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ABSTRACT OF THE THESIS

Large Eddy Simulation of a Supersonic Underexpanded Jet:
Comparison of a Low-order Finite Volume (ConvergeTM ) and High-order Hybrid

Central/WENO-Z Scheme
by

Donovan Michael Quimby
Master of Science in Mechanical Engineering

San Diego State University, 2015

Numerical modeling of a supersonic underexpanded gas jet and subsequent mixture
formation is performed in order to study the effects of numerical methodology and mesh
resolution for two computational fluid dynamic codes. Accurately modeling supersonic
underexpanded gas jets requires advanced computational techniques and highly refined
meshes which are both computationally demanding and not suitable for the complex moving
geometries encountered in many practical engineering applications. Many commercial codes
employ the finite volume method to handle complex moving geometries. However, to date
there has been very little published data examining the use of finite volume methods for
simulating supersonic jets. The goal of this work is to assess the suitability and minimum
resolution requirements for the computation of a supersonic underexpanded gas jet with
engineering accuracy using a commercial finite volume method CFD code. Additionally, a 1D
code was developed to estimate and predict gas jet nozzle injection and performance
parameters.

The effects of numerical methodology, modeling, and resolution on the prediction of
underexpanded supersonic jet flows are compared using a commercial low-order finite volume
solver, ConvergeTM , and a high-order Hybrid Central/WENO-Z based solver developed at
SDSU. The impact of grid resolution is clearly evident in the commercial code. Results of a
grid convergence study reveal that failing to resolve the grid in the commercial code
sufficiently result in drastic differences in the jets behavior, while the Hybrid code displayed
only modest differences. Instabilities in the location of the Mach disk were observed in the
commercial code but not present in the Hybrid code. The near nozzle shock structure was
analyzed and the results of both codes were in good agreement. An analysis of the energy
spectrum and Reynolds stresses at a downstream location that is almost fully turbulent
displayed expected behavior for both codes.

When sufficiently refined, the commercial code does a reasonable job of predicting the
underexpanded gas jet within engineering accuracy. However, the commercial code was
nearly 17 times more computationally expensive then the Hybrid code, which may limit its
application to practical engineering problems.
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CHAPTER 1

INTRODUCTIONS

1.1 MOTIVATION
Reciprocating engines are used in a variety of applications throughout the world

including stationary power generation, transportation, and industrial pumping. These engines
are also a significant source of harmful pollution and major consumer of fossil fuels.
Volatility of the costs of fuel, global initiatives to reduce harmful emissions, and pressure to
reduce dependency on foreign oil have led to increasingly stringent emission and fuel
consumption regulations. Many of these regulations are applied to both newly produced
engines and engines already in service. In response, new and unique engine technologies are
being developed and employed to address current and pending laws and regulations.

One technology that is being increasingly employed is the substitution of diesel in
compression ignition engines with natural gas. Natural gas has been used increasingly for
many reasons. From an emissions standpoint, studies have shown that natural gas retrofit
technologies could reduce regulated nitrogen oxides (NOx) emissions up to 80% [11]. Other
studies have shown that NOx emissions could be reduced by 40%, particulate matter
emissions (PM) by 65%, and carbon dioxide (CO2) emissions by 20% [20, 29, 48].

The reduction in NOx can be attributed to the lower flame temperature of natural gas
combustion as compared to diesel combustion [48]. The relatively simple chemical structure
of CH4 (methane), which accounts for ≈ 95% of the mass of natural gas, affords the potential
opportunity to produce less total hydrocarbons (THC) and soot. Additionally, recent advances
in natural gas exploration and production have led to a significant cost advantage,
approximately 50%, in comparison to diesel or gasoline [19]. It has also been shown that the
aforementioned emissions reduction can be achieved while maintaining or even improving the
efficiency of the base diesel engine [29].

There are several methods used to deliver natural gas into an engine’s combustion
chamber. One of these methods involves the direct injection (DI) of natural gas into the
engine cylinder. DI natural gas engines can be operated under 2 different combustion
schemes. The first involves the injection of the gas early in the closed engine cycle, the
subsequent mixing of the fuel and oxidize during and after the injection, and then the ignition
and burning of a turbulent flame front caused by a high energy heat source such as an
electrostatic discharge or fuel pilot towards the end of the compression stroke. The second
combustion mode involves the injection of high pressure natural gas into the cylinder near the
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end of the compression stroke. A high energy heat source, such as a diesel pilot injection, is
used to ignite the transient gas jet early in the injection process. The natural gas fuel is burned
as a diffusion flame along the periphery of the jet where fuel and oxidized mix both during
and after injection.

In each case, in order to inject the quantity of fuel required in the short times available,
as small as a few milliseconds [55], large pressure ratios across the injector nozzle are
required and usually result in choked flow. Due to manufacturing and practical nozzle design
limitations, the DI injection of natural gas typically results in an underexpanded jet with sonic
flow at the nozzle exit. For the conditions typically encountered in these injection cases, flow
after the nozzle becomes supersonic and produces a number of complex flow structures which
may include expansion waves, compression waves, oblique shock, normal shock, and free
shear layers.

In order to maximize combustion efficiency while reducing emissions it is important
to understand the mixing between the injected fuel and oxidizer and be able to predict the
physical process using computational fluid dynamic (CFD) tools within engineering accuracy.
However, accurate modeling of underexpanded gas injections requires the numerical method
employed to be able to resolve or model both the large and small scales of the turbulent flow
while simultaneously capturing shock. Although numerous numerical schemes have been
developed to concurrently model these flow characteristics [15, 36, 38], the vast scope of
which is not covered in this study, the majority of commercial codes available do not include
these numerical options. Furthermore, the practical engineering development of engines often
requires the use of low order finite volume methods(FVM) [71] in order to accurately
represent the complex, moving, geometries encountered in engines. This study aims to
elucidate the effects of modeling a supersonic underexpanded gas injection with the
commercial FVM CFD code ConvergeTM, and compare it to a high-order Hybrid
Central/WENO-Z difference scheme. Currently, there is little published data exploring the use
of FVM methods for the modeling underexpanded jets. In Addition to the 3D CFD analysis
conducted in this study, an analysis code is developed in Matlab based on one-dimensional
(1D) gas dynamics and empirical relations to produce a fast running tool to initially predict
some basic flow structures and characteristics of the gas jet.

1.2 BACKGROUND ON GAS JETS
In this section, relevant studies describing both analytical and empirical models of gas

jets and their structures are discussed and summarized. Literature and studies on the nature
and physics of gas jets are numerous and span a large area of applications. Although this
study will focus on turbulent compressible underexpanded jets, the erudition gained from the
study of all types of jets has relevance to this study.



3

The transient behavior of a starting jet has been studied by numerous authors and
analytical and empirical models describing characteristics such as jet angle, velocity, and
penetration as a function of time have been developed. In 1962, Turner [67] described the
structure of buoyant plumes while studying their atmospheric mixing. He described the
developing plumes as a spherical vortex head cap that is supplied with mass and momentum
from a jet plume. Abramovich and Sloan [3] used Turner’s model to develop an expression for
the near and far field velocity of the vortex head in a laminar liquid jet. They found that the
vortex head velocity was approximately half that of a steady state jet at the same axial
location. They also showed that the jet half width velocity and maximum axial velocity
displayed characteristics of self-similarity. Additionally, Abramovich and Sloan’s study made
the jet appear to start at a virtual origin the location of which was found to be proportional to
the exit diameter and Reynolds number. Witze used Turners model to develop differential
equations that describe the jets position, velocity, and spherical vortex volume [73]. In his
model, the jet was approximated as a spherical vortex that is supplied with mass and
momentum from a quasi-steady jet without additional fluid entrainment. Witze developed his
models based on incompressible air jets with a Reynolds numbers between 6,000 and 12,000
and showed a linear dependence between penetration at early times in the injection and a
square root dependence at later times. Lahbabi et al. [43] investigated the injection of ink into
water with Reynolds numbers of 2,600 and their data agreed well with the relations developed
by Witze. Johari et al. and Joshi and Schreiber [37, 40] studied dyed water with Reynolds
numbers varying from 5,000to 20,000 and 12,600 respectively. Their penetration data was
normalized in the same manner as Witze and displayed similar behavior. Hill and Ouellette
(1999) [32] studied transient turbulent jets and developed an analytical relationship for spray
penetration based on the model developed by Witze. In their model, momentum is supplied
through an orifice to the quasi-steady state jet and then passed to the vortex head. However,
Hill and Ouellette accounted for the entrainment of low momentum ambient fluid using an
entrainment relationship reported by Ricou and Spalding [59]. The relationship developed
between penetration and time agreed with the relationship that Abraham et al. [2] developed
for idealized incompressible jets with different density than the ambient surroundings.

When the pressure ratio between the the nozzle exit and the ambient chamber is
greater then 1, the flow is considered underexpanded [75]. For the nozzle geometry used in
this study, a converging nozzle, the exit flow is choked and the mach number is 1. Upon
exiting the nozzle the flow expands, producing complex flow structures including expansion
and compression waves and shock. If the pressure ratio is above approximately 2.1 [16],which
is the focus of this study, a barrel shaped structure that terminates with a normal shock, known
as a Mach disk, will be present. Ewan and Moddie [23], Birch et al. [7], and Ouellette [47]
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proposed a pseudo-diameter model that allows the use of the classical jet theories discussed
above. Ewan and Moddie [23] also developed a relationship for the axial length between the
nozzle exit and the Mach disk based on the pressure ratio and nozzle exit diameter.

In addition to the studies mentioned above, analytical models describing the behavior 
of steady laminar and turbulent jets can be found in the works of Schlichting, Pope, and White 
[53, 61, 72].

1.3 BACKGROUND ON NUMERICAL SIMULATION
OF UNDEREXPANDED JETS

In this section, a review of previous numerical work pertaining to jets is discussed
with a focus on Large-eddy simulation models. Additionally, a review of studies relevant to
the use of the high order Hybrid Central/WENO-Z method is discussed.

In order to accurately predict turbulent flow, a numerical simulation must be 
sufficiently refined to capture both the largest and smallest scales of the flow. When a 
simulation is sufficiently refined and the governing equations are solved without modeling, 
the simulation is considered a Direct Numerical Simulation (DNS). However, because of the 
large disparity in scales and associated computational cost required when resolving them, it is 
recommended that DNS only be used for fundamental research and not suitable for practical 
engineering applications [45]. In contrast, large-eddy simulations (LES) resolve the large 
scale flow fields of a turbulent flow and model the small scale. This approach is less costly 
then DNS and is considered a suitable means of modeling flows of practical interest [26]. The 
use of LES to simulate sub-sonic incompressible jets has been well established since the mid 
1990’s and can be reviewed in the studies of Vuorinen et al., Kim and Choi, Olsson and 
Fuchs, and Boersma et al. [8, 42, 46, 70].

