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MINIMAL RIESZ ENERGY ON THE SPHERE FOR
AXIS-SUPPORTED EXTERNAL FIELDS

J. S. BRAUCHART, P. D. DRAGNEVTY, AND E. B. SAFF{

ABSTRACT. We investigate the minimal Riesz s-energy problem for positive
measures on the d-dimensional unit sphere S¢ in the presence of an external
field induced by a point charge, and more generally by a line charge. The model
interaction is that of Riesz potentials |[x —y| ™ with d—2 < s < d. For a given
axis-supported external field, the support and the density of the corresponding
extremal measure on S% is determined. The special case s = d — 2 yields
interesting phenomena, which we investigate in detail. A weak* asymptotic
analysis is provided as s — (d — 2)7.

1. INTRODUCTION AND RESULTS

1.1. Potential-theoretical preliminaries. Let S%:={x € R%*! : [x| = 1} be the
unit sphere in R*! where |-| denotes the Euclidean norm, and let o = o4 be the
unit Lebesgue surface measure on S?. Recall that, using cylindrical coordinates

(1.1) x:(x/l—u2i,u), 1<u<1 xest,

we can write the decomposition
(1.2) dog(x) = 221 (1 - u)* 7 du dog 1 (%)
wq

Here wy is the surface area of S, and the ratio of these areas can be evaluated as

Wy /1 (1- 2)d/2_1d VrI(d/2) 2dflw_

1.3 = U U= ——— =
U D@+ 1)72 r@

Given a compact set £ C S¢, consider the class M(E) of unit positive Borel
measures supported on E. For 0 < s < d, the Riesz s-potential and Riesz s-energy
of a measure p € M(FE) are given, respectively, by

Ut (x):= / koy)duly),  Ta(u)= / / k() d (%) d u(y),

where ks(x,y):=|x—y|° is the so-called Riesz kernel (for s = 0 we use the logarith-
mic kernel ko (x,y):=log(1/|x—y|) instead). The s-energyof E is Ws(E):=inf{Zs(p) :
w € M(E)} and if W,(E) is finite, there is a unique measure pg s achieving this
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minimal energy, which is called the s-extremal measure on E. The s-capacity of
E is defined as cap,(E):=1/W,(E) for s > 0. (In the logarithmic case s = 0 we
define capy(E):=exp{—Wy(E)}, cf. (1.49) for E = S%.) A property is said to hold
quasi-everywhere (q.e.) if the exceptional set has s-capacity zero. For more details
see [14, Chapter II]. We remind the reader that the s-energy of S is given by

I(d)T((d — s)/2)

(1.4) W) = ST T =5

0<s<d.

The weighted s-energy associated with a non-negative lower semi-continuous
external field Q : E — [0, 00] is given by

(1.5) Toln=Z.(0) + 2 [ QG dn(x)
A measure pg € M(E) such that Zg(ng) = Vg, where

(1.6) Voi=inf{Zg(n) : p € M(E)},

is called an extremal (or positive equilibrium) measure on E associated with Q(x).
The measure g is characterized by the Gauss variational inequalities

(1.7) Uk (x) +Q(x) > Fo g.e. on E|

(1.8) Uke(x) +Q(x) < Fg everywhere on supp(uq),
where

(1.9) Fo=Vo - [ Q) dng(x).

For simplicity, we suppressed in some of the above notation the dependency on s;
that is, Zg = Zg,s, po = 1Q,s, etc. We note that for suitable external fields (e.g.
continuous on E = S%), the inequality in (1.7) holds everywhere, which implies that
equality holds in (1.8).

The existence, uniqueness, and characterization-related questions concerning ex-
tremal potentials with external fields in the most general setting can be found in
[23]-[25]. We remark that the logarithmic potential with external fields is treated
in depth in [21].

When @ = 0 and cap,(E) > 0, the extremal measure ug is the same as the
measure ugp = UE,s-

In [4] Riesz external fields

(1.10) Qa,q(x):=Qa,qs(x):=¢|x —a] "on F = St d—2<s<d,

were considered, where ¢ > 0 and a is a fixed point on S?. ! The motivation for
that investigation was to obtain new separation results for minimal s-energy points
on the sphere. In the current work we extend that investigation to Riesz external
fields Qa,, with a ¢ S? and develop a technique for finding the extremal measure
associated with more general axis-supported external fields.

IThe case d = 1, s = 0, where a is a point on the unit circle was investigated in [15].
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1.2. Signed Equilibrium. We note that for d = 2 and s = 1 it is a standard
electrostatic problem to find the charge density (signed measure) on a charged,
insulated, conducting sphere in the presence of a point charge g placed off the
sphere (see [9, Chapter 2]). This motivates us to give the following definition (see

[31)-

Definition 1.1. Given a compact subset £ C R? (p > 3) and an external field
Q, we call a signed measure ng o = 7g,Q,s supported on E and of total charge
Ne,o(E) =1 a signed s-equilibrium on E associated with Q if its weighted Riesz
s-potential is constant on F, that is

(1.11) Ul (x) + Q(x) = Fg g for all x € F.

The choice of the normalization ng g(E) = 1 is just for convenience in the
applications here. Lemma 2.1 below establishes that if a signed s-equilibrium ng g
exists, then it is unique.

In [6] Fabrikant et al give a derivation of certain signed Riesz equilibria on
suitably parametrized surfaces in R?, including spherical caps when Q(x) = 0. We
remark that the determination of signed equilibria is a substantially easier problem
than that of finding non-negative extremal measures, which is the goal of this paper.
However, the solution to the former problem is useful in solving the latter problem.

Our first result establishes existence of the signed s-equilibrium associated with
the Riesz external field Qa 4, a € S, defined in (1.10). We assume that a lies above
the North Pole p := (0, 1), that is a = (0, R) and R > 1 (the case R < 1 is handled
by inversion).

Throughout, oF; (a,cb; z) and oF; (a,cb; z) denote the Gauss hypergeometric

function and its regularized form ? with series expansions
(1.12)

oo b n B e b n
oF1 (a,cb; z):zz %%, oF1 (a,cb; Z)::ZO%%’ 2] <1,

n=0
where (a),:=1 and (a),:=a(a +1)---(a +n — 1) for n > 1 is the Pochhammer
symbol. The incomplete Beta function and the Beta function are defined as

(1.13) B(m;a,ﬁ)::/ el (1—U)B_1d’l}, B(a, 8):=B(1; o, 3),
0

whereas the regularized incomplete Beta function is given by

(1.14) I(z; a,b):=B(z;a,b)/B(a,b).

Theorem 1.2. Let 0 < s < d and R > 1. The signed s-equilibrium na = nsa q, , s
on S associated with the Riesz external field Qa 4, a = Rp, is given by

7 (a 2 d—s
(1.15) d7a(x) = {1 + ng:(éd% - Wq(éf) . i)a|2d—s } do(x).

Furthermore, UZ (a) = [ ks(a,y) do(y) has the following representation:

o(a) — —s P, [ 5/2.d/2, AR
(1.16) Ul(a) = (R+1) F< d ,(R+1)2>.

2which is well-defined even for c a negative integer
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We remark that in the Coulomb case d = 2 and s = 1, the representation (1.15)
is well-known from elementary physics (cf. [9, p. 61]).

The next result explicitly shows the relationship between q and R so that pq, .
coincides with the signed equilibrium and has as support the entire sphere.

Corollary 1.3. Let 0 < s < d and R = |a| > 1. Then supp(uq,.,) = S* if and
only if
Wy(sh  (R+DT

(1.17) ¢ 2 R1) - U(a)

- (s/2),1 (d/2),
D L

k=0

AR
(R+1)?

In such a case, g, , = Na-

Remark 1.4. Observe that the function of R in (1.18) is strictly decreasing for
R > 1. Thus, for any fixed charge ¢ there is a critical R, given by equality in
(1.17), such that for R > R, the extremal support is the entire sphere.

1.3. The Newtonian case s = d — 1. The following example deals with the
classical case of a Newtonian potential (relative to the manifold dimension). The
example answers a question of A. A. Gonchar; namely, how far from the unit sphere
should a unit point charge be placed so that the support of the extremal measure
associated with the external field exerted by the charge be the entire sphere?

Example 1.5. Let d >2,s=d—1,¢=1and a = (0, R). Then W,(S%) =1 (cf.
(1.4)) and from the mean-value property for harmonic functions we can write

Uso-(a):w fOI'RZl
Thus (1.18) in this case is equivalent to the inequality
1 1 2 1
(1.19) L S N P ek -
(R-1)" R P (pt1)

where p measures the distance between the unit charge and the surface of the
sphere. Equality holds, if p is an algebraic number satisfying

(1.20) P(d; p)=(p" =2 —p) (p+ 1) +p? =0,
or on expanding the polynomial P(d;p),
d—1 d—1
d—1 d d—1
BB (e
m=0 m=0

The monic polynomial® P(d; p) with integer coefficients has odd degree 2d — 1.
Furthermore, P(d;1) < 0 and hence P(d; p) has at least one positive root; but, by
Descartes’ Sign Rule, this is the only positive root. This simple root p4 must be in
the interval (1, 2], since P(d; p) > 0 for p > 2. Asymptotic analysis shows that

(1.22) py =1+ (log3) /d+ O(1/d?) as d — oo.

3Properties of these polynomials will be investigated in a future publication.
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Of particular interest is the case when d = 2. Then one easily computes that the
distance between the point charge and the surface of the sphere is given precisely
by the golden ratio

pr = (1+V5)/2.
We note that the fact that the inequality R — 1 > py implies supp(pg, ,) = S
follows from an elementary physics argument.

1.4. The Mhaskar-Saff F;-functional and the extremal support. An impor-
tant tool in our analysis is the Riesz analog of the Mhaskar-Saff F-functional from
classical logarithmic potential in the plane (see [16] and [21, Chapter IV, p. 194]).

Definition 1.6. Given a compact subset K C S¢ of positive s-capacity, we define
the Fs-functional of the set K as

(1.23) Fs(K):=W,(K) —|—/Q(x) d pg(x),

where Wy (K) is the s-energy of K and uk is the s-extremal measure (without
external field) on K.

Remark 1.7. We caution the reader that (1.23) is the negative of the F-functional
defined in [16] and [21].

Remark 1.8. When d — 2 < s < d, there is a remarkable relationship between the
signed equilibrium and the Fg-functional. Namely, if the signed s-equilibrium on a
compact set K associated with Q exists, then Fs(K) = Fk g, where Fg ¢ is the
constant from (1.11). Indeed, if k¢ exists, we integrate (1.11) with respect to px
and interchange the order of integration to obtain the asserted equality.

Remark 1.9. With the notion of the functional F, at hand we can restate the results
of Theorem 1.2 and Corollary 1.3 as follows: For 0 < s < d and R > 1 the signed
s-equilibrium 7a = 7sa g, ,,s O S?¢ associated with Qa,q; a = Rp, is given by

_ 1 dy 2 d—s o 2d—s
(124) At = an {]—'S(S )—q(R2-1)""/|x —al }do(x).
Moreover, supp(uq,s) = S (that is pgs = 7a) if and only if
(1.25) Fo(8") > q(R+ 1) J(R—1)".

The following optimization property is the main motivation for introducing the
Fs-functional.

Theorem 1.10. Let d — 2 < s < d with s > 0 and Q be an external field on S,
Then the Fs-functional is minimized for Sq:=supp(pq).

The next theorem provides sufficient conditions on a general external field @
that guarantee that the extremal support Sg is a spherical zone or a spherical cap.

Theorem 1.11. Let d—2 < s < d with s > 0 and the external field Q : S¢ — [0, 00]
be rotationally invariant about the polar axis; that is, Q(z) = f(&), where & is the

altitude of z = (\/1 — €2 7,€) (see (1.1)). Suppose that f is a convexr function on

[—1,1]. Then the support of the s-extremal measure pg on S¢ is a spherical zone;
namely, there are numbers —1 < t; < to <1 such that

(1.26) supp(pg) = Xty 1, = {(V1 —u2XK,u) : t; <u<ty, €S}
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Moreover, if additionally f is increasing, then t1 = —1 and the support of pg s a
spherical cap centered at the South Pole.

