Dbk, 1) = > " ulk, Dbk, 1) (3.24)
k=0 1=0 k=0 1=0
where
u(k,l) = goman(m +k+1,n =)+ gopon(m +k+1,n+1+1)
+ gaman(m —k,n — 1) + gapan(m —k,n+ 1+ 1) (3.25)
and
Goman(m,n) = Z Z g(m+2moM,n + 2noN) (3.26)
mo€EZ noEZ

The variance of the filtered noise p(m,n) is given in the following theorem.

Corollary 3.7 If the filtered noise p(m,n) is given by Eqs.(3.24), (3.25) and (3.26),
its variance is written as:

M—-1N-—
& (p(m,n))* = o (uk,1))* (3.27)
k=0 =0

—_

in time domain, and is also given by

& (p(m,m))* = SN o) (3.28)

in Fourier domain, where

2
‘U(kJ)‘ = 2R€{G(217ZQ)G(21722)Z%m+122n+1} +4R6{G(21722)G(zf1722) §"+1}

+

2R6{G(2f1722)G(zf17zz)z;(2m+1) 2"+1} JrélRe{G(zl7 ZQ)G(217Z;1)Z%m+1}

+

(‘G 21, 29 ‘ + ‘G 27t 2 )‘2) (3.29)
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where G is given as:

G(z1,22) = Yool S ganran(m, m) ey 2y ™

Gz, 2) = an]\ial iﬁglgzM,zN(m, n)2zg " (3.30)

_ M— N— _
G (21, 2, 1) = Z?n:o ! 721:0 ! gaman (m, )2y "2y

The proof is similar to Appendix A.4 of one-dimensional case. We omit it here.

Analytical computation of a; given in Eq.(3.15)

Theorem 3.8 Under half-point symmetric boundary conditions, the vector formed by

the diagonal elements of the convolution matrix G € RV*¥ is given by

[diag {G} ], = gan(0) + gon(2n + 1)

forn =0,1,...., N — 1, where gan(n) is given by Eq.(3.23). It can also be expressed in

the Fourier domain as

2N -1
[dlag{(}}]n — oN kgo G(eJ N ) (1 Y v (2 +1))

where G/(e? %) is given in Theorem 3.6.

Proof The second equality in Fourier domain is essentially the forward DFT with
period 2N of the first one. In matrix form, each element of the diagonal of G can be
obtained as eg(}en7 where the indicator vector e, is defined as e, =[0...010 ... O]T e

R with n-th element 1. In the convolution form of Eq.(3.23), it reads as:

N N
elGe, — 3 (k- n) <Z [ggN(k' Fh4 1)+ gan(K — k;)} (k' — n)>
k—1 ki—1
N
=6k =) [gon(n+ k+ 1)+ gan(n — )|
k—1
= gon(n+n+1)+ gnn—n)

= gan(2n + 1) + gan(0)

where §(k — k') is defined as in Eq.(3.22). [ |
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From this theorem, we can see that contrary to the periodic boundary conditions,
the diagonal elements of G are not equal, as G is not a circulant matrix under symmetric
boundary conditions. However, it is not in contradiction to the fact that if we consider
the problem as periodic extension with period 2NV, the matrix G2V *2¥ is still circulant.

Furthermore, the results of Theorem 3.8 can be easily generalized to two-dimensional

case, stated in the following corollary.

Corollary 3.9 Under half-point boundary condition, the diagonal element of convo-

lution matrix G, which denotes any possible 2-D filter g(m,n), is given by:

diag(G) = gam2n(0,0) + ganron(2m +1,2n 4 1)

+ gaman(2m +1,0) + ganron (0,20 4 1) (3.31)

where gaaran(n) is defined by Eq.(3.26). It can also be expressed in Fourier domain:

2N—
diag(G) = Z Z (21, 22 (1 g2t 1 gl g ety 2”“) (3.32)
k=0 (=0

where G(z1, z2) is given in Eq.(3.30).
3.5.4 Whole-point symmetric boundary extensions
Formulation for whole-point symmetric convolution

Lemma 3.10 Given a signal 2(n) and filter g(n), under whole-point symmetric bound-
ary condition of x(n), convolution can be written as anyone of the following two ex-

pressions:

y(n) = Sno gan—2(n — k)a(k) + 07 ganv—2(n + k) (k)

e ) - (3.33)
y(n) = >y gan—2(n —k)x(k) + > 12y gan—2(n + k)z(k)

forn=0,1,...,N — 1, where gon_o(n) = Znoezg(n +np - (2N —2)).

Proof Under whole-point symmetric extension, the signal (n) is with (2N —2) period,
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and satisfies x(n) = (2N —2 —n) for n =0, 1, ..., N — 1. Hence, the convolution is:

2N -3
i) = Latn =k = Y- (X o(n—k tna- (8 -2) Jath

keL k=0 “no€Z
gan—2(n—k)
N2
= gan—2(M)x(0) + gan—a(n — N + D)a(N = 1) + > gan—a(n — k)a(k)
k=1
2N-—3

+ Z gan—2(n — k)x(k) (by changing variable ¥’ = 2N —2 — k) (3.34)
k=N

=Y gan o <n+k> z(k)

Hence, we obtain:

y(n) = gan—2(n)x(0) + goan—2(n — N + 1)z(N — 1)
N-2

£ Y (922 = k) 1 ga—a(n 1 B) (k)
k=1

Merging the terms yields Eq.(3.33), and completes the proof. |

Computation of filtering via transform domain
Again, refer to Tables 3.1 and 3.1 for various types of transform. Taking whole-
symmetric boundary extension of x(n) and whole-point symmetric filter g(n) for ex-

ample, the following theorem gives the detailed computation in transform domain.

Theorem 3.11 Given x(n) with whole-point symmetric boundary extension and whole-
point symmetric filter g(n), then, the DFT of 2(n) and g(n) become N-dim DCT-I and
(N +1)-dim DCT-I, respectively. The output signal y(n) is whole-point symmetric, its
DFT is exactly the same as that of x(n).

Proof Lemma 3.10 stated that x(n) is with period (2N — 2) under whole-point sym-

metric extension. By changing variable n’ = 2N — 2 — n, the frequency coefficients
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X (k) is given as:

IN—3 .
X(h) = 3 wlnye 5
n=0
2rk(N—1) Ko | R  Srkn
= 2(0) + 2(N — 1>§lffi«+ x(n)e an—2 4 Z 2(n)e I2N—3
ejwk n=1 n=N
SN2 ()l
k e _ i 27kn : 2wkn
= 2(0) + (-DFa(N = 1) + > a(n) (e Iy 4 eﬂm,z)
n=1
N—2
il (—=1)® mkn
— 9| = N-1 ( )
2:10(0)+ 5 2 )+;x(n)cos 1 }

N-dim DCT-I standard
In this case, G(k) is given by:
N-1
; 2wkn

Glk) = Y. ganoa(n)e I2E

n=—(N-2)

—1

— 92N72(0)+(—1)k92N72(N_1)+ < Z

n=—(N-2

N-2 .

: 2wkn
+ E > gan—2(n)e T2zN-2
)

n=1

1 (—1)* e wkn
= 2| —gan—2(0) + (N =-1)+ _9(n)cos
{2921\[2 5 goN—2 ;QZNZ (N—l)}

N-dim DCT-I standard

The output y(n) keeps the same symmetry as x(n). [ |

Analytical computation of 0]2. given in Eq.(3.17)

Theorem 3.12 Under whole-point symmetric boundary conditions, given a zero-mean
white Gaussian noise b(n) with variance 02 and a filter g(n), the filtered noise p(n) is
given by:

(n—k)+§(n+k) } b(k) + §(n)b(0) + §(n — N + 1)b(N — 1) (3.35)

=,

2
I

@

where we denote §(n) = gay—2(n) for brevity. The variance of p(n) is given by:

#{om)*} = T3 uth)? - Zu(0) - Tu(v - 1)? (3.36)

kel

in spatial domain, where P denotes any interval with period length 2N — 2, and is also
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expressed as:

5  2N-3
{60} = v 2 {‘G(Z)\2+R€{(G(Z))222”}} (3.37)
o2 k:;)N—S . IN—3 )
N 2N—2{< > G(Z)Z") +( > (—D’“G(z)z”) } (3.38)
k=0 k=0

. 2nk
in frequency domain, where G(z) = 3, §(k")z~ with z = e’2¥-2,

See the proof in Appendix A.5. The computation of 2-D case can be naturally
extended, refer to Appendix A.6.

Analytical computation of a; given in Eq.(3.15)

Theorem 3.13 Under half-point symmetric boundary conditions, the vector formed
by the diagonal elements of the convolution matrix G € RV*¥ is given by
gan—2(0) forn=0or N —1

[diag {G} ], =
gon-2(0) + gan—2(2n) forn=1,2,..,N -2

where gon_2(n) is given by Eq.(3.33).

Proof The second equality in Fourier domain is essentially the forward DFT with
period 2N of the first one. In matrix form, each element of the diagonal of G can be
obtained as eg(}en7 where the indicator vector e, is defined as e, =[0...010 ... O]T S

R with n-th element 1. In the convolution form of Eq.(3.23), it reads as:

N N-1
eEGen Z -n <<ZQ2N o(n — k) + ZQ2N—2(TL+I€I)>5(I€I—TL)>
k=1 k=1 k=2
gan—2(0) forn=0o0or N —1
gan—2(0) + gan_2(2n) forn =1,2,...,N —2
where §(k — k') is defined as in Eq.(3.22). [ |

3.6 Results and discussions
3.6.1 Experimental setting

We consider the following benchmark convolution kernels commonly used in [34; 44;

49; 88|
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Figure 3.6: Original images. (a) Cameraman 256 x 256; (b) Coco 256 x 256; (c)
House 256 x 256; (d) Couple 512 x 512; (e) Crowd 512 x 512; (f) Lake 512 x 512;
(g) Bridge 512 x 512; (h) Mizture 512 x 512.

e Rational filter: h(i,j) = (1 +i®> + %)~ fori,j = —7,..,7;

e Separable filter: 5 x 5 filter with weights [1, 4, 6, 4, 1]/16 along both horizontal
and vertical directions;

e 5 x 5 uniform blur;

e 9 x 9 uniform blur;

e Gaussian blur with standard deviation (std) 3.

The blurred images are subsequently contaminated by i.i.d Gaussian noise with various
variance 2. The test dataset contains eight 8-bit images of size 256 x 256 or 512 x 512
displayed in Figure 3.62, covering a wide range of natural images. The experimental
performance is measured by PSNR defined as Eq.(1.11) and SSIM defined as Eq.(1.12).
Note that all the PSNR results (in dB) and the SSIM results reported in this section

have been averaged over 10 noise realizations.

3.6.2 Influence of the number of Wiener filters

Our multi-Wiener SURE-LET approach involves several Wiener filters as elementary

processing in the linear combination. In this section, we evaluate the influence of

2All 512 x 512 images are available at http://decsai.ugr.es/cvg/CC /base.htm


http://decsai.ugr.es/cvg/CG/base.htr
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Case

House, Separable
o=1
Input: 30.92dB
BM3D: 35.80dB

Cameraman, Gaussian
o=10
Input: 20.22dB
BM3D: 22.60dB

Coco, Gaussian
o=1
Input: 26.45dB
BM3D: 31.27dB

Number of | qypp 127 | MSE-LET | SURELLET | MSE-LET | SURE.LET | MSE-LET
deconvolutions
one ! 34.33 34.59 22.30 22.47 31.02 31.20
two 2 35.78 96.04 22.37 22.65 31.40 91.68
three 3 36.31 96.47 22.52 22.70 31.70 92.00
four 2 36.27 96.51 22.54 22.7) 31.70 92.03

I one deconvolution: A = 10~*¢?;

2 two deconvolutions: Ay = 107%*¢? and Ay = 10 2¢2;
3 three deconvolutions: A\ = 107%¢2, Ay = 107302 and A3 = 10~ %¢2;
4 four deconvolutions: A; = 107262, Ay = 107%02, A3 = 107302 and A\, = 107252,

Table 3.3: PSNR results of our multi-Wiener SURE-LET for various number of
Wiener filters.

the retained number of Wiener filters on the deconvolution performance. Based on
the observation that a reasonable value of the regularization parameter A should be
proportional to the noise variance o2 [43; 49|, we focus on the ratio A\/o?. Table 3.3
shows the results obtained when considering one to four Wiener filters for various
images, blur kernels and noise levels. We observe that one or two Wiener filters may
not always produce the best performance, whereas three or four are able to cope with
various scenarios (different images and different blur kernels). Moreover, using four
Wiener filterings does not bring any significant performance improvement, compared
to using three. Besides, we also found that for one Wiener filter, the optimal value
of A\/a? typically varies in the range 2 x 10™% to 2 x 10™2. For these reasons, in the
following sections, we use three Wiener filters (i.e. M = 3) with A\ = 1 x 10742,
A2 = 1 x 107202 and A3 = 1 x 107202, Extensive tests show that the deconvolution

performance is largely insensitive to the actual choice of \’s.

3.6.3 Influence of the parameters on the deconvolution performance

Apart from the case of \j, A2 and A3 already discussed above (Section 3.6.2), we report
the following experimental observations, based on extensive tests with various images,
blur types and noise levels. We consider the following two experimental scenarios for

typical examples.

e Scenario A: House, 9 x 9 uniform blur, noise variance 6% = 1.0;
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Figure 3.7: The relationship between 3, u and PSNR performance under two
particular degradation scenarios. (a): 8 vs. PSNR loss, compared to maximum
PSNR with optimal 8; (b): p vs. PSNR loss, compared to maximum PSNR with
optimal p.

e Scenario B: Crowd, Gaussian kernel with variance 9.0, noise variance ¢? =

10.0

Influence of 5 in Eq.(3.14) and g in Eq.(2.9) Figure 3.7 shows the relationship
between 3, 1 and PSNR performance under two particular degradation scenarios. From
it, we can see that choosing 3 in [5x 107%¢2,5 x 107%¢'?] and g in [0.01, 0.1] yields very
similar deconvolution results with PSNR loss within 0.05dB, compared to the maximum

PSNR with optimal values.

Regarding the choice of the thresholding functions ¢; and 0, To be efficient, the
pointwise thresholding functions 6;(-) have to satisfy some desirable properties that are
discussed in [1; 110]. We empirically found that a linear combination of the following

two functions (see Figure 3.8)

Or(w) = w<1—exp (‘ (%)?1))
Oa(w) = w<1—exp (‘ (%) >>

with T = 405 and 1> = 90; yields satisfactory results. We compare our choice shown

as Eq.(3.39) with other two alternatives, reported in [1; 113]:

e Choice A (in [1]): 61(w) = w, O2(w) = w(l —exD ( - <%>8)>

e Choice B (in [113]): 61 (w) = w, O2(w) = w(tanh (“2) — tanh (w2f235i‘;f))
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Figure 3.9: Choice of thresholding functions 6, and 65 vs. PSNR loss, compared
to PSNR obtained using Eq.(3.39).

Figure 3.9 shows the comparison curves between the three options with Eq.(3.39)
as the benchmark: the comparison is evaluated as the PSNR loss between Choice A,
B and Eq.(3.39), respectively. From the curves in Figure 3.9, we can see that the the
two alternatives yield the PSNR loss within 0.2dB.

Regarding the choice of the thresholds 77 and 75 In the preceding paragraph,
we choose 11 = 405 and 15 = 90;. We may vary the values of 771 and 715 to see the
PSNR performance: Figure 3.10 shows the relationship between 77, 7% and PSNR loss,
compared to maximum PSNR with optimal 17 and 75.

We found that any combinations of 77 in [30, 60| and T in |7, 100]| achieve very
similar PSNR performance (the PSNR variations are generally within 0.1dB). It im-
plies that We empirically found that the proposed algorithm is able to keep similar

deconvolution quality for a wide range of value 717 and 1.
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Figure 3.10: The relationship between T}, To and PSNR performance under two

particular degradation scenarios: Ty and Th vs. PSNR loss, compared to maximum
PSNR with optimal Ty and T5.

Choice of wavelet basis In this thesis, we apply an undecimated Haar wavelet to

perform wavelet-domain thresholding, since the redundant Haar substantially outper-

forms other types of redundant wavelets for image denoising [1]. This observation is

also true for image deconvolution.
Concluding remarks Based on these observations, all the parameters involved in the
proposed multi-Wiener SURE-LET algorithm are specified in Table 3.4. According to
this table, we have K = MJL 4+ M = 6J + 3 elementary functions, which yields K
weights to be optimized using Eq. (2.9). Typically, J = 9 or 12, for three or four levels
of an undecimated Haar wavelet decomposition, and hence, we have K =6-9+43 = 57
linear coefficients to be optimized for J = 9. Table 3.4 shows that only 7 parameters
involved in our algorithm need to be manually tuned, whereas we have typically up to
K = 75 (for 4 wavelet iterations) parameters that are automatically adjusted to the
image. By comparison, BM3D [49; 52| has more than 60 non-linear parameters to be

manually determined for an efficient block matching and collaborative filtering.

S in Eqs.(3.1) and (2.5) Discrete Laplacian operator
B in Eq.(2.5) B =1x10""0?
M in Eq.(3.1) M =1x107%% Ay = 1 x 107302 A3 = 1 x 107202
T; in Eq.(3.39) Ty =40j; T = 90,
Transforms D and R Undecimated Haar wavelet transform
w in Eq.(2.9) pw=">5x10"2

Table 3.4: Parameters setting of the proposed multi-Wiener SURE-LET algo-
rithm.
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Finally, we would like to note that the preceding observations strongly implies that
the proposed algorithm is very robust and largely insensitive to the parameters. No
optimization is needed here. The main reason for the robustness is that any changes on
the parameters or functions (5, p, 01, 02, T1 and T5) are eventually counterbalanced by
an (optimal) adaptation of the (at least 57) LET coefficients ax (final PSNR variations
of 0.1 ~ 0.2dB). For this reason, the proposed algorithm becomes highly adaptive to

various scenarios, even if the parameters in Table 3.4 are not well-tuned.

3.6.4 Influence of the boundary conditions: periodic vs symmetric

Table 3.5 displays the PSNR results obtained for different boundary conditions (peri-
odic, half-point symmetric or whole-point symmetric). As observed, the type of bound-
ary conditions has an impact on the deconvolution performance. From the results, we
can conclude that symmetric boundary conditions perform uniformly better than pe-
riodic. This is mainly because symmetric boundary conditions ensure slowly-varying
changes at the boundaries, unlike periodic conditions which may introduce discontinu-
ities. The deconvolution gain obtained by symmetric boundary conditions over periodic
ones depends on the image and blur scenario. Table 3.5 reports the PSNR results ob-
tained on House and Cameraman as two extreme cases: for Cameraman, the boundary
conditions have almost no influence on the deconvolution performance, whereas signif-

icant differences are noticed for House.