The use of LES for simulating supersonic jets has just recently been explored
[18, 41, 44, 57]. Sufficiently refining the domain to accurately model the turbulent flow while 
simultaneously capturing the shocks associated with supersonic flows is problematic. Because 
of the highly refined meshes required for LES simulation, the discontinuities caused by shock 
often result in oscillations and numerical instability that are not artificially dissipated by large

mesh elements. To address this problem, authors have developed various techniques to add
dissipation to the simulation. One model used to add dissipation is the application of a
low-pass filter as described by Bogey and Baily [9]. In order to retain a high order of
accuracy, the filter is chosen to have the same or greater order of accuracy as the numerical
scheme. However, it has been noted that filters higher then second order may not remove
Gibbs oscillations near shocks [52]. In 2005, Cook and Cabot introduced the hyperviscosity
CC model [14]. The CC method models the the bulk viscosity of the viscous stress tensor
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adding viscosity to damp oscillations caused by shock. Since the bulk viscosity only affects
the dilation part of the viscous stress tensor, the CC model only activates in regions near
shocks, avoiding adding additional dissipation in the rest of the domain.

All the previously mentioned LES studies were based on high order finite difference 
numerical methods. The goal of this study is to lay the ground work for simulating a 
supersonic gas jet in the actual complex geometries encountered in an internal combustion 
engine using a commercially available code. Therefore, a low order FVM is required. 
However, there are few studies involving supersonic flows using FVM. In 2011, Pirozzoli 
described the lack of studies using FVM in compressible supersonic applications [52]. 
Presently, the only known studies using FVM for the simulation of underexpanded supersonic 
gas jets were performed by Vuorinen et al. in 2013 and 2014 [69, 71]. In 2013, Vuorinen et al. 
simulated a series of underexpanded gas jets at different pressure ratios using the FVM with 
an unstructured grid [71]. For this study, they modeled the injection of high pressure Nitrogen 
(N2) into a quiescent low pressure chamber of N2. The results agreed well with planner laser 
induced florescence experimental (PLIF) data [74] that the simulation was mimicking and the 
general structures observed by Ewan and Moodie [23]. A follow on study was performed by 
Vuorinen et al. in 2014 with the same setup but with the exception that the high pressure gas 
was methane (CH4) [69].

Both studies used FVM but implemented the CC hyperviscosity model to aid in
capturing shock. However, most commercial codes only offer basic LES models without the
option of the models and methods mentioned above. The current study aims to replicate the
5.5 pressure ratio simulation of Vuorinen et al. [71] using the ConvergeTM commercial CFD
software without an added shock capturing model.

In order to thoroughly asses the suitability of the commercial model, a concurrent 
study will be performed using a high-order Hybrid Central/WENO-Z difference scheme 
specifically developed to accurately capture shock and turbulence interactions. The hybrid 
scheme is a San Diego State University proprietary CFD code based on the work of numerous 
authors including Costa, Don, Jacobs, and Suarez [15, 35, 66]. The hybrid method relies on 
the use of a high-order central difference scheme to efficiently and accurately capture the 
smallest resolved scales of the flow. However, central difference schemes are susceptible to 
oscillations and instability in the presence of shock. ENO, WENO, and WENO-Z schemes 
have been developed to overcome these oscillations while maintaining high orders of accuracy 
but at the expense of computational cost [15, 35, 38, 65]. In order to maintain computational 
efficiency, Costa and Don [15] developed a hybrid code that uses an algorithm that asses the 
smoothness of the flow solution and switches between the central difference scheme and the 
WENO-Z scheme when appropriate. This method has been successfully used to simulate
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turbulent high speed flows with shock including the simulation of a supersonic circular jet
injection into a supersonic cross flow [15, 35, 66]. A modified version of the code used by
Suarez is used in this study as a baseline case.

1.4 CONTRIBUTIONS AND OUTLINES
The primary contribution of this thesis is to develop and asses the methodology for

simulating a supersonic underexpanded gas jet in a commercially available finite volume CFD
code. This thesis will provide basic guidelines which can be used to simulate similar flows in
more practical engineering problems such as internal combustion engines. Furthermore, this
thesis will provide insight into the limitations of using this method by comparing it to the
more accurate, but less practical Hybrid code. The first part of this thesis will discuss the
information needed to thoroughly understand the problem described. The second part will
present and discuss the results of both the 1D and 3D codes used in this study.

In Chapter 2 , the governing equations, there simplification, and the numerical
methods used to approximate them are discussed. Chapter 3 will discuss the the background
information and previous studies used to develop the 1D prediction code. In Chapter 4, the 1D
and 3D model setup will be discussed. Chapter 5 will present the results of the 3D analysis.
Finally, Chapter 6 will discuss conclusions and recommendations of possible future work.
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CHAPTER 2

NUMERICAL MODELING

In this chapter, the governing equations describing three-dimensional (3D) fluid flow
and the numerical methods used to solve them for each individual CFD code are presented.
Additionally, the simplified governing equations used in 1D analysis will be presented. Both
CFD codes used in this study were developed for solving unique and different problems and
therefore use different numerical methods, simplifications, and models to solve the governing
equations. Each method has their advantages and disadvantages which will be discussed
further.

2.1 GOVERNING EQUATIONS

2.1.1 Navier-Stokes Equations
Compressible flows are governed by the Navier-Stokes equations which describe the

conservation of mass, momentum, and energy

∂ρ

∂t
+
∂ρui
∂xi

= 0, (2.1)

∂ρui
∂t

+
∂ (ρuiuj)

∂xj
=

∂

∂xj
(−pδij + σij) , (2.2)

∂ρE

∂t
+
∂ ((ρe+ p)uj)

∂xj
=

∂

∂xj
(σijui) +

∂

∂xj

(
−k ∂T

∂xj

)
, (2.3)

where t and xi are independent variables representing time and spatial location in a Cartesian
coordinate system. The three components of any vector in 3D space are denoted as
ni (i = 1, 2, 3) and the summation convention over repeated indices applies. Additionally, ρ is
the density, ui is the velocity, p is the pressure, and T is the temperature of the fluid. Pressure
is coupled to density and temperature by the equation of state, which for this study is the ideal
gas law

p = ρRT, (2.4)

where R is the gas constant which is defined as R = Cp−Cv. Cp and Cv are the specific heats
at constant pressure and constant volume. σij is the viscous stress tensor and is defined as
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σij = µ

(
∂ui
∂xj

+
∂uj
∂xi

)
+

(
µ′ − 2

3
µ

)(
∂ui
∂xj

δij

)
, (2.5)

where µ is the dynamic viscosity, µ′ is the dilational viscosity which according to Stokes
hypothesis is assumed u′ = 0, and δij is the Kronecker delta. Variations in µ with
temperature, T , are calculated using Sutherland’s Law

µ (T ) = µ (T0)

((
T

T0

) 2
3 T0 + S1

T + S1

)
, (2.6)

where S1 = 110.4K and is valid from 100K to 1900K.
In eq. (2.3), e is the total energy per unit mass and is given by

e =

(
1

ρ

)
p

γ − 1
+

1

2
ρuiui, (2.7)

and k is the thermal conductivity which can be expressed as

k =
µCp
Pr

, (2.8)

where Pr is the Prandtl number. Additionally, an equation for a passive scalar is solved in the
commercial code in order to study mixing

∂ρc

∂t
+
∂ρcuj
∂xj

=
∂

∂xj
ρDc

∂c

∂xj
, (2.9)

where Dc is the species diffusivity.

2.1.2 Euler Equations
It has been shown both experimentally and numerically that in the shock containing 

region of a supersonic jet the effects of the viscous forces are minimal and the flow may be 
considered inviscid [13, 17, 54, 62, 63]. Furthermore, the vortex dynamics in a shear 
layer, like that encountered downstream of the shock region of an underexpanded jet, have 
been shown to be inviscid [28, 33]. As such, the Navier-Stokes equations can be simplified 
resulting in the Euler Equations. The Hybrid code solves the Euler equations which can be 
written in conservative form as

∂U
∂t

+
∂F
∂x

+
∂G
∂y

+
∂H
∂z

= 0, (2.10)

where U, F, G, and H are the vectors
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U =


ρ

ρu

ρv

ρw

E

 ,F =


ρu

ρu2 + p

ρuv

ρuw

u (E + p)

 ,G =


ρv

ρuv

ρv2 + p

ρvw

v (E + p)

 ,H =


ρw

ρuw

ρvw

ρw2 + p

w (E + p)

 , (2.11)

and E is the total energy given by

E =
ρ (u2 + v2 + w2)

2
+

p

γ − 1
. (2.12)

2.1.3 1D Govenring Equations
Flow inside of a nozzle is generally dominated by motion in 1 dimension. It is often

convenient to analyze the flow using the governing eqs. (2.1) to (2.3) in the lossless
one-dimensional conservative form:

∂ρ

∂t
+
∂ρu

∂x
= 0, (2.13)

∂ρu

∂t
+
∂ (ρu2 + p)

∂x
= 0, (2.14)

∂ρÊ

∂t
+
∂
((
ρÊ + p

)
u
)

∂x
= 0, (2.15)

where Ê is the total energy given by

Ê =
ρ (u2)

2
+

p

γ − 1
. (2.16)

2.1.4 Large Eddy Simulation
Turbulent flows such as the jet investigated in this study exhibit flow structures that

encompass a large rage of scales. In numerical simulations, Equations (2.1) to (2.3) are valid
only if the grid is resolved fine enough to capture all the scales of the flow, which is referred to
as DNS simulation. Studying flows in this manner is often impractical due to the
computational costs involved [53], so various turbulence models have been developed to
model the turbulent behavior of the fluid in the sub-grid scales (SGS). In this study,
Large-eddy Simulation (LES) models are used in the commercial code. The steps involved in
LES can be summarized in four parts [53]. First, a filtering operation is used to decompose
the velocity field ui(x, t) into a resolved, or filtered, component and a sub-grid scale, or
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residual, component. Secondly, The filtered velocity field is applied to the governing
equations which results with the momentum equation containing the additional residual-stress
tensor. The third step involves modeling the residual-stress tensor so that closure can be
achieved. Finally, the modeled filtered equations are solved numerically.