It is easy to see that the external field Qa 4(z) = ¢|1—2R&+R?|~%/2 is rotationally
invariant about the polar axis and is an increasing and convex function of the
altitude £ of z. Therefore, from Theorem 1.11 we conclude that the support of
the extremal measure g, , on S? is a spherical cap. In view of Theorem 1.10
we thus need only to minimize the F,-functional over the collection of spherical
caps centered at the South Pole in order to determine Sg. For this purpose, in
consideration of Remark 1.8, we first seek an explicit representation for the signed
equilibria for these spherical caps.

Denote by ¥; the spherical cap centered at the South Pole

(127) Zt::E_l,t,

(cf. (1.26)), and let n; be the signed s-equilibrium on ¥, associated with Qa 4. Using
M. Riesz’s approach to s-balayage as presented in [14, Chapter IV], we introduce
the following s-balayage measures onto ¥;:

(1.28) €t = €1,5:=Bals(da, Xt), vy = vy 5:=Balg(0, 5y),

where J, is the unit Dirac-delta measure at a. Recall that given a measure v and a
compact set K (of the sphere S%), the balayage measure 7 := Bal,(v, K) preserves
the Riesz s-potential of v onto the set K and diminishes it elsewhere (on the sphere
S%). We remark that in what follows an important role is played by the function

(1.29) D ():=Wo(SY) (L+qllecl) /llvell, d—2<s<d.

The next assertion is an immediate consequence of the definition of the balayage
measures in (1.28). In Lemmas 3.1 and 3.2 below we present explicit formulas for
their densities. Their norms are calculated in Lemmas 4.2 and 4.1, respectively.
Below we combine these formulas to give an explicit form for the density of the
signed s-equilibrium. The only statements requiring further proof is the formula
for the weighted s-potential (1.32) when £ > ¢. We shall do this in Section 6.

Theorem 1.12. Letd — 2 < s < d. The signed s-equilibrium 1, on the spherical
cap ¥y C S? associated with Qa,q 15 given by

1+ qlle|
(1.30) m = ——tl
[l

It is absolutely continuous in the sense that for x = (V1 — u?X,u) € %t

Vi — (€.

Wa— d/2— -
dm(x) = 77£(u)j}fd1 (1—u?) /2 "dudog1(%),

where (with R = |a|] and r = v R?> — 2Rt +1)

i () (=)
" {%) Fu(y )

7q(R+1)d’5 i ( 1,d/2 (R—1)° tu>}
1 1 .

rd 2 —d—-8)/2" 2 1-u
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Furthermore, if z = (\/1 — €2 7,¢&) € S?, the weighted s-potential is given by
(1.31) Ul (z) + Qa,s(z) = Ps(t), z € Yy,

iI (R+1)*¢6—t d—s s
ps r2  14+€ 2 72

U (Z) + Qa,S(Z) = (I)S(t) +q

(1.32) €t dos s

— S .2 ° d
@s(t)1(1+§, > ,2), z € ST\ X,

where p = \/R? —2R& + 1 and 1(x;a,b) is the regularized incomplete Beta function
(see (1.14)).

The corresponding statement for the case s = d — 2 is given in Theorem 1.16.

Remark 1.13. According to Remark 1.8 we have from Theorem 1.12 that F,(3;) =
®,(t). Concerning the minimization of this function, we derive the following result.

Theorem 1.14. Let d — 2 < s < d. For the external field Qaq(x), a = (0, R),
R > 1, the function ®4(t) has precisely one global minimum ty € (—1,1]. This
minimum is either the unique solution ty € (—1,1) of the equation

g(R+1)*
(R? — 2Rt 4+ 1)"/*’
or to = 1 when such a solution does not exist. Moreover, to = max{t:n > 0}.

The extremal measure jiq, , on S? is given by ny, (see (1.30)), and has as support
the spherical cap 3, .

(1.33) D, (1) =

Note that, in view of formulas (4.1) and (4.3) for ||e| and ||v¢|| given below,
equation (1.33) can be written in terms of hypergeometric functions.

Remark 1.15. The restriction on the parameter s arises in the process of applying
the balayage method and the principle of domination. It is a topic for further
investigation to extend the range of s for which the conclusion of Theorem 1.14
remains true.

Figure 1 gives an overview of the qualitative behavior of the weighted s-potential
of the signed s-equilibrium measure 7, on S¢ associated with the external field Q
and its density with respect to o4|x, for s in the range d—2 < s < d and the choices
t <tg,t=tyand t > ty. We remark that the derivative with respect to £ of the
weighted s-potential becomes 0o as & — t+ for t # to and vanishes for t = tg < 1
(cf. Remark 6.1).

1.5. The exceptional case s = d — 2. In this case M. Riesz’s approach [14,
Chapter IV] has to be modified. Somewhat surprisingly it turns out, as shown in
Lemmas 7.2 and 7.5, that the s-balayage measures from (1.28)

(134) € =€t q_o = Bald,2(5a, Et), Vy=Vpd—2 = Bald,g(o, Zt)

exist and both have a component that is uniformly distributed on the boundary of
¥;. Moreover, unlike the case d — 2 < s < d, the density for g, ., where s = d — 2,
does not vanish on the boundary of its support. More precisely, on setting

Be(x):=0¢(u) - 04—1(X), x = (V1-u?X,u),

we obtain the following result.
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1750
f Us'+Q
r t > to,
U (2) + Q(z) > Fo(Sr), on S\,
[ Usnt(Z)‘i’Q(Z) :.7:5(215), on Zt,
17t Ny #0, on X
1 0 ot
1751
174} u+Q
173f t = to,
; UM (z) + Q(z) > Fs(2¢), on ST\ %y,
ai: U (2) + Q(z) = Fu(Sr), on T,
1.71% n >0, on 3.
0 t;to
1750
1741 ud+Q
173} t <to,
U (2) + Q(z) # Fo(r), onS"\ T,
-1 tty Le2p U (z) + Q(z) = Fs(Xr), on Xy,
171} n; >0, on X
1 0 i to

FiGURE 1. The weighted s-potential of 7, for different choices
of t (t > to, t = tg, and t < tp) versus altitude £ of z for d = 2,
s=1/2,q=1, and R = 3/2, cf. Theorems 1.12 and 1.14. Insets
show the respective density 7;.

Theorem 1.16. Let d > 3. The signed s-equilibrium 7], on the spherical cap X
associated with Q, ,(x) = q|x —a|>~? is given by

Dy = a1+ al&l
= 1205 e, Ba_a(t)=W, (S — LIl
AT
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where Uy and & are given in (1.34) and can be written as

P = — 3 g’y e
(1.35) oo = Wa—2(S9) 2a-2(t) (R? — 2Ru + 1)01/2+1 d d’zt( )
+ % (- 2)"> (3,00 - T q_ (;%R: 21){1/2] d B (x).

For any fixed t € (—1,1), the following weak* convergence holds:
(1.36) Vi =7, €15 e, as s — (d—2)%.

The function ®4_5(t) has precisely one global minimum to € (—1,1]. This min-
imum is either the unique solution to € (—1,1) of the equation
q¢(R+1)*

1.37 Dy_o(t) = ,
(1.37) ) (R? — 2Rt + 1)¥/?

or to = 1 when such a solution does not exist. Moreover, to = max{t : 7, > 0}.

The extremal measure pg,  on S is given by
(1.38)
Baslto) [, (R—1)" (B ~ 2Rt + 1)"?

" Wa_a(S9) (R — 2Ru + 1)+

dpig, (%)= d7, (x) doaly, ()

and has as support the spherical cap ¥y, .

In Lemmas 7.2 and 7.5 we give the s-potentials of the balayage measures 7; and
€; from which the weighted s-potential of 7j, at every z € S? can be easily obtained.

Remark 1.17. As can be seen from (1.35), depending on the sign of the coefficient
of B, the signed s-equilibrium 7, has positive or negative charge on 0%; unless
t = tg, in which case the charge on the boundary disappears (see Figure 2).

Next, we describe the results when d = 2 and s = 0. The external field in this
case is Q(x) = Q, ,(x) = qlog(1/|x—al). The total mass of the balayage measures
Ty0 and & is preserved, so ||y 0| = |[€.0/| = 1. Thus, the function ®,_»(t) reduces
to ®4_2(t) = 1+¢. The Mhaskar-Saff functional Fo(K) from (1.23), now defined for
compact sets K C S? with positive logarithmic capacity cap,(K) = exp{—Wy(K)},
uses the logarithmic energy

AWK
Wo (K) N sl—lglJr ds s=0

However, Fo(X¢) is no longer equal to ®4_5(t) (cf. Remark 1.13 and Lemma 7.9).
For K = S? we have Wy(S?) = 1/2 —log2 < 0. Since Theorem 1.11 can be
extended to s = 0 if d = 2, we deduce that Sg:= supp(ua) will be a spherical cap
3t,- Direct calculations show that the Mhaskar-Saff functional Fy for spherical caps
is still minimized for Sg. Figure 2 shows the qualitative behavior for the weighted
potential in the logarithmic case. (Note, that for ¢ # ¢, the tangent line to the
graph of the weighted logarithmic potential at & — ¢* is not vertical like in the
case d — 2 < s < d (cf. Figure 1), but it becomes horizontal if ¢t = ¢ty < 1.)
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-0.70}
i t > to7
b Up™+Q Uoﬁt’o(z) +Q(z) > Fo(X:) on S*\ %,
i U (z) + Q(z) = Fo(Sh) on 5y,
ﬁ;o z 0 on Et.
_1 to t/
-0.75}
oo Uy t=t
= to,
-0.85+ Ugto(z) +§(Z) 2 _7'-0(2,5) onS \Zt,
“o90} Ug"* (z) + Q) = Fo(Se) on T,
Mo>0 onX:
-1
-0.80}
= -085] B t <o,
10 Uy (2) + Q(z) # Fo(Xt), on ST\ %y,
— ., -090 7 —
0o Tho : U5*"(2) + Q(z) = Fo(Sr), on X,
-1 th ‘ ﬁ;o >0, on X;.
-1 t I
\

FIGURE 2. The weighted logarithmic potential of 7}, , for different
choices of t (¢t > tg, t = tg, and t < tg) versus altitude £ of z for
d=2,5s=0,qg=1,and R = 2, cf. Theorem 1.18. Insets show the
respective density ﬁg,o. The black dot indicates the component on
the boundary.

Theorem 1.18. Letd = 2 and s = 0. The signed s-equilibrium ), o on the spherical
cap ¢ associated with Q, ,(x) = qlog(1/|x — al) is given by
Mo = (1+q) 0 — Ge0,

where Uy o = Balg(02,2:) and € = Baly(da, X¢). It can be written as

2
_ q(R?-1)
d x)=|14+qg— o X
7s,0(%) I R Rt 1) 2]y, (%)
(1.39) ,
1—t g(R+1)
o M a1 A

where x = (V1 —u?X,u), X € St
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The weighted logarithmic potential of 1, o satisfies

Uy"*(2) + Qa 4(2) = Fo(Z4), z € Xy,
B o 1 1+t q R? —2Rt+1
M¢,0 Pa—
: = Fo(Zy) + =1 Sl oy
Uo™'(2) + Qay(2) = Fo(X) + glog 37 + 9 108 pr—opm s

where Fo(2:) is given below in Lemma 7.9.
The Mhaskar-Saff functional Fo is minimized for 3, where either to € (—1,1]
is the unique solution of the equation

(1.40) 1+q=q(R+1)°*/(R* - 2Rt +1),

or to = 1 if such a solution does not exists. Moreover, to = max{t: 7, o > 0}.
The logarithmic extremal measure Ko o on S? is given by
a,q

ZGSQ\Et,

q (R2 — 1)2
(R? — 2Ru+1)°

1+q-—

(141)  dpg, (0) = dT, ox) = douly, ()

and has as support the spherical cap Xy, .

Remark 1.19. Given R and ¢, relation (1.40) immediately enables us to find the
support Xy, of the logarithmic extremal measure Ky, on S2:

— mi M_ = min —w
(1.42) to—mm{laQR(lJrq) 1}_ {1’1 2R(1+9q) }

Remark 1.20. In general, the density 7 (u) in (1.41) does not vanish on the
boundary of ¥;,. In fact, if ¢y € (—1,1), then

q(R?—1)? _1+g 4R—(R—1)°
(R? — 2Rt +1)° q (R+1)

1.6. Axis-supported external fields. It is well known that the balayage of a
measure can be represented as a superposition of balayages of Dirac-delta mea-
sures. Using this, we extend our results to external fields that are axis-supported
s-potentials.

