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Over the last three decades, there has been an increasing interest in the problem 
of the investor's optimal consumption and portfolio rules. Despite the substantial 
amount of related literature, there remain many areas for further investigation. 
The thesis, therefore, addresses a number of important issues relating to the theory 
and practice of dynamic portfolio strategies. 

The thesis consists of five essays. The first two essays, Chapters 3 and 4. 

are concerned with efficient dynamic asset allocation programs under alternative 
market assumptions. Chapter 3 studies a situation where the simple time-invariant 
portfolio strategies are efficient and provides a complete characterisation of the 
strategies using the efficiency arguments. The popularised constant proportion 
portfolio insurance (CPPI) is embedded as a special case. Chapter 4 relaxes the 
assumption of a constant interest rate to allow the interest rate to follow a one- 
factor stochastic process. The factor risk premium is then determined in a way 
that is consistent with the underlying equilibrium. These results are then applied 
to solve explicitly for an investor's optimal portfolio choice problem under the 
special case of a Vacisek short rate model and alternative utility functions. 

The third essay, Chapter 5, relaxes the assumption of a constant equity risk 
premium to allow the risk premium to vary through time. The evolution of the 
market risk premium in a representative agent equilibrium (consistent with the 
Black-Scholes option pricing) is investigated using a unified approach. The pres- 
ence of dividends and intermediate consumption proves to be the key element that 
enables us to obtain a stationary economy with decreasing relative risk aversion. 
a theoretical result that has not be established in the existing literature. 

The last two essays. Chapters 6 and 7. are concerned with issues of portfolio 
efficiency and performance measurement. Chapter 6 uses the result from Chapter 
5 that, without dividends and intermediate consumption, the market risk premium 
must siatisf, v the Burgers' equation. and applies Dybvig's payoff distribution pricing 
model to measure the inefficiency costs incurred when this condition is violated. 
The numerical results show that the degree of inefficiency is not very significant. 



at least for the cases which we postulate. but the findings also reassure negative 
result predicted from the model. 

Finally, Chapter 7 proposes a new utility based performance measure that can 
be applied in the ex-post evaluation of dynamic portfolio strategies. We construct 
a contingent claim estimation approach to estimate the nearest efficient strategy 
from a single realisation and then quantify the opportunity cost resulting from the 
departure of the observed strategy from the nearest efficient one. The numerical 
examples show that the technique is remarkably robust. 

Keywords: 
Dynamic Asset Allocation, Equilibrium, Time-Varing Risk Premium, Portfolio 

Efficiency, Performance Measurement 
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Chapter 1 

Introduction 

1.1 Introduction and Scope of Research 

The thesis addresses a number of important theoretical issues in the field of invest- 

ment management. Given the extent of this field, our focus in this work is mainly 

on the issues relating to the theory and practice of dynamic asset allocation. 

As is widely recognised, the very notion of uncertainty plays a fundamental 

role in the process of financial decision making. Moreover, time and preferences 

are also central to the problem. The interrelations between these three make the 

problem complex and therefore, pose a great challenge in the search of optimal 

rules for efficiently allocating financial resources across time. 

The dynamic and complex relationships between uncertainty, time, and pref- 

erences also indicate that a portfolio is more likely to be managed in as dynamic 

fashion. A dyiiamic asset allocation program is basically a trading rule that de- 

fines the way how the portfolio manager should adjust the holdings across different 
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asset classes on a frequent basis. However, only those which optimise at least one 

rational investor's expected utility can be called efficient strategies. 

Efficient portfolio strategies need to be characterised and identified if possible 

under alternative market assumptions. The properties of an efficient strategy can 

help identify whether or not a particular strategy is efficient. If it turns out to be 

inefficient, then the question would be: how inefficient is it? can we measure the 

magnitude of the inefficiency? 

In a complete market, a setting which will be used universally in the thesis, 

a simple maximisation of (non-state dependent) expected utility of final wealth 

gives the well known equation: 

U'(WS)_A 
(q, ). 

(1.1) 

This means that at each state s, the investor's marginal utility of wealth W is 

proportional to the state-price density (the ratio of the state price q to the state 

probability p). Dybvig [36,37] exploits this relation and proposes that an efficient 

wealth must be monotonically decreasing in the state-price density. 

Another well-known property of an efficient portfolio strategy is path-independence. 

This property was first proposed by Cox and Leland [29]. It means that all tra- 

jectories with the same terminal value must have the same probability. 

Equipped with the above insights, our starting point is to reinvestigate time- 

invariant strategies since these are one of the simplest and popular rules. This class 

of strategies has a close relationship to the asymptotic portfolio theory established 

in 1970's. However. the literature is somewhat confused about the exact working 
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of this type of strategies. Therefore. Chapter 3 aims to provide a formal analysis 

and clarification of the issue. 

The setting in Chapter 3 is rather simple in the sense that the state-price 

density is assumed to be a function of the market index only. Therefore, more 

complicated situations ought to be considered. Among a variety of possible ways of 

relaxing assumption, stochastic interest rates seem more interesting and important 

in the context of intertemporal analysis. For this reason, Chapter 4 introduces 

stochastic interest rates and solves explicitly the dynamic asset allocation problem 

under the Vasicek's one-factor short rate model. A significant part of the analysis 

is that the factor risk premium is determined in such a way that it is consistent 

with the underlying equilibrium. This has introduced what would be necessary for 

equilibrium asset price processes. Ne continue developing this concept further in 

Chapter 5. 

As is known, the risk premium is extremely important for portfolio manage- 

ment. In Chapters 3 and 4, it is assumed that the equity risk premium is constant. 

However, there is some evidence that the expected risk premium varies through 

time in a way which displays mean reversion. The evolution of the risk premium 

over time has been studied previously by He and Leland [57], Hodges and Carverhill 

[61] and Hodges and Selby [63]. These authors laid out an important theoretical 

foundation for this direction of research. They discovered that in a Black and 

Scholen economy without dividends and intermediate consumption (an economy 

char<ii terised by a representative agent who maximises his/her expected utility of 

terminal wealth), the risk premium must satisfy a non-linear partial differential 
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equation called Burgers' equation in a representative agent equilibrium. However. 

a decreasing risk premium is not possible in a stationary economy. 

Therefore, in Chapter 5, we first give a new exposition which provides a uni- 

fled approach. We then introduce dividends and intermediate consumption and 

address the question: with dividends, can we now obtain a stationary economy 

with decreasing relative risk aversion? The answer to this question is an encour- 

aging yes! 

A direct implication from Chapter 5's analysis is that, if the risk premium does 

not evolve following the necessary equation, then the model implies the market 

portfolio will become inefficient. Therefore, in Chapter 6, we examine the simple 

one-consumption case and ask the question: if the risk premium has a plausible 

but non-equilibrium structure (i. e. it does not satisfy the Burgers' equation), how 

inefficient is the market portfolio? We directly make use of Dybvig's monotonicity 

result and calculate the exact magnitude of the inefficiency cost. We show that the 

degree of inefficiency is not very significant, but the findings also reassure negative 

result predicted from the model. 

As the second application of Dybvig's work, Chapter 7 turns to the issue of 

performance measurement. Performance measurement is of considerable impor- 

taiice in its own right. The increasing popularity of hedge funds further calls for 

more sophisticated performance evaluation procedures as they generally possess 

verv different characteristics from conventional mutual funds. 

The problem is less difficult if the portfolio strategy is known. However. it is 
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almost impossible to obtain this information in practice. Moreover. although the 

concept of our model is close to Sharpe's [98] style analysis. data limitations make 

style analysis difficult or even impossible. An alternative approach is needed in 

order to make the model operational. As a new contribution. we apply Dybvig's 

concept of portfolio efficiency and propose a new performance measure which can 

be applied in the ex-post evaluation. 

1.2 Organisation of Thesis 

The thesis is presented in eight chapters. In an attempt to improve the legibility 

of the thesis, the main body is divided into three parts: 

Part 1 [Chapter 3, Chapter 4]. Optimal dynamic asset allocation rules. 

Part 2 [Chapter 5]. Time-varying market risk premium. 

Part 3 [Chapter 6, Chapter 7]. Portfolio efficiency and performance measurement. 

In Chapter 2, a review of the literature relating to the thesis work in the 

following three areas is provided: (1) dynamic asset allocation: (2) equilibrium 

asset price processes; and (3) portfolio efficiency and performance measurement. 

Chapters 3 and 4 concern efficient dynamic asset allocation rules. In Chapter 

3, wce study a situation where time-invariant portfolio strategies are efficient and 

provide a complete characterisation of the strategies. Ne arrive at the important 

subclass strategy - the constant proportion portfolio insurance (CPPI) policy - 

and discuss how it relates to other strategies such as the stop-loss rule and the 

perpetual American call options. 
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Chapter 4 explores how the equilibrium framework can be used to solve dy- 

namic asset allocation problems. We consider an economy in which interest rates 

are stochaistic. The factor risk premium is determined in a way that is consistent 

with the underlying equilibrium. We then apply the martingale approach to solve 

explicitly for the optimal portfolio choice under the assumption of a Vasicek [103] 

short rate model. 

In Chapter 5, we investigate the theoretical constraints on the time variation 

in the risk premia of the market portfolio in a Black and Scholes economy. We 

characterise the equilibrium conditions as nonlinear partial differential equations 

and solve for closed-form stationary solutions. The intermediate consumption is 

included to provide a richer behaviour - diminishing in the market level - that can 

not be obtained in a single consumption economy. 

Chapters 6 and 7 address issues concerning portfolio performance measure- 

ment. In Chapter 6, we postulate the risk premium functions motivated by the 

results from Chapter 5. We apply Dybvig's performance measure and employ the 

Monte Carlo simulations to evaluate the efficiency of the market portfolio. 

In Chapter 7, we propose a new utility based performance measure and explore 

the cextfeiit to which it can be applied in the ex-post evaluation. We construct a 

contingent claim estimation approach to approximate the opportunity cost implied 

by inefficient dynamic strategies. The technique is implemented on some simple 

but popular strategies such as the stop-loss rule and lock-in strategy through Monte 

Carlo simtila. tions. The results demonstrate how the pathwise inefficiency cost will 

distribute across each eventuality. The average path«-ise cost is also compared 
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with the Dybvig's global cost. 

Chapter 8 concludes the thesis and indicates some directions for future re- 

search. 
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Chapter 2 

Literature Review 

In this section, we provide a survey of the financial theory relating to dynamic port- 

folio management. The amount of related literature is considerable. Furthermore, 

the related work is scattered in the literature with different emphases. Therefore, 

we divide the survey into the following three areas: (1) dynamic asset allocation; 

(2) equilibrium asset price processes; and (3) portfolio efficiency and performance 

measurement. 

2.1 Dynamic Asset Allocation 

Dynamic asset allocation (DAA) can be defined, according to Trippi and Harrif 

[102], as 'a class of investment strategies that shifts the content of portfolios be- 

t«veeii two or more asset classes in response either to changes in the value of the 

portfolio and/or external economic states, on a more or less continual basis'. As 

stated in Hodges [60], the motivation of conducting DAA is two-fold: (1) to tailor 

the distribution of fund return aat some future date so that it can be an entirely 
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different shape from that of the market index; (2) to exploit predictable market 

regularities. 

According to the above definition and motivation, we may interpret a DAA 

program as some kind of device that aims to `maximise' its investors' profits by 

skillfully adjusting the asset mix over time. Therefore, it is closely related to the 

portfolio choice problem, which has been studied extensively over the last three 

and a half decades or so. 

Earlier studies on the problem of optimal portfolio strategies for long-lived in- 

vestors such as Latane and Tuttle [76], Mossin [89], Hakansson [52], Samuelson [94] 

are normally conducted in either a static environment or a discrete-time setting. 

Returns are usually assumed to be i. i. d. 

Merton [83,84] pioneered the powerful continuous-time technique and anal- 

ysed the portfolio choice problem in an intertemporal fashion. He shows in [84] 

that if preferences and future investment opportunity sets are state-independent, 

then intertemporal portfolio optimisation can be treated as if the investor had a 

single-period utility function (see also Fama [45]). However, if the investor faces a 

changing opportunity set, his or her optimal portfolio will behave very differently. 

Merton [85] further shows that when the investment opportunity set is stochas- 

tic, the investor will want to hedge against the unfavourable changes in the state 

valriab1es. As a result, the optimal portfolio consists of an instantaneously mean- 

variance efficient portfolio (or the myopic portfolio) and a hedge portfolio. His 

assumption of ail interest rate following a geometric Brownian motion is perhaps 
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one of the earliest papers to assume stochastic interest rates. Based on the work of 

Merton. the optimal dynamic portfolio choice problem has become an active area 

of later research. 

From late 1970's, a particular type of dynamic investment strategy. usually 

referred to as `portfolio insurance' emerged and became a popular subject both for 

academician and practitioners. In general, portfolio insurance involves frequent 

trading. It typically buys stocks when their prices rise and sell stocks when their 

prices fall. The result of purchasing portfolio insurance is a convex payoff func- 

tion. The earliest important research articles were by Brennan [11]. Brennan and 

Schwýirtz [13], Brennan and Solanki [16] and Leland [77]. Most of these authors, 

except Leland, studied what kind of insurance contract should an investor buy 

given hip preferences (in terms of utility functions) and beliefs (in terms of return 

generating processes). The question addressed by Leland instead was more general, 

`who should buy portfolio insurance? ' He concluded that: (1) investors who have 

average expectations, but with risk tolerance increasing with wealth more rapidly 

than average, will wish to buy portfolio insurance; (2) investors who have average 

risk tolerance, but with expectations of returns more optimistic than average, will 

wish to buy portfolio insurance. 

The popularity of portfolio insurance started to climb to the peak from the mid 

1980'x. In 1988, Brennaii and Schwartz [14] claimed to have characterised a gen- 

eral model for time-invariant portfolio insurance strategies. Few years later, Black 

and Perold [91 gave a, theory of constant proportion portfolio insurance (CPPI). 

The two papers provide valuable insights into the theoretical justifications of the 
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portfolio insurance program. Although portfolio insurance is a simple type of 

investment strategy, there is still a need for some clarification and bring the liter- 

ature together. Chapter 3 of this thesis therefore addresses this issue by providing 

a general characterisation of time-invariant portfolio strategies. 

Since the crash of October 1987. it has been suggested that certain types of 

dynamic trading strategies, in particular, portfolio insurance and program trading, 

tend to increase market volatility. Therefore, these dynamic strategies have been 

accused of contributing to the market crash by increasing volatility and having 

a general distablising effect on the market. (See for example, the Brady report 

[81]. ) As a consequence, a number of researchers attempted to study the impact 

of portfolio insurance on market equilibrium. (For example, Basak [3], Donaldson 

and Uhlig [35] and Grossman and Zhou [51]. ) 

In recent years, attention has been paid in relaxing assumptions of Merton's 

original work on the optimal portfolio choice. For example, Kim and Omberg 

[73] and Wachter [104] solve a two-asset problem by assuming that the interest 

rate is constant and the equity premium follows an O-U process. Omberg [90] 

and Sorensen [100] instead assume that the equity premium is constant and the 

interest rate follows a Vasicek [103] one-factor process. Liu [80] solves a cash-bond 

allocation problem under the assumption of an affine term structure. Brennan and 

Xia [17] solves a three-asset problem assuming a two-factor interest rate model. 

Chapter 4 of this thesis provides a further contribution to this part of the litera- 

tore by using an equilibrium approach and solving the three-asset portfolio choice 

problem of a non-representative agent in an economy with stochastic interest rates. 
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Motivated by empirical work which indicates apparent asset return predictabil- 

ity, Brennan, Schwartz and Lagnado [15] propose a model of economy where there 

are multiple state variables and solve numerically for a three-asset allocation prob- 

lem. Their model gives the result that shows a great deal of volatility in the optimal 

holdings. 

By assuming that the investor might be uncertain about the asset returns, 

Barberis [2], Brennan [12], Kandel and Stambaugh [72], Merton [84] and Xia [105] 

apply the Bayesian analysis to propose some kind of learning model that attempts 

to explain the return predictability. 

A recent, paper by Cvitanic, Goukasian and Zapatero [32] utilises the dual 

approach of Cox and Huang [25] to devise a numerical method for efficiently solving 

the intertemporal optimisation problem. Campbell, et al. [19] and Campbell and 

Viceira [21] assume an Epstein-Zin utility [43,44] and propose to approximate the 

utility function and solve the problem numerically. The former paper considers 

stock market mean reversion and solve for the optimal equity allocation of a long- 

lived investor. The latter one instead solves the demand function of the long term 

bonds. 

Finally, in the incomplete market setting, Brennan and Xia [18] are concerned 

with borrowing and short sales constraints on dynamic trading. Stochastic volatil- 

its- is considered in Chacko and Viceira [23]. 
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2.2 Equilibrium Asset Price Processes 

Asset pricing models derived in a general equilibrium framework such as the clas- 

sic papers by Cox, Ingersoll and Ross [27], Harrison and Krep [56], Huang [64] 

and Merton [85] establish relationship between the asset price processes and the 

economic fundamental variables. Therefore, they have the advantage over the 

arbitrage-free asset pricing models in that the pricing systems are internally con- 

sistent with the underlying equilibrium. 

In a rather different setting, Cox and Leland [29] first showed that in an econ- 

omy that satisfies the assumptions for Black-Scholes option pricing (i. e. a constant 

risk-free rate and constant volatility of the equity market), a dynamic portfolio 

strategy must be path independent to be efficient. The efficiency here refers to 

the first-order stochastic dominance, rather than the conventional mean-variance 

efficiency. This important property was later applied by others and could be easily 

shown through the following simple maximisation. 

Assume an investor aims to maximise a non-state dependent expected utility 

of final wealth. The first order condition gives 

U'(tivs) =\ 
qs (). (PS) (2.1) 

This suggests that the ratio of the risk-neutral probability q to the objective prob- 

ability J) should be the same for the same aggregate wealth level (without loss 

of generality, we can assume the interest rate is zero). In other words, all the 

trajectories that end up with the same value must have the same probabilities. 

'1'liis potlr-oidCJ)('rid(7 1((' result has had important implications on the analysis of 
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portfolio efficiency. 

For example, in the analysis of market portfolio, Bick [4] applied this property 

and proposed a systematic approach to examining whether a given price process is 

consistent with equilibrium. Specifically, he showed that the Black-Scholes model 

is supported by a representative agent who has a CRRA utility. The approach is 

theli generalised in Bick [5] to models with more general diffusion price processes. 

2 
[IS 

S 
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Figure 2.1: Binomial tree. 
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Hodges and Carverhill [611 also applied the path-independence result to inves- 

tigate the evolution of the market risk premium in a simple representative agent 

econý>niý. Th ey begin with a simple discrete-time setting where the asset price 

follows a binomial process (see Figure 2.1). From the path-independence result 
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(which implies that pop, = pop2. ' where p's are objective probabilities). they then 

arrive at a difference equation which must be satisfied by the market risk premium. 

By taking the limit, they obtain an interesting continuous-time result. It turns out 

that in the limit, the difference equation becomes a partial differential equation 

called the Burgers equation. This equation is also proposed by another important 

work of He and Leland [57]. 

Subsequently, Hodges and Selby [63] provide a direct continuous-time deriva- 

tion of the Burgers' equation and solve explicitly for the time-homogeneous case. 

They conclude that in the Black-Scholes economy where the representative agent 

maximises over terminal wealth, the only viable and stationary solutions are that 

the risk premium is either constant or increasing in the market level. 

The above results were obtained under the assumptions that there is no divi- 

dead and intermediate consumption and that the representative agent maximises 

his or her expected utility of terminal wealth. Chapter 5 of this thesis, therefore, 

extends the analysis to encompass a situation in which there are dividends and 

intermediate consumption and the representative agent's utility is a function of 

both the consumption and the terminal wealth. The result of this extension turns 

out to be very encouraging. 
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2.3 Portfolio Efficiency and Performance Mea- 

surement 

In the previous section, we have reviewed the path-independence result of Coax and 

Leland [29], which is a necessary condition for an investment strategy to be efficient 

in the sense that it will not throw away the investor's money. Dybvig [36] applied 

this result, together with the monotonicity property, to derive (in a complete mar- 

ket setting) a pricing model called `payoff distribution pricing model' (PDPM). ' 

Essentially, the PDPM gives the cheapest price of purchasing a consumption bun- 

dle when agents only concern with the distribution of terminal consumption. 

Hence, the magnitude of the inefficiency cost of a consumption bundle (or the 

payoff generated by some strategy) can be defined as the difference between the 

asset price (or the investment required to replicate the strategy) and the distri- 

butional price (the cheapest price to 'buy' the same distribution). Denote by ý 

the state-price density (or state price per unit probability) and by 11' the terminal 

wealth generated by some portfolio strategy from an initial investment wo. By 

the (positive) linear pricing rule, the asset price is P4(W; ý) = IE [ýT4 ]= wo. 

Since the distributional price is defined as the cheapest price for buying the 

sa nie distribution Flj-, the pricing function can be expressed as PD(F11,; FF) 

min 
{F'. 

ý(tl`; )1iFt-}. It turns out that this minimum cost is achieved when 

the terminal consumption is reversely related to the state-price density. That is. 

I 
PD(FI': FF) =F 1('Y)Ft. l(1 

- 1)dß 7. (2.2) 
f=0 

'The underlying assumptions can be found in Dvbvig [36]. 
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This leads to a new measure of portfolio performance (assuming no forecasting 

ability). The neutral performance occurs when PD = PA 
. 

When PD < P, A, it indi- 

cates that the strategy is inefficient and the payoff 11' is stochasticallý" dominated 

by trading in the benchmark market. 

Dybvig [37] then further applied the PDPM to examine the degree of ineffi- 

ciency incurred by following some popular dynamic investment strategies such as 

stop-loss, lock-in, random timing and repeated portfolio insurance. It is demon- 

strated that these strategies are significantly inefficient. 

Prior to Dybvig's proposal of PDPM, conventional risk adjusted performance 

measures such as those proposed by Jensen [67], Sharpe [96,97.99] and Treynor 

[101] are based on the Capital Asset Pricing Model (CAPM) and, therefore, arc 

based on the assumption that the market portfolio is mean-variance efficient. This 

will be an inappropriate assumption in an intertemporal setting. The problems 

associated with the CAPM based measures have been discussed in Dybvig and 

Ross [38,42,41] and Grinblatt and Titman [50]. The problem that a nonlinear 

type of payoff cannot be spanned in the CAPM framework is also documented in 

Merton [87]. 

In decomposing performance in different sources, papers by Merton [87] and 

Henriksson and Merton [58] propose an econometric procedure to evaluate the 

managers market timing ability. They demonstrate that the service values provided 

by market timing can be distinguished from selectivity. However, Admati et al. 

[1] and Jaganiiathan and Korajczyk [65] argue that this kind of decomposition 

is theoretically difficult and can result in erroneous conclusions. For example. 
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writing covered calls will arrive at the conclusion that the manager has inferior 

market time ability and superior selectivity if we use H-M procedure. This wrong 

assignment when the manager has not contributed any ability at all is primarily 

due to the nonnormal returns distribution. 

In a recent paper by Leland [78], it is also demonstrated that a non-linear payoff 

generated from some option-like strategy will be wrongly evaluated in the mean- 

variance framework. For example, a concave payoff will be overrated and a coiivicex 

payoff will be underrated by the CAPM. This distributional problem is partially 

resolved by Dybvig's [36] PDPM. (Notice that the PDPNI appeared some 20 years 

after the traditional reward-to-variability measures were proposed. ) The analysis 

in Dybvig [37] is to some extent in the spirit of Sharpe's [98] style analysis. Sharpe 

proposes an asset class factor model to help determine how effectively individual 

fund managers have performed their functions and the extent to which value has 

bee added through active management. 

