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Abstract

An important challenge in detection theory is that the size of the state space may be very
large. In the context of universal hypothesis testing, two important problems pertaining to
the large state space that have not been addressed before are: (1) What is the impact of
a large state space on the performance of tests? (2) How does one design an effective test
when the state space is large?

This thesis addresses these two problems by developing a generalization of Kullback-

Leibler (KL) mismatched divergence, called mismatched divergence.

1. We describe a drawback of the Hoeffding test: The asymptotic bias and variance of
the Hoeffding test are approximately proportional to the size of the state space; thus,
it performs poorly when the number of test samples is comparable to the size of state

space.

2. We develop a generalization of the Hoeffding test based on the mismatched divergence,
called the mismatched universal test. We show that this test has asymptotic bias
and variance proportional to the dimension of the function class used to define the
mismatched divergence. The dimension of the function class can be chosen to be
much smaller than the size of the state space, and thus our proposed test has a better

finite-sample performance in terms of bias and variance.

3. We demonstrate that the mismatched universal test also has an advantage when the

distribution of the null hypothesis is learned from data.
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4. We develop some algebraic properties and geometric interpretations of the mismatched

divergence. We also show its connection to a robust test.

5. We develop a generalization of Pinsker’s inequality, which gives a lower bound of the

mismatched divergence.
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Chapter 1

Introduction

1.1 Motivation

Recent decades have seen significant advances in data acquisition and communication tech-
nologies. In various areas from finance to science, from personal entertainment to large
engineering projects, a lot of data are being collected. Many previously isolated data are
now aggregated together and have become more accessible. The result is the availability of
huge amounts of data that are still growing.

Consequently, we are now entering into a data-rich era, and we are still at its early
stage. While our ability to collect and share data has advanced significantly, our ability to
understand and use these data has not kept pace.

For example, high resolution digital cameras are almost everywhere, which has helped
create huge image databases. But basic tasks such as automatically recognizing an object
based on the image rather than its title are largely unsolved problems [1]. Developing
techniques to make sense of image data is likely to lead to novel and promising applications,
as suggested by various projects such as MOBVIS [2].

Another example is DNA microarray technology. It has made possible simultaneous
profiling of large numbers of genes. Using these and other related data to understand
biological system is a difficult challenge, as suggested by the acronym of the Dialogue for
Reverse Engineering Assessments and Methods (DREAM) project [3].

One problem that plays an important role in the task of understanding data is the

detection problem. In classical detection problems, one is given two or more candidate



hypotheses. The problem is then to decide which hypothesis is true based on data.

The challenges mentioned above suggest a new emphasis: The data is usually of high
dimension. Or in a probabilistic context, the size of the state space is large. For example, in
the face recognition problem, the number of possible values a picture can take is relatively
large compared to the number of pictures taken of a particular person. Or in the problem
of detecting system abnormality, we use data collected from a large number of sensors.

It is then natural to ask two questions:
1. Does the high dimensionality/large state space matter?
2. If it matters, how can this complexity be addressed?

This thesis provides rigorous answers to these two questions in the particular context of
universal hypothesis testing. In universal hypothesis testing, we are only given information
regarding one of the candidate hypotheses (which we refer as null hypothesis). Our task is

to design a detector to decide whether this null hypothesis is true or not.

1.2 Previous Work

The study of high dimensionality in classification problems is not new. This topic is a
part of the probably almost correct (PAC) bound of probability of classification error (see [4]
and other related work), and high dimensionality is motivation for the regularization term in
classification algorithms. The wonderful survey [5] provides an overview of several important
techniques to handle high dimensionality. Another source of references is the textbook [6].
In the context of universal hypothesis testing, the size of the state space could be large.
To our best knowledge, the impact of a large state space has not been investigated before.
A closely related problem is the asymptotic statistics of the log-likelihood ratio test, studied
in [7], [8] and references therein. The main result there is that the asymptotic distribution

of log-likelihood ratio is a x? distribution whose degree of freedom is proportional to the size



of the state space. Another related problem is the estimation of Kullback-Leibler divergence

when the state space is large or is of infinite dimension (see [9], [10] and references therein).

1.3 Contributions of this Thesis

In this thesis, we propose a generalization of the Hoeffding test [11] called the mismatched
universal test. We study the bias and variance of the Hoeffding test and mismatched univer-
sal test in the sequential hypothesis testing framework. We also study the bias and variance
when the underlying distribution of the known hypothesis has to be learned. The mis-
matched universal test is based on the notion of mismatched divergence, a generalization of
the Kullback-Leibler divergence. The concept of mismatched divergence was first introduced
in [12] and is developed in the research project that leads to this thesis.

The results of this thesis can be summarized as follows:

1. We describe a drawback of the Hoeffding test: Its asymptotic bias and variance are

approximately proportional to the size of the state space.

2. We develop the mismatched universal test and show that the mismatched universal test
has asymptotic bias and variance proportional to the dimension of the function class
used to define the mismatched divergence. This dimension of the function class can
be chosen to be much smaller than the size of the state space, and thus our proposed

test has a better performance in terms of bias and variance.

3. We demonstrate that when the distribution of the null hypothesis is learned from data,

the estimator of mismatched divergence has smaller bias and variance.

4. We develop some algebraic properties and geometric interpretations of the mismatched

divergence. We also show its connection to a robust hypothesis test studied in [13].

5. We develop a generalization of Pinsker’s inequality, which gives a lower bound of the

mismatched divergence.



Some of the results of this thesis are published in [14] or included in a submitted
manuscript [15]. The mismatched divergence is connected to the I-Projection studied in
[16]. Some other generalizations of the KL divergence can be found in [16] and [10]. Part of
the bias and variance results can also be derived using results from [8], [16] and an unpub-

lished technical report [17].

1.4 Credits

It should be emphasized that many results described in this thesis are the result of joint
work with Jayakrishnan Unnikrishnan, Sean Meyn, Venugopal Veeravalli and Amit Surana,

and therefore a large percent of credit should go to them.



Chapter 2

KL Divergence and Hoeffding Test

In this chapter, we introduce formally the universal hypothesis testing framework, KL di-
vergence and Hoeffding test. We then describe the bias and variance issue of the Hoeffding

test.

2.1 Preliminaries

2.1.1 Sequential hypothesis testing

The sequential hypothesis testing framework is given as follows: Let Z denote the state space.
When Z is a finite state space, we assume without loss of generality that Z = [N] where
N = |Z]| is the cardinality of Z. Let P(Z) denote the space of probability distributions on
Z. In the simple i.i.d setting of binary hypothesis testing, there are two hypotheses H0 and
H1. Under hypothesis Hi, i € {0,1}, (Zy,..., Z,) are assumed to be i.i.d. with distribution
7' € P(Z). Given the observations (Zy,. .., Z,), we would like to decide which of these two
hypotheses is true.

There is usually a chance that we make a wrong decision and there are two types of
errors: false alarm and miss. False alarm refers to the case where we decide in favor of H1
when the true underlying hypothesis is H0; miss refers to the case where we decide in favor
of HO when the true underlying hypothesis is H1. It is well known that when n is finite,
usually we cannot make both errors arbitrarily small and there is a trade-off between these

two types of errors. In the classical Neyman-Pearson setting, we derive a test so that it



minimizes one type of error subject to the constraint that the other type of error is no larger
than some threshold. This is a well known subject and its treatment can be found in many
textbooks such as [18].

When we allow n to grow into infinity, it is well known that, except in some pathological
cases, we can make both errors arbitrarily small [18]. In this context, the rate (error expo-
nent) at which the error decays becomes the object of interest. Analogous to the classical
Neyman-Pearson setting, there exists a trade-off between the error exponent of the two types
of errors. The goal is to derive a test so that it maximizes one error exponent subject to the

constraint that the other error exponent is no smaller than some threshold.

2.1.2 Universal hypothesis testing

In many problems of practical importance, one of the distributions is not known or hard to
model. For example, for systems such as the human body, or a secured computer network,
only the normal state (healthy person / no intrusion in the network) 7° is known. Therefore,
it is important to derive a test that only requires the knowledge of 7°. This is the universal
hypothesis testing problem. In the asymptotic Neyman-Pearson setting, the problem was
first studied by Hoeffding [11] for the finite state space case. The main result is that there is
a test that does not depend on 7! and is still universally optimal in the sense that it achieves
the optimal error exponent in the asymptotic Neyman-Pearson setting for any w'. The case
when Z is not finite was studied in [19].