(1.43)  Jim 7, o(u) = 1+q -

Definition 1.21. We call an external field Q) positive-azxis supported, if

_ dA(R)

for some finite positive measure A supported on a compact subset of (0, 00).

x e 8%,

Remark 1.22. Since
(1.45) Baly(6(1/r)p,S?) = R* Baly(6rp,S),

we can restrict ourselves to measures A with support in [1,00). It is possible to
generalize the setting to fields supported on both the negative and positive polar
axis as well. This generalization shall be reserved for a later occasion.

We begin with a result that establishes the existence of the signed equilibrium
measure 7y on S? associated with the axis-supported external field Q. Furthermore,
a necessary and sufficient condition for coincidence of 77, and the extremal measure
pg on S? is given.
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Theorem 1.23. Let 0 < s < d and Q be as in (1.44) with supp(\) C [1,00). Then

2 d—s
(1.46)  dia(x) = m {ﬂ(Sd) */ (R (RQRU? 1)o7 d)‘(R)} do(x).

Moreover, supp(ug) =S¢ (that is pg = iix) if and only if

(1.47) Fo (S z/%dx(m.

The above result, appropriately modified, also holds for the logarithmic case.
We shall use the Mhaskar-Saff functional for the logarithmic case

(1.48) .%uo;wwng/Q@muKam,

where K is a compact subset of S? with finite logarithmic energy Wo(K) and px o
is the logarithmic extremal measure on K (without external field). In particular,

(1.49) Wo(S?) = lim dW.(8%

s—0t ds

— “log2~ L u(a/2) - 5 wld).

where 9(2) :=I'"(2)/T'(z) denotes the digamma function.

s=0

Theorem 1.24. Let d = 2, s = 0, and Q be the positive-axis supported external
field

(1.50) Q(z) = /1og;d)\(R)

|z — a|

with supp(A\) C [1,00). Then the signed logarithmic equilibrium measure 7y o on S¢
associated with @Q is given by

(50 il =S 1+ - (Lt YY) S

. x0(X) = — o(x).
o0 (R? — 2Ru + 1)"

Its weighted logarithmic potential is given by

(1.52) UPC(z) + Q(z) = Fo(ST), zeSh

Moreover, supp(ug) = S (that is the logarithmic extremal measure pug on S¢
coincides with 7x0) if and only if

R+1)
(1.53) 14 A > /(*7)(1 dA(R).
(R—1)
The next assertion deals with the signed equilibrium measure 7j; on a spherical

cap X for @Q of the form (1.44).

Theorem 1.25. Let d —2 < s < d and Q be as in (1.44) with supp(A\) C [1,00).
The signed s-equilibrium 1y on the spherical cap ¥y associated with @ is given by

_ B . = N
1.54 = — D (t):=Ws
( 5 ) Mt WS(Sd) 147 €t, é(t) Wé(S ) HVtH

where vy is defined in (1.28) and

)

(1.55) &:=Bal,(\, %) = /Bals(éRp, %) dA(R).
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The signed s-equilibrium 1; can be written as

~ ~ Wd— _ —
A (x) = 7y, R) == (1 = )27 dudoaa (®),  x €,

where

e ) = WiS% r(l;(d/f/)m (11 - i)dﬂ (i‘—‘é)“‘d’”

B} _ 1,d/2 t—u
X {(I)s(t) 2F (1 _ (dzs)/Q; m)

(R+D)"™ 1,d/2 (R-1)° t—u
— F ’ ; dA(R) ;.
/(R2—2Rt+1)d/22 "\1-(d-s)/2 RZ 2Rt +11—u (R)
Furthermore, the function ®, has precisely one global minimum in (—1,1]. This
minimum is either the unique solution ty € (—1,1) of the equation

d—s
(1.56) ci)s(t) = / (RQ(R;Rt)qL 1)d/2 dA(R),

or tx = 1 when such a solution does not exist. Moreover, tyx:=max{t : 7, > 0},
pQ =ity , and supp(pq) = L4, , where g is the extremal measure on S associated

with Q.

Theorem 1.25 can be also extended to the case s =d —2 and d > 3. We present

Theorem 1.26. Let s =d—2,d > 3 and Q be as in (1.44) with supp(\) C [1,00).
The signed s-equilibrium 7, on the spherical cap ¥; associated with Q is given by

O T () M ay 2+ [l
1.57 — - By o(t):=W,(s%) — It
( ) M WS(Sd) vt €t d 2( ) ( ) Hﬁt”
where Uy is defined in (1.34) and
(1.58) %t:: Bald_g()\,zt) = /Bald_g(éRp, Zt) d)\(R)

The signed s-measure 7], can be written as
(1.59) d7,(x) = g(u) doaly, (%) + h(u) d Gi(x),

where, when using Lemmas 7.2 and 7.5, we have for —1 <u <t

3

(L60) o) = s Fdzw / i (fR;j)l)d/QHdA(R)

= R+1)°

By _a(t) f/ B g
(R? — 2Rt +1)Y

For any fixed t € (—1,1), the following weak* convergence holds:

(1.62) érs — &  ass— (d—2)T.

(1.61)  h(u) = %

(1 . t2)d/2_1 .

The function ®q_o has precisely one global minimum, in (—1,1]. This minimum
is either the unique solution ty € (—1,1) of the equation

(1.63) Byo(t) = / T E}Z ;zrtlludﬂ dA(R),
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or tx = 1 when such a solution does not exist. Moreover, ty:=max{t : 7j, > 0},
pQ =1y, , and supp(uqg) = X, , where ug is the extremal measure on Se.

Next, we describe the results when d = 2 and s = 0. The external field in this
case is

(1.64) Qx) = Quy(x) = / log ﬁ dA(R), xeS2

for some finite positive measure A\ supported on a compact subset of [1, c0).
We show a result, which generalizes Theorem 1.18.

Theorem 1.27. Let d =2 and s = 0. Let@ be as in (1.64) with supp(\) C [1,00).

The signed logarithmic equilibrium ﬁt,O on the spherical cap ¥y associated with Q
is given by

(1.65) Mo = (L4 1A Zr0 — &0,
where Ty o = Balg(o2,%4), €0 = Balg(0rp, X¢), and

(166) ét,olz Balo()\, Zt) = /Balo(éRp, Zt) d)\(R)

It can be written as

a0 = 11— [ —E g3 a0
X) = — o X
0 (R? — 2Ru+1)° 2z
(1.67) )
1—t (R+1)
The weighted logarithmic potential of ﬁt,O satisfies
Ug™ (2) + Q(2) = Wo(Se) + /@dﬂzt,o:ﬂ_'—o(zt), z €Yy,
7 = = 1. 14t 1. R*-2Rit+1
Mt,0 _ _ — S — 2
Uy (2z) + Q(z) = Fo(Z:) + 210g1+§ + [ 5log RE 1 dA(R), zeS*\Z;.

The Mhaskar-Saff functional ?0 (explicitly given in (8.8)) is minimized for ¥, ,
where either ty € (—1,1) is the unique solution of the equation

(R+1)°
1. T+ |\ = [ =" xR
(1.68) + A /R2—2Rt+1 (B),

or tx = 1 if such a solution does not exists. Moreover, ty = max{t : 7, > 0},
supp(pig) = Xy, and pg =T, -

Remark 1.28. In general, the density ﬁgho(u) with respect to oa|x,, of the extremal

measure pg on S? in Theorem 1.27 does not vanish on the boundary of ¥;,. In
fact, if ) € (—1,1), then

(R2—1)°dA(R) /2R(1 —t)dAR)

1.69) lim 7, u:1+)\—/ —
(1.69) Wtkmx,o( ) Il (R2 2Ri, 1 1) (72 2Rt 1 1)’
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The remainder of this paper is structured as follows. In Section 2 we show the
uniqueness of the signed equilibrium and prove Theorem 1.2 and Corollary 1.3. In
Section 3 a suitable Kelvin transform of points and measures is considered and
explicit formulas for the densities of the measures in (1.30) are found in Lemmas
3.1 and 3.2. The norms of these measures are computed in Section 4. The proofs
of Theorems 1.10, 1.11, and 1.14 are given in Section 5. The weighted s-potential
of the signed s-equilibrium is given in Section 6. Section 7 considers the special
case s = d — 2 and the proofs of Theorems 1.16 and 1.18 are provided. Finally,
in Section 8 we prove the generalization of the results to axis-supported external
fields.

2. SIGNED EQUILIBRIUM ASSOCIATED WITH AN EXTERNAL FIELD

First, we consider some preliminaries on the Kelvin transformation (spherical
inversion) of points and measures. Inversion in a sphere is a basic technique in elec-
trostatics (method of electrical images, cf. Jackson [9]) and in general in potential
theory (cf. Kellog [10] and Landkof [14]). Kelvin transformation (of a function) is
linear, preserves harmonicity (in the classical case), and preserves positivity. We
shall make use of this method and of balayage to conveniently infer representations
of the signed equilibrium associated with an external field from known results.

2.1. The Kelvin transformation. Let us denote by K the Kelvin transforma-
tion (stereographic projection) with center a = (0, R) and radius v R? — 1, that is
for any point x € R4 the image x*:=Kg(x) lies on a ray stemming from a, and
passing through x such that

(2.1) Ix —al| |x* —a|=R*—-1.
Thus, the transformation of the distance is given by the formula

Ix -yl

P xyes?
x —ally — a

(2.2) " —y7| = (B~ 1)

It is easy to see that Kr(S?) = S9% where Kr sends the spherical cap
Ap={(vV1-u2X,u) : 1/R < u < 1,X € S¥ '} to Bri={(vV1—u2%X,u) : -1 <
u < 1/R,X € S%1} and vice versa, with the points on the boundary being fixed.
In particular, the North Pole p = (0,1) goes to the South Pole q:=(0,—1). The
image of x = (V1 — u?X,u) is x* = (y/1 — (u*)? X, u*), where the relation between
u and u* is given by

(R+1)
_WT 1),
Ty A

The last equation is derived from the similar triangles proportion

(2.3) 140" =

x* —q|/|lqg—a|l =[x —p|/|x—al

and the formulas [x* —q° =2 (1 +u*), |x —p|°=2(1—u), |q—a] = R+ 1, and
Ix —a|> = R2 — 2Ru + 1. Finally, we point out that

(2.4) Ix* —al %do(x*) = [x — a| “do(x),

which can be easily seen from the relation (x* —a) /[x* —a] = (x —a) / [x — al.
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Next, we recall that given a measure A with no point mass at a, its Kelvin
transformation (associated with a fixed s) \* = Kg s(\) is a measure defined by

2 s/2
(2.5) ar == 7 .

x—al’

The s-potentials of the two measures are related as follows (see, for example, [4,
Section 5, Equation (5.1)]

be) UV ey [ANBY) [ bxealldMy) | x—al
(26) UN(x) / (x)

=y B

Ryt (R =177
Note that the Kelvin transformation has the duality property Kr s(A*(x*)) = A\(x).

2.2. Signed equilibrium. We first establish the uniqueness of the signed equilib-
rium, provided it exists.

Lemma 2.1. Let 0 < s < d. If a signed s-equilibrium ng.q exists, then it is unique.

Proof. The lemma easily follows from the positivity of the s-energy of signed mea-
sures. Indeed, suppose n; and 7, are two signed s-equilibria on E associated with
the same external field ). Then

UNx)+Qx)=F, UPFx) +Q(x)=F for all x € F.

Subtracting the two equations and integrating with respect to n; — 12 we obtain

T,(m1 — o) = / (U7 (x) — U ()] d( — 1) (x) = 0,

and from [14, Theorem 1.15] we conclude that 71 = 12 (see also [7, Section 5]).
When d = 2 and s = 0 instead of [14, Theorem 1.15] we could use [22, Theorem 4.1]
to prove the assertion of the Lemma. When d > 2 and s = 0 we could use [19, p. 6].
Note that 77 — 72 is the difference of two signed measures with total charge 1. O

We are now in a position to find the signed equilibrium for the external field
Qa,q defined by a point charge ¢ at a (see (1.10)).

Proof of Theorem 1.2. Let
(R - 1)d—s
Wy (S9) [x — al**~*
We apply the Kelvin transformation (2.1) to the s-potential
R2_ )%
/Sd WS(Sd)ﬁz — X|s)|x — o)
From (2.2) and (2.4) (recall that Kg(S%) = S%) we obtain

1 1
do(x") =
o W@ [ = 17

where we used that UZ(z*) = W,(S?) for all z* € S%. Hence, ea = €1 (see (1.28)).
For 7, defined in (1.15), we therefore derive

UM (2) + Qaq(z) = WL (S?) + qU? (a), for all z € S°.

al= o(x), o =04.