A number of papers, such as Glosten and Jagannathan [48] and Hodges [59], 

have proposed contingent claim estimation procedures for evaluating the perfor- 

mance of a portfolio. The technique of Hodges [59] also enables the analyst to 

recover the portfolio manager's objective. In this respect, it is related to the work 

on recoverability of preferences by Dybvig [38] and Dybvig and Rogers [391. 

Among other important work on portfolio performance measurement, Chen 

and Knez [24] provide a characterisation of the set of admissible performance 

measures which secin quite general. Stochastic discount factor (SDF) based per- 

forinaiice measures are also often used. It usually involves estimating the SDF as 
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in Hansen and Jagannathan [55]. A recent paper by Söderlind [95] demonstrates 

that the SDF measure is essentially a performance measure derived from a factor 

portfolio model. The unconditional SDF measure corresponds to a Jensen's alpha 

for a fund, and the conditional SDF measures to a vector of Jensen's alphas for 

managed portfolios of funds. 
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Chapter 3 

On the Time-Invariant 
Portfolio Strategies 

This chapter and the next explore the issues relating to dynamic asset allocation 

(DAA) programs. In this chapter, we begin with a simple situation where the 

assumptions of the Black-Scholes model hold. Our focus is on time-invariant port- 

folio strategies. The conditions for efficiency enable us to characterise efficient 

time-invariant portfolio strategies and analyse the behaviour of the wealth func- 

tions. While the results are derived under strong assumptions, the model displays 

a richer behaviour than previously found in the related literature. The more com- 

plex problem of dynamic asset allocation under stochastic interest rates will be 

dealt with in Chapter 4. 

3.1 Introduction 

Asset alloc" ition is an important part of investment management process. It is 

concerned with dividing the investor's funds among two or more esset class port- 
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folios. As described in the previous chapter, dynamic asset allocation (DAA) is 

concerned with adjusting the asset mix on an almost continual basis. Over the 

years, numerous financial economists and practitioners have proposed (and imple- 

mented) a variety of dynamic investment strategies. Some of these strategies are 

simple, others are not. Moreover, not all of these strategies are efficient. Therefore, 

as a starting point, it may be useful to investigate the simplest kinds of dynamic 

portfolio strategies that are efficient in terms of expected utility maximisation. 

In principle, if we stay within the expected utility paradigm, then the `optimal' 

portfolio strategy for an investor can be found by solving the intertemporal con- 

sumption and portfolio rules that maximise expected utility. The seminal paper 

by Merton [84] pioneered this technique. In a Black-Scholes world, it is found that 

the optimal strategy for an investor with a power utility of terminal wealth is to 

invest a constant proportion of wealth in the risky asset. 

The idea that the constant policy could also be suitable for long horizon in- 

vestment goes back to the asymptotic portfolio theory established since 1970's. 1 

The asymptotic portfolio theory is also called portfolio turnpike theory since it 

advocates that the coefficient of relative risk aversion (or the portfolio turnpike) 

can be found to converge to the corresponding power utility when the horizon is 

distant. 

In practice, investors usually prefer skewed payoffs (or returns) which will not 

fall below some specified (nonnegative) level at some specified date. In that case, 

'See Cox and Huang [26], Dybvig, Rogers and Back [40]. Hakansson [53,54], Jin [68] 

and Ross [93], for a development of the theory. 
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the standard constant policy might be inappropriate since the rate of convergence 

of the investor's actual optimal strategy to the turnpike could be fairly slow. (Dy- 

hvig, Rogers and Back [40] show that it could be as long as 50 years! ) Therefore, 

the non-zero minimum requirement should be taken into account in determining 

the portfolio strategy if desired. A variation of the constant policy which can 

overcome the slow convergence problem is the constant proportion portfolio insur- 

ance (CPPI) strategy popularised by Black and Jones [7,8] and later examined by 

Black and Perold [9]. It invests a constant multiple of the cushion in risky assets 

up to the borrowing limit, where the cushion is the difference between wealth and 

a specified floor. It is also shown by Dybvig, Rogers and Back [40] that the CPPI 

rule is optimal for an investor with a translated CRRA utility function. 

The above constant policies have the obvious advantage of being time-invariant. 

Time-invariant portfolio strategies are of interest because they are easy to imple- 

anent (as alternative to complex option replication strategies) and more impor- 

tantly they are useful for strategies that have indefinite horizons (relevant for 

some managed funds). Brennan and Schwartz [14] provide a general characterisa- 

tion of time-invariant portfolio strategies and analyse the behaviour of the wealth 

function. Since their characterisation is deduced from the asymptotic portfolio 

theory, the nonzero requirement can not always be met. Moreover, it is not clear 

under what conditions the proposed strategy will be efficient. 

In this chapter, we stay with the Black-Scholes assumptions and argue that the 

simplest kinds of dynamic portfolio strategies are those which are time-invariant. 

(The constant polio- iý obviously one of them. ) Our approach is related to but 
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different from those of Brennan and Schwartz [14] and Black and Perold [9] in that 

the model is built on the efficiency conditions, i. e. non-negativity, monotonicity 

and path-independence. It turns out that our characterisation of efficient tiine- 

invariant portfolio strategies addresses and corrects the problem of Brennan and 

Schwartz [14] in the sense that the proposed strategies can accommodate non-zero 

minimum requirement and at the same time efficient. The CPPI strategy is, not 

surprisingly, a subclass of time-invariant strategies. However. our characterisation 

also displays a richer set of behaviour than previously found in the literature in 

that the shape of the wealth function can be concave, linear or convex. As in 

Leland [77], our model shows that investors who are more risk averse (that is, 

those who prefer a concave payoff function) than the representative agent will sell 

portfolio insurance to investors who are less risk averse. 

The remainder of the chapter is organised as follows. In Section 3.2, we provide 

a characterisation of time-invariant portfolio strategies in a Black-Scholes economy 

without dividend and intermediate consumption. By the efficiency arguments, we 

then derive explicitly in Section 3.3 the wealth functions of time-invariant strategies 

that are consistent with expected utility maximisation. Section 3.4 visualises the 

results by applying realistic parameters to the relevant functions and evaluating 

the model numerically. Section 3.5 discusses how the model can be modified when 

a constant floor is preferred and how the constant strategy from our model can be 

related to investment in the perpetual American call options. Section 3.6 concludes 

the chapter. 
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3.2 Time-Invariant Portfolio Strategies 

In a perfect market setting, consider an investor who has a positive initial wealth 

Wo and wishes to have a guaranteed minimum level of wealth K at the horizon 

date T. Assume that there are two assets in the economy available for trading: 

one non-dividend-paying risky asset (the stock index) and one riskless asset (the 

bond or a bank account). The value of the risky asset S is assumed to follow a 

geometric Brownian motion 
dS 

_ µdt + adz (3.1) 
S 

where u and a are constant and z is a standard Brownian motion under the 

objective probability measure P. The price of the bond B increases at the constant 

rate r over time: 

dB 
B= rdt. (3.2) 

Over the investment horizon, the investor's wealth will accumulate according to 

some self-financing portfolio strategy. This means that there are no intermediate 

capital injections into or withdrawals from the `fund'. Denote by TV(t) the wealth 

level, or the value of the fund at time t. The number of shares of the risky asset 

held at time t is 0(t). The risk exposure, i. e., the amount of money invested in 

the risky asset, is A(t). With the minimum guarantee in mind, we can construct 

the strategy in the following way. The wealth value IV(t) can be decomposed into 

two parts: a hypothetical level of F(t) which aims to achieve the future minimum 

requirement K, and a contingent claim C(t) which generates a terminal payoff 

dependent upon the value of the reference portfolio. S(T) at T. For convenience, 
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F(t) will sometimes he referred to as the floor and C(t) the cushion. 

From the above construction, the wealth function can be expressed as H (S, t) = 

F(t)+C(S, t) and the boundary conditions are that IV(S, 0) -I V 0. F(T) =K and 

W (0, T) = K. We first note that the floor can not be of any arbiträre value. In 

fact, if the investor invests 100% of her initial wealth in the riskless asset. then she 

will get WoerT at T for certain. Therefore, the index-linked performance provided 

by the cushion C must be obtained at the expense of a lower minimum, K. This 

imposes a constraint on the floor, i. e. K< WoerT 
. 

We will see later that the floor 

F(t) must grow at the riskless interest rate. 

Moreover, note that the wealth is specified as a function of t and S only. This 

is of significant importance because it directly implies that the wealth function is 

path-independent and Cox and Leland [29,30] have shown that path-independence 

is a necessary condition for a strategy to be efficient in a Black-Scholes world. This 

specification also implies that the wealth function IV (S, t) must satisfy the usual 

partial differential equation of Black and Scholes. The following lemma states this 

result. 

Lemma 3.1 For a self-financing continuous trading investment strategy without 

borro wi ur q restrictions, the value of the wealth 11' is a function of S and t only, i. e.. 

W (t) - ll'(S, t) and satisfies the Black-Scholes second-order partial differential 

egUa, tioI1: 

u+ rsl s+ 
2a2S211-S 

- rit" = 0. (3.3) 

-tu o»uo'rnt of . 
4(S, t) = : ý(S. t) "S is ini'ested in the stock where \(S, t) = 
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Ws (S, t) is the number of shares of the stock held at t. 

Proof. By construction, the wealth level is a function of S and t only, i. e., W (t) = 

W (S, t). Therefore, by Ito's Lemma, we have that 

dW = WSdS + Wt +1 2S2WSS dt. (3.4) 

Denote by 0(t) the number of shares of the stock held at time t. The increment 

of wealth is given by 

dW = ddS + (W - OS)rdt. (3.5) 

Equating the coefficients of dS and dt in (3.4) and (3.5) yields 0(S, t) = WS (S, t) 

and the partial differential equation (3.3). D 

A natural interpretation of a time-invariant portfolio strategy is that the strat- 

egy itself is independent of time. Conventionally, a portfolio strategy is often 

expressed in terms of the proportions of wealth allocated across the asset classes. 

In our setting, however, we need to modify this in order to take account of the 

floor. The formal definition is given as follows. 

Definition 3.1 Let x denote the proportion of wealth above the floor invested in 

the risky asset at time t according to some portfolio strategy. A portfolio strategy 

is called time-invariant if x is at most a function of the current risky asset value 

S. That is, x- x(S). 

Recall that C(S. t) = TV(S, t) - F(t) and A(S, t) = 0(S, t)S = TL'S(S. t). Since 

1t s(S, t) = CS(S. t)S, following the above definition of a time-invariant portfolio 
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strategy, x must satisfy 

x(S, t) _ 
A(S, t) 

_ 
CS (S, t)S 

W (S, t) - F(t) C(S7 t) x(S). (3.6) 

A stationary solution for C(S, t) to satisfy (3.6) is that the cushion C(S, t) is 

multiplicatively separated into the function of time and the function of the current 

risky asset value, i. e., 

C(S, t) = g(t)h(S). (3.7) 

Thus, the wealth function is of the form: 

W(S, t) = F(t) + g(t)h(S), (3.8) 

subject to the boundary conditions W(S, 0) = Wo and W (O, T) = F(T) = K. 

According to our definition, by using (3.8) to solve the PDE (3.3), we can obtain 

a complete characterisation of the wealth function of time-invariant strategies. The 

result is formally stated in the following theorem. 

Theorem 3.1 The wealth function under a generalised (borrowing unconstrained) 

time-invariant portfolio strategy is of the form: 

W(S, t) = F(t) + eryt (/1S`Y1 +0 2 SQ2), (3.9) 

where y= (1- ai)r -1/2a2ai (ai -1), i=1,2, and /3 and 02 are constants chosen 

to satisfy the boundary conditions, and 

Ir (r + 1/2a2)2 - 2, ya2 (3.10) al= 
(2-0,2 

+ 
0,2 

1r (r + 1/20,2)2 - 2, /or2 
ýz =-- (3.11) 

2 0,2 0,2 
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The boundary conditions are that W(S, 0) = Wo and W (O, T) = F(T) = K. The 

floor F(t) must grow at the riskfree interest rate. That is, F(t) = Ke-''(T-t) 

Proof. Since the wealth function is of the form (3.8), substituting Wt, TV S and 

WSS into (3.3) yields: 

[F'(t) 
- rF(t)] + [g'(t) 

- rg(t)] h(S)+rSg(t)h'(S) +2 a2S2g(t)h" (S) = 0. (3.12) 

Assuming that g'(t) = -yg(t) and -y is a constant, (3.14) can be reduced to two 

ordinary differential equations: 

F'(t) = rF(t), (3.13) 

I 
a2S2h" (S) + rSh'(S) + (ýy - r)h(S) =0 (3.14) 

with boundary conditions F(T) =K and h(O) = 0. 

The solution to the first ODE (3.13) is that F(t) = Ke-T (T -t) To solve the 

second ODE (3.14), we first guess the form h(S) =, 3S' and then substitute h(S), 

h'(S) and h" (S) into (3.14). It follows that the general solution to (3.14) is of the 

form (3.9) and al and a2 are the roots of the quadratic equation 1/2Q2a2 + (r - 

1/2a2)a + ('y - r) = 0. D 

As a result, the following theorem gives a characterisation of time-invariant 

portfolio strategies in terms of the proportion of wealth above the floor allocated 

to the risky asset. 

Theorem 3.2 The trading strategy for a generalised (borrowing unconstrained) 

time-invariant portfolio (8.9) in terms of the proportion of wealth above the floor 
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allocated to the risky asset is of the form: 

x(S) _ clO(S) + a2(1- e(s)), (3.15) 

where 

O(S) = 
ßl Sal 

(3.16) 
N1Sai + /32Sa2 

Proof. This is an immediate result from (3.6) and (3.9). D. 

The above two theorems are modified versions of Theorem 3 and Theorem 4 

in Brennan and Schwartz [14] so as to include the nonzero minimum requirement. 

Therefore, they provide a complete characterisation of the wealth function and 

its associated trading rule of a time-invariant portfolio strategy. However, for a 

portfolio strategy to be efficient, the wealth function must be non-negative and 

monotonic increasing with respect to the value of the risky asset. By inspection 

of (3.9), it can be seen that these conditions are not always satisfied. The fact 

that the contingent claim part of the wealth, C(S, t), is a combination of two 

power terms suggests that the wealth function may not be monotonic increasing 

and could possibly become negative. Therefore, we need to identify a subclass of 

strategies where both non-negativity and monotonicity conditions are satisfied. 

A possible remedy for these problems is to propose a switching strategy. For 

the function which exists a minimum value C* at S*, the strategy is to switch all 

the risky holding to the riskless asset when the risky asset price falls below S* 

Tliiý assures the function to be monotonically increasing. However, these strategies 

are no longer path-independent and are therefore inefficient. 
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3.3 Characterisation of Efficient Strategies 

In the previous section, we provided a general solution of the wealth function 

generated by time-invariant strategies. However, as discussed before, for a strategy 

to be efficient, it must satisfy three conditions: path-independence, non-negativity 

and inonotonicity. Therefore, in this section, we shall use these criteria to identify 

and characterise efficient strategies amongst the type of time-invariant strategies 

described in Theorem 3.1 and Theorem 3.2. 

Proposition 3.1 In a Black-Scholes economy where r and o, are constant, the 

wealth function of an efficient time-invariant Portfolio strategy is characterised as 

follows: 

(P1) If r> Q2/2, a>0, or 0<r< Q2/2, cti >1- 2r /Q2, the efficient wealth 

function is given by: 

W(S, t) = Ke-r(T -t) + (Wo - Ke-rT )eßt 
St 

(3.17) 
(SO)c, 

where ll, 'ö, K, and a= al are the same as defined in Theorem 3.1, -y = (1 - oz)r - 

2a(a 
- 1)a2, and So and St are values of the non-dividend-Paying risky asset at 

time 0 and time t, respectively. The investment strategy is to invest a constant 

(nonnegative) proportion a of wealth above the floor in the risky asset. 

(PU) If 0<r< 0' 2/2 and 0<a, < 1- 2r/a2, the efficient wealth function is given 

by: 

1t"(S, t) = Iý f -r(T-r) + (ýj - Ke-rT)eryt c 
St al 

+ (1 - e) 
St a2 

, 
(3.18) 

So so 

whrir Ito. K. i i, and ßi2 are the same as defined in Theorem 3.1.0 <c<1 is a 

con, ýtu7rt. and So card St «ic values of the non-dividend-paying risky asset at time 
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0 and time t, respectively. The investment strategy is to invest a proportion i(S) 

of wealth above the floor in the risky asset, where 

x(S) = cif(S)+a2[1-f(S)J, (3.19) 

.f 
(S) = ai 

(S/So)" 

a2 . 
(3.20) 

c (S/So) + (1 - c) (S/ So) 

Proof. In order for the wealth function (3.9) to be efficient, the following two 

conditions must be satisfied. First, the cushion must be nonnegative at least at 

time T. This is a direct result from the realisation of K being the minimum value 

at T. Namely, W (S, T) > K, and C(S, T) > 0. Second, the wealth function must 

be monotonically increasing with respect to S. That is, WS > 0. More specifically, 

the efficient strategies must satisfy the following two inequalities: 

ß1Sal + ß2Sa2 > 0, (3.21) 

cl, 31S°i -1 + Q2,32S02-1 > 0. (3.22) 

By inspection of the general solution (3.9), We can rule out the situation where 

both oj and 02 are negative, since it would result in a monotonically decreasing 

wealth function which is obviously inefficient. Similarly, when either ctrl or cx2 is 

negative, the wealth function will appear to be non-monotonic and the minimum 

wealth TV* occurs when S* E (0, oc). Again, it would be inefficient and, therefore, 

the coefficient of the negative root must be zero for the wealth function to be 

monotonically increasing. 

From (3.10) and (3.11), it can be seen that (12 = 1- 2r/Q2 - cal (or vice versa). 

Hence, there are two possibilities: (i) when o1>1- 2r/a2. o .)<0. or (ii) when 

o1<1-`? r/ßr2. n>0. It is convenient to fix a non-negative of first, and then 
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solve for 02. Therefore, under (i), a2 is always less than 0 except when r= Q2/2, 

al = 0, and 02 = 0. By setting , 
Q2 = 0, we can be rid of a negative cat. Equation 

(3.17) then follows immediately after matching the boundary conditions. Since 

02 = 0, from (3.15) and (3.16), it is also immediate that the strategy is a constant 

one, i. e., x= al. 

Finally, given al >0 and (ii), it is straightforward to show that when 0<r< 

a2/2, both al and a2 are non-negative when 0< al <1- 2r/Q2, and 0< a2 

1- 2r/a2. In order to satisfy the necessary conditions (3.21) and (3.22), both 

/3 and ß2 must be non-negative as well. Again, (3.18) follows immediately after 

matching the boundary conditions. Equations (3.19) and (3.20) are alternative 

expressions of (3.15) and (3.16) for the strategy when setting the constant c= 

01 So"/(ß1Sä1+ß2S02). Since 01 >0and$2>0,0<c<1.1 

Remark 3.1 Brennan and Schwartz's [14] characterisation of time-invariant port- 

folio insurance strategies is in fact incomplete since it does not encompass the case 

where a non-zero minimum guarantee is required. Moreover, in their work [141, it 

is not clear exactly under what theoretical constraints the time-invariant portfolio 

strategies will be efficient. Although the paper was published almost one and a half 

decades ago, the problems therein have not been formally addressed and corrected in 

the literature. Therefore, one of the main contributions of this chapter is to clarify 

this point and provide a correct version so as to fill the gap in the literature. 

Proposition 3.1 suggests a richer set of efficient strategies than expected. Ac- 

cording to our definition, there are two possible functional forms for the wealth of 
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an efficient time-invariant portfolio strategy: one results from a constant policy and 

the other from a level-dependent policy. It is interesting to analyse the behaviour 

of the wealth function in more detail. For the constant policy. the parameter o not 

only determines the growth rate of the cushion -' but also determines the shape 

of the payoff function. Specifically, if a=0, then -y =r and 11`S = 0. This 

corresponds to an extremely risk-averse investor who demands a minimum value 

K= W0erT so that the optimal strategy is to invest in the riskless asset only. If 

a=1, then -y =0 and WS is a constant. This corresponds to investing 100% of 

the cushion in the risky asset, or a buy-and-hold strategy that will create a linear 

payoff. If 0<a<1, then 0< -y <r and WSS < 0. This then corresponds 

to a contrarian strategy that generates a concave payoff. Finally, if a>1, then 

-y <0 and WSS > 0. This corresponds to a portfolio insurance strategy that gives 

a convex payoff. In fact, this convex type of strategy has been popularised and 

termed the constant proportion portfolio insurance (CPPI) policy, mainly by Black 

and Jones [7,8] and Black and Perold [9]. 

For the level-dependent strategy, the non-trivial case is when al, a2,01, and 

, 
Q2 are all positive. Since also al + a2 =1- 2r /U2 < 1, we have 0< cal <1 and 

0< <1. ) < 1. It can then be shown that WSS < 0. That is, it generates a concave 

payoff. We shall refer to this type of strategy as the level-dependent contrarian 

strategy in order to distinguish from the constant Proportion contrarian strategy. 

Finally. before we close this section, we would like to provide a result which 

relates the ciýiistamt proportion portfolio strategy to the investors preference. The 

following proposition shows that the constant policy can be rationalised in the 
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context of expected utility maximisation and that it is an optimal strategy for an 

investor with a translated isoelastic utility function. 

Proposition 3.2 Without borrowing restrictions and intermediate consumption, 

the optimal portfolio investment strategy for an investor facing a constant opportu- 

nity set and maximising her expected utility (a translated isoelastic utility function 

with a constant RRA coefficient A> 0) over the terminal wealth is to invest a 

constant proportion, , of wealth above the (possibly non-zero) floor in the non- o, A 

dividend-paying risky asset during the investment horizon. 

Proof. Choose the optimal control a, the fraction of wealth above the floor to be 

invested in the non-dividend-paying risky asset, to maximise the expected utility 

over terminal wealth: 

max EU(WT) 
a 

subject to 

dS 
S, = µdt + adz, 

dW = (W - aC)rdt + aC 
d5S, 

, 

for A>0, A1 1-A 
U(T T) 

ln(WT-K) for A= 1. 

(3.23) 

where K< IVT is the predetermined minimum wealth level at T, C(t) = TV (t) - 

Ii (_r(T -t) is the cushion, and A is the constant relative risk aversion coefficient. 

The value function is defined as J =maxIEU(TV'T). The Bellman equation is then 

given by 

0= it + ill' [(l1" - (C)r + (ICE1] + 
2Jiuu 

x2Ca2. (3.24) 
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It is well known that the optimal solution a* to the problem is as follows: 

µ- r µ- r 
a=_ 

Q2 (_c')w it Q2A 

-ju, 
) 

0 

3.4 Numerical Examples 

(3.25) 

In this section, we visualise the main results of our model, Theorem 3.1 and Propo- 

sition 3.1 by applying realistic parameter values to the relevant functions. 

For convenience, the initial index So is set as 100 and the initial wealth Wo is 

set as equal to 100 as well. For the floor (the minimum level of wealth), instead 

of setting F(T) = K, we fix the initial value F(O) = Fo = 80. This is simply for 

convenience and will not have any effect on our model. We also fix the investment 

horizon as 10 years. 

The set of parameters present in the model is given as follows. The volatility 

a is 0.2 and the interest rate r is equal to 6% (> a2/2), 2% (_ 0.2/2), or 1% 

(< a2/2). a in (3.17) and cal, a2 and c in (3.18) satisfy the following conditions: 

a>0, 

ry = (1 - a)r - 1/2a2cx(a - 1), 

al + a. ) =1- 2r/a2. 

0< C <1. 