3.6.5 Comparison with the state-of-the-art

In Tables 3.6-3.11, we present several comparisons between the proposed multi-Wiener
SURE-LET method and some state-of-the-art deconvolution techniques whose soft-
wares are available online, in terms of PSNR and SSIM. Various degradation scenarios
have been considered. In order to compare with other methods in exactly the same

experimental situations, we have considered only periodic boundary condition. The
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.. symmetric .. symmetric
g)%lé?gg%}é petials half—poii‘c | whole-point petiodin half—poii‘c | whole-point
Image I House 256 x 256 I
Blur kernel Rational filter Separable filter
Input 25.64 26.30 26.29 30.92 31.83 31.82
SURE-LET 35.33 35.50 35.46 36.40 36.51 36.47
MSE-LET 35.48 35.61 35.58 36.58 36.82 36.77
Blur kernel 9 x 9 uniform Gaussian blur with std 3
Input 24.09 24.75 24.75 24.22 24.86 24.86
SURE-LET 32.97 32.98 32.97 29.37 30.03 30.01
MSE-LET 33.19 33.26 33.20 29.74 30.32 30.32
Image Cameraman 256 x 256
Blur kernel Rational filter Separable filter
Input 22.24 22.37 22.36 25.67 25.79 25.79
SURE-LET 30.91 30.97 30.96 30.83 30.93 30.90
MSE-LET 31.12 31.17 31.16 31.10 31.17 31.16
Blur kernel 9 x 9 uniform Gaussian blur with std 3
Input 20.76 20.89 20.89 20.97 21.10 21.10
SURE-LET 27.40 27.47 27.46 23.97 24.14 24.14
MSE-LET 27.75 27.77 27.76 24.25 24.41 24.40

Table 3.5: PSNR results of our multi-Wiener SURE-LET for different boundary
conditions (0% = 1).

state-of-the-art methods include ForWaRD? [45], SA-DCT* [48], BM3D? [49], TV-
MM [43], C-SALSAT [38] and Pesquet’s et al. work® [113]. We have run all the
source codes by default throughout all the experiments performed. For TV-MM [43]
and C-SALSA [38], we used the default stopping criteria suggested by their respective
authors. For [113], we used symlet-8 translation invariant wavelet, as it gives slightly
better performance than using Haar undecimated wavelet (generally by 0.2~0.3dB).

The “MSE-LET" rows of Tables Tables 3.6-3.11 are the results of minimizing the
actual MSE in lieu of the SURE, demonstrating that the latter is a good substitute to
the MSE minimization.

It can be seen from the reported PSNR and SSIM scores that the proposed SURE-
LET algorithm uniformly achieves the highest performance. Also note that the higher
PSNR usually yields higher SSIM. Although TV-MM is well-known for its outstanding

3The source code of ForWaRD is available at http://dsp.rice.edu/software/forward

4The source code of SA-DCT is available at http://www.cs.tut.fi/~foi /SA-DCT/#ref_software

®The source code of BM3D is available at http://www.cs.tut.fi/~foi/GCF-BM3D/

®The source code of TV-MM is available at http://www.Ix.it.pt/~bioucas/code.htm

"The source code of C-SALSA is available at http://cascais.1x.it.pt/~mafonso/salsa.html

8The source code of [113] is available at http://www-syscom.univ-
mlv.fr/~chaux/toolbox/TOOLBOX Surelet_deconvolution_v1.0.zip


http://dsp.rice.edu/software/forward
http://www.cs.tut.fi/%e3%80%9cfoi/SA-DCT/%23ref_software
http://www.cs.tut.fi/~foi/GCF-BM3D/
http://www.lx.it.pt/~bioucas/code.htm
http://cascais.lx.it.pt/~mafonso/salsa.html
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o I | 5 ] 10 | 30 [ 50 [ 100 1 | 5 ] 10 | 30 [ 50 [ 100
Image Cameraman 256 x 256 Coco 256 x 256
Input 2097 [20.78 [ 20.22 [ 1661 [ 1333 [ 791 [ 2645 [ 25.78 | 24.19 [ 17.92 [ 13.89 | 8.06

ForWaRD 23.76 | 22.88 | 22.40 | 21.18 | 20.35 | 18.79 || 31.18 | 29.48 | 28.51 | 25.91 | 24.22 | 20.80
SA-DCT 23.73 | 23.10 | 2250 | 20.80 | 19.39 | 16.86 || 31.27 | 29.82 | 28.58 | 24.76 | 22.16 | 18.09
BM3D 24.05 | 23.10 | 22.61 | 21.46 | 20.78 | 19.74 || 31.27 | 29.70 | 28.72 | 26.61 | 25.48 | 23.80
TV-MM 23.93 | 22.80 | 22.06 | 21.10 | 20.24 | 18.65 || 31.65 | 29.59 | 28.56 | 26.30 | 24.75 | 21.81
C-SALSA 23.75 | 22.81 | 22.26 | 21.27 | 2047 | 18.95 || 31.35 | 29.07 | 28.47 | 26.13 | 24.31 | 21.50
[113] 23.32 | 22.44 | 21.83 | 20.78 | 20.25 | 18.95 || 30.39 | 28.58 | 27.70 | 25.81 | 24.82 | 16.88
SURE-LET || 23.97 | 23.02 | 22.52 | 21.50 | 20.91 | 19.80 || 31.57 | 29.80 | 28.80 | 26.95 | 25.78 | 24.02
MSE-LET || 24.25 | 23.30 | 22.70 | 21.72 | 21.11 | 20.08 | 31.88 | 30.10 | 29.12 | 27.28 | 26.10 | 24.46
Image House 256 x 256 Couple 512 x 512
Input 24.22 | 23.81 | 22.73 | 17.562 | 13.73 | 8.02 23.55 | 23.20 | 22.26 | 17.39 | 13.68 | 8.01
ForWaRD 28.87 | 27.43 | 26.63 | 24.27 | 22.87 | 20.23 || 26.40 | 25.25 | 24.62 | 23.12 | 22.25 | 19.64
SA-DCT 28.94 | 27.86 | 26.75 | 23.61 | 21.32 | 17.69 || 26.43 | 25.35 | 24.62 | 22.75 | 21.20 | 18.04
BM3D 29.19 | 27.90 | 27.10 | 25.17 | 23.98 | 22.32 || 26.60 | 25.39 | 24.76 | 23.42 | 22.72 | 21.37
TV-MM 29.35 | 27.50 | 26.72 | 24.60 | 23.08 | 20.63 || 26.12 | 24.92 | 24.20 | 23.02 | 21.79 | 19.53
C-SALSA 2925 | 27.46 | 26.55 | 24.51 | 22.97 | 20.50 || 26.36 | 25.20 | 24.59 | 23.30 | 22.04 | 19.91
[113] 28.19 | 26.64 | 2590 | 23.93 | 22.72 | 15.57 || 26.29 | 25.06 | 24.49 | 23.20 | 22.44 | 21.48
SURE-LET || 29.27 | 27.81 | 27.00 | 25.20 | 24.10 | 22.35 || 26.56 | 25.40 | 24.80 | 23.59 | 22.90 | 21.88
MSE-LET || 29.62 | 28.01 | 27.24 | 25.5/ | 24.33 | 22.62 | 26.64 | 25.47 | 24.88 | 23.68 | 22.99 | 21.96
Image Crowd 512 x 512 Lake 512 x 512
Input 16.56 | 16.49 | 16.27 | 14.45 | 12.19 | 7.55 2298 | 22.67 | 21.83 | 17.24 | 13.61 | 7.99
ForWaRD | 19.97 | 18.83 | 18.22 | 17.21 | 16.57 | 15.25 || 26.80 | 25.39 | 24.65 | 22.94 | 21.72 | 18.84
SA-DCT 19.87 | 18.97 | 18.33 | 17.02 | 16.30 | 14.97 || 26.82 | 25.49 | 24.57 | 22.44 | 20.97 | 18.05
BM3D 20.01 | 18.80 | 18.15 | 16.83 | 16.15 | 14.93 || 26.90 | 25.48 | 24.68 | 22.97 | 22.10 | 20.42
TV-MM 19.43 | 18.77 | 18.17 | 17.10 | 16.18 | 14.87 || 26.58 | 25.25 | 24.38 | 22.83 | 21.46 | 19.12
C-SALSA 19.92 | 18.88 | 18.31 | 17.33 | 16.73 | 15.65 || 26.74 | 25.40 | 24.67 | 23.05 | 21.73 | 19.50
[113] 19.80 | 18.61 | 18.04 | 16.91 | 16.36 | 15.55 || 26.67 | 25.20 | 24.44 | 22.89 | 22.04 | 20.74
SURE-LET || 20.05 | 18.90 | 18.30 | 17.25 | 16.67 | 15.79 || 26.90 | 25.48 | 24.80 | 23.33 | 22.48 | 21.18
MSE-LET || 20.21 | 19.06 | 18.48 | 17.40 | 16.81 | 15.89 | 26.97 | 25.62 | 2/.92 | 23.49 | 22.64 | 21.52
Image Bridge 512 x 512 Mixture 512 x 512
Input 21.39 | 21.18 | 20.57 | 16.77 | 13.41 | 7.94 14.84 | 14.79 | 14.64 | 13.31 | 11.46 | 7.29
ForWaRD 23.73 | 2279 | 22.28 | 21.32 | 20.53 | 1841 || 16.63 | 15.94 | 15.72 | 15.15 | 14.77 | 14.08
SA-DCT 23.75 | 22.84 | 2232 | 21.27 | 20.50 | 18.63 || 16.64 | 16.13 | 15.80 | 15.19 | 14.75 | 13.64
BM3D 23.85 | 22.88 | 22.38 | 21.38 | 20.78 | 19.61 || 16.74 | 15.95 | 15.59 | 14.91 | 14.60 | 14.02
TV-MM 23.56 | 22.69 | 21.99 | 20.51 | 19.80 | 18.12 || 16.37 | 15.69 | 15.20 | 14.72 | 14.46 | 13.52
C-SALSA 23.78 | 22.87 | 22.09 | 21.38 | 20.52 | 18.89 || 16.52 | 15.96 | 15.65 | 15.07 | 14.70 | 13.92
[113] 23.70 | 22.73 | 22.24 | 21.27 | 20.71 | 19.87 || 16.56 | 15.88 | 15.57 | 14.98 | 14.67 | 14.27
SURE-LET || 23.90 | 22.95 | 22.44 | 21.54 | 20.95 | 20.01 || 16.70 | 16.07 | 15.74 | 15.15 | 14.80 | 14.43
MSE-LET || 23.97 | 23.01 | 22.53 | 21.61 | 21.05 | 20.1/ | 16.78 | 16.12 | 15.81 | 1528 | 1/.93 | 14.53

*Best PSNR results within a 0.1dB margin are highlighted. The results have been averaged
over 10 noise realizations.

Table 3.6: PSNR Comparison of some state-of-the-art deconvolution methods
under Gaussian blur with variance 9*.

performance on regularly-structured images such as House, Coco, and the left-bottom
of Mixture, it is substantially outperformed by the proposed algorithm. For more
complicated images like Crowd with lots of irregular edges and disordered features, the
proposed method also shows better PSNR results than the other techniques. ForWaRD
is more effective for these less structured images than for cartoon-like images. BM3D,
which achieves the best performance among the other techniques on average, is not as
efficient on these irregular structures. Note that the proposed multi-Wiener SURE-LET

algorithm is very robust to a wide range of noise levels from 0% = 1 to ¢? = 1 x 10*. In
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o 1 [ 5 [ 10 [ 30 [ 50 [100 ] 1 | 5 [ 10 | 30 [ 50 [ 100
Image " Cameraman 256 x 256 ‘ Coco 256 x 256 ‘
Input 0.64 | 0.51 | 0.34 | 0.11 | 0.06 | 0.02 | 0.83 | 0.65 | 0.42 | 0.11 | 0.05 | 0.02

ForWaRD | 0.73 | 0.66 | 0.60 | 0.56 | 043 | 0.37 || 0.85 | 0.78 | 0.79 | 0.66 | 0.60 | 0.48
SA-DCT 0.72 | 0.69 | 0.61 | 051 | 0.35 | 0.30 | 0.85 | 0.87 | 0.83 | 0.53 | 048 | 0.41
BM3D 0.73 | 0.69 | 0.66 | 0.59 | 0.56 | 0.50 | 0.86 | 0.82 | 0.80 | 0.75 | 0.72 | 0.69
TV-MM 0.74 | 0.67 | 0.68 | 0.55 | 0.42 | 0.36 | 0.90 | 0.80 | 0.83 | 0.73 | 0.65 | 0.53
C-SALSA || 0.73 | 0.69 | 0.66 | 0.56 | 0.48 | 0.38 || 0.89 | 0.86 | 0.83 | 0.72 | 0.63 | 0.50
[113] 0.68 | 0.63 | 0.56 | 0.51 | 0.43 | 0.38 | 0.84 | 0.75 | 0.74 | 0.65 | 0.63 | 0.22
SURE-LET || 0.76 | 0.71 | 0.67 | 0.62 | 0.58 | 0.53 || 0.90 | 0.87 | 0.85 | 0.81 | 0.78 | 0.73
MSE-LET || 0.77 | 0.73 | 0.70 | 0.65 | 0.62 | 0.57 || 0.91 | 0.88 | 0.86 | 0.82 | 0.80 | 0.75
Image House 256 x 256 Couple 512 x 512
Input 0.71 | 0.57 | 0.38 | 0.12 | 0.06 | 0.02 | 0.70 | 0.67 | 0.62 | 0.38 | 0.24 | 0.10
ForWaRD | 0.75 | 0.76 | 0.71 | 0.60 | 0.55 | 0.41 || 0.88 | 0.80 | 0.75 | 0.62 | 0.60 | 0.38
SA-DCT 0.76 | 0.78 | 0.73 | 0.54 | 0.48 | 0.36 | 0.88 | 0.81 | 0.75 | 0.58 | 0.45 | 0.38
BM3D 0.78 | 0.76 | 0.73 | 0.67 | 0.64 | 0.59 | 0.88 | 0.81 | 0.77 | 0.66 | 0.60 | 0.50
TV-MM 0.83 | 0.77 | 0.72 | 0.63 | 0.60 | 0.44 || 0.84 | 0.73 | 0.72 | 0.62 | 0.49 | 0.38
C-SALSA || 081 | 0.77 | 0.74 | 0.63 | 0.55 | 0.44 || 0.87 | 0.80 | 0.75 | 0.65 | 0.52 | 0.38
[113] 0.73 | 0.71 | 0.67 | 0.57 | 0.54 | 0.31 | 0.86 | 0.77 | 0.75 | 0.62 | 0.58 | 0.51
SURE-LET || 0.81 | 0.78 | 0.76 | 0.72 | 0.68 | 0.63 | 0.88 | 0.81 | 0.77 | 0.67 | 0.61 | 0.53
MSE-LET | 0.83 | 0.80 | 0.78 | 0.73 | 0.70 | 0.65 || 0.88 | 0.81 | 0.77 | 0.68 | 0.62 | 0.5}
Image Crowd 512 x 51 Lake 512 x 512
Input 0.61 | 0.60 | 0.59 | 0.50 | 0.41 | 0.26 | 0.78 | 0.75 | 0.68 | 0.42 | 0.28 | 0.13
ForWaRD | 0.86 | 0.80 | 0.76 | 0.68 | 0.59 | 0.45 | 0.91 | 0.84 | 0.81 | 0.73 | 0.56 | 0.52
SA-DCT 0.86 | 0.81 | 0.77 | 0.64 | 0.57 | 040 | 0.91 | 0O.87 | 0.80 | 0.67 | 048 | 0.52
BM3D 0.88 | 0.81 | 0.76 | 0.63 | 0.55 | 0.40 || 0.92 | 0.87 | 0.83 | 0.73 | 0.67 | 0.58
TV-MM 0.85 | 0.81 | 0.76 | 0.65 | 0.55 | 0.40 | 0.88 | 0.84 | 0.79 | 0.68 | 0.53 | 0.39
C-SALSA || 0.88 | 0.82 | 0.77 | 0.68 | 0.61 | 0.51 || 0.91 | 0.86 | 0.81 | 0.67 | 0.56 | 0.42
[113] 0.88 | 0.78 | 0.75 | 0.63 | 0.57 | 0.51 || 0.87 | 0.83 | 0.81 | 0.66 | 0.67 | 0.59
SURE-LET || 0.88 | 0.81 | 0.77 | 0.67 | 0.61 | 0.50 || 0.92 | 0.87 | 0.84 | 0.75 | 0.70 | 0.61
MSE-LET | 0.89 | 0.82 | 0.78 | 0.68 | 0.62 | 0.52 || 0.92 | 0.87 | 0.84 | 0.76 | 0.70 | 0.61
Image Bridge 512 x 51 Mixture 512 x 512
Input 0.61 | 0.60 | 0.57 | 040 | 0.28 | 0.12 | 0.56 | 0.53 | 0.46 | 0.26 | 0.17 | 0.09
ForWaRD | 0.84 | 0.74 | 0.68 | 0.60 | 0.53 | 0.38 || 0.71 | 0.68 | 0.64 | 0.54 | 0.49 | 0.35
SA-DCT 0.84 | 0.75 | 0.68 | 0.60 | 0.53 | 0.38 || 0.71 | 0.68 | 0.64 | 0.54 | 0.49 | 0.37
BM3D 0.84 | 0.75 | 0.70 | 0.59 | 0.52 | 0.40 || 0.74 | 0.67 | 0.62 | 0.53 | 0.48 | 0.43
TV-MM 0.80 | 0.70 | 0.64 | 0.53 | 0.42 | 0.35 | 0.67 | 0.59 | 0.54 | 0.47 | 0.33 | 0.22
C-SALSA || 0.84 | 0.76 | 0.67 | 0.60 | 0.53 | 0.40 || 0.69 | 0.62 | 0.57 | 0.44 | 0.35 | 0.25
[113] 0.82 | 0.72 | 0.68 | 0.59 | 0.53 | 042 | 0.69 | 0.62 | 0.57 | 0.53 | 0.39 | 0.40
SURE-LET || 0.84 | 0.75 | 0.70 | 0.60 | 0.54 | 0.44 | 0.74 | 0.68 | 0.64 | 0.54 | 0.49 | 0.44
MSE-LET || 0.8/ | 0.76 | 0.71 | 0.60 | 0.5/ | 0.45 || 0.75 | 0.68 | 0.6/ | 0.5] | 0.49 | 0.44

*The results have been averaged over 10 noise realizations.

Table 3.7: SSIM Comparison of some state-of-the-art deconvolution methods un-

der Gaussian blur with variance 9*.

particular, significant improvements over other deconvolution algorithms are frequently

observed for large noise variance.

Regarding the subjective visual quality (see Figures. 3.11-3.13), the proposed decon-

volution algorithm preserves various image details, while introducing very few artifacts.

