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ABSTRACT. This paper studies a difference operator for stochastic systems whose specifica-
tions are represented by Abstract Probabilistic Automata (APAs). In the case refinement
fails between two specifications, the target of this operator is to produce a specification
APA that represents all witness PAs of this failure. Our contribution is an algorithm that
permits to approximate the difference of two deterministic APAs with arbitrary precision.
Our technique relies on new quantitative notions of distances between APAs used to assess
convergence of the approximations, as well as on an in-depth inspection of the refinement
relation for APAs. The procedure is effective and not more complex than refinement
checking.

1. INTRODUCTION

Probabilistic automata as promoted by Segala and Lynch are a widely-used formalism for
modeling systems with probabilistic behavior. These include randomized security and com-
munication protocols, distributed systems, biological processes and many other applications.
Probabilistic model checking is then used to analyze and verify the behavior of such
systems. Given the prevalence of applications of such systems, probabilistic model checking
is a field of great interest. However, and similarly to the situation for non-probabilistic model
checking, probabilistic model checking suffers from state space explosion, which hinders its
applicability considerably.

One generally successful technique for combating state space explosion is the use of
compositional techniques, where a (probabilistic) system is model checked by verifying
its components one by one. This compositionality can be obtained by decomposition,

that is, to check whether a given system satisfies a property, the system is automatically
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decomposed into components which are then verified. Several attempts at such automatic
decomposition techniques have been made [13}[34], but in general, this approach has not been
very successful [12].

As an alternative to the standard model checking approaches using logical specifications,
e.g. LTL, MITL or PCTL |3/,26,39], automata-based specification theories have been proposed,
such as Input/Output Automata [37|, Interface Automata [14], and Modal Specifications [8}35,
40]. These support composition at specification level; hence a model which naturally consists
of a composition of several components can be verified by model checking each component
on its own, against its own specification. The overall model will then automatically satisfy
the composition of the component specifications. Remark that this solves the decomposition
problem mentioned above: instead of trying to automatically decompose a system for
verification, specification theories make it possible to verify the system without constructing
it in the first place.

Moreover, specification theories naturally support stepwise refinement of specifications,
i.e. iterative implementation of specifications, and quotient, i.e. the synthesis of missing
component specifications given an overall specification and a partial implementation. Hence
they allow both logical and compositional reasoning at the same time, which makes them
well-suited for compositional verification.

For probabilistic systems, such automata-based specification theories have been first
introduced in [31], in the form of Interval Markov Chains. The focus there is only on
refinement however; to be able to consider also composition and conjunction, we have in |10]
proposed Constraint Markov Chains (CMCs) as a natural generalization which uses general
constraints instead of intervals for next-state probabilities.

In [18], we have extended this specification theory to probabilistic automata, which
combine stochastic and non-deterministic behaviors. These Abstract Probabilistic Automata
(APA) combine modal specifications and CMCs. Our specification theory using APA should
be viewed as an alternative to classical PCTL [26], probabilistic I/O automata [38] and
stochastic extensions of CSP [27]. Like these, its purpose is model checking of probabilistic
properties, but unlike the alternatives, APA support compositionality at specification level.

In the context of refinement of specifications, it is important that informative debugging
information is given in case refinement fails. More concretely, given APAs Ny, Ny for which
N1 does not refine No, we would like to know why refinement fails, and if possible, where in
the state spaces of N7 and Ny there is a problem. We hence need to be able to compare APAs
at the semantic level, i.e. to capture the difference between their sets of implementations and
to relate it to structural differences of the APAs. This is what we attempt in this paper:
given two APAs N; and Na, to generate another APA N such that the set of implementations
of N is the differences between the sets of implementations of N7 and of Ns.

As a second contribution, we introduce a notion of distance between APAs which measures
how far away one APA is from refining a second one. This distance, adapted from our work
in [8,23], is accumulating and discounted, so that differences between APAs accumulate along
executions, but in a way so that differences further in the future are discounted, i.e. have
less influence on the result than had they occurred earlier.

Both difference and distances are important tools to compare APAs which are not in
refinement. During an iterative development process, one usually wishes to successively
replace specifications by more refined ones, but due to external circumstances such as, for
example, cost of implementation, it may happen that a specification needs to be replaced
by one which is not a refinement of the old one. This is especially important when models
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incorporate quantitative information, such as for APAs; the reason for the failed refinement
might simply be some changes in probability constraints, for example due to measurement
updates. In this case, it is important to assess precisely how much the new specification
differs from the old one. Both the distance between the new and old specifications, as well
as their precise difference, can aid in this assessment.

Unfortunately, because APAs are finite-state structures, the difference between two
APAs cannot always itself be represented by an APA. Instead of extending the formalism, we
propose to approximate the difference for a subclass of APAs. We introduce both over- and
under-approximations of the difference of two deterministic APAs. We construct a sequence
of under-approximations which converges to the exact difference, hence eventually capturing
all PAs in [N1] \ [V2], and a fixed over-approximation which may capture also PAs which
are not in the exact difference, but whose distance to the exact difference is zero: hence any
superfluous PAs which are captured by the over-approximation are infinitesimally close to the
real difference. Taken together, these approximations hence solve the problem of assessing
the precise difference between deterministic APAs in case of failing refinement.

For completeness, we show as a last contribution how our algorithms can be refined into
a procedure that computes a single counter-example to a failed refinement.

We restrict ourselves to the subclass of deterministic APAs, as it permits syntactic
reasoning to decide and compute refinement. Indeed, for deterministic APAs, syntactic
refinement coincides with semantic refinement [18|, hence allowing for efficient procedures.
Note that although the class of APAs we consider is called “deterministic”, it still offers
non-determinism in the sense that one can choose between different actions in a given state.

Related work. This paper embeds into a series of articles on APA as a specification
theory [17-21]. In |18] we introduce deterministic APA, generalizing earlier work on interval-
based abstractions of probabilistic systems [24}131,/32], and define notions of refinement,
logical composition, and structural composition. We also introduce a notion of compositional
abstraction for APA. In [19] we extend this setting to non-deterministic APA and give a
notion of (over-approximating) determinization. In [21] we introduce the tool APAC which
implements most of these operations and hence can be used for compositional design and
verification of probabilistic systems.

The journal paper [20] sums up and streamlines the contributions of [18}/19,[21]. One
interesting detail in the theory of APA is that there are several types of syntactic refinement of
APA. In |20], these are called strong refinement, weak refinement, and weak weak refinement,
respectively; all are motivated by similar notions for CMCs [10|. For deterministic APAs,
these refinements agree, and they also coincide with thorough refinement (i.e. inclusion
of implementation sets). The distance and difference we introduce in the present paper
complement the refinement and abstraction from [20], in the sense that our distance between
APAs is a quantitative generalization of APA refinement, and our difference structurally
characterizes refinement failure.

Compositional abstraction of APA is also considered in [44], but with the additional
feature that transitions with the same action (i.e. non-deterministic choices) can be combined
into so-called multi-transitions. The refinement in [44] is thus even weaker than the weak
weak refinement of [20]; for deterministic APA however, they agree.

Differences between automata-based specifications have not been considered much in
the literature. [41] develops a notion of pseudo-merge between modal specifications which
keeps track of inconsistencies between specifications; here, the inconsistent states can be
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seen as a form of difference. Distances between probabilistic systems have been introduced
in |15,[22,|46] and other works, and distances between modal specifications in [6[-8]; here, we
combine these notions to introduce distances between APAs.

The originality of our present work is the ability to measure how far away one probabilistic
specification is from being a refinement of another, using distances and our new difference
operator. Both are important in assessing precisely how much one APA differs from another.

Acknowledgment. The authors wish to thank Joost-Pieter Katoen for interesting discus-
sions and insightful comments on the subject of this work, and a number of anonymous
referees for useful comments and improvements.

2. BACKGROUND

Let Dist(S) denote the set of all discrete probability distributions over a finite set S and
By ={T,Ll}.

Definition 1. A probabilistic automaton (PA) [43] is a tuple (S, A, L, AP,V,so), where
S is a finite set of states with the initial state sg € S, A is a finite set of actions, L:
S x A x Dist(S) — By is a (two-valued) transition function, AP is a finite set of atomic
propositions and V: S — 247 is a state-labeling function.

Consider a state s, an action a, and a probability distribution u. The value of L(s, a, i) is
set to T in case there exists a transition from s under action a to a distribution p on successor
states. In other cases, we have L(s,a,u) = L. We now introduce Abstract Probabilistic
Automata (APA) [18], that is a specification theory for PAs. For a finite set S, we let C'(.5)
denote the set of constraints over discrete probability distributions on S. Each element
@ € C(S) describes a set of distributions: Sat(y) C Dist(S). Let Bs = {T,7, L}. APAs are
formally defined as follows.

Definition 2. An APA [1§| is a tuple (S, A, L, AP, V,Sy), where S is a finite set of states,
So C S is a set of initial states, A is a finite set of actions, and AP is a finite set of atomic
propositions. L : S x A x C(S) — Bs is a three-valued distribution-constraint function, and

Vs —22"" maps each state in S to a set of admissible labelings.

APAs play the role of specifications in our framework. An APA transition abstracts
transitions of certain unknown PAs, called its implementations. Given a state s, an action a,
and a constraint ¢, the value of L(s, a, ¢) gives the modality of the transition. More precisely,
the value T means that transitions under a must exist in the PA to some distribution in
Sat(p); 7 means that these transitions are allowed to exist; L means that such transitions
must not exist. We will sometimes view L as a partial function, with the convention that a
lack of value for a given argument is equivalent to the | value. The function V labels each
state with a subset of the power set of AP, which models a disjunctive choice of possible
combinations of atomic propositions.

We say that an APA N = (S, A, L, AP,V,Sy) is in Single Valuation Normal Form (SVNF)
if the valuation function V' assigns at most one valuation to all states, i.e. Vs € S, |V (s)| < 1.
From [18], we know that every APA can be turned into an APA in SVNF with the same
set of implementations. An APA is deterministic [18] if (1) there is at most one outgoing
transition for each action in all states, (2) two states with overlapping atomic propositions
can never be reached with the same transition, and (3) there is only one initial state.
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Note that every PA is an APA in SVNF where all constraints represent a single distri-
bution. As a consequence, all the definitions we present for APAs in the following can be
directly extended to PAs.

Let N = (S, A, L, AP,V,{so}) be an APA in SVNF and let v C AP. Given a state s € S
and an action a € A, we will use the notation succs,(v) to represent the set of potential
a-successors of s that have v as their valuation. Formally, succ, o(v) = {s' € S| V(¢') =
{v},3p € C(S),u € Sat(p) : L(s,a,¢) # L, u(s’) > 0}. When clear from the context, we
may use sucCs q(s’) instead of succs (V' (s’)). Remark that when N is deterministic, we have
|succs (v)| < 1 for all s, a,v.

3. REFINEMENT AND DISTANCES BETWEEN APAS

We recall the notion of refinement between APAs. Roughly speaking, refinement guarantees
that if A; refines Ao, then the set of implementations of A; is included in the one of As.

Definition 3. Let S and S’ be non-empty sets and p € Dist(S), ¢/ € Dist(S"). We say that
w is simulated by p’ with respect to a relation R C S x S’ and a correspondence function
§:8 — (8" —[0,1]) |18] if

(1) for all s € S with u(s) > 0, §(s) is a distribution on 5,

(2) forall 8" € S, Y cgp(s)-(s)(s") = p/(s'), and

(3) whenever §(s)(s’) > 0, then (s,s") € R.