Table 2.1 tabulates the coefficients of the model (3.9) for different combinations 

of o I. «., and -. It can be Beeil that there are mainly two cases: (1) a non-negative 
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Table 3.1: Coefficients of the time-invariant portfolio strategy. This 
table shows the coefficients of the model (3.9) for r= 6Vc(> (72/2), 2%(= 

u2/2), 1%(< (72/2). The value al is set to vary from 0 to 5, while G2 and 
are calculated from G2 =1 - 2r/Q2 - ßx1 and y= (1 - a,, )r - 1/2a2a, (al -1). 
The initial index So is 100, the initial wealth IVO is 100, and the initial floor 
F1) is 80. The volatility a is 0.2 and the investment horizon T is 10 years. 

r= 0.06 r = 0.02 1. = 0.01 
Oz 1 a2 i' (12 i' a2 i' 

0.0 -2.0 0.0600 0.0 0.0200 0.5 0.0100 
0.1 -2.1 0.0558 -0.1 0.0198 0.4 0.0108 
0.2 -2.2 0.0512 -0.2 0.0192 0.3 0.0112 
0.3 -2.3 0.0462 -0.3 0.0182 0.2 0.0112 
0.4 -2.4 0.0408 -0.4 0.0168 0.1 0.0108 
0.5 -2.5 0.0350 -0.5 0.0150 0.0 0.0100 
0.6 -2.6 0.0288 -0.6 0.0128 -0.1 0.0088 
0.7 -2.7 0.0222 -0.7 0.0102 -0.2 0.0072 
0.8 -2.8 0.0152 -0.8 0.0072 -0.3 0.0052 
0.9 -2.9 0.0078 -0.9 0.0038 -0.4 0.0028 
1.0 -3.0 0.0000 -1.0 0.0000 -0.5 0.0000 
1.5 -3.5 -0.0450 -1.5 -0.0250 -1.0 -0.0200 
2.0 -4.0 -0.1000 -2.0 -0.0600 -1.5 -0.0500 
2.5 -4.5 -0.1650 -2.5 -0.1050 -2.0 -0.0900 
3.0 -5.0 -0.2400 -3.0 -0.1600 -2.5 -0.1400 
3.5 -5.5 -0.3250 -3.5 -0.2250 -3.0 -0.2000 
4.0 -6.0 -0.4200 -4.0 -0.3000 -3.5 -0.2700 
4.5 -6.5 -0.5250 -4.5 -0.3850 -4.0 -0.3500 
5.0 -7.0 -0.6400 -5.0 -0.4800 -4.5 -0.4400 
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Figure 3.1: Payoff functions of the efficient constant proportion port- 
folio strategy: r> a2/2. This figure shows the behaviour of the model 
(3.1 i) for Qi = 0.5,1.0,1.5,2.0. The riskless interest rate r is 0.06, the 
volatility or is 0.2, and the investment horizon T is 10 years. The initial 
index So is 100, the initial wealth WI0 is 100, and the initial floor FO is 80. 
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Figure 3.2: Payoff functions of the efficient level-dependent contrar- 
ian strategy: 0<r< a2/2. This figure shows the behaviour of the 
model (3.18) for c=0.1,0.3,0.5,0.7. The set of parameter values used are: 
a1 = 0.4, a2 = 0.1, and 'y = 0.0108. The interest rate r is 0.01, the volatility 
a is 0.2, and the investment horizon T is 10 years. The initial index So is 
100, the initial wealth Il%o is 100, and the initial floor FO is 80. 
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ci with a non-positive 02: (2) a non-negative al with a non-negative a2. The 

efficient function for the first case is the constant policy (3.17) and payoff is shown 

in Figure 2.1 for a=0.5.1.0,1.5,2.0. It is interesting to note that when n is a 

fraction, the wealth function corresponds to a contrarian strategy. It will dominate 

the portfolio insurance strategy (when a> 1) for the region of lower risk- asset 

prices. On the contrary, the portfolio insurers will be compensated by the upside 

growth. 

The efficient function for the second case is the level-dependent policy (3.18) 

and is shown in Figure 3.2 for c=0.1,0.3,0.5,0.7. We can see that this is a 

contrarian type strategy and the level of capital growth is, in general, fairly low. 

3.5 Discussions 

In our previous analysis, we noted that for the time-invariant strategy to be effi- 

cient, the floor F(t) must grow at the riskless interest rate r. WVe either determine 

the minimum value K by letting F(T) -K< 11' eTT , or fix the initial floor F(O) 

by letting F(O) < Wo. For an indefinite investment horizon, it suffices since we 

can do the latter. However, the fact that our time-invariant strategy contains a 

time-varying floor may be a concern. Nevertheless, we will show that this is not a 

problem at, all. 

If Nve use the bank account as the numeraire, then we can denote the normalised 

value of the risky aassec by S(t) = S(t)/B(t), and the value of the riskless passet 

will become ai constant one. This is equivalent to let the interest rate r be zero. 
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Therefore, the floor will become a constant. we can then implement the same time- 

invariant strategy in a normalised market, where the normalised wealth W (S, t) _ 

W (S, t)/B(t) will follow the same forms as in (3.17) and (3.18) with r=0 and S 

and W replaced by S and W, respectively. 

Now, recall that we defined a time-invariant strategy in terms of the propor- 

tion of wealth above the floor being time-independent. An alternative definition 

may be to define a time-invariant strategy in terms of the wealth itself being in- 

dependent of time. This means that W is a function of S only. This property 

has a close relationship with that of a perpetual American option. Indeed, Black 

and Perold [9] showed that the payoff of a constant policy can be achieved by 

investing in perpetual American call options. However, to build this equivalence, 

it is necessary to impose borrowing constraints on the constant policy. When the 

borrowing constraint is binding, it resembles the possible early exercise in the op- 

tions, and when the borrowing constraint becomes unbinding again, it resembles 

the reinvestment in the options. 

Moreover, it is well known that perpetual American call options must be writ- 

ten on dividend-paying securities. Therefore, the constant policy should also be 

applied to a dividend-paying risky asset, and dividend payouts should be rein- 

vested. The important feature of introducing borrowing constraints and dividend 

is that both the constant policy and the dynamic strategy in perpetual American 

call options will become path-dependent (hence dominated strategies), unless the 

dividend is consumed rather than reinvested. Thus, the constant policy can be 
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shown to be utility maximising when intertemporal consumption is introduced. 2 

3.6 Chapter Summary and Conclusions 

In this chapter, we first examined, in a perfect market setting, the general form of 

wealth functions for time-invariant portfolio strategies with possible non-zero min- 

imum requirements. In light. of conditions for efficient portfolio strategies, we then 

provided a correct characterisation of efficient time-invariant strategies. It turned 

out that, under our definition of time-invariance of the strategy, the only efficient 

ones are: (1) a constant policy; and (2) a level-dependent policy. Our analysis re- 

solves the problem in Brennan and Schwartz [14] where the minimum requirement 

was not taken into account. Our model also provides a much richer behaviour than 

the continuous-time frictionless representation of the constant proportion portfolio 

insurance by Black and Perold [9] in that our constant policy generates not only 

convex payoffs, but also linear or concave ones. 

Tinte-invariant portfolio strategies are of interest. However, it can be argued 

that the dynamic asset allocation problem would become much more complex if 

the investor's opportunity set is time-varying. A natural extension is to relax the 

assumption of a constant interest rate in the Black-Scholes world and to assume for 

example a stochastic interest rate. The dynamic asset allocation problem under 

stochastic interest rates will be the subject of the next chapter. 

Aiiotlicer possible extension cail also be made along the line of considering a 

2 See Black and Perold [9] for detailed analvtiis on this account. 
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tine-varying risk premium. In particular, earlier 'work by He and Leland [57] and 

Hodges and Carverhill [61] suggest that in equilibrium the risk premium becomes 

more sensible when approaching investment horizon. This finding also implies that 

in an overlapping generations economy, long horizon investors will be contrarian 

and short horizon ones will portfolio insure. Risk/return trade-offs must be con- 

sistent through time, but path-independence property may no longer apply. The 

evolution of the market risk premium will be explored in Chapter 5. 
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Chapter 4 

Dynamic Asset Allocation 
under Stochastic Interest Rates 

In this chapter, we explore a three-asset allocation problem in a complete market 

setting. The assumption of the constancy of interest rate in the Black-Scholes 

model is relaxed. Instead, the interest rates are assumed to be stochastic. The 

factor risk premium is determined so as to be consistent with the underlying equi- 

librium. The dual approach is then applied to solve explicitly for the individual 

investor's optimal portfolio choice under the assumption of a Vasicek short rate 

model [103] and alternative utility functions. 

4.1 Introduction 

C'omveiitioiially, dynamic asset allocation problems are solved by an explicit specifi- 

cation of the investor's utility function and the opportunity set using the arbitrage 

approach. One of the potential problems of the arbitrage approach is that not eý-- 

cry choice of asset price process is viable. In other words, an exogenously specified 

43 



opportunity set may not be supported by an underlying equilibrium. ' 

In this chapter, we propose a framework where the factor risk premia can be 

determined in such a way that they will be consistent with equilibrium. We then 

apply the equilibrium factor risk premium to solve explicitly for the dynamic asset 

allocation problem of a non-representative agent. Our equilibrium is described by 

a representative agent who maximises the expected utility of consumption at the 

horizon date. The utility function is of a von Neumann-Morgenstern type. The 

methodology is similar to that of He [57]. 

A significant assumption made in our model is that we allow a state-dependent 

utility function - the utility function depends on level of wealth and the interest 

rate at the horizon date. The state-dependent utility assumption can be found 

in He [57] where the volatility of the stock returns is determined by a stochastic 

state variable and the utility function of the representative agent depends on the 

final levels of wealth and the state variable. As we shall see later, this specification 

allows a much richer class of factor risk premium functions for the state variable. 

In our example of a Vasicek short rate model, it is shown that a zero factor risk 

premium is supported by a state-independent log utility and a constant factor risk 

premium is supported by a state-dependent power utility. It is also shown that 

when the representative agent's utility is state-dependent, the utility is increasing 

in the interest rate, i. e., the agent derives more utility when the interest rate is 

high. 

In deriving the non-representative agent's optimal portfolio allocation. two 

'See Cox, Ingersoll and Ross. j'? ]. 
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types of utility functions are assumed. First. we consider a CRRA utility function 

of terminal wealth (ie, the utility function is independent of interest rate). Then 

we consider the situation where the non-representative agent has a utility function 

of the same form as the representative agent, but different coefficient of relative 

risk aversion. In this case, the utility function is dependent upon the interest rate. 

Under the assumption of a constant equity premium and a Vasicek type of short 

rate process [103], we show that the optimal choice in the market index is a constant 

one but the optimal choice in the discount bond is such that the proportion should 

increase as the non-representative agent becomes more risk averse. 

The remainder of the chapter is organised as follows. Section 4.2 describes 

the basic setting of our model and constructs the optimal control problem of the 

investor. Section 4.3 then characterises the equilibrium asset price process and 

the factor risk premium function in particular. Section 4.4 applies the analysis 

to derive the supporting utility under the Vasicek short rate assumption. The 

dynamic asset allocation problem for this setting is solved explicitly in Section 

4.5, using the dual approach. Section 4.6 concludes the chapter. 

4.2 The Optimal Portfolio Choice Problem 

Consider, in a complete market setting, an investor's optimal portfolio choice prob- 

lens. The investor aims to maximise her expected utility over wealth at terminal 

date and can trade three types of assets: a stock index, a pure discount bond 

maturing at time T (or a T-bond), and a bank account which accumulates at 

the short rate of interest r. The investors optimisation problem will be properly 
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defined and solved later, after we have described the financial markets and the 

financial assets therein. 

The stock represents the market portfolio and its value S follows a diffusion 

process 
dSt 

= µ(S, r, t)dt + a(S, r, t)dzi, t, (1.1) 
st 

where µ and a are functions of S, r and t. The short rate of interest r follows a 

one-factor stochastic process 

drt = a(r, t)dt + ß(r, t) (pdzi, 
t +1- p2dz2, r) , 

(4.2) 

where zl and z2 are standard Brownian motions under the objective probability 

measure P and p is the correlation coefficient between dzl and dz2. 

We further assume that the economy does not permit arbitrage. Hence, it is 

well known that there must exist a unique equivalent martingale measure Q under 

which the processes (4.1) and (4.2) can be transformed to the following processes 

dSt 
= r(t)dt + or (S, r, t)dý, 1, t (4.3) 

St 

and 

drt = (a(r, t) - A(S, r, t))dt + , ß(r, t) (pdi +1- p2dz2) , 
(4.4) 

respectively, where zl and tie are Brownian motions under the Q-measure. i. e., 

dgl = dgl + 
(S' r, t) - 1(t) dt 

a(S. ' , t) 
dz2 = dti, + v(S, r. t)dt 

and 

1(S, r, t) = 
((Sit)_i(t) 

p+ v(S. r. t) 1- p2 j(r, t) 
(S, r, t) 
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is the risk premium for the interest rate and is the covariance of changes in the 

interest rate with proportional changes in the market portfolio. Since the impact 

of the arbitrary function v is through the above equation, we shall call v the factor 

risk premium function throughout the analysis. 

Let us denote by P(t, T) the T-bond and by N(t) the current value of the bank 

account. One unit of the discount bond pays off L1 at the investor's planning 

horizon T. The bank account starts with 1 at time 0. Furthermore, denote by 

XS, Xp, and XN, the units invested in the stock index, the bond, and the bank 

account, respectively. Thus. the investor's wealth at time t can be written as 

11' (t) = XSS(t) + XpP(t, T) + X, -rN(t). (4.5) 

From the Local Expectations Hypothesis, the time t price of the T-bond, P(t. T), 

can be written as 

P(t, T) =E exp (fTd)] 

where the expectation is taken under the Q-measure. 

Therefore, by Itö's lemma, we can derive the process for the bond price P(t, T) 

P(r, t; T) under the P-measure: 

dP 
=1 Pt + CPr + 232Prr 

dt + pP., 
ß (pdzi +1- p2dz2) (4.6) 

PP 

and 

dP 
_1 

[pt 
+ (« - ý\)P, + 32Prr dt + 

pP, (p&: 
-, +1- 1)2dý2) (4.7) 

PP 

under the Q-measure. Since the drift rata in (4.7) must be equal to the short rate. 

47 



P(r, t; T) must satisfy the following partial differential equation 

Pt+(a-A)Pr+ 
2ý32Prr-rP=O (4.8) 

subject to the boundary condition P(r, T; T) = 1. 

Substituting (4.8) into (4.6) yields 

dP 
P= (r - AD)dt - OD (pdzi +1- p2d z) ( 4.9) 

where D- D(r, t; T) = -PT/P denotes the duration of the discount bond and is 

also the elasticity of the bond price with respect to the short interest rate. The 

risk premium for the bond is equal to -AD. Note that for ease of exposition, 

we sometimes employ shorthand notations for µ(S, r, t), Q(S, r, t), r(t), v(S, r, t), 

A(S, r, t), D(r, t; T) in order to make the equations more readable. 

Let OS and Op denote the proportions of wealth invested in the stock and 

the bond, respectively. The instantaneous proportional change in wealth can, 

therefore, be written as 

d1lj 
= [r + Os(µ - r) + Op(-AD)] dt 

w 

+OsQdzl - OPßD (pdzi +1- p2dz2) (4.10) 

The investor's problem is now to allocate the wealth among the three available 

assets in order to inaxirnise the expected utility over wealth at the horizon date: 

max 1E[U(rT, ll T)] 
c5s, 'p (4.11) 

subject to (4.10) and the budget constraint 11'(0) = Wo > 0. U is a strictly 

increasing and continuously differentiable von Neumann-Morgenstern utility func- 

Lion. Note that by stpfeuifying t. U - U(rT. T VT), we have deliberately formulated the 
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possible state-dependency on the state variables in the utility- function. Since there 

are two state variables S and r in our setting, following the standard procedures 

of stochastic dynamic programming, we can define the indirect utility function 

J(W, S, r, t) with the boundary condition J(W, S, r, T) = U(rT, 1T T). Thus, the 

Hamilton-Jacobi-Bellman equation can be written as 

0= max {Jt + JWW [r + OS(bt - r) + Op(-AD)] 
cs, 4P 

1 
+µSJJ + aJr +1 W2Jwtit, (0sa2+0p2,32 D2- 2osoppa, QD) 

+2Q2S2JSS + 2ß2Jrr + WSJJl; S (0-20S 
- paßD0p) 

+JWrW (Paßcbs 
- ß2Dcp) + pU/3SJsr }. (4.12) 

Solving the system of equations from the first order conditions yields the opti- 

mal controls: 

µ-rpv_ Jig, 
_ 

SJjjýs 

ý2 1- p2 lýý'Jjt. W 
(4.13) 

1v J« 1J 
ýP + (4.14) =-1 --p2 ßD IV Jjj' It/, DW Jj, vtv 

Since by construction, the strategy is self-financing, the proportion of wealth in- 

vested in the bank account is simply 0R =1- 0S - 0P. 

4.3 Equilibrium Asset Price Dynamics 

In the previous section, we have expressed explicitly the individual investor's op- 

timal portfolio choice in terms of partial derivatives of the indirect utility. In this 

section, we use this result to analyse the equilibrium asset price processes. The 

kind of equilibrium we employ here is the conventional single representative agent 
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equilibrium. We first give representations of the equilibrium factor risk premium 

function and the market price of risk in stock index, and then move to obtain 

equilibrium conditions for the coefficients of the asset price processes to satisfy 

in terms of a set of partial differential equations. We will see that with further 

assumptions, it is possible to back out the representative agent's utility function 

that support the system. 

4.3.1 Equilibrium Factor Risk Premium Function 

Recall that in our setting, the stock index represents the market portfolio. Thus, 

we define the market equilibrium in such a way that the representative agent must 

optimally hold the stock index at all times. By normalising the market portfolio to 

one share of the stock index, it is required that, in equilibrium, the representative 

agent holds the market portfolio, i. e., 0S =1 and the bond is in zero net supply, 

i. e., ýP = 0. By substituting these conditions into (4.13) and (4.14), we can obtain 

the equilibrium factor risk premium function v 

V= -ß 1_ p2 
ýýýý, 

(4.15) 
it 

sind the market price of risk for the stock index is 

= -as 
J1 t1 

- as 
JIt' St3 Jtt-r (4.16) 

a lt LI it 
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4.3.2 Equilibrium Conditions 

Assume J is a smooth function and is differentiable wherever applicable. We caii 

apply Ito 's Lemma on dJti - to yield the following equation, 

dJij: = Jwtdt + Jwtt dW + JWSdS + Jr. dr 

Jwww(dW)2 +1 Jwjý, ss(dS)2 +1 Ju . rr(dr)2 +I 222 

+Jji'ýjis(dW)(dS) + JwwVr(dtiV)(dr) 

+JWSr(dS)(dr'). (4.17) 

Due to the appearance of the higher order derivatives, we further differentiate 

(4.12) with respect to W and substitute it together with (4.1). (4.2), and (4.10) 

into (4.17). This gives 

dJtt _ -rJtti, dt + WJtt, -tt-- 
[adzi 

- OPßD (pdzi +1- p2dZ2)] 

+Jjj; saSdzj + Jlt-rß (pdzi +l- p2dz2) (4.18) 

Finally, substituting (4.13) and (4.14) into (4.18) yields 

d Jai 
_ -rdt --r dzl - vdz2. (4.19) 

Jet or 

By stochastic integration, J%y- has the solution of the following form 

Jlt (t) =Jig (0) t (4.20) 

where 

(V) 
= exp -t rudu -1t 

ýt -r+ (vu)ý dig 
020U 

tFý_t, t 

- (/Ciu- vudý2U (1.21) 
0 c0 0 
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is the state-price density (SPD). 

Let us denote by H the logarithm of the SPD &) as defined in (4.21). i. e., H= 

In &). Since in equilibrium, the state price density must be path-independent, we 

can specify H as a function of S, r, and t only. Namely. H- H(S, r, t). Comparing 

dzl and dz2 terms of dH with those of d 1n(ß(")) produces 

or (S, r, t)S(t)HS(S, r, t) + p, 3 (r, t)Hr(S, r, t) =_ 
(S, r, t) - r(t) 

or (S, r, t) 
ß(r, t) 1- p2Hr(S, r, t) = -v(S, r, t). 

It follows that 

S'(t)Hs(S', r, t) = -µ(S, 
2 t) - r(t) + pv(S, r' t) 

f (S, r, t), (4.22) 
aý (S, r, t) Q (S, r, t) 1- p2 

and 

Hr(S, r, t) =- - 
v(s, r, t) 

2= -9(S, r, t). (4.23) 
ß(r, t) 1 -P 

The following theorem provides the equilibrium condition that the parameters 

of the stock index, the interest rate processes and the factor risk premium must 

satisfy in order to be consistent with equilibrium. The characterisation is obtained 

by imposing (1) the stock price process is an equilibrium price process in the sense 

that the demand and supply of the stock are equal ; (2) the factor risk premium 

function v determines the equilibrium shadow prices for time-and-state contingent 

claims. 

Theorem 4.1 Tic iicc . s. "o>-y and sufcicnit conditions for (S, r) de, fined in (4.1) 

(111(1 (4., '-? ) to be (Oilsi, OC1rt with on egiiilibi'inin aie that there eii, st. s (I f, («tor r-i, k- 
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premium function v such that (f, g) as defined in (4.22) and (4.23) satisfies (Cl)- 

(c3): 

(Cl) the functions f (S, r, t) and g(S, r, t) defined in (4.22) and (4.23) must satisfy 

fr = Sgs; (4.24) 

(C2) given all coefficients and g defined in (4.23), a non-linear second-order PDE 

in terms of f must be satisfied: 

Lf+ ft + Saas(Sfs +f2- f) + ß(PasS - ß9) fr - PaoS9fs = 0, (4.25) 

where 

L. f = l-LSfs + afr + 20,2S2fss + 
52 

frr + paßSfsr; 

(C3) given all coefficients and f defined in (4.22), a non-linear second-order PDE 

in terms of g must be satisfied: 

Lg+ 9t +p [-oß9 + (oß)r] Sgs + ß(13r - ß9)9r + (ar - /313r9)9 

+(. f - 1)+UO'r(SfS+f2-1) =0, (4.26 

where 

G9 = AS9S + a9r +2 a2s29SS +1 ß29rr + Paf S9sr; 

Proof: Since Hs, = Hrs, we differentiate (4.22) with respect to r and (4.23) 

with respect to S to obtain SHsr =- fr and Hs = -9s. Hence proved (Cl). 

To prove (C2), we first compare the dt term of dH with that of d ln( &)) to 

obtain an equality expressed in shorthand as 

µSHs + aHr + Hr +2 a2s2Hss +2 ß2Hrr + SO'ßPHSr 

2 

- -r - 
(pol _r +v2 (4.27) 
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Next, we differentiate (4.22) with respect to S and r. respectively. and (4.23) 

with respect to r to obtain S2Hss =f- Sfs, SHs,. =- fT and Hrr = -g,. 

Substituting those into (4.27) together with (4.22) and (4.23) and realising that 

It -r= a2 f+ paß9 yield 

2 a2 (-Sfs + f) - Porofr -2 ß29r -2 a2. f 2 
-rf - a9 + Hr 

1 
, 32g2 - r. (-1.28) 

Equation (4.28) can be further differentiated with respect to S to obtain an ex- 

pression with Hts and grs appearing. Eventually, (C2) can be proved by using 

the facts that Sgrs = frr and SHst =- ft 
. 

(C3) can also be proved by following 

a similar approach, starting from differentiating (4.28) with respect to r. The 

sufficiency part of the proof can be referred to the Appendix in He [57]. 0 

4.3.3 The Representative Agent's Utility Function 

By inspecting (4.22) and (4.23), one gets an indication about how one might be 

able to back out the representative agent's marginal utility function that supports 

the equilibrium price system. The following theorem delivers the result. 