For House, it achieves good preservation of uniform areas and regularly-sharp edges,
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o I | 5 ] 10 | 30 [ 50 [ 100 1 | 5 ] 10 | 30 [ 50 [ 100
Blur Rational filter Separable filter
Input 2260 [ 2233 [ 21.55 [ 17.15 [ 1358 | 7.98 [ 25.78 [ 2522 | 23.82 [ 17.85 | 13.88 | 8.06

ForWaRD 28.32 | 24.65 | 23.37 | 21.48 | 20.20 | 18.60 || 29.09 | 26.47 | 25.04 | 22.77 | 21.74 | 19.75
SA-DCT 28.94 | 25.00 | 23.74 | 21.99 | 20.99 | 19.02 || 29.23 | 26.97 | 25.68 | 23.43 | 22.40 | 20.77
BM3D 28.95 | 25.12 | 23.70 | 21.87 | 21.05 | 19.67 || 29.40 | 27.00 | 25.72 | 23.37 | 22.36 | 20.43
TV-MM 28.64 | 25.10 | 23.42 | 20.16 | 18.71 | 17.32 || 28.95 | 26.93 | 25.70 | 22.98 | 20.87 | 19.28
C-SALSA 28.63 | 24.90 | 23.49 | 2045 | 18.82 | 1831 || 28.96 | 26.57 | 25.34 | 22.44 | 20.46 | 16.46
[113] 28.44 | 24.87 | 2353 | 21.71 | 20.91 | 19.92 || 29.03 | 26.70 | 25.48 | 23.25 | 22.16 | 20.61
SURE-LET || 28.87 | 25.10 | 23.81 | 22.12 | 21.32 | 20.19 || 29.37 | 27.00 | 25.70 | 23.50 | 22.52 | 21.04
MSE-LET || 28.94 | 25.23 | 23.95 | 22.22 | 21.44 | 20.32 || 29.48 | 27.07 | 25.80 | 23.58 | 22.59 | 21.16
Blur x 5 uniform blur 9 x 9 uniform blur
Input 23.24 | 2292 | 22.04 | 17.33 | 13.66 | 8.01 21.16 | 20.96 | 20.38 | 16.69 | 13.37 | 7.93
ForWaRD 28.31 | 25.15 | 23.89 | 22.06 | 20.11 | 18.82 || 25.77 | 23.48 | 22.65 | 21.21 | 20.08 | 18.63
SA-DCT 27.96 | 24.76 | 23.82 | 22.32 | 21.43 | 19.86 || 25.83 | 23.31 | 22.48 | 20.82 | 19.71 | 18.23
BM3D 28.57 | 25.50 | 24.46 | 22.65 | 21.88 | 20.21 || 26.12 | 23.75 | 22.82 | 21.50 | 20.90 | 19.70
TV-MM 28.31 | 25.52 | 24.41 | 21.74 | 19.97 | 18.24 || 25.85 | 23.57 | 22.43 | 19.95 | 18.39 | 16.44
C-SALSA 28.36 | 25.16 | 24.15 | 21.78 | 18.59 | 17.48 || 25.74 | 23.42 | 22.58 | 20.67 | 19.52 | 18.00
[113] 28.25 | 25.20 | 24.17 | 22.52 | 21.74 | 2041 || 25.82 | 23.39 | 22.47 | 21.32 | 20.83 | 19.96
SURE-LET || 28.65 | 25.55 | 24.43 | 22.78 | 22.00 | 20.78 || 26.10 | 23.79 | 22.95 | 21.71 | 21.10 | 20.13
MSE-LET || 28.69 | 25.64 | 24.56 | 22.90 | 22.11 | 20.88 || 26.17 | 23.88 | 23.05 | 21.81 | 21.19 | 20.2)

ot

*Best PSNR results within a 0.1dB margin are highlighted. The results have been averaged
over 10 noise realizations.

Table 3.8: PSNR performance of Bridge image for various blurs and noise levels®.

o 1 [ 5 [ 10 [ 3 [ 5 [100] 1 [ 5 [ 10 | 3 | 50 | 100
Blur Rational filter Separable filter
Input 073 1072 [ 069 | 049 [ 0.34 [ 0.15 | 0.93 [ 0.91 [ 0.88 | 0.65 | 0.46 | 0.22

ForWaRD | 0,97 | 0.86 | 0.78 | 0.60 | 0.50 | 0.41 || 0.97 | 0.93 | 0.90 | 0.74 | 0.64 | 0.51
SA-DCT 0.97 | 086 | 079 | 0.62 | 0.53 | 0.40 || 0.99 | 0.95 | 0.91 | 0.76 | 0.66 | 0.50
BM3D 0.97 | 087 | 079 | 0.62 | 0.54 | 0.40 || 0.99 | 0.95 | 0.91 | 0.76 | 0.66 | 0.49
TV-MM 0.97 | 087 | 0.78 | 0.58 | 0.46 | 0.42 || 0.99 | 0,95 | 0.91 | 0.76 | 0.65 | 0.48
C-SALSA || 0.97 | 0.88 | 0.80 | 0.58 | 0.46 | 0.43 || 0,99 | 0.94 | 0.90 | 0.74 | 0.65 | 0.47
[113] 0.96 | 0.88 | 0.78 | 0.60 | 052 | 043 || 0.99 | 094 | 0.90 | 0.75 | 0.66 | 0.51
SURE-LET || 0,97 | 0.88 | 0.80 | 0.64 | 0.57 | 0.46 || 0.99 | 0.95 | 0.91 | 0.76 | 0.68 | 0.54
MSE-LET || 0.97 | 0.88 | 0.80 | 0.65 | 0.58 | 0.47 || 0.99 | 0.95 | 0.91 | 0.77 | 0.68 | 0.56

Blur 5 x 5 uniform blur 9 x 9 uniform blur
Input 0.81 | 0.80 | 0.77 | 0.56 | 040 | 0.18 | 0.81 | 0.72 | 0.67 | 0.51 | 0.40 | 0.18
ForWaRD | 0.96 | 0.88 | 0.83 | 0.70 | 0.61 | 0.44 | 0.90 | 0.78 | 0.72 | 0.58 | 0.51 | 0.39
SA-DCT 0.95 | 0.86 | 0.83 | 0.71 | 0.60 | 0.45 || 0.90 | 0.77 | 0.72 | 0.58 | 0.49 | 0.39
BM3D 0.96 | 0.90 | 0.85 | 0.71 | 0.62 | 0.46 || 0.90 | 0.78 | 0.72 | 0.60 | 0.53 | 0.41
TV-MM 0.96 | 0.90 | 0.85 | 0.69 | 0.58 | 0.44 || 0.90 | 0.78 | 0.72 | 0.56 | 0.47 | 0.33
C-SALSA || 096 | 0.88 | 0.85 | 0.69 | 0.53 | 049 || 0.90 | 0.78 | 0.72 | 0.58 | 0.49 | 0.38
[113] 0.96 | 088 | 0.85 | 0.71 | 062 | 0.50 || 0.90 | 0.78 | 0.72 | 0.60 | 0.52 | 0.43
SURE-LET | 0.96 | 0.90 | 0.85 | 0.72 | 0.64 | 0.52 || 0.90 | 0.79 | 0.72 | 0.61 | 0.55 | 0.45
MSE-LET 0.96 | 0.90 | 0.85 | 0.72 | 0.65 | 0.53 || 0.91 | 0.79 | 0.73 | 0.62 | 0.56 | 0.46

*The results have been averaged over 10 noise realizations.

Table 3.9: SSIM performance of Bridge image for various blurs and noise levels®.

while for Crowd, it preserves the finer details of the irregularities. In Figure 3.13, the
differences between the various algorithms are clearly visible: the proposed algorithm

introduces fewer artifacts than the other techniques. In particular, the text part of
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v 1 | 5 ] 10 [ 30 [ 50 100 I | 5 ] 10 | 30 [ 50 [ 100

Blur Rational filter ‘ Separable filter ‘

Input 15.96 | 15.89 | 15.70 | 14.07 | 11.95 | 7.47 18.38 | 18.27 | 17.94 | 15.47 | 1276 | 7.74
ForWaRD 27.67 | 1995 | 17.77 | 15.76 | 15.01 | 13.99 || 26.01 | 22.03 | 20.42 | 17.50 | 16.30 | 14.96
SA-DCT 28.54 | 20.64 | 18.20 | 15.99 | 15.32 | 14.40 || 24.35 | 22.25 | 2095 | 17.93 | 16.70 | 15.46

BM3D 28.53 | 19.24 | 17.25 | 15.45 | 14.85 | 14.10 || 26.54 | 22.26 | 20.04 | 17.14 | 16.15 | 14.86

TVMM 28.28 | 20.40 | 17.30 | 14.41 | 13.78 | 13.18 || 27.17 | 22.80 | 20.64 | 17.15 | 15.25 | 13.80
C-SALSA 27.26 | 20.14 | 18.04 | 15.80 | 15.02 | 13.99 || 26.58 | 21.75 | 20.16 | 17.51 | 16.19 | 13.80
[113] 2592 | 19.52 | 17.74 | 15.77 | 15.12 | 14.42 || 24.67 | 21.40 | 20.01 | 17.67 | 16.67 | 15.41
SURE-LET || 29.90 | 21.10 | 18.53 | 16.12 | 15.50 | 14.71 || 27.80 | 23.13 | 21.08 | 18.05 | 16.94 | 15.70
MSE-LET || 30.28 | 21.34 | 18.70 | 16.27 | 15.58 | 14.78 || 28.11 | 23.40 | 21.43 | 18.21 | 17.06 | 15.79

Blur 5 x 5 uniform blur 9 x 9 uniform blur

Input 15.92 | 15.86 | 15.67 | 14.04 | 11.94 | 7.46 14.58 | 14.54 | 14.40 | 13.13 | 11.35 | 7.24
ForWaRD 24.76 | 19.80 | 18.26 | 16.29 | 15.58 | 14.42 || 20.42 | 17.21 | 16.16 | 15.20 | 14.68 | 13.79
SA-DCT 2535 | 19.40 | 17.57 | 16.03 | 1548 | 14.74 || 21.29 | 17.10 | 16.13 | 15.06 | 14.60 | 13.93

BM3D 2553 | 19.78 | 17.90 | 16.18 | 15.56 | 14.58 || 20.66 | 17.07 | 16.01 | 15.00 | 14.68 | 14.09
TVMM 2570 | 20.39 | 18.31 | 15.66 | 14.52 | 13.64 || 20.70 | 17.02 | 15.65 | 14.23 | 13.66 | 12.87
C-SALSA 24.29 | 19.67 | 18.15 | 15.77 | 15.37 | 14.00 || 20.24 | 17.23 | 16.30 | 14.95 | 14.29 | 13.30

[113] 23.19 | 19.14 | 17.83 | 16.37 | 15.78 | 15.00 || 19.39 | 16.67 | 15.92 | 14.99 | 14.70 | 14.36

SURE-LET || 26.34 | 20.75 | 18.90 | 16.74 | 16.04 | 15.25 || 21.60 | 17.75 | 16.65 | 15.32 | 15.01 | 14.52
MSE-LET || 26.60 | 21.00 | 19.06 | 16.85 | 16.13 | 15.35 | 21.90 | 17.89 | 16.76 | 15.42 | 15.07 | 14.60

*Best PSNR results within a 0.1dB margin are highlighted. The results have been averaged

over 10 noise realizations.

Table 3.10: PSNR performance of Mizture image for various blurs and noise levels”.

o 1 | 5 [ 10 [ 30 | 50 [ 100 1 | 5 | 10 | 30 [ 50 [ 100
Blur ‘ Rational filter ‘ ‘ Séparal;le filter ‘
Input 0.66 | 0.63 | 0.57 | 0.35 | 0.26 | 0.15 | 0.84 | 0.81 | 0.74 | 0.51 | 0.40 | 0.26

ForWaRD | 0.94 | 0.86 | 0.75 | 0.54 | 048 | 0.40 | 0.98 | 0.94 | 0.88 | 0.67 | 0.64 | 0.48
SA-DCT 0.98 | 0.87 | 0.77 | 0.53 | 0.50 | 0.43 || 0.98 | 0.94 | 0.90 | 0.69 | 0.64 | 0.50
BM3D 0.98 | 0.86 | 0.75 | 0.59 | 0.52 | 0.45 || 0.99 | 0.95 | 0.90 | 0.73 | 0.64 | 0.51
TV-MM 0.98 | 0.80 | 0.75 | 0.45 | 0.36 | 0.36 || 0.98 | 0.95 | 0.90 | 0.66 | 0.58 | 0.45
C-SALSA || 092 | 0.75 | 0.63 | 0.49 | 040 | 0.28 || 0.98 | 0.90 | 0.86 | 0.66 | 0.54 | 0.37

[113] 0.89 | 0.86 | 0.75 | 049 | 045 | 042 | 0.98 | 0.92 | 0.88 | 0.66 | 0.65 | 0.50

SURE-LET || 0.98 | 0.89 | 0.80 | 0.61 | 0.53 | 0.45 || 0.99 | 0.95 | 0.91 | 0.77 | 0.67 | 0.53
MSE-LET | 0.98 | 0.89 | 0.79 | 0.59 | 0.51 | 0.44 || 0.99 | 0.95 | 0.91 | 0.77 | 0.66 | 0.52

Blur 5 x 5 uniform blur 9 x 9 uniform blur

Input 0.68 | 0.65 | 0.58 | 0.36 | 0.27 | 0.16 | 0.53 | 0.51 | 0.44 | 0.24 | 0.16 | 0.08

ForWaRD | 0.95 | 0.88 | 0.78 | 0.67 | 0.59 | 0.48 | 0.88 | 0.74 | 0.67 | 0.55 | 0.48 | 0.43
SA-DCT 0.95 | 0.88 | 0.80 | 0.67 | 0.59 | 048 | 0.88 | 0.74 | 0.67 | 0.55 | 0.48 | 0.43
BM3D 0.97 | 0.88 | 0.80 | 0.67 | 0.59 | 0.49 || 0.89 | 0.74 | 0.66 | 0.55 | 0.50 | 0.44
TV-MM 0.95 | 0.88 | 0.73 | 0.67 | 0.45 | 044 | 0.88 | 0.74 | 0.65 | 0.45 | 0.44 | 0.38
C-SALSA || 095 | 0.81 | 0.70 | 0.57 | 049 | 0.34 || 0.80 | 0.65 | 0.56 | 0.38 | 0.30 | 0.22

[113] 0.95 | 0.86 | 0.77 | 0.67 | 0.60 | 048 | 0.86 | 0.67 | 0.67 | 0.47 | 048 | 0.43

SURE-LET || 0.97 | 0.89 | 0.83 | 0.69 | 0.61 | 0.50 | 0.89 | 0.76 | 0.68 | 0.55 | 0.50 | 0.44
MSE-LET | 0.97 | 0.89 | 0.82 | 0.68 | 0.60 | 0.49 || 0.89 | 0.75 | 0.68 | 0.54 | 0.49 | 0.44

*The results have been averaged over 10 noise realizations.

Table 3.11: SSIM performance of Mixture image for various blurs and noise levels™.

Mixture is easier to read in the image restored by the proposed multi-Wiener SURE-

LET.
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Blurred noisy: 24.22dB SA-DCT: 28.94dB B BM3D: 29.19dB B

TV-MM: 290.35dB C-SALSA: 29.25dB SURE-LET: 29.27dB

Figure 3.11: Restoration of House degraded by Gaussian blur of variance 9 with
noise std o = 1.

Blurred noisy: 7.55dB SA-DCT: 14.97dB BM3D: 14.93dB

C-SALSA: 15.65dB
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Figure 3.12: Restoration of Crowd degraded by Gaussian blur of variance 9 with
noise std o = 100.
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Figure 3.13: Restoration of Mixture degraded by 9 x 9 uniform blur with noise
std ¢ = 100

3.6.6 Analysis of computational complexity

The most computationally-intensive part of the proposed algorithm is the construction
of the elementary functions fx(y), due to the computation of the thresholding 8(-) and of
its first-order derivative, as well as the independent reconstructions of all the processed
subbands. Compared to these steps, the construction and resolution of the linear system
of equations shown as Eq.(2.9) of low order K has a negligible computational cost.

Based on these observations, the computational complexity of the proposed multi-
Wiener SURE-LET is roughly evaluated as KN, which is linearly proportional to both
the number of basis functions K and pixel number N. Since the processing time of
the proposed deconvolution algorithm is independent of the content of the input data,
it grows linearly with the data size. Tables 3.12 and 3.13 report the execution time
of the various algorithms, measured on two hardware environments. As expected, the
processing time of a 512 x 512 image is roughly four times that of a 256 x 256 image
for the proposed algorithm.

Finally, we would like to emphasize the low complexity of the proposed algorithm.
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Since our deconvolution approach merely boils down to solving a linear system of equa-
tions, it is substantially faster than other state-of-the-art techniques, as confirmed in
Tables 3.12 and 3.13. We would also like to stress that our implementation uses stan-
dard Matlab code only, without any compiled routines, and can be easily parallelized

for even faster processing.

Degradation ForWaRD | SA-DCT | BM3D | TV-MM | C-SALSA | Pesquet | SURE-LET
scenario [45] [48] [49] [43] [38] [113] (our work)
Cameraman
Gaussian blur 4.73 3.70 2.96 156.13 55.04 177.32 1.36
oc=1
Mixture
Rational filter 41.03 16.18 13.65 289.14 55,02 540.22 5.34
o=10
Crowd
9 x 9 uniform 59.95 16.13 12.37 202.89 42.03 513.68 5.34
o =50

* Hardware environment used: Intel(R) Core(TM)2 Duo CPU E7400 @2.80GHz, memory size:

3GB.
Table 3.12: Comparison of the computational time of various deconvolution tech-

niques (units: sec.)".

Degradation ForWaRD | SA-DCT | BM3D | TV-MM | C-SALSA | Pesquet | SURE-LET
scenario [45] [48] [49] [43] [38] [113] (our work)
Cameraman
Gaussian blur 3.62 2.81 1.90 103.91 33.52 114.12 0.69
c=1
Mixture
Rational filter 31.11 12.28 8.00 93.50 34.32 375.74 2.69
oc=10
Crowd
9 x 9 uniform 45.53 12.33 7.80 59.08 25.18 353.52 2.69
o =250

* Hardware environment used: Intel(R) Core(TM) i3-2100 CPU @3.10GHz, memory size: 2GB.

Table 3.13: Comparison of the computational time of various deconvolution tech-
niques (units: sec.)*.

3.7 Conclusion

In this chapter, we have presented a new image deconvolution method based on the
SURE-LET approach initially developed for image denoising applications. The main
originality of the proposed deconvolution approach is the use of multiple Wiener filters
with different but fixed regularization parameters, to avoid the empirical and fastidious

adjustment of the non-linear regularization parameter.
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Although the proposed multi-Wiener SURE-LET deconvolution algorithm has low
complexity, its performances are already quite competitive with the state-of-the-art
deconvolution techniques, both quantitatively and visually. The great flexibility and
the limited computational cost of the proposed approach suggest that it is possible to
develop more sophisticated forms of basic processings; e.g., performing a multivariate
thresholding by taking into account inter-scale and/or intra-scale dependencies between
the wavelet coefficients as in [110]. Electing more directional deconvolutions instead of
using classic Wiener filters might also lead to improved performances. There is thus a

substantial margin of improvement for SURE-LET type deconvolution algorithms.
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Chapter 4
The Blur-SURE Framework to PSF Estimation

4.1 Introduction

As mentioned in Chapter 1, there are two categories of approaches to tackle blind image
deconvolution. The first class performs joint estimation of original image and the point
spread function (PSF), by minimizing an uniform objective functional [5; 82; 87; 88; 91;
124-126], whereas another category of approaches separate the blur identification and
image restoration: the original image is estimated by non-blind deconvolution using
the PSF estimated by the blur identification [90; 92; 127-130].