The velocity is decomposed into a filtered, or resolved, velocity field and a sub-grid
velocity field defined as

ui = ui + u′i, (2.17)

where the over-bar indicates the resolved velocity and the prime indicates the sub-grid
velocity. In order to avoid having to model the SGS in the mass conservation equation for
compressible flows, Favre [24] introduced a density-weighted filtering operation defined for
any arbitrary quantity φ

φ̃ =
ρφ

ρ
. (2.18)

When eq. (2.18) is implemented into eq. (2.17) and then substituted into eqs. (2.1) to (2.3) the
resulting conservation of mass, momentum, and energy LES equations are

∂ρ

∂t
+
∂ρũj
∂xj

= 0, (2.19)

∂ρũi
∂t

+
∂ (ρũiũj)

∂xj
= −∂P

∂xi
+
∂σij
∂xj
− ∂τij
∂xj

, (2.20)

∂ρe

∂t
+
∂ ((ρe+ p) ũj)

∂xj
=

∂

∂xj
(σ̃ijũi) +

∂

∂xj

(
−k ∂T̃

∂xj

)
, (2.21)

where τij is the residual stress tensor and is defined as

τij = ρ (ũiuj − ũiũj) . (2.22)

In order to close this system of equations, the residual stress tensor must be modeled.
For the commercial code used in this study, the residual stress tensor is modeled using the
dynamic Smagorinsky model, which is a modified version of the Smagorinsky model in
which the constant, Cs, becomes dependent on time and space and is discussed in detail in the
Convergetm Theory Manual [58]. The Smagorinsky model is a zero-equation LES model in
which the sub-grid stress tensor is modeled as

τij = −2νsgsS̃ij. (2.23)
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the turbulent viscosity, νsgs, is related to the magnitude of the strain rate tensor,
∣∣∣S̃∣∣∣, and cell

size [26]:

νsgs = C2
s∆2

∣∣∣S̃∣∣∣ , (2.24)

where ∣∣∣S̃∣∣∣ =
(

2S̃ijS̃ij

) 1
2
. (2.25)

The constant, Cs, is evaluated as

Cs =
1

π

(
3k0

2

)− 3
4

∼ 0.18, (2.26)

and the Kolmogorov constant, K0, is 1.4. ∆ is evaluated as

∆ = (∆x∆y∆z)
1
3 . (2.27)

The dynamic Smagorinsky model uses an algorithm to determine the time and spatial
dependence of the constant Cs. In order to determine the dynamic value of Cs, a second
filtering process called the test filter, ∆̂, is required and typically has a value of double ∆. The
residual stress based on single filtering, τij , and double filtering, Tij , operations are

τij = ρ (uiuj − uiuj) , (2.28)

Tij = ρ
(
ûiuj − ûiûj

)
. (2.29)

The Germano identity can be used to relate the single and double stress tensor [27]

Lij = Tij − τij, (2.30)

where Lij is the Leonard stress term. The Smagorinsky model of the deviatoric part of Lij is
given by

Lij −
1

3
Lkkδij = C2

s,dynMij, (2.31)

where

Mij = 2∆̂2
∣̂∣S∣∣Sij − 2∆̂2

∣∣∣Ŝ∣∣∣ Ŝij. (2.32)

Cs,dyn is the dynamic Smagorinsky coefficient and Sij is the rate of strain tensor. The sub-grid
stress tensor is
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τij = −2C2
s,dyn

∣∣S∣∣ ∣∣Sij∣∣ . (2.33)

eq. (2.31) is solved for Cs,dyn by minimizing the square error averaged over all independent
tensor components

C2
s,dyn =

MijLij

MijMij

. (2.34)

The final step in LES simulation involves solving the modeled and filtered equations
numerically. In order to accurately represent the complex geometries used in engine
simulations, the finite volume method is used to approximate the governing equations. In the
FVM, the integral form of the governing equations are discretized over the domain. the
integral form of the equation is solved by summing fluxes on the faces of the cells. All
variable values are co-located at the cell centers and are interpolated to the cell surfaces using
a centered method. The resulting system of algebraic equations are solved using a point-wise
Successive Over-Relaxation method. Pressure-velocity coupling is accomplished using the
Pressure Implicit with Splitting of Operators (PISO) method. Under-relaxation is used to aid
in the iterative convergence and the values are set to the values recommended by Converge
[58] and can be seen in table 2.1. Additionally, the convergence criteria used by the iterative
solver are set to recommended values and are also listed in table 2.1. The equations are
integrated over time using a fully implicit method that is first order accurate in time.

Table 2.1: Under-relaxation and convergence criteria values used
in study.

Equation Under-relaxation Value Convergence Criteria
Pressure 1.3 1.0 ∗ 10−8

Pressure Ratio 0.7 −
Momentum 1.0 1.0 ∗ 10−4

Energy 1.0 1.0 ∗ 10−4

Mass 1.0 1.0 ∗ 10−4

Species 1.0 1.0 ∗ 10−4

Passive 1.0 1.0 ∗ 10−4

2.1.5 High Order Hybrid WENO-Z Central
Difference Simulation

The Hybrid code uses a combination of a high order non-dissipative central finite
difference scheme (CeFD) and a high order weighted essentially non-oscillatory (WENO-Z)
method to solve the three-dimensional Euler equations. The computational efficiency,
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simplistic implementation, and high order accuracy of the CeFD schemes make there use 
highly desirable. However, discontinuities encountered in compressible flow, such as shock, 
can cause oscillations known as Gibbs Phenomenon. Oscillations caused by the Gibbs 
phenomenon may lead to loss of accuracy and eventually uncontrolled instabilities if not 
artificially dissipated. One method of dissipating these oscillations is by increasing the grid 
size. However, this is not practical because of an associated loss of accuracy and the 
requirements of high refinement in order to accurately capture the turbulent flow. As a result, 
essentially non-oscillatory (ENO) schemes have been developed to counteract the Gibbs 
phenomenon [64, 65]. WENO and WENO-Z schemes were developed as an improvement to 
ENO schemes in that they offer a higher order of accuracy for a given stencil size
[10, 35, 36, 38]. The Hybrid scheme employs the computationally fast CeFD in regions where 
the flow solution is deemed smooth by a high order multi-resolution switching algorithm and 
uses the WENO-Z scheme developed by Borges et al. [10] at locations of large gradients and 
discontinuities such as shock.

A CeFD scheme of n order can be used to approximate the derivative of order m of a
function f at grid point xi, on a uniformly spaced Cartesian grid as

dk

dxk
f (xi) =

1

(∆x)k

n∑
j=−n

ckjfi+j, k = 0, 1, ...,m, (2.35)

where cmj are the Lagrangian weights [25].
As a result of the non-dissipative nature of the CeFD scheme, artificial oscillations

which can lead to inaccuracy and numerical instability may occur. To prevent this, a high
order smoothing filter is applied. For a function f(x), a filtered function of order n at grid
point xi can be given as

f̂i =
n∑

j=−n

αjfi+j, (2.36)

where αj are filtering weights which are chosen to ensure the approximation order of the
filtered function remains high and oscillations at high wavenumbers are attenuated [68].

In order to avoid interpolations across discontinuities such as shock, ENO [64, 65],
WENO [36, 38], and WENO-Z [10, 35] schemes use non-linear weights based on divided
differences of the numerical solution [15]. A fifth-order WENO-Z scheme applied to a
one-dimensional scalar case will be presented. However, the extension of this method to a
larger system of equations in multiple Cartesian dimensions is straightforward.

The cell centers of a uniform grid are defined by the points xi = i∆x, i = o, ..., N ,
with the cell boundaries given by xi+ 1

2
= x1 + ∆x

2
. Using the method of lines, a

semi-discretized form of eq. (2.10) results in a a system of ordinary differential equations
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∂ui(T )

∂t
= −∂f

∂x
|x=xi , i = o, ..., N, (2.37)

where ui(t) is a numerical approximation to the value u(xi, t).
In order to form the flux differences across the uniformly-spaced cells, high-order

consistent numerical fluxes at the cell boundaries are required. The numerical flux function
h(x) is implicitly defined as

h (x) =
1

∆x

∫ x+ ∆x
2

x−∆x
2

h (ξ) dξ, (2.38)

so that the spatial derivative in eq. (2.37) is expressed exactly by a conservative finite
difference formula at the cell boundaries

∂ui(T )

∂t
=

1

∆x

(
hi+ 1

2
− hi− 1

2

)
, (2.39)

where hi± 1
2

= h
(
xi± 1

2

)
. High order polynomial interpolations to hi± 1

2
are computed using

the known grid values fi = f (xi).
The fifth-order WENO-Z scheme uses a 5-point stencil, S5, which is subdivided into

three 3-point stencils S0, S1, S2 as depicted in fig. 2.1. The fifth-order polynomial
approximation f̂i± 1

2
= hi± 1

2
+O (∆x5) uses the convex combination of the interpolated

values f̂k
(
xi± 1

2

)
, where fk (x) is the third degree polynomial in each one of the stencils Sk

f̂i± 1
2

=
2∑

k=0

ωzkf̂
k
(
xi± 1

2

)
, (2.40)

and

f̂k
(
xi± 1

2

)
=

2∑
j=0

cjkfi−k+j, i = o, ..., N. (2.41)

cjk are the Lagrangian interpolation coefficients [36] and ωzk are the WENO-Z weights defined
as

ωzk =
αzk

2∑
l=0

αzl

, (2.42)

where

αzk =
dk
βzk
, k = 0, 1, 2. (2.43)
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The coefficients do = 3
10
, d1 = 3

5
, d2 = 1

10
are called the ideal weights since they generate the

central upstream fifth-order scheme for the S5. ωzk are a function of the smoothness indicators
βzk , which is defined as

βzk =
1(

1 +
(

τ5
βk+ε

)2
) , (2.44)

where ε is a very small and used to avoid division by zero in the denominator.

Figure 2.1: Uniform computational grid xi and the 5-point stencil, S5, composed of the 3-point
stencils S0, S1, S2, used in WENO-Z scheme

βk is a classical smoothness indicator that measures the regularity of the kth
polynomial approximation of fk(xi) at the stencil Sk and are given by

βk =
2∑
l=1

∆x2l−1

∫ x
i+ 1

2

x
i− 1

2

(
dl

dxl
f̂k (x)

)2

dx. (2.45)

The expression of βk in terms of the cell averaged values of f (x), fi, are given by

β0 =
13

12
(fi−2 − 2fi−1 + fi)

2 +
1

4
(fi−2 − 4fi−1 + 3fi)

2 , (2.46)

β1 =
13

12
(fi−1 − 2fi + fi+1)2 +

1

4
(fi−1 − fi+1)2 , (2.47)

β2 =
13

12
(fi − 2fi+1 + fi+2)2 +

1

4
(3fi − 4fi+1 + fi+2)2 , (2.48)

and
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τ5 = |β0 − β2| . (2.49)

All values of βzk are less than 1 and are all close to 1 at smooth parts of the solution.
The idea of the weighting system is that on smooth parts of the solution the indicators

βk are all small and about the same size, creating weights ωk that are good approximations of
the ideal weights dk. By contrast, if the stencil Sk contains a discontinuity, βk is O(1) and the
corresponding WENO-Z weight ωk is small relative to the other weights. The relatively small
weights makes the influence of the polynomial approximation of hi± 1

2
taken across the

discontinuity diminish to the point where the convex combination, eq. (2.40), is essentially
non-oscillatory. A theoretical representation of this can be visualized using fig. 2.1. If a
discontinuity is present in stencil S2, β2 will be much larger then β0 and β1. When applied
to eq. (2.42), the WENO-Z weight, ωz2 , is a small number and has little influence in the convex
combination, eq. (2.40).