Theorem 4.2 Assume in equilibrium the representative agent optimally holds the 

stock ipdc: zr (or equivalently the market portfolio) at all times. Given the asset price 

and the interest rate process (4.2) 
. the marginal ut litt' function 

which supports the system is gu'cn2 by 

r-ý 

{fs 
['ti = exp - g(So. Y. T)dy exp - (1a. (4.29) 

oX 
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Proof: See He [57], pp. 15-16. Q 

Note that in (4.29), the first exponent is a function of r only. Therefore. if f is 

a function of S and T only, then the utility is separable in wealth and the interest 

rate r. 

In principle, one can use Theorem 4.1 to derive systematically all of the ad- 

missible factor risk premium functions v that are consistent with our underlying 

equilibrium. However, without further assumptions, it is generally extremely dif- 

ficult to solve these complicated differential equations. Nevertheless, from (4.29), 

we can observe some important special cases. First, the utility function is state- 

independent when g=0. Second, when f is constant and g=0, t lie representative 

agent exhibits a constant relative risk aversion (CRRA) utility. Finally. if we as- 

suliic the factor risk premium v is a function of r and t oiily. i. e. v- v(r, t), then 

g- g(r, t) since vs =0 from (4.23) and f-f (S, t) since gs =0 from (4.24). 

Therefore, from (4.29), the utility function must be separable in lt' and r. 

One further simplification is to assume that u, a, a, and 0 are all time- 

homogeneous and v is a function of r only. Therefore, from (4.22) and (4.23). 

g and f will also be time-homogeneous, i. e., g= g(r) and f=f (S). (4.25) then 

reduces to 

2rfs +a [0,2(f 2+ Sfs - f)] = 0, 
os 

or equivaleiitly. 

? ''f +ß'`'(f2+Sfs-f) (4.30) 
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Similarly. (4.26) reduces to 

2, ß29r+ag- 
lß292+ 107 2(f2+Sfs-f)+r(f 

-1) =ýi. (4.31) 
22 

where K is an arbitrary constant. 

(4.30) and (4.31) provide a systematic way to find f and g which determine the 

utility function. For example, if a is further specified as a function of r only, then 

a constant f is a solution to (4.30). Therefore, (4.31) becomes a first-order non- 

linear ODE which is supported by a state-dependent CRRA type utility function 

scaled by a constant c: 

r Sl-f 
c exp - g(SO, y, T) dy T (4.32) 

fro 

1- 
.f 

4.3.4 Equilibrium Equity Derivatives Pricing 

As long as the equilibrium factor risk premium function v is known, one can 

price any European contingent claims written on the assets. It is not uncommon 

in the option pricing literature to specify v exogenously. Whether the specified 

processes for S(t), r(t) and v(t) are consistent with an equilibrium depends upon 

the definition of equilibrium we employ. Recall that the kind of equilibrium we 

assumed in this analysis is such that under equilibrium, the representative agent 

niust optimally hold the market at any time prior to the horizon date. It is 

also ýissunicd that there will be no dividend and intermediate consumption. This 

is obviously a more restricted form than a dynamically competitive equilibrium 

Inairkct. 

In our c<Oiit(Xt. denote by C the value of a European call option written on the 
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stock index with exercise price X. The value C must satisfy the following PDE: 

Get +I a2S2CSS + PQßSCSr +23 2Crr + rSCs + (a - A)Cr - rC = 0, (4.33) 

with the boundary condition C(S, r. T) = (S - X)+. 

4.4 Vasicek's One-Factor Short Rate Model 

In this section, we will apply the results from previous sections to a special 

case where the short rate follows a mean-reverting (Ornstein-Uhlenbeck) process. 

Specifically, we assume that the stock index offers a constant risk premium and 

the interest rate follows Vasicek's [103] short rate model, i. e. 

dSt 
_ (rt + A)dt + Qdzl, t, (4-34) 

St 

drt = r, (9 - rr)dt +b (pdzi, 
t +1- p2) dz2, t, (4.35) 

where A, or, Ic, 9, b, and p are constant. 

To find the supporting economy, we first obtain the functions f and g from 

(4.22) and (4.23), 

SHS =-+ 
pv 

2- -f (S, r, t), (4.36) 
01 a 1-p 

Hr =-b1V- 
p2 

= -g(S, r, t). ( 4.37) 

The hext task is to find feasible factor risk premium functions v which are con- 

sisteiit with equilibrium. In order to be able to solve the problem explicitly. we 

confine ourself to the time-homogeneous case where v is a function of r only. The 

followin proposition suites the equilibrium price system and the supporting utility 

function. 
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Proposition 4.1 Assume the processes (4.34) and (4.35) and the factor risk pre- 

minm function v is a function of r only. The necessary and sufficient conditions 

for the price system to be consistent with the equilibrium are that 

A= -ya2 + (-y - 1) pba (4.38) 
Ic 

v= b1 - p2 
7- 1 

(4.39) 
Ic 

pb <1, when 0< ry < 1, (4.40) 
'Y 

pb 
>2, when 'y > 1. (4.41) 

1W 1- -y 

The supporting utility function of the representative agent is 

U= exp 
1 

(rT - rp) 
WT1 ry 

(4.42) 
rý 1- -y 

for -y > 0, ry 1, and is U= In WT, for -y = 1. r0 and rT are interest rates at time 

0 and time T, respectively. 

Proof: From previous analysis, g will be a function of r only and f will be 

a function of S only. By inspection of (4.36) and (4.37), it turns out that v is 

constant, so are f and g. Condition (4.30) is apparently satisfied. Functions f and 

g can be related by (4.36) and (4.37). When we define -y - f, it follows that 

pb 
U2 a 

From (4.31), we obtain 

0' 2(, Y2 --y)+r(-y- 1) = K. r, (9-r)g- 
Ib2g2+ 

21 

(4.43) 

By letting the coefficient of r be zero, we obtain g=11. Substituting g into 

(4.43) and rearranging the equation yield (4.38). Equation (4.39) also follows 
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immediately from (4.37). The sufficient conditions (4.40) and (4.41) are given to 

ensure a positive market risk premium A for -y > 0, ^t 1. When ,=1, it is 

obvious that A= Q2 > 0. The supporting utility function (4.42) is a direct result 

from (4.32). Q 

Note that in this example, the utility function which supports our kind of equi- 

librium is, in general, state-dependent unless the investor's coefficient of relative 

risk aversion is equal to one. Differentiating (4.42) with respect to rT yields 

1--y 
UrT = U. (4.4-1) 

It can be shown that Ury is positive if 7y >0 and 'y $ 1, and is zero if ;=1. In other 

words, the representative investor prefers higher interest rate to lower interest rate. 

However, the marginal utility gain with respect to r will be increasing (decreasing) 

if0<-y<1(-y>1). 

4.5 Explicit Solutions to Non-Representative 
Agent's Optimal Asset Allocation 

Following the analysis in the previous section, we now solve explicitly a non- 

representative agent's portfolio choice problem. The agent is assumed to have the 

same horizon as the economy. It is conventional in the related literature to consider 

a state-independent CRRA utility. Therefore. we first solve the problem for an 

agent with this type of utility. However, the interesting result that the economy 

we described is supported by a representative agent with a state-dependent CRRA 

type utility enables us to consider a non-representative agent with the same form 
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of utility as the representative agent, i. e. (4.42), but with risk aversion 77 rather 

than -y. We shall refer to the agent with the first type of utility the Type 1 agent, 

and the one with the second type the Type 2 agent. Since we assume the market 

is complete, we can apply the martingale technique to obtain explicit solutions for 

both cases. 

4.5.1 Non-Representative Agent with Terminal Utility 
Independent of Interest Rate 

Consider a non-representative agent with a CRRA utility: 

IV 1-'7 
U(WT, T) _ 1-rý (4.45) 

where il > 0, and 77 I. When 71 = 1, the utility is of a logarithmic form 

U(WT, T) = In WT. We shall call the agent with this type of utility the Type 1 

agent. 

Since the market is complete, from the first order condition, we can rearrange 

to obtain 
1_1 

1 LT = l-77 cT'' (4.46) 

where I is the Lagrange multiplier and ý is the state-price density as defined in 

(121). Note that for notational simplicity, we have suppressed the superscript v. 

Substituting (-1.46) into the budget constraint, ýt 1V = IEt[&T-T T] and rearranging 

the equat ion yield 
11 

. 
-1 71n ltt=I ýý ýt Et (4.47) 

t 
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From (4.46) and (4.47), we obtain 

(ýT) 1-ý -1 

WT = Wt Et 
(ýT) 

(4.48) 

Therefore, the utility function becomes 

1-rý (\1_1 1-1 
17 

U(WT, T) = 
Wt (ýT) 

Et T (4.49) 
1- ý7tr 

By applying the techniques of term-structure models, it follows that the indirect 

utility function is of the form 

(Wt/Pt)i-" lv(t T) J(Wt, rt, t) = Et [U (WT, T) I=1_e 77 

where Pt - P(r, t; T) is the time-t price of the T-bond, and 2 

v(t, T) _ (A + 28 + C)T - (28 + C)D(t, T) - 
2C (D(t, T) )2 

, 

T=T-t, 

(A)' 
.A=+2 Q 

B= 
bp (A) 

-i- 1- p2 v, 
N 
b2 

C=h, 2. 

(4.50) 

As ai result, we can derive the partial derivatives, Jli,, JINN, JlVr and Jtjýs, 

where Jivs = 0. Substituting them into (-1.13) and (4.14) and applying (4.38) 

yield the optimal choice. Let E denote the 2x2 variance-covariance matrix of the 

2'11-t/Pt can be interpreted as the forward price of a forward contract written on the 
investor's tune-T wealth in absolute term. Hence, the investor is indifferent between allo- 

cating across assets dynamically and selling short the forward contract which guarantees 
the payoff of IT 'T at T. 
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returns on the stock index and the T-bond. Also, let it denote the 2x1 vector of 

risk premia. It is a well-known result that, in this case, the optimal holdings on 

these two assets are given by 

psi 
=l1 

(O" 
0P, 1 77 

As in Merton [85], (4.51) shows that the optimal portfolio is a linear combination 

of the the myopic policy E-17r which is instantaneously mean-variance efficient 

and a hedge portfolio which contains only the T-bond. The weights on these two 

portfolios depend on the risk aversion parameter ii. 

Given the result from Proposition 4.1, the optimal proportions of wealth in- 

vested in the stock index, the T-bond for the Type 1 agent can be expressed as 

os l 
ii 10 

*' =1 ý1_y\ +1--1 (x. 52) ýP, 
1 1-e-kT 

) rl 

The proportion of wealth held in the bank account is therefore 

e-KT -y -1 0Rj 
1 e-IIZT 77 

Equations ('1.51) and (4.52) indicate that the optimal stock investment is a 

myopic policy and, in fact, a constant policy. This is not surprising since we 

h aave assumed a constant risk premium for the stock index. However, the demand 

fuiiction for the T-bond displays a time-varying behaviour which reflects the time- 

varying opportunity set. The demand on the T-bond will increase as the time to 

maturity lengthens. until in the limit case as T x, ßP 
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4.5.2 Non-Representative Agent with Terminal 
ity of Same Form as Representative Agent 
Different RRA Coefficient 

Util- 
but 

Now let us consider a non-representative agent with utility function of the same 

form as representative agent but with different risk aversion rj: 

_ 77 IV 1-, q 
U= exp 

I 
(rT - ro) T (4.53) 

K1- rý 

where ii 1, U= In WT when i=1. We shall call the agent with this type of 

utility the Type 2 agent. 

Using the same approach as for the Type 1 agent, we can re-derive 

_1- 
i- i (rT-ro) 

(4.54) WT =l 77 T'' eý 

and also 
1 1_ 1 

wt = Z-'-, yet fi't T 77 
elýý 

(rT-T0)(4.55) 

From (4.54) and (4.55), 

1 
Wý t 

(T\-; 

ýt 
/ WT =1 (4.56) 

E [(±) 
1-ý 

e 

and the utility function becomes 

1-77 (i)'-1 U(ti 
. T, 7) =e 

(rT-rp) t 
ýT 

1- 7i ýt 

Et Tel (rT-ro) (4.57) 
ýt 

Hence, the indirect utility function is given by 

tý - )vl (T. t: T)ý ýýý(t, T)e(i-77)V3(t, T) J(11 S, i, t) = IEt[I, '([ý', r. 1ý)] _ 
ýýý i 1- 77 

1-ii 

(4.. 58 
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where 

vi (r., t; T) =1 (e-krrt - ro) 

v2(t, T) = A+2B+C, 

v3(t, T) = 
(O-S- 2C 

D(t, T) - 
4C (D(t, T))2 

and A, 8 and C are as defined earlier. 

Deriving the partial derivatives, JW, Jjj tj,, J'Vr and Jjj-s, where Jjys =0 and 

substituting them into (4.13) and (4.14) yield the optimal choice for the Type 2 

agent. In matrix form, the optimal holdings on the stock and the T-bond are given 

by 
11 OS*, 

2 
= E-17f +1-0 (4.59) OP, 

2 TI i l-e-KT 

As in the case of Type 1 agent, the Hedge portfolio contains only the T-bond. 

However, being different from the Type 1 agent, the hedge demand is now time- 

varying instead of constant. Again, we can express the optimal portfolio in terms 

of -y and 'ii as 

OS*, 2 
7i 

+0 0* 
1-e Kr 

(ý) 1 
rl 1-e KT 

( 
. 
ÖO) 

The proportion of wealth held in the bank account is, therefore, given by 

OR2= 
1- e- rý 

Note that as found in the Type 1 agent, Type 2 agent behaves in a similar way 

with regard to the risk aversion. The optimal holding for the stock decreases and 

the optiinal holding for the T-bond increases when the agent becomes more and 

more risk averse. In the limit case, when the agent has infinite risk aversion (i. e. 

0 all(1 ()p., = 1/ (1 - -Kr). 
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4.6 Numerical Illustrations 

In this section, we illustrate our portfolio selection models derived in Section 4.5 by 

applying realistic parameter values and evaluating the relevant functions numeri- 

cally. Our main interests are (1) to see how these two types of agents assumed in 

the analysis behave in their optimal allocation strategies and (2) to examine how 

they behave in the limit case as the time to horizon approaches infinity. 

The parameters driving the stock index and interest rates processes are chosen 

as follows. For the stock index dynamics, the risk premium is A=0.6 and the 

volatility is o, = 0.2. For the interest rate dynamics, b=0.02 and r, varies according 

to -y. The correlation between dzl and dz2 is p= -0.25. 

Figure 4.1 shows the optimal portfolio choices against the ratio of 'y to rj for 

both types of non-representative agents. The representative agent's relative risk 

aversion is 'y =2 and the time to maturity is 10 years. Panel I shows the optimal 

portfolio choice of an agent with a state-independent CRRA utility. Panel II shows 

the optimal portfolio choice of an agent with a state-dependent utility which is of 

the same form as the representative agent but possibly different risk aversion. The 

solid lines represent the holdings in the stock, OS, the dashed lines represent the 

holdings in the T-bond, Op, and the dash-dot lines represent the holdings in the 

l)aiik account, OR. In both cases, the optimal holding for the stock decreases and 

the optimal holding for the T-bond increases when the agent is more risk averse. 

Detailed results arc given in Tables 4.1-4.3. Table 4.1 tabulates the optimal 

holding in the stock index. Froin (4.52) and (4.60), we know that os� = n. s. z 
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and it decreases as the agent becomes more risk averse. Tables 4.2 and 4.3 give 

the optimal holding in the T-bond for the Type 1 agent and the Type 2 agent. 

respectively. It can be seen that the optimal holding in the T-bond increases 

as the agent becomes more risk averse. Therefore, one can conclude that the 

bond-stock ratio should be increasing in the risk aversion. This is consistent with 

the conventional wisdom and the common recommendations given by financial 

analysts. 

As analysed in the model, the speculative demands for the T-bond are the 

same for both utility assumptions. Hence, Figure 4.2 shows only the hedge demand 

against the ratio of -y to q for both types of non-representative agents. Specifically, 

it plots the demand function for the T-bond since the hedge portfolio contains only 

the T-bond. The representative agent's relative risk aversion is 7=2 and the time 

to maturity is 10 years. 

Finally, the optimal holding in the T-bond for the limit case as r -+ oo is given 

by Table 4.4. Our model shows that it is the same for both types of agents. Figure 

4.3 shows the optimal holdings in the stock index and the T-bond across different 

horizons. Panel I shows the result for the case where 'y =3 and q=2. Panel II 

shows the result for the case where -y =2 and 77 = 5. While the holdings in the T 

bond converge as T increases, the behaviour could be quite different. In particular, 

when 71 > ý, the hedge demand of a Type 2 agent will dominate so that she will 

hold more and more bond over time. As for the Type 1 agent, the speculative 

denhl and will dominate the (constant) hedge demand so that she will hold less and 

less bond over tine regardless of the relative level of risk aversion. 
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Note that although the qualitative properties proposed by our models are quite 

encouraging, there appears to be a singularity when T=0. That is, from Figure 

4.3, non-representative agents either purchase or sell short infinite amounts of 

bonds when approaching the horizon date - this is as a result of the form of 

demand functions (4.52) and (4.60). It can be argued that in a discrete time 

setting, this should not pose a serious problem. However, it would be nice if we 

can have a model that prevents the singular behaviour even in the continuous time. 

We conjecture that introducing intermediate consumption might be able to correct 

this problem. 

4.7 Chapter Summary and Conclusions 

In this chapter, the dynamic asset allocation problem under stochastic interest 

rates was investigated. We first characterised the equilibrium conditions which 

the asset price dynamics must satisfy and then applied the results to the Vasicek's 

one-factor short rate model. The dynamic asset allocation problem for a non- 

representative agent was then solved explicitly using the dual approach. 

We assumed two types of utility for the non-representative agent. In both 

c"aises, the optimal holding for the stock index is constant (also myopic) and the 

hedge portfolio contains only the T-bond. The main difference, however, is in the 

hedge demand for the T-bond. When the agent has the utility of the same form 

as representative agent but with different risk aversion, the hedge demand for the 

T-bond is time-varying instead of being constant as in the CRRA case. We showed 

that, given reasonahle levels of risk aversion, the agent should purchase more and 
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Figure 4.1: Optimal portfolio choices of non-representative agents. These 
figures show the agent's optimal holdings in the stock index, the T-bond and 
the bank account. The parameter values are A=0.06, a=0.2, b=0.02, and 
p= -0.25. The representative agent's relative risk aversion is = 2. The 
time to maturity is 10 years. Panel I shows the optimal portfolio choice of a 
Type 1 agent, who has a state-independent CRRA utility. Panel II shows the 
optimal portfolio choice of a Type 2 agent who has a state-dependent CRRA 
type utility of the same form as the representative agent but with possibly 
different risk aversion. The solid lines represent the holdings in the stock, 4s, 
the dashed lines represent the holdings in the T-bond, bp, and the dash-dot 
lines represent the holdings in the bank account, OR. 
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Figure 4.2: Hedge demand of non-representative agents. These figure plots 
the demand function for the T-bond. The parameter values are A=0.06, 

a=0.2, b=0.02, and p= -0.25. The representative agent's relative risk 
aversion is y=2. The time to maturity is 10 years. The solid line shows 
the demand for the instantaneously mean-variance efficient portfolio which 
is the same for both types of utility functions. The dashed line shows the 
hedge demand for a Type 1 agent who has a state-independent CRRA utility 
and the dash-dot line shows the hedge demand for a Type 2 agent who has 

a state-dependent CRRA type utility of the same form as the representative 
agent but with possibly different risk aversion. 

11 

2 3 4 5 6 7 8 9 10 
2 1.00 0.67 0.50 0.40 0.33 0.29 0.25 0.22 0.20 
3 1.50 1.00 0.75 0.60 0.50 0.43 0.38 0.33 0.30 
4 2.00 1.33 1.00 0.80 0.67 0.57 0.50 0.44 0.40 
5 2.50 1.67 1.25 1.00 0.83 0.71 0.63 0.56 0.50 
6 3.00 2.00 1.50 1.20 1.00 0.86 0.75 0.67 0.60 
7 3.50 2.33 1.75 1.40 1.17 1.00 0.88 0.78 0.70 
8 4.00 2.67 2.00 1.60 1.33 1.14 1.00 0.89 0.80 
9 4.50 3.00 2.25 1.80 1.50 1.29 1.13 1.00 0.90 
10 5.00 3.33 2.50 2.00 1.67 1.43 1.25 1.11 1.00 

Table 4.1: Optimal holding ill the stock index. denotes the representative 
agents RA coefficient and ii denotes the non-representative agent's RRA 
C'oeffic'ient. 
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i 
2 3 4 5 6 7 8 9 10 

2 -0.77 -0.18 0.11 0.29 0.41 0.49 0.56 0.61 0.65 
3 -3.03 -1.69 -1.01 -0.61 -0.34 -0.15 -0.01 0.10 0.19 
4 -5.29 -3.19 -2.14 -1.51 -1.10 -0.80 -0.57 -0.40 -0.26 
5 -7.55 -4.70 -3.27 -2.42 -1.85 -1.44 -1.14 -0.90 -0.71 
6 -9.81 -6.21 -4.40 -3.32 -2.60 -2.09 -1.70 -1.40 -1.16 
7 -12.07 -7.71 -5.53 -4.23 -3.36 -2.73 -2.27 -1.90 -1.61 
8 -14.33 -9.22 -6.66 -5.13 -4.11 -3.38 -2.83 -2.41 -2.07 
9 -16.59 -10.73 -7.79 -6.04 -4.86 -4.03 -3.40 -2.91 -2.52 
10 -18.85 -12.23 -8.92 -6.94 -5.62 -4.67 -3.96 -3.41 -2.97 

Table 4.2: Optimal holding in the T-bond for a Type 1 agent. -y denotes the 
representative agent's RRA coefficient and 71 denotes the non-representative 
agent's RRA coefficient. 

more bond over time due to the increasing hedge demand. They act as such to 

hedge the possible loss of utility should the interest rate turn out to be low. This 

result also seems to be consistent with the popular recommendations from the 

analysts that the bond-stock ratio should increase as the time to horizon shortens. 

rfype 1 agents will tend to hold less in bonds over time due to the decreasing risk 

premium offered by bonds. It is interesting to note that in the kind of equilibrium 

we employed, since bonds are in zero net supply, the representative agent will hold 

no bonds at all. Thus, if all investors have the same horizon, there must exist 

different investors who behave in opposite ways in the bond market. 