Uge(z) =

Usn(2) = o —

|Z7a|53
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In addition, one similarly finds

2 d—s
/S % do(x) /S% do(x*) =U{(a),

d |X— )(*—a|S

and consequently 7,(S?) = 1. Therefore, 7, is the required signed s-equilibrium.
Finally, to derive (1.16), using (1.2) and (1.3), we evaluate

1 Wd—1 1 (1 _ U2)d/2_1
U? = ——d = d
) = [t dete = [

—s s/2,d/2. 4R
e (P )

2.7)

In the last step we used the standard substitution 2v = 1 + u and the integral
representation of the hypergeometric function [1, Eq. 15.3.1]. O

The proof of Corollary 1.3 is an easy consequence of the uniqueness of the ex-
tremal measure associated with an external field.

Proof of Corollary 1.3. We observe that the (strictly decreasing) density in (1.15)
is at minimum on S? when x = p. So, non-negativity at the North Pole implies that
the signed equilibrium is positive everywhere else on S¢, in which case it coincides
with the extremal measure on S¢. On the other hand, if supp((Qa.,) = S%, then the
variational inequalities (1.7) and (1.8) yield g, , = 7a; and the density in (1.15)
is again non-negative at p. What remains to show is that (1.17) is equivalent to

d—s
U@ (RNt
Ws(S?)  Wy(s?) |p—al*™ ~

which can be easily seen by using [p—al] = R—1. Finally, using the series expansion
of (1.16) and

—d/2 k
(R+1)" | 4R / & (df2), | 4R
(R—1) (R+1) — K |[(R+1)
we derive (1.18). O

3. THE s-BALAYAGE MEASURES 14 AND ¢

In this section we show that for s in the range d—2 < s < d, the measures v; and
€; are absolutely continuous with respect to the normalized area surface measure
o4 (restricted to the spherical cap ¥;) and we find their densities.

3.1. The balayage measures. We now focus on the two balayage measures in
(1.28). The second one, v, has already been found in [4, Section 3, Equations (3.19)
and (4.6)]. It is an absolutely continuous measure on X; (see (1.27)), given by the
following formula:

(3.1) dvy(x) = (1 + J4(x)) “’5;1 (1—u)* " dudog (%),
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where

T= = S)/2)Ftl —@=972) <11 - i>/ <H)(de
X /01 p¥/271 (1 — )=/ (1 1t U) -1 L.

1—u

It is convenient to obtain a closed form for J;(x) in terms of hypergeometric
functions. By [1, Eq. 15.3.1]

T(d/2)T(1+ (d—5)/2)
T((d—5)/2)T(1 - (d—5)/2) (1 +d— s/2)

(1=t W2 g\ /2 e Ld2 1t
1—u 1—t¢ P 14+d-s/21—u )
The application of [1, Eq. 15.3.6] yields an expansion near u = ¢,
o) = 14 L2 (1t W2\ e B 1,d/2  t—u
X)=— — — ).
! T(d—s/2) \1—u 1—t 1= (d-9)/21—u

Substituting the last relation into (3.1) and simplifying we derive the following
lemma.

Jt(X)::

Lemma 3.1. Let d — 2 < s < d. The measure vy = Bals(0,%;) is given by

(3.2) du(x) = y;(u)wd_l (1- u2)d/271 dudog—1(X), X € X,
wd

where the density vi(u) is given by

63 -l (120) T (125) 7 Rl )

To determine the s-balayage €;, we recall the formulas for the Kelvin transfor-
mation of measures and the relation of the corresponding potentials (see (2.5) and
(2.6)). Let A\* be the extremal measure on the set ¥} := Kg(X;), normalized so
that its potential U} (x*) = 1 for x* € Xf. Then, using (2.1) and (2.6) we derive
just as in [4, Section 3, Equation (3.7)] that

(3.4) a(x) = (R2 = 1) Kp.(\* (x7)).

Since the image ¥} of ¥; is also a spherical cap, this time centered at the North
Pole, we can utilize a formula similar to (3.2) for its extremal measure. If 3¥; = {x :
—1 <u <t} then XF = {x:1>u* >t*}, where u* and t* are related to u and ¢
by (2.3). If we set v;:=Bal(c, X}), then \* = v; /W,(S%); hence we get

(3.5) A (x") = (V) (w) = [1 = (u")?]

wd

4271 gyt d oq-1(X"),

where the density is given by

wvrsowy, 1 '(d/2) T4 #5 \ %2 /g — e\ (5=D/2
(A") (u ).fWS(Sd) T(d—s/2) <1+u*> < e >

F Ldj2 uw -t
X 2F1(1—(d—s)/2’ 1+u*)-




MINIMAL RIESZ ENERGY ON THE SPHERE 19

(We remark that the last formula (up to a multiplicative constant) for the special

case d = 2 was first derived by Fabrikant et al [6].) From (2.3) we get
1 * R?—-2Rt+1 1-

(36) — R
14t R2—2Ru+1 1-t

from which it follows that

(3.7) [1 - (u*)2}d/271 du* = (L) (1 _ ug)d/271 du

R? —2Ru+1

Substituting (3.6) and (3.7) in (3.5) and using (3.4) and (2.5) we obtain the next
lemma.

Lemma 3.2. Let d —2 < s < d. The measure ¢, = Bals(da, X¢) is given by
(3.8) de(x) = e;(u)w:l;l 1-u)* N dudog (), xe€,
d

and setting r*:=R% — 2Rt + 1, the density is given by

o1 I'(d/2) (R+1)%° [1—¢\?
6t(u)'iWs(S‘i) I'(d—s/2) rd (1—u>

(=T 1,d/2  (R-17t—u
1—t P1-(d-s)/2 2 1-u)

3.2. Positivity of the signed equilibrium of a spherical cap. The following
lemma establishes a condition for positivity of the signed equilibrium

Wda— d/2— .
dm(x) = () =2 (1= ) P Qudogy ().

(3.9)

Lemma 3.3. Let d — 2 < s < d. If for some v > 0 we have n,(u) > 0 for
u € (t —~,t), then

(3.10) O (t) > q(R+ 1) /rd, 12 =R? 2Rt +1,
and, consequently, n,(u) >0 for all -1 <u <t < 1.

Proof. By equation (1.30) in Theorem 1.12 (which easily follows from the balayage
properties), the definition of ®(¢) (cf. (1.29)), and the Lemmas 3.1 and 3.2 we get

reoy 1 I'(d/2) 1ot \Y2 /4 g\ 5m9)/2

Cg(R+1" F< 1,d/2 _(R—1)2t—u>}
Ea L CR RN e s N S

Using (3.11) and the non-negativity hypothesis for n;(u), we get

, o] 1 (d/2)
Jm (= ”t(“)} T WL(SHT(d—s/2)T(1— (d—s)/2)

x (1— u)(d*S)/Q {(I)S(t) _ M} > 0.

rd
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In particular, the expression in braces is non-negative for d — 2 < s < d.

For R # 1 we have (R — 1)? < r2. Thus, the first hypergeometric function in
(3.11) is strictly larger then the second one for all -1 <u <tandd—2 < s < d.
Hence, using ®,(t) > q(R + 1)?=%/r?, we have

) > WiSd) r(Fd(i/j/)m <11 - 2)d/2 (%)WW

_ t—u R 1 d—s
<o) {‘I’S“) - %} 20,

which shows that 7;(u) > 0 for all =1 < u < t. O

Remark 3.4. We note that in the limit R — 1 relation (3.10) becomes the same
as in [4, Eq. (5.9)]. It also follows from the proof of Lemma 3.3 that the sign of
the difference ®,(t) — q(R + 1)?7*/r¢ is determined by the sign of 1, (u) near the
boundary of the spherical cap ¥;, that is for u near t~, and vice versa.

Remark 3.5. Equality in relation (3.10) yields lim,,_,;- n;(u) = 0. This follows from
(3.11) and the identity

B L,d/2 t—u = 1,d)2  (R—1°t-u
ﬂ%<1@sW?1—u>2E<1usy?‘_ﬁr—1_u>
_ = (d/2)n _ B on t—u\"

_Z;rm+1—@pﬁym{1 (B—=1) /1] }<1_u)-

4. THE NORMS ||e|| AND |jv]|.

In this section we compute the norms of the measures in (1.30).
Lemma 4.1. Letd —2 < s <d. Then

21—d1—\(d) (R+1)d—s /t (1+u)s/2—1 (1_u)d—s/2—1

U el = s 2r62 .69 (R? — 2Ru + 1)"/2

du.

Proof. From (3.8) and (3.9)

wa1 1, oy d/2-1 I(d/2) wyq (R+1)%°
||€tH = Z /_1 Gt(u) (1 —u )d/ du= F(d(/s/)Q) Zd (W:(_Sd))Td

t
< (1— t)d—s/Q/ (14 w)/271 (1 — )l @9/2-1 (4 _ 1
—1

2
sz1<1 1,d/2 (Ri—l) tu)du.

—(d=-95)/2" 2 1—-u
We now apply Lemma A.1.

g1 _DW/2) T2 way (R DT
I(d—s/2)T(s/2) wg Wy(S)rd

1 —d/2
_ _s/2— 1-—
x (1 —zy) d/2/ 0¥ (1 = aw)? s/2-1 (1—uv) duo,
0 -y

let] (11— )" (1 +1)*?
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where x = (1+1)/2 and y = (R — 1)?/r2. Substituting
1_$y:(R+1)2g v(l-y) _ 4R 1+t
r? 2 1—ay (R+1)* 2
and (1.3) we get the Euler-type integral of an Appell function [5, Eq. 5.8(5)]
275/21'(d) 1
llell = T(d— s/2)T(s/2) W,(S7)

/2 —d/2
Lo 1t N 4R 14t
X U 1——u l——s—u du.
0 2 (R+1)° 2

A change of variables 1 +v = (1 4 t)u yields (4.1). O

(R+1)"°(1+1)?

Lemma 4.2. Letd —2 < s <d. Then

2'791(d) ! s/2—1 d—s/2—1
”Vt”F(d—S/Q)F(S/Q)/1(1+u) (1—w) du
(4.3) =1-1((1—-1¢)/2;d—s/2,s/2),

(4.2)

where I(x; a,b) denotes the regularized incomplete Beta function (cf. (1.14)).

Proof. We proceed as in the proof of Lemma 4.1. In fact, the densities €, and v,
differ by a multiplicative factor (R + 1)*™* /[W(S%)r?] and a factor (R —1)2/r? in
the argument of the hypergeometric function. From (3.2), (3.3), and Lemma A.1

Il = e t)sm [ () T

A change of variable 1 +u = (1 + ¢)v yields (4.2).
A manipulation of the integral (extending the integral over the complete interval
[—1,1] and using the standard substitution 2v = 1 — u) yields (4.3). O

5. THE EXTREMAL SUPPORT AND MEASURE: PROOFS OF THEOREMS 1.10, 1.11,
AND 1.14.

Our first proof deals with the minimization property of Sg.

Proof of Theorem 1.10. Let K be any compact subset of S¢ with positive s-capacity.
For the considered range of the parameter s, we have that the potential of the
extremal measure ux = pk s satisfies the following (in)equalities

(5.1) UkK(x) = W4(K) q.e. on K, Uk (x) < Wo(K) on S%

This follows trivially from the general theory (see [14, Chapter II}) for
d—1< s < d, with the inequality holding on the entire space R%*!. To derive
(5.1) for the extended range, we observe that for K = S? this is obvious (ux = 04).

If SY\ K is non-empty, there is a spherical cap X that contains K. The s-potential
of us, equals W, (X) everywhere on ¥, so the measure v:=[W,(K)/W(Z)|pux has
a potential that equals W, (K) on X. Since UFK(x) < W (K) on supp(uk) (see
[14, p. 136(b)]), we could derive the inequality in (5.1) by comparing the potentials
of px and v and applying the restricted version of the Principle of Domination as
given in [4, Lemma 5.1] (for s = d — 2 we adapt the argument in Lemma 5.1 using
[14, Theorem 1.27]). Since UFK (x) > W(K) q.e. on K (see [14, p. 136(a)]), we
conclude the equality in (5.1) as well.
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Clearly, Fs(Sg) = Fg (see (1.7) and (1.8)). We now show that for any compact
set K C S% with positive s-capacity we have F(K) > Fs(Sq). Indeed, let us
integrate (1.7) with respect to pg. Since px has finite energy, the inequality holds
also pux-a.e. and we conclude that

[0t duictd + [ Qe duict) > Fo.