Recently, the separate estimation receives more attention, due to its several advan-
tages over the joint estimation. As reported in [64], simultaneous MAP estimation of
both latent image and blur kernel is guaranteed to fail even with infinitely large images
sampled from the prior. On the other hand, a MAP estimation of the kernel alone
is well constrained and is guaranteed to succeed to recover the true blur, because the
number of parameters to estimate (i.e. kernel size) is small relative to the number
of the image pixels measured. Another merit of separate estimation is that it allows
to apply any developed high-quality deconvolution algorithm to estimate the original
image, once the PSF is estimated. For these reasons, we choose to separately estimate
the kernel and the image. Note that the PSE estimation is extremely significant for
the deconvolution performance, as an inaccurately estimated kernel definitely results
in great quality loss of the restored image, and many existing deconvolution algorithms
are very sensitive to the accuracy of PSE estimation.

For the kernel estimation, it is often to formulate an objective functional, by incor-
porating prior knowledge of the natural image statistics and the blur kernel characteris-
tics [64], and then perform alternating minimization. Regarding the image prior, due to

the expected sparsity of the derivatives of the latent images [90; 91; 126], [90; 92| model

65
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the image gradient by a mixture of Gaussian distributions, [91] uses both global prior
to model gradient density and local prior to suppress ringing artifacts, [126] utilizes
a non-convex £, quasi norm with 0 < p < 1 to better model the heavy tail of image
gradient [131]. Since the motion kernel tends to be sparse, it is often characterized
by a sparsity prior and enforced to be non-negative: [90; 91] assume the blur kernel
to follow a mixture of exponential distributions, [82; 125; 126] use the totoal-variation
prior for the blur kernel. In addition, kernel can also be estimated using the sharp edge

prediction [129; 130].
4.2 Problem statement

Consider the linear observation model
Yy — Hox + b (4.1)

where y € RY is the observed data of the original (unknown) x € RY, the latent true
(unknown) matrix Hy denotes a linear distortion, the vector b € R is a zero-mean
additive Gaussian noise corruption with covariance matrix C > 0. The objective is to
find a good estimate of x. As mentioned in Section 4.1, our basic procedure consists of
first estimating the distortion matrix Hg, and then finding the estimate of x with the
estimated H.

In this chapter, our focus is to estimate the matrix Hy, such that the estimated H
is as close to the true Hp as possible, from the observed data y only. Note that our
proposed theoretical framework is not limited to convolution operation: the approach

is applicable for any distortion matrix Hg.

4.3 The blur-SURE framework for general linear model
4.3.1 Blur-MSE: a modified version of MSE

Denoting a function (or processing) by f : RV — R™ applied to the observed data y,
the standard MSE is defined as Eq.(2.2) [1; 110; 112; 115]. To estimate the matrix Hyo,
instead of the standard MSE, we consider the following blurred (filtered or distorted)
version:

1
blur-MSE — & { | He(y) — Hox||} (4.2)
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as the objective functional, which measures the difference between two distorted (blurred)
data: Hf(y) and Hox. Our approach, to be described below, consists in restricting £
to a subclass of processings — typically, Wiener filterings — that depend on H, and

then minimizing an estimate of this blur-MSE over H.

4.3.2 Blur-MSE minimization

We are now going to restrict ourselves to the linear processing denoted by f(y) = Wgy,
where the notation Wy emphasizes that the matrix W is related to the matrix H. It
is well-known that for the linear model denoted by (2.1) with the known matrix H, the
ideal linear processing Wy that minimizes the standard MSE given as % HWHy — XH2

is Wiener filtering, expressed as [25]:

1

Wy = SHT(HSHT + €)' = (H"H + H'CcH"s~) "'H” (4.3)

in matrix notation, where the covariance matrices S = &{xx"'}, C = &{bbT}. Now,
if we base our processing on Wiener filtering, then the following theorem shows that
the matrix H that minimizes the blur-MSE is related in a simple way to the original

matrix Hg.

Theorem 4.1 Consider only linear processings of the form f(y) = Wyy, where Wy
is defined as Eq.(4.3). The minimization of the blur-MSE defined by (4.2) over H:

1 2
min & { [HEWxay — Hox||}, (4.4)
yields the solution H to Eq.(4.4), which satisfies HSHT = HoSH{ .

See Appendix A.7 for the proof, which is similar to Wiener theory for performing
denoising/deconvolution [25]. Note that Theorem 4.1 is valid for any linear distortion
H, not limited to convolution operation. This statement is also valid for rectangular
matrices H € RY*M  For the sake of brevity, the following discussions are restricted

to square matrix.

4.3.3 Blur-SURE: an unbiased estimate of the blur-MSE

Notice that we cannot directly minimize the blur-MSE, as Hpx is unknown in practice.

However, based on the linear model given by Eq.(4.1), the quantity of blur-MSE can
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be replaced by a statistical estimate — blur-SURE, involving only the measurements

y, as summarized in the following theorem.

Theorem 4.2 Given the linear model as Eq.(4.1), the following random variable:
.1 2 .
¢ = {[BE) — y||* + 2div, (CHE(y)) - Tr(C) } (4.5)

is an unbiased estimator of the blur-MSE denoted by Eq.(4.2), i.e. &{¢} = %é‘){ HHf(y)—
H0XH2}7 where Tr denotes matrix trace, C is covariance matrix of noise b, the diver-

gence divyv = SN % for Vv € RY.

See Appendix A.8 for the proof, which is similar to the proofs of Stein’s lemma [109]
and the standard SURE for the linear model [115]. Note that as same as Theorem 4.1,
this theorem is also valid for any linear distortion H (rectangular or square matrix) and
any processing f, under the assumption of additive Gaussian noise b. In particular, if
the Gaussian noise b is independent and identically distributed (i.i.d.) with variance

o2, the blur-SURE becomes:
. 1 Qa2
£ ﬁHHf(Y) - yH2 -+ levy(Hf(y)) —® (4.6)

which results from specifying the covariance matrix C = ¢?I in Eq.(4.5).
As blur-SURE involves only the known measurements y, we can directly minimize

blur-SURE instead of minimizing blur-MSE in practice.

4.4 Application of blur-SURE framework for PSF estimation
4.4.1 Problem statement in the context of convolution

In the context of image deconvolution, Figure 4.1 shows an example of image degra-
dation shown as Eq.(4.1), where the distortion matrix Ho denotes the convolution
operation performed by point spread function (PSF) or kernel, which results in blurred
observations. It also shows our basic procedure of blind deconvolution: PSF estimation
followed by non-blind deconvolution. Now, we can apply the blur-SURE framework to

estimate the unknown PSF.
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original x =7 PSF hy =7 Gaussian noise b observed y

Figure 4.1: The convolution example of the linear distortion model shown as
Eq.(4.1) and the basic procedure of blind deconvolution: PSF estimation followed
by non-blind deconvolution.

4.4.2 Blur-MSE minimization for PSF estimation

Section 4.3.2 has presented the concept of blur-MSE, and Theorem 4.1 has shown
that the blur-MSE minimization with Wiener filtering yields a very simple relation
HSH = HySH;. In the case of convolution matrix Hg, Theorem 4.1 can be further

simplified as the following corollary — a Fourier description of Theorem 4.1.

Corollary 4.3 If both the signal x and the noise b are stationary, the square matrix
H denotes convolution, the Wiener filtering Wy defined as Eq.(4.3) can be rewritten

as: H*(w)
|H (W) + C(w)/5(w)

in Fourier domain, where H(w) is the Fourier representation of H, S(w) and C(w)

WH(w) =

(4.7)

are the mean power spectral densities of signal x and noise b, respectively. Thus, the

minimization of the blur-MSE denoted by Eq.(4.4) yields the solution H(w), which

satisfies:
Wy (w) Wirg (@)
H(w) - ' (w) ~ () - Hi(w) for Vw (4.8)
|H(w)|” + C(w)/S(w) |Ho(w)|” + C(w)/S(w)
U(w) Uo(w)

which implies that ‘H(w)‘ = ‘Ho(w)‘ for Vw.

This corollary is easily proved by the fact that under convolution operation and

the assumption of stationary process [25], all the matrices involved in the blur-MSE
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(1) correct |H(w)| = |Ho(w)|
min blur-MSE = 0.12

(2) incorrect |H(w)| # |Ho(w)| (3) incorrect |H (w)| # |Ho(w)]
blur-MSE = 0.17 blur-MSE = 0.79
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Figure 4.2: The behaviours of band-indicator U(w) in (4.8): correct |H(w)| =
|Ho(w)| yields the minimum blur-MSE, shown in (1).

become circulant, thus can be diagonalized by Fourier transform.

Let us call U(w) = H(w)Wg(w) in Eq.(4.8) as frequency-band indicator or band
indicator for short!, as it marks a certain frequency band as 0 or 1 with a narrow
transition between the two values (see Figure 4.2 for example). Corollary 4.3 states that:
(1) the blur-MSE minimization is essentially equivalent to matching the band indicator
U(w) to the true Up(w) in Fourier domain; (2) the blur-MSE minimization can only
derives the equality of magnitude frequency response of the PSF: |H(w)| = |Ho(w)],
which is irrelevant to the phase response. Hence, if the frequency response of the PSF
has positive value with zero phase shift at any frequency w, the blur-MSE minimization
succeeds in estimating accurate PSFE, by seeking its frequency response.

To exemplify this corollary, Figure 4.2 shows the band-indicator matching as Eq.(4.8).
We can see that the minimum blur-MSE is reached as the two band-indicators match
perfectly U(w) = Up(w), and the derived equality |H (w)| = |Ho{w)| holds, as shown in
Figure 4.2-(1). If |H(w)| # |Ho(w)|, the corresponding band-indicator U(w) does not
match the exact Up(w) well, and the blur-MSE does not reach its minimum, as shown

in Figure 4.2-(2,3).

4.4.3 Approximation of exact Wiener filtering

The blur-MSE, incorporating the exact Wiener filtering as the processing f, has been
justified as a reliable objective functional both theoretically and experimentally. How-
ever, note that the exact Wiener filtering cannot be used in practice, since the signal-

to-noise ratio (SNR) S(w)/C(w) is unknown. Consider the basic observation that for

'Regarding the terminology of U(w), refer to [132], where the authors named U(w) as combined
response.
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natural images with strong low frequencies and weak high frequencies, C(w)/S(w) in-
creases as the frequency w goes up, since the noise content is often relatively flat with
frequency. We replace C(w)/S(w) by A|wl||?, where the parameter A needs to be opti-
mized, such that C(w)/S(w) ~ Al|w||?. Thus, we summarize the notations of exact and

approximated Wiener filterings as Table 4.1.

Notations Exact Approximation
Matrix | Wi = (HTH+ HTCH-TS-1)"'HT | Wy, = (HTH + AR) ' HT
H* H
Frequency Wi (@) = P retrse) Wia(w) = mePoEe

Table 4.1: Notations of exact and approximated Wiener filterings: AR is a circu-
lant matrix with eigenvalues \||w||?, to approximate the matrix H'CH-TS~! in
exact Wiener filtering Eqs.(4.3) and (4.7).

Due to the regularization parameter X introduced, we formulate the PSF estimation
as joint minimization of the blur-MSE over both H and A, i.e. mingg » %5{ HHWH,/\}’—
H()XH2}. By Corollary 4.3, the solution H (w) satisfies ‘H(w)‘ s ‘Ho(w)‘7 and also, with

the obtained A, constitutes the best approximation of the exact band indicator Up(w),

shown as Eq.(4.9). Table 4.2 lists all the notations of band indicators.

2
|H (w)|? | Ho(w)|
UH)\(CU) = ~ = Uo(w) (4.9)
Ilﬁlfv(w)IQHIIcull2 | Ho(w)|* + C(w)/S(w)
approximated band-indicator exact band-indicator
Notations Exact Approximation
Matrix | Uy =H(HTH+HT'CH 'S ) 'HT | Uy, = H(H'H + \R) 'H'

— [Hw)2 —_ H@P

Frequency Un(w) = moyrioyss Un W) = mep o mp

Table 4.2: Notations of exact and approximated band indicators.

Figure 4.3 shows the different approximations of the band-indicator. We can see
that only both the H and A obtained by minimizing the blur-MSE yield the best

approximation.
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Figure 4.3: The approximation of band-indicator as Eq.(4.9): the blur-MSE min-
imization yields the best approximation of band-indicator.

4.4.4 Blur-SURE minimization for PSF estimation

Recalling the blur-SURE formulation given by Eq.(4.6), if the processing f is the ap-

proximated Wiener filtering specified in Table 4.1, we obtain the objective functional:
- 1 2 202 3
L= WHHWH,/\Y - YH + WTF<HWH,,\) -0 (4.10)

as the unbiased estimate of the blur-MSE, given as % HHWHy,\y — H()XH2. Note that
divy(HWg\y) = Tr(HWyy ) ). Taking three filters for example:

e finite rational filter ho(i, j) = (1 +4% + j2)~ for i,j = —7,...,0, ..., T;
e separable filter with filter [1,4,6,4,1]/16 along both horizontal and vertical
directions;

e 9 x 9 uniform filter.

Figure 4.4 shows the curves of the blur-MSE and the blur-SURE under different noise
variance. It demonstrates that the blur-SURE is very close to the blur-MSE in various

situations.

4.5 Concluding remarks

Since the blur-SURE depends on the observed data y only, it is a good substitute for
the blur-MSE in practice. Also, it has been justified that minimization of the blur-MSE
yields the accurate estimate of PSF. Therefore, we formulate the PSF estimation as
joint minimization of the blur-SURE over both H and A. The flowchart shown in Figure
4.5 summarizes the blur-SURE framework. Also note that the blur-MSE minimization

serves as an oracle counterpart of the blur-SURE minimization.
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Figure 4.4: The blur-MSE and blur-SURE denoted by Eq.(4.10) with the regular-
ization parameter A = 1 x 10~ %0?: example of Cameraman blurred by three filters,

under various noise variances o-.

2

compute Wiy 5
define in Table 4.1
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defined in Eq.(4.10)
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Stage 1: PSF estimation (Part II)

blur-SURE minimization

: Stage 2: (Part I)
Deconvolution

Figure 4.5: The procedure of PSF estimation: joint minimization of the blur-
SURE over H and X, as shown in Eq.(4.10).

In this chapter, we proposed a new approach to estimate the distortion matrix,

more specifically, the PSF, based on a new criterion — blur-SURE: a statistical esti-

mate of blur-MSE. The simple Wiener filtering, as the linear solution of the blur-MSE

minimization, can be well approximated using an optimal regularization parameter A,

which is jointly estimated by minimizing blur-SURE, along with the PSF.






Chapter 5

The Blur-SURE Approach to Parametric PSF
Estimation

5.1 Introduction
5.1.1 Overview of parametric PSF estimation

Chapter 1 has described the necessity and advantage of parametric estimation of PSF in
real applications, compared to non-parametric one. A great number of applications have
also been listed, ranging from astronomical imaging to biomedical imaging, where the
reliable parametric form of PSF is available: experimentally measured [133], practically
assumed [17] or mathematically derived [134].

Given the parametric form of PSF, the PSE estimation problem boils down to
estimate the small number of involved parameters, instead of estimate the pixels in the
finite support of PSF. The most commonly used approach to PSF parameter estimation
is to establish a certain objective functional, and perform alternating minimization
between original image and PSF parameters, see [102; 105] for example. More recently,

learning-based approach has been proposed to this parametric estimation [65].

5.1.2 Gaussian PSF as a typical example

Among all the parametric forms of the PSF shown in [3; 97; 102; 104], of particular
interest is the Gaussian function, which can be used for modelling many degradation
scenarios in real applications: [135; 136] studied the possibility of Gaussian approxi-
mation to microscopy PSF; [17; 22] used the Gaussian function to approximate the
PSF of electro-optical systems under various imaging conditions; [99; 101; 137] used a
Gaussian function to approximate the PSF caused by the atmospheric turbulence in

astronomical imaging; [138-141] used the Gaussian function to model the defocus blur

75
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in photography. Thus, the estimation of Gaussian blur variance becomes particularly
interesting.

Note that Gaussian blur size is difficult to estimate using traditional blur identifi-
cation approach [93; 103], especially for those approaches relying on edge recognition,
e.g. [93] fails to recover the image, since the frequency response of Gaussian blur de-
cays so fast that all the high frequency content of the original image is eliminated.
Despite of the difficulty, [138; 140; 141] tried to estimate the blur variance based on
edge-based parametric representation [142|. [138] obtained the second derivative of a
blurred edge by applying a steerable second derivative of Gaussian operator to the
edge, thus, the distance between its extrema provides a measure of blur scale. Based
on the work of [138], [140] improved the estimation results, by removing the estimate
outliers and performing the blur propagation. Furthermore, [141] derived a closed-
form solution of the edge blurriness based on [140]. However, these methods are very
sensitive to the noise corruption: the edge localization and measurement become less
accurate under higher noise level. In addition, the blur variance can also be estimated
in regularization framework, e.g. [105; 143| uses Richardson-Lucy algorithm [74; 75]
with TV regularization to perform joint estimation of the object and Gaussian blur
variance; Wiener-based [10] or Richardson-Lucy-based [11] iterative methods project
the updated PSF into the Gaussian family during each iterative step. Moreover, [3]

detects the blur size by appropriate 1-D Fourier analysis of the observed image.

5.1.3 OQutline of this chapter

Taking several typical parametric forms of PSF (including Gaussian kernel) for example,
this chapter will exemplify and demonstrate the blur-SURE framework proposed in
Chapter 4 in the following lines:

¢ to show the closeness of the blur-SURE to blur-MSE (as its oracle version);

e to demonstrate the high accuracy of the parametric estimation of PSF, under

various blur types and noise levels;

e to develop a fast algorithm of the blur-SURE minimization.
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5.2 Parametric estimation: problem formulation

Suppose the PSF is of known parametric form, such that the PSF is completely repre-
sented by only a few parameters s = [s1, S2, ..., sp]T involved in the function form [65;
102]. Denote the latent true parameter by sg. Therefore, the blur-SURE minimization
is performed over the PSF parameters sg and A:

in | H.W 2, 200 H W 2 5.1
IE})\HWH s S,Ay_YH +W ( s S,)\)_O- ()

blur-SURE: &(s, A)

where the notations of the convolution matrix Hg and the Wiener filtering Wy  indicate
their dependences on the parameters s. Again, the solution pair (s, A) constitutes the

best approximation of band-indicator, shown as Eq.(4.9).
5.3 Examples of PSF parameter estimation
We consider the following typical types of PSF.

5.3.1 Gaussian kernel

The most typical PSF form denoted by:

- i+
hs(i,j) = C - exp < - 232] ) (5.2)

with variance s, where (i, j) denotes the 2-D coordinates, C'is normalization coefficient
such that >, ; hs(i,7) = 1. s is the unknown PSF parameter to be estimated.