Although our assumption of one-factor short rate process is quite restrictive, 

and may be unrealistic, there should be no conceptual difficulties to extend our 

framework to other term structure of interest rate models. This extension will 

inevitably require some cumbersome work and we conjecture that the qualitative 

properties of our results will be preserved. Moreover, the introduction of short 

sale coiistralilt also seems unlikely to change the qualitative properties. 
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2 3 4 5 6 7 8 9 10 
2 0.00 0.85 1.27 1.52 1.69 1.82 1.91 1.98 2.03 
3 -1.76 0.00 0.88 1.41 1.76 2.02 2.20 2.35 2.47 
4 -3.86 -1.29 0.00 0.77 1.29 1.65 1.93 2.14 2.31 
5 -6.04 -2.68 -1.01 0.00 0.67 1.15 1.51 1.79 2.01 
6 -8.25 -4.12 -2.06 -0.82 0.00 0.59 1.03 1.37 1.65 
7 -10.47 -5.59 -3.14 -1.68 -0.70 0.00 0.52 0.93 1.26 
8 -12.71 -7.06 -4.24 -2.54 -1.41 -0.61 0.00 0.47 0.85 
9 -14.95 -8.54 -5.34 -3.42 -2.14 -1.22 -0.53 0.00 0.43 
10 -17.20 -10.03 -6.45 -4.30 -2.87 -1.84 -1.07 -0.48 0.00 

Table 4.3: Optimal holding in the T-bond for a Type 2 agent. ^y denotes the 
representative agent's RRA coefficient and i, denotes the non-representative 
agent's RRA coefficient. 

i 
y 2 3 4 5 6 7 8 9 10 
2 0.00 0.33 0.50 0.60 0.67 0.71 0.75 0.78 0.80 
3 -0.50 0.00 0.25 0.40 0.50 0.57 0.63 0.67 0.70 
4 -1.00 -0.33 0.00 0.20 0.33 0.43 0.50 0.56 0.60 
5 -1.50 -0.67 -0.25 0.00 0.17 0.29 0.38 0.44 0.50 
6 -2.00 -1.00 -0.50 -0.20 0.00 0.14 0.25 0.33 0.40 
7 -2.50 -1.33 -0.75 -0.40 -0.17 0.00 0.13 0.22 0.30 
8 -3.00 -1.67 -1.00 -0.60 -0.33 -0.14 0.00 0.11 0.20 
9 -3.50 -2.00 -1.25 -0.80 -0.50 -0.29 -0.13 0.00 0.10 
10 -4.00 -2.33 -1.50 -1.00 -0.67 -0.43 -0.25 -0.11 0.00 

Table 4.4: Optimal holding iii the T-bond for the limit case as 7r -* oc. 
denotes the representative agent's RRA coefficient and il denotes the non- 
representative agent's RR coefficient. 
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In view of the fundamental role the interest rate plays in the intertemporal 

analysis, it will be most interesting to see how the agent's optimal portfolio choice 

will behave with the introduction of intermediate consumption. 
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Figure 4.3: Optimal portfolio choice across time. These figures show the 
optimal Holdings in the stock index and the T-bond across different horizons. 
Panel I shows the result, for the case where 3 and 71 = 2. Panel II shows 
the result for the case where ý=2 and q=5. The solid lines represent 
the stock index holdings, the dashed lines represent the T-bond holdings of 
as Type 1 agent, and the dash-dot lines represent the T-bond holdings of a 
Type 2 agent. The parameter values are A=0.06, o, = 0.2. b=0.02. and 
p= -0.25. 
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Chapter 5 

On the Time Variation of the 
Market Risk Premium 

Motivated by the empirical observation that there exists some degree of predictabil- 

ity in asset returns, this chapter investigates the theoretical constraints on the time 

variation in the risk premia of the market portfolio in a continuous-time, finite 

horizon pure exchange economy. By characterising the equilibrium conditions as 

nonlinear partial differential equations, closed-form solutions can be obtained. It 

is shown that in a stationary economy, the presence of intermediate consumption 

can have a drastic effect on the possible kinds of time-varying behaviour of the 

risk premia. l 

'This chapter is as modified version of an earlier working paper presented in the AFFI 
2002 Annual Conference, Strasburg, France, June 2002. 
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5.1 Introduction 

The classical Gordon growth model (Gordon [49]) is one of the simplest theoretical 

models in finance. Nevertheless, it provides some basic economic intuitions for 

the equilibrium relations between prices, returns and dividends. First, the stock 

prices are high when dividends are expected to grow rapidly or when dividends 

are discounted at a low rate. Furthermore, the dividend-price ratio has a strong 

relationship with the prospective stock return: for a given growth rate, the higher 

the ratio, the higher the expected total return. 

A substantial body of empirical literature on market returns often suggest that 

they exhibit certain degree of predictability for long horizons (see, for example, 

Poterba and Summers [92], Cecchetti, Lam and Mark [22], Kandel and Stambaugh 

[71], and Fama and French [46,47]). However, the relaxation of the constancy of 

the discount rate and/or the dividend-price ratio very often introduces nonlinearity 

in the model and, therefore, becomes quite difficult to deal with. 

One of the most contentious phenomena in the equity markets is the mean 

reversion in equity prices or returns. Since expected returns are not observable, 

we cannot be sure about whether the mean reversion is due to market inefficiency, 

or it should be attributed to the equilibrium asset pricing model. Nonetheless, 

the work by Cecclletti, Lam and Mark [22] indicates that mean reversion could 

be coiisistcnt with equilibrium. Other researchers have also tried to explain mean 

reversion by applying habit formation models, or more general utility functions 

stieb as the Epsteiii-Zin utility. 
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In the continuous-time literature, it is also not uncommon to find that a mean- 

reverting type of stochastic process is explicitly assumed and incorporated in the 

asset price dynamics in order to solve various problems. For example, the price of 

risk can be prespecified as following a mean-reverting stochastic process (see Black 

[6]). However, the way that the behaviour is modelled exogenously does not seem 

to be satisfactory. As in Bick [4,5], not any given diffusion process can be used 

to represent the price process of the market portfolio. In other words, they might 

not be viable. Cox, Ingersoll and Ross [27,28] also address the potential problem 

of an exogenously specified stochastic price process in that it may be internally 

inconsistent with an equilibrium. 

For a price process to be viable, certain conditions must be satisfied and the 

utility function of the representative agent must also be identified in order to 

correspond to the given process in equilibrium. Along this line of research, some 

progress has been made (see for example, Bick [5], He and Leland [57], Hodges 

and Carverhill [61], and Hodges and Selby [63]). The equilibrium behaviour of the 

market parameters is better understood under this approach. Yet, these models 

fail to suggest that a diminishing relative risk aversion, desirable on empirical 

ground, could exist in equilibrium. Since these models assume the representative 

agent maximises her expected utility over terminal wealth only, it is natural to 

extend to as model which also considers intermediate consumption. 2 

Specifically, the purpose of this chapter is to investigate the theoretical con- 

2Although Bick [41 generalises his analysis on the consistency of the Black-Scholes model 
to a continuous-consumption framework, he assumes the proportional dividend model of 
Merton [86] and, therefore, can not generate a time-varying price of risk. 
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straints on the time variation in the risk premia of the market portfolio in an 

exchange economy of Lucas [70]. We follow the above line of research and extend 

the analysis one step further to the more complicated case where the represen- 

tative agent demands intermediate consumption as well as the consumption at 

the horizon date. The preferences of the representative agent are represented by 

a state-independent von Neumann-lNlorgerstern utility function over consumption 

(either the date-T only consumption or the continuous consumption)3. With con- 

tinuous consumption, the role of dividends comes to play quite naturally within 

the single representative agent framework. We demonstrate how one can construct 

a model of such an economy in which security prices display mean reversion (the 

representative agent has diminishing relative risk aversion). -' 

The remainder of this chapter is organised as follows. Section 5.2 describes the 

conventional setting of a single representative agent economy and outlines respec- 

tively the formulation for both the case without intermediate consumption and 

with it. Section 5.3 then provides the characterisation of equilibrium asset price 

processes for both cases. The main result, given in Section 5.4, is a set of closed 

form solutions for a subclass time-homogeneous diffusion processes in a Black- 

Scholes economy. Numerical examples are given in Section 5.5 to demonstrate the 

behaviour of both price of risk and dividend yield. Section 5.6 concludes. 

'As we mentioned earlier, such a construction of utility function is a rather restrictive 
representation since it is well known from the work of Harrison and Kreps [56] that any 
arbitrage-free price system can be sustained in a competitive equilibrium with a represen- 
tative agent whose preferences are defined by the price functional. 

'As mentioned by a remark made by Campbell, Lo and MacKinlay [20]. there is an 
increasing interest in the idea that risk aversion may vary over time with the state of the 

economy. They also address the prospect that the time-varying risk aversion might be 

able to explain the large body of evidence that excess returns on stocks and other risky 
assets are predictable. 



5.2 The Formulation 

We consider a continuous-time, finite horizon, pure exchange economy of Luca 

[70]. The financial markets are assumed to be complete and we assume that the 

economy can be described by a single representative agent. The agent trades and 

acts ai. s an expected utility maximiser and in equilibrium will optimally hold the 

market portfolio (representing the aggregate wealth of the whole economy) through 

time. There are two long-lived financial securities available for trading: a risky 

asset (the stock), and a locally riskless asset (the bond). At time t, the trading 

price of the stock is denoted by St and the holder of the stock is entitled to its 

dividends, if the stock is dividend-paying. The bond price is denoted by Rt, and 

hicreases at the instantaneous riskless rate of interest rt. In equilibrium, there is 

one share of the stock outstanding and the bond is in zero net supply. 

In the rest of this section, we shall describe two distinct economic settings. 

First, we consider an economy where the representative agent is concerned with 

her terminal wealth only. Second, we consider an economy where the representative 

agent concerns not only the terminal wealth but also intermediate consumption. 

We will refer to the former case as the one-consumption economy, and the latter 

one gis the con tinuous-consumption economy. Finally, we discuss two important 

Properties that arise from the first-order conditions and explain the significance 

of the path-independence result which leads us to the fundamental PDEs as the 

iiecc ssarv conditions for equilibrium. 
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5.2.1 Without Intermediate Consumption 

Consider a simple economy in which the only consumption good is produced exoge- 

nously and can only be consumed by individuals at time T when all the economic 

activities will end. There are two infinitely divisible securities that are continu- 

ously and frictionlessly traded in the market: a risky asset (the stock) that entitles 

the holder to the ownership of the consumption good at time T, and a risklesss 

asset (the bond) that pays one unit of consumption at time T. The stock (the 

market portfolio) pays no dividends and its price will be endogenously determined. 

Suppose that S follows a diffusion process given by 

dSt 
St = µ(St, t)dt + a(St, t)dzc, (5.1) 

where z is the standard Brownian motion under the objective probability measure 

P and the drift µ and the diffusion a are deterministic functions of S and t. Denote 

by a the price of risk that represents the instantaneous reward per unit of risk, i. e. 

a(St, t) _ 
(St, t) - r(St, t) (5.2) 

a(St, t) 
where r is the instantaneous riskless interest rate and is assumed to be a deter- 

ministic function of St and t as well. Hence, we can rewrite (5.1) as 

dSt 
[r(St, t) + a(St, t) " o(St, " t)] 

dt + a(St, t)dzt. (5.3) 
St 

Moreover, the bond price B accumulates at the riskless rate r: 

dBt 
= rtdt. Bt 

(5.4) 

A hale that the agent is endowed with a positive initial amount but receives 

no intermediate income. In addition, consumption only occurs at the agent's in- 
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vestment horizon date I', same as that of the economy. She then aims to optimally 

allocate her wealth in the stock and the bond in order to maximise her expected 

utility over the time-T wealth, WT: 

max E[U(WT)], (5.5) 

where U is a strictly increasing, state-independent, and continuously differentiable 

von Neumann- Morgenstern utility function. 

Denote by 4) the amount of money invested in the stock. Then the wealth 

function TV follows the process: 

dWt = [Wtrt + It(1Lt - rt)] dt + Itatdz, (5.6) 

with TVo =w>0 (positive initial wealth) and Wt >0 (nonnegative wealth 

constraint), for 0<t<T. 

Following Harrison and Kreps [56], it is well known that in any arbitrage-free 

pricing system there exists a risk-neutral probability measure under which the 

drift of the stock returns is the riskless rate r. Hence we can let Q denote the 

risk-neutral probability measure and ,M= 
dQ/dlP denote the change of measure 

(i. e. the Radon-Nykodym derivative) from P to Q. The state-price density (SPD) 

can then be defined as 

t= e- 
Jö rds 

Since in equilibrium the representative agent will be not to trade at all and should 

hold the market portfolio, the agent's marginal utility can be related to the SPD 

through the first order condition 

at (ST) 
_T. (5.7) 

DST 
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where A is the Lagrange multiplier. 

5.2.2 With Intermediate Consumption 

If, alternatively, we allow the presence of intermediate consumption and assume 

the stock pays dividends, the trading price of the stock S can be formulated as: 

dSt = [µ(St, t)St - D(St, t)] dt + a(St, t)St dzt, (5.8) 

where z is the standard Brownian motion under the P-measure and D is the cash 

dividend paid by the stock and is assumed to be a deterministic function of S and 

t. Similarly, (5.8) can be rewritten as 

dst = [(r(St, t) + a(St, t) . a(St, t)) St - D(St, t)] dt + a(St, t)Stdzt, (5.9) 

where r, Q, and oz are as defined before. 

The agent's maximisation problem is now formulated as follows: 

max IEo 
Jo T 

e-PtU1(Ct)dt + U2(WT) 1 
(5.10) 

where p is the rate of time preference and Ul and U2 are strictly increasing, time 

additive, and state-independent von Neumann-Morgenstern utility functions and 

are continuously differentiable, where applicable. 

Again let 4)t denote the amount of money invested in the stock at the beginning 

of time-t period and Ct the amount being consumed during time t-period. Thus 

the investor's Indirect utility (or value function) can be defined as: 

J(TT t. S. t) = rnacx Et 
T 

e-P(s-t)Ui(CS)ds + U2([U T) . 
(5.11) 

, D, 

[ ft 
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where J(WT, ST, T) = U2(tiI T) is the boundary condition. The wealth process 

follows: 

dWt = Wtrt + (Pt(µt - rt) - St 
Ct dt + ýtatdz, (5.12) 

where Wo =w>0 (positive initial wealth) and Wt >0 (nonnegative wealth 

constraint), for 0<t<T. 

Recall that in equilibrium the representative agent's optimal strategy is to 

hold the market portfolio and consume all the dividends received from the stock 

investment. Hence, the first order condition of optimality for the Hamilton-Jacobi- 

Bellman (HJB) equation yields: 

_Pt aul (ct) 
_ 

aJ(Wt, st, t) e -Pt = fit, - (91111"t 
(5.13) 

where A is the Lagrange multiplier. In equilibrium, Ct = Dt and Wt = St for 

t< ý'. 

5.2.3 Monotonicity 
dence Result 

Property and the Path Indepen- 

As we have emphasised before, an efficient trading strategy must be path-independent 

and generate a payoff that is monotonically increasing in the market level, at least 

in our construction of economy. These properties, of course, must apply to the 

market portfolio itself too when we assume that the market is always efficient. 

Let us briefly recall these results. By inspection of the first-order conditions 

(5.7) and (5.13), we first note that with the assumption of increasing utility func- 

tions, wealth should be monotonically and inversely related to the marginal utility 
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(or the SPD). This property applies to both cases as it can be seen that from 

(5.7), WT =V (A ' ýT), where V is the inverse function of the marginal utility U', 

and from (5.13), Wt = I(A " fit), where I is the inverse function of the marginal 

indirect utility J'. Thus a portfolio strategy which creates state-dependent wealth 

will be called an efficient strategy only if the monotonicity property is satisfied 

(see Dybvig [36,37]) 
. 

In the context of equilibrium, since the stock price St represents the agent's 

wealth and the monotonicity property should apply, thus at each point of time 

tE [0, T], the process of the SPD ýt must be path-independent, regardless the 

stock price history (see Cox and Leland [29,30]). It is this very result that paves 

the way for us to analyse the equilibrium asset price dynamics in the economy. ' 

5.3 Equilibrium Conditions of the Asset Prices 
Dynamics 

In this section, we shall provide the characterisation of equilibrium price processes 

for both the one-consumption economy and the continuous-consumption economy. 

In each case, we shall first derive a general partial differential equation for the 

in, tertemporal relative risk aversion f with respect to S. For simplicity, we shall 

ýi iinle the constancy of r and a and translate the PDE to an equivalent one in 

terinný of the price of risk « with respect to a new transformed variable i, where 

zt = In st -r-2t. 

5See for example, Hodges and Carverhill [61] and He and Leland ý5 j. These authors 
also characterise the equilibrium price processes by exploiting this property. 
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5.3.1 Without Intermediate Consumption 

Theorem 5.1 (Equilibrium conditions: without consumption) Ass? crrie in 

the economy, there exists one non-dividend-paying risky asset (the stock) and one 

riskless asset (the money account or the bond). The representative agent con- 

tinuously allocates her wealth among these two assets according to her objective 

function (5.5) subject to the wealth process (5.6) and then consumes her terminal 

wealth at time T. The necessary condition for the asset price dynamics (5.1) to be 

an equilibrium process when r, u and a are deterministic functions of S and t is 

that the coefficients must satisfy the following PDE: 

Lf+ ft + rsS(f - 1) + aasS(S fs +f2- f) = 0, (5.11) 

where 

f(St, t) = 

Gf = 

t(St, t) - r(St, t) 

(a(St 1 t))z 
07 

1 2S2fss + US fs, 

and the boundary condition is 

(ST, T) -ST 
U (ST) 
U(ST) 

Proof: The main idea is to exploit the path-independence property on the state- 

price density. Recall that the process of ý is defined as 

-r 1- 2 
ds 

0 

ft 
cXP -t rsds - dz5 -0 orS 2 ors 

Now, define a new variable Z(St, t) = In e(St, t). We then apply Itö's Leinma 

to derive dZ and equate it with d(ln ý). Collecting dt and (I: terms respectively 
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yields the following equations: 

Zt + µSZs +I a2S2ZSS = 

QSZS = 

1µ-r2 
-r-- = 

07 

- 
ýc(-r)f. 

I 
a2f2. 

Note that for notational simplicity, we have suppressed the time index so that it 

will not be confused with the partial derivatives. 

From the second equation above, we can derive Zst =- 
St 

, 
ZS =-S and 

Zýs =-S+. Substitute ZS and ZSS into the first equation and use µ= r+a2 f 

to obtain 

Zt = -r + rf +'a2f2 +1 a2Sfs - 2a2f. 22 

Differentiate the above equation with respect to S and equate it with Zst to obtain 

Zts = rs(f - 1) + (r +0,2 f)fs +I a2Sfss + aas(Sfs +f2- f) = Zst =- 

The result (5.14) then immediately follows. Q 

Theorem 5.1 states the general equilibrium conditions which the intertemporal 

relative risk aversion f must satisfy. We now turn to some special cases. The first 

case is a Black-Scholes economy where both the interest rate r and the volatility 

of the stock return a are constant. Therefore, by letting as =0 and rs = 0, (5.1-1) 

can be simplified as 

£f+ft=o. (5.15) 

The strong aissuinption of constancy of r and or enables us to obtain a nice 

result kilinvu as the Brrrgcr. s ' equation. The finance application of this equation 
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seems to first appear in Hodges and Carverhill [61] and in an independent work 

of He and Leland [61]. For completeness, we recite the result in the following 

theorem. 

Theorem 5.2 (Burgers' equation) Assume constant r and a and define the 

transformed state variable .r as xt = In St - (r - Q2/2)t. The the price of risk o in 

the wealth-only economy must evolve over time according to the PDE: 

1 2 
aT = 2Q GXX + aaax. (5.16) 

Proof: By definition, we have µ-r= a2 f= as and x= In S- (r 
- 

2) t. 

Thus, we can write 
2 

a(S, t) - a(x, t) = or "f eX+ýr 2ýt, t 

and its partial derivatives 

ax = QSfS, 

axx = UYS + Sfss)s 

a2 
cYt = afs r-2 S+aft. 

Rearranging the above equations to obtain fs, fss and ft and substituting them 

into (5-15) yields 

at + Qaax +2 a2axx = 0. 

This immediately gives (5.16). Q 

Another- interesting case is to assume that f is time-invariant in the sense that 

It, r, and Q a. rc, functions of S only. We then obtain the following proposition: 
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Proposition 5.1 When µ, r. and o, are functions of S only, the equilibrium con- 

Bition for the economy stated in Theorem 5.1 is that the following equation i mist 

be satisfied: 
a 

[a2(Sfs +f2- f) + 2r(f - 1)] = 0. (5.17) 
os 

Or equivalently, there exists a constant K such that 

a2(Sfs+f2-f)+2r(f - 1) =K. 

Proof: By assumption, u= r+0,2 f and ft = 0. After some simple manipulation, 

(5.17) can then be easily derived from (5.14): 

0= Gf +ft+rss(f - 1)+QasS(Sfs+f2-f) 

=1 a2S2fSS + (r + a2f )SfS +Sa [r(f 
- 1)] - rSfs 

OS 2 

2 as +1S(Sfs+f2_f)as 
2 

=1 SQ2 -a (Sfs +f2- f) +Sa L'r (f - 1)] +1 S(Sfs +f2-f) 
aQ 

2 OS as as 

= 
1S a [0- 2(Sfs+f2- f) + 2r(f -1)]. 0 
2 OS 

Remark 5.1 In the same setting as ours, except assuming constant interest rate. 

He and Leland ([57), pp. 603-604) provide a similar necessary condition for the 

ti mml, e-invariant case, namely, a-2(f2 + Sf s- f) = K. Therefore, it must be pointed 

out that their condition strictly only holds when r=0. 

Their result can be justified if we define S as the relative asset price (that is, 

the 174-? / (1, ýs(t pricc(e nor-»rulised by the bond price). The drift term p in PDE (5.14) 

should thf, n be iftcipu tcd as the risk premium, prozwdcd that the risk prerni"riin 
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is a deterministic function of the relative price and time. This is in fact the setup 

in Bick [5]. 

Without further assumptions, the PDE (5.14) is difficult to solve in general. 

To date, several functional form solutions to the time-invariant case with constant 

a and r=0 can be found as examples in Bick [5] and in He and Leland [57]. For 

a more general definition on time independence of the diffusion processes, Hodges 

and Selby [63] carried out a time-homogeneous analysis for the case with constant 

volatility and constant interest rate. They seek to find steady-state solutions to the 

Burgers' equation (5.16) by constraining the risk premium to vary depending on 

the level of the market in such a way that the functional form does not depend on 

time. Interestingly, they conclude that there are only two possible viable solutions 

and one non-viable one for the steady state: the price of risk can be constant or 

increasing in aggregate wealth, but the only steady state solution with decreasing 

price of risk admits arbitrage (and is not viable). 

The finding of an increasing price of risk is somewhat disappointing as it would 

be nice if we can produce a mean-reverting behaviour in such a simple model. 

Nevertheless, it is conceivable that the introduction of intermediate consumption 

might be sufficient to modify this behaviour. As we shall illustrate in the next 

section, it is indeed the case: with large enough intermediate consumption, there 

exists a decreasing price of risk in the steady state which stems from decreasing 

relative risk aversion of the representative agent. 
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5.3.2 With Intermediate Consumption 

Now we are to characterise the equilibrium conditions for the economy with in- 

termediate consumption. Since it is more convenient to work with the dividend 

yield rather than the dividend amount, we denote by 6 the dividend yield to mean 

S(St, t) = D(St, t)/St. The next two theorems generalise on equations (5.14) and 

(5.16) to include dividends. The approach is similar to that used before. 

Theorem 5.3 (Equilibrium conditions: with consumption) Assume in the 

economy, there exists one dividend-paying stock and one riskless bond. The repre- 

sentative agent continuously allocates her wealth among the two assets according to 

her objective function (5.10) subject to the wealth process (5.12) and consumes the 

dividends paid by the stock investment. The necessary condition for the asset price 

dynamics (5.8) to be an equilibrium process when r, u, 6 and o- are deterministic 

functions of S and t is that the coefficients must satisfy the following PDE: 

£f+ ft - bsSf + rsS(f - 1) + ausS(S fs +f2- f) = 0, (5.18) 

where 

f A, t) - 
µ(St, t) - r(St, t) Ul (D(St, t)StDs(St, t) 

(a(st, t))2 U, (D(St, t)) 

Lf =I a2(St, t)S2fss(St, t) + (ýý(St, t) - 6(St, t))Sfs(St, t), 

and th c boundary condition is given by 

(ST, T) = -S 
Uz ST) 
U2 (ST ) 

Proof: This is simply a rederivation of Theorem 5.1 with the presence of interme- 

diate consumption (dividends). Again define a iiew variable Z(St, t) = Iný(St. t). 
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We apply Ito'. s Lemma to derive dZ(St, t) and equate it with d(ln ý). Collecting 

dt and dz terms respectively yields 

Z, + (µS - D)ZS +I a2S2ZSS = 

aSZS = 

-r -2µr2= -r -2 a2f 
2, 

01 

Following the same technique in the proof of Theorem 5.1 and applying 6=D. 