Using the inequality in (5.1) we write

[ dutx) = [0 09 dpo(x) < W)
which proves our claim. O

Next, we prove sufficient conditions on ), that guarantee that the extremal
support is a spherical zone (cap).

Proof of Theorem 1.11. The convexity assumption on f(£) implies that Q(z) is con-
tinuous and the existence and uniqueness of the extremal measure g follows from
standard potential-theoretical arguments (see [23], [24]). The rotational invariance
of the external field implies that the extremal support is also rotationally invariant.
Hence, there is a compact set A C [—1,1] and an integrable function g : A — RT,
such that the extremal support is given by

supp(pq) = {(\/1 —u?X,u):u€AXE Sd_l} ,
and the extremal measure is
dpg(x) =g(u)dudog—1(X), u € A.

What we have to show is that A is connected. For this purpose we adapt the
argument given in [16]. Suppose A is not connected. Then there is an interval
[, ] C (—1,1), such that [a, 8] N A = {«a,3}. Let A=:=AN[-1,a] and AT:=AN
[8,1]. Letting

x=(V1—-u?%x,u), ue ATUAT, xes? !

:(V1_€2Za§)a é—e(a)ﬁ)aiegdila

we represent the weighted s-potential as follows:

Ue@) + Q) = [ glu) (/S M) du+ Q)

a1 |z —x|°
(52) = [ gtumtwe) dut [ gwntng) dus )

where the kernel x(u,&) has been evaluated in [4, Section 4] for the case £ > u
(u€ A7) to be

(5.3) m(u,«f)::/salil doa-1(%)

|z — x|

(54) S g (1 R

 (8/2);, —5)/2), (1+w)" (1-9"
(5.5) ZO d/2 k"( )k+s/2 (1+§)k+s/2-
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By symmetry we derive that when £ < u (u € AT)

& (s/2),1—(d—9)/2), A —w)" (148"
M) = Y T R P gt
It is easy to verify that the functions
1-9F/ @+, a+or /-9, k=012,

are strictly convex for £ € (—1,1). Hence, from (5.5) and (5.6) we derive that
the kernel (u,&) is a convex function in & on («, 3) for any fixed u € A~ U AT.
Therefore, using the convexity of f(£) we deduce that the weighted s-potential is
strictly convex on [a, §]. This clearly contradicts the inequalities (1.7) and (1.8),
which proves (1.26).

Now suppose that, in addition, f(§) is also increasing. If t; > —1, for u € [t1, t2]
and £ € (—1,t1), the kernel is calculated using (5.6), in which case we easily obtain
that Ok(u, £)/0¢ > 0. This yields that the weighted s-potential is strictly increasing
on [—1,t1], which contradicts (1.7) and (1.8) similarly. O

(5.6)

Proof of Theorem 1.14. The external field is given by
s —s/2
Qua(®) = a/ la— 2 = q|R* = 2Rg + 1] =:£(¢),

where z = (\/1 —£2%,¢), € € [-1,1], Z € S¥1. We easily verify that f/(¢) > 0
and f”(§) > 0 for £ € [-1,1]. According to Theorem 1.11, the extremal support
associated with Qa4 is a spherical cap. So, by Theorem 1.10 we have to minimize
the Fs-functional among all spherical caps centered at the South Pole.

Recall that (see (1.29) and Remark 1.13)

Fo(3e) = Du(t) = Wo(SY) (1 + g llecl]) / N1l

Applying the Quotient Rule and using (4.1) and (4.2) and the Fundamental Theo-
rem of Calculus, we get (note that ||| > 0fort > —1 and ||v’ > 0for —1 <t < 1)

P, ! — (1 ! / ’
dd s _ qlled flel 2( +q|u\let|\)|\w|\ __wll [q)s(t)_qws(gd)letlll
t [[v]|™ /W (S9) [l ]
vl g(R+1)"° el
(5.7) - D,(t) — =: — A(),
[ rd A

where r = r(t) = VR? — 2Rt + 1. Observe, that A(t) — oo as t — —1. Hence,
there is a largest tg € (—1,1] such that A(¢) > 0 on (—1,%). If tx = 1, then
®,(t) is strictly decreasing on (—1,1) and attains its minimum at ¢t = 1. We note
that A(1) > 0 is equivalent to the condition in Corollary 1.3. If ¢y < 1, then by
continuity A(tg) = 0. Clearly, ®.(t) < 0 on (—1,t9) and P.(¢ts) = 0. Suppose,
@’ (7) = 0 for some 7 € (—=1,1). Then A(7) = 0. Applying the product rule we get

d—s d—s
o, o Wl gy deBIDTRN |l dgBEDTIRE
de? Il [ rdee Ml T

Hence, any zero of @’ is a minimum of ®,. Since ®; is twice continuously differen-
tiable on (—1,1) (see Lemmas 4.1 and 4.2), the later observation implies that @
has only one local minimum in (—1, 1), namely ¢, which has to be also a global
minimum. Observe, that ®.(t) < 0 for t € (—1,ty) and P.(¢t) > 0 for t € (¢o,1).
From (5.7) we conclude that A(¢) > 0 on (—1,t9) and A(t) < 0 on (t9,1). This
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shows that ®,(t) has precisely one global minimum in (—1,1], which is either the
unique solution tg € (—1,1) of the equation A(t) = 0 if it exists, or to = 1. More-
over, A(t) > 0 if and only if ¢ < t;. By Lemma 3.3 and Remark 3.4 we have
to = max{t : n; > 0}. Clearly, Sq,, = X¢,, from the minimization property.
Since the signed equilibrium for ¥, is a positive measure, by the uniqueness of the
extremal measure we derive that ug, , = 7t,- O

6. THE WEIGHTED s-POTENTIAL OF 1y ON S \ ¥;: ALTERNATIVE PROOF OF
THEOREM 1.14

In this section we complete the proof of Theorem 1.12, namely formula (1.32)
on S%\ 3;. The s-potential of 7; is given by

vp o) = [ S0 e [ tl (€ () (1 — u2) 2 d

|z — x| wq

where z = (/1 —-¢2 %,§), £ > t, and the kernel k(u,€) is given in (5.4). The
densities €, and v; of the balayage measures ¢, and v; in (1.30) have in common
that they can be written as (cf. Lemmas 3.1 and 3.2)

(6.1)

=0 (20)"" (22) 7S e (ko)

with appropriately chosen constants C' and ¢;. Hence, it is sufficient to study the
s-potential of dv; = v; doyls,-
Using the series representation (5.5) of k(u, &) and integrating term-wise we get

veg) — Cwi1/wa o o (3/2),, (1= (4= 9)/2),,(d/2), [1=€)" o (0
R NTIee n;),;)m' d/2 T(n+1-(d—s)/2) L+g] v Hmn (),

where Hyy, ,(t;u) is the integral

T\ o\ ™ " (1= u?) T
Hun(t;u) = — du
’ 1\1l—w 1—t 1—u 1—wu (1—u)*/?
N L ) e U ) M
- ( - t) 1 (1 . u)m+n+1+s/2 u.

By [17, Eq. 2.2.6(9)]

F(m+d/2)T(n+1-(d—s)/2) (1- t)dfs/z 1+ t)m+n+s/2
Pim+n+1+s/2) (1 7t)m+d/2 (1+t)n+17(d75)/2-

Hn(t;u) =

Putting everything together, we arrive at

t des_1,wi—1 T(d/2) 11—\ @972 /1 4\ /2
UJ(z) =2 de r(1+s/2)< ) (1—+§)

(s/2),, (1—=(d—19)/2),,(d/2), (1=E1+t\" [ ;1 4+t\"
XZZ 1+s/2) —minl (1+§1t) (CtT)‘

m=0 n=0
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The double sum in the last expression is, in fact, the series expansion of the gener-
alized F3-hypergeometric function (cf. [18, Eq. 7.2.4(3)])

bl
F3<a,a’éb,b';w,z) ZZ m'n(' n nym, ||, |z < 1.

m=0 n=0

Moreover, the Fs-function in question is of the form [18, Eq. 7.2.4(76)]
Fs (a, c— aéb, c— b; w, z) = (1- Z)aerfc ,Fy (a&b; w2 — wz).

Let r be the distance between the point charge ¢ and any point on the boundary
circle of the spherical cap X; (that is 7> = R? — 2Rt + 1) and p be the distance
between the point charge ¢ and z on S\ ¥, (that is p? = |z —a|? = R2— 2R+ 1).
For C =T'(d/2)/T(d — s/2), ¢; = 1 and using (1.3), we have

s/2
1+t $/2,1—(d—s)/2 1+t
Ve _ d ) .
(6.2) Ult(z) = Ws(S )As,d<1+€) 2F1< 14 5/2 Tre)
For C = (1/W4(S*))I'(d/2)/T(d—s/2)(R+ 1) /r% and ¢? = (R —1)%/r?, we get
s/2 2
. 11+t $/2,1—(d—s)/2 . p~ 141
t — ) | —
(6.3) U (z) = Ay q (1+§) 2F1( s ETE )
The normalization constant A g is given by
I'(d/2) s/2,1— (d—s)/2
A q:= F ’ ;1.
SCTT((d - 9)/2) T +5/2) /2 1( 1+s/2
(The above last relation holds by [1, Eq. 15.1.20].) The relations
1+t7(R+1)27T2 E—t P —p?
1+¢6 (R+1)*—=p2° 14+& (R+1)7° -

allow to express all formulas in terms of distances to the point charge ¢ exerting the
external field. Note that the hypergeometric functions above represent incomplete
beta functions (see (1.13)). When using the regularized incomplete beta function
I(z; a,b) (see (1.14)), the s-potentials can be also written as

1+t s d—s 1_p21+t
-, = Ue :-1——
1+§72’ 2 )’ S(Z) ps ( r2 1 5

which are valid for z € S% \ ¥;. Hence, we obtain

(6.4) U (z) = Wy(ST)I(

L\chz;
[N

1 (0) = DU ) — U ()

s (Z) = (Sd)
1+t s d— 1 21+t s d—
=, (1)1 i; f7 =S5y g—I P_i; f, a=s ,
1+¢°2° 2 ps \r2l1+¢2° 2
By means of the functional equation I(z;a,b) =1 —1(1 — x; b, a), it follows that the
weighted s-potential of 7; for any —1 <t < 1 at z in S\ ¥ is given by

(R+1)2€6~t d—s s E—t d—s s
7 oire 2o MOTE TS ’2)}’

U (z) + Q(2) = P4(t) + {%I(

which proves (1.32).
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Next, we provide an alternative proof of Theorem 1.14. Using the (series) ex-
pansion

I(2;a,0) = %Za (1—2)" oFy (1&a++1b; Z),
we obtain for £ > ¢ > —1 the relation
0(d/2) (€t /1 4¢\*?
o -0+ OB () (120
> (d/2), E—t\" [¢(R+ D" [R242R+1]"
XZF(n+1+(ds)/2)(1+§) { rd [R22Rt+1} _q)s(t)}'

n=0

If (R + 1)?=%/r? > ®4(t), then the above infinite series is a positive function for
1> ¢ >t. An immediate consequence in such a case is the inequality

(6.5) UM (z) + Q(z) > ®,(t), zeS%\ .

In particular, the last relation holds when ¢ = tq is a solution of (R + 1)47%/r? =
®,(t). But then from Lemma 3.3 we have that the signed equilibrium is a positive
measure. Since it satisfies the Gauss variational (in)equalities (1.7) and (1.8), this
is the extremal measure associated with Q. Easily, we derive that ¢, = max{¢
ne > 0}.

Remark 6.1. An interesting observation is that for ¢ = ¢, we could factor (§ —

£)/(1+€) (to get [(€ —1)/(1 4 £)]*+(4=*)/2) and using product rule, it follows that

(6.6) FUr@ Q@) ~o

-t
It can be also shown that for (R + 1)?=%/r? # ®,(t) one has
i B I'(d/2) g(R+1)"°
) (L1 D2 (e - )2 L o((e - )T as e -t

Thus, the partial derivative with respect to £ of the weighted s-potential of the
signed equilibrium 7 is singular at the boundary of ¥; when approaching it from
the “outside” if ¢ is not a solution of the equilibrium condition. The sign of this
partial derivative is determined by the difference in curly braces, see Figure 1.