The hyperbolicity of the Euler equations, eq. (2.10), admits a complete set of right and
left eigenvectors for the Jacobian of the system [5]. The approximated eigenvalues and
eigenvectors are obtained via the Roe averaged Jacobian. The first order Lax-Friedrichs flux is
used as a low order building block for the high order reconstruction step of the WENO
scheme. After projecting the fluxes on the characteristic fields via the left eigenvectors, the
high order WENO reconstruction step is applied to obtain the high order approximation at the
cell boundaries using the surrounding cell-centered values, which are then projected back into
the physical space via the right eigenvectors and added together to form a high order
numerical flux at the cell interfaces. The conservative difference of the reconstructed high
order fluxes can then be computed for inviscid flux [66]. A more detailed description of this
process can be found in [5].A third-order 3 stage Runge-Kutta TVD scheme (RK3) is
employed for the temporal evolution of the resulting ODE with a user defined CFL number.

For the Hybrid scheme to be effective, the smoothness of the solution at each grid
point at a given time is assessed using high order Multi-Resolution (MR) analysis developed
by Harten [30]. The high order MR analysis ensures that appropriate numerical spatial
scheme, CFeD or WENO-Z, is used thereby reducing computational cost in locations where
the WENO-Z scheme is not required.

Given an initial number of grid points, N0, and the grid spacing, ∆x0, consider a set of
nested dyadic grids up to a level L < log2N0

Gk =
{
xkj , j = 0, ..., Nk

}
, (2.50)

where xkj = j∆xk, ∆xk = 2k∆x0, Nk = 2−kN0 and the cell averages f̄kj of the function f at
xjk are
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f̄ jj =
1

∆xk

∫ xkj

xkj−1

f (x) dx. (2.51)

Let f̃k2j−1 be the approximation to f̄k2j−1 by the unique polynomial of degree 2s that
interpolates f̄kj+l, l ≤ s at xkj+l, where r = 2s+ 1 is the order of approximation.

The approximation error, or MR coefficients, dkj = f̄k−1
2j−1 − f̃k−1

2j−1, at the kth grid level
and grid point xj , have the property that if f(x) has p− 1 continuous derivatives and a jump
discontinuity at it’s pth derivatives denoted by [·], then

dkj =

{
∆xpk [fp] p ≤ r,

∆xrk [f r] p > r.
(2.52)

The MR coefficient dkj measures how close the data at the finer grid xk−1
j can be

interpolated by data at a coarser grid xkj . It follows that

dkj ≈ ∆2−p̄ dkj , p̄ = min {p, r} , (2.53)

which implies that away form discontinuities, The MR coefficients diminish in size with the
refinement of the grid at smooth parts of the solution and remain the same size close to
discontinuities independent of k. The first level MR coefficients d1

j are sufficient for detecting
high gradients or shocks. As a result, only the k = 1 level will be used for shock detection and
the superscript 1 will be dropped from d1

j .
The algorithmic implementation of the Hybrid scheme follows the following steps:

1. The MR analysis is performed on a given variable, density in this case, at the beginning
of the Runge-Kutta time stepping scheme. Grid points are flagged as non-smooth based
on the smoothness sensor

Flagi =

{
1 di > εMR,
0 otherwise,

(2.54)

where εMR is a user input.

2. A buffer zone based on the order of the CFeD and WENO-Z code is placed around all
points flagged as non-smooth

3. The computationally efficient CFeD scheme computes the flux across the entire
computational domain. Then, the WENO-Z scheme is used to calculate and overwrite
the flux at points flagged as non-smooth

The Hybrid scheme used in this simulation was chosen to have the approximation
orders of 6, 6, 8, and 5 for the central finite difference, MR analysis, smoothing, and
WENO-Z schemes respectively. These values were chosen according to the guidelines
discussed in [66].
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CHAPTER 3

TURBULENT JETS

For practical engineering design and development problems, it is often convenient to
have a tool that can quickly estimate design and operation guidelines before investment in
more detailed analysis is made. Pertaining to this study and the application of gas injection, a
development tool, referred to as the Gas Injection and Analysis Tool (GIAnT), based on 1D
gas dynamics and empirical relations was constructed in MATLAB and Simulink Student
Version. In this chapter, the background information and previous studies used in GIAnT’s
development will be discussed. An overview of the capabilities of the tool will be discussed
towards the end.

The gaseous jet discharged from an injector can be categorized into three separate
types depending on the duration of injection. As the injection starts, a vortex head is formed
and propagates away from the nozzle [6]. If the injection is short and all the injected fluid is
contained within the vortex head, the jet is referred to as a puff jet. If the injection continues
after the initial formation of the vortex head, a quasi-steady state jet is formed behind the
propagating vortex head and this type of jet is referred to henceforth as a transient jet. If fuel
is continuously injected and the vortex head has passed out of the area of interest and the
region behind the vortex head is fully formed, the jet may be thought as a steady jet.

Flow visualization and 1D isentropic gas dynamic analysis has shown that transient
jets are typical for engine applications [12]. Because of the development of a quasi-steady jet
behind the propagating vortex head of a transient jet, we are able to draw upon the vast library
of research for for both steady and transient jets to help better understand the physics of the
gas injection.

3.1 INCOMPRESSIBLE STEADY JETS
A gaseous jet can be thought of as incompressible if its Mach number is less then 0.3,

M < 0.3. The basic structure of a steady incompressible jet injected into an atmosphere of
similar density includes 3 regions as seen in fig. 3.1[56]. The first region is called the potential
core region. In this region, the jet is not influenced by viscous effects. As a result, the
potential core region has the same velocity as the nozzle exit. The second region is the
development region. Viscous effects start to diminish the size of the potential core in this
region. As the flow moves axially along the centerline of the jet, the potential core eventually
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disappears. The location where the centerline velocity, U0,z, of the jet no longer equals the
exit velocity of the jet, Un, is the third region and is known as the fully developed region.

Figure 3.1: 3 zone structure of a subsonic circular round jet.

The fully developed region also exhibits the characteristic of self-similarity. The
velocity Ur,z, where r is the distance radially from the centerline of the jet and z is the
distance along the centerline from the nozzle exit, normalized by the centerline velocity U0,z

is only a function of the non-dimensional distance

eta =
r

r∗
, (3.1)

where r is a radial distance from the centerline at z and r∗ is a normalized radial distance
generally taken to be r 1

2
, which is defined as the radial distance where

Ur,z =
U0,z

2
. (3.2)

Additionally, in the fully developed region the centerline velocity, U0,z, normalized by the
nozzle exit velocity, Un, can be defined by

U0,z

un
=

Kd
z−z0
dn

, (3.3)

where Kd is a constant that is reported as ≈ 5 and z − z0 is the distance from the virtual origin
z0 [47, 73]. The virtual origin is found by plotting Un

U0,z
as a function of z

dn
. The result is a

straight line that intercepts the x-axis at the virtual origin z0.
As the fluid is injected, fluid from the atmosphere is entrained. The rate of entrainment

ṁent is found to be proportional to the distance from the nozzle and rate of mass injection
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from the nozzle ṁn [59]. The total mass flow at a particular cross-section of a jet can be
found using

ṁent

ṁn

= 0.32
z

dn
. (3.4)

A gas that is injected into an atmosphere with a different density displays different
behavior. In this case, U0,z and ṁent can be found by using an equivalent diameter deq,

deq = dn

(
ρ0

ρch

) 1
2

, (3.5)

U0,z

un
=

Kd
z−z0
deq

, (3.6)

ṁent

ṁn

= 0.32
z

deq
, (3.7)

where ρ0 is the density of the gas in the upstream high-pressure reservoir and ρch is the
density of the gas in the low pressure chamber, or atmosphere.

3.2 COMPRESSIBLE STEADY JETS
Like the incompressible jet, the observation of self-similarity is still valid in the fully

developed region where the local Mach numbers are low. However, the effects of
compressibility need to be accounted for in the scaling. To account for the compressibility, deq
is calculated by replacing ρ0 with ρn,

deq = dn

(
ρn
ρch

) 1
2

, (3.8)

where ρn is the density of the gas at the nozzle exit [47].
By using the equations above, the position of a fluid element along the centerline as a 

function of time, for both the compressible and incompressible jet, can be found by 
integrating the centerline velocity with respect to time [1, 55].

Ucl = Un
Kd
z
deq

=
dz

dt
, (3.9)

z = (2kdUndeqt)
1
2 . (3.10)

Using equation (3.10) jet penetration therefore follows the general scaling

z ∝ (Undeqt)
1
2 . (3.11)
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3.3 INCOMPRESSIBLE TRANSIENT JETS
Turner showed that a transient or impulsively started jet can be modeled as a

quasi-steady jet feeding a moving vortex head which is represented in fig. 3.2 [67]. Turner
showed using a mass and momentum balance that the proposed model was consistent with
experimental data. Abramovich and Sloan [3] used Turners model and showed a dependency
of the tip penetration on the square-root of time for a laminar jet. The laminar jet was
modeled the same as Turner’s with a quasi-steady jet feeding both mass and momentum to a
vortex head. The vortex head’s momentum was reduced by drag and the need to accelerate the
surrounding fluid. It was assumed that no mixing takes place in the vortex head with the
surrounding fluid and the internal structure of the vortex was ignored. The vortex head was
found to move at approximately half the speed of the corresponding location’s steady-state
velocity. They found that tip penetration and velocity compared favorably with experimental
data. Witze [73] showed experimentally that for impulsively started jets the center-line
velocity is reached quickly after the arrival of the vortex head and the steady-state velocities
were in agreement with steady-state jet jet theory.

Figure 3.2: Turners model of an impulsively started jet showing a quasi-steady jet feeding a
moving vortex head.

Wietz also defined characteristic time and length scales for his study of impulsively
started jets with same density as the surrounding fluid [73]

t∗n,ρ =
dn
Un
, (3.12)

z∗nρ = dn, (3.13)

where n identifies the nozzle exit and ρ identifies the jet and atmosphere as having equivalent
densities. Witze showed a linear relationship between penetration and time at early times in
the injection and a square root dependence at later times [73]. Lahbabi et al. [43] determined
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experimentally a best fit for tip penetration of turbulent jets with same density as the
atmosphere was given by:

z◦n,ρ = 2.1 + 2.9
√
t◦n,ρ, (3.14)

where t◦n,ρ and z◦n,ρ are non-dimensional time and penetration defined as

t◦n,ρ =
t

t∗n,ρ
, (3.15)

z◦n,ρ =
Zt
z∗n,ρ

, (3.16)

with Zt defined as the jet tip penetration.
Johari et al. [37] studied jets ranging in Reynolds number from 5000 to 20000 and

penetration data was normalized with the same time and length scales as Wietz. The data was
corrected so that Z0 was corrected with the virtual origin

z�n,ρ = α
√
t∗n,ρ, (3.17)

where α ranged from 2.14 to 2.58 with an average of 2.4, as compared to the 2.9 reported by
Lahbabi [43].