We write p @% w' if p is simulated by p with respect to R and §, u €g ' if there exists
6 with p €% ', and p € ' for p €%, g .

Definition 4. Let Ny = (S1, A, L1, AP, V4, S}) and Ny = (S, A, Lo, AP, V4, S3) be APAs.
A relation R C S; x Sy is a refinement relation [18] if, for all (s1,s2) € R, we have
Vi(s1) C Va(s2) and
(1) Va € A, Yoy € C(S2), if La(sa,a,p2) = T, then Jp; € C(51) : L1(s1,a,¢1) = T and
Yuy € Sat(pr), Jpue € Sat(ps) such that p; Exr pe,
(2) Va € A, Vo, € C(S1), if L1(s1,a,¢1) # L, then Jpy € C(S2) such that La(se, a, 2) #
1 and Yuy € Sat(e1), ue € Sat(ps) such that pu; €g po.

We say that Ny refines Ny, denoted Ny < No, if there exists a refinement relation such
that Vs} € S§ : 3s2 € S? : (s}, s2) € R. Since any PA P is also an APA, we say that P
satisfies N (or equivalently P implements N), denoted P |= N, if P < N. In the following,
a refinement relation between a PA and an APA is called a satisfaction relation. In [18], it
is shown that for deterministic APAs Ni, Na, we have N; < Ny <= [N;] C [Nz], where
[N;] denotes the set of implementations of APA N;. Hence for deterministic APAs, the
difference [N1]\ [ V2] is non-empty iff Ny A N. This equivalence breaks for non-deterministic
APAs 18], whence we develop our theory only for deterministic APAs.

To show a convergence theorem about our difference construction in Sect. below, we
need a relaxed notion of refinement which takes into account that APAs are a quantitative
formalism. Indeed, refinement as of Def. [f] is a purely qualitative relation; if both Ny A Ny
and N3 A Ni, then there are no criteria to compare No and N3 with respect to N1, saying
which one is the closest to Ni. We provide such a relaxed notion by generalizing refinement
to a discounted distance which provides precisely such criteria. In Sect. we will show
how those distances can be used to show that increasingly precise difference approximations
between APAs converge to the real difference.



6 BENOIT DELAHAYE, ULI FAHRENBERG, KIM G. LARSEN, AND AXEL LEGAY

In order to simplify notation, the definitions presented below are dedicated to APAs
in SVNF. They can however be easily extended to account for general APAs. The next
definition shows how a distance between states is lifted to a distance between constraints.

Definition 5. Let d: S; x Sy — R* and ¢1 € C(S1), p2 € C(S2) be constraints in N7 and
N3. Define the distance Dy, n, between 1 and 9 as follows:

DNy Ny ($1,2,d) = sup inf inf p1(s1)9(s1)(s2)d(s1, 52)
b pi€Sat(pr) H2ESat(92) 8iu €% o (31,32)26;91 X S2

Note the analogy of this definition to the one of the Hausdorff distance between (closed)
subsets of a metric space: Any distribution pq in Sat(p1) is sought matched with a distribution
2 in Sat(p2) which mimics it as closely as possible, where the quality of a match is measured
by existence of a correspondence function § which minimizes the distance between points
reached from s; and so weighted by their probability.

For the definition of d below, we say that states s; € S1, sy € Sy are not compatible if
(1) Va(s1) # Va(s2),

(2) there exists a € A and ¢; € C(S1) such that Li(si,a,¢1) # L and for all ¢y €

C(Sz), LQ(SQ, a, (pg) = J_, or
(3) there exists a € A and po € C(S2) such that La(s2,a,¢2) = T and for all ¢ €

C(Sl>a Ll(sla a, @1) 7& T.

For compatible states, their distance is similar to the accumulating branching distance on
modal transition systems as introduced in [8,23|, adapted to our formalism. In the rest of the
paper, the real constant 0 < A < 1 represents a discount factor. Formally, d : S1 x Sy — [0, 1]
is the least fixed point to the following system of equations:

1 if 51 is not compatible with so

max min AD N, N, (1, 02, d
disi,s2) =\ Jawrlalsrae)tl polalssagatl (o1, 02:4) otherwise OV
max min ADn, N, (¢1, 02, d

a,p2:L2(s2,a,02)=T @1:L1(s1,a,01)=T

Since the above system of linear equations defines a contraction, the existence and uniqueness
of its least fixed point is ensured, cf. |[36]. The intuition here is that d(s1, s2) compares not
only the probability constraints at s; and sg, but also (recursively) the constraints at all
states reachable from s; and so, weighted by their probability. Each step is discounted by A,
hence steps further in the future contribute less to the distance.

The above definition intuitively extends to PAs, which allows us to propose the two
following notions of distance:

Definition 6. Let Ny = (S1, 4, L1, AP, V1, S8}) and Ny = (S2, A, Ly, AP, V2, S3) be APAs
in SVNF. The syntactic and thorough distances between N7 and No are defined as follows:
e syntactic distance: d(N1, N2) = max g (minsgesg d(s, s3))-
e thorough distance: di(N1, N2) = supp, cn] (infp,eqn,) d(Pr, Pa)).
Note that the notion of thorough distance defined above intuitively extends to sets of
PAs: given two sets of PAs Sy, Sz, we have d;(S1,S2) = supp,¢s, (infp2€g2 d(py, Pg)).
We also remark that N; < Ny implies d(Ni, N2) = 0. It can be shown, cf. [45], that

both d and d; are asymmetric pseudometrics (or hemimetrics), i.e. satisfying d(N1, N1) =0

and d(Np, No) + d(Na, N3) > d(Ny, N3) for all APAs Ny, N, N3 (and similarly for d;). The
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fact that they are only pseudometrics, i.e. that d(Ny, N2) = 0 does not imply N; = Ny, will
play a role in our convergence arguments later.

The following proposition shows that the thorough distance is bounded above by the
syntactic distance. Hence we can bound distances between (sets of) implementations by the
syntactic distance between their specifications.

Proposition 1. For all APAs Ny and Ny in SVNF, it holds that d¢(Ny, No) < d(Ny, Na).
Proof. For a distribution u; and a constraint s, we denote by

RD(pu1, ) = {8 : 1 € pa | po € Sat(p2)}

the set of all correspondence functions between p; and distributions satisfying o. ‘

If d(N1, N2) = 1, we have nothing to prove. Otherwise, write N; = (S;, 4, Li, AP, V;, Sj)
for i = 1,2, and let P, = (51, A, L}, AP,V{,S}) € [N1] and n > 0; we need to expose
P, € [Ns] for which d(Py, P;) < d(Ni,N3) + n. Note that by the triangle inequality,
d(Pl, N2> S d(Pl, Nl) + d(Nl, Ng) S d(Nl,Ng). Define P2 - (52, A,LIQ,AP, Vé, Sg), with
L}, given as follows:

For all s] € S, a € A, p1 € Dist(S]) for which L (s},a,pu1) = T and for all sy € Sa,
e < 1 with € := d(s], s2) < 1: We must have ¢y € Dist(S2) such that La(s2,a,p2) # L and

inf S ()8t t)d(th ta) < Ae,
dERD(p1,2) ,, ,
(tl,tg)esl X So

so there must exist a correspondence function § € RD(p1, p2) for which
> ()t t)d(th ) < Ale+ Ay,
(t/lvt2)651><52
We let pa(s) = Zsllesl p1(sh)o(sy,s) and set L(s2,a,u2) = T in P,
Similarly, for all so € Sa, a € A, 2 € C(S2) for which La(s2,a,p2) = T and for all
sy € 8] with e := d(s, s2) < 1: We must have p; € Dist(S]) for which L(s},a,u1) =T

and

inf E p1 (8O (], t2)d(t], t2) < X\ le,
SERD(p1,2) ,
(t],t2)€S] X S2

so there is 0 € RD(u1, ¢2) with
Do m(t)d(t ta)d(t ) < ATle+ AT,
(t),t2)€S] xS
Let again pa(s) = 25/1651 p1(s))o(sy, s), and set Lh(s2,a, u2) =T in Ps.
It is easy to see that P € [N2]: by construction of P, the identity relation {(s2, s2) |

sg € Sao} provides a refinement P» < Na. To show that d(Py, P») < d(N1, N2) + 1, we define
a function d’ : S x So — [0,1] by d'(s}, s2) = d(s}, s2) + n and show that d’ is a pre-fixed
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{{a}}f gw, {51 b sty o {{i}}:f ga,%{v}} e Sutlo)
IV (e(2) =1 (1(4) =)V (u(B) = 1)

(A APA N1 (B) APA N2

FIGURE 1. APAs N; and Nj such that [Ni] \ [N2] cannot be represented
using a finite-state APA.

point to (3.1). Indeed, for s} and sy compatible, we have
d,(slla 52) = d(slla 52) +n

,max min ADpy N, (p1, 2, d) +1)
— max a,p1:LY (s,a,11)=T @2:La(s2,a,p2)7# L
max min ADp, N, (p1, p2,d) +1
a,p2:La(s2,a,02)=T p1:L}(s],a,u1)=T
,nax , min ADp,,p, (p1, p2,d) +n
— max a,p1:Ly (s],a,01)=T p2:Lh(s2,a,u2)=T
max min ADp, p,(p1, p2,d) + 1,

a,p2:L5(s2,a,u2)=T p1:L](s],a,u1)=T

due to the construction of P» and the fact that the sup, cgq(,,) 18 trivial in the formula for
Dpy N, (11, 2, d),

. !

e i ADp (s d)

2 max a,p1:Lq (87,a,041)=1 p2:Ly 327.0"/»1'2 = )
max min )\DPl,PQ (,u’lv 12, d ) )

a,p2:Ly(s2,a,u2)="T p1:Ly(s],a,m1)=T

where the last inequality is a consequence of

ADp, py (i1, pi2, d) = XY pa())5(h, £2) (d(t], £2) + )

t),ta

= )\ZM )o(ty, t2)d(th, t2) + An.

1ht2

4. DIFFERENCE OPERATORS FOR DETERMINISTIC APAS

The difference N \ Ny of two APAs N, Ns is meant to be a syntactic representation of all
counterexamples, i.e. all PAs P for which P € [N;] but P ¢ [N2].

We first observe that such a set may not be representable by an APA. Consider the
APAs Nj and Ny given in Figures [Ta] and where o # 3 # 7. Note that both N; and Ny
are deterministic and in SVNF. Consider the difference of their sets of implementations. It
is easy to see that this set contains all PAs that can finitely loop on valuation a and then
move into a state with valuation 5. Since there is no bound on the number of steps spent in
the loop, there is no finite-state APA that can represent this set of implementations.

By the above example, there is no hope of finding a general construction that permits to
represent the exact difference of two APAs as an APA. In the rest of this section, we thus
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propose to approximate it using APAs. We first introduce some notations and then propose
constructions for over-approximating and under-approximating the exact difference.