7. THE EXCEPTIONAL CASE s = d — 2: PROOF OF THEOREMS 1.16 AND 1.18

The proof of Theorem 1.16 will be split into several Lemmas. We first find the
s-balayage of a point charge y = (V1 —v2y,v) € S?\ 3; onto ;. Set

€y = €y t,d—2= Bald_g(éy, Et).

To determine e, we proceed as in [4, Section 3] (see also [14, Chapter IV]). We
apply an inversion (stereographical projection) with center y and radius v/2. The
image of S is a hyperplane passing through the origin. The image of ¥; is a
hyperdisc of radius 7 = v/1 —t2/(v — t). The (d — 2)-extremal measure on this
d-dimensional hyperdisc is the normalized (unit) uniform surface measure on its
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boundary d \*(x*) = 79" 1do4_1((x* — b*)/7), where b* is the center of this hy-
perdisc. The potential of A\* is found to be
_ dog—1((x* —b*)/7)
Uj_o(x") = T/ d—2
si-t[(z* = b*) /7 — (x* —b*) /7]
Using the Kelvin transformation of this measure as given in Section 2.1 (cf. (2.5)
and (2.6) with R? — 1 = 2), we compute that

=T Wd_g(Sd_l) =T

d/2—1 dog—1(X)
d )
x -yl
In [4, Section 3, Eq. (3.12)] the corresponding point charge balayage was calcu-

lated for d — 2 < s < d,
(7.2)

(7.1) dey(x) =2(v—1t) (1 -t X € 0%.

o o\ A=)/ X
_ 2sin(n(d —5)/2) (U f) (1 _u2)d/2*1 M’ x € Y.

dey s(x) = - r— [

The following lemma establishes the relationship between €y ; and ey .

i d— 2
Lemma 7.1. Letd > 3. Let d%::—sm(w( 5)/2) du, =1 <u <t. Then ||vs| —
m(t — u)(d—s)/2

1 and vs = 6;, as s — (d —2)t. Consequently, ey s — €y, as s — (d —2)*.
Proof. We compute
t d— s)/2 . g
e :/ sin(m( s)/ )d sin(m ( ( s)/ ))(1+t)17(d*5)/2_

L wt—w@92 T T A= (d—9)/2)

Clearly, ||vs|| < 2 and ||vs|| — 1 as s — (d —2)*. Let f be a continuous function
n [—1,¢]. Then what we have to prove is that

lim b sin(r(d — s)/2)
s—(d—2)+ J_q m(t —u)(d=s)/2

flu)du= f(t).
By [|vs]] — 1 as s — (d — 2)™, this is equivalent to

! sin(r(d — 5)/2)
_ li S o)e)
(7.3) R A e 17

[f(u) = f(H)] du = 0.

Let € > 0. From the continuity of f it follows that there exists a § > 0 such that
|f(u) — f(t)] < €/4 whenever |u — t| < §. For s sufficiently close to (d — 2)" we
estimate that

/:6 [f(u) — f(1)] %du <2 fllCrg W < /2,
and t
/t_é [f(u) = F()] %du‘ <gll ez
Therefore,

]/_ [F(u) = £(2) %du’ .

which proves (7.3).
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Suppose now that f(x), where x = (v/1 — u?X,u), is a continuous function on
S?%. Then as s — (d — 2)T we have

lim/E fdeys = lim/t1 (/Sdl f(x)M) 2 (v — t>(dfs)/2 (1 _ U2)d/2_1dfys(u)

d
x -yl
d/2—1 dog_1(X
=2(w—t)(1-12)" / f(x>71(d) = | fdey,
gd—1 |x — y] u—t o
which completes the proof of the lemma. (I

Next, we determine the balayage measures in (1.34). We shall use that §;, which
is the unit charge uniformly distributed on the boundary of 3, has (d— 2)-potential

t dog1(®) _ [A-0"7 "2+ ey,
(4 Uitae) = /s uet ﬁ B {(1 +6)' -9 e <t

where z = (/1 — €27, u) € S%. This follows from (5.5) and (5.6).

Lemma 7.2. Let d > 3. The measure Uy = Balg_o(0q4, X¢) is given by

(7.5)  d7(x) = dod|y, (%) + Wd,Q(sd)% (1= )"* 7 d6y(u) dog_1 ().

The (d — 2)-potential of Uy is given by
(7.6) UY ,(z) = Wa_a(SY), 7 €Yy,
(7.7) Ut ,(2) = Wao(SH 1+ 02T 1+ < Wy o(S?),  zes?\ %,

Remark 7.3. It is interesting that the (d —2)-potential of 7; can be expressed using
the potential of 3 (cf. (7.4))

d/2—1

(7.8) UL o(z) = Wa—o(S?) (1 — ) U (z), zeS\%.

Remark 7.4. In the proof of Lemma 7.2 and Lemma 7.5 below we shall obtain
the balayage measures constructively. Alternatively, one could get this from the
potential (in)equalities (7.6), (7.7) and (7.13), (7.14).

Proof of Lemma 7.2. It is well-known that
(7.9) Baly—2(04, %) = 0aly, + Bald_g(ad‘gd\zt, ).

By the principle of superposition we have for x € 9%,

Ba1d72(0d|gd\zt52t) = /Sd\E ey(x)dgd(}’)

-2 [ ([ o) -
= </t1 (1-0)"* " (- t)/S doa1(9) dv) 4-1(%).

wd -1 x =yl

The inner integral can be computed using (5.6) with s =d

dog—1(y) _ 1
(7.10) /SH x—y|"  2w—t)(1+u)* A —p?F
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Hence,

wq

1
Bald_2(0d|sd\zt, Zt) = @ (1 + t)d/Q*l (/ (1 _ ,U)d/Qfl d'U) O'd_l(i)
t

2 wq— _
— Ew_d LA+ 1 =) 04 1 (R)=1qp,04-1(X),  x € O,
wa
Using Wy_2(S%) = (4/d)(wg—1/wa) and (7.9) we derive (7.5).
Relation (7.6) holds because of the balayage properties. Using (7.4) we have

7, dO’d(X) t
Utale) = [ 5 4 Ultale)
s, |z — x|
t _
Wd—1 9 d/271/ dog-1(X) 4z,
= 1—wu du+
wq /_1 ( ) gd—1 |Z - X|d—2 (1 - t)d/271 (1 +§)d/271
d/2—1
_ Wd-1 /t (1-w?) / du+ v,
wa Joi (- u)d/2—1 (1 +€)d/2—1 (1— t)d/2—1 (1+ g)d/Q—l
14+t (146)%2! 1—t (14 0)%*!
= Wy_o(S?¢ _o(s?
Wa—2(S%) 2 (1 +£)d/2—1 + Wa-2(59) 2 (1 +§)d/2—1’
from which follows (7.7) O

Lemma 7.5. Let d > 3. The measure € = Baly_2(0a, Xt) is given by

(7.11) de(x) =€ (u) dad’zt (x) + ¢, d ¢ (u) dog—1(X),
where the density €,(u) and the constant ¢z, are given by

R —1)% /Wy_a(s? 1—t(R+1)° -
(7.12) Eg(u);:( )" /Waa(8) g, = 1t (1—)*

(R? — 2Ru + 1)4/2+1’ 2 rd

The (d — 2)-potential of & is given by

(7.13)  UY ,(z) = |z — al> " = Use ,(z), z € X,

(714) USY_Q(Z) _ T27d (1 + t)d/271 (1 +§)1*d/2 < U((15,5_2(Z)7 z € Sd \ Et-

Proof. As in the proof of Theorem 1.2 we evaluate

(7.15) €a:=DBaly_2(da,S%), deéa(x) = (u) dog(x).
Using balayage in steps and (7.9) we get
(7.16) Balg—2(0a; X¢) = @y, + Bald,g(Ea‘Sd\Et ,20).

By the principle of superposition we have for x € 9%,

Bala-a(ealyy, 90 = [ )y (0 douty
t

_ ‘*’Z;l /t1 (/S z;(v)ey(x)dad_l(y)) (1—22)"* " do
e </tl (1= ) (v - t)/S Mdv> Ta_1(X).

Wa o x—yl*
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Applying (7.10) yields

Balg—(€alg s, » St)

2 d/2—1
wa—1 (R*—1) d/2—1 /1 (1—-v) <
= — (14t dv | og-1(X
wa Wa—2(5%) 1+ ¢ (R2—2Rv+1)"*"! 4-1(X)
2
_ 2wg (R*—1) (1+ t)d/Qfl (1- t)d/Q
d wq Wi—2(8%) (R? — 2Rt +1)

where we used the change of variable w = (R — 1)2/(1 — v) + 2R to compute the
integral in the parenthesis.

Similar computations with the substitution w = (R +1)?/(1 4 u) — 2R (see also
(7.4)) lead to (7.14). That is, for z € S?\ X; one has

Ugt o(z) = /E &) doglx) + e, UL (2)

|Z _ X|d—2

Wi (R2 _ 1)2 t (1 _ u2)d/2—1 dog 1 (%) . N

= Twon Wa (S [1 (R? — 2Ru + 1)1 /SGH 5 du+q.,Uy! 5(2)
Wd—1 (R2 — 1)2 t (1+ u)d/2_1

T wa Waa(S9) /_1 (R? — 2Ru + 1)¥/2T (1 4 )¥/*!

C2win (R-12 407 1-t(R+1)Pa+0!
4 wa Wa—a(8rd (1 4 )21 B (1)t

da/2 Od—1 (i) = Ge,0d—1 (i)’

|z — x|

du+ gz Ujl 5(2)

1 1+ (R=1)* 14t 1-t (R+1) 1 (140!

riT2 (14 | R2 2Rt +1 2 2 R2-2Rit+1
As in the proof of Lemma 7.2 the balayage properties imply Equation (7.13). O
The weak* convergence in (1.36) is shown next.

Lemma 7.6. Lett € (—1,1) be fized. Then

(7.17) Vts = 7, €15 &, as s — (d—2)*.

Proof. The result follows easily from the weak* convergence ey s — €y as § —
(d —2)* and the following representation valid for any measure y on S%:

(7.18) Bl (1, 21)(0) = s, () + [ g, A
O
The norms ||7¢|| and ||&|| can be obtained from Lemmas 4.1 and 4.2 by taking

the limit s — (d—2)T (which is justified by the weak* convergence shown in Lemma
7.1).

Lemma 7.7. Letd > 3. Then

d—2 to(1 d/2=2 (1 _ /2
(7.19) el = —— (R+1)2/ Sl 5/)2 du,
4 -1 (R?-2Ru+1)

d—2 t )
(720) ||ﬁtH — TWd72(Sd)/ (1 +u)d/2 2 (1 . U)d/2d’u.

-1

= pd—2 (1 +§)d/2—1'
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Completion of the proof of Theorem 1.16. Proceeding as in the proof of Theorem

1.14, but using now (r = r(t) = VR2 — 2Rt + 1)
— _ = _ _
() =~ 7]l / 172 {‘I’dﬂ(f) —q(R+ 1) frt| = |7 / 7)) A),

it follows that the global minimum of ®4_5 is either the unique solution tq € (—1,1)
of the equation A(t) =0, or tg = 1. In particular, A(¢) > 0 if and only if ¢ < ¢.
The explicite form (1.35) follows from Lemmas 7.2 and 7.5. If 77, > 0 then
A(t) > 0, s0t < ty. On the other hand, it is easy to see that if ¢ = ¢o, then 7,
given in (1.38) is > 0 because of (R—1)? < R*—2Rty+1 < R*—2Ru-+1. Therefore,
we have that to = max{t:7, > 0}, pg_ = Mo and supp(ug_ q) = X¢p- O

The proof of Theorem 1.18 is also split into several lemmas.
We must check that Theorem 1.11 also holds in the case d = 2 and s = 0. Then
we can make use of the fact that the support S@ of the extremal measure on S?

associated with the external logarithmic field @a, q 1s a spherical cap.
Adaptation of the proof of Theorem 1.11 for d =2 and s = 0. Theorem 1.11 can be

extended to hold for d = 2 and s = 0. Instead of the kernel x(u,§) given in (5.3)
one has to consider

dr

1 11 1 log(2—2uf—2VT—u?\/1-Er
ralw = [ Vg = o =50 [ ( Wi )
(7.21)

—3log(14+&) — flog(1—u) &>u,

1
:_§1°g(1_“5+|§_“|):{§1og(1g);1og(1+u) £ <u

This follows from the Funk-Hecke formula and [21, Lemma 1.15]. It is easy to verify
that the kernel ko (u, ) is strictly convex for £ € (—1,1) for any fixed u € (—1,1).
Hence, we may use the arguments of the proof of Theorem 1.11 appropriately
adapted for d = 2 and s = 0. O

It should be emphasized that in the logarithmic case balayage preserves mass.
Thus, the logarithmic potentials of a measure and its logarithmic balayage onto a
compact set K differ by a constant on K.

