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Momentum distribution of a dilute unitary Bose gas with three-body losses
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Using Boltzmann’s equation, we study the effect of three-body losses on the momentum dis-
tribution of a homogeneous unitary Bose gas in the dilute limit where quantum correlations are
negligible. We calculate the momentum distribution of the gas and show that inelastic collisions are
quantitatively as important as a second order virial correction.

PACS numbers: 05.20.Dd, 67.10.-j, 34.50.Cx

In the past few years, ultracold gases have become a
unique tool for the experimental study of strongly cor-
related systems. In atomic vapours, strong interactions
can be achieved either by trapping the atoms in an op-
tical lattice or by using Feshbach resonances. While the
first route has been very successful and has led to ground-
breaking discoveries such as the observation of the Mott
transition in both Bose [1] and Fermi gases [2, 3], Fesh-
bach resonances could only be used to study strongly cor-
related Fermi gases. Indeed, despite interest in strongly
correlated bosonic systems [4–8], the lifetime of the cloud
of bosons near a Feshbach resonance is strongly reduced
by the onset of three-body recombination towards deeply
bound molecular states [9, 10]. Recent experimental re-
sults suggested new routes to overcome this challenge and
that it might be possible to quantitatively study the uni-
tary Bose gas. First, it was demonstrated that at fi-
nite temperature the increase of the three-body loss rate
scaling as a4 actually saturates when a ≫ λth, where
λth = h/

√
2πmkBT is the thermal wavelength [11, 12].

Moreover, recent experimental results from JILA demon-
strated universal local dynamics of the momentum distri-
bution of a unitary Bose gas towards a quasi-equilibrium
state [13] and have triggered several theoretical works
on the dynamics of strongly correlated Bose gases near
Feshbach resonances [14–16].

The stability of the unitary Bose gas hinges on the fol-
lowing argument [8]: first, the three-body losses are char-
acterized by a coefficient L3 such that Ṅ = −L3n

2N ,
where N is the total atom number and n is the parti-
cle density. This phenomenological law defines a char-
acteristic loss rate γ3 = L3n

2. For a non-quantum de-
generate gas, the cloud is brought back to equilibrium
by elastic scattering at a characteristic rate γ2 ≃ nσv,
where σ is the scattering cross-section and v is the char-
acteristic velocity of the atoms. At unitarity, the scatter-
ing cross-section follows a universal scaling σ = 8π/k2,
where k is the relative wave-vector of two scattering par-
ticles. In the presence of losses, the system can be kept
in a quasi-equilibrium state provided that the ratio γ3/γ2
stays small. It was shown both theoretically and exper-
imentally [11, 12] that at unitarity the three body loss-

rate is given by

L3 ≃ 36
√
3π2 ~

5

m3(kBT )2
(1− e−4η), (1)

where η is a dimensionless parameter characterizing the
probability of forming a deeply bound molecule at short
distance [17]. Plugging Eq. (1) into the expression for
γ3, we see that quasi-equilibrium can be achieved as long
as (1 − e−4η)nλ3

th is small, i.e. when the system is not
too deeply in the quantum degenerate regime.
In this letter, we investigate the effect of 3-body losses

on the momentum distribution of a unitary Bose gas.
Our analysis is based on a semi-analytical resolution of
Boltzmann’s equation. Since Boltzmann’s equation ne-
glects all many-body correlations, our work is restricted
to a low-phase space density regime where, as aforemen-
tioned, three-body losses can be treated perturbatively.
We calculate the first correction to the momentum dis-
tribution and we compare it to the effect of two-body in-
teractions. We show that in the dilute limit, both effects
deplete the center of the momentum distribution propor-
tionally to the phase-space density of the gas. Moreover,
for realistic parameters, this depletion is dominated by
three-body losses.
Consider a homogeneous Bose gas that we describe by

a phase space density f(p). In the presence of losses,
f is the solution of Boltzmann’s equation that we write
formally

∂tf = Icoll[f ]− L3[f ], (2)

where Icoll and L3 are non linear operators describing re-
spectively the elastic collisions and the three-body losses.
At low phase space density, we can neglect the bosonic
stimulation and we have

Icoll[f ](p1) =

∫

d3p2d
2ω′ dσ

dω′
|p2 − p1|

m
(f3f4 − f1f2) .