Abraham et al. [2] developed a relationship between penetration and time for an
idealized incompressible jet with differing density then ambient surroundings

Z√
ρn
ρch

α

√√√√ tun

dn

(
ρn
ρch

) , (3.18)

which suggests the following distance and time scales which are equivalent to deq and deq
Un

d+
n =

√
ρn
ρch

dn, (3.19)

t+n =

√
ρn
ρch

dn
un
. (3.20)

Hill and Ouellette [32] developed an analytical relationship for penetration also using
Turners model [67]to describe the jet geometry. The jet in their model is constantly supplied
with momentum from the nozzle orifice, and that momentum is passed between the
quasi-steady state jet and the vortex head. The entrainment of low momentum ambient fluid is
assumed to follow the relationship reported by Ricou and Spalding

ṁent

ṁn

= ks
z

dn
= k

√
ρch
ρn

z

dn
, (3.21)
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where ks is an entrainment constant which is defined as ks = 0.32 [59].
Hill and Ouellette use self-similarity observations in conjunction with the momentum

conservation argument to argue that the penetration of jets can be expressed as

Zt = Γ

(
Ṁn

ρch

) 1
4 √

t, (3.22)

where Ṁ is the momentum flux through the orifice. Γ is a function of Ks, s, and the ratio
between the vortex head diameter D and the jet tip penetration Zt

Γ4 + Γ2Ks

[
(1− s)2

√
π (2− s) s3

]
−
(
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π (2− s)
s3

)
= 0, (3.23)

where the value for s is 0.25± 0.05 [60]. Hill and Ouellette investigated jets with downstream
density ratios of approximately 1. This corresponds to a Ks value of 0.32. Using eq. (3.23), Γ

is found to 3.0.
Abraham [1] used the integration of the centerline velocity eq. (3.24) of a steady

turbulent jet proposed by Schlichting [61], to derive an equation for the location of the jet tip
as a function of time eq. (3.25)

Ucl =
3dequn

16π
1
2Ctz

, (3.24)

zt
deq

=

√
3Cf t

8π
1
2Ct

deq
un

, (3.25)

where Cf is a fraction of the centerline velocity at penetration location zt. Ct can be related to
the entrainment constant Ks by eq. (3.26) where values of Ct vary between 0.142 and 0.26.

Ks = 16
√
πCt. (3.26)

The equation proposed by Abraham eq. (3.25) is equivalent to that proposed by
Ouellette and Hill eq. (3.22) where Γ can be expressed as

Γ =

√
3Cf
4πCt

. (3.27)

Using eq. (3.27) with a Γ value of 3.0 and a Ct value of 0.0113, corresponding to the Ks

value of 0.32 reported by Ricou [59], results in a Cf value of 0.142 [51]. It should also be
noted that eq. (3.22) can be expanded and written as

Zt = deqΓ
(π

4

) 1
4

(
tUn
deq

) 1
2

, (3.28)



24

Summarizing the work presented, the generalized equation for jet penetration and time
is given by

z − z0

deq
= α

(
unt

deq

) 1
2

, (3.29)

where deq is interchangeable with dn in jets of uniform density. Values of the proportionality
constant α vary according to different authors between ≈ 2.0− 3.0.

3.4 COMPRESSIBLE TRANSIENT
UNDEREXPANDED JET

If the pressure of a jet at the exit of a nozzle, Pn, is greater than the pressure of the
atmosphere, Pch, the jet is said to be underexpanded. Using isentropic 1D gas dynamic
analysis, it can be shown that for a converging nozzle with an nozzle pressure ratio, Pn

Pch
,

greater than 1.85 will result in a underexpanded jet with a nozzle exit Mach number of 1 for
methane. In a DICI engine, most injection pressure ratio are above this limit and therefore the
remainder of this study will focus on them.

As an underexpanded jet exits the nozzle, the jet expands radially producing
Prandtl-Meyer expansion waves and a barreling affect on jet shape fig. 3.3. The expansion
waves, also known as expansion fans, expand out from the edge of the nozzle until reaching
the boundary of the jet where it is reflected inwards as a Prandtl-Meyer compression wave.
These compression waves coalesce to form an oblique shock wave that is known as the barrel
shock. The flow both inside the core of the jet and between the barrel shock and jet boundary
are supersonic, the later being slower than the first. If the nozzle pressure ratio (NPR) is less
then ≈ 2, the oblique barrel shock will intersect at the flow axis. However, if the NPR is
greater then ≈ 2, the barrel shock terminates in a normal shock and and a reflected shock. The
location of this termination is known as the triple point and the normal shock is known as the
Mach disk. For this study, the NPR is greater than 2 and therefore the remainder of this
chapter will focus on flow involving a Mach Disk.

The normal shock located at the Mach disk is considered a strong shock and the flow
immediately downstream of the mach disk is subsonic. The flow emanating from the reflected
shock located between the slip line and flow boundary is supersonic. The two streams of flow
eventually equalize their velocity resulting in an approximately sonic stream. If only 1 Mach
disk is present, the stream of flow downstream of sonic equalization location behaves similar
to the subsonic jets described above. Ewan and Moodie [23] and Birch et. al. [7] propose
using a pseudo-diameter model which allows the use of classical jet analysis to be performed
on underexpanded jets.
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Figure 3.3: Schematic of Underexpanded Jet.

The pseudo-diameter analysis used on underexpanded jets, graphically desribed
in fig. 3.4, relies on the assumption that mass is conserved in the under expanded region and
that either the post-shock temperature [23] is equal to the nozzle exit temperature Tn or that
total temperature T0 remains constant over the under expanded region [47]. Furthermore, the
pressure at the pseudo exit plane, Pps, is equal to that of the atmosphere, Pch. Ewan and
Moodie’s model considers the underexpanded jet a perfectly expanded jet with a unity Mach
number and pseudo-diameter located two barrel lengths downstream of the actual nozzle exit.

Figure 3.4: Pseudo-diameter concept for underexpanded jet.
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The unity Mach assumption at the pseudo-plane is a consequence of the assumption
that no mixing takes place in the under expanded region, total temperature remains constant,
and mass is conserved. The location of the pseudo-plane was reasoned by examination of the
shock structure and flow of a underexpanded jet as described in the previous paragraph with
the sonic equalization location observed to be approximately 2 barrel lengths, as supported by
data from Eggins and Jackson [21], downstream of the nozzle exit. Ashkenaz and Sherman
provided a correlation between Mach disk hieght Hdisk, nozzle exit diameter dn, and nozzle
exit to ambient pressure ratio [4]

Hdisk = dnC

√
pnoz
pch

, (3.30)

where C is constant that has been reported to range between 0.55-0.67.
The pseudo-diameter is calculated by first using isentropic 1D flow analysis to

determine the temperature, pressure, and density at the nozzle exit given the upstream
reservoir stagnation conditions [55].

Tnoz = Tst

(
2

γ + 1

)
, (3.31)

Pnoz = Pst

(
2

γ + 1

) γ
γ−1

, (3.32)

ρnoz = ρst

(
2

γ + 1

) 1
γ−1

, (3.33)

where γ is the ratio of specific heats and the subscript st designates the stagnation, or total,
conditions. Using the assumptions stated above, the density at the pseudo plane can be
calculated using

ρps =
Pch
RspTn

, (3.34)

where Rsp is the jets specific gas constant. The pseudo diameter is then defined as

dps = dn

√
Cd

ρn
ρps

, (3.35)

where Cd is a discharge coefficient. Alternatively, ρn, ρps, and dps can be re-written assuming
that the upstream chamber conditions, designated with the subscript 0, represent the
stagnation conditions [47]

ρn =
P0

RspT0

(
2

γ + 1

) 1
γ−1

, (3.36)
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ρps =
Pch
RspT0

(
γ + 1

2

)
, (3.37)

dps =

√
CD

(
2

γ + 1

) γ
γ−1
(
P0

Pch

)
. (3.38)

Using the ratio of specific heat for CH4, 1.35, (3.38) can be reduced to

dps =

√
CD0.537

(
P0

Pch

)
. (3.39)

According to the model described by Ewan and Moodie, velocities at the pseudo plane
location are greater the M = .3. As a result, compressibility effects must be accounted for
[23]. By adding the correction factor described in (3.8), (3.39) becomes

dps,eq = dn

(
ρps
ρch

) 1
2
(
CD0.537

P0

Pch

) 1
2

, (3.40)

where the first nozzle diameter modifier accounts for compressibility effects of gas injected
with a different density then the atmosphere and the second modifier accounts for the
underexpansion.

Ouellette suggests that using an pseudo equivalent area

Aps = An

(
CdρnUn
ρpsUps

)
, (3.41)

which when substituted into Eq. (3.39) reduces the deq equation to

d?eq = (cd)
1
2 dn

(
ρps
ρch

) 1
2
(
ρn
ρps

) 1
2
(
Un
Ups

) 1
2

, (3.42)

which can be further reduced to

d?ps,eq = dn

(
ρps
ρch

) 1
2

, (3.43)

where the discharge coefficient has been included in dn and Un and Ups are equal. Eq. (3.43),
which accounts for underexpanded jets, is the same as Eq. (3.8) which accounts for
compressible jets. Furthermore, ρn becomes ρ0 for an incompressible jet which is the same as
Eq. (3.5). This suggests that the equation for deq is universal.

The equivalent diameter deq in eq. (3.28) can be replaced with the pseudo-equivalent
diameter d?ps,eq to give a relation for the jet tip penetration of an underexpanded jet

Z?
t = d?ps,eqΓ

(π
4

) 1
4

(
tUn
d?ps,eq

) 1
2

, (3.44)
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where Z?
t is Z?

t = Zt − 2lbarrel to account for the region of the underexpanded jet before the

sonic equalization location [49]. The steady-state centerline velocity calculation eq. (3.6) can
be used in this case by replacing deq with d?ps,eq and z with Z?

t

U0,z = un
Kd

Z?t
d?ps,eq

. (3.45)

3.5 GAS INJECTION AND ANALYSIS TOOL
(GIANT)

The Gas Injection and Analysis Tool (GIAnT) was developed in order to be able to
quickly estimate injector design parameters such as nozzle diameter, number of holes,
upstream reservoir pressures, and injection times required to meet internal combustion engine
design requirements. The code has been specifically designed to accommodate opposed
piston 2-stroke engines in which each cylinder has a piston at both ends, and there is no piston
head. However, it can easily be modified for use in a standard engine. GIAnT uses user inputs
which include engine and nozzle component geometry, gas properties, and engine operating
conditions to calculate and visually display engine kinematics and injection properties such as
cumulative mass injected over time, penetration of the jet, approximate jet envelope, and jet
velocity profiles. A full engine cycle simulation takes approximately 5 seconds to run if the
plots are dynamically updated in time.

