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Short and Long Memory
in Equilibrium Interest Rate Dynamics*

Jin-Chuan Duan†, Kris Jacobs‡

Résumé / Abstract

Dans cet article, nous analysons une classe de processus pour le taux
d'intérêt à court terme, qui sont dérivés dans un cadre d'équilibre en temps discret.
La dynamique des taux d'intérêts et des rendements est commandée par la
dynamique de la volatilité conditionnelle de la variable d'état. Sous des
restrictions de paramètres appropriées, les taux d'intérêt dérivés dans ce cadre sont
non-négatifs. Nous étudions les processus Markovien de taux d'intérêt, de même
que des procédés Markoviens plus généraux, qui affichent une mémoire « courte »
et « longue ». Ces processus affichent aussi des schémas d'hétéroscédasticité qui
sont plus généraux que ceux des modèles d'équilibre existants. Nous trouvons que
les déviations à la structure Markovienne améliorent de façon significative la
performance empirique du modèle et que les données soutiennent la présence de
mémoire longue. Nous trouvons également que les données soutiennent des
schémas d'hétéroscédasticité qui diffèrent de ceux présents dans les modèles
d'équilibre existants.

This paper analyzes a large class of processes for the short-term interest
rate that are derived in a discrete-time equilibrium framework. The dynamics of
interest rates and yields are driven by the dynamics of the conditional volatility of
the state variable. Under appropriate parameter restrictions, interest rates
derived in this framework are nonnegative. We study Markovian interest rate
processes as well as more general non-Markovian processes that display “short”
and “long” memory. These processes also display heteroskedasticity patterns that
are more general than those of existing equilibrium models. We find that
deviations from the Markovian structure significantly improve the empirical
performance of the model and that the data support the presence of long memory.
We also find that the data support heteroskedasticity patterns that are different
from the ones present in existing equilibrium models.
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Wkh vwxg| ri whup vwuxfwxuh prghov lv d wrslf ri frqvlghudeoh lqwhuhvw lq dvvhw sulflqj/ dqg wkh
h{lvwlqj olwhudwxuh frqwdlqv vhyhudo fodvvhv ri whup vwuxfwxuh prghov wkdw xvh gl�huhqw wkhruhwlfdo
frqvwuxfwv dqg gl�hu lq dlp dqg vfrsh1 Dq lpsruwdqw fodvv ri prghov vwxglhv wkh whup vwuxfwxuh e|
dqdo|}lqj d vwdqgdug uhsuhvhqwdwlyh djhqw hfrqrp|1 Wkh hpslulfdo shuirupdqfh ri wkhvh prghov lv
w|slfdoo| vwxglhg e| dqdo|}lqj wkh vkruw lqwhuhvw udwh +wkh wlph vhulhv lpsolfdwlrqv ri wkh prgho, dv
zhoo dv wkh lpsolhg vkdsh ri wkh whup vwuxfwxuh +wkh furvv vhfwlrqdo lpsolfdwlrqv ri wkh prgho,1 Hyhq
wkrxjk zh fxuuhqwo| kdyh d odujh qxpehu ri wkhvh htxloleulxp prghov dw rxu glvsrvdo/ wkhlu hpslulfdo
shuirupdqfh kdv qrw ehhq hqwluho| vdwlvidfwru|1 Wkh pdlq prwlydwlrq iru wklv sdshu lv wr lqyhvwljdwh
wkh hpslulfdo shuirupdqfh ri d fodvv ri htxloleulxp whup vwuxfwxuh prghov wkdw duh vxevwdqwldoo|
pruh jhqhudo frpsduhg wr h{lvwlqj htxloleulxp prghov1 Wkh hpslulfdo uhvxowv lq wklv sdshu irfxv
rq wkh g|qdplfv ri wkh vkruw0whup udwh/ dqg gr qrw dgguhvv wkh furvv0vhfwlrqdo lpsolfdwlrqv ri wkh
fodvv ri htxloleulxp prghov xqghu vwxg|1

Gx�h dqg Ndq +4<<9, ghprqvwudwh wkdw d odujh qxpehu ri h{lvwlqj whup vwuxfwxuh prghov/ vxfk
dv Ydvlfhn +4<:;, dqg Fr{/ Lqjhuvroo dqg Urvv +4<;8, fdq eh qhvwhg zlwklq d xqli|lqj iudphzrun/
zklfk lv nqrzq dv wkh d�qh fodvv ri whup vwuxfwxuh prghov1 Wklv fodvv ri prghov kdv d qxpehu
ri dgydqwdjhv/ wkh prvw lpsruwdqw rqh ehlqj wkh h{lvwhqfh ri dqdo|wlfdo vroxwlrqv iru erqg sulfhv
dqg |lhogv1 Krzhyhu/ lw kdv ehfrph fohdu wkdw wkh hpslulfdo shuirupdqfh ri wklv fodvv ri prghov lv
xqvdwlvidfwru|1 Prvw qrwdeo|/ sdudphwhul}dwlrq ri wkhvh prghov wkdw shuirup zhoo lq wkh wlph vhulhv
glphqvlrq riwhq shuirup srruo| lq wkh furvv vhfwlrqdo glphqvlrq1