(3)
Here, fα stands for f(pα), (p1,p2) (resp. (p3,p4)) are
the incoming (outgoing) momenta satisfying energy and
momentum conservation and dσ/dω′ = 8~2/|p1 − p2|2 is
the differential scattering cross-section towards the out-
going solid angle ω′.
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From [11], the loss rate operator for a unitary Bose gas
can be written as

L3[f ](p1) =

∫

d3p2d
3p3

A3

E2
123

|φ(Ω3)|2f(p1)f(p2)f(p3),

(4)
where E123 = (p21+p22+p23)/2m−(p1+p2+p3)

2/6m is the
energy in the center of mass frame of the three particles
of momenta (p1,p2,p3), A3 = 2π3(kBT )

2L3 and φ(Ω3)
is the hyperangular wave-function describing the angular
structure of the Efimov trimers that we normalize by the
condition

∫

d5Ω3|φ(Ω3)|2 = 1.
In absence of losses the system thermalizes to a dis-

tribution G solution of Icol[G] = 0. For a classical gas,
the solution of this equation is a Gaussian distribution
G(n,E; p) = nλ3

the
−βp2/2m/h3, where β = 1/kBT and

E =
∫

(G(p)p2/2m)d3p = 3nkBT/2 is the energy den-
sity.
In the quasi-static regime γ3/γ2 ≪ 1, three-body losses

are small and we can use A3 as an expansion parameter.
Since for A3 = 0 the system can reach a stationary ther-
mal state, we expect the characteristic evolution time in
the presence of losses to vary as A−1

3 and thus ∂t must be
considered to scale as A3. We write then f = f0+f1+ ...
where fj ∝ Aj

3. The expansion of Eq. (2) to first order
in A3, yields

Icoll[f0] = 0 (5)

∂tf0 = I ′coll[f1]− L3[f0]. (6)

where I ′coll is the linearized collisional operator.
According to (5), f0 is a Maxwell-Boltzmann distribu-

tion. However, since the system loses particles by three-
body recombination, its atom number and its energy vary
with time. We therefore have f0(p, t) = G(nt, Et; p). We
then have in Eq. (6)

I ′coll[f1] = L3[f0] + Ė∂EG+ ṅ∂nG. (7)

Take f1(p, t) = G(nt, Et; p)α(p, t). Eq. (7) then be-
comes

C[α] =
1

G
L3[G] + Ė∂E ln(G) + ṅ∂n ln(G). (8)

with

C[α] =
1

G
I ′coll[Gα] (9)

=

∫

d3p2d
2ω′f0(p2)

dσ

dω′
|p2 − p1|

m

× (α3 + α4 − α1 − α2) . (10)

and αk = α(pk) for k = 1, · · · 4. The operator C is
symmetric for the scalar product [18]

〈α|α′〉 =
∫

d3pG(p)α(p)α′(p). (11)

Due to energy and particle number conservation, the ker-
nel of C is spanned by α(p) = 1 and α(p) = p2. Finally,
being a symmetric operator, its image is orthogonal to its
kernel. To find the time evolution of the energy and the
atom number, we project Eq. (8) on 1 and p2. Using the
structure of the kernel of C, the collisional term vanishes
and we obtain

ṅt = −〈1| 1
G
L3[G]〉 (12)

Ėt = −〈 p
2

2m
| 1
G
L3[G]〉. (13)

The explicit calculation of the rhs of these equations in-
volves 9-dimensional integrals over the three momenta
(p1,p2,p3) in the three-body loss rate operator. This
calculation can be performed analytically by introducing
the momentum-space Jacobi coordinates (see supplemen-
tal material) and we finally obtain

ṅt = −L3n
3 (14)

Ėt = −5

9
EL3n

2. (15)

where we recover the usual formula for three-body losses,
as well as the recombination heating discussed in [11, 12].
To find α, we project Eq. (8) on the range of C (ie

orthogonally to Span(1, p2)). We then have

C[α] = P

[

1

G
L3[G]

]

, (16)

where P is the orthogonal projector on Im(C), and where
we used the fact that lnG is a linear combination of 1
and p2 and thus lies in the kernel of C and P .
In the spirit of Chapman-Enskog’s expansion, we ex-

pand α on a basis of orthogonal polynomials for the scalar
product (11). Such a basis can be expressed in terms of
the generalized Laguerre polynomials [19]

qk(p) =

√ √
πk!