Lemma 7.8. Let d =2 and s = 0. The measure Uy o = Baly(o2, ;) is given by
(7.22) d7;0(x) = do|y, (x +—d5t( Yd o (X)

and ||T0(x)|| = 1. The logarithmic potential of Ty o is given by
1+t log2

Uy (z) = —— 1 fo—log(lth) z € Xy,
. 1+t log2
Uy (z) = I *%*—bg(Hé) 281\ %

The measure Uy o is the logarithmic extremal measure on 3; and

1+t log2
i fﬁf—log(lth)

(7.23) Wo(2e) = —— = —;
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Proof. Using relation (7.21) we show that the measure in (7.22) satisfies the bal-
ayage properties. Let z € 34, that is £ <¢. Then

Ty - o2|g 1-—t o1 |ue
Uyt (2) = U (2) = Uy (2) + — U5 (2)

! 1 1—t 1
— Wy (S? fﬂ/ / log ——— d oy (%) ) d —/ log ———|  doy(x
WO( ) w2 J¢ st 8 |Z —X| o1 (X) ut 2 s1 8 |Z —X| u=t Ul(X)

:—710g2+i/71 [log(lf§)+log(1+u)]duf%[log(lff)leog(let)]

= —— - —— — —log(1+1t)=Wy(Z).
For z € S? \ 34, that is £ >t > u, we have after a similar computation

v 1 1—-1¢ 1
Ut (z) = log—d —_— log —— doi (X
0 (Z) /Zt 0og |Z — X| UQ(X) + ) /Sl 0og |Z — X| o1 (X)

u=t

¢ 1 1t 1
= / log ——do1(X) du+—/ log —— do1(X)
wy )1 \Jgr 7 |z —x] 2 Jo Tlz—x|lu=t
1+¢ log2 1 1 14t
— -t 052 Zoe(1 = Wo(Z,) + =1 ).
s 3 los(1O) = Wo(B) + 5log g < Wo(2)
Since
1—t wi [* 1—t 1+t 1-—t
= d —— | doy=— d | dog=——+"—""=1
ol = [ amr it [am =2 [ aur i [ao =t 10

vy is a probability measure on 3; which is constant there. By uniqueness of the
logarithmic extremal measure ps;, on X; one has us, = 4. O

Lemma 7.9. Let d = 2 and s = 0. Then the Mhaskar-Saff functional Fqy for
spherical caps ¥ is given by

1+t (R—1)%log(R*—2Rt+1) 1

Fo(Xy) = (1+ + ——log(1+t
1) 0o(2e) =1 +q) ——+¢ 2 SR 5 log (1 +1)
_log2  (R+1)"log(R+1)
2 1 8R '
It has precisely one global minimum ty € (—1,1]. This minimum is given by
(7.25) to = min {1, (R* — 2Rq +1) / [2R (1 + ¢)]} .

Proof. By Lemma 7.8 and |x — a|? = R? — 2Ru + 1 we obtain (with us, o = 7s)

— 1 1-1¢ 1
d = log ——d — 1
/Qa,q ,U/Zt,O q/Et Og |X - a| 02(X) + q 2 /Sl Og |X o a|

dO‘l(i)

u=t

t
q w1 2 qlft 9
= I¥ —2 1)du— 1 1 — 2Rt +1
2 | og (R Ru+1)du 55 og (R Rt +1)
14t (R+1)21og(R+1)2+ (R—1)%log (R? — 2Rt +1)
r 1 SR ? S8R '

Substitution of the last expression and Wy (%) from (7.23) into

Fo(t):=Fo(X:) = Wo(X:) + /@a,qdﬂzt,o,
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yields (7.24). Observe, that Fy(t) — oo as t — —1. Furthermore,
l4+q (R—1)* 1 1t< 2qR 1 )

Fo(t) = - = -
4 AR2-2Rt+1) 2(1+t) 4 \R2-2Rt+1 1+t
_ 2
__ R+q9(-1 Ly (BHD) }

2(1+t)(R? — 2Rt + 1) ~ 2R(1+q)

If —1 <t < 1, then the sign of F{(t) is given by the sign of the linear function in
the brackets, which is negative at t = —1. If (R + 1)? > 4R(1 + q), then F}(t) <0
everywhere on (—1,1), and Fy(%;) is strictly monotonically decreasing on (—1,1)
and has a global minimum at ¢ = 1. Otherwise, if (R+1)? < 4R(1+ q), then F}(t)
has exactly one zero to:=(R? —2Rq+ 1)/[2R(1+ q)] on (—1,1), and is negative on
(—1,tp) and positive on (tg,1). Clearly, Fo(t) achieves global minimum on (—1, 1]
at tg, with value

(R+1)>  (R-1)° q 1. (R+1)
Fo(S) = 1 — Zlog~———— —qlog(R+1).
o) =gt e, Tl Ry TYos(BED
This completes the proof. (I

Lemma 7.10. Let d =2 and s = 0. The measure €9 = Balg(0a, X¢) is given by

(R2 - 1) 1—t (R+1)°

7.26) d d do doi(X
(7.26) deo(x) = (2R 1 1) Ug\zt(X)-l- R 2R 1 +(u) d oy (X)
and |[€.0]| = 1. The logarithmic potential of €. is given by

- 1. R2-2Rt+1 (R+1)° (R+1)°
o _ U5a - 1 by

0" (2) = U (2) + 5 los =5 SR PR 2Ryl CCTT

. 1. R2-2R¢+1 (R+1) (R+1)°
Us-(z) = U -1 1 S\ 2.
d72(z) 0 (Z) + 2 0og 2 (1 + é-) 8R 0og R2 _ 2Rt 4 17 zZ < \ t

Proof. Let z € ;. We write

=2 ([ ) e (e paon)

1-t (R+1) _
lo —‘ doy (%).
2 R2—2Rt+1/sl 8 T e 115

Using relation (7.21) and Mathematica we arrive at

. 1
(7.27) Uy’ (z) = —5log (R* —2R¢+1) + C(R;t),
where
1. R2—2Rt+1 (R+1)° (R+1)°
=—1 I .
CR:=5le —m 53— T "3p 8 am 1

Let z € S? \ ¥;. Then

_ ¢ R2 —1)? 1
Ugt,o(z) - ﬂ/ ( ) 3 (/ 1og—do‘1(§)) du
w2 J 1 (R?2 —2Ru+1)* \Jst |z —X|

1—t (R+1)°
1
T R2—2Rt+1/ ©

8] _doi(®)
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Using relation (7.21) and evaluating the integral one gets after some simplifications

. 1 (R+1) (R+1)?
2 “z) =—=1log[2(1 1
(128)  UF(2) = —5log2 (14 O] + g log o —
which yields the representation outside of ;. Since
22 1 1+¢
R R+ + <1 foré&>t,

RZ_2Ri+11+¢
it follows for z € S? \ ; that

R? —2RE+11+t
R2—2Rt+11+¢

Hence, € o has the properties of a logarithmic balayage measure. Finally,

(R —1) 1-t (R+1)° -
/gt (R2—2Ru+1)2d02(x)+ 2 R2—2Rt+1/gldal(x)

€t,0 1
U5 (z) = U3*(z) + C(R,t) + 5 log ] < US*(2) + C(R,1).

[€coll =
e @11t (R+1)
w_z/_1(R22Ru+1)2 YTTYTR Rt
14t (R—1) 1-t (R+1)°
2 R2-2Rt+1 2 R?2-2Rt+1
This completes the proof. ([

Proof of Theorem 1.18. Lemmas 7.8 and 7.10 imply that 7, o = (1 + q)¥+,0 — G0

is, indeed, the logarithmic signed equilibrium on ¥; associated with @a,q as can
be seen from its weighted logarithmic potential given in the Theorem. Using r =

VR? —2Rt+1 and p = vVR? — 2Ru + 1, we can write

q (R2 — 1)2

1+ -t
-
PE

dag‘zt(x) + T

R 2
d7, o(x) = 1+q—(](7+1) d Bi(x),

where x € %;. If 7, o > 0, then 14g—¢(R+1)?/(R*—2Rt+1) > 0,50t < to. On the
other hand, it is easy to see that if ¢ = t, then 7, , given in (1.41) is > 0 because
p < pand (R—1)* < R*—2Ru+1. Therefore, we have that to = max{t : 7, o > 0},
1, = To,0 and supp(pg ) = S 0

8. AXIS-SUPPORTED RIESZ EXTERNAL FIELDS

In this section we shall prove Theorems 1.23, 1.24, 1.25, 1.26, and 1.27.

Proof of Theorem 1.23. Direct calculation shows that

iy — T o (R2—1)""doa(x)
UP ) = U @ /(édh_xmx_ﬂms>de
)

Fu(s? d / dA(R) d

= WS S — 5 — fs S - )

T - [ g = R0 - Q)

where we used the Kelvin transformation for points (cf. proof of Theorem 1.2).
The second part follows from the uniqueness of the s-extremal measure on S¢

associated with ) and the fact that the density is minimal at the North Pole. [
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Proof of Theorem 1.24. The logarithmic potential of 7 ¢ is given by

2 \d
US“’“(z)(1+||A|)Wo(sd)/</S (& -1) log| . |do(x)>dA(R)-

+|x— Rp** Iz —x

A Kelvin transformation with center a = Rp and radius v R — 1 (cf. Section 2.1)
yields

R 1) 1 R -1)" 1 do(x
/ ( )2d 0g —— da(x):/ ( ()1 log — ( )d
st |x — Rp| |z — x| st |x — a z = x| |x - a
¢ do(x)

* d | x
— / |X* _a|d10g |Z _a| |X _a|
()~ (R? —1) |z — x*|* [x* —a|’

|Z* — a| / 1 * / 1 *
= log — log do(x™)+ log—do(x
R2 —1 (S4)* |X* — a| ( ) (S4)* |Z* — X| ( )

1 1
=log—— — [ log——d U (z).
o8 ey = [ ey o) + U

Hence

U3 6) = (14 AN Wo(s) — [ log - d(R)

# [ (Jros g anm) doty) - I wa(s"),

from which follows the first part of the theorem.

The second part follows from the uniqueness of the logarithmic extremal measure
on S associated with @ (Lemma 2.1 and in particular [19]) and the fact that the
density is minimal at the North Pole. ([

Proof of Theorem 1.25. By construction 7; is of total charge one. It is easy to verify
that the signed measure (1.54) has a constant weighted s-potential on ¥;. Indeed,

dA(R)

m :Q(X), XEEt

U3 (x) = [ U200 dA(R) =

Together with U¥*(z) = W,(S%) on ¥; we have U7 (z) = ®,(t) on ¥;. Moreover,
by Remark 1.8, we also have that F,(X;) = ®4(t).