GIAnt makes use of the underexpanded gas jet relations discussed in this chapter to
characterize the jet. More specifically, the jet tip penetration is calculated using eq. (3.44) and
all relevant calculations and constants required to complete it. The steady-state centerline
velocity is calculated using eq. (3.45). Engine specific calculations are performed using
standard formulas which can be found in books such as Heywood’s [31]. The current version
of GIAnT does not dynamically update or calculate in cylinder conditions such as temperature
and pressure. The log pressure log Volume plot displayed is just a typical 2-stroke engine
used for visual indication of the calculations progress through the cycle. Future versions of
GIAnT will include a full 0D Engine model to predict in cylinder engine pressure and
temperature as a function of trapping conditions and fuel injected. This will give a more
accurate estimate of real world injector performance since the in cylinder conditions may
change drastically over the injection period. For this analysis, the low pressure chamber
pressure and temperature and assumed to remain essentially constant.

An example GIAnT anaylsis can be seen in fig. 3.5 for a .098 m bore opposed piston
engine running at 2400 RPM. The injector nozzle geometry and operating conditions were 
chosen to replicate the experimental set up of a methane injection visualization study 
conducted by Johnson [39]. The nozzle diameter was 0.250 mm. The upstream high 
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pressure reservoir temperature and pressure were 450 K and 216 bar respectively. The 
cylinder pressure and temperature were 64.7 bar and 1085 K. The predicted spray 
penetration,blue line in top left most plot of fig. 3.5, as function of time is in good agreement 
with the experimental data, red dots.
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CHAPTER 4

SIMULATION SETUP

In this chapter, the simulation geometry, boundary conditions, initial conditions, and
meshing techniques are presented.

4.1 BOUNDARY AND INITIAL CONDITIONS
The motivation of the present study is to simulate an underexpanded gas jet similar to 

that which may be found in a direct inject natural gas or hydrogen powered internal 
combustion engine. The geometry and initial conditions are similar to those used in the 
benchmark experiments and simulations performed by Yu et al. and Vuorinen et al. [71, 74] 
which were designed and performed under the same motivation. Both studies involve the 
injection of high pressure Nitrogen (N2) into a low pressure quiescent chamber also filled 
with N2.

The simulation of Vuorinen et al. was designed to model the experimental set up of Yu
et al. as close as possible. In the simulation, the injection system is comprised of a
high-pressure tank connected to a low pressure tank via a converging nozzle having a
diameter dnoz = 0.0014 m. The system is a wall bounded closed domain. The high and low
pressure reservoirs are initialized at a pressure P0 = 5.5 bar and Pch = 1.0 bar respectively,
which leads to a high to low reservoir pressure ratio of P0

Pch
= 5.5 . Both reservoirs are

sufficiently large enough to assume that pressure changes within the injection time frame of
interest are negligible. The initial gas temperatures are uniformly set to Tint = 293 K. For the
experiment, a high speed valve is activated to initiate the injection. For the simulation, the
high pressure chamber and nozzle are initialized with zero velocity and a axial pressure
profile that is close to the steady state pressure profile during the injection.

The Hybrid code is limited to simple rectangular domain geometries and as such both
the Converge and Hybrid simulations are conducted in a rectangular domain. Because of the
geometry limitations, the high pressure tank and nozzle are not simulated in this study. The
nozzle exit conditions are calculated using the high-pressure reservoir stagnation conditions
and the 1D isentropic relations implemented in GIAnT. These conditions are then applied as
boundary conditions to a circular inflow boundary representing the nozzle exit. The domain
size in the x−, y−, and z−direction are (0.014m x 0.014m x .049m) or (10dnoz x 10dnoz x
35dnoz) non-dimensionalized by the nozzle diameter. The origin is located at
(x0, y0, z0) = (0.007m, 0.007m, 0.0m).
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The nozzle exit is modeled as a circular inflow boundary with it’s center located at the
origin. The basic domain setup is summarized in fig. 4.1. The nozzle exit is the blue circle
located at the origin and the green boundary is a wall. Directly opposite the injector nozzle
exit and wall is an outflow boundary which can not be seen in the figure. For the Hybrid
simulation, the purple boundaries are periodic boundaries with opposite faces coupled
together. Due to current limitations in the application of periodic boundary conditions in
Converge, the purple boundaries are modeled as outflow boundaries in that simulation. It was
the intent of this study to make the domain big enough so that the effects of the contrasting
boundaries would be negligible, but a compromise between domain size and computational
time needed to be made. Any noticeable effects will be discussed during the results section.
Details of the actual boundary conditions implemented at each face will be discussed below.

Figure 4.1: Rectangular domain used in jet simulation with nozzle exit, blue circle, located at the
origin. The green boundary is the back wall and is modeled as such. The non-visible boundary
opposite the green wall is modeled as an outlfow boundary. The purple boundaries are periodic
in the Hybrid simulation and outflow boundaries in the Converge simulation.

The initial conditions of the domain are set to 293 K, 1.0 bar, and a composition of
100% N2. The domain is considered quiescent at the start of the injection so the velocity is set
to zero throughout the domain. The outflow boundary conditions are set to a pressure of 1.0
bar and the velocity conditions are set to zero normal gradient. The temperature of the wall
surrounding the nozzle exit is set to a zero normal gradient. As mentioned previously, the
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Hybrid code contains periodic boundary conditions. The periodic boundary conditions are
paired top/bottom and Left/Right. The basic idea of periodic boundary conditions is that
whatever happens on the right boundary is projected onto the left, or what goes out of the
right goes into the left. The wall conditions are set to a no-slip boundary condition with a zero
normal gradient temperature.

The nozzle exit conditions were calculated using the upstream high-pressure reservoir
stagnation conditions, P0 = 5.5 bar and Tint = 293 K, and the 1D isentropic relations used in
GIAnT. For the giving stagnation conditions, the nozzle exit conditions were calculated to be
Pn = 2.905 bar, Tint = 244.2 K, and 318.6m

s
which results in M = 1.0. These conditions are

applied as the nozzle exit Dirichlet inflow boundary conditions.
The simulation of Vuorinen et al. had a total duration of .5ms. For this study, the

injection was run for 10 ms. The injection was run for a longer period of time to ensure that
the jet reached steady-state conditions in the downstream, fully turbulent section of the jet
sufficiently long enough to perform time-averaged analysis.

4.2 SIMULATION MESHING

4.2.1 Hybrid Scheme
The Hybrid simulation uses a structured rectilinear meshing technique. The mesh is

generated using a tangent function which skews refinement towards the nozzle according to
the user defined variable, α. 3 grid configurations as described in table 4.1 were considered
for the Hybrid simulation in this study. The variables Nx, Ny, and Nz describe the number of
grid points in the x−, y−, and z−directions respectively, α denotes the mesh mapping
parameter, and Υx, Υy, and Υz is the approximate near-nozzle resolution expressed as number
of grid points per nozzle diameter. Streamwise slices of the domain are presented in figs. 4.2a
to 4.2c to illustrate the 3 grid slices used. Additionally, a slice of the near nozzle region is
shown with the nozzle exit in black for length scale reference in fig. 4.2d.

Table 4.1: Grid number and near-nozzle resolu-
tion used in the Hybrid computations

Grids Nx Ny Nz α Υx Υy Υz

1 91 91 201 3 22 22 24
2 125 125 225 3 30 30 28
3 151 151 251 3 36 36 31
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(a) (b)

(c) (d)

Figure 4.2: Slice of stream-wise domain to illustrate Hybrid grids 1 (a), 2 (b), and 3 (c)
and grid 1 near-nozzle mesh (d).

4.2.2 Finite Volume Scheme
ConvergeTM uses a modified cut-cell Cartesian grid generation method [58]. For this

method, a surface geometry representing the flow domain of interest is immersed in a block
consisting of a uniform structured rectangular grid. The cells that intersect the surface
geometry are trimmed in order to capture the geometry of the intersecting surface. After the
cutting is performed, the flow domain is generally comprised of a combination of
non-rectangular grid volumes at the boundaries and a uniform rectangular grid at all other
locations.

The initial cell size of the uniform structured grid is defined by the user. This base grid
can be further refined using a combination of three different methods. First, the entire base
grid can be refined or coarsened using a global grid scaling factor. The size of the cells in the
scaled grid are equal to

∆scaled,i =
∆base,i

2scale factor
, (4.1)

where ∆base,i is the base scale size in the x−, y−, and z−directions and scale factor is a
integer value scaling factor. The second scaling method involves the local refinement of cells
and is known as embedded refinement. Embedded refinement allows the user to define a
location anywhere within the flow domain and apply a scaling factor as described in eq. (4.1).
The final method of adding refinement to the flow domain is the use of Adaptive Mesh
Refinement (AMR). AMR automatically automatically adds refinement to locations within
the flow where the gradient of a specified field variable is higher then a user defined value.
The AMR algorithm adds refinement to reduce the sub-field gradient according to eq. (4.1) up
until a maximum user defined scaling factor is reached or a maximum number of cells is
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reached. All methods mentioned can be initialized at any time and for any duration in the
simulation. For the scope of this study, only embedded refinement will be used. A more
detailed description of each refinement method can be found in [58].

The domain used in the ConvergeTM simulation is the same as described in the
Boundary and Initial Conditions section. Three grid configurations as described in table 4.2
were considered to test for convegnece. All three grids use the fixed embedding scheme as
described below. For grid 1FVM -3FVM , the base grid size in the x−, y−, and z−direction is
0.0024, 0.0018, and 0.0012m respectively. The fixed embedded scaling consists of three
cylindrical sections of embedment that are sequentially initialized in time along the centerline
of the jet as seen in fig. 4.3. The dimensions of each refinement region and initialization time
are described in table 4.2.

Table 4.2: ConvergeTM simulation grid embedment set up
near field 1 far field 1 far field 2

Cylinder Start (m) 0.0 0.015 0.025
Cylinder End (m) 0.015 0.025 0.035
Cylinder Radius 1 (m) 0.0014 0.0026 0.004
Cylinder Radius 2 (m) 0.0026 0.004 0.005
Initiation Time (s) 0.0 6*10−5 0.0002
Embedded Scaling Factor (-) 5 5 2
∆scaled,i Grid 1FVM 7.5*10−5 7.5*10−5 6.0*10−4

∆scaled,i Grid 2FVM 5.625*10−5 5.625*10−5 4.5*10−4

∆scaled,i Grid 3FVM 3.7*10−5 3.75*10−5 3.0*10−4

Grid 1FVM Grid 2FVM Grid 3FVM
Υx,y,z 38 38 18
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Figure 4.3: Sequentially initialized embedded regions near field, far field 1, and far field 2 high-
lighted in the flow domain. Exact geometry and initialization timing can be found in table 4.2
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CHAPTER 5

RESULTS AND ANALYSIS

This chapter will present the results and analysis of the simulations discussed in
previous chapters. First, A Grid independence study is performed to ensure that results are
obtained that are independent of grid resolution. A quantitative analysis of the near nozzle
shock structure is performed and results are compared between the Hybrid and Converge
simulations as well as a reference study. Additionally, the Reynolds stresses are quantitatively
compared to experimental data to help evaluate the effect of each code on the simulation of
turbulence. An energy spectrum is constructed at a cross stream slices where the jet is
developing into a fully turbulent flow. Finally, 3D isosurfaces of Helicity are constructed to
qualitatively evaluate the effects of grid refinement on the turbulent structures in the
downstream nearly fully developed region of the jet.