We now explain the asymptotic universal hypothesis testing formally. Denote the se-
quence (Zy,...,Z,) by Z}". A decision rule based on Z}" is a (probably randomized) binary-
valued function ¢(Z7). We decide in favor of H; if ¢(Z}") = 1, and Hy otherwise. The two



error exponents are then defined for a test sequence ¢ := {¢1, ¢o,...} as

. 1 n
J3 = liminf = log(n"{90(27) = 1}), (2.1)

Jy = lim inf —% log(m'{¢,(Z7) = 0}). (2.2)

The asymptotic Neyman-Pearson criterion of Hoeffding [11] is described as follows: For

a given constant bound n > 0 on the false-alarm exponent, an optimal test is the solution to
B*(n) = sup{Jj : subject to Jg >n}, (2.3)
where the supremum is over all test sequences ¢.

2.1.3 KL divergence and Hoeffding test

The Kullback-Leibler divergence for two probability distributions u!, u® € P(Z) is defined

as

D(p[|p®) = (', log(du' /dp®)), (2-4)

where we use the notation (u, g) := E,[g]. Sometime we also use the notation x(g) := E,[g].
Let Q,(m) denote the KL divergence neighborhood: Q. (7)) = {u € P(Z) : D(u||7) < a},
for m € P(Z) and o > 0.

Define the empirical distributions {I'"™ : n > 1} as elements of P(Z):
1 n
I"(4) = — d Iz €A}, Ael

k=1

At time n the Hoeffding test is a test based on the empirical distribution I'”. It compares

the KL divergence to a threshold o,

o"(Z7) = {D(T"||7°) = 6.} (2.5)



We remark again that the test (2.5) does not require the knowledge of 7.
When Z is finite, the test (2.5) with a fix threshold ¢, = 7 is optimal in the following

sense: for any 7! satisfying D(7!||7%) > n,

Jon =, T = 55 ().

2.2 Bias and Variance Issue of the Hoeffding Test

Note that the the Hoeffding test is given by comparing the test statistic D(I'||x°) with
a threshold. It can be easily shown using the strong law of large numbers that D(I™||7?)
converges to D(rn*||7?) with probability one. On the other hand, it will be shown shortly
that the bias and variance of the test statistics are proportional to the size of the state space
divided by the number of samples. Therefore, using the Hoeffding test requires the number
of samples to be at least of the same order as |Z|, which makes it impractical when |Z| is very

large. This is summarized in the following result: We use the notation Var (X) to denote

the variance of X: Var (X) = E[X?] — E[X]?.

Theorem 2.2.1. For the model with i.i.d. observations whose marginal distribution is m =
70, the test statistic sequence D(I'™||7°) has the following asymptotic bias and variance when

79 has full support over Z:

lim EnDI™|x%)] = (N —1), (2.6)
lim Var [nD(I™||7°%)] = 1(N —1), (2.7)
where N = |Z| denotes the cardinality of Z. O

We remark that while the bias could be compensated by intentionally introducing a

time-varying offset to the threshold n, the variance issue cannot be easily amended.



Chapter 3

Mismatched Divergence and
Generalized Pinsker’s Inequality

In this chapter, we first introduce the mismatched divergence. We then show that it includes
the KL divergence as a special case. We also show that—analogously to Pinsker’s inequality,
which connects the KL divergence to the total variation distance—the mismatched diver-

gence based on a linear function class admits a generalized Pinsker’s inequality.

3.1 Definition of Mismatched Divergence

The KL divergence D(u||m) has the following variational representation:

D(pl[w) = St}p(u(f) —Ax(f)), (3.1)

where A;(f) = log(m(ef)). The supremum is taken over all f such that A,(f) < oo and
w(f) is well defined. We remark that the supremum is achieved by the log-likelihood ratio:
f = log(dp/dr).

The mismatched divergence is defined by restricting the supremum in (3.1) to a function

class F:

D (p||m) = igg(u(f) — A-(f)). (3.2)

To make sure that this is well defined, we assume that for any f € F, A (f) < oo and u(f)
is well defined. Usually we drop the subscript F when the function class used is clear from
the context. The name of the mismatched divergence comes from literature on mismatched

decoding [20].



When the supremum on the right-hand side of (3.2) is uniquely achieved, we define the
twisted distribution as follows: let f* denote the function that achieves the supremum, then

the twisted distribution 7, is defined as the distribution satisfying

7u(g) = 9) for all g. (3.3)

Sometime we omit the subscript pu.

We define the mismatched divergence neighborhood QX" (7) as

Qi (x) = {u € P(Z) : D™ (yu]lm) < a}. (3.4)

3.1.1 Linear function class

A special function class is the finite-dimensional linear function class

d

F = {Z rap; v € R, (3.5)
where {1} is the set of basis functions. Define the vector valued function ¢ = [¢)y, ..., ¥4]"
We usually write f,. := Zf r;1; when the basis functions are clear from context. In this

case, the mismatched divergence is defined by a finite-dimensional unconstrained concave
problem, which can be efficiently solved using standard optimization solvers to find the

global maximum:

D" (yl|) = sup (u(f,) — log(r(e")). (3.6)

reRd

The twisted distribution has the following representation:

o u(efrg)
Wu(g) - ,u(efr*)

for all g, (3.7)

where 7* achieves the supremum in the right-hand side of (3.6).

10



3.2 Relationship to KL Divergence

Mismatched divergence is a lower bound of the KL divergence:

Lemma 3.2.1. The following inequality holds for a general function class F:
D (pllw) < D(pl|).

The equality holds whenever the log-likelihood ratio log(du/dm) € F. If f =0 € F, then
D" (uflm) > 0.

Proof. The inequality follows from the variational representation of the mismatched diver-
gence and KL divergence by using the fact that the feasible set of the function in the
representation of the KL divergence is no smaller than that of the mismatched divergence.

The equality follows from the fact that log(du/dmr) achieves the supremum in (3.1). O

We now consider quantizations of the KL divergence. A quantization {A;} is a finite
partition of Z:

where {4;} are disjoint. The quantized probability measures u? and 7% are defined over

the finite state space {1,...,d%} :

where d@ is the level of quantizations and @ stands for quantizations. The KL divergence

with quantizations is then defined as
DP(p||m) == D(u®||7).

The KL divergence with quantizations is very useful when one wants to estimate the KL

11



divergence from empirical distributions, especially when p and 7 are continuous probability
distributions [9]. We now show that the KL divergence with quantizations is a special case
of the mismatched divergence defined using a linear function class in which the functions are

indicator functions.

Lemma 3.2.2. If the function class is taken to be F = {ZfQ rap; T € RdQ} where
¢i = I[:EGAU then
DY (plm) = D9(ul|m). (3.8)

Proof. Let ¢3(i) = I;—;. Denote f. = ZfQ rap; and f. = Zfl@ r:b;. It is easy to see that

(2

Since {1;} are indicator functions,
T es,) = m(elen,) =9 ls;) = WQ(efTI[i:j).

Consequently,

log(m(e!")) = log(n?(e!)).

Since the linear function class F = {3, 7:4; : 7 € R’} contains all the integrable functions,

we have
D(p?||7%) = sup (u®(f,) - log(7?(e”))).
reR
Combining the above results, we obtain (3.8). O

12



3.3 Generalized Pinsker’s Inequality

Pinsker’s inequality [21] provides a lower bound on the KL divergence in terms of the total

variation distance,

| — 7|y = Sup |(A) — m(A)].

Proposition 3.3.1. For any two probability measures

D(plim) = 2([lp = mllzv)*. (3.9)

Our goal in this section is to obtain an equally simple lower bound on D™ (u||7) when

the function class is linear. For any function f: Z — R, the span norm is defined by
1/ [oo,sr = (sup f(z)) — (inf f(z)).
Theorem 3.3.2 (Generalized Pinsker’s Inequality). For any two probability measures, the

mismatched divergence based on linear function class F admits the following lower-bound:

:u(fr) - ﬂ-(.fr))2 : (310>

DY () = 25up ( o
r||co,5P

where the supremum is over all non-zero r € R?.