To experimentally justify Corollary 4.3, we use the exact Wiener filtering (Eqs.(4.3)
and (4.7)) in the blur-MSE and blur-SURE minimizations, Figure 5.1 demonstrates
that the estimated s = sp with zero error. If we apply the approximated Wiener
filtering, Figure 5.2 shows that: (1) the blur-SURE is a reliable estimator of blur-MSE,
and the estimated s =~ sp, as shown in Figure 5.2-(a); (2) the band-indicator is well
approximated with the optimal A and s obtained by minimizing the blur-SURE, as
shown in Figure 5.2-(b).
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Figure 5.1: The relationship between s and blur-SURE with exact Wiener filtering
(Eqgs.(4.3) and (4.7)) (also the blur-MSE as the oracle counterpart of €(s)): example
of Cameraman blurred by true Gaussian kernel with standard deviations sg =
1.0,2.0,3.0 and noise variance o2 = 1.0.
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Figure 5.2: Example of Cameraman blurred by true Gaussian kernel with stan-
dard deviation so = 1.0,2.0,3.0 and noise variance o> = 1.0. Fig.(a) show the re-
lationship between s and blur-SURE (also the blur-MSE as the oracle counterpart
of &(s,\)). Fig.(b) show the corresponding approximations of the band-indicator
Eq.(4.9), with the estimated s and X, where the red dashed curve represents the
exact Up(w) and the blue curve is the approximated Uy »(w).

5.3.2 Non-Gaussian PSF with scaling factor s

It is also possible to estimate the scaling factor of any PSF-type function within the blur-
SURE framework, where the scaling factor controls the blur size. Here, we consider
the following three typical non-Gaussian functions with scaling factor s, which are
also circularly symmetric functions of radius r = \/W7 where (i,4) is the 2-D

coordinates:
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e exponential function given as:
N3
hy(r) = C - exp {— (g) } (5.3)

e jinc function', which is frequently used for describing the optical diffraction [19],

given as: )
2J1(r/s)
hyr)=C-|————= 5.4
n—c |20 (5.4
where J;(-) is first-kind Bessel function of first-order [19].
e rational function given as:
ho() = |1t (L) B (5.5)
8 - s .

where C' is the normalization coefficient, such that >, . hs(4, j) = 1. Figure 5.3 shows
that for the non-Gaussian kernel case, the blur-SURE minimization also yields highly

accurate estimate of the scaling factor s ~ sp.

5.4 Minimization via the approximated function )\ = \(s)

Considering the blur-SURE minimization over two scalar variables — PSI parameter s
and regularization parameter A\, the most straitforward way to perform the minimiza-
tion is to do exhaustive search over all the possible values of s and A in a certain range.
If we take 50 sampling points for s and A to process the image of size 256 x 256, it costs
22.55sec for 50 x 50 = 2500 times of computing blur-SURE?. Another possibility is to
use alternating minimization of the blur-SURE between s and A. Sometimes, however,
the convergence might be quite slow.

Here, we introduce a more efficient method: establishing the relationship between
s and A, and inserting the function A = A(s) into the blur-SURE denoted by Eq.(5.1).
Thus, the simplified minimization is performed over only one variable s without alter-
nation.

Experimentally, we found that the function A = A(s) can be well approximated

1The terminoclogy jinc comes from optics, due to the structural similarity to sinc function, e.g.
see [144].
*Hardware environment: Inter(R) Core(TM)2 Duo CPU E7400@2.80GHz, memory size: 3.25GB.
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Figure 5.3: Example of Cameraman blurred by three blur functions with true
scaling factor sy = 2.0 and noise variance o> = 1.0. Fig.(a) show the relation-
ship between the scaling factor s and blur-SURE (also the blur-MSE as the oracle
counterpart of €(s, \)). Fig.(b) show the corresponding approximations of the band-
indicator (4.9).

using the following simple polynomial of order 2:
—logio A~ a15% + azs + as (5.6)

where the linear coefficients a1, as and a3 can be obtained as follows. Given a sequence
of tentative sg for k = 1,2, ..., K, there always exists an optimal A; corresponding to

the minimum blur-SURE for each sg, that are fitted by Eq.(5.6).

—logip M1 s 81 1
logyo A 2 “

— 10810 A2 52 52 1
: : . \_\,_/L J
S as
loglo)\K s%( | SK | 1 Nl
———— S—— —— \/ a

A S1 S2

with the coefficients a € R? to be determined. The optimal coefficients a can be found

by minimizing the least square error:

min |A — Sa? = —= — (87s)7'sTA (5.8)
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Figure 5.4: The function A = A(s) (blue curve) and its approximation (red curve):
example of Cameraman blurred by Gaussian functions with sp = 1.0, 2.0, 3.0 and

noise level o = 1.0.

Experimentally, we found that six sample-points (sg, Ag) are sufficient to obtain the

optimal a that produces the good approximation of the function A = A(s). Figure 5.4

shows the approximation of A = A(s) using Eq.(5.7), by taking six sample values of

sk = 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 and the corresponding Ag, to obtain the polynomial

coefficients a using Eq.(5.8).

The algorithm is summarized as Algorithm 5.1. Figure 5.5 shows line search for s

of the blur-SURE €(s, A(s)), where the approximated A = A(s) is given in Figure 5.4.

Algorithm 5.1: Algorithm by approximated function A = A(s)

Input: (s, \): objective function given as Eq.(5.1);

Output: optimal A and s
begin

miny, €(sk, Ak);
obtained by (5.8);

single variable s;

end

5. minimize (s, A(s)) over s.

1. take six sample-values s, = 0.5, 1.0, 1.5, 2.0, 2.5, 3.0 for kK =1,2,...,6;
2. for each sg, find the optimal Ax corresponding to the minimum e:

3. use polynomial (5.7) to approximate A = A(s), with the coefficients a

4. incorporate Eq.(5.6) into é(s, A), thus, é(s, A(s)) becomes a function of




82 CHAP. 5. THE BLUR-SURE APPROACH TO PARAMETRIC PSF ESTIMATION

(1) true so = 1.0 (2) true so = 2.0 (3) true sp = 3.0
070 040 \/ \_/
0254

0654 0354

\_/ ] \/ 0.20 k/
055+ 0254
0.50-] / 020 / \

(S

T T T T T T T
30 05 30 0 1 2 3 4
standard deviation of Gaussian blur

T T T T
10 15 20 25 10 1 2
standard deviation of Gaussian blur standard deviation of Gaussian blur

Figure 5.5: Minimization of (s, A(s)) over s, where the function A = A(s) is ap-
proximated using Figure 5.4: example of Cameraman blurred by Gaussian functions
with so = 1.0,2.0, 3.0 and noise level o = 1.0.

5.5 Results and discussions

5.5.1 Experimental setting

We consider the following convolution kernels described above, with scaling factor s:
e Gaussian function by Eq.(5.2);

e Non-Gaussian functions: exponential function by Eq.(5.3), jinc function by

Eq.(5.4), and rational function by Eq.(5.5).

The blurred images are subsequently contaminated by i.i.d Gaussian noise with var-

ious variance 2, which is measured by blur signal-to-noise ratio (BSNR), defined as

BSNR = 10log, (”Hox_m]ﬁg(Hox)”Z ) The test dataset contains six 8-bit images of size
256 x 256 or 512 x 512 displayed in Figure 5.6, covering a wide range of natural im-
ages (people, animal, building, remote sensing, etc.). As emphasized above, our blind
deconvolution approach consists of two steps: we firstly estimate the PSE parameter
from the observed image by the blur-SURE minimization, and then use our recently
proposed non-blind deconvolution algorithm [6] to perform deconvolution, with the es-
timated PSF. For the first step, we present our estimated PSF parameter, compared
to the latent true parameter sg; for the second step, the deconvolution performance

is measured by PSNR defined as Eq.(1.11). Note that all the results reported in this

section have been averaged over 10 noise realizations.

SAll 512 x 512 images are available at http://decsai.ugr.es/cveg/CC /base.htm
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Figure 5.6: Original images. (a) Cameraman 256 x 256; (b) Lena 256 x 256;
(c) House 256 x 256; (d) Bridge 512 x 512; (e) Mandrill 512 x 512; (f) California
512 x 512.

5.5.2 Non-Gaussian functions: estimation of scaling factor s

Table 5.1 shows the estimation of scaling factor of the non-Gaussian blur functions by
minimizing blur-SURE, where the italic numbers stand for the oracle results of mini-
mizing blur-MSE. We can see that: (1) the estimated s by the blur-SURE minimization
is very close to the latent true so for a wide range of images and various noise levels; (2)
the blur-SURE minimization yields very close estimated s to that by minimizing the

blur-MSE, which demonstrates that blur-SURE is an accurate estimate of blur-MSE.

true sg sg= 1.0 sg = 2.0 sg =3.0
BSNR (in dB) 40 [ 30 [ 20 [ 10 | 40 [ 30 | 20 [ 10 || 40 [ 30 [ 20 | 10
blur t‘ype ‘ ‘ ‘ exponéntial function (5.3 ‘ ‘ ‘
Cameraman blur-SURE || 1.01 | 1.02 | 1.03 | 1.05 | 1.97 | 2.00 | 2.03 | 2.04 | 2.99 | 2.95 | 2.96 | 3.03
blur-MSE || 1.00 | 1.02/| 1.03 | 1.06 | 1.97 | 2.00| 2.03 | 2.07 || 3.00 | 3.00| 3.05 | 3.10
Mandrill blur-SURE || 0.99 | 1.00 | 1.02 | 0.98 | 2.00 | 1.99 | 1.98 | 1.95 | 3.00 | 3.00 | 2.97 | 2.94
blur-MSE || 0.99 | 1.00 | 1.02 | 0.98 | 2.00 | 1.99 | 1.98 | 1.96 | 3.00 | 3.00 | 2.97 | 2.91
: ; blur-SURE || 1.00 | 1.02 | 1.05 | 1.08 | 1.99 | 2.01 | 2.07 | 2.07 | 3.00 | 3.00 | 3.02 | 3.03
California

blur-MSE || 0.99 | 1.02| 1.05 | 1.18 || 1.99 | 2.00 | 2.06 | 2.13 || 3.00 | 2.98 | 3.02 | 3.00

blur type jinc function (5.4)
blur-SURE || 1.00 | 1.01 | 1.04 | 1.02 || 1.98 | 2.02 | 2.05 | 2.00 || 3.01 | 3.04 | 3.06 | 3.10

Cameraman =y v rer | 7.00 | 1.00 | 1.04 | 1.10 | 2.00 | 2.00 | 2.05 | 2.06 | 2.95 | 5.02| 5.0/ | 3.12

Vool | PI-SURE | 1.00 | 1.00 | 0.99 [ 0.04 | 2.00 | 2.00 | 196 | 1.96 | 3.00 | 3.01 | 2.09 | 3.01

blur-MSE || 1.00 | 1.00 | 0.99 | 0.92 | 1.99 | 2.00 | 1.98 | 1.95 || 3.00 | 3.01 | 5.01 | 2.98

| blurSURE | 1.00 | 1.0L | 1.03 | 1.03 | 2.00 | 2.00 | 2.00 | 2.00 || 3.00 | 3.00 | 2.8 | 3.04
California

blur-MSE || 1.00 | 1.01 | 1.03 | 1.07 || 2.00 | 2.01 | 2.00 | 2.00 | 3.00 | 3.00 | 3.01 | 3.02
blur type rational function (5.5)
blur-SURE || 1.00 | 1.03 | 1.06 | 1.11 || 1.98 | 2.06 | 2.04 | 2.02 | 2.98 | 2.98 | 2.95 | 3.12
blur-MSE || 1.00 | 1.03 | 1.06 | 1.13 | 1.98 | 2.03 | 2.07 | 2.05 | 2.98 | 3.04 | 5.01 | 3.15
blur-SURE || 0.99 | 1.00 | 0.99 | 0.94 | 1.99 | 1.99 | 1.94 | 1.92 | 3.01 | 3.00 | 2.93 | 2.91
blur-MSE || 0.99 | 1.00 | 0.99 | 0.94 || 1.99 | 1.98 | 1.90 | 1.91 | 5.01 | 3.00 | 2.93 | 2.91
blur-SURE || 1.00 | 1.04 | 1.07 | 1.11 || 1.97 | 2.06 | 2.10 | 2.12 | 2.99 | 2.98 | 3.02 | 3.02
blur-MSE || 1.00 | 1.04 | 1.10 | 1.15 || 1.97 | 2.02 | 2.10 | 2.10 | 2.99 | 2.98 | 5.00 | 3.00

Cameraman

Mandrill

California

Table 5.1: Estimation of scaling factor s of non-Gaussian functions under different
BSNR
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5.5.3 Gaussian function: estimation of standard deviation s

Tables 5.2, 5.3 and 5.4 report the estimated s of Gaussian blur under three true
so = 1.0, 2.0, 3.0. We also compare our estimation results with other state-of-the-
art methods, including APEX [3], Wiener iterative method [10] and Richardson-Lucy
method [11]. Note that [138; 140; 141] try to estimate the local blur variance by detect-
ing and measuring the edges, and obtain the focus map, where each pixel is assigned
with quite different estimated blur variance. It is difficult to obtain a number to rep-
resent the blurriness of the whole image from the focus map. Hence, we do not include
their results here. From Tables 5.2, 5.3 and 5.4, we can see that: (1) our approach
generally yields more accurate estimation of blur size s than other methods, in terms
of error defined as e = |s — sp|; (2) minimizations of blur-SURE and blur-MSE produce
very similar estimation results.

Note that PSF estimation is used for non-blind deconvolution step. It is also impor-

tant to study the influence of the PSF accuracy upon the deconvolution performance.

BSNR (in dB) 40 ] 30 | 20 | 10 | 40 | 30 | 20 | 10 || 40 | 30 | 20 | 10
Image Cameraman 256 x 256 Lena 256 x 256 House 256 x 256
APEX [3] 0.91 | 091 | 091 | 091 || 1.23 | 1.21 | 1.17 | 1.16 | 1.28 | 1.28 | 1.28 | 1.23
Wiener iterative [10] | 1.08 | 1.09 | 0.75 | 0.68 | 1.17 | 1.10 | 0.85 | 0.66 || 1.39 | 1.27 | 0.93 | 0.66
Richardson-Lucy [11] | 0.87 | 0.66 | — — || 0.93 | 0.73 — || 095 | 0.77 | —
blur-SURE 1.00 | 1.06 | 1.07 | 1.05 | 1.03 | 1.02 | 1.06 | 1.10 || 0.98 | 0.99 | 1.02 | 1.17
blur-MSE 1.00 | 1.06 | 1.04 | 1.13 || 1.04 | 1.01 | 1.07 | 1.12 || 0.94 | 0.99 | 1.03 | 1.26
Image Bridge 512 x 512 Mandrill 512 x 512 California 512 x 512
APEX [3] 1.14 | 1.09 | 0.98 | 0.77 | 1.14 | 1.14 | 1.03 | 0.85 | 1.57 | 0.98 | 0.91 | 0.77
Wiener iterative [10] | 0.89 | 0.81 | 0.64 | 0.50 || 0.85 | 0.81 | 0.69 | 0.52 || 0.85 | 0.79 | 0.62 | 0.51
Richardson-Lucy [11] | 0.89 | 0.78 | 0.68 | — 0.85 | 0.78 — 0.78 | 0.77 | 0.63
blur-SURE 1.01 | 1.02| 1.05 | 1.10 || 1.00 | 1.01 | 1.00 | 0.95 || 1.00 | 1.07 | 1.07 | 1.11
blur-MSE 1.01 | 1.03 | 1.05 | 1.10 || 1.00 | 1.01 | 1.00 | 0.94 | 1.00 | 1.08 | 1.07 | 1.11

Table 5.2: Estimation of std s of Gaussian function under true sp — 1.0 and BSNR

5.5.4 Comparison of deconvolution performance with the state-of-the-art

We use the SURE-LET algorithm [6] to perform deconvolution with the blur-SURE
estimated PSF. We compare our results with other state-of-the-art methods. APEX [3]
use SECB method [2; 3] to perform deconvolution. SeDDaRA has two versions: with
constant parameter [7] and with frequency-dependent parameter [4]. For the first ver-
sion, we use an approach proposed in [8] to optimize the result, denoted by [7]+ [8].

For the second version, we use the unknown original image x to obtain the involved
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BSNR (in dB) 20 [ 30 | 20 | 10 ] 40 | 30 ] 20 | 10 ] 40 [ 30 [ 20 [ 10
Image Cameraman 256 x 256 Lena 256 x 256 House 256 x 256
APEX [3] 1.94 | 1.97 | 1.91 | 1.65 || 2.12 | 2.08 | 2.02 | 1.76 || 2.15 | 2.15 | 2.05 | 1.76
Wiener iterative [10] || 2.02 | 1.97 | 1.59 | 0.90 || 2.16 | 2.17 | 1.86 | 0.83 | 2.29 | 2.29 | 1.92 | 0.87
Richardson-Lucy [11] || 1.87 | 1.50 | 0.83 1.94 | 1.81 | 0.70 1.91 | 1.85 | 0.93
blur-SURE 208 | 1.99 | 1.97 | 2.09 | 2.07 | 2.05 | 2.04 | 2.20 | 2.06 | 2.02 | 2.12 | 2.18
blur-MSE 2.04 | 2.00 | 2.09 | 2.15 || 2.11 | 2.13 | 2.11 | 2.29 | 2.13 | 2.10 | 2.18 | 2.27
Image Bridge 512 x 512 Mandrill 512 x 512 California 512 x 512
APEX [3] 1.84 | 1.80 | 1.72 | 1.61 || 1.98 | 1.98 | 1.84 | 1.51 || 2.60 | 2.52 | 2.35 | 2.12
Wiener iterative [10] 1.90 | 1.78 | 1.06 | 0.92 || 1.90 | 1.90 | 1.35 | 0.94 || 1.90 | 1.66 | 1.02 | 0.84
Richardson-Lucy [11] || 1.81 | 1.79 | 0.62 2.00 | 1.92 | 1.16 1.86 | 1.65 | 1.44
blur-SURE 2.02 | 2.02 | 2.06 |2.09 || 1.97 | 1.97 | 1.93 | 1.90 | 2.05 | 2.06 | 2.06 | 2.01
blur-MSE 2.02 | 2.02 | 2.06 | 2.07 || 1.97 | 1.96 | 1.93 | 1.91 || 2.05 | 2.05 | 2.05 | 2.00

Table 5.3: Estimation of std s of Gaussian function under true so — 2.0 and BSNR

BSNR (in dB) 40 ‘ 30 ‘ 20 ‘ 10 40 ‘ 30 ‘ 20 ‘ 10 40 ‘ 30 ‘ 20 ‘ 10
Image Cameraman 256 x 256 Lena 256 x 256 House 256 x 256
APEX [3] 2.82 | 2.64 | 3.27 | 3.16 | 2.91 | 2.72 | 2.37 | 2.26 || 291 | 2.72 | 2.40 | 2.26
Wiener iterative [10] | 3.21 | 3.21 | 3.08 | 1.77 || 3.21 | 3.31 | 3.33 | 2.44 | 3.21 | 3.40 | 3.35 | 2.50
Richardson-Lucy [11] || 2.97 | 2.84 | — 2.99 | 284 | 1.78 2.97 | 2.84 | 1.96
blur-SURE 295 | 3.09 | 3.04 | 3.23 || 293 | 3.15 | 3.28 | 3.25 || 3.03 | 3.22 | 3.16 | 3.09
blur-MSE 802 | 8.11 | 8.20 | 8.29 || 8.07 | 8.12 | 8.81 | 8.29 || 8.17 | 8.12 | 8.15 | 3.1/
Image Bridge 512 x 512 Mandrill 512 x 512 California 512 x 512
APEX [3] 279 | 261 | 3.14 | 3.07 || 2.86 | 2.69 | 2.45 | 3.10 || 3.36 | 3.30 | 3.17 | 3.05
Wiener iterative [10] || 3.19 | 3.19 | 2.69 | 1.83 || 3.19 | 3.19 | 3.04 | 1.68 | 3.19 | 3.19 | 2,58 | 1.75
Richardson-Lucy [11] || 2.94 | 2.56 | 1.48 2.99 | 289 | 2.21 294 | 287 | 2.14
blur-SURE 3.04 | 3.01 | 3.07 | 3.14 | 2.92 | 2.93 | 2.94 | 2.96 | 3.04 | 3.05 | 3.01 | 2.93
blur-MSE 304 | 8.04 | 812 | 822 || 2.92 | 2.92 | 2893 | 2.95 || 8.03 | 3.04 | 2.99 | 3.01

Table 5.4: Estimation of std s of Gaussian function under true sop — 3.0 and BSNR

frequency-dependent parameter to optimize [4] in synthetic experiments, denoted by
oracle SeDDaRA [4]. Molina et al. work [5] has BR and BD modes, for which we use
the parameters as recommended in this paper. Besides, we also compare our results
with two multiplicative iterative algorithms [9; 12]. The deconvolution performance is
measured by PSNR. We experimentally found that the PSNR performances of SeD-
DaRA [4; 7] and multiplicative iterative algorithms [9; 12| are poor, but the visual
quality is reasonably good. For this reason, we linearly rescale the restored image X to
aX + b, where a and b optimize the PSNR, i.e. mingp [jax+ b — x||%.