(5.18) can then be easily obtained. O 

Theorem 5.3 provides the equilibrium conditions for the asset price processes 

to satisfy in an economy with intermediate consumption. It is rather difficult 

to obtain an explicit solution for the PDE (5.18). However, if we assume the 

constancy of r and a, the problem can be greatly simplified. The following theorem 

provides an equation which is analogous to the Burgers' equation in Theorem 5.2 

but with some additional terms. 

Theorem 5.4 Assume r and a are constant and define the transformed state 

variable x as . rt = In St - (r - alt)/2. Then the price of risk o in the consumption 

economy must evolve over time according to the PDE: 

nT=1 or 2nxx + Qac1 - 6ax - 6xa. (5.19) 

Proof: Apply Ts =0 and as =0 to (5.18) and rearrange to obtain 

ft+-ms's'fs. ý+µsfs-6sfs-6ssf=o. (5.20) 
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By definition, af=a and . r, = In S- (r - alt)/2. Thus. (5.19) immediately follows 

by substituting QS fs = ax, bsS = bx and 

ft + or S2fss + µSfs =- at + aaax +I a2CIxx 22 

into (5.20). 0 

5.4 The Time-Homogeneous Case in a Black- 
Scholes Economy 

In this section, we study an important special case of the time homogeneous econ- 

omy. We seek to find the steady-state solutions to the PDE (5.19) in order to 

see how the price of risk and the dividend (consumption) vary depending on the 

market level in such a way that the functional forms are independent of time. 

We start by specifying two functions, the price of risk a and the dividend yield 

S, which together satisfy the PDE (5.19). By homogeneity in time, we mean that 

and 6 can be specified as functions of the change of variable u. Specifically, the 

two functions are represented as follows: 

(. z, T) = y(am), (5.21) 

S(x, T) = g(u), where u=x+ Or, (5.22) 

for some functions y and g and some constant B. 

Thus, the partial derivatives in (5.19) can be expressed by o, = 9y', «, = y, 

1, ,= and 6r = g'. It, follows that the PDE (5.19) can be reduced to an ODE: 

12�, 
-9y' + uyy' + , ý0 y- gy, -gy=0. (5.23) 
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The above equation is difficult to solve, in general, as it involves the joint 

behaviour of y and g. We can, of course, view (5.23) as an ODE in y given ag 

function, but then the question will be how we should choose g. Since g could be 

a function of a rather arbitrary form, a more plausible question might be to ask 

whether there are cases which permit closed-form solutions. 

For simplicity, we assume that the dividend yield function g is an affine function 

with respect to the risk premium of the market portfolio. Recall that y= µ/Q, 

namely, the risk premium µ is equal to ay. In other words, our assumption amounts 

to the following equality 

9(u) = po + play(a), 

for some constants po and pi. 

(5.24) 

By imposing this simplifying assumption, (5.23) can be conveniently reduced 

to the following equation: 

-(0 + po)y' + (1 - 2p1)ayy' + 
2a2y" 

= 0. (5.25) 

At this point, it is worth noting that the linear form assumed in (5.24) is in 

the spirit of a first order Taylor Series approximation. Given that both variables g 

and v are likely to have limited ranges, and a monotonic relationship to each other 

(through their relation to the market level), we expect this to be a satisfactory 

representation. Nevertheless, in principle, we have selected a small subclass of 

the infinitely many possible dividend yield functions in order for us to obtain an 

alialvtic solution. 

In the rest of this section, we , hall provide the possible mathematical solutions 
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to (5.25) and discuss how they relate to the economics. In many cases, the solutions 

will be ruled out due to their infeasibility. 

To solve y, we first integrate (5.25) once to obtain 

2Ol 
2y= (0 + MY -12 (1 - 2p1)Qy2 + constant. (5.26) 

The derivations of the solutions of (5.26) are rather lengthy and complex at times. 

For ease of exposition, we shall discuss them in terms of cases as follows. 

Case 5.1 When po = -9 and pi = 1/2, the price of risk y has a linear form 

solution: 

y(u) = klu + '2 (5.27) 

where k1 and k2 are constants. Provided k2 > 0; y can be constant if kl = 0, or 

decreasing (increasing) if kl <0 (k1 > 0). 

Proof: In this case, (5.26) reduces to 

Rearrange to obtain 

1 
2Q2y1 = constant. 

1 
a. 2 dy 

= du. 
2 constant 

It then integrates to (5.27). O 

Recall that iu = . r" + O'r. Thus, a limitation of this linear solution is that except 

for the constant case (i. e. A'1 = 0). y is unbounded above and below. Thus, 
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unless we impose additional constraint for x to stay within a certain range, the 

risk premium will go negative when the market level is large or small (depending 

on the sign of k1) 
. 

Case 5.2 When pp ý -e and pl = 1/2, the price of risk y has an exponential 

form solution: 

y(u) = em(") + L, (5.28 

where 
2(9 + po) m(u) = k+ 

Q2 
u, 

and k and L are constants and L>0. The price of risk y is decreasing (increasing) 

inxifpo<-9 (po>-9). 

Proof: In this case, (5.26) reduces to 

2a y' _ (0 + po) y+ constant. 

Rearrange to obtain 

Q2 dy 
= du. 

2(0 + p0) y+ constant 

Integration yields, 

a 
ln(y + cl) =u+ c2, for yE (-cl, +oo) 

2(0 +po) 
(5.29) 

where cl and c2 are constants. The solution for y is of an exponential form, 

y(u) = em(u) + L, (5.30) 
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where 
2(9 + Po) 

m(u) =k -} Q2 
u, 

and k and L are constants. Our assumption of a positive price of risk requires 

cl <0 in (5.29) and L>0 in (5.30). Finally, by differentiating y with respect to 

x, it follows that y is decreasing (increasing) in x if po < -B (p0 > -8). Q 

The exponential solution is better than the linear one in that it ensures the 

risk premium to stay positive. However, the fact that it is unbounded above is 

still unfavourable. 

Case 5.3 When p0 -9 and pl 1/2, provided c2 is real, the price of risk y has 

a general solution 

(C2+Cl)es(U) +Cl -C2 

I es(u)+1 

y(u) _ 
(c2+ci)es(u)+c2-ci 

es(u) -1 

for yE (Cl 
- C2, Cl + C2) 

for yý (Cl - C2, Cl + c2) 

(5.31) 

where 
0+7)n 

Cl 
a(1 _ 2p1) C2 = d+c1, (5.32) 

s(u) = k+ 2(1 2p1)c2 u, and k is a constant. For y to be positive, cl must be positive 

and greater than c2 if we take the positive value of c2. When c2 = 0, y is constant 

and equal to cl. Otherwise, y has a travelling wave solution from the first equation 

of (5.31) which is viable, and has a hyperbolic solution of the form, 

a(X, T) = cl +U (1 - 2p, ) (x + 9T) 

from the second equation of (5.31) which admits arbitrage. 

(5.33) 
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Proof: In this case, we rearrange (5.26) to obtain 

U dy 
du 2 B+po) 2 1- 2p1 d+ 

o(1-2pß) y-y 

where d is a constant. Integrating (5.34) yields 

0 y+C2-C1 
In =u+ constant. 2(1-2p1)c2 y-c2-cl 

where 

te . Cl =e 
+ ýo 

and c2 =±d+ ci 
pl) 

(5.34) 

Thus, provided c2 is real and not complex, we obtain a general solution of the form 

(C2+cl)e8(u) +cl-c2 

es(u)+l 
for yE (Cl 

- c2, Cl + C2) 

y(U) _ (5.35) 
(c2+c1)es(") +c2-cl 

es(u)_l 
for y (Cl 

- c2, Cl + c2) 

where s(u) =k+21 
2p1)C2 a and k is a constant. While the first equation in 

(5.35) may result in hyperbolic tangent functions consistent with equilibrium, the 

second equation, in general, entails trigonometric functions which could not pos- 

sibly be supported by any reasonable utility function of an economic agent. More 

specifically, the price of risk y has an unacceptable singularity at s(u) =0 for the 

second equation, except when c2 =0 but k: 0 which gives the trivial solution of 

a constant price of risk 
e+ po 

y= Cl 
a(l - 2p1 

(5.36) 

In other words, when c2 0, the second equation of (5.35) prevents the state 

variable .r 
from reaching the point 

2(1 - 2p1)c2 
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Another special case is to let k=0 and take the limit as c2 tends to zero. The 

solution will then be 

a 
y=c1+ (1-2pl)u, 

which gives 

a(X, T) = cl +Q (1 - 2p1)(. x + 9T) 
(5.37) 

It is clear that a is decreasing (increasing) in r when p' < 1/2 (P1 > 1/2). 

Unfortunately, (5.37) has a singularity at p, = 1/2 and x= -0-F. In other words. 

this model permits arbitrage in the economy and, therefore, must be ruled out. 

The more interesting case is the stable travelling wave solution obtained from 

the first equation. By inspection of (5.36), it can be seen that if we assume a 

positive risk premium, then cl >0 would be required. That is, we have ruled out 

the possibility of Po = -8 so that 

sign(O + po) = sign(1 - 2p1). 

Provided that c2 is positive, cl must be greater than c2 and we obtain two alter- 

native scenarios: 6 

1. (po > -9 and pi < 1/2) The solution y is increasing and is bounded below 

and above 
Cl - C2- 

ý Cl + C21 

when x --* -x 

when x --> +oc 
(5.38) 

It is worth noting that the travelling wave solution (increasing in x) Hodges 

and Selby [63] obtained is a special case in this scenario with p0 = pi =0 

(i. v., without the presence of intermediate consumption). 

f'Note that taking a negative c2 will not change the properties of the solutions. 



2. (po < -B and pl > 1/2) The solution y is decreasing and is bounded below 

and above 

0 

y Cl + c2, when r. -y --x 
(5.39) 

C2,, Cl when x -* +x 

Note that (5.39) demonstrates the kind of behaviour we are most interested 

in and more importantly, it can not be obtained without introducing intermediate 

consumption in the economy.? 

5.5 Numerical Examples 

In this section, we illustrate the analytical findings presented in Section 5.4 using 

an empirical parameterisation of the process for stock indices and the process for 

dividend yields. We first summarise the various possible patterns for the price of 

risk function, and then present and analyse the numerical results for the chosen 

model. 

In Figure 5.1, typical plots are produced for the cases analysed in Section 5.4. 

Panel I shows the linear form solutions, Panel II shows the exponential form so- 

lutic>iis, Panel III shows the travelling wave solutions, and finally Panel IV shows 

`It is also interesting to derive ay function which depends on S only. This can be 

a("liiewed by letting 0=- (r 
-2 so that the resulting y can be expressed as 

_ 
(c2 + cl)B " SA + cl - C'' 

B SA +1 
for yE (Cl - c), Cl + c2). y" 

where . -1 = 
(1 ý1), )`-' and B is a positive real. Again, provided po < -9 and pi > 1/2, we 

can obtain a decreasing y. 
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the hyperbolic form solutions with singularity. The solid lines represent the pat- 

terns which can be obtained only when the intermediate consumption is present 

in the economy, whereas the dashed lines represent the patterns which can also 

be achieved when only the terminal wealth is being considered. Note the added 

flexibility which comes from including intermediate consumption. Additionally. 

the Panel IV case should be excluded since it admits arbitrage. 

As has been described before, in our underlying economy, consumption equals 

dividend in equilibrium. Therefore, it seems desirable that the dividend yields 

should be (1) decreasing in the state of economy, (2) increasing in the price of risk, 

and (3) decreasing in the asset price (supposedly sticky). In addition, an increase 

in dividends should imply an increase in prices. 

We can show that our model can successfully generate the above properties. 

For instance, the decreasing travelling wave solution of the price of risk h, as in 

(5.31) and (5.39), implies that the dividend yield g has a positive slope pi and, 

therefore, is increasing in h. 

Recall that pl must satisfy the constraint (p' > 1/2) for (5.39) to be achieved. 

It implies that the dividend must be large enough to be able to flip the increasing 

pattern to a decreasing one. 

«'e also explored the behaviour of the model using plausible parameter values 

for the aal)ove (aase. As mentioned before, h and g are likely to have limited ranges. 

Thus, we can let hI,,;,, = cl - c'> and hmax = cl + c2 denote the possible minimum 

and maximum prise of risk, respectively. and let g,,,;,, and grax denote the possible 
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minimum and maximum dividend yield, respectively. The parameters 0. b0 and bl 

can then be endogenously determined. 

Table 5.1 summarises the parameter values applied in the implementation. 

Figure 5.2 shows how the price of risk varies over time with respect to the state 

of economy x for an investment horizon of 100 years. Figure 5.3 demonstrates the 

behaviour of the dividend yield with respect to the price of risk h, the state of 

economy . z;, and the stock index S, respectively. 

5.6 Chapter Summary and Conclusions 

There seems to be a consensus among financial economists that there is some 

predictability in stock index returns. It remains, however, something of a puzzle 

as to whether it is to do with pricing anomalies or whether it reflects the nature 

of the risk premia within the underlying economy. 

The analysis in this chapter can be viewed as an attempt to approach this puz- 

zle by setting up an equilibrium model of the asset price processes and showing 

that the time variation in asset expected returns (often postulated by some empiri- 
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cists) could be consistent with an equilibrium. 8 As demonstrated in the previous 

section, we have explored the possibility of a decreasing price of risk in the state 

of economy. It can be shown that this amounts to some degree of mean reversion 

in the expected returns and the agent displays a decreasing relative risk aversion. 

The model, therefore, indicates the potential that the resulting time-varying price 

of risk and time-varying risk aversion can better explain the time-varying equitý- 

risk premium. 

Our assumptions of constancy of interest rate and volatility. which our time- 

homogeneous solutions were based on, are rather strong. It would seem natural to 

relax these assumptions and extend to models which can handle stochastic volatil- 

ity and/or stochastic interest rate. Nevertheless, it is important and instructive to 

analyse the nature of the behaviour which is possible within this framework and 

'There is no difficulty in backing out the representative agent's utility. To see this, we 
only need to write down the definition for the intertemporal relative risk aversion as 

f (St, t) = 
a(St, t) 

= -St 
Jss(Stý St, t) (5.40) 

07 Js(St, st, t) 

In terms of x, it is given by 

f(xt, t) =1- 
JJ, (xt, t) 

-M, 
(xt't) 

- 
a(xt, t) (5.41) 

il 
. 
A4(xt, t) cr 

For any given time t<T, it is clear that (5.41) is simply an expression of ordinary 
differential equations. Thus, provided the functional form of the price of risk is known, we 
can integrate over x to recover the supporting utility Jx. Or equivalently, we can back out 
A4 which, in turn, gives the state-price density function of the economy. More specifically, 
the last equality of (5.41) is equivalent to 

0 
In[M(xt, t)] =- 

a(ýt. 

r 
(5.42) 

Therefore, 1), v integration, it follows that lvi can be written as a function up to some 
constant A: 

_ .a- exp a(rýt)drý . (f't O 
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a representative agent equilibrium. 

Although it has not been our focus in this chapter, it is worth noting that 

a careful examination of the consistency with the price process and the dividend 

process should be required when the intermediate consumption is included and a 

dividend process is postulated. This important issue is left for future research. We 

have also not intended to solve the so called equity premium puzzle of Mehra and 

Prescott [82]. It would be interesting to see how our model can be related to the 

puzzle. However, since we have assumed a time-additive utility, it seems less likely 

that this puzzle can be resolved in our framework. 

Finally, although the empirical issues are beyond the scope of our analysis, it 

would be nice to see how we can devise some kind of procedures so that the model 

can be empirically estimated/tested. These areas will challenge resourcefulness of 

t sture research. 
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Panel I 
h 

Panel II 
1. 

Panel III 
h 

Pailel IV 
h 

I 
Figure 5.1: Behaviour of the price of risk: typical plots. These graphs are 
plotted based on the analytical solutions of the homogeneous case in Section 

5.4. (The plots show linear, exponential, hyperbolic tangent, and hyperbolic 
foriiis, respectively. ) The solid lines represent the patterns which can he 

obtained only from the economy with intermediate consumption, while the 
dashed lines represent the patterns which can also be achieved from the 
e(ollo111v' without intermediate consumption. 
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Table 5.1: Summary of the pararneterisation. These parameter values are 
used to calculate the travelling wave price of risk and the corresponding 
dividend yield for a time horizon of 100 years. 

Notation Value 

r 0 

07 0.15 
So 1 
xo 0 

hm; 
n 

0.25 

h,,, ax 0.75 
0 -0.015 
Ic 0 

grain 0.015 
[Tina, 0.065 
Po -0.01 
p, 0.6667 

': . ,, 
ýý 
`ý , -_ 

', -- 
`, , -. 
,ý- 

'; , 

-- i=25 
t= 50 

c=57 
c-10 

OB 

07- 

06 

05 

04 

03 

02 
-10 -8 -6 -4 -2 0246a 10 

Market level (x) 

Figure 5.2: Price of risk: a travelling wave example. These plots are calcu- 
lated froiii the travelling wave solution using the parameter values listed in 
Table 4.1. The total investment horizon is 100 years. T is the remaining time 
to teriuiiial date. 
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Figure 5.3: The dividend yield: An example. These plots are calculated based 

on the travelling wave solution for the price of risk and the corresponding 
dividend yield function using the parameter values listed in Table 4.1. The 

total investment horizon is 100 rears. T is the remaining time to terminal 
date. 
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Chapter 6 

The Efficiency of the Market 
Portfolio: A Payoff 
Distribution Pricing Approach 

In this chapter and the next, we explore issues relating to the measurement of 

portfolio performance. The focus of this chapter is to examine numerically the 

efficiency of the market portfolio in a simple economy where no dividends and 

intermediate consumption are assumed. We postulate various forms of diminish- 

ing risk premium functions and apply the performance measure based on Dybvig's 

J)avoff distribution pricing model. Specifically, we construct a Monte Carlo simula- 

tion to explore the extent to which the market would be an inefficient investment, 

under alternative assumptions for the behaviour of the risk premium. ' 

'This chapter is a modified version of an earlier working paper presented and published 
in tlic proceedings of the 1st Annual Conference of BDP, the Use of Derivatives in Portfolio 
Management, Porto, Portugal, May 1999. 
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6.1 Introduction 

The market portfolio is an interesting research subject in financial economics. In 

particular, the risk premium of the market portfolio plays a significant role in 

the context of portfolio management. Despite substantial empirical interests and 

advances on this topic, there has been a lack of theoretical attention until recently 

to the way the market risk premium evolves through time. (See Hodges [60], 

p. 592. ) Some progress has been made through a handful of recent studies on the 

equilibrium asset price processes and now we are beginning to see a clearer picture 

of how the market risk premium would respond to the market level. (See for 

example, Bick [4,5], He and Leland [57], Hodges and Carverhill [61] and Hodges 

and Selby [63]. ) 

In the previous chapter, we proposed a continuous-consumption equilibrium 

model which is potentially capable of capturing a mean-reverting kind of behaviour 

in the market risk premium. Our interest in this chapter is, therefore, to ask a sim- 

ple question: if a given price process of the market portfolio is not consistent with 

equilibrium, then how inefficient an investment it would become? The continuous- 

consumption model is by and large closer to the real word situation. However, it 

requires more complex equilibrium settings and for the purpose of evaluating the 

efficiency of the market portfolio, we will need to postulate both the price process 

and the dividend process. 

For simplicity, in this chapter. we concentrate on the one-consumption case, 

i. e. an econc)n1V in which the stock is non-dividend-paying and the consumption 
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only occurs at, time T. Our intention is to propose a framework that can be used to 

evaluate explicitly the possible efficiency loss when the market portfolio is indeed 

inefficient. The idea is as follows: First, from Hodges and Carverhill [61], we 

know that in a one-consumption Black-Scholes economy, the market risk premium 

must satisfy the Burgers' equation in order to be consistent with equilibrium. 

Hodges and Selby [63] further suggested that in this setting, a diminishing kind 

of behaviour cannot exist in a stationary one-consumption economy. This implies 

that when we postulate the premium function to be diminishing in the market 

index, it will not be consistent with equilibrium, and therefore the market index 

would become a stochastically dominated form of investment. Individuals might 

hold the market index at particular points in time, but not as a passive investment. 

Based on the performance measure of Dybvig's [36,37], we then construct a 

Monte Carlo simulation procedure to measure the magnitude of efficiency loss and 

explore the extent to which the market would be an inefficient investment, under 

alternative assumptions for the behaviour of the risk premium. Our simulation 

approach is different from Dybvig's original proposal in that we assume equal 

probable states under the risk neutral measure rather than the objective one. 

This approach enables us to uncover the density functions in an efficient manner. 

However, it requires some cautions at the stage of matching the optimal wealth 

and the correct state prices. 

The remainder of this chapter is organised as follows. In Section 6.2. we set 

out the ha is model and briefly review Dvbvig's performance measure based on the 

payoff distribution pricing model (PDPM). We then describe the steps of our Monte 
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Carlo simulation scheme. In Section 6.3. we postulate a variety of diminishing risk 

premium functions and report the simulation results. Section 6.4 concludes the 

chapter. 

6.2 Examining the Efficiency of the Market 
Portfolio 

In this section, we start off by briefly recapitulating the basis of Dybvig's [36] payoff 

distribution pricing model using a discrete-time setting. We then provide the more 

convenient continuous-time representation for the similar concepts. Subsequently, 

the Monte Carlo simulation approach is constructed step by step for numerical 

evaluation of the market efficiency. 

6.2.1 A Discrete-Time Illustration 

Consider an economic agent whose optimisation problem is to maximise her ex- 

pected utility over the wealth at the horizon date T, i. e. EU(WT). When labelled 

by path w, the first order condition gives 

U(H) = ire-'T 
qw 

P", 
(6.1) 

where A is the Lagrange multiplier, q,,,, and p, are the risk-neutral probability and 

the objective probability of reaching WT., respectively. Since the interest rate r 

is assumed to be constant, without loss of generality, we can refer to the ratio of 

qw, to p_, as the state-price density. 

From (6.1). we obtain that. IVT = tT -i (qmm /pj. By the assumption that the 
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marginal utility U is an increasing function. we can conclude that an efficient 

wealth function WT must be decreasing in the state-price density. This means 

that the agent will purchase more wealth when it is cheap and will demand less 

when it is dear. 

Recall that the market portfolio (or the market index) represents the wealth 

of the representative agent. Hence, an efficient market index ST must have the 

same property, i. e. decreasing in the state-price density. As we have reviewed 

earlier, Dybvig cleverly exploited this property to form the payoff distribution 

pricing model and proposed a new performance measure. We will not repeat the 

machinery of the PDPM here. Instead, our purpose is to emphasise the idea that 

the knowledge of STD 
, p, and qu, will be sufficient for us to measure the efficiency 

of ST. The continuous-time representation is provided next. 

6.2.2 The Continuous-Time Model 

Consider an economy where there is a single risky asset (the stock or the market 

portfolio) and a riskless bond (the bank account). Let the price of the market 

portfolio S follow an Ito process of the form 

d5 
S, _ [r + aa(", t)]dt + adz, (6.2) 

where r and o- are constants and ti is a Brownian motion under the objective 

probability measure P. Let us denote by p the expected rate of return of S under 

P assuming that it is a function of S and t. We then have n in (6.2) as the adapted 

110 



process for the price of risk defined as cti - Q(S. t) = (µ(S. t) - ') /Q. 2 Assume that 

the market does not allow an arbitrage. This means that there exists a measure 

Q such that it is equivalent to P and such that the normalised price process (the 

bank account as the numeraire) is a martingale. Therefore, (6.2) can be rewritten 

as 

dS 
s= rdt + o-dz, (6.3) 

where ti is a Brownian motion under the equivalent martingale measure Q. 