Before proceeding with the proof we remark that Theorem 3.3.2 generalizes Pinsker’s
inequality. To see this, take d = 1 and r = 1 and let ¢4 (z) = I4(z) for arbitrary A € B(Z).

In this case we have || f,|l«.sr = 7 = 1. Applying Theorem 3.3.2,
D(pllm) > D™ () > 2sup |[u(A) = m(A).

This gives (3.9) since A is arbitrary.
The proof of the theorem is based on reducing the bound on D™“(u||7) to a convex
optimization problem that is solved using Hoeffding’s inequality [22]. We recall the following

consequence of Hoeffding’s inequality in Proposition 3.3.3:

13



Proposition 3.3.3. For any bounded function f: Z — R, € > 0, and any probability distri-

butions 1°, V' € P(Z) satisfying v*(f) — V°(f) > &, we have

82

DY) > 2 :
111250

The next key result used in the proof of Theorem 3.3.2 expresses solidarity between the

two rate functions.

Lemma 3.3.4. For all e > 0,r € R?, and © € P(Z), we have

inf{ D™ (p[7) : u(fy) = 7w (fr) = €} = mf{ D(ul|7) : p(fr) = 7(fr) = €}
Proof of Theorem 3.3.2. We first prove the lower bound,

inf DM (pl|m) > inf D(p||m).
pep(fr)>m(fr)+e (ul )_u:u(fr)ZF(fr)JrE (kllm)

This follows from the expression for DM (u||7) given in Theorem 7.1.1:

inf DM (ullm) = inf su inf D(v||m
pep(fr)>m(fr)te (MH ) u:u(fr)ZW(fr)Jre[ apv:V(fa)Zu(fa) ( H )]

su inf inf D(v||m
apu:u(fr)ZW(fr)Jre[V:V(fa)ZM(fa) ( H )]

inf [ inf  D(v|n)]
pep(fr)>m(fr)+e viv(fr)2p(fr)

= inf D(ul|m).
wp(fr)>m(fr)+e (MH )

v

v

Applying the simple bound,

D" (u||7) = su inf D(v||7) < D(ul|n),
(wlm) =sw inf D) < D)

14



we obtain the reverse inequality

inf D™ (ul|lm) < inf D(p|m).
pep(fr) 2w (fr)+e (pl )_u:u(fr)Zﬂ(fr)Jrﬁ (pelm)

Proof of the Generalized Pinsker’s Inequality. For any € > 0 and any r, by Lemma 3.3.4 and

Proposition 3.3.3, we have

2

£
inf D™ (pul|7) = inf D(p||r) > 2—-—.
pomsp(fr)—m(fr) e (ki) pomsp(fr)—m(fr)>e (pil) 2 | frll% sp

Therefore, for any p we can set ¢ = |u(f.) — 7(f;)| to obtain

DMM(MHT‘-) > 2(:“(fr> B ﬂ-(fr))2

/13 50

Note that D(u||7) > D™ (ul|7). It is natural to ask whether the generalized Pinsker’s
inequality provides a better lower bound for D(ul/7) than (3.9). Unfortunately the answer
is no. For the finite state space case we have the following lemma. The proof can be easily

generalized to the general state space case.

Lemma 3.3.5. When the state space is finite, we have

(u(f) —n(f)

2
_ 2
1o ) < sup |u(4) = w(A)F"

Proof. Note that the left-hand side is invariant when we add a constant function to f or we

multiply f by a constant, i.e.,

() - ()

15



Consequently, we have the following inequality:

(u(f) —7(f)

| £l oo.sp ) <sup{(u(f) —7(f))*: f(z) € [0,1] for all z}.

Observe the maximization problem on the right-hand side. The objective function (u(f) —
7(f))? is a convex function in f and the constraint set {f : f(z) € [0,1] for all 2} is a convex
set. Thus, there is an optimal solution that is also an extreme point of the constraint set,
and any extreme point of the constraint set is an indicator function. Thus, there exists a set

A such that

((La) = 7(La))* = sup{(u(f) = 7(f))* : f(2) € [0,1] for all z}.

16



Chapter 4

Mismatched Universal Test Using a
Linear Function Class

In this chapter, we introduce tests using mismatched divergence based on a linear function
class. We show that it is asymptotically optimal in a relaxed Neyman-Pearson setting. We
then study its bias and variance. Finally, we explain the connection between the mismatched
divergence based on a linear function class and graphical models. In this and the following

chapters, we restrict ourselves to the finite state space case.

4.1 Mismatched Test Based on a Linear Function

Class

Our proposed universal test using mismatched divergence is given as follows:
¢"™(Z) = {D"™(T"||7°) > 6,}, (4.1)

where I'" is the empirical distribution. We call this test the mismatched universal test. In

this chapter, we restrict ourselves to the case when the function class is linear.

The result in this chapter was developed jointly with Jayakrishnan Unnikrishnan, Sean Meyn and
Venugopal Veeravalli.

17



4.1.1 Optimality

From the relationship between the mismatched divergence and KL divergence, it is clear that
when the set {¢;} spans all the functions, the test is optimal in the Neyman-Pearson sense
defined in the text around Equation (2.3). This is not an isolated case: The mismatched
universal test is optimal in a relaxed asymptotic Neyman-Pearson setting in which we restrict

the set of possible tests, as described in the following proposition:

Proposition 4.1.1. Suppose ' and ©° satisfy DM (7t ||7%) + DM (70)|7l) < co. When the
observations Z = {Z; : t = 1,...} are i.i.d., then the universal test defined in (4.1) achieves

the optimal error rate in the relazed Neyman-Pearson setting
By = sup{J; . subject to Jg >n,¢ € D},
where ® is the set of tests of the following form:

o= {I{I"(f) > 7} : f € F).

This proposition is essentially [14, Proposition 3.1]. The main idea is to look at the
geometric picture for the relaxed Neyman-Pearson setting. We will not give the proof here

since it is not the major theme of our thesis and the proof is lengthy.

4.2 Bias and Variance

In this section, we will study the bias and variance D™ (I'"||x°) when the sequence of
observations Z = {Z;, : t = 1,...} are i.i.d. with marginal 7. We will first consider the
case when the null hypothesis is true, and then extend it to the case when the alternate

hypothesis is true.

18



4.2.1 Bias and variance when the null hypothesis is true

When 7 = 70, it is easy to see that DM (7||7%) = 0. Note that D™ (u||7°) is approximately
quadratic when p ~ 7%, and the difference between I'" and 7° is on the order of 1/y/n by
the central limit theorem. Thus it is not surprising that the bias is on the order of 1/n.
What is interesting is that the asymptotic bias and variance have a very simple expression

that depends on the dimension of the function class. Defining Y0 as

Spo = 1 (Y1p") — 7 ()7 (&),

we have the following theorem:

Theorem 4.2.1. Suppose Z is drawn i.i.d. from a finite set Z with marginal ™ and assume

1

Y00 s positive definite. Then the universal statistic has bias of order n=" and variance of

order n=2, and the normalized asymptotic values have simple, explicit forms:

lim nE[DM"(I"7")] = 1d, (4.2)
lim n*Var [D™(I'"n°)] = 1d. (4.3)

The assumption on Y0 basically says that {t;} is minimal. That is, no nontrivial linear
combination of {¢;} is a constant function almost surely with respect to 7. This assumption
is not restrictive since any set of basis functions can be reduced to a set of minimal basis
functions though d will change.

Proposition 4.2.1 suggests the following:

1. The asymptotic bias and variance of the mismatched universal test can be much smaller
than the Hoeffding test. Moreover, they can be controlled by properly selecting the
function class and thus provide a solution when |Z| is large and the number of samples

n 1s limited.
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2. When the log-likelihood ratio log(dr/dr®) is in the function class, we have
DY(r||%) = D(x||7°).
Thus the test based on the mismatched divergence is asymptotically optimal in the

usual asymptotic Neyman-Pearson setting.

3. The bias term suggests that instead of fixing ¢,, to be n, a time-varying §,, = n + %

may perform better in practice when the number of samples n is finite.

The proof of Theorem 4.2.1 basically follows from analyzing the Taylor series expansion
of DM(T||x%). There is an issue of proving the convergence of mean and variance from
convergence in distribution. This issue is addressed by the following lemma proved in [15].
Let Cov (X) denote the covariance matrix of vector X as: Cov(X) = E[(X — E[X])(X —
E[X))7.