4.1. Notation. Let N; = (S;, A, L;, AP, V;, {s}}), i = 1,2, be deterministic APAs in SVNF.
Because N; and Ny are deterministic, we know that the difference [IN1] \ [/V2] is non-
empty if and only if N A Na. So let us assume that N3 A No, and let R be a maximal
refinement relation between N7 and No. Since Ny A No, we know that (8(1), 5(2)) ¢ R. Given
(s1,82) € S1 X Sz, we can distinguish between the following cases:

( (81,82) GR

)
(2) Vi(s1) # Va(s2), o
(3) (s1,82) ¢ R and V1(81) Va(s2), and

(a) there exists e € A and p; € C(51) such that Li(s1,e,¢1) =T 5
and Yo € C(S2) : La(sa,e,¢2) = L, Teﬁ %

(b) there exists e € A and ¢ € C(S))

such that Li(s1,e,¢1) =7 °
and Yo € C(S2) : La(sa,e,¢2) = L, ‘ %

(c) there exists e € A and 1 € C(S1) such that Li(s1,e,01) > 7
and Jpg € C(S2) : La(sa,e,92) = 7,3u € Sat(y1) such that R
V' € Sat(pa) : pp Er W,

(d) there exists e € A and ¢y € C(S2) such that La(sg,e,p2) = T
and Vng (S C(Sl) : L1(81, e, (pl) = _]_’ J‘% . TT

(e) there exists e € A and ¢y € C(S2) such that La(sa,e,p2) =T o L
and Jpy € C(S51) : Li(s1,e,¢1) =7, e TT

¥l P2

(f) there exists e € A and g € C(S2) such that La(s2,e,¢2) =T, 0 o

E'SOI S C(Sl) : L1(81,€7 901) = T and El:u c Sat((pl) such that e, T . TT
V' € Sat(p2) : p Er 1.

Remark that because of the determinism and SVNF of APAs N; and Ns, cases 1, 2
and 3 cannot happen at the same time. Moreover, although the cases in 3 can happen
simultaneously, they cannot be “triggered” by the same action. In order to keep track of
these “concurrent” situations, we define the following sets.

Given a pair of states (s1,s2), let B,(s1,s2) be the set of actions in A such that case
3.a above holds. If there is no such action, then Bg(si,s2) = (. Similarly, we define
By(s1, s2), Be(s1, 52), Ba(s1, s2), Be(s1, s2) and Bjf(s1,s2) to be the sets of actions such that
case 3.b,c,d, e and 3.f holds, respectively. Given a set X C {a,b,c,d, e, f}, let Bx(s1,s2) =
Uzex Bz(s1,s2). In addition, let B(s1,s2) = By pcde,f}(51,52)-
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4.2. Over-Approximating Difference. We now propose a construction \* that over-
approximates the difference between deterministic APAs in SVNF in the following sense:
given two such APAs Ny = (S1, A, L1, AP, Vi, {s}}) and Ny = (S2, A, Lo, AP, Va, {s3}) such
that N1 Z Na, we have [N1] \ [N2] C [N1 \* N2]. We first observe that if V3 (sg) # Va(s3),
i.e. (s§,s3) in case 2, then [Ni] N [N2] = 0. In such case, we define Ny \* Ny as Nj.
Otherwise, we build on the reasons for which refinement fails between N7 and N,. Note that
the assumption that N; Z Ny implies that the pair (s}, s3) can never be in any refinement
relation, hence in case 1. We first give an informal intuition of how the construction works
and then define it formally.

In our construction, states in Ny \* Ny will be elements of S1 x (Sa U{L}) x (AU {e}).
Our objective is to ensure that any implementation of our constructed APA will satisfy Ny
and not Ny. In (s1,s9,€), states s; and sg keep track of executions of N7 and Njy. Action
e is the action of N7 that will be used to break satisfaction with respect to N, i.e. the
action that will be the cause for which any implementation of (s1, s2,€) cannot satisfy Nj.
Since satisfaction is defined recursively, the breaking is not necessarily immediate and can
be postponed to successors. L is used to represent states that can only be reached after
breaking the satisfaction relation to No. In these states, we do not need to keep track of the
corresponding execution in Ny, thus only focus on satisfying N;. States of the form (s1, s2,¢)
with sg # L are states where the satisfaction is broken by a distribution that does not match
constraints in Ny (cases 3.c and 3.f). In order to invalidate these constraints, we still need to
keep track of the corresponding execution in No, hence the use of ¢ instead of L.

The transitions in our construction will match the different cases shown in the previous
section, ensuring that in each state, either the relation is broken immediately or reported
to at least one successor. Since there can be several ways of breaking the relation in state
(3, s2), each corresponding to an action e € B(s}, s3), the APA Ny \* Ny will have one initial
state for each of them. Formally, if (s}, s2) is in case 3, we define the over-approximation of
the difference of N1 and Ny as follows.

Definition 7. Let Ny \* Ny = (S, A, L, AP, V,Sy), where S = 51 x (SoU{L}) x (AU{e}),
V(s1,s2,a) = V(s1) for all sy and a, So = {(s3,s2, f) | f € B(s},s3)}, and L is defined by:
o If s9 =1 ore=cor (s1,s2) in case 1 or 2, then for all @ € A and ¢ € C(S;) such
that Li(s1,a, ) # L, let L((s1,82,¢),a, ) = Li(s1,a,¢), with ¢ defined below.
For all other b € A and ¢ € C(95), let L((s1, s2,€),b,0) = L.
e Else, we have (s1,s2) in case 3 and B(s1,s2) # () by construction. The definition of
L is given in Table with the constraints ¢ and ¢F, defined hereafter.

Given ¢ € C(S1), pt € C(9) is defined as follows: u € Sat(ot) iff Vs; € Si,Vsy #
1,Vb # e, u(s1, s2,b) = 0 and the distribution (p J1: s1 — u(s1, L,€)) is in Sat(p).

Given a state (s1,s2,€) € S with s9 # 1 and e # ¢ and two constraints ¢1 € C(S1),
@2 € C(S2) such that Ly(s1,e,¢1) # L and La(sa,e,p2) # L, the constraint o, € C(9) is
defined as follows: u € Sat(pl) iff
(1) for all (s},s5,¢) € S, we have u(s),sh,c) > 0 = s4 = L if succs,e(s]) = 0 and

85 = succs, ¢(s)) otherwise, and ¢ € B(s), s5) U {e},
(2) the distribution py : s} — ZceAu{s},s’QeSQU{L} u(sy, sh, c) satisfies 1, and
(3) one of the following holds:

(a) there exists (s}, L, c) such that u(s), L,c) >0,

(b) the distribution pg : s5 — ZceAu{s},s’lesl w(sy, sh, ¢) does not satisfy g, or

(c) there exists s} € S1, 85 € S2 and ¢ # ¢ such that pu(s), sh,c) > 0.
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TABLE 1. Definition of the transition function L in Nj \* Na.

e c

N1 \* Ny

Formal Definition of L

Ba(Sl, 82)

N17N2

By (s1,52)

(s1,82,€)

For all a # e € A and ¢ € C(S1) such that
Li(s1,a,0) # L, let L((s1,s2,€),a,0") = Li(s1,a, o).
In addition, let L((s1,s2,¢€),e, 1) = T. For all other
be Aand p € C(S), let L((s1,s2,€),b,0) = L.

Bq(s1,52)

(s1,82,€)

For all a € A and ¢ € C(S1) such that Li(s1,a,p) #
L, let L((s1,52,¢€),a,9%) = Li(s1,a,p). For all other
be Aand p € C(5), let L((s1,82,€),b,p) = L.

Bc(s1,52)

For all a # e € A and ¢ € C(S1) such that
Li(s1,a,) # L, let L((s1,s2,€),a,0") = Li(s1,a, ).
In addition, let L((s1, s2,¢),e,¢%) = ?. For all other

ol be Aand p € C(S), let L((s1,s2,€),b,0) = L.

Be(s1, 52)
L (including e and 1), let L((s1,s2,¢€),a,¢")
Li(s1,a,9). In addition, let L((s1,s2,¢),e,¢5)
1 T.
L(('Sl’SQae)?ba 90) =1

e, T/ \e{? T}

Bf(Sl, 82) T"’ TT o2

For all a € A and ¢ € C(S1) such that Li(s1,a,p) #

For all other b € A and ¢ € C(95), let

Informally, distributions in ¢F, must (1) follow the corresponding execution is Ny and No if
possible, (2) satisfy ¢; and (3), (a) reach a state in N; that cannot be matched in Na, (b)
break the constraint g, or (c¢) report breaking the relation to at least one successor state.

The following theorem shows that N; \* N is, as intended, an over-approximation of
the difference of N1 and Ny in terms of sets of implementations.

Theorem 2. For all deterministic APAs N; and Ny in SVNF such that N; A Na, we have
[N\ [V2] € [N\ N2

Proof. Let Ny = (S1, A, L1, AP, Vq,{s}}) and Ny = (Sa, A, Lo, AP, Va,{s3}) be deterministic
APAs in SVNF such that N7 A Ny. Let R be the maximal refinement relation between N;
and Ny. Let P = (Sp, A, Lp, AP,Vp,st) be a PA such that P = Ny and P £ No. We
prove that P = Nj \* Ny. Let R; C Sp x S1 be the relation witnessing P = N; and let Ry
be the maximal satisfaction relation in Sp x Sa. By construction, (s}, s2) ¢ Ra.

If Vi(s}) # Va(s?), then by construction Ni\* Na = Ny and thus P = Ni \* Na. Else, we
have (sg, s2) in case 3, thus Ny \* No = (S, A, L, AP, V, Sp) is defined as in Section By
construction, we also have (s}, s2) in case 3, thus there must exist f € B(s{’,s3). Remark
that by construction, we must have B(s}’, s3) C B(s}, s3). We will prove that P = Ny \* Na.

Define the following relation R\ C SpxS:

(pR1s1) and (s2 = 1) and (e =¢)
pR\(s1,59,€) < < or (pRis1)and (p,ss) in case 1 or 2 and and (e = ¢)
or (pRisi)and (p,s2) in case 3 and (e € B(p, s2))
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We now prove that R\ is a satisfaction relation. Let (p, (51, s2,¢€)) € R\.

If sy = L or e = ¢, then since pR s1, R\ satisfies the axioms of a satisfaction relation
by construction. Else we have sy € So and e # ¢, thus, by definition of R\, we know that
(p, s2) is in case 3.

e By construction, we have Vp(p) € Vi(s1) = V((s1, s2,€)).
e Let a € A and pup € Dist(Sp) such that Lp(p,a,up) = T. There are several cases.

— If a # e, then since p R s1, there exists p; € C(S1) such that Li(s1,a, 1) # L
and there exists p1 € Sat(p1) such that pup €p\ p1. By construction, we
have L((s1,s2,¢€),a, i) # L and there obviously exists u € Sat(¢7) such that
Hp Ep\ M-

— If a = e € By(p,s2), then, as above, there exists a constraint ¢ € C(S) such
that L((s1,s2,¢€),a,p) # L and there exists u € Sat(p) such that pp €4\ p.
Remark that By(s1,s2) € Ba(p, s2) C Ba(s1,s2) U Bp(s1, s2).

— Else, we necessarily have a = e € B.(p,s2) U Bf(p,s2). Remark that, by
construction, Be(p, s2) C Be(s1,s2) and Bf(p, s2) C By(s1,52). Since p Ry s1,
there exists ¢ € C(S1) such that Li(s1,e,¢1) # L and there exists pu; €
Sat(p1) and a correspondence function 01 : Sp — (S1 — [0,1]) such that
wp @%1 1.