From Tables 5.5 and 5.6, we can observe that our proposed method outperforms the
other methods on average. By comparing our proposed method with non-blind SURE-
LET algorithm [6], we would also like to note that in most cases, our blind Gaussian
deconvolution could achieve the PSNR loss within 0.1dB, compared to the results of
non-blind algorithm [6] (reported in italic number in Tables 5.5 and 5.6, where the

PSF is exactly known. Figures 5.7 and 5.8 show two visual comparisons between the
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existing methods. We can see that: (1) our resulting restorations are shaper and most
of the blur is removed; (2) the proposed method achieves similar visual quality with

non-blind algorithm [6], shown in Figure 5.7.

BSNR (in dB) 40 | 30 | 20 [ 10 40 30 20 10
‘Image Cameraman 256 % 256 “Lena 256 x 256

APEX with SECB [2; 3] 30.13 | 28.06 | 25.68 | 22.77 || 29.44 | 30.08 | 28.97 | 26.25
Wiener iterative [10] 28.29 | 26.99 | 24.11 | 22.13 || 28.51 | 29.38 | 26.58 | 23.61
R-L iterative [11] 2890 | 25.04 | 21.14 | 12.24 || 30.62 | 25.75 | 23.75 | 17.49
SeDDaRA 7]+ [8] 26.84 | 26.61 | 25.30 | 21.15 || 31.33 | 30.91 | 28.91 | 23.92
oracle [4] 30.99 | 28.06 | 25.63 | 23.17 || 36.03 | 32.78 | 29.78 | 26.86
5] BR mode 30.17 | 27.68 | 25.84 | 23.10 || 35.33 | 32.77 | 30.15 | 26.86
BD mode 3042 | 27.79 | 25.65 | 17.87 || 35.07 | 32.53 | 29.84 | 22.65
sparse prior [92]+ [94] 25.64 | 15.72 | 1244 | 12.27 || 29.77 | 16.58 | 14.99 | 14.65
MIA [12] 28.33 | 27.74 | 25.38 | 21.06 || 32.65 | 31.56 | 28.96 | 23.82
AMIA [9] 29.55 | 28.85 | 25.44 | 21.06 || 34.70 | 33.41 | 29.01 | 23.82

Xu [145] 26.70 | 26.52 | 22.55 — 27.67 | 27.73 | 25.23 —
blur-SURE with SURE-LET [6] || 33.10 | 30.40 | 27.87 | 25.35 || 37.70 | 34.97 | 31.90 | 28.66
non-blind [6] 33.10 | 30.49 | 27.91 | 25.85 || 37.79 | 84.97 | 31.95 | 28.66

Image House 256 x 256 Bridge 512 x 512

APEX with SECB [2; 3] 28.91 | 30.24 | 29.49 | 26.89 || 28.63 | 28.34 | 26.15 | 22.36
Wiener iterative [10] 24.63 | 28.95 | 27.66 | 23.91 || 27.79 | 25.75 | 23.84 | 21.25
R-L iterative [11] 35.87 | 25.50 | 24.13 | 17.65 || 18.48 | 13.60 | 13.47 | 14.48
SeDDaRA 7]+ [8] 32.39 | 32.00 | 29.92 | 2440 || 26.86 | 26.68 | 25.61 | 21.97
oracle [4] 38.20 | 34.50 | 31.36 | 28.51 || 30.64 | 27.80 | 25.50 | 23.31
5] BR mode 32.86 | 29.64 | 2820 | 27.98 || 29.70 | 27.91 | 25.94 | 23.15
BD mode 33.96 | 31.45 | 30.76 | 21.39 || 29.16 | 27.71 | 25.74 | 18.33
sparse prior [92]+ [94] 27.90 | 19.24 | 1594 | 14.88 || 27.78 | 16.19 | 13.49 | 13.40
MIA [12] 33.93 | 32.76 | 29.97 | 24.29 || 27.73 | 27.43 | 25.75 | 21.95
AMIA [9] 35.91 | 34.36 | 29.99 | 24.29 || 28.20 | 28.00 | 26.17 | 21.95

Xu [145] 2746 | 27.43 | 25.06 — 26.76 | 26.55 | 24.04 —
blur-SURE with SURE-LET [6] || 38.57 | 36.17 | 33.33 | 30.62 || 31.68 | 29.35 | 27.20 | 24.83
non-blind [6] 38.70 | 36.21 | 33.33 | 30.74 || 31.70 | 29.38 | 27.22 | 24.8/

Image Mandrill 512 x 512 California 512 x 512

APEX with SECB [2; 3] 26.79 | 26.17 | 25.08 | 22.42 || 18.96 | 28.10 | 25.34 | 21.81
Wiener iterative [10] 26.67 | 24.90 | 23.04 | 21.18 || 27.11 | 25.13 | 23.13 | 20.57
R-L iterative [11] 15.62 | 23.70 | 22.47 | 18.00 || 13.01 | 12.96 | 13.10 | 12.95
SeDDaRA 7]+ [8] 24.66 | 24.54 | 23.91 | 21.97 || 25.71 | 2552 | 24.44 | 21.13
oracle [4] 30.28 | 26.87 | 24.17 | 21.94 || 30.39 | 27.26 | 24.71 | 22.23
5] BR mode 27.32 | 25.77 | 24.10 | 21.92 || 29.05 | 27.05 | 24.82 | 21.57
BD mode 26.22 | 24.26 | 23.98 | 19.50 || 28.33 | 26.73 | 24.61 | 16.76
sparse prior [92]+ [94] 20.15 | 21.81 | 16.85 | 15.62 || 21.43 | 19.56 | 13.63 | 12.97
MIA [12] 25.14 | 25.05 | 24.18 | 21.97 || 26.55 | 26.29 | 24.66 | 21.12
AMIA [9] 25.39 | 2534 | 24.40 | 21.97 || 27.11 | 26.94 | 25.18 | 21.12

Xu [145] 24.52 | 24.43 | 23.97 | 21.95 || 26.07 | 25.88 | 23.49 —
blur-SURE with SURE-LET [6] || 30.68 | 27.86 | 25.49 | 23.20 || 31.43 | 28.63 | 26.16 | 23.60
non-blind [6] 30.68 | 27.87 | 25.49 | 23.22 || 31.43 | 28.78 | 26.25 | 23.61

Table 5.5: PSNR (in dB) of Gaussian deconvolution under true sg = 1.0 and
BSNR
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BSNR (in dB) 40 30 20 10 40 ‘ 30 ‘ 20 ‘ 10
‘Image Cameraman 256 % 256 “Lena 256 x 256

APEX with SECB [2; 3] 25.60 | 24.72 | 23.78 | 22.41 | 29.54 | 28.65 | 27.35 | 25.56
Wiener iterative [10] 23.21 | 22.61 | 20.77 | 16.73 || 24.94 | 24.74 | 2345 | 17.94
R-L iterative [11] 24.96 | 21.92 | 12.26 | 1230 || 29.76 | 27.52 | 19.89 | 17.18
SeDDaRA 7]+ [8] 23.15 | 23.00 | 22.26 | 19.79 || 26.69 | 26.37 | 25.25 | 22.43
oracle [4] 2447 | 23.00 | 21.86 | 20.72 | 28.59 | 26.97 | 25.54 | 24.01
5] BR mode 22.54 | 23.74 | 22.96 | 21.71 || 2552 | 27.15 | 26.29 | 24.77
BD mode 23.86 | 23.39 | 22.38 | 17.85 || 27.04 | 26.76 | 25.77 | 21.87
sparse prior [92]+ [94] 23.90 | 16.60 | 12.61 | 12.30 || 16.72 | 19.53 | 15.19 | 14.68
MIA [12] 22.79 | 22.68 | 22.15 | 19.72 || 25.86 | 25.73 | 25.08 | 22.36
AMIA [9] 23.30 | 23.08 | 22.15 | 19.72 || 26.53 | 26.26 | 25.09 | 22.36

Xu [145] 23.71 | 23.78 | 19.82 — 25.44 | 24.52 | 23.23 —
blur-SURE with SURE-LET [6] || 26.19 | 25.44 | 24.44 | 23.20 || 30.40 | 29.41 | 28.01 | 26.33
non-blind [6] 26.28 | 25.45 | 24.47 | 23.22 || 30.59 | 29.47 | 28.01 | 26.40

Image House 256 x 256 Bridge 512 x 512

APEX with SECB [2; 3] 30.70 | 29.97 | 28.84 | 26.72 | 25.59 | 24.84 | 23.95 | 22.61
Wiener iterative [10] 24.87 | 25.02 | 24.02 | 18.23 | 22.75 | 21.95 | 18.58 | 17.11
R-L iterative [11] 30.72 | 2811 | 19.61 | 17.42 || 25.18 | 24.84 | 19.77 | 15.90
SeDDaRA 7]+ [8] 27.84 | 27.57 | 26.37 | 23.10 || 23.39 | 23.27 | 22.67 | 20.53
oracle [4] 30.23 | 28.63 | 27.23 | 25.66 || 24.52 | 23.17 | 22.10 | 21.05
5] BR mode 26.78 | 29.30 | 27.99 | 2584 || 22.86 | 23.67 | 23.02 | 21.74
BD mode 26.78 | 28.60 | 27.04 | 21.23 || 22.86 | 23.37 | 22.64 | 18.08
sparse prior [92]+ [94] 20.15 | 19.24 | 15.24 | 14.89 || 23.91 | 16.60 | 13.56 | 13.42
MIA [12] 27.16 | 27.01 | 26.21 | 23.01 || 23.10 | 23.02 | 22.57 | 20.51
AMIA [9] 27.89 | 27.54 | 26.22 | 23.01 | 23.47 | 23.41 | 22.65 | 20.51

Xu [145] 25.29 | 25.01 | 22.48 — 23.78 | 23.63 | 21.08 —
blur-SURE with SURE-LET [6] || 31.85 | 31.06 | 29.75 | 28.10 || 26.09 | 25.29 | 24.31 | 23.12
non-blind [6] 31.97 | 31.08 | 29.89 | 28.21 || 26.10 | 25.29 | 24.31 | 23.12

Image Mandrill 512 x 512 California 512 x 512

APEX with SECB [2; 3] 23.27 | 22.64 | 22.00 | 21.17 || 20.37 | 21.65 | 21.84 | 21.03
Wiener iterative [10] 21.57 | 21.26 | 19.19 | 17.43 | 22.12 | 2053 | 17.61 | 16.43
R-L iterative [11] 23.39 | 22.71 | 19.17 | 17.40 || 23.59 | 22.94 | 13.03 | 13.10
7]+ 8 21.56 | 21.48 | 21.17 | 20.22 || 21.72 | 21.58 | 20.98 | 19.25
RelDabs o[rc]zcle[ [é]l} 22.65 | 21.26 | 20.21 | 19.42 || 23.38 | 21.85 | 20.63 | 19.46
5] BR mode 21.14 | 21.59 | 21.23 | 20.56 || 20.99 | 21.92 | 21.26 | 19.95
BD mode 21.14 | 2146 | 21.07 | 19.26 || 20.99 | 21.60 | 20.89 | 17.22
sparse prior [92]+ [94] 21.78 | 19.42 | 16.02 | 15.63 || 22.63 | 16.98 | 13.51 | 12.99
MIA [12] 21.29 | 21.26 | 21.07 | 20.22 || 21.24 | 21.18 | 20.81 | 19.24
AMIA [9] 21.52 | 21.50 | 21.15 | 20.22 || 21.65 | 21.60 | 20.94 | 19.24

Xu [145] 21.80 | 21.77 | 21.29 | 16.70 || 22.42 | 22.33 | 20.14 —
blur-SURE with SURE-LET [6] || 23.56 | 22.87 | 22.12 | 21.30 || 24.72 | 23.83 | 22.76 | 21.42
non-blind [6] 23.59 | 22.88 | 22.1) | 21.81 || 24.81 | 23.88 | 22.76 | 21.42

Table 5.6: PSNR (in dB)

BSNR

of Gaussian deconvolution under true sp — 2.0 and

5.5.5 Application to real images

In our last set of experiments, the method is applied to real images:

e Astronomical image: Jupiter, shown in Figure 5.9;

e Text image: Text, shown in Figure 5.10.
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Lena blurred by sp = 3.0 APEX-SECB [2; 3] Oracle SeDDaRA [4]
BSNR = 30dB PSNR = 26.16dB PSNR = 24.71dB

o '4_
BR mode of [5] blur-SURE with SURE-LET non-blind SURE-LET [6]
PSNR = 24.79dB PSNR = 26.83dB PSNR = 26.96dB

Figure 5.7: Restoration of Lena: visual comparison between APEX-SECB [2; 3],
oracle SeDDaRA [4], Molina et al. work [5], our proposed blur-SURE method, and
non-blind SURE-LET method [6]. (Note that the blurred PSNR = 23.20dB.)

e Biosample image: Biosample, shown in Figure 5.11.

There are no exact expressions of the PSks for the images. However, as suggested
in [5; 17; 88; 101], the PSF of astronomical imaging can be well approximated by
Gaussian function. Figure 5.9 shows the restored images by various state-of-the-art
methods. Note that for Wiener iterative method [10] and MIA [12], we optimized
the initial guess according to the visual quality. We can easily see that our proposed
approach have restored a great amount of clarity, especially, revealed the clear stripes
on Jupiter.

The Text images with different blurriness were captured by digital camera, due to
out-of-focus. The out-of-focus blur can also be approximated by Gaussian function.
Figure 5.10 shows the visual comparison of the restored images by various deblurring
algorithms. We can see our results are better than the works of [5] and [145]: especially

for the second and third cases, it is difficult to recognize most characters from the
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House blurred by sg = 1.0 opt. SeDDaRA [7; 8] Oracle SeDDaRA [4]
BSNR = 20dB PSNR = 29.92dB PSNR = 31.36dB

BD mode of [5] AMIA [9] blur-SURE with SURE-LET
PSNR = 30.76dB PSNR = 29.99dB PSNR = 33.33dB

Figure 5.8: Restoration of House: visual comparison between SeDDaRA [7; 8],
oracle SeDDaRA [4], Molina et al. work [5], AMIA [9] and our proposed blur-SURE
method. (Note that the blurred PSNR = 29.81dB.)

observed images, whereas most characters become recognizable in our restored images.

The Biosample images were recorded by confocal microscopy. As suggested in [105;
136], the PSF of microscopy imaging can be well approximated by Gaussian function.
Figure 5.11 shows the restored images. For the biologists, the first and third restorations

have the big visual improvements.



Observed Jupiter Wiener iteration [10] SeDDaRA [7]

BR mode of [5] BD mode of [5]

APEX-SECB [2; 3] blur-SURE with SURE-LET

Figure 5.9: Restoration of Jupiter: visual comparison between Wiener iterative
method [10], R-L iterative method [11], SeDDaRA [7], Molina et al. work [5], MIA
[12], APEX-SECB [2; 3] and our proposed blur-SURE method. The estimated noise
standard deviation is o = 4.68 by using MAD (median absolute deviation) [13], the
estimated standard deviation of Gaussian blur is s = 2.30 and s = 2.41, by APEX
and blur-SURE, respectively.

5.6 Conclusion

In this chapter, we exemplified the blur-SURE framework with estimating scaling factor

involved in the function forms of PSF, most typically, the variance of Gaussian blur.
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observed text 1 observed text 2 observed text 3

restored 1 by [5] restored 2 by [5] restored 3 by [5]

restored 1 by [145]

restored 2 by [145] restored 3 by [145]

restored 1 by blur-SURE restored 2 by blur-SURE restored 3 by blur-SURE

Figure 5.10: Restorations of Tezt.

We also proposed an efficient minimization method to perform the blur-SURE mini-

mization, by expressing the regularization paramter A in terms of the PSF paramter.
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(1-a) observed biosample 1 (1-b) blur-SURE minimization (1-c) restored 1

estimated
s=1.21

Blur-SURE

T T T T
04 06 08 10 1B 14 16 18 20
scaling factor s of Gaussian kernel

(2-a) observed biosample 2 (2-b) blur-SURE minimization (2-¢) restored 2

estimated
s=1.23

Blur-SURE

T T T
8 10 12 14 16
scaling factor s of Gaussian kernel

(3-a) observed biosample 3 (3-b) blur-SURE minimization (3-¢) restored 3

estimated
s = 2.03

T T T d
8 18 ZF 1272 24 28
scaling factor s of Gaussian kernel

Figure 5.11: Restorations of Biosample.

Results obtained show that the proposed method has significant improvement of
quality both numerically and visually. The examples of the blur kernel function listed
in this chapter are but the exemplifications of blur-SURE framework for PSF estima-
tion problem. It is worth noting that SURE-type minimization itself does not specify
any particular parametric form of PSF. There is huge potential to develop specific algo-
rithms for various application, e.g. fluorescence microscopy [102; 105; 136] and motion

deblurring [90; 124; 129; 130], based on the SURE-type principle.