Lemma 4.2.2. Let X = {X* : ¢ = 1,2,...} be an i.i.d. sequence with mean T taking
values in a compact conver set X C R™, containing T as a relative interior point. Define
S = %Z?:l Xt Suppose we are given a function h : R™ — R that is continuous over X

and a compact set K containing T as a relative interior point such that
1. The gradient Vh(zx) and the Hessian V?h(z) are continuous over a neighborhood of K .
) 1
2. lim ——logP{S™ ¢ K} > 0.
n—oo 1
Let M = V?h(z) and 2 = Cov (X1'). Then,

(i) The normalized asymptotic bias of {h(S™) : n > 1} is obtained via

lim nE[R(S") — h(z)] = Ltr (ME).

n—oo 2
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(i) If in addition to the above conditions, the directional derivative satisfies Vh(z)T(X! —

T) = 0 almost surely, then the asymptotic variance decays as n=2, with

lim Var [nh(S™)] = itr (MEME).

n—~o0 2

Proof of Theorem 4.2.1. To apply Lemma 4.2.2, h is specialized to be h(u) := D™ (u||7°).
We take X' = (I,(Z),1.,(Z:), ..., 1., (Z))", and Z = [0,1}". Take = = Cov (X). Define

s Az

the matrix the ¥ as W, ; = 1;(j). It is easy to see that ¥,0 = VEU".
We demonstrate that
M = V?h(7°) = U7 (X,0) 1T, (4.4)

and prove that the other technical conditions of Lemma 4.2.2 are satisfied. The rest will

follow from Lemma 4.2.2, as
tr (MZ) = tr ((Zn0) 'WEVT) = tr (1) = d,

and similarly

tr (MEMEZE) =tr (1) = d.

The condition ¥,0 being positive definite indicates that the objective function of the
right-hand side of (3.6) is strictly concave and thus has a unique maximum for each u. Let

r(p) be the maximizer for a given p. Then

h(p) = u(frw) — Axo(fry)-

Recall that 7, is the twisted distribution defined in (3.3). Define 3, as

2 = w(y") — wu(¥) 7 (7).
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The first order optimality condition in the right-hand side of (3.6) gives

p() = 7u(y) = 0.

On taking the derivative with respect to p, with z € Z, we have

0 _ Or(u) -
Op(2)op(Z)

When p = 7°, we have r(7°) = 0 and %, = S0. Thus,

92
(1) = 7 (2) 20 (2).
Op(z)0p(z) ’

We now verify the remaining conditions required in Lemma 4.2.2:

1. Tt is straightforward to see that h(7®) = 0.

2. The function A is uniformly bounded since h(u) = DM (u||7%) < D(u||7°) < max, log(w%(z))

and 7° has full support.

3. Since fr( =0 when p = 7°, it follows that %(z)h(,u) =0.

p=m

0

4. Pick a compact set K that contains 7" as an interior point, and

Kc{peP2): max \p(u) — 7°(u)| < %muln |70 (w) |}
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This choice of K ensures that lim,_ —= log P{S™ ¢ K} > 0. Since 7(u) is continu-

ously differentiable on K, we conclude that h is C? on K.

4.2.2 Bias and variance when the alternate hypothesis is true

There is more than one way to derive the result for the asymptotic bias and variance of
DMM(T"||7%) when 7 # 7°. Here we show that the case when 7 # 7° can be derived from

0

the case when m = 7 using the following lemma:

Lemma 4.2.3. Suppose the supremum in D (u||7%) and D (7!||7%) are both achieved.

Denote ® = 7. We have
DY (ul|7°) = DM (ul|7) + D™ (7 {|7°) + (= 7', log(7 /7°)).

Here we use the theory of I-projection [16] to derive Lemma 4.2.3. Let £ denote the

linear family of probability distributions:

L(n) = {v: v() = (), for all i)

Let £ denote the exponential family of probability distributions:

70(2)efr )

E={v:v(z) = 0(ch)

,r € RY}.

Then by the theory of I-projection, 7, is the unique intersection of the linear family and

exponential family [16]:

L(p)NE = {u},

and

D™ (u]|7") = D(#,]|=°).
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Proof of Lemma 4.2.5. From the definition of the exponential family, 7, 7, and 7° belong
to the same exponential family. Therefore, DM (p||7°) = D(7,||7°), D™ (u||7) = D(%,||%)

and DMV (7!||7%) = D(#||x°). Consequently,

D™ (pllr®) = D(#ulln’) = D(#, %) + (7, log(—5)

— D(F,||%) + <u,1og(%)>
= D7) + (s log( )

— D™ (u|) + (7, log(%» + (u — 7, log(—))

)
= D" (ulle) + DV () + {7 log

= D™(ul|7) + D(x[|n°) + (1 — 7, log(

=)

= D"™(ull7) + D" |7°) + (n— 7, log(%)),

where the third equality (u,log(%)) = (7., log(Z)) follows from the fact that log(Z%) € F
and 7, € L(p); and the last equality (7,log(Z%)) = (n',log(Z%)) follows from a similar

reasoning. O

Applying Lemma 4.2.3, we obtain:
D) = D7) + D () 4+ (07 = 7 log(w/2). (45)

The decomposition suggests that the bias and the variance of D(I'||7%) come from the

first and third term. The first term D™ (I'||7) can be studied using an argument similar

1

to that of the case m = 7 and shown to have asymptotic bias of order n~! and variance

2

of order n™2. The third term has a mean 0 and the central limit theorem applying to I'™”

suggests that the variance of the second term is of order n=1.

This observation suggests
the following statement and an approach to prove it: The bias of the overall term is mainly

contributed by the first term and is of order n~!; when n is large, the variance of the overall
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term is mainly contributed by the third term and is of order n~!. In the rest of this section
we will make this precise. We remark that when n is small, the variance of the first term

could be very significant.

Theorem 4.2.4. Suppose Z is drawn i.i.d. from a finite set Z with marginal T = 7 # 7°.
Assume Y0 is positive definite and m < 7°. Then the universal statistic has bias of order

n~! and variance of order n=', and given by the explicit forms:

lim nE[DM(I"||7°) — DM™(7r||7%)] = 4tr (81 S0), (4.6)
lim nVar [DY(I™|7")] = Cov (log(7 /7)), (4.7)
where ™ = 7.1 and

Se = w(y”) — w7 ()x (7).

When log(m!/7°) € F, the bias has a simple form:

ity —aonE[D™™ (I | 7°) — D (]|7°)] = Ld. (4.8)

To prove Theorem 4.2.4 we first investigate the bias and variance of the two terms in

(4.5), as summarized in the following two lemmas:

Lemma 4.2.5. Under the assumptions of Proposition 4.2.4, we have

lim nE[DM(I™||7)] = tr (£ Sh0), (4.9)
lim n?Var [DM(I'"||7)] = dtr (8180215 0). (4.10)
Proof. The proof is similar to that of Proposition 4.2.1 and is left to the Appendix. O
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Lemma 4.2.6. Under the assumptions of Proposition 4.2.4, we have

nVar [(T" — !, log(;))] — Cov (log(7 /7).

Proof. The proof is trivial.

(4.11)

(4.12)

Proof of Theorem 4.2.4. Using Lemma 4.2.7 we obtain that supremum in the definition of

the mismatched divergence is achieved and the conditions of Lemma 4.2.3 are satisfied.

Combining (4.5), (4.9) and (4.11), we obtain (4.6). When log(n!/7°) € F, we have & = 7!

and obtain (4.8). We now compute the variance. To prove (4.7) we first use the short-hand

notations

X" — DMM(FTLHﬁ_)’ yn — (F" _ Wl,log(

The variance is then expressed as

nVar (X" +Y") = nVar (X") + nVar (Y") + 2nE[(X" — E[X"])(Y" — E[Y"])],

where the last term can be bounded using the Cauchy-Schwarz inequality:

n|E[(X™ — E[X"])(Y" — E[Y"])| < \/nVar (X")nVar (Y™).