Moreover, by construction of N7 \* N, we know that the constraint ¢}, such that
p € Sat(ph) iff. (1) for all (s],sh,¢) € S, we have u(s),sh,c) >0 = sh = L
if succs, ¢(s7) = 0 and sf = succs, ((s]) otherwise, and ¢ € B(s), s5) U {e}, (2)
the distribution p; : 8§ — ZCEAU{E},S’QESQU{J_} u(sy, sh, c) satisfies 1, and (3)
either (b) the distribution g : 5 — ZceAu{e},s’lesl w(sy, sh, ) does not satisfy
@2, or (c) there exists s| € Si, s5 € S and ¢ # € such that p(s],s5,¢) > 0 is
such that L((s1,s2,¢),e,¢0%) =T.
We now prove that there exists u € Sat(¢F,) such that up €x\ p. Consider
the function &\ : Sp — (S — [0,1]) defined as follows: Let p’ € Sp such that
pp(p’) > 0 and let s} = succs, ((p'), which exists by R.
% If succs, ¢(p') = 0, then 6\(p') (s}, L,¢) = 1.
« Else, let s5 = succg, ¢(p"). Then,
- if (pf, ) € Ra, then 6\(p')(s}, sh,e) = 1.
- Else, (p/,s}) is in case 3 and B(p',s,) # 0. In this case, let ¢ €
B(p', sb) and define 6\(¢/, (s, sh, ¢)) = 1. For all other ¢ € B(p', s5),
define 6\(p/, (s}, sh,¢)) = 0.
Remark that for all p’ € Sp such that pup(p’) > 0, there exists a unique s’ € S’
such that 6\(p')(s') = 1. Thus 6\ is a correspondence function.
We now prove that p = ppd\ € Sat(eh).
(1) Let (s},s5,¢) € S such that u(s},sh,¢) > 0. By construction, there
exists p’ € Sp such that up(p/) > 0 and 6\(p')(s}, sh,¢) > 0. Moreover,
c € B(s),sh) U{e}, and s, = L if succs, ¢(s]) = 0 and s, = succs, ¢(s])
otherwise.
(2) Consider the distribution 1y : 81 = 3 oc auge}sres,ufL} H(81: 82, ¢). By
determinism (See Lemma 28 in [10]), we have that d1(p')(s}) =1 <
s = (suce)s, «(p'). As a consequence, we have that pf = py € Sat(p).
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(3) Assume that for all p’ € Sp such that pp(p’) > 0, we have succs, (p') # 0
(the other case being trivial). Consider the distribution ps : s
D e AULe} s, €8 u(sh, sh,¢) and let dy : Sp — (S2 — [0,1]) be such that
52(p')(sh) =1 <= sh = succs, (p'). By construction, ds is a correspon-
dence function and po = ppde. Since e € Be(p, s2) U Bf(p, s2), we have
that up &r, 2. If pa ¢ Sat(p2), then we have u € Sat(p). Else, there
must exist p’ € Sp and s, € Sy such that pup(p’) > 0, d2(p’)(sh) > 0 and
(p', sh) ¢ Ra. As a consequence, (p/, s)) is in case 3 and there exists ¢ # ¢
such that §\(p')(s}, sh,¢) > 0, thus (s}, sh,c) > 0. As a consequence,
p € Sat(pfh).
We thus conclude that there exists yu € Sat(p?,) such that up Ep\ M-
Finally, in all cases, there exists ¢ € C(S) such that L((s1, s2,€),a,¢) # L and
there exists p € Sat(p) such that pup €4\ p.
e Let a € A and ¢ € C(S) such that L((s1,s2,€),a,) = T. As above, there are
several cases.

— If a # e, then, by construction of N; \* Na, there must exists ¢ € C(S1) such
that Lq(s1,a,1) = T. The rest of the proof is then as above.

— If a = e € B,(p, s2), then there exists up € Dist(Sp) such that Lp(p,e, up) =
T. The rest of the proof is then as above. Recall that By(s1, s2) C Ba(p, s2) C
Ba(s1,52) U By(s1,52).

— Else, we necessarily have a = e € B.(p, s2) U B¢(p, s2). Recall that, by con-
struction, Be(p,s2) C Be(s1,s2) and By(p,s2) C Bf(s1,52). Thus, there ex-
ists up € Dist(Sp) and w2 € C(S2) such that Lo(se,e,p2) # L and Yug €
Sat(p2), up ER, p2. Since e € B.(s1,s2) U By(s1,52), there also exist ¢1 €
C(S7) such that Li(s1,e,¢1) # L. By determinism, 1 and @9 are unique. The
rest of the proof follows as above.

Thus, in all cases, there exists up € Dist(Sp) such that Lp(p,a,up) = T and

there exists p € Sat(p) such that pup €4\ p.

Finally, R\ is a satisfaction relation. Moreover, we have sg R s, (sg ,s%) in case 3
and f € B(s},s3) by construction, thus s R\(s), s2,f) € Sp. We thus conclude that
Pl= N \* Ns. 0

The reverse inclusion unfortunately does not hold. Intuitively, as explained in the
construction of the constraint go’l-t’; above, one can postpone the breaking of the satisfaction
relation for Ny to the next state (condition (3.c)). This assumption is necessary in order to
produce an APA representing all counterexamples. However, when there are cycles in the
execution of Ny \* Na, then we may postpone forever, thus allowing for implementations
that will ultimately satisfy No. This is illustrated in the following example.

Example 1. Consider the APAs N; and N» given in Fig. Their over-approximating
difference N1 \* Nj is given in Fig. One can see that the PA P in Fig. [2b| satisfies both
N1 \* N2 and NQ.

We will later see in Corollary [7| that even though N; \* N2 may be capturing too
many counterexamples, the distance between N1 \* Ny and the real set of counterexamples
[N1]\ [ V2] is zero. This means that the two sets are infinitesimally close to each other, so in
this sense, and with respect to this distance, N1 \* No is a best possible over-approximation.
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€ Sat(ph) == (u(1,4,a) + p(1,A,e) = 1) A (u(1, A a) > 0)
V(p(2,L,e)=1)

(A) Ni\" N2 (B8) P

FIGURE 2. Over-approximating difference Ni\* Ny of APAs N; and Ny from
Figure [T]and PA P such that P = Ny \* N3 and P |= Ns.

4.3. Under-Approximating Difference. We now propose a construction that instead
under-estimates the difference between APAs. This construction resembles the over-approx-
imation presented in the previous section, the main difference being that in the under-
approximation, states are indexed with integers which represent the maximal depth of the
unfolding of counterexamples. The construction is as follows.

Let Ny = (S1, A, L1, AP, V1, {s}}) and Ny = (S2, A, Lo, AP, V2, {s2}) be two determin-
istic APAs in SVNF such that Ny A No. Let K € N be the parameter of our construction.
As in Section if Vi(sd) # Va(sd), i.e. (s}, s3) in case 2, then [N1] N [Na] = 0. In this
case, we define Ny \K Ny as Ni. Otherwise, the under-approximation is defined as follows.

Definition 8. Let N1 \X Ny = (S, A, L, AP, V, SE), where S = S x (SoU{L}) x (AU{e}) x
{1,..., K}, V(s1,82,a,k) = V(s1) for all s9, a, k < K, SI = {(s},s2, f, K) | f € B(s,s2)},
and L is defined by:
o If s9 = 1L or e = ¢ or (s1,52) in case 1 or 2, then for all @ € A and ¢ € C(51)
such that Ly (s1,a,¢) # L, let L((s1,52,¢,k),a, o) = Li(s1,a,¢), with ¢ defined
below. For all other b € A and ¢ € C(S), let L((s1, s2,e,k),b, ) = L.
e Else we have (s, sziin case 3 and B(s1, s2) # 0 by construction. The definition of

L is given in Table [2| The constraints ¢+ and cp%k are defined hereafter.

Given a constraint ¢ € C(S7), the constraint - € C(S9) is defined as follows: p €
Sat(pt) iff Vs; € S1,Vso # L,Vb # &,Vk # 1,u(s1,52,b,k) = 0 and the distribution
(1 s1 = p(si, L,e,1)) is in Sat(p).

Given a state (s1,s2,e,k) € S with s3 # L and e # ¢ and two constraints ¢ € C(S1)
and @y € C(S2) such that Li(s1,e,01) # L and La(se, e, p2) # L, the constraint gof;’k €
C(S) is defined as follows: p € Sat(go%k) iff
(1) for all (s),sh,¢,k') € S, if p(s),sh,c,k’) > 0, then ¢ € B(s],sh) U {e} and either

sUCCs, (s)) =0, sh = L and k' = 1, or sh, = succs, ¢(s)),

(2) the distribution uq : s} — e AU{e} sy SoUl L k' >1 u(sy, sh, e, k') satisfies o1, and
(3) one of the following holds:

(a) there exists (s}, L, ¢, 1) such that p(s), L,¢,1) >0,

(b) the distribution g : s — D e AU{e} s, €51k >1 w(sh, sh, e, k') does not satisty g, or

(c) k # 1 and there exists s§ € Sy, s, € So, ¢ # ¢ and k' < k such that u(s), sh, ¢, k") > 0.
The construction is illustrated in Figure
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TABLE 2. Definition of the transition function L in Ny \K No.

e € N1, Ny N1 \X N, | Formal Definition of L
By (s1,52) T’ (,o o For all a # e € A and ¢ € C(S1) such
M that Li(si,a,0) # L, let L((s1,s0,¢,k),a,0%) =
of Li(s1,a,¢). In addition, let L((s1,s2,e,k),e,¢7) =
By(s1, 52) o ? ot T. For all other b € A and ¢ € C(5), let
! L((s1,52,€,k),b,0) = L.
o s (rroye ) Foralla € A and ¢ € C(S7) such that Ly(s1,a, ) # L,
By(s1, s2) J} o . let L((s1,s2,¢,k),a,¢0%) = Li(s1,a,¢). For all other
M be Aand p € C(5), let L((s1,s2,€,k),b,¢) = L.
For all a« # e € A and ¢ € C(C(S1) such
5 brge that Li(s1,a,90) # L1, let L((s1,s2,e k), a,0%) =
Be(s1,82) | | TT Li(s1,a,¢). In addition, let L((s1, s2,e€, k),e,gpﬁ’k) =
! - e ?.  For all other b € A and ¢ € C(5), let
L((81732a€>k)>b7 90) =1
Be(s1, 82) T wﬂp_f o For all a € A and ¢ € C(S}) such that Li(s1,a,p) #
M ' L (including e and 1), let L((sy1,s2,e,k),a,ot) =
. AN Li(s1,a,p). In addition, let L((Sl,SQ,@,k),@,(,OlBék) =
By(s1,52) T* . A T. For all other b € A and ¢ € C(9), let
o L((s1,s2,e,k),b,p) = L.

(a)

Ni\' Ny

pe Sat(phy?) <= (u(1,A,a,2) + p(1,A,a,1) + p(1, A2, 1) = 1)
Ap(l,4,a,1) > 0)
V(p(2,L,e,1)=1)

(B) N1 \2 N2

FIGURE 3. Under-approximations at level 1 and 2 of the difference of APAs
Np and Ny from Figure

4.4. Properties. We already saw in Theoremthat N7\* N3 is a correct over-approximation
of the difference of N1 by Ny in terms of sets of implementations. The next theorem shows
that, similarly, all N7 \® Ny are correct under-approximations. Moreover, increasing the
value of K improves the level of approximation, and eventually all PAs in [N1] \ [IV2] are
caught. (Hence in a set-theoretic sense, limg oo [N1 \& No] = [N1] \ [NV2].)
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Theorem 3. For all deterministic APAs N; and Ny in SVNF such that Ny A Na:
(1) for all K € N, we have N7 \¥ Ny < Ny \K+1 Ny,
(2) for all K € N, [[Nl \K NQ]] - [[Nl]] \ [[NQ]], and
(3) for all PA P € [N{] \ [N2], there exists K € N such that P € [N; \X Ny].