Note that our objective is to postulate the function a. Therefore, the market 

index is lognormally distributed under Q but will not be under P. For this reason, 

we can not assume equal probable states like Dybvig's original proposal. Instead, 

we assume equal probability under (Q. Hence, it is more convenient to work with 

the change of measure IP/Q. Denote by AT this density ratio (i. e., the Radon- 

Nikodym derivative) and deduce that A follows an Ito process 

dA 
= ca (S, t)dz, Ao = 1, (6.4) 

A 

or 
t1t 

At = exp a(s)dz, - a2(s)ds t<T. (6.5) 
020 

Note that At is a Q-martingale and if we take the bank account as numeraire, the 

reciprocal of AT represents the marginal utility of the investor. 

Similar to the approach we used in the previous chapter, we postulate a as a 

2Assiime that a(S, t) satisfies Novikov's condition 

(1T)] 

ex< . 
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function of the log transformed market index and time. Specifically. we work with 

the new variable x, where 

or 2) 

it = ln(St) -r-2 t" (6.6) 

Note that :r is a martingale under Q-measure since 

dx = adz. (6.7) 

6.2.3 The Simulation Approach 

We can now describe the algorithm of our Monte Carlo simulation. The princi- 

ple behind the simulations is straightforward. Firstly, we simulate by (6.7) the 

saiiiple paths of x (which is the log transformation of S) under Q-measure. Then, 

we postulate the functional form for the price of risk a (or equivalently the risk 

premium µ-r since we have assumed constant r and or), and compute the change 

of measure AT by (6.5). The objective probability P can then be obtained through 

the transformation of measures. Finally, we sort (in the spirit of Dybvig [37]) to 

assign the efficient payoff in each state and then calculate the inefficiency cost for 

the market portfolio. We repeat the same procedure under alternative assumptions 

for o in order to compare their implications for long term investment. 

The details of each of the steps are set out as follows: 

Step 1: Brownian Bridge Paths and Monte Carlo Simulation 

Let pr denote the number of subintervals such that 0= to < ti << t" = T. 
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Applying first-order Euler approximation for the discretisation of (6.7) yields3 

AX(ti) =Q0Z (tj). (6.8) 

where Ott = ti+l - ti and OZ(ti) = Z(ti+l) - Z(ti) are normally distributed 

increments with mean zero and variance Oti. We can rewrite ;, Z(ti) = Otu. 

where u is an independent standard Gaussian distributed random number. -' 

Instead of drawing successive u from N(0, At) as in the crude Monte Carlo 

method, we propose to use the Brownian bridge midpoint displacement scheme to 

pin down the processes for the simulated paths. This means that we iteratively 

simulate the midpoint values from the two given endpoints and then map out to 

form one sample path. 5 Let AI denote the number of paths to be simulated and 

let the whole horizon be divided by N bisections of equally spaced time steps. The 

time interval is then At = 1/2N. 

The Brownian bridge midpoint Xt from two given endpoints, Xta =a at t= ta 

and Xtb =b at t= tb, is given by 

IQ ta + tb 
Xt =2 (a + b) +2A- to " U, for to <t=2- tb. (6.9) 

3WW'e also experimented with the second-order Milshtein approximation as suggested in 
Kloeden, Platen and Schurz [74]. However, the results did not show significant improve- 
ments and therefore were omitted here. 

}There are several numerical algorithms for generating these Gaussian variates. In our 
Monte Carlo simulation, we use a modified Box-Muller method which is computationally 
more efficient when a large amount of random numbers is to be generated. 

5A description of the generalised Brownian bridge process is provided in Appendix A. 
By checking out moments of the distribution of a Brownian bridge process, one can verify 
that a Brownian bridge does produce a Brownian motion. More detailed exposition can 
be found in Bouleau and Lepingle [10]. 
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The formula (6.9) is applied recursively in the following order of iteration 

/,. * 
5T (O. T), (2)'\4'341'\8I 

8 8' 
7 

For example, at the first level, we have Xo = ln(So) and can easily generate 

M values of XT by simulating M Gaussian random variables al so that XT = 

X0 + av/Tu1, for j=1, ... , 
M. Then we move down to the second level to 

simulate AI values of XT12 from the endpoints X0 and XT according to (6.9) so 

that for the jth path, 

XT=2 (Xo 
+ XT) +2" u2. 

2 

At the third level, we then simulate XT14 from (X0, XT/2) and X3TI: I from (XT12i XT) 
. 

This procedure is repeated until the required level is reached. 

Step 2: The Change of Measure and the Objective Probability 

Given a specified function cx, we can obtain the change of measure AT by the 

discretised expression of (6.5) 

n-1 

A(n)(T) = exp Eo(Xt,, ti)AZ(ti) 
(i=O 

l n-1 
2 

Y' a2 (Xt1, ti) Oti (6.10) 
i=o 

The transformation from the risk-neutral probability Q to the objective prob- 

ability P is rather easy because in our simulations, dQ is equal to 1/AMI for cv- 

cry path. In principle, we shall expect the approximated exponential martingale 

ýý'ý> (T) converge to its continuous time counterpart A(T) as n approaches infinit-. 

A criterion such as the following function can be employed to determine a suitable 
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N, 
!ll 

br. ý _ ýr JA(N) (T) 
j=1 

Step 3: The dominating payoff and the inefficiency cost 

The inefficiency cost of Dybvig comes from the difference between the asset price 

and the distributional price. Therefore, in order to calculate the distributional 

price of the market index with payoff ST at the horizon T, we first need to allocate 

`correct' payoff to each state so that it dominates the market payoff ST in the sense 

that it has the same payoff distribution but has a cheaper price than So. 

The allocation of dominating payoff can be achieved by some sorting and inter- 

polating procedures. First, we sort on ST and 1 /AT respectively to obtain the cu- 

mulative relative frequency distributions F(1/AT) and F(ST) under the P measure. 

Let us denote by p the relative frequency distribution of the states. We calculate 

a new cumulative relative frequency p associated with the sorted p such that pl 

P2 - P1 C P3 - P2 C"""< PA1 - Ppr-i" This allows us to interpolate from F(1/AT) 

and F(ST) to obtain a set of paired values of the change of measure and the cor- 

responding dominating payoff, i. e. 
{(F/ (pj), FS' (1 - pj)) :j=1,2,... 2 .. 

AI }. s 

Finally, we can calculate the annualised percentage efficiency loss (APEL) of in- 

vesting in the underlying market index: 

lI 
1 

F-1 1- 

APEL =11- 
ýj= 1( p) 

T 
j-1 

sT, 
j 

'In our examples, we apply cubic splines interpolation to obtain the corresponding 
efficient wealth levels. For the technique of spline fitting, see for example. Lancaster and 
Salka. uskas [75] and Dierckx [34]. 
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6.3 Implementation Results 

In this section, we postulate the risk premium function and implement our simu- 

lation approach described before to see how inefficient the market portfolio would 

become under these assumptions. Our postulated risk premium functions are pri- 

marily inspired by the analytical results found in the earlier studies. 

Specifically, recall from the work of Hodges and Carverhill [61], Hodges and 

Selby [63] and the analysis in Chapter 5 that in a Black-Scholes world without 

dividend and intermediate consumption, the market coefficients p, r and or behave 

in certain ways. In particular, the market price of risk cti must satisfy the Burgers' 

equation 

OT =2 or 
2axx + Graax " (6.12) 

Our interest is on the diminishing form of risk premium function due to the reason 

that it seems to conform to empirical findings. Although Hodges and Carverhill 

[61] did provide a closed-form solution of a that is decreasing in the market level 

. r, it will collapse when one drifts backwards from the Z-shaped initial condition. 8 

Therefore, we seek to find some other kind of functional forms that will be rather 

stationary. However, as we have reviewed in Chapter 5, a diminishing risk premium 

is not viable in a stationary Black-Scholes economy when there is no dividend and 

intermediate consumption. The only solution to the Burgers' equation in such 

7 For a derivation of this equation, see Theorem 5.2 in Chapter 5. 
sWW'ith the boundary condition n(x. T) = o(. r. 0) =a- bx (cc and b are constants), the 

closed-form solution to the PDE (6.12) is given by 

o- bx 
1+ baT 
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a stationary economy is that ce be either a constant or a travelling wave which 

increases at higher market levels. (See Hodges and Selby [63]. ) 

Therefore, we assume some of the variants inspired by the travelling form 

solution. For convenience, we recall in the following the stationary solution as in 

Hodges and Selby [63]. Suppose the risk premium a is time-homogeneous and is 

defined as 

a(x, T) =-y(u) where u=x+ 9T (6.14) 

for some function y and some constant 0. The two stationary solutions for function 

zý are 

c1=-Q>0 
y\u/ _ (ci+c2)es(")+(cl-c2) 

es(u)+1 
for yc (Cl 

- c2, Cl + c2) 
(6.15) 

where s(u) =k -}- c-u, cl and c2 are real (ci > c2), and k is a constant. Among these 01 

parameters, 9 in particular plays an important role as it determines the speed of 

the evolution. To summarise, we expect that the market portfolio will be efficient 

when the Burgers' equation is satisfied, e. g. (6.15), but will become an inefficient 

investment if not. 

We now apply our approach to a number of examples. These examples are 

grouped into two cases. The first case considers an increasing risk premium with 

the same functional form as the travelling wave solution described above except 

that it has the `wrong' speed (determined by 9 value). The second case considers 

a clec reaasing risk premium which is kind of a mirror image of the increasing case. 

We examine three scenarios with different speed parameters. The parameters used 

in each rase are determined such that the price of risk o is within the range of 0.4 

and 0.7 and is equal to 0.55 at t= 40. 
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Figure 6.1: Increasing risk premium. This figure depicts the functional form 
(6.15) using parameter values b=0.55, c=0.15 and k=0. When 0= ba > 
0, the price of risk is the increasing function travelling to the right through 
time. When 6=0, the price of risk is represented by the fixed curve at the 
horizon date, i. e. t= 40. 

For simplicity, we set out the parameter values as r=0, a=0.15. The number 

of bisections over the time horizon is N=8. Table 6.1 shows the efficiency loss, 

across different lengths of investment horizons. 

Case 6.1 (Increasing Risk Premium) Consider the functional form of (6.15) 

with Parameter values b=0.55, c=0.15 and k=0. 

The behaviour of c is shown in Figure 6.1. When 0= ba > 0, the market is 

efficient. However, when 0=0 (as represented by the curve at t= 40 (year) in 

Figure 6.1), the behaviour of a is far from the evolution expected in equilibrium. 

Our simulations show that the inefficiency costs could range from 1.51 basis points 

per year over a ten-year investment to 17.03 basis points per year over a forty-year 

investiileiit. 
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Case 6.2 (Decreasing Risk Premium) Consider a diminishing function ic, hich 

is approximately a mirror image of (6.15), similar to but not the same as the effi- 

cient solution (5.35: 

b 
a=a+ed(X+OT)+1' where b, d>0. (6.16) 

Parameters values are set equal to a=0.4, b=0.3 and d=2. 

The results for this case are reported as follows: 

1. Evolution to the right (0 = 0.0825): The behaviour of cx is shown in Fig- 

ure 6.2 (a). Since it behaves similarly to the one Hodges and Car-ýverliill [61] 

have described for the decreasing form under which the Burgers' equation is 

satisfied, the inefficiency is expected to be mild. Our simulations show that 

it is nearly efficient. 

2. Evolution to the left (8 = -0.0825): In order to compare with the pre- 

vious case, we set the opposite speed, i. e. 0= -0.0825. The behaviour 

of a is shown in Figure 6.2 (b). Since it drifts away from the direction in 

which a solution of the Burgers' equation is supposed to evolve, we would 

expect that a bigger efficiency loss would occur. Our simulations show that 

the inefficiency costs range from 1.21 basis points per year over a ten-year 

horizon to 8.51 basis points per year over a forty-year horizon. 

3. Fixed form (0 = 0): The curves at t= 40 (year) in Figure 6.2(a) or Figure 

6.2(b) represent this example. The inefficiency cost is 14.63 basis points per 

year over a forty-year horizon. 
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Figure 6.2: Decreasing risk premium. This figure depicts the functional form 
(6.16) using parameter values a=0.4, b=0.3, and d=2. Plot (a) shows 
the evolution to the right, with 0=0.0825; Plot (b) shows the evolution to 
the left with 0= -0.0825. The case when 0=0 is set equal to the curve at 
t= 40 in either Plot (a) or Plot (b). 
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Efficiency Loss 
T=10 T=20 T=30 T=40 

A 1.51 4.83 11.35 17.03 
B. 1 0 0 0 0 
B. 2 1.21 3.29 6.20 8.51 
B. 3 0 0.33 4.53 14.63 

Table 6.1: Efficiency loss of the market portfolio. Category A represents 
Case 6.1 and Category B represents Case 6.2. The simulations are repeated 
for alternative horizons from ten-year to forty-year. The efficiency losses are 
tabularised in terms of annualised basis points. 

6.4 Chapter Summary and Conclusions 

As demonstrated in Chapter 5, the price of risk of the market portfolio must be- 

have in a certain way in order to be consistent with equilibrium in the underlying 

economy. When the specified asset price process does not satisfy the equilibrium 

conditions, the market portfolio will become stochastically dominated and, there- 

fore, is an inefficient investment. 

By applying the PDPM of Dybvig [36], we proposed a Monte Carlo simulation 

approach to examine the efficiency of the market portfolio under several postu- 

lated risk premium functions. Our numerical analysis confirmed the idea that a 

static market holding could be inefficient. However, the results suggest that the 

degree of inefficiency is relatively small in the situations we have investigated. The 

magnitude is of the scale of 20 basis points or less, even for a 40 year horizon. 

There are few issues that still remain not completely explored. For example. 

it would be interesting to examine the economy with dividend and intermediate 

consumption such as the one we have studied in Chapter 5. We could estimate how 
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the dividend-price ratio changes empirically, and then see how close to efficient it 

might be. Some kind of dividend model such as the Lintner model [79] might 

also be useful. In the Lintner model, the instantaneous drift term of the dividend 

process is a function of earnings and dividend. Alternatively, we can postulate 

the dividend process such that the drift term is a function of market index and 

dividend. 

Finally, we could extend our model to the case of stochastic interest rates, 

especially when we introduce the intermediate consumption. However, the case of 

stochastic volatility might not be a worthwhile extension. 
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Chapter 7 

Portfolio Performance 
Measurement: An Expected 
Utility Based Approach 

In this chapter we propose a new continuous-time performance measure based on 

intertemporal utility maximisation and explore the extent to which the new mea- 

sure can be applied in the perspective of ex-post portfolio performance evaluation. 

A contingent claim estimation approach is employed to assign the nearest efficient 

values to the managed portfolio. We then implement the technique on some pop- 

ular strategies through Monte Carlo simulation. The experimental results suggest 

that this technique is remarkably robust. 

7.1 Introduction 

Evaluating the performance of portfolio managers has generated a substantial 

amount of interests in the financial economics literature over the last three decades. 
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The growing popularity of active asset management through professionally nian- 

aged portfolios also highlights the importance of such evaluations to be made avail- 

able to investors. However, although the principle behind performance evaluation 

is rather straightforward, the problems involved are in general quite difficult. 

In practice, fund managers usually employ some sort of models to forecast 

returns of market indices and individual stocks and utilise this information for 

timing the market and/or picking stocks. Therefore, in principle, a successful per- 

formance evaluation procedure should at least be able to answer two questions: (1) 

has the fund manager added values in providing his managerial skill" (2) how was 

the fund's performance achieved - through market timing, stock selection or other 

sources? As reviewed in Chapter 2, although there have been various performance 

measures which aim to answer the above questions, they are mostly conducted in 

the CAPM framework. Moreover, the attempt on performance decomposition is 

theoretically difficult and often results in erroneous conclusions. 

Due to above reasons, our objective in this chapter is on assessing the efficiency 

of the dynamically managed portfolio strategies (i. e. adjusting the asset mix over 

time according to some rules) given return forecasts. In other words, we are not 

concerned with whether the manager possesses any forecasting ability. As we 

shall see later, for simplicity, we deliberately assume that the expected return is 

constant. 

As demonstrated by Dybvig [37]. a number of dynamic portfolio strategies 

followed b practitioners are significantly inefficient. The inefficiencies arise not 

becmisc of imperfect diversification across, stocks, but because of poor diversifica- 
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tion over time. (see Hodges [59]. ) For example, a manager who follows a market 

timing strategy but has actually no forecasting ability will be throwing investors 

money away. Similarly, other popular strategies such as stop-loss, lock-in and 

repeated portfolio insurance were also shown, by Dybvig, to be inefficient. The 

amount of inefficiency costs could be substantial. 

A natural question is then to ask how the performance of a dynamically man- 

aged portfolio can be measured, assuming that the manager has no forecasting 

ability, or, to put it another way, what is an appropriate yardstick to use when eval- 

uating the performance of a portfolio in which the asset mix varies through time. 

Conceptually, the manager should aim to follow some kind of efficient strategy and 

the performance can be measured on the basis of how the managed portfolio de- 

viates from the benchmark (i. e. the efficient strategy). However, the performance 

measured used for this evaluation need to be properly defined. 

In this respect, traditional performance measures proposed in the literature 

do not provide the answer. As we have reviewed in Chapter 2, it is now well 

recognised that traditional CAPMT based reward-to-variability measures such as 

Sharpe ratio [96] and Jensens alpha [66] are inadequate for evaluating the per- 

forniance of portfolios with non-linear payoffs. The possibly very distorted payoff 

distribution from some options strategies or dynamic trading is the major rea- 

son why a mean-variance framework cannot be used in comparing performance. 

Unfortunately, as pointed out in Glosten and Jagannathan [48], although the inva- 

lidity of mean-variance based measures is widely documented, there has not been 

miau explicit operational procedures proposed for practical applications. There- 
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fore, the purpose of this chapter is to take on the challenge of the distributional 

problem as well as to develop a general methodology for evaluating performance 

of dynamically managed portfolios. 

Our work is motivated by Dybvig's payoff distribution pricing approach. which 

has been reviewed and applied in earlier chapters. The performance measure based 

on his approach provides an exact solution for quantifying the global inefficiency 

of a predefined strategy (i. e. the strategy is known). More specifically, Dybvig 

evaluates the ex-ante performance of a strategy by defining the inefficiency cost 

as the difference between the asset price of the portfolio and the cheapest possible 

cost of generating the same payoff distribution. That is, Dybvig's inefficiency cost 

can be expressed as 

wo - wo = IE[&T(tiy -n T)ý (7.1) 

where w0 and WT are values of the portfolio strategy at time 0 and T, respectively, 

and wö and Wö are values of the corresponding cheapest cost strategy. 

In the ex-post analysis, however, it is not clear how his approach can be applied 

since we only observe a single realisation (say path i) of the portfolio's values (or at 

most the portfolio's risk exposures). It can be seen that although wo - wö in (7.1) 

will always be nonnegative, 11 T, j - II Ti will not. Thus, an important question is 

how the inefficiency cost should be distributed (or assigned) across all the possible 

paths. In our analysis, we argue that in the intertemporal setting the efficiency 

loss cmi be interpreted as the present value of the losses of certainty equivalent 

yvealtli over the investor's investment horizon. Any departure from the associated 

optimal strategy (or the efficient strategy) will result in an efficiency loss. This 
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approach is particularly useful when it comes to ex-post evaluation since it enables 

us to assign a nonnegative inefficiency cost to a single realisation. 

In principle, an optimal strategy can be found by maximising the investors 

expected utility, provided that the market return generating processes and the 

investor's preferences are known. However, in practice, it is often improbable to 

obtain an accurate information on the investor's preferences, especially for hedge 

funds. Therefore, in evaluating the performance of a realised wealth path of a 

portfolio whose actual strategy is unknown, it is necessary to infer the associated 

optimal strategy from the available observations. 

Our approach to estimating the efficient strategy is very similar to that of 

Hodges [59] and is closely related to that of Glosten and Jagannathan [48]. In 

our analysis, the value of the managed portfolio is approximated by the value of 

a portfolio of options written on some reference index. Since the estimated values 

are supposed to be the closest to the portfolio values, we are actually evaluating 

the performance of the portfolio manager in a most charitable way. As a result. 

some strategies are more likely to be exposed as inefficient than others, depending 

on the nature of the strategies. 

The rest of the chapter is organised as follows. Section 7.2 sets out the deriva- 

tion of the new performance measure in a continuous-time setting. The estimation 

procedure for ex-post evaluation is described in Section 7.3. Section 7.4 then im- 

plements the technique on some popular strategies such as the stop-loss rule and 

the lock-in strategy to investigate how the ex-post cost is distributed. A discus- 

lion of how the model can be generalised and extended is provided in Section 7.5. 
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Section 7.6 finally concludes the chapter. 

7.2 The Expected Utility Based Performance 
Measure 

Consider a complete market and an intertemporal setting. As we have discussed 

before, an efficient strategy refers to a portfolio strategy that maximises the in- 

vestor's expected utility. In principle, the efficient strategy can be obtained by 

solving the investor's optimal portfolio choice problem, provided Him the investor's 

preferences are known. If the investor's preferences are unknown, it is in general 

quite difficult to see whether a particular strategy is optimal to the investor or 

not. In this analysis, we use the notion of certainty equivalence and define the 

total period inefficiency cost as the (annualised) expected value of the accurnu- 

lated discounted loss of certainty equivalent wealth over the investment horizon. 

Suppose the horizon is H years. Then the above opportunity cost, denoted by 

q/ti, can be expressed as 

H 

XpH =1 IE'Q 
H° 0 

e-rtV)(t, w)dt (7.2) 

where '0 denotes the instantaneous loss of certainty equivalent wealth associated 

with the realised strategy. Note that the expectation is taken under the risk neutral 

probability. 

The task of quantifying the instantaneous loss' can be achieved by solving 

the intertemporal optimal portfolio choice problem and analysing the welfare effect 

arising from employing a suboptimal portfolio strategy other than the optimal one. 
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Now consider a standard portfolio choice problem. Assume that there is a 

risk averse investor who aims to maximise his or her expected utility of terminal 

wealth. There are two financial assets available for costless and continuous trading. 

Assume that the price of the risky asset S follows a geometric Brownian motion 

with a constant risk premium and the price of the locally riskless asset B grows 

at the constant riskless rate r. That is, 

dSt 
= µdt + adzt, (7.3) St 
dBt 

= rdt (7.4) 
Bt 

where p, a and r are constant and zt is a standard Brownian motion under the 

investor's subjective probablity. 

The optimisation problem is then given by 

maxIEo[U(IVT)] (7.5) 

subject to 

wo = Eo[&TTl'T] ? 0, (7.6) 

dtit"t = [lTTtr + Ot(/ - r)] dt + adz (7.7) 

where 11- is the wealth level and 0 (the control variable) is the amount of money 

invested in the risky asset. 

As is standard in the literature, the indirect utility is defined as 

J(II't, t) = inaxIEt[U(0VT)I, where J0 T. T) = U(01-T), 

and satisfies the Hamilton-Jacobi-Bellinan (HJB) equation: 

J(11 't, t) = inaxEt[J(« t+dt. t+ dt)]. (7.8) 
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It is well known that the solution to this optimisation problem is that 

0 
(__J 

w11. 

which will in turn make J(W, t) in (7.8) a martingale: 

J(Wt, t) = Et [J(Wt+dt, t+ dt)], (7.10) 

where Wt+dt is the wealth at time t+ dt, achieved by following the time-t optimal 

strategy c5 . 