Since (4.10) and (4.12) imply,

lim nVar (X") =0, , lim nVar(Y") < oo,

n—~o0 n—oo

we have

lim nE[(X" — E[X"])(Y" — E[Y"]) = 0.

n—~0o0
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Therefore,

lim nVar (X" 4+ Y") = lim nVar (Y").

n—oo n—oo

Substituting the right-hand side using (4.12), we obtain (4.7). O

Lemma 4.2.7. If yp < 7 for all © and X, is positive definite, then the right-hand side of
the definition of mismatched divergence based on linear function class (3.6) has a unique

Marimizer.

The proof is given in the appendix.

Specializing Theorem 4.2.4 to the KL divergence with quantizations, we have

Corollary 4.2.8. Suppose Z is drawn i.i.d. from a finite set Z with marginal m = 7t # 7°

0

and ™ < 70, Then the quantized divergence D?(T"||7°) has bias of order n=1 and variance

1

of order n™", and the normalized asymptotic values have explicit forms:

lim nE[D?(I™|7°) — D(p[l7")] = 5(d° - 1),

lim nVar [D?(I'"||7%)] = Var (10 ( ap ))
n—oo N ne & d’]TOQ .

4.3 Application to Graphical Models

Graphical models can be used to model interactions between random variables and are useful
in many applications. The reference [23] is an excellent tutorial. Here we only consider a
special case. Let {X;,i = 1,..., K} be a set of random variables taking values in a finite
set which we assume without loss of generality to be [M] = {1,2,..., M}. We assume that

their joint distribution is modeled using an exponential family:

PI‘{Xl =T1,... XM = LUN} = CGXP{Z )\LQH{IZ' = a} + Z ei,j,a,bﬂ{xi = CL}H{ZL’j = b}},
i,a 4,5,a,b

(4.13)
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where C' is a normalizing constant. Thus, a distribution 7 is specified by the set of weights
{0: ) and {X;o}. The distribution is associated with an undirected graph G = (V, E).
For each i, X, is associated with a vertex v; in V. Each edge e; ; is associated with the set
of weights {6; jap, @ € [M],b € [M]}. There is no edge between v;,v; if and only if all the
weights in {6; ; .5, a € [M],b € [M]} are zero.

Consider a universal hypothesis testing problem where in the null hypothesis {X;} has
distribution 7 and weights ©° = {67, .}, A° = {\,}; and in the alternate hypothesis { X}
has distribution 7" and weights ©' = {0}, ,,}, A" = {A,}. Only the weights ©° and A°
are known, and the graphical structure (namely the edges) are known. Our task is to decide
whether the set of weights is ©°, or not.

From the theory above, we know that the Hoeffding test has asymptotic bias and variance

given by the following corollary.

Corollary 4.3.1. Suppose the null hypothesis is true. The universal hypothesis testing

statistics D(T'™||7°) have asymptotic bias and variance given by

lim EnD(I"|7%)] = (MY -1),
lim Var [nD(I'||7%)] = %(M'V‘ —1).

Note here that the definition of KL divergence is extended to the multi-dimensional
distribution using the variational representation in (3.1).
We may also use the prior knowledge of the graph structure, and using the mismatched

universal test with the following function class:

F = {Z Niol{x; = a} + Z 0 j.apl{z; = a}I{x; = b}, for all A, © consistent with G}.
i,a i,j,a,b
(4.14)
From the connection between exponential families and mismatched divergence, for any two

distributions 7!, 7% consistent with the graphical model, the log-likelihood ratio log(m!/7?)
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is in the function class F. Therefore we have the following corollary.

Corollary 4.3.2. Suppose the null hypothesis is true. The mismatched universal test using
F given by (4.14) is optimal in the asymptotic Neyman-Pearson setting. The test statistics

DMM(T7||7%) have asymptotic bias and variance given by

Tim EpD(I"7%)] = 3((M = 17(E| + (M = )|V]),
Tim Var [1D(T" 7)) = 3((M = 1)°|E| + (M = 1)|V]).

The reduction in bias and variance is due to the restriction of pairwise interactions and the
edge structure. The reduction is more significant when the graph is sparse: For a complete
graph, the bias and variance are proportional to ((M — 1)|V|(|V|—1)/2+ |V|). For a graph
that is a tree structure, the bias and variance are proportional to (M — 1)(|V| —1) + |V]).

For example, consider a model with binary outputs, x; € {0,1} for each 1 < i < 10.
That is, M = 2 and |V| = 10. For the Hoeffding test, the variance is given by $(2'% —1).
If the graph is complete and we use the mismatched universal test, the variance is given by

%. If the graph is a tree and we use mismatched universal test, the variance is given by 1—29.
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Chapter 5

Mismatched Universal Test Using a
General Function Class

In this chapter, we extend the theory in Chapter 4 to more general cases, in which we
allow the function class to be nonlinear. We also show that the general mismatched universal

test includes a robust hypothesis test studied in [13].

5.1 Bias and Variance of a Robust Test

In this section, we study the bias and variance of the robust test studied in [13] by exploring
its connection to the mismatched universal test. In the robust hypothesis testing framework,

0

the null hypothesis 7" is only known to belong to a moment class P defined by a set of

functions {¢;,i =1,...,d}:
P=A{w:w) =c,i=1,...,d}

The robust test is given by
@ = I{inf D(ulw) > 7).
we

Loosely speaking, inf,cp D(I'||cw) measures the worst-case error exponent when the true
distribution belongs to IP.

We assume the following regularity condition in this section, which also appears in [13].

The result in this chapter was developed jointly with Jayakrishnan Unnikrishnan, Sean Meyn and
Venugopal Veeravalli.
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Assumption 5.1.1. Assume that ¥y, ...,Yq are continuous over Z, and c lies in the interior

points of the set of feasible moment vectors, defined as
A = {n(v), for some m € P(Z)}.
Define
R(1p, 1o)== {r € R : o+ r7p(x) > 0 for all z € Z}.
The following lemma follows from Theorem 1.4 and the statement in Section 3.3 in [13]:

Lemma 5.1.2. [13] Suppose Assumption 5.1.1 holds, then

;%%D(uﬂw) = sup{p(log(ro + ")) : 1o +r"c = 1,7 € R(,19)}, (5.1)

and there exists an optimizer satisfying ro # 0.

The conclusion that the optimizer satisfies 7y # 0 is indicated by the proof of Theorem
1.4 in [13] since 7 is a Lagrangian multiplier for the constraint 7(1) = 1 in inf,ep D(pf|w),
and it always has nonzero sensitivity.

Using Lemma 5.1.2, we can show that the robust test is a special mismatched universal

test:

Theorem 5.1.3. Suppose that Z is compact, the functions {1;} are continuous. The function
class F is defined as
F={log(1+7r"):r € R, 1)}.

The robust test statistics have the following alternative representation.:

inf D(ullw) = D" (u} "),
we

0

where 70 is any distribution satisfying 7° € P.
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Proof. For each p € My, by applying Lemma 5.1.2, we obtain

inf D(p|lw) = sup {n(og(ro + "))}
welP (ro,r):r€R(Y,ro),ro+rTc=1
= sup {n(log(ro + ")) —log(7°(ro + 7))}

(ro,r):r€R(,ro),ro+rTc=1

= sup  {p(log(ro + ")) — log(w°(ro +1"))}
(ro,r):r€R(Y,r0)

= sup {p(log(ro(1 + ")) —log(x’(ro(1 + "))}
(ro,r"):r'ro€ER(Y,r0)

= sup {p(log(1+1"")) —log(n’((1 +r""¢))}
r’€R(1),1)

= sup {ullog(1-+176) = Aus (gl (1 +1774) }

= sup{u(f) = Arp(f)}

feF
= D™ (ullm).

The second equality follows because when 7%(ro + r7) = 1, we have log(7%(ro + r7)) = 0.
The fifth equality follows from the fact that u(log(r”v)) — A;(log(r™))) is invariant when r

is multiplied by a positive real number. O

Based on this connection, we have the following result on the bias and variance of the

robust test, which is a special case of a more general result that we will prove later.