Note that item 3 implies that for all PA P € [N;] \ [IV2], there is a finite specification
capturing [N1]\ [IV2] “up to” P. The proof of the theorem is similar to the one of Theorem
(if somewhat more complicated) and available in appendix.

Using our distance defined in Section |3 we can make the above convergence result more
precise. We first need a lemma comparing Ny \%t Ny with Ny \%2 N, for K} < K.

Lemma 4. Let Ny = (S1,4, L1, AP, Vi,{s}}) and Ny = (Sa, A, Ly, AP, Va,{s}) be two
deterministic APAs in SVNF such that N £ No. Let 1 < K7 < K5 be integers. Then
d(N1 \2 Ny, N1 \ Kt Np) < AFr,

Proof. Let Ny \%i Ny = N* = (8%, A, L', AP,V T§). We first remark that for all (s1, s2, ) €
S1 x (S2U L) x (AUg) and for all k < K7, the distance between the states (s1, s2,¢, k)t € St
and (s, s2,e, k)2 € S? is 0. Indeed, if k is the same in both states, then they are identical
by construction.

We now prove by induction on 1 < ky < K7 and ky < kg < K that

d((s1,52,€,ka)?, (51,59, €,k1)') < AP

e Base case: k; = 1. By construction, t; = (s1,52,¢,k1)! and ta = (s1, 52, €, k2)?

have the same outgoing transitions. The only distinction is in the constraints go%l

and go%kz when e € By, r}(s1,82). Thus, t1 and t3 are compatible, and

max min AD 2 n1 (¢, 0, d)
a,p':L2(t2,a,")#L oL (t1,0,0)# L ’ e

max min AD 2y (4,0/ 0. d
avW:Ll(t17a7¢):T LP/:LQ(t27a,<p’):T ) » )

d(te,t1) = max

Moreover, we know by construction that Dy N1 (@ p,d) <1 forall ¢ and p. As a
consequence, d(ta, t1) < A= A1,

e Induction. Let t; = (s1,82,6,k1)! and to = (s1,89,¢€,k2)%, with 1 < k1 < ko.
Again, if e ¢ Bc(s1,s2) U Be(s1,52) U By(s1,52), then ¢; and ty are identical by
construction and the result holds. Otherwise, the pair of constraints for which the
distance is maximal will be constraints goﬁ’kl € C(S') and gp%kQ € C(S?). Assume
that d((s1, 52, ¢, k5)?, (51,59, €,k})1) < X1 for all Ky < k; and k) < k) < Ky. By
definition, we have

Bks Bki
DNQ,Nl(SDm y P19 7d)_

sup inf D na(th)d(th, ty)d(th, )

B,k B,k1
#2€Sat(<pl2 2) 5€RD(H274P12 ) té,t/1652><51
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Consider the function 6 : S2 x S1 —

0((sh, s, f, k3), (51, 55, f', k1))

17

[0, 1] such that

(

1 ifsi=sinsh=s5Nf =Ff
AR, = k) A K < Ky

1 ifsh=sinsh=shANf=Ff
/\ki:kl—l/\klgké

\ 0 otherwise

Let ps € Sat(ap%’kz’). One can verify that 0 € RD(ue, gp%kl) as follows:
(1) Let t, = (s}, s, f, k) be such that pa(th) > 0. By definition, we always have

Zt/lesl 5(t5,t7) = 1.

(2) 6 preserves all the conditions for satisfying @%Iw, In particular, all states t, =
(s, sh, f, k5)? such that ki < ko are redistributed to states (s, sh, f, k})! with
ki < ki. As a consequence, the distribution g : t} — 2 tes? p2(th)d(th, th)

satisfies gog’kl :

As a consequence, for all s € Sat(ap%b), we have

2.

th,th €S?x St

2

(8/1,3’27]",]{;’2)652
k‘/2<k‘1

D

(sl17sl2’f7k/2)632
k1 <kl

2

(1,85, f,k5) €5
k1 <k,

2

(1,85, f,k5) €5
k1 <k,

inf
B,k
SERD(p2,¢75 )

<

<

<

(the next-to-last step by induction).
Since this is true for all us € Sat(gp%kQ), we have D2 1 (@%IQ, (p%kl d) < At
Finally, we have d(te,t1) < MNF1=1 = \F \which proves the induction.

For any state t3 = (s, s3, e, K2) € T¢, there exists a state t} = (s}, s3, e, K1) € T§ such

that d(t3,t}) < A1 As a consequence, we have d(Ny \52 Ny, Ny \K1 Np) < A1,

12 (t5)8(t5, th)d(th, 1)

pa(sh, sh, £, k5)dA((sh, b, f.Kkb)2, (81, sh, £, Kh)Y)

:U’Q(Sll’ 8/27 f7 ké)d((sllv 5/27 f7 kl2)27 (8/17 3/27 f7 kl - 1)1)

pa(sh, shy £, KS)A((5Y, by foKkb)2, (87, b, k1 — 1))

pa(sh, s, fLRp) N TE < AR

U

The next proposition then shows that the speed of convergence is exponential in K;
hence in practice, K will typically not need to be very large.

Proposition 5. Let Ny and Ny be two deterministic APAs in SVNF such that N7 A No,
and let K € N. Then d;([N1] \ [Nz], [N1 \ ¥ No]) < AE(1 - N)~L.
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Proof. By Lemma |4 we know that d(Ny \L*' No, N1\ No) < AF for each L, hence also
de([N7 \F*1 No], [N \* N2]) < A for each L by Proposition Applying the triangle
inequality and continuity of d;, we see that

di([Ni]\ [N2], [N0\S Na]) < g (INI]\ [Na], N1 \ M Ne])
+ di([NL\FH N [N\ NVa])
< lim dy([N1] \ [Na], [N2 \" Vo))

+ 3 de([N N [N\ N
=0

T = 1-A
[

For the actual application on hand however, the particular accumulating distance d we
have introduced in Section [3] may have limited interest, especially considering that one has
to fix a discounting factor for actually calculating it. What is more interesting are results
of a topological nature which abstract away from the particular distance used and apply to
all distances which are topologically equivalent to d. The results we present below are of this
nature.

It can be shown, cf. [45], that accumulating distances for different choices of A\ are
topologically equivalent (indeed, even Lipschitz equivalent), hence the particular choice of
discounting factor is not important. Also some other system distances are Lipschitz equiva-
lent to the accumulating one, in particular the so-called point-wise and mazimum-lead ones,
see again [45)].

Theorem 6. Let N1 and Ny be two deterministic APAs in SVNF such that Ny £ N.
(1) The sequence (N1 \® No)xen converges in the distance d, and limg oo d(N7 \*
Na, N1 \K Ny) =0.
(2) The sequence ([N1 \® Na])ken converges in the distance dg, and limg .o d ([N1] \
[No], [N1\* No]) = 0.

Proof. Let Ny = (S1,A, L1, AP, Vi,{s}}) and Ny = (Sa, A, Ly, AP, V5, {s3}) be two deter-
ministic APAs in SVNF such that Ny A Ns.
1. The proof of the convergence of both sequences (N1 \¥ Na)x and ([N1 \X Na])x is done

as follows. Let € > 0. Since A < 1, there exists K € N such that AX < e. As a consequence,
by Lemma @, we have that for all K < K7 < Ko,

d(Ny \2 No, Ny \ Bt Np) < A1 <0\ <

The sequence (N1 \% No) is thus bi-Cauchy (i.e. both forward-Cauchy and backwards-
Cauchy) in the sense of |9]. Hence, because of Proposition |1} the sequence (of sets of PA)
([N1 \¥ N3])k is also bi-Cauchy. The other two items show that they converge.

2. Theorem shows that the sequence ([N7\X Na]) ¢ converges in a set-theoretic sense (as a
direct limit), and that lim g o0 [N1\ No] = [N1]\[N2]. Hence d¢([N1]\[N2], limg o0 [N1\ 5
Ns]) = 0, and by continuity of dy, limg oo de([N1] \ [N2], [N1 \& N2]) = 0.
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3. Finally, we prove that limg oo d(N1 \* N2, Ny \ No) = 0. This proof is very similar to
the proof of Lemma 4| above: we can show that the distance between Nj \* No and Ny \K Ny
is bounded as follows:
d(Ny \* No, Ny \F No) < A

Let Ny\\K Ny = NK = (SE A, LE AP, VE TE) N\\*Ny = N* = (S*, A, L*, AP, V*,T¢).
We start by proving by induction on 1 < k£ < K that for all (s1, s2,e) € S1x (SaUL)x (AUe),
we have d((s1, s2,¢€)*, (51,52, €,k)) < A¥. The only difference with the proof of Lemma 4| is
in the choice of the function 6 : S* x SX — [0,1] in the induction part. Here, we choose §
as follows:

S((s) 5 £). (L 1 K)) — {1 if o) = s{Ash=sf A = f AR =k -1
0 otherwise

The rest of the proof is identical, and we obtain that for all 1 < k
(51,82,€) € S1 x (SaU L) x (AU«¢), we have d((s1, s2,¢)*, (51, 52, ,k)) < AF. In particular,
this is also true for initial states. As a consequence, for all states t; = (s%,s(l),e) e 17,
there exists a state t& = (s},s3,e, K) € T4 such that d(t§,tX) < A, hence we have
d(N1\* No, N1\ Np) < AE | so that limg oo d(N7 \* N2, N1 \K N3) = 0. O

Recall that as d and d; are not metrics, but only (asymmetric) pseudometrics (i.e. hemi-
metrics), the above sequences may have more than one limit; hence the particular formu-
lation. The theorem’s statements are topological, as they only allude to convergence of
sequences and distance 0; topologically equivalent distances obey precisely the property of
having the same convergence behavior and the same kernel, cf. [1].

The next corollary, which is easily proven from the above theorem by noticing that its
first part implies that also limg e di([N1\* Na], [N1\ X N2]) = 0, shows what we mentioned
already at the end of Section with respect to the distance d, N1 \* N3 is a best possible
over-approximation of [N1] \ [N2].

Corollary 7. Let N; and Ny be two deterministic APAs in SVNF such that Ny A Ns.
Then dt([[Nl \* NQ]], [[Nl]] \ [[NQ]]) =0.

< K and for all

Again, as d; is not a metric, the distance being zero does not imply that the sets
[N1\* Na] and [N1] \ [IV2] are equal; it merely means that they are indistinguishable by the
distance d¢, or infinitesimally close to each other.

5. COUNTER-EXAMPLE GENERATION

Here we show how some techniques similar to the ones we have introduced can be used to
generate one counterexample to a failed refinement N; A Ns. Note that when we compute
the approximating differences Ny \* N2 and N; \K Ny, we are in principle generating (ap-
proximations to) the set of all counterexamples, hence what we do in Section 4| is much
more general than what we will present below. Generating only one counterexample may
still be interesting however, as it is somewhat easier than computing the differences N1 \* Na,
N; \¥X Ny and is all that is needed in a CEGAR approach.

First remark that Definition [4] can be trivially turned into an algorithm for checking
refinement. Let Ny = (S1, 4, L1, AP, Vi, {s}}) and Ny = (Sa2, A4, Lo, AP, V2, {s2}) be two
deterministic APAs in SVNF. Consider the initial relation Rg = S7 x S3. Compute Rp41
by removing all pairs of states not satisfying Definition | for Ry. The sequence (R )nen
is then strictly decreasing and converges to a fixed point within a finite number of steps
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K < |S1 x Ss|. This fixed point Ri coincides with the maximal refinement relation R
between N; and Na. Let the index of this fixed point be denoted with Ind(R) = K hence
Indr(s1, s2) = min(max({k | (s1,s2) € Ri}), K).