Chapter 6
The Blur-SURE Approach to Motion Deblurring

6.1 Introduction
6.1.1 Background of motion deblurring

As one of the most common blur types, motion blur frequently occurs in real applica-
tions, e.g. camera shake [90; 91] and sports photography [64], when there is relative
motion between the camera and the object being captured. Hence, motion deblur-
ring, which aims at recovering a visually sharp image from a single, motion-blurred
photograph, has attracted considerable attention in recent years. If one assumes that
the underlying unknown blur kernel, describing the motion blur, is shift-invariant, the
problem reduces to that of image blind deconvolution.

As same as the discussion in Chapter 4, we tackle the motion deblurring problem
by first estimating the kernel, and then performing non-blind deconvolution with the
estimated blur kernel [90; 92; 127-130], where the kernel estimation is essential to blind

deconvolution.

6.1.2 Related work: parametric estimation of motion blur

For simplicity, motion blur is usually considered as one-dimensional, i.e. unidirectional
with constant speed. Thus, motion blur is completely characterized by blur orientation
and blur length. In this context, the blur identification reduces to estimate the two blur
parameters. Refer to [97] for a systematic review of parametric estimation of motion
blur.

[98; 106] uses Radon transform taken along different angles to detect the motion
direction. [97] applies the steerable filter [146] to the power spectrum of the blurred

image, and then, detect the maximum response value. [97; 106; 147| compute the 2-D

93
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cepstrum of the blurred image to find the two pronounced negative peaks in the cep-
strum. The cepstral analysis has been further studied by [148-150], based on image
gradients. Recently, more models and criteria for kernel estimation have been proposed,
e.g. a-motion blur constraint model [151] and generalized cross-validation (GCV) crite-
rion [152]. [153; 154] employ a high-pass filter (e.g. derivative operation) to the blurred

image, and estimate the blur parameters based on the statistics of the image gradients.

6.1.3 Outline of this chapter

Taking linear motion blur for example, this chapter will exemplify and demonstrate the
blur-SURE framework proposed in Chapter 4, to estimate the blur direction and blur

length, in the following lines:

e to show the closeness of the blur-SURE to blur-MSE (as its oracle version), in

the context of motion deblurring;

e to demonstrate the high accuracy of the estimation of blur direction and blur

length, under various noise levels;

e to develop a fast algorithm of the blur-SURE minimization, in the context of

motion deblurring.
6.2 Parametric estimation of motion blur: problem formulation

6.2.1 Parametrized form of linear motion blur

If the motion blur is linearly constant, the blur kernel h(u, v) can be expressed as [97;
106]:
if Vu2+02<L and %= —tand

otherwise

h(u,v) = t (6.1)
0

with two key parameters: (1) blur length L measured by the pixel number; (2) blur
orientation # evaluated by the angle w.r.t. the horizontal direction in degrees. Thus,
the blur identification problem boils down to estimating the two parameters: I and 6,

from the observation y [97; 98; 106; 149].

6.2.2 The blur-SURE framework to motion blur estimation

Recalling Eq.(6.1), we denote the motion-blur kernel with blur length L and angle 6

by hr.¢, and the corresponding convolution matrix by Hp,¢. Thus, we formulate the
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’ 1 i 1

= ] 1 perform non-blind 1

| tentative Lol comput.e Wops || compuies . I deconvolution |

: A defined in Tab.6.1 defined by (6.2)], i with estimated !

! parameters to approximated blur-SURE i Hro :

t beestimated ___ Wiener filtering _____ mimmzabien " Stage 2 (Part 1)
Stage 1: kernel estimation (Part 1I) Deconvolution

Figure 6.1: The procedure of motion blur estimation: joint minimization of the
blur-SURE over L, 6 and A, as shown in (6.2).

motion blur estimation as the following joint minimization problem:

1 9 20.2 )
in = ||HroWrony - S Tr(HzoWrgn) — 6.2
21:19151\ N H L79 L,97>\y YH + N ( L,O L,O,)\) o ( )

blur-SURE: &(L,8,\)

over three decision variables: L, ¢ and A, where the notations are explained in Table
6.1. Figure 6.1 summarizes the blur-SURE approach to parametric estimation of motion

blur.

Expressions Exact Approximation
Notations Wiener filtering
Matrix | Wia— (Bl gt H],CH.JS ) 'H, | Wiar— (H],H.s 1 AR) H,
HY 5(@) - H ¢w)
Breguency WioW) = eFrowse Wro2 () = e
Notations Frequency-band indicator
Matrix || Urp = Hyo(H] ;Hro+Hf CHpS™) "Hf, | Uppn = Hip(HEoHrp+ AR) Hi,
_ [Hy 0 ()P __ HiewP
Frequenicy ULo(w) = [ s claysn Uropw) = i (@i Frel?

Table 6.1: Notations of exact and approximated Wiener filterings and frequency-
band indicators, in the context of motion deblurring.

6.3 An example of the blur-SURE approach to motion blur estimation

Figure 6.2 shows an example of minimizing blur-SURE to estimate the blur direction

and length. Figure 6.2-(3-4) show that

e the very accurate estimates of 6 and I by minimizing the blur-SURE, as shown
in Corollary 4.3;
e the closeness of blur-SURE to blur-MSE, which indicates that blur-SURE is a

reliable estimator of blur-MSE, as stated in Theorem 4.2.

We can see that the blur-SURE minimization shown in Eq.(6.2) may have multiple

local minima of blur length L. However, it does not affect the validity of the conclusion
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(1) blur kernel (2) blurred image  (3) blur-SURE vs. &  (4) blur-SURE vs. L

T+ T T T T 111
20 40 B0 80 100 120 140 160 180
motion direction (in degrees) blur length (in pixels)

(5) exact (6) approx. (7) 1-D slice of band-indicator
band-indicator band-indicator motion direction perpendicular

approx.
= exact

2 3 = 2

A 1] 1 A 1] 1
frequency frequency

Figure 6.2: Example of Cameraman, blurred by linear motion kernel with 8y = 50°
and Lo = 15pixels, corrupted by noise with BSNR=30dB.

that the global minimum is always consistent with the latent true value. To show
the validity of Corollary 4.3, Figure 6.2-(5-6) demonstrate that the band-indicator
computed by the estimated L, 8 and X is a good approximation to exact one. Figure 6.2-
(7) clearly shows the 1-D curve comparisons, by selecting two representative directions

from the 2-D images (5-6).

Additional remark From the discussions mentioned above, we found many similari-
ties between the proposed blur-SURE and GCV criterion introduced in [152]: (1) both
blur-SURE and GCV deals only with the magnitude of Fourier coefficients, whereas the
phase cannot be identified; (2) both of them may have many local minima. However,
the proposed blur-SURE is easier to minimize than GCV, as it has a smaller number
of parameters need to be optimized than GCV. Also, it has been justified that the
global minimum of blur-SURE corresponds to the accurate estimates of the parame-
ters. Therefore, we need to investigate and develop a safe and efficient minimization

algorithm, which guarantees that the global minimum is reached at a faster speed.

6.4 Implementation issues

For motion blur estimation, we experimentally obtained the following observations,

which may dramatically simplify the minimization procedure of Eq.(6.2).
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(1) L =5 pixels, A=0.1 (2) L = 20 pixels, A=0.01  (3) L = 30 pixels, A= 1

blur-SURE]| blur-SURE]| 4 blur-SURE]
a3 = blur-MSE Al = blur-MSE = blur-MSE

6 = 50°

! 6 = 50° i i 6 = 50°
/ L s 7
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T T 1
140 160 180

Figure 6.3: Example of Cameraman blurred by true motion kernel with 6y =
50°and Lo = 15 pixels, corrupted by noise with BSNR=30dB.

6.4.1 Estimation of motion direction

Firstly, we found that the accuracy of direction estimation does not strongly depend
on the tentative values of L and A. In other words, the blur-SURE minimization is
significantly more sensitive to # than to L and A, and therefore, this criterion is not
demanding in finding “optimal” L and A, at the first stage of estimating the angle 6.
It is probably because that the band-indicator of Eq.(4.8) is prominently directional
in Fourier domain, as shown in Figure 6.2-(5-6). Thus, 6, as the parameter describing
the directionality, is the most dominant factor of the band-indicator. Consequently,
the blur-SURE minimization behaves more like finding 8 to match the two directional
band-indicators (i.e. both sides of Eq.(4.8)), rather than optimizing L and A.

Figure 6.3 shows three examples to empirically verify the first claim: minimizing
blur-SURE could always accurately detect the blur angle, even with arbitrary (non-

optimal) values of L and A.

6.4.2 Estimation of blur length

It is highly preferred to estimate the blur direction first, and then, use the estimated
to estimate blur length. At the second stage, we have to perform joint minimization of
both I and A, since unlike 6, the tentative value of A affects the length estimation. The
exhaustive search for L can be performed as follows: considering a certain range of L,
for each tentative value of L, we can find an optimal A by minimizing the blur-SURE.
Thus, the optimal function A = A(L) is established, and inserted into the blur-SURE.
Finally, we minimize the blur-SURE over L only. Figure 6.4 shows the three examples

of minimizing the blur-SURE over L (line search), incorporating the function A = A(L).
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(1) Lo = 15, 6o = 50° (2) Lo =9, 6p = 10° (3) Lo = 30, 6y = 140°

T T T
2‘5 0 10 20 30
blur length (in pixels)

T 1
10 15 10 15
blurlength {in pixels) blur length {in pixels)

Figure 6.4: Example of Cameraman blurred by motion kernel, corrupted by noise
with BSNR=30dB.

6.4.3 Short summary

Based on all the discussions mentioned above, the blur-SURE minimization is summa-

rized as the following Algorithm 6.1.

Algorithm 6.1: Blur-SURE Minimization Algorithm For Motion Kernel Estima-
tion

Input: ¢&(L,0, \) — objective function given as Eq.(6.2);

Output: optimal § and L

begin
g1. line search for optimal 6 = arg ming e(L, A), with tentative L = 20 and
A=0.1;
2. exhaustive search for optimal . and A, with estimated 6:
begin

1. take sample-values L within a certain range of L, for k = 1,2, ..., K;
2. for each Ly, find the optimal A\ = arg miny (6, L), and establish
A= ML);
3. incorporate A = A\(L) into (L, A);
4. line search for optimal L = argminy, e(L, A(L)).

end

end

6.5 Results and discussions
6.5.1 Experimental setting
We consider the following two motion blur kernels:

e Oy =40°, Ly = 15 pixels;

o Oy — 140°, Ly = 35 pixels;
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The blurred images are subsequently contaminated by i.i.d Gaussian noise with various

variance 02, which is measured by blur signal-to-noise ratio (BSNR), defined as BSNR =

101ogyq (HHOx*mﬁag(HOxW). We use Cameraman, House and Mandrill shown in Figure

a

5.6 as the test images.

6.5.2 Estimations of blur direction and length

Now, we compare our estimated kernel parameters to that by other state-of-the-art
methods, including Cepstral method [150], Radon method [97] and refined Radon
method [98]. The estimation performance is evaluated by the error: ey = 6 — 6
and e, = L — Lg.

Tables 6.2 and 6.3 show the comparisons. We can see that: (1) the proposed blur-
SURE method consistently outperforms the other methods, and is quite robust to high
noise levels; (2) the results by the blur-MSE minimization is exactly the same with that

by minimizing blur-SURE.

BSNR (indB) [[40 30|20 |10 [ 40 |30] 20 [ 10 | 40 [30[20 | 10

Image Cameraman House Mandrill

blur type I I I Oy = 4d°, ILQ —15 pixels I I I
Cepstral [150] 1|-1|(-5{9|5|5]|]0]|-5]|-4|-5]|3]-10
Radon [97] 31519 (113 |4]-10]-15| 2] 3 |-8]-12
refined Radon [98] || 1 | 1 | 5 -1|-1|-2|-13||1|0]|-2]| 4
blur-SURE 1]1]1]0 1|1 0 o |-1]-1]-1]-1
blur-MSE 1|11 0 1| 1 0 0 -11-11-1| -1

blur type 0y = 140°, Ly = 35 pixels

Cepstral [150] "1 1]5 5] 31413 ]-11]212]2] 4
Radon [97] 4| 55635 6]6]0]-1]3]-4
refined Radon [98] | O | O | O | 1 || O | O | 1 1 0|0|0| O
blur-SURE 00|00 1 1 1 0 00,0 0
blur-MSE o101 0|0 1| 1 1 0 0|0\ 0 0

Table 6.2: Estimation error of blur orientation 8 under different BSNR

6.5.3 Motion deblurring: the synthetic experiments

In this subsection, we present the motion deblurring results and compare them with
the following state-of-the-art methods: J.Oliveira, et al's work [98], Taeg Cho, et al's
work [155], Sungh Cho, et al's work [129], Q.Shan, et al's work [91] and L.Xu, et al's
work [145]. For [91; 129; 145; 155], we use the parameters by default or by the authors’
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BSNR (in dB) || 40 [ 30 [ 20 [ 10 [[ 40 [ 30 | 20 | 10 [ 40 | 30 | 20 | 10
Image Comeraman House Mandrill
blur type I I I 0y = 40I"7 ILO — 15 pixels I I I
Cepstral [150] || 1 [ 1 [ 1 [ 7| 2 |2 | 1 4 110|123
[98] 20-2/-2|-2|-2|-2]|-2]0|-2]-2]-2]-1
blur-SURE o,0;0|0)j0|O0O|lO]|-1]J0|O0O]|]O0O]|O
blur-MSE oo o0 ool o0 |-1)|0|0]|0]|O0
blur type Oy = 140°, Lo = 35 pixels
Cepstral [150] || -7 [ -7 | -8 | -9 | -6 |6 |-16 |-12 || -2|-2|-2|-6
[98] 20222 -2|2|-2]|-2||-5|-5|-b5]|->
blur-SURE ojo0jo0|j0jj0O|O0O|O0O]|O 0/]0|0]|O
blur-MSE oo o0 0| 0| 0 0 00| 01| 0

Table 6.3: Estimation error of blur length L under different BSNR.

recommendations. For [98] and our work (denoted by ‘blur-SURE’ in Table 6.4), we

perform motion deblurring using our recently proposed SURE-LET algorithm [6], with

the estimated kernel by [98] and blur-SURE, respectively.

The deconvolution performance is measured by PSNR defined as Eq.(1.11). Table

6.4 shows PSNR results of the existing methods, Figure 6.5 shows an example of visual

comparison. From the results, we can see that our deblurring results outperform the

others significantly, both numerically and visually.

BSNR (indB) | 40 | 30 | 20 | 10 40 | 80 | 20 | 10 40 | 30 [ 20 | 10
Image Cameraman House Mandrill
blur type ‘ ‘ ) = 40°, ﬁo =15 ﬁixels ‘
input 20.53 | 20.51 | 20.31 | 18.68 | 23.17 | 23.15 | 22.95 | 21.38 | 20.41 | 20.40 | 20.33 | 19.68
(98] 22.31 | 22.01 | 21.79 | 21.34 || 25.76 | 25.46 | 2539 | 24.41 | 21.92 | 21.52 | 21.18 | 20.69
155 22.45 | 22.10 | 21.86 | 20.73 | 23.45 | 23.30 | 23.27 | 22.93 || 21.67 | 21.55 | 21.33 | 20.81
129 22.31 | 22.25 | 22.76 | 19.74 | 25.17 | 25.73 | 24.16 | 23.31 | 23.33 | 22.87 | 22.31 | 20.58
[91] 24.51 | 23.69 | 22.35 — 22.61 | 23.03 | 23.04 | 20.01 || 21.51 | 21.52 | 21.06 | 18.74
[145] 25.28 | 25.02 | 21.39 — 23.92 | 24.24 | 23.01 — 21.74 | 21.89 | 20.71 | 18.85
blur-SURE 27.36 | 26.59 | 24.62 | 22.43 | 31.53 | 31.07 | 29.33 | 26.67 || 26.01 | 24.83 | 22.74 | 21.13
blur type 0y = 140°, Lo = 35 pixels
input 17.87 | 17.86 | 17.76 | 16.94 || 20.54 | 20.53 | 20.44 | 19.64 || 19.18 | 19.18 | 19.13 | 18.72
(98] 21.18 | 21.05 | 20.89 | 20.31 | 24.27 | 24.16 | 24.12 | 23.65 | 20.02 | 19.82 | 19.79 | 19.78
155 20.56 | 20.52 | 20.34 | 20.04 || 25.56 | 25.40 | 2532 | 24.34 || 20.51 | 20.44 | 20.34 | 20.00
129 18.33 | 17.89 | 17.40 | 1878 || 21.02 | 21.06 | 24.73 | 1839 || 20.79 | 19.60 | 18.96 | 20.72
[91] 21.48 | 21.37 | 19.14 — 20.91 | 20.94 | 20.79 | 14.86 | 20.35 | 20.30 | 19.57 | 17.15
[145] 22.54 | 22.40 | 19.26 - 23.31 | 23.31 | 21.44 — 19.94 | 19.57 | 19.30 —
blur-SURE 29.74 | 26.22 | 23.27 | 21.08 | 34.15 | 30.84 | 27.97 | 24.78 || 27.76 | 24.26 | 21.91 | 2045

Table 6.4: PSNR (in dB) of motion deblurring by several state-of-the-art methods
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(2) restored by [91]

(3) restored by [145

|
|

Figure 6.5: An example of visual comparison.

6.5.4 Motion deblurring: the real experiment

In our last set of experiments, we test the proposed algorithms on the benchmark
data in a real-world database, established by [156]: Church shown in Figure 6.6, Clock
shown in Figure 6.7 and Backyard shown in Figure 6.8. The authors of [156] recorded
and analysed real camera motion on a robot platform, which allows them to record a
sequence of sharp images and the unconstrained camera motion with full 6-D degree of
freedom at micrometer accuracy. Refer to [156] for the detailed procedure of the robotic
setup. The dataset contains both uniform and non-uniform blurs: the underlying blurs
in Figure 6.6 and Figure 6.8 are approximately uniform, whereas the blur of Figure
6.7 is non-uniform across the image [156]. We compare our results with the following

recently proposed works:

e Fergus [90]: pioneering work of motion deblurring, which combines variational

approach [157] with natural image statistics [158].

e Shan [91]: MAP formulation, where the kernel is assumed to follow exponentially
distribution. The image prior combines natural image statistics and constraints

of image gradients.

e Xu [145]: assuming uniform blur, refined the work of [91], by introducing new

inference strategies and fast optimization technique [129].

e Cho [129]: assuming uniform blur, predicted strong edges from an estimated
latent image. This work accelarated the computation by introducing a number

of techniques.

e Hirsch [159]: assuming the underlying blur is non-uniform, deduced a fast for-

ward model for camera shake.



102 CHAP. 6. THE BLUR-SURE APPROACH TO MOTION DEBLURRING

e Whyte [128]: assuming the underlying blur is non-uniform, derived the geomet-

ric properties of camera shake.