Proposition 5.1.4. Suppose Z is drawn i.i.d. from a finite set Z with marginal ™ € P and
Assumption 5.1.1 holds. Assume Yo := w0(pT) — 70()70(Y7) is positive definite. Then
the universal statistic has bias of order n=' and variance of order n=2, and the normalized
asymptotic values have simple, explicit forms:

d,

1
2

n—oo

lim nE[inf D(I"||w)] =
wel
lim n?Var [inpr(l""Hw)] = 1d.
we

n—oo 2

The proof will be given after we derive the more general case.
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5.2 Bias and Variance for Mismatched Universal
Tests using a General Function Class

In this section, we consider a general case: The function class is only assumed to have a

d-dimensional parameterization r:
F={f,r R},

While in the linear case the test is optimal in the relaxed asymptotic Neyman-Pearson
setting as claimed in Proposition 4.1.1, the optimality is not necessarily true in the general
case. The problem is that F is not necessarily a pointed cone and the condition of Theo-
rem 7.1.1 fails. On the other hand, the bias and variance result can be generalized to the

general case, as given by the following theorem:

Theorem 5.2.1. Suppose that the observation sequence Z is i.i.d. with marginal w. Suppose
that there exists r* satisfying fr- = log(w/7°) and f,.(2) is C? in r in an open neighborhood

By of r* for every z € Z. Further, suppose that

1. There is an open neighborhood B of m, such that for any i € B, the supremum in the

definition of D™ (u||7°) is uniquely achieved.
2. The matriz X := 7(V f.(Vf,)7) = 7(V f)7°((V f)7)|. _,. is positive definite.
Then,

(i) When =7, we have

lim E[nD"(I"||x%)] = 1id, (5.2)
lim Var [nD"™(I™||7°)] = 1d. (5.3)
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(ii) When m =t # 70 satisfying 7' < 7°, we have with o3 := Cov 1 (fu),

lim E[n(D"(I"||7°) — D(x'||z°))] =

n—oo

N[

lim Var [n2D™(I"||7%)] = o2 (5.5)

n—oo

Similarly to the case of the linear function class, the second result where 7 = 7! # 7¥ can

be derived from the first result using the following lemma which generalizes Lemma 4.2.3:

Lemma 5.2.2. Suppose the supremum in D™ (u||7%) and D (7!||7%) are both achieved.
Denote & = 7t which is defined in (3.3). Define G = F — f :={fr — fr= : 7 € R4}, Then
we have

D () = D () + D (r|7°) + (o — ' Tog i /x°))

To prove this lemma, we need the following equality from [15, Proposition I1.3] which

holds when the supremum in the definition of the mismatched divergence is achieved:
D (pl|7) = D(pllx®) — inf D(ullv) = D(ulx") = D(pll7,)- (5.6)
Proof. In the following identities, the first, third and fifth equalities follow from (5.6).

DF'(ull®) = D(ull") — inf{D(ullv) : v = 7 exp(f — Aw(f)). f € F}
= D(ull7) + (1, log(=5)) — inf{D(ullv) : v = Fexp(f = As(f)). f € G}
= D (ull®) + (. log( )

M - ™ .
= Dg"(ull7) + (n = 7, Jog(—5)) + D(w'||7°) — D7)

= Dg™(pll7) + (p — 7, log(%» + DY (x| 7).

Proof of Theorem 5.2.1. (1) We first prove the result for the case m = 7°, and the argument
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is similar to that of Theorem 4.2.1. To apply Lemma 4.2.2, h is specialized to be h(u) :=
DM (p||7). Take X' = (I,,(Z:),1.,(Zs), ..., 1.y (Z:))". Let X = [0,1]Y and = = Cov (X).
Redefine the matrix ¥ as U, ; = (vfr)i(j)‘r:r*' It is easy to see that X0 = V=W

We demonstrate that

M = V(%) = U7 (S,0) 'Y, (5.7)
and prove that the other technical conditions of Lemma 4.2.2 are satisfied. The rest will
follow from Lemma 4.2.2, since

tr (MZ) = tr (Zq0) " UEVT) = tr (1) = d,
and similarly
tr (MEMEZE) =tr (1) = d.

By the assumption, when y € B we can define a function r(u) such that r(u) is the
maximizer of the definition of the mismatched divergence. We will first prove that around
an open neighborhood of 7%, r(u) is a continuously differentiable function of u. The first

order optimality condition in the right-hand side of (3.6) gives

7TO ef”"
WV 1,) ~ % 0. (5.8)

The derivative of the left-hand side of (5.8) with respect to r is given by

70 (efr
V (V. fy) — %)
70 (e Vf. 7 70 (e V2 f, 7 (e V f.) 70 (efr o
= /i(vzfr) — ( v/ vj;o()e;:) ( v f) o ( 77{0()6]%)()2 v/ )] (5.9)

When p = 70, (5.8) is satisfied with f, = 0 by the hypothesis. Then the derivative (5.9) is
given by the negative of S0 = 7V f.(Vf,)7) — 7°(Vf,)7°((Vf,)7)|,_ . which is positive

definite by the hypothesis. Therefore, by the implicit function theorem, around an open
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neighborhood U C BN r~1(B;) around p = 7°, (i) is continuously differentiable.

On taking the derivative of (5.8) with respect to u(z) with z € Z, we have

0(e/rV ), 0
Vi (2) + V[u(V, f,) — = S(eﬂf ) 8;((13 e =0, (5.10)
When p = ¥, we have
or
V)| =S au((g o (5.11)
It is straightforward to see that
0
alu(z) h(,u) = fT(N) (Z)7
o’ A
————h(u) =V, . :
oo = VI ) o)
When p = 7, note that r(u) = o and applying (5.11), we have
o h \Y T(Sp0) V(2 1
(203 (M)‘uzwo = (Vr(2) (Zp0) 'V (2)] .- (5.13)

Now since r(u) is continuously differentiable on U, and f,.(z) is smooth in r for each z, we

have that ﬁ;u(@ flp) =V fr(u)(z)Tg;((‘;g is continuous on U. Then we can pick a compact

set K such that

KcUun{ueP(Z): m3X|M(U) — 1(u)| < %mgn|7r0(u)|},

and K contains 7

as an interior point. It follows that —<logP{S™ ¢ K} > 0. In sum, we
can pick K so that all the technical conditions on K outlined in Lemma 4.2.2 are satisfied.
(2) To prove the result for the case 7 = 7!, we can use an argument similar to that of

Theorem 4.2.4, and use Lemma 5.2.2 in place of Lemma 4.2.3. O
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Proof of Proposition 5.1.4. It suffices to prove that for the robust test, the conditions of
Theorem 5.2.1 are satisfied.

The maximum at 7° is clearly achieved by r = 0, and it is easy to see that the function
f, is of C? in the open neighborhood near r = 0.

When ry = 1, the Hessian of log(u(ro + r"¢)) with respect to r is given by H(u) =
u(%) At p = 70, it is equal to X0 which is positive definite. Therefore, when p is
in a neighborhood B of 7%, the Hessian H(u) is also positive definite. Thus the maximizer
in (5.1) is unique for o = 1. Thus the maximizer of mismatched divergence using function

class F is unique. O
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Chapter 6

Bias and Variance in Learning

0 is not given and has to be learned from

In most applications, the underlying distribution 7
data. In this chapter we study a simple case in which m i.i.d. samples with marginal 7° are
given as the training data. We then use the resulting empirical distribution I',, in place of
70 in the test statistics, i.e. DMM(I'™||T,,) instead of DM (I'™||7°), where I' is the empirical

distribution from 7. However, DM (T"||T,,) can be unbounded when the support of ', is a

strict subset of the support of I'. Thus, we use the following test instead:

PM™(Z) = {DM™M(T"|Ty) A M > 6,}, (6.1)

where M is a constant chosen large enough so that M is much larger than max, 10g(ﬂ01(2)).

It is clear that the test statistic DY(I™||T",,) A M will converge to D™ (r||7x°) asymptot-
ically when both n and m go to infinity. Motivated by results in the previous chapters, we
would like to investigate its finite length properties. In this chapter we derive the asymptotic
bias and variance of D (7%||T,,) A M. Extending this result to the case where 7 # 7° is an
ongoing study.

Our main result in this chapter is given in the following proposition:

Proposition 6.0.3. Suppose Z is drawn i.i.d. from a finite set Z with marginal ©° and
assume Yo is positive definite. Let I'y(z) = L3 T{Z; = z}. Then D™ (x°|T,) A M

2

has bias of order n=! and variance of order n=2, and the normalized asymptotic values have
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the following simple, explicit forms:

lim mE[D"(7°||T,,) A M] = 1d,
lim m*Var [D"(7°||T',,) A M] = Ld.