We now observe that if a pair of states (s1, s2) is removed from the relation R by case 3,
then we need to keep track of the actions that lead to this removal in order to use them in
our counterexample. Whenever a pair of states is in cases 3.a, 3.b, 3.d or 3.e, we have that
Indz (s1,s2) = 0 and the counterexample can be easily produced by allowing or disallowing
the corresponding transitions from N7 and No. Cases 3.c and 3.f play a different role: due
to the fact that they exploit distributions, they are the only cases in which refinement can
be broken by using its recursive axiom. In these cases, producing a counterexample can be
done in two ways: either by using a distribution that does not satisfy the constraints in No
(if such a distribution exists, then Indz(s1,s2) = 0), or by using a distribution that reaches
a pair of states (s}, s5) ¢ R. When 0 < Indg(s1,s2) < Ind(R), only the latter is possible.
This recursive construction has disadvantages: it allows us to produce loops that may lead
to incorrect counterexamples. In order to prevent these loops, we propose to use only those
distributions that decrease the value of Ind in this particular case. The set Break(si, s2)
defined hereafter allows us to distinguish the actions for which the value of Ind decreases,
hence ensuring (by Lemma [8 below) the correctness of our counterexample construction.
Let (s1,s2) € S1 x S be such that Vi(s1) = Va(s2) and Indg(si,s2) = k < Ind(R). We
define

Break(sl, 82) = {a €A | a <€ Ba,b,d,e(Sh 82), or
Jp1 € C(S1),g02 S C(SQ)7M1 S Sat(gol) :

Ly(s1,a,01) # L, La(s2,a,2) # L,V € Sat(p2) : 1 Er,, po}

Remark that the conditions for Break above are exactly the conditions for removing a
pair of states (s1,s2) at step k of the algorithm for computing R defined above. Under the
assumption that Vi(s1) C Va(s2) and Indg(s1,s2) = k < Ind(R), we can be sure that the
set Break(si, s2) is not empty. Moreover, we have the following lemma.

Lemma 8. For all pairs of states (s1,s2) in case 3 and for all actions e € (B.(s1,s2) U
By(s1,s2)) NBreak(sy, s2), there exist constraints ¢1 and 2 such that Li(s1,e,¢1) # L and
Lo(s2,e,p2) # L and a distribution u; € Sat(¢1) such that

(1) 3s} € S1 such that pi(s)) > 0 and succs, (s}) = 0,

(2) 17 : (sh Z{s’lesl|s’2:succ52,e(s’1)} p1(sy)) & Sat(gs), or

(3) 3} € Sy, € Sy such that p(s)) > 0,s5 = succs,(s)) and Indg(s),ss) <

Indg (s1, $2).

Proof. Let R be the maximal refinement relation between N; and Ny and let (s1,s2) €
S1 x So such that (s1,s2) is in case 3, i.e. (s1,52) ¢ R and Vi(s1) = Va(s2). Let e € A such
that e € (B.(s1,52) U By(s1,52)) N Break(s1, s2).

Since e € Bc(s1,52) U Bf(s1,52), there exists ¢1 € C(S51) and o € C(S2) such that
either La(sg,€,¢2) = T and Li(s1,e,01) = T or La(sa,e,92) =7 and Li(s1,e,¢1) # L. As
a consequence, since e € Break(sy, s2), we have that

I € Sat(pr), Ve € Sat(pa), 1 Er,, 12 (5.1)

Let K be the smallest index such that Rg = R. By construction, we know that

Indg(s1,82) = k < K, i.e. (s1,82) € Ry and (s1,82) ¢ Ry41. Consider the distribution p;
given by |D above. We have that Yuo € Sat(p2) : V corresp. 0 : g gé%k 1. Consider the
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TABLE 3. Definition of the transition function L in P.

e e Ny, No P Formal Definition of L
Ba(Sh 82) Tﬁb e (s1,52)
A Let ¢1 € C(S7) such that Li(s1,e,01) # L and let
- ¢ w1 be an arbitrary distribution in Sat(pi). Define
s, § L D) =T.
Bb(Sl,Sg) ui ((51752)767M1 )
v
Ba(s1, 52) J} o (51,5
- For all u € Dist(S), let L((s1,s2),e, ) = L.
o o
Be(817 32) iﬂb o, T
v
S s Let ¢1 € C(S1) and @9 € (C(S2) such that
Bc(s1,52) T"'{””r::l (s1,52) Li(s1,e,01) # L and La(se, e, p2) # L.
poF e . e If e € Break(sy, s2), then let p; be the distribu-
v tion given in Lemma
3 6 o L e Else, let p; be an arbitrary distribution in
£ls1,52) T T Sat(p1) such that Vus € Sat(p2), 1 Er po.
tn In both cases, let L((s1,82),e,11) = T.

function ¢ such that (s}, sh) = 1 if s5 = succs, (s]) and 0 otherwise. There are several

cases.

o If there exists s§ € S1 such that p1(s}) > 0 and succs, ¢(s}) = 0, then the lemma is
proven.
e Else, § is a correspondence function. Since Vg € Sat(yp2), 11 R, 2, we know that
either (1) pg : sh — 25,1651 p1(s))d(s, sh) does not satisty ¢a, or (2) there exists s}
and s}, such that pi(s)) >0, 6(s},s5) > 0 and (s}, s5) ¢ Ry.
(1) Assume that pg : sh — Zs’lesl p1(sh)d(sy, s5) does not satisfy ¢o. Remark that

the function p? from Lemma [8|is equal to up defined above. As a consequence,

ui & oo

(2) Otherwise, assume that there exists s} and s/, such that p;(s}) > 0, §(s}, s5) > 0
and (s7,s5) ¢ Ry. Since (s],s5) ¢ R, we have that Indg(s],s)) < k. As a
consequence, there exists s} € Si, s}, € Sy such that u1(s)) > 0, s, = succs, ¢(s])
and Indg (s}, s5) < Indr(s1, s2). L]

In other words, the above lemma ensures that a pair (s}, s5) such that Indg (s}, s5) =0
can be reached within a bounded number of transitions for all pairs of states (si,s2) in
case 3. As explained above, this is a prerequisite for the correctness of the counterexample
construction defined hereafter.

We now propose a construction to build counterexamples. Let Ny = (S1, A, L1, AP, Vi, {s}})
and Ny = (S2, A, Lo, AP, V3, {sg}) be deterministic APAs in SVNF such that N7 A Ns. Let
R be the maximal refinement relation between N7 and Ns.
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Definition 9. The counterexample P = (S, A, L, AP, V, s¢) is computed as follows:
e 5=5x (S2 U {J—})v 50 = (5(1))5(2))a
o V(s1,89) = v € 247 such that Vi(sy) = {v} for all (s, s2) € S, and
e L is defined as follows. Let (s1,s2) € S.

— If (s1,s2) in case 1 or 2 or s = L, then for all a € A and ¢; € C(S}) such
that Li(s1,a,p1) = T, let py be an arbitrary distribution in Sat(¢1) and let
L((s1,82),a,pu1) = T with ui € Dist(S) such that pi(s],sh) = ui(s}) if
sh = 1 and 0 otherwise.

— Else, (s1,s2) is in case 3 and B(s1,s2) # 0. For all @ € A\ B(s1,s2) and

1 € C(S1) such that Li(s1,a,91) = T, let py be an arbitrary distribution in
Sat(p1) and let L((s1,s2),a, i) = T, with pi- defined as above.
In addition, for all e € B(sy, s2), let L((s1, $2),e,.) be defined as in Table In
the table, given constraints ¢ € C'(S1) and w2 € C(S2) such that Li(s1, e, p1) #
1 and La(s2,e,p2) # L, and a distribution p; € Sat(e1), the distribution
f1 € Dist(S) is defined as follows: py(s),s5) = pi(s1) if sh = succs, ¢(s)) or
SUCCs, ¢(s]) = 0 and sf = L, and 0 otherwise.

Theorem 9. The counterexample PA P defined above is such that P = N and P [~ Ns.

The proof of the theorem is similar to the one of Theorem [2| and available in appendix.

6. CONCLUSION

We have in this paper added an important aspect to the specification theory of Abstract
Probabilistic Automata, in that we have shown how to exhaustively characterize the dif-
ference between two deterministic specifications. In a stepwise refinement methodology,
difference is an important tool to gauge refinement failures.

We have also introduced a notion of discounted distance between specifications which
can be used as another measure for how far one specification is from being a refinement of an-
other. Using this distance, we were able to show that our sequence of under-approximations
converges, semantically, to the real difference of sets of implementations, and that our over-
approximation is infinitesimally close to the real difference.

There are many different ways to measure distances between implementations and spec-
ifications, allowing to put the focus on either transient or steady-state behavior. In this
paper we have chosen one specific discounted distance, placing the focus on transient be-
havior. Apart from the fact that this can indeed be a useful distance in practice, we remark
that the convergence results about our under- and over-approximations are topological in
nature and hence apply with respect to all distances which are topologically equivalent to
the specific one used here, typically discounted distances. Although the results presented
in the paper do not hold in general for the accumulating (undiscounted) distance, there are
other notions of distances that are more relevant for steady-state behavior, e.g. limit-average.
Whether our results hold in this setting remains future work.

We also remark that we have shown that it is not more difficult to compute the difference
of two APAs than to check for their refinement. Hence if a refinement failure is detected
(for example by using the methods in the APAC tool [21]), it is not difficult to also compute
the difference for assessing the reason for refinement failure. For the class of APAs with
polynomial constraints, which is the one implemented in APAC, refinement checking can be
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done in time quadratic in the number of states and doubly-exponential in the number of
constraints [20]; in APAC, the Z3 solver [16] is used for operations on constraints.

One limitation of our approach is the use of deterministic APAs. Even though deter-
ministic specifications are generally considered to suffice from a modeling point of view [35],
non-determinism may be introduced for example when composing specifications. Indeed,
our constructions themselves introduce non-determinism: for deterministic APAs Ni, No,
both Ny \* Ny and Ny \K Ny may be non-deterministic. Hence it is of interest to extend
our approach to non-deterministic specifications. The problem here is, however, that for
non-deterministic specifications, the relation between refinement and inclusion of sets of
implementations N1y < Ny <= [N1] C [N2] breaks: we may well have N7 A Nz but
[N1] C [V2], cf. [18]. So the technique we have used in this paper to compute differences
will not work for non-deterministic APAs, and techniques based on thorough refinement will
have to be used.

As a last note, we wish to compare our approach of difference between APA specifications
with the use of counterezamples in probabilistic model checking. Counterexample generation
is studied in a number of papers [2,4,[11}25/281130,33,42,48./49|, typically with the purpose of
embedding it into a procedure of counterexample guided abstraction refinement (CEGAR).
The focus typically is on generation of one particular counterexample to refinement, which
can then be used to adapt the abstraction accordingly.