2nΓ(k + 3/2)
L
(1/2)
k (βp2/2m) (17)

By definition, q0 and q1 lie in Ker(C) and as such will not
contribute to the expansion. Take α(p) =

∑

k≥2 akqk(p),
where the coefficients ak are real numbers, Eq. (16) is
then equivalent to the infinite set of linear equations

∑

k′≥2

ak′〈qk|C[qk′ ]〉 = 〈qk|
1

G
L3[G]〉, (18)

for k ≥ 2. In these equations, the coefficients 〈qk|C[qk′ ]〉
can be calculated analytically to arbitrary order (see sup-
plemental material), while the complex form of the Efi-
mov wave-function allows only for a numerical calcula-
tion of the projection of the loss term on this polynomial
basis. We solve this equation by truncating the indices
(k, k′) to a value kmax. We observe in Fig. (1) that the
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FIG. 1: Convergence of the numerical solution of Eq. (18).
We estimate the error on the solution using the norme ‖α‖2 =
〈α|α〉 and we compare the solution of Eq. (18) obtained by
truncation at k = kmax with the “true” result corresponding
to kmax = 15.
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FIG. 2: Color online. Deformation of the momentum distri-
bution of a unitary Bose gas due to three-body losses. From
top to bottom: nλ3

th(1 − e−4η) = 0 (Blue, Boltzmann gas);
nλ3

th(1 − e−4η) = 0.05 (Orange) and nλ3

th(1 − e−4η) = 0.1
(Red).

convergence is very fast and that the first order result
(kmax = 2) gives the correct answer within a few percent
accuracy.

In an experiment such as the one described in [13], the
cloud is not directly prepared in the quasi-static, strongly
interacting state. Rather, the experimental sequence
starts in the weakly interacting regime where losses can
be neglected and the momentum distribution of the gas
is gaussian. The magnetic field is then ramped quickly to
unitarity where the system can relax towards the quasi-
equilibrium described above. To study the relaxation
rate towards the quasi-static solution we write as before
f = f0 + f1 with f1 = f1,qs + δf1, where f1,qs is the
quasi-static solution and δf1satisfies the initial condition

δf1(p, t = 0) = −f1,qs(p; t = 0), since at t = 0, f = f0.
Expanding Boltzmann’s Equation to first order in f1 and
using the properties of f1,qs, we obtain for δf1

∂tδf1 = I ′coll[δf1]. (19)

This equation shows that the relaxation towards the
quasi-static regime is solely driven by two-body collisions
and occurs at a rate ∼ γ2. This may seem paradoxical
since one would rather expect the three-body characteris-
tic rate ∼ γ3 . However, as far as the phase-space density
is concerned, the depletion of f at low momenta is quite
small since the relative decrease of the peak momentum
density is ∝ nλ3. Since 1/γ3 is the time required to lose
typically half the initial atom number, the dip should
form on a time scale ≃ nλ3/γ3 ≃ 1/γ2.
The three-body losses lead to a correction to the mo-

mentum distribution proportional to nλ3. This scaling is
similar to the first virial correction, and one may wonder
if the three-body losses might not mask the effects of two-
body interactions. To clarify this point, we calculated
the leading order corrections to the occupation number
ρ(p) = h3f(p) using the scheme presented in [20]. In
the virial expansion, the leading order term corresponds
to the ideal Boltzmann gas. In the grand canonical en-
semble, this term reads ρ(1)(p) = ze−βεp , where z is the
fugacity and εp = p2/2m. The next order term is the
sum of two contributions. The first one corresponds to
Bose’s statistics and is simply ρ(2,a)(p) = z2e−2βεp while
the second one is more involved and is due to interactions.
Following [20], it is given by

ρ(2,b)(p) =
8πz2

m

∫

Cγ

ds

2πi

∫ +∞

0

dPP 2

2π2

e−βs

√
−ms

× e−β P2

4m

[

s+ P 2

4m − p2

2m − (P−p)2

2m

] [

s+ P 2

4m − p2

2m − (P+p)2

2m

]

(20)

where Cγ is a Bromwich contour [21]. We note that
this expression is simply twice that obtained for spin
1/2 fermions [20]. To convert this momentum distribu-
tion to the canonical ensemble, we use the virial expan-
sion of the equation of state of the unitary Bose gas,
nλ3

th = z +2b2z
2 + ..., with b2 = 9/4

√
2. We thus obtain

ρ(p) = nλ3
the

−βεp + (nλ3
th)

2
[

ξ(λthp/~)− 2b2e
−βεp

]

,
(21)

where we took ρ(2)(p) = ρ(2,a)(p) + ρ(2,b)(p) =
z2ξ(λthp/~).
In Fig. 3, we compare the effect of 3-body losses with

the virial corrections to the momentum distribution. We
observe that for 7Li, for which η = 0.2, the dip in the mo-
mentum distribution is dominated by three-body losses.
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FIG. 3: Correction to the Boltzmann gas: three-body losses
vs interactions. The correction to Boltzmann’s distribution
is plotted for maximal three-body losses (η = ∞, red dashed
line), η = 0.2, corresponding to 7Li (Orange dotted line). The
blue solid line corresponds to the correction Eq. (21) due to
Bose statistics and two-body interactions.