5.1 GRID INDEPENDENCE STUDY
In order to ensure that reliable results could be achieved while minimizing

computational costs for each simulation method, grid independence studies were performed.
Three simulations for both the Hybrid and Converge codes were run at resolutions described
in table 4.1 and table 4.2 respectively. The streamwise centerline densities are plotted and
compared to check for grid independence. For the remainder of the study, length scales are
normalized by nozzle diameter and referred to as the number of nozzle diameters. For
example, a location 5 diameters from the nozzle exit would be referred to as a distance of 5d.

The results of the Hybrid grid independence study are shown in fig. 5.1. The
streamwise densities of all 3 grids are in good agreement for both absolute magnitude and
streamwise location of flow structure within the barrel shock and first 2 shock cells of the jet.
This area of agreement encompasses a normalized length equivalent to approximately 5
diameters lengths from the nozzle. After this initial length were the grids are in agreement,
the length of the remaining shock cells decrease as the grid resolution becomes finer. This
behavior is not unexpected as the grid in all 3 simulations becomes stretched at location
downstream of the nozzle exit exaggerating grid dependent errors which would exhibit this
stretched behavior. However, when considering the streamwise location of density peaks at
approximately 9d, where the difference appears to be the largest, the percent difference
between grids 2 and 3 is only 2%. All 3 grids also show 6shock cells before the flow density
stabilizes at approximately 15d downstream of the nozzle. Because of the similarities of flow
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observed between grids 2 and 3 and a maximum error of only 2%, it was determined that
further refinement of the grid will not significantly impact the results of this study and is
therefore not necessary.

(a) (b)

(c)

Figure 5.1: Hybrid streamwise centerline density for grids 1 (coarse), 2 (medium), and 3
(fine). Length scales in the plots are normalized by injector diameter. 3 different x-axis
resolutions are shown: (a) 10d (b) 20d (c) 30d.

The results of the Converge grid independence study are shown in fig. 5.2. Examining
the near nozzle region reveals that all 3 grids are in agreement within the initial expansion
region of the barrel shock. However, the magnitude of the density immediately after the mach
disk is clearly different. Additional, the lengths of the shock cells start to vary approximately
3d from the nozzle exit. One of the most striking differences between the grids in the
Converge study is that grids 1 and 2 produce 9 shock cells as opposed to the 6 which is
observed in grid 3 of the Converge study, all 3 grids in the Hybrid study, and the reference
study of Vourinen et al. [71]. The possible causes for this are discussed briefly below, but
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what becomes apparent is that a minimum resolution approximately equal to that of grid 3 in
the converge study, Υ= 38, is necessary to replicate the basic structure and features of an
underexpanded jet.

(a) (b)

(c)

Figure 5.2: Converge streamwise centerline density for grids 1 (coarse), 2 (medium), and
3 (fine). Length scales in the plots are normalized by injector diameter. 3 different x-axis
resolutions are shown: (a) 10d (b) 20d (c) 30d.

The increase in the number of shock cells observed in Grids 1 and 2 of the converge
study is believed to be the result of the delayed onset of instability and turbulence caused by
the numerical diffusion of the coarse grids. fig. 5.3 shows instantaneous velocity slices taken
at t = 0.5 ms for grids 1-3.As seen in fig. 5.3a, the onset of instabilities and turbulence
happens almost out of frame, and is not very pronounced. As grid 2, fig. 5.3b, and grid
3, fig. 5.3c, become progressively refined, the onset of the instability and destruction of the
shock cells is seen to happen at locations closer the nozzle exit. The expected instability,
turbulence, and shock cell breakup behavior is not observed until the fine grid. As a result of
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the issues mentioned above, it was not clear from the Converge grid independence study that
the resolution of the fine grid was sufficient enough to eliminate grid related errors. However,
the computational costs to run a finer grid are extremely high given the resources available
and was considered impractical.

(a)

(b)

(c)

Figure 5.3: Converge instantaneous velocity grid 1 (a), grid 2 (b), and grid 3 (c). As the
grid is refined, the onset of turbulence and shock cell breakup happens closer to the nozzle
exit.
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In an effort to avoid running such a costly study the centerline densities of both the
fine grids of the Hybrid and Converge simulations are compared. The streamwise time
averaged densities of the Hybrid and Converge simulation are plotted at 3 different x-axis
resolutions in Figure 5.4. Both simulations are in good agreement until the n location of the
normal shock at the Mach disk. After the Mach disk, the Converge simulation predicts higher
densities in the resulting shock cells. The number of shock cells are in agreement, however
the Converge simulation also predicts a progressively longer shock cells as the distance from
the nozzle exit increases.

(a) (b)

(c)

Figure 5.4: Streamwise centerline density for grids 3 of both simulations. Length scales
in the plots are normalized by injector diameter. 3 different x-axis resolutions are shown:
(a) 10d (b) 20d (c) 30d.

The reason for the higher post Mach disk density prediction in the Converge
simulation was investigated further. Instantaneous snapshots of various flow quantities
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revealed an apparent instability in the location just prior to the Mach disk. In fig. 5.5,
snapshots of the Mach number near the nozzle were superimposed on the density for location
reference. 4 distinct times were shown for both the Hybrid fig. 5.5a and Converge
simulations fig. 5.5b. The instabilities are believed to be numerical carbuncle instabilities as
first described by Peery and Imlay [50].

(a) (b)

Figure 5.5: Instantaneous snapshot of Mach superimposed on density for location ref-
erence for 4 different time steps. The Hybrid code (a) values remain constant while an
apparent instability that is causing the prediction of higher mach numbers immediately
before the Mach disk is seen in the Converge simulation (b)

When averaged over time, the carbuncle instabilities causes the average Mach number
immediately before the normal shock at the Mach disk to be higher in the Converge
simulation when compared to the Hybrid simulation fig. 5.6. This results in a stronger shock
and therefor a higher density ratio across the shock. Although there is no rule for predicting
when the carbuncle phenomenon may occur, a Mach number above about 1.4 as well as a
sufficiently fine grid is required [22]. The appearance of carbuncle instabilities in the
Converge simulation may signal a practical limit to the amount of refinement that can be uses
for this particular problem using the Converge code. Additional refinement, which in most
cases would increase the accuracy of the solutions until grid convergence is achieved, may
actually exasperate the carbuncle instabilities leading to greater error and the possibility of the
simulation becoming unstable. Because of the possible increase in error and computational
costs of simulating a finer grid in converge, the remainder of the analysis in this study will be
performed on the results obtained from both Hybrid and Converge grid 3 simulations.
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(a)

(b)

Figure 5.6: Time averaged Mach magnitude directly before the Mach Disk for the Hybrid
(a) and Converge (b) simulations



44

5.2 NEAR NOZZLE SHOCK STRUCTURE ANALYSIS
As discussed earlier, the simulated underexpanded jets produce a complex shock

structure near the nozzle. Figure 5.7 shows a close up slice of the near nozzle section of the jet
which includes the nozzle exit, mach disk, approximately 1 shock cell after the mach disk,
and references defining the Mach disk hieght Hdisk, Mach disk width Wdisk, shock reflection
angle αshock, and the shear layer thickness δshear.

Figure 5.7: Close-up of the nozzle exit for purpose of defining the Mach disk hieghtHdisk,
Mach disk width Wdisk, triple point shock reflection angle αshock, and the shear layer
thickness δshear

The values for each variable described are extracted, normalized by the nozzle exit
diameter, and compared between the Hybrid, Converge, and a reference simulation performed
by Vourinen et al. [71] and presented in table 5.1. The Mach disk height compares within
approximately 1% between the Hybrid simulation, Converge, and the reference simulation.
Substituting the mach disk heights into eq. (3.30) results in a proportionality constant value of
.62 , which agrees with the average value obtained over a wide range of pressure ratios in the
reference study by Vuorinen et al. It should be noted that the proportionality constant value
falls between previously reported values of 0.56 and 0.67 [4, 23]. Since the current studies
value of 0.62 agrees between 3 simulations conducted using different techniques, it will be
used as the constant in the 1D GIAnT tool.



45

Table 5.1: Summary of quantitative near nozzle
shock structure values mach disk height, mach disk
width, shear layer thickness, and triple point shock
reflection angle for various studies. All length
scales are normalized by nozzle diameter.

Hdisk Wdisk δshear αshock
Hybrid 1.45 .41 .38 37.8

Converge 1.43 .40 .38 37.5
Vourinen et al. 1.43 .36 .36 34.2

The Hybrid and Converge simulation Mach disk heights agree within 2.5%, but are
both significantly larger , 13%, compared to that of the reference study. Similar results can be
seen in both the shear layer thickness and triple point shock reflection angle. The Hybrid and
Converge simulations are overall in good agreement but seem to consistently predict higher
results then the reference study.

The disagreement between the current study and reference study may be explained by
differences in the physical domain and boundary conditions used. The reference study
included the simulation of an upstream high pressure reservoir and nozzle while the current
study only included the domain downstream of the nozzle exit. As discussed in previous
chapters, the nozzle exit boundary conditions for the current study were determined using 1D
isentropic flow assumptions given the initial upstream stagnation properties in the reference
study. The actual nozzle exit conditions of the reference study may be different then those
assumed in the current study, contributing to the differences observed.

5.3 START OF INJECTION ANALYSIS
The initial start of injection, SOI, is investigated for both simulations using snapshots

of the density gradient shown on a logarithmic scale fig. 5.8. This is analogous to Schlieren
photography, which is used to experimentally visualize fluid flows with varying density such
as those involving shock. Analysis of the SOI can be used to identify differences between the
simulations which may influence the development and establishment of flow features such as
shock and turbulence. Snapshots were taken at 0.005, 0.02, 0.03, and 0.1 ms and include an
area approximately 5d wide and 10d long.

At the time of 0.005 ms, the injection is just starting. In the Hybrid code, fig. 5.8a, the
initial development of the jet includes the beginning structure of a tip-vortex and an obvious
bow shock. At the same time step, the Converge simulation fig. 5.8b also displays the
tip-vortex structure and a section of the bow shock. However, there is an obvious smearing
and disappearance of the what should be the well defined bow shock at locations that are
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(a)

(b)

Figure 5.8: Instantaneous density gradient snapshots for the Hybrid (a) and Converge
(b) simulations shown on a logarithmic scale. Snapshots were taken at 0.005, 0.02, 0.03,
and 0.1 ms for each simulation. Density gradients that are believed to be a result of
the periodic boundary conditions in the Hybrid simulation and the outside edges of the
embedded region in the Converge simulation are noted.
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coincident with the edge of the embedded refinement region which is pointed out in the 0.03
ms time step fig. 5.8b with dashed lines.