Now consider a strategy which at time t invests 1t dollars in the risky ai**et . Cat 

can be decomposed into two components: 0t and Et, where qr is the (universally) 

efficient strategy derived from (7.9) and Ft is the residual terns. \Ve further assume 

that the manager has no forecasting ability (i. e., no market timing ability) and 

aims to follow the efficient strategy. Therefore, it is convenient to assume that Et 

follows a normal distribution N(O, v2) and is orthogonal to 0t and the innovation 

(Lt. Namely, 

Ot = Ot + Eta (7.11) 

E[Et] = 0, (7.12) 

var [Et] = v2, (7.13) 

E[Ot Et] = 0, (7.11) 

IE[otdct] = 0. ( 1.15) 
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Thus, the instantaneous change of wealth will be given by 

dWt = [Wtr + Ot(li - r)] dt + c5tadzt 

[Wtr + (0t + Et)(µ - r)] dt + (Qt + ct)adtit 

= dWt* + Et [(µ - r)dt + adzt] (7-16) 

where dWt denotes the instantaneous increment of wealth generated by the strat- 

egy Ot . 
It shows that the deviation from the optimal increment of wealth can be 

decomposed into the extra risk premium and the stochastic element caused by Er. 

Consequently, we can derive the indirect utility for the next instant from t as 

follows: 

J(W, +, I,, t+ dt) 

= J(I Vt, t) + Jtdt + Jig,, (dWt) +1 2Jww(dI t)2 

= J(U't, t) + Jtdt + Jji' [(dWt*) + Et(µ - r)dt + EtUdCt] 

+12 J<<w1i, [(dWt )2 + Et 072dt + 20t Eta2dt] 

=J (Ivt+dt, 
it + dt) + Jw¬tadzt 

+ J1týEt (µ - r) +2 (Et a2 + 20t Etat) dt. 

Substituting (7.9) into (7.17) yields 

J([V "r+dt, t+ dt) =J (I1'r+ar. t+ dt) 

+Jji-Etad,: t +2 Jit ti-Et a2dt. 

(7.17) 

(7.18) 
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or more intuitively, 

J(Wt+dt) t+dt) =J (Wr+dt, t+dt) 

+JII cto dzt - 
1'It6 

02dt 

where -yt = -Jjj-j. j., /JVv, is the absolute risk aversion at t. 

(7.19) 

By inspection of (7.19), it can be seen that the deviation between the indirect 

utility from strategy 0 and the indirect utility from 0* is attributed to two effects: 

the differential utility caused by the stochastic element of incremental wealth at- 

tributed to Et and the cost of not following the optimal strategy. The more risk 

averse the investor, the higher the cost. It is also important to point out that while 

this cost function ensures a negative effect on the indirect utility when a subop- 

timal strategy was implemented, it could be offset or deepened further purely by 

chance, depending on the comovement of Et and dzt. 

However, under the assumption that the manager has no market timing abil- 

ity, ' we can take conditional expectation on both sides of (7.19) and apply the 

martingale result (7.10) to obtain the supermartingale expression for the in- 

direct utility resulting from the suboptimal strategy 0: 

Et[J(« r+dt, t + dt)] = J(Il t, t) - otdt, (7.20) 

where 

at =-ý Jit li (TV 
, 
t)Et o2 

'This is assured by our assumption that p is a constant. The relaxation of this as- 

sumption will be discussed later. 
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Assume that 

J(Wt, t) = Et[J(II"t+dt. t+ dt)]. (7.21) 

It then follows that the instantaneous loss of certainty equivalent wealth, condi- 

tional on Wt and Et, can be given approximately by 

cat 1 
, OtlWt, Et = 

(Wt 
- Wt) ItiI, - 

,E -'tE207 Z . 
Jil" 2t (7.22) 

The partial derivatives in (7.22) can be substituted out by applying the equality 

(7.9). That is, 
2 

Ot1Li, r, Et 
r Et 

-- 
ji 

2 ýt 
(7.23) 

Rewriting (7.23) and then substituting into (7.2) result in our approximate 

expression of measure of inefficiency cost: 

q, x µ-r EQ 
H 

e-rt 
E2 t dt 

. 
(7.24) 

2H 

[10 

c5t - Et 

The annualised percentage efficiency loss (APEL) is simply equal to WH/lt o. 

7.3 A Contingent Claim Approach to Ex-Post 
Performance Evaluation of Portfolio Strate- 

gies 

In this section, we set out the mechanics of the contingent claim approach to esti- 

mating the optimal strategy (or the nearest efficient strategy). First we discretise 

to obtain ia piathwise performance measure based on the continuous-tiine result. 

We then describe in detail the estimation procedure for the purpose of ex-post 

eV'211lintion. 
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7.3.1 The Ex-Post Performance Measure 

Consider a portfolio with initial value Wo. Suppose that the intended investment 

horizon was H, but we could only observe the portfolio values {H 0,1I'l, 11 -2, 
.... 11 n} 

at the limited time points {to, tl, t2i ... , to} where to =0 and to = T. Moreover. 

a siinw that the time intervals are equal (i. e., tj+l - tj = At for i=0.... , 71 - 1) 

and T<H. The strategy was revealed through time in terms of the amounts 

invested in the risky asset, i. e., {0o, 01,02, , d, ß_1}. 

We can rewrite the discrete time analogy of (7.24) to obtain the pathwise and 

truncated APEL as 

n-1 

APEL =-r e-r°t 
Ei2 At (7.25) 
- Ei i=p 

Oi 

where Fi is the difference between the realised strategy- and the nearest efficient 

strategy ý? at the discrete point in time t,. 2 

7.3.2 The Estimation Procedure 

To uncover what the manager actually did, we need to estimate the nearest efficient 

portfolio. Therefore, we need to find a convenient basis for the monotonically 

incrcaasing payoffs of the nearest efficient strategy to be represented as a function 

of the underlying value (i. e. the stock index). One simple way to achieve this is to 

form al simple linear approximation. More specifically. we first divide the space of 

the terininal stock price into a number of subintervals. Then for each subinterval. a 

'Since the integral of equation (7.24) is Riemann integrable. by subdividing [t0, t�] into 

finer subint. ervids, (7.25) would converge to (7.24). 
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straight line with nonnegative slope will serve as the basis function. Therefore. by 

combining these straight lines with nonnegative amount, we have formed a globally 

continuous, non-decreasing and piecewise linear basis function for estimating the 

nearest efficient function. This basis function also has an option interpretation. 

The non-decreasing straight line in each subinterval can be interpreted as the 

payoff of a bull spread (except the two far end of subintervals) with two end values 

of the subinterval as the strike prices. 

The above procedure is explained further as follows. The space of the date-H 

stock price is divided into J+1 intervals. Thus, We have a set of different values 

0< A"1 <'2<... < Kj < oc that SH might attain at the horizon H. We then 

define the following J+1 options, whose values are denoted by Cl. C2, 
.... 

CJ+i, 

based on the value of SH. Cl is a short put option with the strike price of K1. 

C2.... 
, 
Cj are call spreads defined for each associated interval. For example, C2 is 

a call spread defined within the interval [K1, K2] and its payoff is: 0 for SH < Kl, 

SH - KI for SH E [K1, K2], and K2 - Kl for SH > K9. Finally, Cj+1 is a call 

option with the strike price of Kj. 

At eac1i point in time, the values of these options can be calculated according 

to the option pricing formula. Note that a call spread can be decomposed to long 

it call with a strike KL plus short a call with a strike KH, for KL < KH: 

Valuing the payoff function of the nearest efficient strategy can then be viewed 

as valuing a linear combination of a riskless investmeiit and the portfolio of options. 

Thus, given the assumption that during the assessment period, the weights are 

constant, the value of the nearest efficient portfolio at each time point t is given 
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by 
J+1 

C(S, t; H) = B(t. H) +E wjCj(SH) (; 
. 26) 

j=1 

where B(t, H) = e-r(H-t)B(H, H) and B(H, H) is equal to a positive constant 

that represents a riskless payoff at time H. 

Let xt, j (St) denote the amount of money to be invested in the risk- asset at 

date t (t = 0,1, 
... , T) in order to obtain the contingent claim Cj. Therefore, the 

investment required in the risky asset (or the market exposure) at date t in order 

to achieve the payoffs C(SH) at the horizon date will be 

J+1 

xt(St) -E wj xt, j(St) 
j=1 

(71.2 7) 

Thus, we can perform a simple linear least squares estimation for the u j., ' sub- 

ject to nonnegativity constraints (i. e. wý > 0). 3 Once the wj have been estimated, 

we can easily obtain the market exposure for the nearest efficient strategy at each 

time point. Following earlier discussions, we then have xt as the estimate of cat . 

7.4 Numerical Examples 

In this section, we implement our technique on some simple portfolio strategies 

through Aloiite Carlo simulations. For the purpose of variance reduction, we have 

used stratified sampling technique (see Curran [31] and Moro [88]) in the simulation 

insteýid of the crude Monte Carlo method. ` 

3. a more detailed description on this constrained optimisation problem can be found 
in Hodges [59]. It is also suggested that the Singular Value Decomposition technique can 
provide a robust way of performing the computations. 

`Stratified sampling is similar to quasi-random sampling but is easier to implement. 
If al is the number of simulation paths, stratified sampling has the advantage that the 
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The set of values used in the simulations are 

riskless interest rate ,r=0.06 

annualised drift rate of risky asset µ=0.12 

annualised standard deviation 
,a=0.20 

The initial reference index is So = 100 and the initial wealth is also normalised as 

Wo = 100. We consider an investment horizon of 5 years and assume that there 

are only 36 monthly observations (i. e. 3 years). In estimating the nearest efficient 

portfolio, we use J+1=7 options. 

In most cases, particularly in hedge funds, the nature of the manager's strategy 

would not be known exactly to the investor or the analyst. Therefore, we could 

only look at the realised path and measure the performance as well as possible. 

Note that if we were in Dybvig's position of knowing in advance the nature of 

the strategy, we could apply our method to multiple simulations. In order to 

assess how our technique works, we need to know a strategy globally and work out 

pathwise inefficiency cost across all paths. 

One well-known strategy is the stop-loss strategy. The investment rule under 

the stop-loss strategy is to invest the entire portfolio in the risky asset until the 

price of the risky asset reaches or falls below the preset level (or the floor). «lieh 

that happens, the rule is to switch from 100'/c risky investment to 100% riskless 

investment. 

standard error is proportional to 11.11 rather than 1ý _lI as it would be in the crude 
Monte Carlo simulation method. 
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Figures 7.1 and 7.2 plot the frequency polygon and histogram of the . -OPEL 

of a 5-year stop-loss strategy. In this case, when the limit level is low. we expect 

that there will be more realisations that would be exposed as efficient. The spikes 

observed in the figures represent the chances of 'not getting caught'. As the limit 

level moves higher, the spikes will diminish and eventually vanish. 

When comparing the average pathwise cost with Dybvig's actual cost, Figure 

7.3 shows that at relatively lower limit levels, the average pathwise costs are lower 

than the actual ones. However, as the limit level increases, the ex-post inefficiency 

costs will tend to be overestimated. This should not be surprising because when 

the limit level is close to the initial wealth, the strategy becomes very sensitive to 

the reference index. As a result, the estimation procedure that tends to `smooth 

out' the exposure will be more likely to create large departures from the values of 

the strategy. 

We have also implemented on the lock-in strategy which we do not report in 

any detail here since it is simply the opposite of the stop-loss strategy. 

7.5 Generalisations and Extensions 

The results of our numerical experiments are quite encouraging. Although the 

number of observations of the portfolio's composition is small (as it is usually the 

case in the hedge fund aiialvsis), we are able to recover some interesting information 

about the managers strategy. 

Our technique is based on observing what the manager actually did along the 
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Figure 7.1: Frequency polygon and histogram of the APEL of a 5-year stop- 
loss strategy. The model parameter values are: i=0.12, r=0.06, a=0.2. 
The number of simulated paths for the risky asset is set equal to 3000. The 

initial reference index and the wealth are assumed equal, i. e. UO= So = 100. 

The investment horizon is 5 years and there are total 36 (3 years) monthly 

observations. 
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Figure 7.2: Frequency polygon and histogram of the APEL of a 5-year stop- 
loss strategy (continued). The model parameter values are: µ=0.12, r= 
0.06, (T= 0.2. The number of simulated paths for the risky asset is set equal 
to 3000 with the initial value of 100. The investment horizon is 5 years and 
the number of monthly observations for the portfolio is set equal to 36 (3 

years). 
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Figure 7.3: Efficiency loss of a 5-year stop-loss strategy. The model parameter 
values are: It = 0.12, r=0.06, a=0.2. The number of simulated paths 
for the risky asset is set equal to 3000 with the initial value of 100. The 
investment horizon is 5 years and the number of monthly observations for 
the portfolio is set equal to 36 (3 years). The solid line indicates the actual 
costs (Dybvig's) and the dashed line indicates the average pathwise costs. 
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realised path. Thus, it can be greatly improved if we knew what stand the investor 

has taken in his/her preferences. Even the knowledge of the shape of the payoff 

function (e. g. concave or convex) should help estimate more precisely the nearest 

efficient strategy. 

Our model assumes that p is constant. This assumption is critical in that it 

implies the reference index is efficient. Therefore, we can find the positive state- 

price density to correctly price the index options. Thus, we have ignored the 

inefficiencies possibly arising from model misspecification or poor representation 

of the proxy. In this respect, our model can be easily extended to allow a time- 

varying risk premium, as long as the price process is consistent with some form 

of market equilibrium. Otherwise we will have a market which is stochastically 

dominated. This also corresponds to our analysis on the evolution of the market 

risk premium (i. e. the Burgers' equation) in Chapter 5. 

In principle, our work can also be generalised to models with multiple state 

variables. For example, we may allow interest rates, inflation and volatility to be 

stochastic. The state-price density framework can still work as long as the market 

is still assumed to be complete. 

The analysis in this chapter ignored the important issue of forecasting ability. 

A manager with superior ability to time the market based on the forecast of future 

returns may justifiably lead the fund to depart from the benchmark strategies 

which we have labelled as efficient. In fact, these benchmark strategies will only 

be efficient in a world characterised by the kinds of equilibrium we have described in 

Chapter 5. When the manager has some degree of forecasting ability, our proposed 
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performance measure can still provide a neutral yardstick and can be interpreted 

as the opportunity cost of departing from what would be efficient without such 

ability. 

The reasons why the manager may not follow the efficient strategies in practice 

could possibly be justified if we had an imperfect market setting. For example, as 

shown in Jouini and Kallal [69], when market frictions, such as different borrowing 

and lending rates due to asymmetries of information, short selling costs, and bid- 

ask spreads, are taken into account, a correct performance measure must trade 

off the additional frictional costs of alternative investment strategies against their 

incremental benefit from diversification. Thus an efficient strategy in frictionless 

markets might become inefficient as bid-ask spreads are introduced. On the other 

hand, high borrowing costs, especially if they increase with leverage, can rationalise 

some strategies such as the stop-loss rule that are inefficient in frictionless markets. 

Finally, an important issue of transaction costs has also been ignored in our 

analysis. We might be able to take advantage on the recent advances on intertem- 

poral portfolio choice and on the replication of options positions under transaction 

costs. (See for example, Davis and Norman [33] and Hodges and Neuberger [62]. ) 

A recent paper by Pelsser and Vorst [91] also demonstrates how Dvbvig's iiiodel 

of portfolio efficiency will become invalid when transactions costs are introduced. 

Our analysis provides an initial exploration of the problem in a complete market 

setting. Further extensions give a fruitful area for future research. 
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7.6 Chapter Summary and Conclusions 

This chapter has proposed a new continuous-time performance measure based on 

an intertemporal analysis and also showed how a contingent claims estimation 

procedure can be employed for evaluating the opportunity costs implied by scilie 

inefficient dynamic portfolio strategies. When the nature of the strategy is un- 

known, we are able to recover the nearest efficient strategy providing a similar 

distribution of outcomes from a handful of data along the realised path. For a pre- 

defined dynamic strategy, our approach enables us to gain, at least numerically. 

some insight into how the strategy might have performed in the ex-post sense. 

Formally, the analysis is based on fairly strong assumptions. but seems remark- 

ably robust in applications where they are violated. We have hoped initially to be 

able to represent the actual cost as an average of pathwise costs. However, there 

is no such exact relationship corresponding to the rather natural way in which we 

have measured the pathwise cost. It remains unclear whether an identity of this 

link can be established with some suitable realisation of the pathwise cost. 
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Chapter 8 

Conclusions and Biture 
Directions 

In this thesis, we have investigated some important issues relating to dviianiic 

portfolio management from various viewpoints. Our modelling methods were based 

on the assumption that the market is complete and were conducted in a continuous- 

time intertemponal framework. 

8.1 Summary and Conclusions 

In Chapter 3, issues relating to time-invariant minimum guaranteed portfolio 

strategies were discussed and analysed in a simple economy. Given the defini- 

tion and the properties of the strategies in question. a general form of the wealth 

function and the associated strategy were established in a Black-Scholes world in 

which both interest rate and volatility are constant and consumption only oc cuirs 

at the horizon. The efficient strategies were then further identified and charac- 

tensed based on the ile< cssarv conditions for efficiency, i. e. non-negativity. mono- 
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tonicity and path-independence. It was shown that, based on our assumptions. 

there are two types of time-invariant strategies which are efficient: (1) the con- 

stant proportion portfolio strategy; and (2) the level-dependent portfolio strategy. 

The constant policy extends the popularised constant proportion portfolio insur- 

ante (CPPI) program to include the interesting contrarian strategy. The level- 

dependent policy is of a contrarian type, and is efficient only when the interest 

rate is fairly low. 

In Chapter 4, the dynamic asset allocation problem was studied in a more 

complicated setting where the interest rates were stochastic. Given a fairly gen- 

era! one-factor short rate process and the stock index dynamics, the equilibrium 

conditions, under which the coefficients of the processes must satisfy in a cony cii- 

tional representative agent economy, were established. The solutions of market 

parameters for some special cases were then further identified. These results were 

utilised to solve the non-representative agent's optimal portfolio choice problem. A 

special case where the short interest rate follows the Vasicek's [103] mean-reverting 

stochastic process was analysed. Two alternative utility functions were assumed 

for a non-representative agent: (1) a CRRA utility which is independent of the 

interest rate; and (2) a utility which is of the same form as the representative 

agent but with different risk aversion. The optimal portfolio choice problems for 

the two utility assumptions were solved explicitly by applying the dual approach. 

The results agreed with the conventional wisdom that the more risk averse the 

iiivicestor, the more the demand for the bond. The demand functions for the two 

cases behave quite differently, but will converge as the time to maturity increases. 
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In Chapter 5, the behaviour of the risk premium of the market portfolio was 

examined. The asset price dynamics were formulated in such a way that the 

market risk premium could vary over time in a Black-Scholes economy. The path- 

independence argument was used to help develop the theoretical constraints on 

the coefficients of the market portfolio. The utility function of the representative 

agent was formulated under two alternative assumptions: (1) a utility over a single 

consumption at the horizon date; and (2) a utility over the continuous consump- 

tion for a finite horizon. The equilibrium conditions were presented in terms of 

partial differential equations. These PDEs were then solved explicitly for the time- 

homogeneous case. It was shown that the presence of intermediate consumption 

could have a drastic effect on the time-varying behaviour of the risk premium. A 

decreasing form which corresponds to a mean reversion kind of behaviour could 

only exist when the intermediate consumption was introduced. 

Chapters 6 and 7 investigated issues concerning portfolio efficiency and per- 

formance evaluation. In Chapter 6, the result developed in Chapter 5, that the 

Burgers' equation must be satisfied in a Black-Scholes single consumption econ- 

orny, was used as the hindsight. Various functional forms were postulated iii 

such ai way that they were stationary but violated the Burgers' equation. Under 

these assumptions, the market portfolio would have become inefficient investment. 

The magnitude of the inefficiency was computed by implementing Dybvig's payoff 

distribution pricing model (PDP1\1). The Monte Carlo simulation technique was 

employed for the implementations. The experiments confirmed our prediction. 

However, the degree of inefficiency is insignificant. e. g. of the scale of 20 basis 

points or less. even for a 40-3-car horizon. 
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In Chapter 7, a new utility based performance measure was proposed. The 

idea was that the inefficiency cost of a portfolio strategy could be represented in 

terms of the expected total loss of certainty equivalent wealth over the investment 

horizon. The new measure was then derived from an intertemporal framework. 

In the context of ex-post performance evaluation, the continuous-time meaisiire 

was approximated in a discrete-time manner and a contingent claim approach v-i 

utilised to estimate the nearest efficient portfolio strategy. Some simple dynamic 

strategies such as the stop-loss rule and the lock-in strategy ware examined. Our 

simulations demonstrated that, in general, the average ex-post inefficiency cost 

is higher than the ex-ante cost computed from Dybvig's PDPNI. However, when 

the initial limit level is at a relatively low level, there is a higher chance that the 

manager would be exposed as if they had behaved efficiently, and therefore the 

ex-ante cost would turn out to be higher than the average ex-post cost. 

8.2 Limitations 

Our analyses in this thesis were primarily conducted in a simple economy. Except 

in Chapter 4, we have assumed that the agent (or investor) maximises the expected 

utility only over the terminal wealth. This assumption could potentially have 

influenced the analysis and consequently the results. A more complex setting such 

as the one employed in Chapter 5 should result in richer behaviour in the optimal 

consumption and portfolio choice problem. 

Moreover. it was assumed, except in Chapter 5. that interest rates were (le- 

terininistiu and volatility was constant. These assumptions greatly simplified the 

14 



modelling process and enabled us to derive stronger results. However. a vast body 

of empirical work clearly indicates the need for more complex models that relax 

these assumptions and consider more realistic situations such as multiple state 

variables, stochastic interest rates, stochastic volatility, jumps, inflation and so on. 

Finally, our performance evaluation was based on Dybvig's payoff distribution 

pricing approach in a perfect market setting. As shown by Jouini and Kallal 

[69] and Pelsser and Vorst [91], the presence of market frictions such as short- 

selling costs, bid-ask spreads and transaction costs etc would significantly distort 

the results of Dybvig. As a consequence, the performance measure derived in a 

frictionless market may no longer apply. 

8.3 Directions for Future Research 

The work carried out in this thesis can be extended in several was. The dynamic 

asset allocation problem under stochastic interest rates, as analysed in Chapter 

1, was modelled in a single consumption economy. It would be worthwhile to 

generalise our approach to encompass the situation in which there is continuous 

consumption, such as the kind of equilibrium setting employed in Chapter 5. 

The assumption that there are no transactions costs is apparently a very re- 

strictive one since in reality transactions costs play a crucial role in the dynamic 

portfolio trading. Recent progress has been made on the intertemporal portfo- 

lio choice problems under transactions costs (see for example. Davis and Norman 

[33]) and on the optimal replication of contingent claims tinder transactions costs 
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(see for example, Hodges and Neuberger [62]). Therefore, it remains to be iilve-- 

tigated what implications they provide for evaluating the performance of dynamic 

portfolio strategies. 

Finally, the new performance measure proposed in Chapter 7 shared a similar 

concept as Dybvig's measure but was derived in a rather different ay. It would 

be a significant contribution to demonstrate how the global inefficiency cost such 

as Dybvig's measure is related to the average of differently calculated pathwise 

costs, or whether there can be no strong relationship bet«"eeii the two at all. 
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Appendix A 

The Brownian Bridge Processes 

A Brownian bridge process (see for example, Kloeden, Pleiten and Schurz [ 741, 

p. 59) is a modification of the Wiener process and has sample paths which all pass 

through the same initial point x at time to and a given point y at a later time tb. 

This process Bta' is defined sample pathwise for ta <t< tb by 

B""' (t, w) + tiv(t, u) +tt [y -x- IV'(tb, 101 (A. 1) 
ba 

where 1V is a standard Wiener process. Equation (A. 1) is sometimes called a 

tied-down Wiener process. It can be considered as a kind of conditional Wiener 

process and is determined uniquely by its mean and covariance, which are 

E[Bt] =x+tt (y - x), (A. 2) 
b-a 

Cov[B, Bt] = rain{Tl. T"ý1 - 
71 

TT) 

(A-3) 

\VI1(1 Ti =S- to. T2 =t- tb and T= tb - to for t0 <s, t<tb, respectively. 
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