For deblurring color images, all the works mentioned above except for [159] dealt
with three color channels independently. The work of [159] has special handling which
enforces constraints in YUV space. For our algorithm, we transform the color image into
the YUV space, and then estimate the PSF parameters from the Y channel, perform
deconvolution on Y, U and V channels with the estimated kernel from the Y channel.
Finally, we transform YUYV back to RGB representation. We also applied our deblurring
algorithm to RGB channels independently, using the estimated kernel from Y channel.
We found that working in the YUV space yields very similar visual results than in
RGB.

From the three figures, we can see that our restored image is comparable to other
results, in terms of visual quality. Notice that our result in Figure 6.7 is not very
satisfactory. There are two main reasons: (1) the underlying blur is spatially varying
across the image [156], however, our approach assumed uniform blur; (2) the underlying
blur is not simple linear motion blur, which cannot be accurately expressed by our two
parameters L and 0.

In addition to the benchmark test data, we also apply the method to a real motion-
blurred image Pavilion captured by a digital camera, shown in Figure 6.9-(1). The
estimated parameters of the motion blur from Figure 6.9-(1) are # = 0°and L = 15
pixels, obtained by our approach. We use our developed SURE-LET approach to
perform the non-blind deconvolution with the estimated blur kernel [6]. Figure 6.9-
(2-6) show the restored images by various methods. Figure 6.10 shows two zoom-in
parts for better comparison. Regarding the computational time, the work of [145], as
the most efficient algorithm to our best knowledge, takes around 37 seconds. For our
method, notice that the blur-SURE can be completely computed in Fourier domain
only: there is no need to perform inverse Fourier transform. By this technique, the
running time of our algorithm is around 33 seconds, where finding PSF parameters takes
15 seconds, and SURE-LET deconvolution takes another 18 seconds. Furthermore, we
experimentally found that it is not necessary to optimize the value of A in Eq.(6.2)
when estimating the PSF parameters, since any value of A between 10~* and 10~!

could yield accurate estimate of motion length. Based on this empirical observation,
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(3) restored by [129]

(1) ground-truth (2) observed

|

(4) restored by [159] (5) restored by [145] (6) blur-SURE

Figure 6.6: Restoration of Church: visual comparison between various motion
deblurring approaches.

the computation time of our algorithm is further reduced to 24 seconds, where finding

PSF parameters takes around 6 seconds’.

6.6 Conclusion

Results obtained show that the proposed method has significant improvement of quality
both numerically and visually. Compared to the other methods, the main advantage of
our approach is that 1) the estimation of both blur angle and length is performed in a
unified framework, instead of individually applying Radon and cepstral methods; 2) it
does not need to analyze 2-D cepstrum and measure the prominent peaks [97; 98; 106;

149], which is easily affected by the severe noise corruption.

TAll the computation time was recorded in the same hardware environment: Pentium(R) 4 CPU
3.00GHz, memory size 3.50GB.
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Figure 6.7: Restoration of Clock: visual comparison between various motion de-
blurring approaches.
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(4) restored by [90]

(6) blur-SURE
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Figure 6.8: Restoration of Backyard: visual comparison between various motion
deblurring approaches.
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(1) observed

Figure 6.9: Restoration of image Pavilion: visual comparison between various
motion deblurring approaches.
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Figure 6.10: Zoom-in parts of the restorations of Pavilion.



Chapter 7

Epilogue

In this chapter, we will conclude our work in Section 7.1. And the future work will be

discussed in Section 7.2.

7.1 Summary

This thesis mainly discusses image deconvolution, which has arisen in a great many
applications, for example, photography, biomedical imaging, astronomical imaging and
remote sensing. A successful deconvolution algorithm restores the observed images
of poor visual quality to clearer image details and lesser noise corruption, such that
the practitioners are able to easily identify the contents and objects involved in the
observations.

In Part I, we tackled the classical non-blind image deconvolution problem, and pro-
posed a new objective functional: Stein’s unbiased risk estimate (SURE) — an unbiased
estimate of mean squared error (MSE). Instead of the estimate itself, we parametrized
the whole deconvolution processing as a linear combination of several given elementary
functions. In this way, the deconvolution problem becomes to find the optimal linear
coefficients, which constitute the best combination of the basic processings. The lin-
ear parametrization leads to a direct (i.e. non-iterative) parameters optimization. We
worked out several SURE-based estimators based on multiple Wiener filterings, appli-
cable in arbitrary linear transformed domains. The SURE optimization automatically
finds the best combination of several Wiener filterings with different but fixed regular-
ization parameters, which is nearly equivalent to single Wiener filtering with optimal
regularization parameter, in terms of deconvolution performance.

In Part II, we considered blind image deconvolution problem. We first estimate the

point spread function (PSF) or blur kernel, and then, with the estimated PSF, apply

107
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our proposed SURE-LET algorithm to perform non-blind deconvolution. For the PSF
estimation, we proposed a new criterion: a modified version of standard SURE, called
blur-SURE. We showed that by incorporating a simple Wiener filtering, the blur-SURE
minimization yields very accurate estimate of the PSF. We exemplified the blur-SURE

framework with two typical applications: Gaussian kernel and motion blur.

7.2 Perspectives

We believe that the SURE-based approaches presented in this thesis could be extended

along the following directions.

Other noise models We only derived the unbiased estimates of the MSE for Gaussian
noise. In fact, it is possible to find unbiased estimates of the MSE for a much broader

class of noise statistics.

Other inverse problems We restricted our investigations to deconvolution problem.
However, the SURE theory and the blur-SURE framework are valid for any distortion

matrix, which may arise in other real applications.

Other applications of blind deconvolution In this thesis, we discussed the two
important applications only: Gaussian kernel and linear motion blur. Note that the
blur-SURE framework itself does not specify any particular type of blur kernel, for
example, one may apply the blur-SURE approach to fluorescence microscopy, where
the function form of PSF has been thoroughly investigated [102; 134; 136]. It is also
possible to incorporate the blur-SURE technique into learning-based deconvolution

approach [65; 160).



Appendix A

Proof

A.1 Proof of Theorem 2.1

Proof Expanding the MSE (2.2) and using x = H™!(y — b), we obtain:

yo{lem —xI"} = 5 (s{lew P} - 25 {x"en)} + {7}
= (il - 2oyt )}
b 2elbtE e )+ {1} (A1)
Consider the multivariate Gaussian probability density function g(b) o eXp(—bTC%%)-

It satisfies g¢(b)b = —CVyq(b) where Vi, is the gradient operator w.r.t. b. Hence,

g{bTH—Tf(y)} - / bTHT£(y)q(b)db

- / (Vpg(b))" CH-TE(y) db
u(y)

(A.2)

Noting that [ 8gb Jtpdby, = — 1= g}f"q(b)dbn7 which follows from integration by

parts, and the fact that ‘unq(b)‘ — 0 as |b,| — oo, we have

N o N ou
TE-T _ Yl _ Qi
s{pTH ()} — nzl/_oo ()b 5{; bn}
N ou
Substituting (A.22) into (A.21) completes the proof. [ |

109



110 CHAP. A. PROOF

A.2 Proof of Eq.(2.6) in Section 2.4.2

Proof Similar to Appendix A.1, using Hx =y — b, we expand the modified MSE as

%&’{Hf(y)—H "Hx||} - ( {llEw)]*} - 26 {x"H B, "8} + # {1, Bx]|°} )
( {llEw))*} - 26 {y™H;78v) } + 26 {bTH; T8} )

+ g{HH "Hx||’} (A.4)

According to Appendix A.1, we have
& {bTHng(y)} — & {divy{CHng(y)}} (A.5)
Substituting (A.5) into (A.4) completes the proof. m

A.3 Proof of Eq.(3.5) in Section 3.3.1

Proof Consider the regularized SURE, given as Eq.(2.6), and apply the orthogonality

of W. Ignoring the constant coefficients %7 % and %027 the first term is:

Hf( Hzamlw el(wm H HW 1Zaml01 Wm
—u"'WTWlu=uT WW- uHZamZQZ (W)l (A.6)
I
the second term is:
Y HGE(y) = Y amgy HE W0 (W) = ) amay  HE W0 (W)
m,l m,l
=" g (WH ) 0 (win) (A7)
m,l
The third term is
G
——
divy {Hng(y)} = am,ldivy{ H; "W 0(wy) } (A.8)
m,l
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where divy {g(y)} can be further developed as:

, Y g, al " 101 (W), O
dlvy{g(y)} _y % v) 3% G Y [za(wk )] a’t;:

where Tr denotes the matrix trace.
In particular, ignoring the subscript [ and m, if the thresholding function 6(w) is

pointwise processing, i.e. [#(w)|, = 6(w,). Thus,

W), 90(w,)
8wk 8wk

0 otherwise

{ O (wy) it k= r

Consequently, the matrix Jo(w) becomes diagonal matrix in this case. Thus, Eq.(A.8)
is simplified as:
R
divy{g(}’)} -

k

[P, [Jo(w)], , — aT0'(w) (A.10)
1
where o = dlag{P} - [Pk,k]ke[l;N]v el(w) - [el(wk)]ke[l;N]'

The last term is:

B3 " Hx|* = W WH 'Hx ||* = " WW L u = |[WH; 'Hx|? (A.11)
S — —

I
u

Combining Eq.(A.6)-Eq.(A.11) obtains Eq.(3.5) and thus, completes the proof. B
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A.4 Proof of Theorem 3.6

Proof From Lemma 3.4, p(n) can be expressed as:

N-1
p(n) =Y [gan(n — k) + gan(n + k + 1) ]b(k)
k=0 D

u(k)

then, using the i.i.d. condition of b(n) as in (3.22), the variance of p(n) is

N-1 2 —1
&E{pn)?} =& (Z u(k;)b(k;)) =0 u(k)® (A.12)
k=0 k=0

Due to the fact that u(—k) = uw(k — 1) and u(k + 2N) = u(k), by change of variable

and Parseval’s theorem, we have

2]
T
[\)
r

N-—

u(k)? = % 3 ulk)? = ﬁ 3 )’ (A.13)

k=0 k=0 k=0

where U(k) is the DFT of u(k'):

2N-1 )
Uk)y = > ulk)e™ 25
k'=0
aN-1 . 2N-1 »
= > -k £ Y gon(n K 4 eIV
k=0 k=0
ok 2N-—1 . o 2N—1 R
= WY gan(K)e?N I NI N gon(K)eT TN (AL14)
k'=0 k'=0

Recalling G(ej%k) = Ziﬁgl 92N(n)€_jL]]yl7 and combining with (A.14), U(k) is related
to G(ej%k) through:

2
ol
23

Uk) = e~ (;(e—j§§> +,ej§§(”+4)(;<ej7v) (A.15)

Substituting (A.15) into (A.13), and combining with (A.12) complete the proof. [ |

A.5 Proof of Theorem 3.12

Proof Under whole-point symmetric boundary extension, Eq.(3.35) can be directly
obtained by rewriting (3.33). Note that p(n) is also periodic with period (2N — 2).
However, p(n) is not symmetric, if the filter g(n) is not symmetric. From Eq.(3.35),
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forn =0,1,...,2N — 3, the variance of p(n) is:

N—2 A A )
g{(p( } {(M{ uz)gn+/~c)}b(/~c)+lg%b(o)+g(ri;]ivl+)1)b(zv_1)> }

Due to the whiteness of the noise b(n), we obtain:

N-2 2 2
n 2 :0-2 U 2 U—u 2 U—u — 2 &
o i)?} 3wt + 0+ v 1) (A16)

Now, observe that u(k) satisfies u(k) = u(—k) and u(k) = u(k + 2N — 2). We consider

the following formula over a particular interval of period [—(N —2), N —1]:

Z:u(k:)2 = k)2 + u(k )2 4 u(N —1)?

k=1
Hence,
N-2 1 1 ,
2 2
> ulk Zu(k;) = 5u(0)® = Su(N —1) (A.17)
k=1 ke]P

Thus, combining (A.16) with (A.17) obtains Eq.(3.36), where the first term is:

1 2
S - Y k) — iy 3 [09)
2N —2
kel k=0 k=0
by Parseval’s theorem, where
2N -3
o . ’ . ’ ]27rkk
Uy = 3 (a0 —K) +g(n+ k) )e 73
k'=0
2N T - 2nkk
— Z g(n kl)e ]2N72 + Z g(n+k;l)e ]2N72
k'=0 k'=0
2nkn a3 2rkk’ : 2wkn 20 —3 2rkk’
— ¢ JaN—2 Z g( Nelan—2 elan—2 Z Q(k’/)e 2N—2
k=0 k'=0

by denoting z = 2Nz and G(z) = . g(K)z=*. Thus, using G(z~') = (G(z’))*7 we
have:
Uk =26 ()]” + 2R6{<G(Z))2Z2n}
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also, the last two terms in (3.36) are given by:

(n) = W= Lo G2

%, N— . N—-
Gn—N+1) = 555 S PGz N+ = Lo SN 3 1)RG (2) 2"

N

Finally, Eq.(3.36) becomes (3.37) in frequency domain. [ |

A.6 Derivation of noise variance in 2-D case (Section 3.5.4)

Under whole-point symmetric boundary condition of x(m,n), denoting g(m,n) =
Gam—2,2n—2(m,n), the convolution formula is given as:

p(m,n) = glm,n)b(0,0) + g(m,n — N +1)b(0, N —1) (four corners)

—— —_—
1w (0,0) Lu(o,N—1)
+ gm—-—M+1,n)bM-1,00+gm—-M+1,n—N+1)b(M—-1,N—1)
Lu(M—1,0 lu(M—1,N-1)
M—2
+ [Q(m —k,n)+ glm+ k,n)}x(k, 0) (sum over first column ! = 0)
=t Lu(k,0)
M—2
n [Q(m— kn— N+ 1)+ gm 4+ kn— N+1)]x(k,N— 1) (last col. = N — 1)
k=1
Su(k,N—1)
N2

+ [Q(m,n -+ gimn+ l)}:z:(O,l) (sum over first row k = 0)

Il
=

Fu(0,D)

i
5

n [g(m—M+1,n—z)+g(m—M+1,n+l)]x(M—1,z) (last row k= M — 1)

Il
=

Lu—10)

g
z

—2
4 (g(m— kyn— 1)+ g(m—k,n4+-1) + d(m+ kyn—1) +g(m+k,n+z))b(k,z)
1 =1

o
Il

u(k,l)

Thus, due to the whiteness of the noise b(m,n), the variance of p(m,n) is:

é"{p(m,n)z} = ‘1’—; (u(o, 0)2 + w(0, N — 1) +u(M — 1,0 +u(M — 1, N — 1)2)

C=3[A(0)+A(M—1)+B(0)+B(N—-1)]

0_2 M-—2 0_2 N—-2
+ =y (u(k,0)2 tulk, N — 1)2) +Z 3 (u(O,l)2 (M — 1,1)2)
P Ak = B()
M—-2N-2
+ &° u(k,1)?
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Considering the summation of u(k,{)? over a whole interval of period (2M —2,2N —2),
we have:

—1 N-2

Ezu(k,l)zzz( 3 D2+ ulk,1)® 4 u(k, 0)? +u(k,N—1)2>
keP leP kP N=—(N—2) =1
-5 (u(k,O) Fulk, N — 1) ) 23 3 u
keP kel 1=1
fist term second term
where
first term = u(0,0)% + w(0, N — 1)* + u(M — 1,0)* + u(M — 1, N — 1)*
M—2
+23 (u(k,0)2 tulk,N — 1)2)
k=1
and
N—2 —1 M—2
second term = 2 E ( E u(k,1)? + w(k,1)? 4+ u(0,1)* + u(M — l,l)2>
I=1 Nk=—(M—2) k=1
N—2 N—2 M—2
— 2 ( M—112>+4 u(k, 1)?
=1 =1 k=1
and hence,

3N ulk,)® = u(0,0° +u(0,N - 1)* + u(M —1,0)* + u(M —1,N — 1)°
kel leP

0
z

u(k, 0)2 +u(k, N — 1)2) 12 ~ (u(O,l)2 u(M— 1,1)2)

Alk) =t B()

+
[\)
7
N

N—-2 M-2
+ 4 u(k,)?
=1 k=1

Thus, using >_ ¢, yep w(k; 1)2, the variance of p(n) becomes:

) 0_2 0_2 M-—2 0_2 N—-2
#{pmn)’} = o+ > AW+ T 3 B
0_2 M-—-2
2
+I<Ezu(k,l) — -85 Al —223 )
kel leP =1
P M—-2
= E(élzzukl —3C -4 A(k)—4ZB(z)>
kel leP =1
o 1 B
T<W22|Ukl| — B — 42/1 —423(1))
kel leP Tl

where U(k, 1), C, A(k) and B(l) can be directly computed from G(z1, 23). [ |
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A.7 Proof of Theorem 4.1

Proof In Eq.(4.4), denoting HWg by U, and replacing y by Hox + b, the blur-MSE

becomes:

blur-MsE= . { [|Uy — Hox|[*} = L6 {[[U(Hx + b) — Hox|*}

— {0 - DHx + Ub|?} = Zs{]|U - DHox*} + o {Jub]?)
— %Tr((U _DHSHT(U - I)T) + %Tr(UCUT) (A.18)
where Tr denotes matrix trace, I is identity matrix, S = &{xx'}, the covariance

matrix C = &{bbT}. Thus, the minimization of the blur-MSE over U yields that
(U - I)HySH{ + UC = 0, which implies that:

U = HySH{ (HoSH] +C) ™' (A.19)
On the other hand, from (4.4) and (4.3), we obtain:
U - HWy — HSHT (HSH" | C) ™' (A.20)

Combining Eq.(A.19) with Eq.(A.20) obtains HSH" = HoSH{, which completes the

proof. |

A.8 Proof of Theorem 4.2

Proof In Eq.(4.2), substituting y —b for Hypx, and expanding the blur-MSE, we obtain:

1 1
blur-MSE— -6 {||He(y) - Hox|* | = <& {|[HE() -y + b[*}

L (e mets) -y} + 26 {b7EEG) ) — 26 {67y )+ o { IR )
1

— (6{Imee) —y]P} + 26 b rED) | - 6 {|IB}) (A-21)

Consider the multivariate Gaussian probability density function ¢(b) o exp (—chiglb).

It satisfies g¢(b)b = —CVypq(b), where Vy, is the gradient operator w.r.t. b. Hence,

dq(b)
o, v, (y)db

g{bTHf(y)} = /bTHf(y)q(b)db — —/ (Vba(b))" CHf(y)db — —niv:l/

v(y)
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Noting that [~ 8§b )y, dby, = - = ‘gznq )db,,, which follows from integration by

parts, and the fact that |v,q(b)| — 0 as |b,| — oo, we have:

@@{bTHf Z/ on )b — g{n 8””} {Zav"} {dlvy } (A.22)

The last term in (A.21) is:

#{|bl*} = #{p"b} = &{m(bb") } = Tx(£{bb"}) = Tr(C) (A.23)

Substituting (A.22) and (A.23) into (A.21) completes the proof. [ |
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