In contrast, although we propose a construction for building single counter-examples, our
main focus is on computing APA difference, i.e. generating a representation of all counterez-
amples. Our goal is not to refine abstractions at system level, using counterexamples, but to
assess specifications. This is, then, the reason why we want to compute all counterexamples
instead of only one. Our work is hence supplementary and orthogonal to the CEGAR-type
use of counterexamples: CEGAR procedures can be used also to refine APA specifications,
but only our difference can assess the precise distinction between specifications.
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APPENDIX: PROOF OF THEOREM [3]

Proof of Theorem[3 For the first claim, consider the relation R C (S1 x (S U {Ll}) x
(Au{e}) x{1,...,K}) x (S1 x (S2 U{L}) x (Au{e}) x{1,...,K + 1}) such that R =
{((s}, 83,6, K), (s{, 83,6, K + 1)) | e € B(s},s3)} U Rig, where Riq denotes the identity
relation. One can verify that, by construction, R is a refinement relation witnessing Ny \
Ny < Ny \E+L Ny,

Let Ny = (S1,A, L1, AP, V1, {s}}) and Ny = (So, A, Lo, AP, Va,{s2}) be deterministic
APAs in single valuation normal form such that Ny A No. Let R be the maximal refinement
relation between N7 and Ns.

1. We first prove that for all K € N, [N\ No] C [N1]\ [N2]. If Va(s}) # Va(s?), then for
all K € N, we have N; \K No = Np and the result holds.

Otherwise, assume that (s}, s3) is in case 3 and let K € N. We have N; \X Ny =
(S, A, L, AP, V, SK) defined as in Section Let P = (Sp,A,Lp, AP, Vp,sl) be a PA
such that P = Ny \K Ny. Let R\C S p xS be the associated satisfaction relation and let
f € B(s}, s3) be such that s§ R\(s},s3, f, K). We show that P = Nj and P} Ny.

We start by proving that P = N;. Consider the relation Ry C Sp x S; such that
pRi1s1 <= sy € (SoU{L}),Tec (AU{e}),In < K s.t. pR\(s1, s, e,n). We prove that
R1 is a satisfaction relation. Let p, s1, so,e,n such that pRy s; and pR\(sl, S9,€,m).

e By construction, we have Vp(p) € V((s1,s2,€e,n)) = Vi(s1).

e Let a € A and pup € Dist(Sp) be such that Lp(p,a,up) = T. By R\, there exists
¢ € C(S) such that L((s1,s2,e,n),a,¢) # L and there exists u € Sat(p) such that
Hp Ep\ p

If s9 = L ore =cora# e, then by construction of Ny \¥ No, there exists

@1 € C(S1) such that ¢ = @i and Li(s1,a,¢1) # L. As a consequence, the
distribution p J1: 8§ — p(s), L,e,1) is in Sat(¢1) and it follows that pp Er, p 1.

Otherwise, assume that s € S3, e € A and a = e. There are several cases.

— If e € Bgy(s1,52) U By(s1,s2), then by construction of N; \K Ny, there exists
©1 € C(S1) such that Lq(s1,e,¢1) # L and ¢ = ¢i. As above, we thus have
pp ERy H1.

— Else, if e € Be(s1,s2), then there exists ¢1 € C(S1) and ¢a € C(S2) such
that Li(s1,e,¢1) =7 and La(s2,e,p2) = T. Moreover, ¢ is of the form (p%,
and p/ € Sat(pL) implies that the distribution p) such that pf : s} —
ZceAu{a},s’QeSQU{L},k'zl wu(sy, sh, e, k') satisfies 1. Thus, the distribution p; :
s — ZceAu{a},s;eSQU{L},k'zl wu(sy, sh, e, k') satisfies ¢1. Let 6 : Sp — (S1 —
[0,1]) be such that d;(p')(s}) = 1if pp(p’) > 0 and s} = succs, (p’) and 0 other-
wise. By construction, d; is a correspondence function and we have upd; = p1.
Thus there exists 1 € Sat(pi) such that up Er, 1.

— Finally, if e € Bc(s1,52) U B(s1,52), then there exists ¢1 € C(S1) such that
L(s1,e,1) # L, and either ¢ = gpf or p = go% as in the case above. In both
cases, as proven before, there exists 1 € Sat(¢1) such that pp €r, 1.

e Let a € A and ¢ € C(S7) such that Li(s1,a,¢1) = T.
If sy = L or e =€ or a # e, then by construction of Ny \¥ Ny, the constraint @i
is such that L((s1,s2,e,n),a,p1) = T. As a consequence, there exists a distribution
pup € Dist(Sp) such that Lp(p,a,up) = T and there exists u € Sat(pi) such
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that up €p\ p. Moreover, by construction of <p1L, the distribution u |1: s —
wu(sy, L,e,1) is in Sat(py) and it follows that up Er, u 1.

Otherwise, assume that sy € So, ¢ € A and a = e. Since Li(s1,a,p1) = T, (51, 52)
can only be in cases 3.a,3.c or 3.f. As a consequence, e € B,(s1,$2) U B(s1,52) U
By(s1, 82). By construction, in all of these cases, we have L((s1, s2,e,n),a,¢1) = T.
Thus, there exists a distribution pup € Dist(Sp) such that Lp(p,a,up) = T and
there exists p € Sat(y1) such that pp €5\ p. As above, it follows that pp €g, p l1.

Finally, R, is a satisfaction relation. Moreover, by hypothesis, we have SOP R\(s(l), 8(2), LK),
thus s{’ Ry s{ and P |= Ny,

We now prove that P [~ No. Assume the contrary and let Ro C Sp x Sy be the smallest
satisfaction relation witnessing P = N (i.e. containing only reachable states). We prove
the following by induction on the value of n, for 1 < n < K: Vp € Sp,s9 € Sy, if there
exists s1 € S1 and e € A such that pT\’,\(sl, s9,e,m), then (p, s2) ¢ Ra.

e Base Case (n = 1). Let p, s1, 2, € such that pR\(Sl,SQ,e, 1). If e € By(s1,52) U
By(s1,s2) U Bg(si1,s2), then by construction there is an e transition in either P
or Ny that cannot be matched by the other. Thus (p,s2) ¢ R2. The same is
verified if e € Be(s1,s2) and there is no distribution up € Dist(Sp) such that
Lp(p,e,up) =T.

Otherwise, e € Be(s1,52) U Bc(s1,52) U By (s1,52) and there exists up € Dist(Sp)
such that Lp(p,e,up) = T. Let ¢1 € C(S1) and @2 € C(S2) be the corresponding
constraints in Ny and No. Consider the corresponding constraint 4,0%1 € C(S). By

R\, there exists uw e Sat(go%l) such that up €5\ p. By construction of 90%1, we
know that either (3.a) there exists (s}, L,e,1) such that u(s}, L,e,1) > 0 or (3.b)
the distribution pg : s§) — ZceAu{s},s’lesl,k'zl p(sh, sh, e, k') does not satisfy o.
If there exists (s}, L,e,1) such that u(s}, L,e,1) > 0, then there exists p’ € Sp
such that pp(p’) > 0 and succs, (p) = 0. Thus there cannot exists pu5 € Sat(ps2)
such that pp Eg, ph. Otherwise, by determinism of Na, we know that the only
possible correspondence function for pp and Ro is d2 : Sp — (S2 — [0,1]) such
that d2(p)(sh) = 1 if s, = succs, (p’) and 0 otherwise. By construction, we have
pupdy = po and thus there is no distribution ph € Sat(pz2) such that up Er, ph.
Consequently, (p, s2) ¢ Ro.

e Induction. Let 1 < n < K and assume that for all & < n, for all p’ € Sp,s,, €
So, whenever there exists s§ € S1 and e € A such that p/ R\(s’l,s’Z,e, k), we have
(P, sh) ¢ Ra. Let p, s1, s2, e such thatpR\(sl, so,e,n). If e € By(s1, $2)UBp(s1, $2)U
By(s1,s2), then by construction there is an e transition in either P or Ny that cannot
be matched by the other. Thus (p,s2) ¢ R2. The same is verified if e € Be(s1, $2)
and there is no distribution pp € Dist(Sp) such that Lp(p,e,up) = T. Else,
e € Be(s1,s2) U Be(s1,52) U Bf(s1,s2) and there exists up € Dist(Sp) such that
Lp(p,e,up) = T. Let o1 € C(S1) and p2 € C(S2) be the corresponding constraints
in N1 and Ns.

Consider the corresponding constraint gog’n € C(S). By R\, there exists p €
Sat(cp%n) such that pp €\ p. By construction of @%", we know that either
(3.a) there exists (s}, L,c,1) such that p(s), L,e,1) > 0 or (3.b) the distribution
W2t Sh > ZceAU{E}7536517k,21 u(sy, sh, ¢, k') does not satisfy pg, or (3.c) there exists
sy € Si, sh € Sz, ¢ # ¢ and k < n such that u(s),s5, ¢, k) > 0. If case (3.a) or
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(3.b) holds, then as in the base case, there is no distribution uy, € Sat(p2) such
that up €gr, ph. Otherwise, if (3.c) holds, then there exists p’ € Sp such that
up(p’) > 0and p/ R\(s’l, sh, ¢, k). By induction, we thus know that (p/, s5) ¢ Ro and
by construction and determinism of Ny, we have that succs, (p') = {s5}. Thus there
is no distribution uh, € Sat(p2) such that up g, wh. Consequently, (p, s2) ¢ Ro.

By hypothesis, we have s, R\(so, s2, f,K). As a consequence, we have that (s{’,s3) ¢
Rz, implying that P & Ns.

2. We now prove that for all PA P € [N;] \ [N2], there exists K € N such that P €
[N \E No]. If Vi(sd) # Va(s?), then for all K € N, we have Ny \® Ny = N; and the result
holds.

Otherwise, assume that (s}, s2) is in case 3. Let P = (Sp, A, Lp, AP, Vp,s{’) be a PA
such that P = Ny and P [~ Nj. Let Ry be the satisfaction relation witnessing P = N; and
R2 be the maximal satisfaction relation between P and No. Assume that R is computed as
described in Section[f] Let Indr, be the associated index function and let K be the minimal
index such that Rogx = Ro. We show that P = N1\®X Ny. Let Ni\XNy = (S, A, L, AP, V, Sp)
be defined as in Section 4.3

Let R\ C Sp x Sy be the relation such that
(pRis1) and (s2 = L) and (e =¢) and (k = 1)
(pR1s1) and (p, s2) in case 1 or 2 and (e = ¢)
and (k =1)

(pR1s1) and (p, s2) in case 3 and (e € Break(p, s2))
and (k = Indg,(p, s2) + 1)

Remark that whenever (p, s2) is in case 3, we know that Indgz, (p, s2) < K, thus Indg, (p, s2)+
1< K.

We prove that R\ is a satisfaction relation. Let pR\(sl, so,e, k). If s9 = 1L ore=c¢,
then since pR1 s1, R\ satisfies the axioms of a satisfaction relation by construction.

Else we have sy € Sy and e # ¢, thus, by definition of R\, we know that (p, s2) is in
case 3. The rest of the proof is almost identical to the proof of Theorem [2| In the following,
we report to this proof and only highlight the differences.

e By construction, we have Vp(p) € Vi(s1) = V((s1, 52, €, k)).
o Let a € A and pp € Dist(Sp) such that Lp(p,a, up) = T. There are several cases.
— Ifa#e, or a=e € By(p, s2), the proof is identical to the proof of Theorem
— Else, we necessarily have a = e € B.(p,s2) U Bf(p,s2). Remark that, by
construction, Be(p, s2) C Bc(s1,52) and Bf(p,s2) C By(s1,52). Since p Ry s1,
there exists ¢1 € C(S1) such that Li(s1,e,¢1) # L and there exists pu; €
Sat(p1) and a correspondence function 6; : Sp — (S1 — [0,1]) such that
mp @%1 H1-
Moreover, by construction of Nj \K N>, we know that the constraint gof;’k is
such that L((s1, s2,e€, k),e,g@%k) =T.
We now prove that there exists p € Sat(cp%k) such that pp €\ p. Consider
the function § : Sp — (S — [0,1]) defined as follows: Let p’ € Sp such that
pp(p’) > 0 and let s§ = succs, ((p'), which exists by R;.
« If succs, «(p') = 0, then §(p') (s}, L,e,1) = 1.
« Else, let s5 = succs, ¢(p"). Then,
~if (p/, 85) € Ra, then 6(p)(s], sh,¢,1) = 1.

pR\(Sla 52,6, k) —

or
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- Else, (p/,s}) is in case 3 and Break(p/,sh) # 0. In this case, let
¢ € Break(p/, sb) and define §(p/, (s}, sh, ¢, Indgr, (¢, s5) + 1)) = 1.
For all other ¢ € A and 1 < ¥ < K, define §(p/, (s, 85, ¢, k")) = 0.
Remark that for all p’ € Sp such that up(p’) > 0, there exists a unique s’ € S’
such that §(p')(s’) = 1. Thus § is a correspondence function.
We now prove that = upd € Sat(cpg’k).