As the injection progresses, at time t = 0.02 ms, the development of the barrel and
triple point oblique shock waves can be seen as well as the initial development of the mach
disk and closely spaced post Mach disk slip lines in both simulations. The bow shock and a
strong tip-vortex can be seen in the hybrid simulations but are muted in the Converge
simulation as these structures travel outside the region of refinement. At t = 0.03, the Mach
disk is fully formed and the slip lines are clearly separated. Symmetric circular structures are
observed at this time step in the Hybrid simulation. These are believed to be a result of the
periodic boundary conditions used in the simulation. The exact effects of these boundary
condition related phenomenons are unknown, but similar interactions in practical applications
such as injectors in internal combustion engines would be similar. For the Converge
simulation at the same time step, the tip-vortex is largely outside the area of refinement
virtually eliminating a majority of the jet tip structure.

At time t = 0.1 ms, the tip vortex is no longer in the field of view and the barrel shock,
Mach disk, and shock cells are clearly visible in both simulations. Of note in the Hybrid
simulation is a vortex like structure outside the main jet flow approximately half the distance
of the view. Furthermore, chaotic structures typical of turbulence are seen in the second half of
the flow in the Hybrid simulation but are not present in Converge simulation. In the Converge
simulation, the coarse grid outside the region of embedment dissipates the turbulent structures
apparent in the Hybrid code possibly delaying the transition of the jet to turbulent flow.

5.4 REYNOLDS STRESS ANALYSIS

The normal Reynolds stresses u′2, v′2, w′2 and the Reynolds shear stress, w′v′, from a
cross-streamwise slice are determined and compared to the curve fit of the LDA data of
Hussein et al. [34] where w is the streamwise velocity of the jet. Both the simulated and
experimental data are normalized by the centerline velocity at the location of the slice. The
radial distance, r, from the centerline to the edge of the jet is normalized by the distance of the
slice from the virtual origin. Due to the axisymmetric nature of the round jet, u′2 and v′2

should statistically be the same. For both simulations, the slice was taken 18d from the nozzle
which is not ideal in either case. The jet is not believed to be fully developed at this location
nor fully turbulent. However, the Converge simulation undergoes a step change in refinement
at 19d which would render any analysis performed after it inaccurate. The grid in the Hybrid
simulation is already stretched enough in this location to affect results as will be seen below.

The normal Reynolds stresses u′2, v′2 are plotted in fig. 5.9a and fig. 5.9b for the
Hybrid and Converge simulation respectively. As discussed above, at this location the jet is
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still not fully developed and a potential core still seems to be located near the axis of the jet.
As a result, both simulations deviate significantly from the experimental data near the axis. At
a normalized distance of approximately 0.05, the Converge simulation begins to agree well
with the experimental data and the condition that u′2 and v′2 be equal is nearly satisfied. The
Hybrid simulation displays less agreement with the experimental data. The large
discrepancies with the experimental data near the axis do not diminish until a non
dimensionalized distance of 0.1 and the symmetric condition is not as closely satisfied for the
Hybrid simulation. These results are not unexpected as the grid refinement in the converge
simulation is much finer then the stretched grid in the Hybrid simulation.

(a) (b)

Figure 5.9: Normal Reynolds stress u′2 and v′2 for the Hybrid (a) and Converge (b) Sim-
ulations.

The normal Reynolds stress w′2 and the Reynolds shear stress w′v′ are plotted
in fig. 5.10a and fig. 5.10b. Again, discrepancies can be seen in the w′2 up until a non
dimensionalized distance of 0.05 and 0.1 for the Converge and Hybrid simulations
respectively. At these locations, the Converge simulation agrees reasonably well with the
experimental data while the Hybrid simulation again shows more error. On the other hand, the
plots of the Reynolds shear stress display very good agreement with experimental results for
both the Hybrid and Converge simulations. Furthermore, with the exception of the on axis
location, even the near axis predictions are in good agreement with the experimental data.

5.5 ENERGY SPECTRUM
In this section, the energy spectrum, E(k), is found using the 3D velocity field in a 2D

x-y slice at various locations downstream of the nozzle exit. Using the velocity field it is
possible to determine the energy spectrum in wave space, E(k). To do this, the Fourier
transform of the velocity components (u,v,w) at each discrete location in space (x,y,z) is
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(a) (b)

Figure 5.10: Normal Reynolds stressw′2 and the Reynolds shear stressw′v′ for the Hybrid
(a) and Converge (b) Simulations.

determined. This gives the component TKE values at each location in wave space (kx, ky, kz).
The actual energy spectrum, E(k), is found by averaging all the points in the domain over the
bands (|k| − .5) ≤ |k| < (|k|+ 5), and integrating over the circular area of that slice. The
energy spectrum is plotted in a log log plot, fig. 5.11, with a reference line defined as
E(k) = |k|−

5
3 which represents the inertial range of the spectrum which has a shape that is

generally observed and considered universal. The energy spectrum is plotted at locations 10d,
15d, 18d, and 20d from the nozzle exit in figs. 5.11a to 5.11d respectively.

In the ideal energy spectrum, the inertial range of the energy spectrum, which displays
the k−

5
3 behavior, is bounded by the range where energy is extracted from the mean flow, the

energy containing range, and the dissipation range, where viscosity is dominate and energy is
dissipated into heat. In the current studies, the energy containing range where energy is added
from the mean flow is clearly evident at low Wave numbers. For all locations from the nozzle
studied, the Converge simulation consistently predicts lower energy then the hybrid
simulation in this range. As the energy spectrum transitions to the inertial range in higher
wave numbers, the energy begins to decay in a roughly k−

5
3 manner that becomes more

evident with distance from the nozzle. This is because the flow has not transitioned to a fully
turbulent at the locations closer to the nozzle. As the distance from the nozzle increases, the
flow becomes more turbulent and closer to full developed. The difference between the
Converge simulation and Hybrid simulation diminishes in the inertial range. As Wave number
is increased the energy spectrum decays with a slightly faster rate indicating that a transition
from the inertial range to dissipation range has occurred. As desired, this transitional behavior
indicates that the simulations have been sufficiently refined enough to represent all but the
energy dissipating scales of the flow.
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(a) (b)

(c) (d)

Figure 5.11: Energy Spectrum for Hybrid and Converge simulations taken at locations
10d(a), 15d(b), 18d(c), and 20d(d) from the nozzle exit.

5.6 HELICITY
To get a better idea of the effects of the grid refinement on the simulation of the flow

turbulence, 3D isosurfaces of the flows helicity were constructed. The isosurface of helicity at
a constant value of 3.0 ∗ 107 J

kg
, colored by Temperature, are shown for in fig. 5.12 for the

Hybrid and Converge simulation. The effects of the grid refinement can be seen and support
the arguments made for the observations noted in the Reynolds stress and energy spectrum
analysis. The Hybrid simulation seems to capture the turbulent behavior better then the
Converge simulation in the first third of the domain. However, as the distance from nozzle
increases the vortex structures in the hybrid simulation become stretched and less defined.
The Converge simulation’s grid refinement remains constant throughout this downstream
region and better captures the turbulent structure in the flow further downstream. At the far
right of the Converge simulation the turbulent structures terminate at the end of the grid
refinement region. No further structure is present past this point. On the other hand, the
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stretched vortex tubes actually continue past the plotted field of view in the Hybrid isosurface.
All of this indicates that additional refinement is needed in both studies at locations further
downstream of what is in the current study.

(a)

(b)

Figure 5.12: Helicity isosurface colored by temperature for the Hybrid (a) and Converge
(b) simulations.
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CHAPTER 6

CONCLUSIONS

Numerical modeling of a supersonic underexpanded gas jet was performed using a
high-order Hybrid Central/WENO-Z based solver and a commercially available finite volume
solver, ConvergeTM . A grid refinement study was performed for each code and it was shown
that a near nozzle grid size of approximately d

38
was sufficient to minimize grid related errors.

However, the same could not be concluded from the Converge grid refinement study. The 2
coarser grids used in the study delayed the onset of instabilities and turbulence in the jet
leading to dramatically different results. What can be concluded is that a grid resolution of
d
38

is the minimum resolution required for the Converge code to capture basic structure of the
jet as seen in all 3 Hybrid simulations. Also discovered in the Converge grid refinement study
was the presence of instabilities in the immediate vicinity of the Mach disk which are believed
to carbuncle instabilities and may indicate a limitation of the converge code. Further
refinement of the grid may cause errors in the simulation to increase or cause the simulation to
become unstable altogether.

The Converge simulation was capable of capturing the same basic structure and flow
characteristics as the Hybrid code when and where the domain was sufficiently refined.
Quantitative analysis of the near nozzle shock structure for variables such as mach disk height
and width, triple point reflection angle, and shear layer thickness were in good agreement.
However, further analysis revealed differences in Favre averaged flow variables such as the
centerline density, velocity, and Reynolds stresses. An energy spectrum analysis showed that
the Hybrid simulation consistently predicted higher turbulent kinetic energy then the
Converge code but also suggested that both simulations are refined enough to capture the
inertial range of the energy spectrum.

Both the energy spectrum analysis and snapshots of the SOI highlighted the
importance of refining the entire region of interest if fixed embedment is used. From the
instantaneous snapshots of the start of injection it was clear that although the radial size of the
refinement region around the jet was sufficient to include the steady state jet, it did
encapsulate the structures typical of a starting jet. Clear differences in turbulent flow
structures were evident when compared to the Hybrid simulation. Additionally, the energy
spectrum calculated outside the embedded region in the Converge simulation is drastically
reduced when compared to the Hybrid code. These results highlight the importance of careful
refinement if a jet is to be simulated accurately.
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In order to simulate the complex moving geometries of an internal combustion engine
the use of a commercial finite volume method code is required. The motivation of this study
was to benchmark the commercially available Converge FVM code against the specialized
high order Hybrid code. When compared to the Hybrid simulation, the Converge code did a
reasonably well job of predicting similar results. The exact impact of the differences on
combustion and overall engine cycle simulation was not explored in this study but could be in
the future. Although not a one for one comparison, it should be noted that the final Converge
simulation required approximately 18,400 cpu hours to run on 2.7 GHz processors while the
grid 3 Hybrid simulation required approximately 1100 cpu hours to run on 2.5 GHz
processors.

This study lays the ground work for numerous follow on studies that could be
performed. An immediate and natural extension of this work would be a follow on grid
refinement study for the converge simulation dealing with possible issues caused by the
appearance of the instabilities in the region of the Mach disk. Simulations could be performed
with better refinement further downstream of the nozzle where the jet is fully developed and
fully turbulent. This will allow for a more detailed and accurate analysis of the Reynolds
stresses. Additionally, Converge offers the option of using adaptive mesh refinement, AMR.
AMR offer the opportunity of dynamically refining the grid resolution in locations of high
gradients possibly increasing the solution accuracy while minimizing the computational costs.
Finally, the hybrid code could be modified to include and track multiple species allowing the
statistical analysis of variables such as equivalence ratio, which is important for combustion
simulation.
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