Proposition 6.0.3 suggests that

1. When using the empirical distribution in place of the true underlying distribution, the
bias and variance of test statistics using mismatched divergence can be much smaller
than that using KL divergence. This suggests the possibility that using mismatched
divergence could require less training data, though this requires confirmation through

further experimental study and analysis.

2. The bias term suggests that we should use a threshold 4, ,,, that also depends on the

number of training samples m.

Proof of Proposition 6.0.3. The proof is similar to that of Theorem 4.2.1. To apply Lemma 4.2.2,
h is specialized to be h(p) := DM (7°|u) A M and take X* = (I.,(Z;),1.,(Z;), ..., L. (Z;))"
and X = [0,1]%. Let = = Cov(X). Redefine the matrix ¥ as ¥, ; = ¢;(j). Also denote the
vector valued function 1 = [0y, ..., 94", Tt is easy to see that Y0 = WEUT.

We will demonstrate the gradient and Hessian of h(7") are given by

Vh(r%) = -1, (6.2)

M = V2h(r") = 117 + (u(y)17 + W) (Sp0) " (u(¥) 1" + 0), (6.3)

and prove that the other technical conditions of Lemma 4.2.2 are satisfied. Note that =1 = 0.

The rest will follow from Lemma 4.2.2, since

V() (g —7°) = =1"(u — ") =0, (6.4)
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as required in the lemma. The limiting values in the lemma are

o
=

u
Il

tr(117Z + (u(¥) 1"+ ¥)"(Z00) " ()17 + V)=)

= tr (U7(Sr0) TWE A (u(¥) 17+ P)(Br0) T ()17 + (p(1)17) " (Sg0) T UE)
= tr(U7(Sq0)OE) + tr ((u()17)(Sr0) T UE)

= tr((Sro) TWEPT) + tr (S1p() " (Zp0) T P)

= tr(ly) +0=d, (6.5)

and similarly

tr (MEMEZE) =tr (1) = d.

The Hessian of 7°(f,) — A,(f,) at u = 7 is given by the positive defnite matrix ¥o.
Thus, the objective function of the right-hand side of (3.6) is strictly concave and thus has
a unique maximum for each y in an open neighborhood B of 7°. Let r(u) be the maximizer
for a given pu.

The first order optimality condition in the right-hand side of (3.6) gives

7T0(¢) o :u(er(“) ww)

W =0 fOI' all 7.

On taking the derivative with respect to u, with z € Z, we have

0 (e o (e ) Or (1)
"= e e e~V G e )
) e e,
= e T e e
(e M) u(e’"TW)M(e’”TW)} Or (1)
We™) WP ()
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0

When p = 7°, we have r(7°) = 0. Consequently,

or(p)

e \HO. (6.6)

—((2) = u(¥)) = Ero

Since h(7°%) = 0 and h(u) is continuous in B, there exists an open set By C B such

that h(p) < M for u € By. Thus, for p € By, h(p) = D (7°|u). The following is

straightforward:
o er v (2)
h —
ouz) " = ey
o W) = " (=) or T(z) - e V@ (2) - (e ap)er Ve or ()
on(z)ou(z) " T (e = ( fu(er™) pu(er™)? ) ‘T:"(“)au(i)’
When p = 7%, we obtain
0
h =-1
e (1) :
O )], = 1 (B() — ()W) — ().
Op(2)op(z) H=r T

We now verify the remaining conditions required in applying Lemma 4.2.2:
1. Tt is straightforward to see that h(7°) = 0.
2. The function A is uniformly bounded.

3. Since f,(,) =0 when p = 7°, it follows that %(z)h(,u) =0.

p=m0

0 as an interior point and

4. Pick a compact set K that contains 7

KcBn{ueP2): max () — 7°(u)| < %m;n |70 (w) |}

This choice of K ensures that lim,,_.., —1log P{S™ ¢ K} > 0. Note that since r(y) is

continuously differentiable on By, it follows that h is C? on K C B;.
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Chapter 7

Other Properties of Mismatched
Divergence

In this chapter we derive other properties of the mismatched divergence: mainly its difference
and similarity to the KL divergence, and its geometric interpretation.
An important property of the KL divergence D(ul||7) is that it is convex with respect to

(u, ). The mismatched divergence inherits this property:
Lemma 7.0.4. DMV (u||7) is convez in (u, ).
Note that this is stronger than being convex in both p and 7.

Proof. For a given f, u(f) is linear in u. Since m(ef) is linear in m, A(f) is concave in 7.
Therefore, pu(f) — Ax(f) is convex in (u, 7). The result follows as it is well known that the

supremum of a set of convex functions is convex [24]. O

The other properties in this chapter are specialized to the case where the function class

is linear.

7.1 Linear Function Class

Recall that the mismatched divergence using linear function class can be written as:

D(MHW) = sup (M(fr) - AW(fr))

reRd
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7.1.1 Geometric interpretations

Here we give a geometric interpretation of the mismatched divergence. The result also holds
when the function class F is a pointed cone.’

For a given function f € F and ¢ € R, we define a subset of P(Z) by H = {u € P(Z) :
(u, f) = c}. This set is interpreted as a hyper-plane, even though it is restricted to the

simplex P. The associated “half spaces” are defined by

Hpo={neP@):u(f)<c},  Hp ={peP@): ulf)=c} (7.1)

The set Q5™ () C M is defined as the intersection of all half spaces defined using functions

from F that contain Q, (7). Formally, for each o > 0,
QiM(r) = {H,: Qalm) C Hy,, f € F,c € R} (7.2)

Theorem 7.1.1. When F C F} is a pointed cone, the mismatched divergence has the

following geometrical interpretation:
D" (p|lm) = inf{a : p € Q3 (m)} = sup inf{D(v|7) : v(f) = u(f)}- (7.3)
fer v

To prove this theorem, we need the following lemma.

Lemma 7.1.2. For any G:Z — R and c € R,

inf{D(p||7) : u(G) > c} = sup(fc — A-(0G)). (7.4)
6>0
Proof. This is a direct consequence of Sanov’s and Cramer’s theorems. O

LA cone is pointed if it includes the origin.
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Proof of Theorem 7.1.1.

p ¢ QM(w) = There exists f € F such that inf{D(v||7): v(f) > pu(f)} > «

= supinf{ D(v]|m) : v(f) = p(f)} = e
fer v

Consequently, for any € > 0, we have

ilelgilgf{D(VHW) cv(f) = p(f)} +e€{a:pe QM (m}.

Since € is arbitrary, this means that we have

inf{o: p € Q3 (m)} < supinf{D(v||7) : v(f) = p(f)}-
fer v
Similarly, we also have

pe Qi (r) = Forany feF,nf{D(v|r):v(f) = u(f)} <a

= ilelgirylf{D(Vllﬂ) v(f) Z2 ()} <o

which implies that

inf{a: p € QFM(m)} = ignulf{D(un) v(f) Z u(f)}

Therefore,

inf{a:pe Q¥ (m)} = supinf{D(v||7): v(f) > u(f)}

fer v
= ?1615-)_ selilo){ﬁ/i(f) - Aw(ef)}
- ig{u(f) — A (N}
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where the last equality follows from the assumption that F is a pointed cone. O

7.1.2 Necessary and sufficient conditions for D" (ul/7) = 0 and
D () = o0

It is natural to ask how to interpret D™ (u||7) = 0 and DMV (p||7) = oco. When DM (p||7) =
0, loosely speaking, u and 7 cannot be strictly separated by any hyperplane defined using

any function f € F. Formally we have the following:
Lemma 7.1.3. The following three statements are equivalent:?
1. D" () = 0,
2. D™ (xl|u) = 0,
3. p(fy) == (f) for allr.
Here we give a proof based on the generalized Pinsker’s inequality.

Proof. We first prove (1) indicates (3): By the generalized Pinsker’s inequality, we obtain
from D™ (pu||w) = 0 that

Consequently, p(f,.) = w(f.) for all . We now prove that (3) indicates (2): Since p(f,) =

7(f,) for all r, we have

DMM(WH,U) — s[;_p{lu(fr) — Aﬂ(fr)} = Sl;lp{ﬂ(fr) - AW(fT’)} = DMM(TFHW) = 0>

where the last equality is obtained using the following chain of inequalities from Lemma 3.2.1:

0 < D™(x||w) < D(r|m) = 0.