By definition of v, &, and Bals(drp, X¢) = ¢ r (with additional indication of
the dependence on the parameter R) we can write

S ) 1 . _
=g o = feandam - |

Thus, the signed equilibrium is

o, (t) 1

— U — dA(R).
W T e A

A0 = | [ 1) ANR)| “EH1 =) dudoga®) x e

wq
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where, when using Lemmas 3.1 and 3.2, we have

7 (u 11 T2 1—¢\%2 t—u (s—d)/2
R = T () (1)

(8.1) x {és(t)zf“l(l _% dfs /2 i:Z)

PR+ 2F1< 1,d/2 (R-1)° tu>}

rd 1-(d-5)/2 2 1—u

We claim that the density (the integral in square brackets) is either positive
for all uw € [—1,¢], or is positive on some interval [—1,t.) and negative on (t.,1].
It suffices to consider the function h(u) obtained by integrating the expression in
braces in (8.1) against d A(R). Using the series expansion of the hypergeometric

functions we get
I‘k—i—l— —s)/2) 1—u

" {/ B, (1) Il (R+1)%* (3—1)% dA(R)}_

rd r
The coefficients in braces form an increasing sequence with positive limit as k — oc.
Hence, either all coefficients are positive, or the first n are negative and then all
others are positive. So, with a substitution = (t—u)/(1—u) (x € Ap:=[0, (1+t)/2])
we obtain

(8.2)

glx) = Z’Tk ar <0 for k <n and a; >0 for k> n.

k=0

We have that ¢ (z) > 0 on A, so g™~V (x) is strictly increasing on A;. Since
g™ D(0) = a,_1 < 0, there is a 7,1 in A; such that ¢~ (z) is negative on
[0, vn—1) and positive on (y,—1, (14¢)/2]. Indeed, if such a ~y,_1 does not exist, we
get a contradiction, because ¢(» = (z) will be negative on A;, which would imply
that g(”_Q)(x) is decreasing and negative on A;, and so on. This argument yields
g(z) < 0 on A;, which is impossible because the total charge of 7; is one.

By iteration one can show a sequence vy > y; > -+ > Y,—1 such that g(m)(x)
is negative on [0,7,,) and positive on (v, (1 +t)/2] for every m =0,1,...,n — 1.
This establishes our claim (t. = o).

We now can complete the proof of the theorem as follows. If 7; is not a positive
measure, then there is a ¢; such that the density of 7; is positive on [—1,¢1) and
negative on (¢1,1]. Then the signed equilibrium for ¥, is given by

ﬁt1 = ﬁfr - Bals(ﬁ;a Z151) - (Hﬁ;" - HBalS(ﬁ;a Zh)”) Vt1/ ||Vt1|| :

If it is still not a positive measure, then there exists a to such that 7, has positive
density on [—1,2) and negative one on (t2,t1]. Continuing the argument we derive
a decreasing sequence {t;} with the property that 7, is positive on [—1,¢541)
and negative on (tg4+1,tx]. The limit of this sequence is the number ¢, defined in
Theorem 1.25. Thus, ¢y = max{t: 7 > 0}, ug = 7, and supp(ug) = 3, .

The Mhaskar-Saff functional F is minimized for ¥y, . Since Fy(35;) = ®4(t) (cf.
Remark 1.8 and beginning of this proof), we will show similar as in the proof of
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Theorem 1.14 above that ¢y is, in fact, the unique solution in (—1, 1] of the relation

d—s
(5.3 A=) - [ axm =0,

or ty, = 1 when such a solution does not exist.
Using Quotient Rule and ||&||" = d ||&]|/ dt = [ ||le, ||’ d A(R), we obtain

() =~ vl / el A).

Observe that A(t) — oo as t — —11. Hence, by the above relation, ®,(t) is strictly
monotonically decreasing on (—1,¢') for some maximal ¢’ € (—1,1] (cf. (4.2)). If
t' =1, then ty = 1. Otherwise, ' < 1 and ®,(t') = 0 meaning that #' is a solution
of (8.3). Arguing as in the proof of Theorem 1.14 we have that every solution
to € (=1,1) of (8.3) is actually a local minimum of ®,(t) because of ®”(tg) > 0.
We conclude that ®(t) can have at most one minimum in (—1,1). Consequently
tyn =t'. We also infer that A > 0 on (—1,t)) and A < 0 on (¢, 1]. This completes
the proof. O

Proof of Theorem 1.26. By definition (1.34) and Lemmas 7.2 and 7.5 one can easily
see that

€ _ la—2(0rp, _
Uil o(z) = /Uf—azd 20 E) /|Z Rp|d 5 = Q(2), z € Xy,

and UgiQ(z) = Wa_2(S?) on ¥y; hence, the weighted (d — 2)-potential of the signed
measure 7], is constant on ¥, that is
Ul ,(2) + Q(z) = By_o(t) = Fuo(),  on Iy

The last relation follows from Remark 1.8. Moreover (with additional indication of
the dependence on the parameter R),

5 _/ Dy o(t) 1 .
= o Qd t,R
' Waa(s) AT

Thus, the signed equilibrium is

) 70 = | [ R) axm] aouls, 00 + | [0 ) a4

dA(R).

where, when using Lemmas 7.2 and 7.5, we have for —1 <u <t

1 1 [= -
©5) R = ey |20 - —2Ru+1)d/2+1]
~/11 - = MR 2 2 2—1
8.6) 7 (wR) = ”—i”¥ [@d_Q(t) _ (R|2 HQ(R:rll))d/Q] (1)

It can be shown that the density with respect to oq4lx,,

- (R* —1)*dA(R)

Dq-o(t) - d/2+1
(R?—-2Ru+1)

is either positive for all u € [—1, ], or is positive on some interval [—1, t.) and nega-
tive on (t.,t]. This follows easily from the fact that g(u) is a strictly monotonically

1
Wy_o(S%)

)

o(u)= / 7/ (u, R) dA(R) =
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decreasing continuous function on [—1,¢]. Now, we turn to the density with respect
to B, that is

muw=/ﬁ?uuR>dMR>=lii[$¢4@>—/1<R+1>dAua

1— )42
2 R — 2Rt +1)%? ( )

Observe that non-negativity of the above square bracketed expression implies g(u) >
0 and therefore 77, > 0. On the other hand, if 7, > 0, then

(8.7) $d72(t) 2 / (](;jJr;])%ti)\i?)/z'

Hence, the last relation holds if and only if 77, > 0. Note that gd_g(t) — 00 as
t — —1% and @4 (1) = Fyq_o(S?). Set ty:={t : 77, > 0}. Arguing as in the proof
of Theorem 1.25 it can be shown that for ¢t = ¢, equality holds in (8.7) and ¢t is

the unique minimum of ®;_»(t) on (—1,1) if it exists, or ¢y = 1. In particular,

d®as(t) (Y [= (R+1)°
at | lq)“(t) /(R22Rt+1)d/2d)\(R)

It remains to show the weak* convergence in (1.62). This follows from (1.36),
since for any function f continuous on S? we have

Et]"d€t7S = /z:t fd (/Bals(éRp,Et)d)\(R)) = /Etfd (/etﬂsd)\(R))
o (focann) - ] (] o

H/(/z:tfdzt)d)\(R): Etfda as s — (d—2)%.

This completes the proof. (I
Proof of Theorem 1.27. First observe that

ﬁmnz/ﬂqﬂdMR%=/dMR%ﬂMW

which follows from principle of superposition and preservation of mass when using
logarithmic balayage. Hence, [|7, o|| = 1 by construction. The representation (1.67)
can be easily obtained using Lemmas 7.8 and 7.10. In particular, it follows from
Lemma 7.10 that for z € ¥; there holds

Uy (@) = [ U5 @) dxe)
= 1. R?-2Rt+1 (R+1) (R+1)°
= 1 1
Q(Z)+/ 2 T 210 SRR omy1| M)
By Lemma 7.8, Ug"°(z) = Wo(%:) on ¥;. Hence, for z € %
Uy (2) +Q(2) = (1+ | A]) Wo(S1) — Us' () + Q(z) = Wo(3:)
1. R?-2Rt+1 (R+1) (R+1)?
) — =1 - 1 .
+/ Wo(Ze) = 518 —5 a7 SR am 1| M)
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After substituting Wy(2;) with (7.23), the above integral becomes the right-hand
side of (cf. proof of Lemma 7.9)

/5 d ps, :/(/z:,, logﬁduzt(X)) dA(R)

7H>\”1+t+/ (R—1)’log (R? — 2Rt +1) — (R+1)*log (R + 1)
= Al ——

8R
Thus,

AA(R).

Uoﬁt'o(Z) +Q(z) = Wo(S) + /éduzt:?O(Et)::?O(t)v z € Xy

A similar computation shows that for z € S? \

7 5 = 1o 14t 1. R*-2Rt+1

Mt,0

* =Fo(Ze) + =1 “log o~ _
Uy (2) +Q(2) = Fo(E) + 5 og1+€+ 21ogR2_2R§+1d)\(R)

The Mhaskar-Saff functional i‘o for spherical caps ¥; can be represented as
1+¢ log2 1

Fo(t) = (14 M) = — =5~ — g log (1 +1)

(8.8) (R—1)*log (R? — 2Rt +1) — (R+1)*log (R + 1)°

. d(R),

8R

which yields

LE PR EL . R T g 5 s
_ —Fo(t) = - "4 R _oRmt+1 '
(8.9) 7o) 1 21+t 4 R2—2Rt+1d>\(R)

=/ ~/
It follows that Fy(t) — —oo ast — —17 and F(1) = 0. If ¢ < 1, the equation

~1
Fo(t) = 0 is equivalent with each of the following two relations

1t 2R(1—t) 9 (R 1)
= dA(R B T TR S Gl e A
L+t /R2—2Rt+1 (&), g =1 /Rz,QRtHdA(R),
which combined give
(R+1)
8.10 1 M= [ MY _
(8.10) S = [ i)

The above right-hand side is a strictly monotonically increasing function in f.
Hence, above relation has a unique solution ¢y in (—1,1) if such a solution ex-
~/

ists (which is a minimum of ?O(t) by the properties of F(t)). If there is no such
=/ =~

solution, then F(t) < 0 on (—1,1) and Fo(t) is strictly monotonically decreasing

n (—1,1). We conclude, that the Mhaskar-Saff functional F is minimized for ¥, ,

where either ¢y € (—1, 1] is the unique solution of equation (8.10), or ¢y = 1 if such

a solution does not exists. It follows from the representation (1.67) that 77, > 0 if
and only if
(R+1)
8.11 1+ A > | =——=—dX\(R).
(8.11) HIN [ g ®)
Hence, 7, > 0 if and only if ¢ < ¢y, that is £y = max{t : 7, > 0}, supp(,ué) =3,

and g = ﬁtx,O' O
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APPENDIX A

Lemma A.1. Let -1 <a<b<c<1and |yl <1. Then

LAbOL—CUﬁ_l@-—uﬁgl(c—iﬂ_a2F1(a#%yb_ﬂu>du

cC—Uu

— F(B) y—1 — y—a —
(A1) —F(ﬂﬂw)r(a)<b—a>"+ (c=a) " (c=b)""* (1 —ay)™”

1 _ _ 1— -8
x/ Ve (1 — ) (1 — 20)? 7<1_7x( y)v> do
0 -y
for all a, B,y > 0 with 8+~ > «. Here x:=(b—a)/(c— a).

The last integral is the Euler type integral representation of an Appell F; function
([5, 5.8(5)], see also [18, 7.2.4(42)]).

Proof. A change of variable (b — u)/(c — u) = zv yields

(b—a)"* " (e—a) " (c—b)°

(A.2) Lo o -
=11 — 1—20)* P77 LR, (0. do,

></0 VT (1=v)"" (1 — av) 2 1( Y xyv) v

where 0 < x < 1. Let I denote the integral above. We substitute the series
expansion of the hypergeometric function and integrate termwise.

— - (a)n(ﬂ)n ZL'" n ! ,Un-l-'y—l (1 B /U)ﬁ71 v
(A.3) I= 7; A"y /0 d

(n+y)n! (1 — qo)?tF— ,

where the integral K, represents the hypergeometric function ([1, Eq. 15.3.1])
_ LB I(n+7) F (v—i—ﬁ—a,n—i—v,x)
"T Tty TN n By )

Since Re[n + 8+ 7] > Re[y + 5 — a] > 0 by assumption, another application of [1,
Eq. 15.3.1] gives

rpr ! - e

K, = (B)L(n + ) / P — )T (1 — )T d
I(B+y-a)l(n+a) o

Substituting the last formula into (A.3) and reversing the order of integration and

summation, which is justified by uniform convergences of the series for 0 < v < 1,
yields

- ) P (o) T SN (B), Lo\
Iir(ﬂJr’Y*Oé)F(a)/O (1—zv)? Z n! (ylzv) dv.

n=0

The infinite series equals (1 — 2v)?(1 — 2v — xy + xyv)~P. Thus, we get
()
I(B+vy—a)l(e)

1 -8
_ _ 1-—
X / VPt (1 — )T (1 — )T (1 - uv) dw.
0 1 -y

(1—ay)™”

We needed that Re[y+ 8 —a] > 0 and Re[a] > 0 as well as ¢ < 1 and x(1 —
y)/(1 — 2y) < 1. The last formula for I and (A.2) give (A.1). O
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