From a quantitative point of view, the analysis pre-
sented above gives controlled results in the high tem-
perature regime since at the lowest order in phase space
density, we expect the two corrections (3-body losses and
virial expansion) to be additive. From a more qualitative
point of view, since at large temperature the ratio be-
tween 3-body losses and two-body collision rates is small,
one may naively assume that the effect of the losses on
the momentum distribution function to be superseded
by quantum correlations effects (interactions and bosonic
statistics). Surprisingly, we find on the contrary that
they scale identically with nλ3

th and that for typical val-
ues of the parameter η, the losses actually dominate.
If we decrease the temperature, the ratio γ3/γ2 in-

creases, and as a consequence we anticipate a more im-
portant role of 3-body losses. Therefore we think the phe-
nomenon we discuss in the present work will become more
important as the temperature decreases. As such, it may
have an important role in the interpretation of the results
presented in [13]. One may argue that the experiments
presented in this reference were obtained after a time
short compared to the three-body lifetime. However, as
shown above, even in the limit γ2 ≫ γ3, the relaxation to-
wards the quasi-static distribution driven by three-body
recombination occurs on a time-scale 1/γ2 ≪ 1/γ3.
Finally, even though our work is restricted to a ho-

mogeneous system while real experiments are usually
performed in harmonic traps, we note that if the trap-
ping frequency is small enough (as in the experiment of
[13]), the elastic and inelastic relaxation times can be-
come shorter than the typical atomic diffusion time. In
this case, both the elastic and inelastic dynamics occur
locally, and can therefore be described using our formal-
ism.
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DERIVATION OF THE LOSS EQUATIONS

The coefficient 〈1| 1GL3[G]〉 can be written as

〈1| 1
G
L3[G]〉 =
(

nλ3
th

h3

)3 ∫

d3p1d
3p2d

3p3
A3

E2
123

|φ(Ω3)|2e−βEtot

(22)

where Etot = (p21 + p22 + p23)/2m. We then define three
new momentum variables which are conjugated to Jacobi
coordinates in real space and verify

p1 =
P

3
− Π1

a
− aΠ2

2
(23)

p2 =
P

3
+

Π1

a
− aΠ2

2
(24)

p3 =
P

3
+ aΠ2. (25)

with a = (4/3)1/4.
The energy in the center of mass frame is then E123 =
Π2/2µ with Π2 = Π2

1+Π2
2 and µ = m/

√
3 while the total

energy is Etot = P 2
G/6m + Π2/2µ. The jacobian of such

a change of variables is equal to one and we have the
differential transformation

d3p1d
3p2d

3p3 = d3PGΠ
5dΠ

1

2
sin2(2α)dαd2Π̂1d

2Π̂2

(26)
where Π̂i = Πi/Πi and α = arctan(Π1/Π2) ∈ [0;π/2].
It can be rewritten in terms of the hyperangular differ-
ential d5Ω3 = 1/2sin2(α)dαd2Π̂1d

2Π̂2.
We thus obtain a new form for the integral

〈1| 1
G
L3[G]〉 =

(

nλ3
th

h3

)3 ∫

d3PGΠ
5dΠd5Ω3

A3

E2
123

|φ(Ω3)|2e−βEtot .

(27)

Using the normalization condition on φ(Ω3) we are left
with Gaussian integrals which are straightforward to cal-
culate. We then recover easily (14).

To calculate 〈 p2

2m | 1GL3[G]〉 we use the fact that it can be
written as

〈 p
2
1

2m
| 1
G
L3[G]〉 =

(

nλ3
th

h3

)3 ∫

d3p1d
3p2d

3p3
Etot

3

A3

E2
123

|φ(Ω3)|2e−βEtot .

(28)

Therefore we can use the same change of variables to get
rid of the hyperangular dependence and finally retrieve
(15).
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CALCULATION OF C

The coefficients 〈qk|C[qk′ ]〉 can be expressed as follow
〈qk|C[qk′ ]〉 = −n~2

√

πβ/m3Akk′ , A = (Akk′) being a
matrix with purely numerical coefficients. Those coeffi-
cients can be calculated analytically to arbitrary order.
As a “proof”, all the coefficients to a value kmax = 6 are
shown below:

A =

























0 0 0 0 0 0
0 0 0 0 0 0

0 0 256
45

64
15

√

2
21

32
15

√
21

8
9

√

10
231

0 0 64
15

√

2
21

288
35

8
√
2

5
428

63
√
55

0 0 32
15

√
21

8
√
2

5
14908
1575

533
35

√

2
55

0 0 8
9

√

10
231

428
63

√
55

533
35

√

2
55

209863
20790

























(29)