2To the author’s best knowledge, the fact the first and second are equivalent was first proved using a
different approach by Jayakrishnan Unnikrishnan.
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Since the second statement is symmetric in g and 7, the above argument also indicates

that (3) implies (1) and (2) implies (3). O

The case when DM (u||m) = oo is a little bit more complicated. We use ess sup,.(f)
to denote the essential supremum inf{a : 7({z : f(z) > a}) = 0}. The following lemma

illustrates a sufficient condition and a necessary condition:

Lemma 7.1.4. If there exists f € F such that u(f) > ess sup,(f), then DM (u||7) = oo; If
the supremum in the definition of D™(u||) is not achieved, in particular if DM (u||7) = oo,

then there exists f € F such that u(f) > ess sup,(f).

Note that the necessary and sufficient conditions differ in whether the equality holds.
The following two examples in which u(f) = ess sup_(f) for all f € F illustrate that the

lemma is almost the best possible.

Example 7.2. Consider the one-dimensional function class ¥(x) = x. Let u({0}) =
7({0}) = 1. Then u(f) = ess sup,(f) for any f € F and D™ (ul|7) = 0.

Example 7.3. Consider again the one-dimensional function class ¥(x) = x. Let p and w be
the discrete probability measure: p({0}) = 1; for all positive integer k, 7({—%}) =27%. It is

easy to see that for any f € F, ess sup,.(f) =0 = p(f). We now show that D" (p||7) = oo

_DMM(MHﬂ_) — inf 10g<z e—(%+klog2))
b k=1
M 0

< é‘;ﬁlog(z o7 tklog2) +2—M)
- k=1

< inflog(Me 2VPlos2 4 9=M)
9>0

= —Mlog(2).

Since this holds for any M > 0, we have D™ (u||7) = oo.
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Proof of Lemma 7.1.4. We first prove that u(f) > ess sup,.(f) implies DM (u||7) = co. The

following is straightforward: for any a > 0,

Ax(af) < ess sup(f),

« 7r

Consequently,

lim inf waf) = Ax(af) > u(f) —ess sup(f) > 0.

a—00 o -

Thus
DM (pl|7) > liminf p(af) — Ay (af) = oo.

We now prove that if the supremum is not achieved, then pu(f) > ess sup,(f) by giving
a construction of one such function: Since the supremum in the definition of mismatched

divergence is not achieved, there exists {f,, = r 4} C F such that
liminf u(f,) — Ax(fn) > 0. (7.5)

Thus, taking a subsequence if necessary, we can assume that the sequence of vectors {r,}
associated with {f,} satisfies ||r,|| — oo as n — oo and u(f,) — A-(f.) > 0 for every n.
Define g,, = ﬁ By considering a subsequence if necessary, we can assume without loss of
generality that the sequence g, is convergent point-wise. Define g,, = lim, .o, g,. Clearly,

Joo € F. We will prove that g, satisfies 1(goo) > €ss sup, (goo)-

Let by = ess sup,(goo). We have for any € > 0,
1
W{Iingbo—§€}>O.

Since I{g, > by — €}[{goo > by — %e} converges to I{g., > by — %e} point-wise, by the
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dominated convergence theorem, there is an n(e) such that for n > n(e)

m{x g, > by —€} >0.

Therefore,
1 1
1
= log 7'(‘(6”7"”“9”)
. o )
1
> W log(ﬂ{x D gn(x) > by — e}ellrnu(bo_g)))
rn
Therefore,

Since this holds for any € > 0, we have

liminf ——A(f.) > bo. (7.6)

n—oo |||l

Consequently,

lim sup —— () = Aw(£)) < plg) = bo.

On the other hand, we obtain from the fact that u(f,) — Az(fn) > 0 for every n:

1
0 < limsup

(N(fn) — Ayo (fn)) .

Therefore,

0 < 11(goo) — bo = 11(goo) — €55 SUP(goo)-

™

Thus, g € F is a function that satisfies (1(gs) > €ss sup.. (geo)- O
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Chapter 8

Conclusions

We investigated the asymptotic bias and variance of the Hoeffding test and mismatched
universal test. We have shown that the asymptotic bias and variance of mismatched uni-
versal test can be much smaller than the Hoeffding test. In addition, we showed that the
mismatched universal test includes a robust test as a special case. Consequently, the bias
and variance of the robust test increase proportionally to the co-dimension of the uncertainty
set.

We also investigated the performance of the test when the distribution of the null hy-
pothesis is learned from data. As a preliminary result, we showed that the bias and variance
depend on the number of training samples as well as the dimensionality of the function class.

We developed other properties of the mismatched divergence. In particular, we showed
that the mismatched divergence admits a generalized Pinsker’s inequality.

For future work, there are many important problems:

1. The mismatched universal test is optimal when the log-likelihood ratio is in the function
class. It is not clear what the performance is when the log-likelihood ratio is not in
the function class. One question in this direction is how many distributions can be
distinguished using a mismatched divergence test based on function classes of a given

dimension.

2. The performance of the mismatched universal test depends on the function class used.

Therefore, it is important to study how to choose the function class.

3. We made some preliminary study on how the function class impacts the test when
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the underlying distribution is learned. An interesting question is to derive PAC type

bounds, and study how the dimensionality affects the probability of error.

. We have shown that a robust test is a special case of mismatched divergence. One
question in this direction is to find connections between mismatched divergence and
other distance/divergence, such as the f-divergence in [16] and other generalizations

defined in [10].
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Appendix A

Proofs of Lemmas 4.2.5 and 4.2.7

A.1 Proof of Lemma 4.2.5

Proof of Lemma 4.2.5. In our case, to apply Lemma 4.2.2, h is specialized to be h(u) :=
DM (p||7°), and take X' = (I,(Z;),1.,(Z),...,L,(Z;))7, and Z = [0,1]V. Take = =
Cov (X). Define the matrix ¥ as ¥;; = ;(j). Also denote the vector valued function
= [11,...,0q]". Tt is easy to see that 3,0 = V=W,

We demonstrate that

M = V?h(r%) = 07(%,) "1,

and prove that the other technical conditions of Lemma 4.2.2 are satisfied. The rest follows

from Lemma 4.2.2, since

and similarly

tr (MEME) = tr (271202 150).

The condition X0 being positive definite indicates that the objective function of the
right-hand side of (3.6) is strictly concave and thus has a unique maximum for each p. Let

r(p) be the maximizer for a given p. Then
W) = 1 friwy) = Do (Fr))-

o1



Recall that 7, is the twisted distribution defined in (3.3). Define 3, as

iuvivj = ﬁu(wﬂ/fj) - ﬁu(@bi)ﬁu(@bj)a

The first order optimality condition in the right-hand side of (3.6) gives

p() = 7u(y) = 0.

On taking the derivative with respect to p, with z € Z, we have

02 . Tzﬁr(u): TZV—l z

When y = 7', we have r(7) = 0 and ¥, = ¥,. Thus,

0? .
——— f(m) = i(z 2;1¢(5)
o) (") = 2 )

We now verify the remaining conditions required in Lemma 4.2.2:

1. Tt is straightforward to see that h(7%) = 0.

2. The function A is uniformly bounded since h(u) = DM (u||7%) < D(u||7°) < max, log(w%(z))

and 7¥ has full support.

3. Since fr =0 when p = 7°, it follows that %(z)h(,u) =0.

p=m
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0

4. Pick a compact K that contains 7” as an interior point and

Kc{peP2): max \p(u) — 7°(u)| < %muln |70 (w) |}

This choice of K ensures that lim,,_.., —1log P{S™ ¢ K} > 0. Note that since r(y) is

continuously differentiable on K, it follows that h is C? on K.

A.2 Proof of Lemma 4.2.7

Proof of Lemma 4.2.7. The supremum is of course achieved when p = w. Thus we only
need to prove the case u # w. Using Lemma 7.1.4, since p < 7 and p # w, for any f
wu(f) < ess sup,(f); therefore the supremum is achieved. Since the Hessian of u(f.) — A (f)
is given by ¥, which is positive definite, we have that the function u(f,) — Az(f,) is strictly

concave and the maximizer is unique. O
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