(1) Let (s}, sh,¢,k") € S such that u(s], sh, ¢, k') > 0. By construction, there
exists p’ € Sp such that pp(p’) > 0 and 6(p')(s], sh, ¢, k') > 0. Moreover,
c € B(s),sh) U{e}, s5 = L if succs,e(s]) = 0 and sy = succs, e(s])
otherwise.

(2) Consider the distribution ) : s} — ZceAu{a},s;eSQU{L},k'zl w(sy, sh, e, k).
By determinism (See Lemma 28 in [10]), we have that 61 (p’)(s]) =1 <~
sh = (succ)s, «(p'). As a consequence, we have that pj = pd; = py €
Sat(p1).

(3) Depending on k, there are 2 cases.

« If k > 1, assume that for all p’ € Sp such that pp(p’) > 0, we have
succs, ¢(p') # 0 (the other case being trivial). Since ¢ € (Be(p, s2) U
B¢ (p, s2)) N Break(p, s2) by R\, we can apply Lemma [8| As a con-
sequence, either (2) pf : (s — Zp’ePls’Q:succSM(p') up(p)) does
not satisfy o9, or (3) there exists p’ € Sp and s, € Sy such that
pp(p') >0, sh = succs, «(p') and Indg, (P, s5) < Indg, (p, s2).

In the first case (2), consider the distribution ps defined as follows:

M2 - 5/2 — Z :U’(Slla 5/23 ) k/)
ceAU{e},s] €51,k >1
We have the following: for all s, € Sa,

/1’2(5/2) = Z M(Sllvsl%cv k/)

ceAU{e},s] €51,k >1

— 3 > up@)s@)(sh, sh, ¢, k)

c€AU{e},s1€S1,k'>1 p'ESP

= > up(p) > 3(p') (s}, s, ¢, k)

p'€Sp ceAU{e},s] €51,k >1
= > pp(p)3(p)((succs, o (p), 55, c,
P/ ESp|sy=succs, c(p') Indr, (p, s5))
for ¢ € Break(p/, s) fixed as above
= > pp(p') = pi(sh)
p'€Sp|sh=succs,,e(p’)
As a consequence, g ¢ Sat(p2) and p € Sat(np%k).
In the second case (3), we have 6(p')((s), sh,¢,k")) > 0 for s§ =

succs, (p'), ¢ € Break(p/, 5) fixed above, and k' = Indg, (p/, sh) +1 <
Indg, (p, s2)+1 = k. As a consequence, we thus have u(s}, sh, ¢, k') >

0 for ¥ < k and ¢ # ¢, thus p € Sat(gpﬁ’k).
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* On the other hand, if k¥ = 1, then Indg,(p,s2) = 0 and either (1)
there exists p’ € Sp such that pp(p’) > 0 and succs, ((p') = 0, or
(2) the distribution pf : (sh — Zp’eP|s’2:succ52,e(p') pp(P')) ¢ 2. In
both cases, as above, we can prove that u € Sat(golQB’k.
In both cases, we have p € Sat(gp%k).
We thus conclude that there exists p € Sat(gpg’k) such that pp €4\ p.

e Let a € A and ¢ € C(S) such that L((s1,s2,€),a,¢) = T. As in the proof of
Theorem [2, there are several cases that all boil down to the same arguments as
above.

Finally, R\ is a satisfaction relation: Let ¢ € Brea kR, (sd’,s2) and consider the relation
R\ = R\ U{(sd’, (s$,83,¢,K))}. Due to the fact that K > Indg,(s?, s2), one can verify
that the pair (s, (s}, s2,c, K)) also satisfies the axioms of a satisfaction relation. The
proof is identical to the one presented above. As a consequence, R\ is also a satisfaction
relation. Moreover, we now have that (s}, (s}, s3,¢, K)) € R\,, with (sg, 83, ¢, K) € Sp, thus
PE= N \KNs. O

APPENDIX: PROOF OF THEOREM [

Proof of Theorem[9 Let Ny = (S1, A, L1, AP, Vi, {s}}) and Ny = (Sa, A, Ly, AP, Va,{s})
be deterministic APAs in SVNF such that Ny A No. Let P = (S, A, L, AP,V,sp) be the
counterexample defined as above. We prove that P |= N; and P = Na.

P = Nj. Consider the relation Ry C S x Sp such that (s1,s2) Rss) iff s1 = s|. We prove
that Ry is a satisfaction relation. Let ¢t = (s1,$2) € S and consider (¢, s1) € Rs.
e By construction, we have V(s1,s2) C Vi(s1).
e Let a € A and 1 € C(Sy such that Li(s1,a,¢1) = T. There are several cases.
— If (s1,52) in case 1 or 2 or sy = L, then by construction there exists ui €
Dist(S) such that L((s1,2),a, ui) = T. By construction, we have that there
exists ju1 € Sat(p1) such that pi €r, u1.
— Else, (s1,52) is in case 3 and B(s1,s2) # 0. If a ¢ B(s1,s2), the result follows
as above. Else, either a € By(s1,s2) U Bp(s1,s2) and the result follows again
by construction, or a € Bc(s1,52) U By¢(s1,s2). In this case, there exists a
distribution gy € Dist(S) such that L((s1,$2),a,u1) = T. By construction, 1
is defined as follows:
pi(s1) if sh = succs, ()
wi(sh, s5) = Or SUCCs, ¢(s]) =0 and s5 = L |
0 otherwise

where p; is either the distribution given by Lemma (8| if a € Break(sy, s2) or

an arbitrary distribution in Sat(y1). In both cases, p1 € Sat(e1). Consider

the function § : S x S; — [0,1] such that §((s],s5),s]) = 1if 8§ = s/ and 0

otherwise. Using standard techniques, on can verify that J is a correspondence
function and that g1 €r, 1.

e Let a € A and pu € Dist(S) such that L((s1,s2),a,u) = T. By construction of P,

there must exists @1 € C(S1) such that Li(s1,a,¢1) # L and p is either of the form

pi- or fi7 for some 3 € Sat(p1). As above, we can prove that in all cases, u €r, pi1.
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Finally R is a satisfaction relation. Moreover, we have ((s, s3), s§) € Rs, thus P |= Ny.

P [~ Na. Let R; C S x Sy be the maximal satisfaction relation between P and N, and
assume that R is not empty. Let R C 51 x So be the maximal refinement relation between
Ny and Ny and let K be the smallest index such that Rx = R. We prove that for all
(s1,82) € S1 x So, if Indr(s1,s2) < K, then ((s1,s2),s2) ¢ Rs. The proof is done by
induction on k = Indg(s1, s2). Let (s1,82) € S1 X Ss.

e Base case. If Indg(s1,s2) =0, then there are several cases.

— If (s1, 52) in case 2, i.e. Vi(s1) # Va(s2). In this case, we know that V' ((s1,s2)) €
Vi(s1). Thus, by SVNF of Ny and Na, we have that V((s1,s2)) ¢ Va(s2) and
((s1,82),52) & Rs.

— Else, if (s1,82) in cases 3.a or 3.b, then there exists a € A and ui € Dist(S)
such that L((s1,s2),a,pu1) = T and Vo € C(S2), we have La(sa,a,p2) = L.
As a consequence, ((s1,52),52) ¢ Rs.

— Else, if (s1, s2) in cases 3.d or 3.d, then there exists a € A and s € C(S2) such
that La(s2,a,p2) = T and for all u € Dist(S), we have L((s1,s2),a,u) = L.
As a consequence, ((s1,52),52) ¢ Rs.

— Finally, if (s1, s2) in cases 3.c or 3.f, there exists e € (B(s1,s2) U By(s1,52)) N
Break(s1,s2). By Lemma there exists constraints ¢; and o such that
Li(s1,e,¢1) # L and Lo(s2,€e,p2) # L and a distribution p; € Sat(py) such
that either

(I) 3s} € Sy such that pq(s)) > 0 and succs, ((s]) = 0,

(D) 123+ (s % ug st msunnny (s} £1(51) ) & Sat(i2), or
(III) 3s} € S1, 85 € Sasuch that p1(s]) > 0, s, = succs, ¢(s]) and Indg (s, s5) <
|ndR(81, 82).
By construction, we have that L((s1,s2),e, 1) = T for uj given above. Since
Indz (s1,s2) = 0, case above is not possible. From cases (|I) and , we can
deduce that for all uo € Sat(p2), we have 7 g, p2. Moreover, by determinism
of Na, 9 is the only constraint such that La(s2, e, p2) # L. As a consequence,
((317 32)7 82) ¢ RS~
e Inductive step. Let 0 < k < K and assume that for all ¥’ < k and for all (s, s2) €
§1 X So, if Indg (s1,s2) = K/, then ((s1, $2),52) ¢ Rs. Assume that Indg(s1,s2) = k.
There are two cases.
— If (s1,82) in cases 2, 3.a, 3.b, 3.d or 3.d, the same reasoning applies as for the
base case. We thus deduce that ((s1,s2), s2) ¢ Rs.
— Otherwise, if (s1,s2) in cases 3.c or 3.f, then, as above, there exists e €
(Be(s1,52) U Bf(s1,s2)) N Break(sy,s2). By Lemma [8 there exists constraints
1 and 9 such that Li(s1,e,¢1) # L and Lo(s2, €, p2) # L and a distribution
w1 € Sat(epi) such that either
(I) 3s} € S; such that pi(s]) > 0 and succs, ((s)) = 0,

(1) p7 (3/2 = D (s €81 ]sh=sucony o ()} /1«1(3,1)) ¢ Sat(p2), or
(IIT) s} € S1, 84 € So such that py(s)) > 0, sh = succs, (s)) and Indg (s], s5) <
IndR (s1, 82).
By construction, we have that L((s1,s2),e,111) = T for p; given above. As
above, if cases or apply, then we can deduce that ((s1,s2),s2) ¢ Rs.
If case applies, then there exists (s}, s5) € S such that ui(s),s5) > 0,
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§5 = SUCCs,(s]) and Indgr(s],s5) < Indg(s1,s2). Since sy = succs,(s]),
then, by determinism of Ny, all correspondence functions ¢ will be such that
5((s], s5),s5) = 1. However, we have that Indg(s], s5) < k, thus by induction
((s],85),85) ¢ Rs. As a consequence, we have that for all us € Sat(p2), we
have 17 &g, p2. We can thus deduce that ((s1,$2),52) ¢ Rs.
Finally, we know that Indg (s, s3) < k. As a consequence, we have ((s}, s3), s3) ¢
Rs and thus P [~ Nj. O
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