Lq uhvsrqvh wr wkhvh hpslulfdo idloxuhv/ wkhuh kdyh ehhq wzr pdmru ghyhorsphqwv1� Rqh dssurdfk
irfxvhv rq wkh sureohp wkdw wkh d�qh prghov gr qrw shuirup zhoo lq wkh furvv0vhfwlrqdo glphqvlrq1
Wklv kdv vhulrxv frqvhtxhqfhv ehfdxvh wr sulfh whup vwuxfwxuh ghulydwlyhv/ lw kdv suryhq qhfhvvdu| wr
pdwfk wkh lqlwldo +furvv0vhfwlrqdo, whup vwuxfwxuh h{dfwo|1 Wr dffrpprgdwh wklv hpslulfdo sureohp/
d qxpehu ri prghov zhuh frqvwuxfwhg wkdw hvvhqwldoo| h{whqg h{srqhqwldo d�qh prghov wr doorz iru
wlph0ydu|lqj guliwv/ d ihdwxuh wkdw doorzv h{dfw pdwfklqj ri wkh lqlwldo whup vwuxfwxuh1 Wklv lv d
odujh dqg h{sdqglqj olwhudwxuh/ lqfoxglqj frqwulexwlrqv vxfk dv Kr dqg Ohh +4<;9,/ Kxoo dqg Zklwh
+4<<3/4<<6,/ Eodfn/ Ghupdq dqg Wr| +4<<3,/ Eodfn dqg Ndudvlqvnl +4<<4, dqg Khdwk/ Mduurz dqg
Pruwrq +4<<5,1 Iru rxu sxusrvh/ zh qrwh wkdw wkh Kr dqg Ohh dqg Kxoo dqg Zklwh prghov duh erwk
Pdunryldq prghov/ mxvw olnh wkh ruljlqdo h{srqhqwldo d�qh prghov1 Wkh Khdwk/ Mduurz dqg Pruwrq
iudphzrun lv vxevwdqwldoo| pruh jhqhudo dqg doorzv iru qrq0Pdunryldq vwuxfwxuh1 Krzhyhu/ prvw ri
wkh prghov lpsohphqwhg lq wkh Khdwk0Mduurz0Pruwrq iudphzrun duh iru sudfwlfdo uhdvrqv uhvwulfwhg
wr vshfldo irupv wkdw duh orz glphqvlrqdo Pdunryldq v|vwhpv1 D vhfrqg hpslulfdo lqqrydwlrq kdv
ehhq wkh h{whqvlrq ri wkh lqlwldo rqh0idfwru h{srqhqwldo d�qh prghov vxfk dv Ydvlfhn +4<:;, dqg
Fr{/ Lqjhuvroo dqg Urvv +4<;8, wr pxowlsoh idfwruv +h1j1 vhh Olwwhupdq dqg Vfkhlqnpdq +4<<4,/
Fkhq dqg Vfrww +4<<6, dqg Shduvrq dqg Vxq +4<<7,,1 Revhuydeoh idfwruv xvhg lq wklv frqwh{w
lqfoxgh wkh orqj |lhog +Euhqqdq dqg Vfkzduw} +4<:<,,/ wkh yrodwlolw| ri wkh vkruw udwh +Orqjvwd�
dqg Vfkzduw} +4<<5,/ Edogx}}l/ Gdv/ Iruhvl dqg Vxqgdudp +4<<9,,/ dqg wkh orqj0uxq phdq ri wkh
vkruw udwh +Mhjdghhvk dqg Shqqdffkl +4<<9,/ Edogx}}l/ Gdv/ Iruhvl dqg Vxqgdudp +4<<9,,12 Lw
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pxvw eh qrwhg wkdw wkhvh pxowlidfwru dssurdfkhv dovr pdlqwdlq wkh Pdunryldq vwuxfwxuh ri wkh
hduo| h{srqhqwldo d�qh whup vwuxfwxuh prghov1 Wklv lv vrphzkdw uhpdundeoh jlyhq wkh idfw wkdw
ghsduwxuhv iurp wkh Pdunryldq vwuxfwxuh duh srsxodu lq hpslulfdo prgholqj dfurvv pdq| glvflsolqhv1
Pruhryhu/ hyhq wkrxjk wkh pxowlidfwru h{whqvlrqv ri wkh h{srqhqwldo d�qh prghov kdyh hqmr|hg
vrph hpslulfdo vxffhvv/ pxfk zrun uhpdlqv wr eh grqh wr lpsuryh hpslulfdo shuirupdqfh1 Uhfhqw
hpslulfdo zrun kdv iru h{dpsoh lqglfdwhg wkdw wkh vshfl�fdwlrq ri pxowlidfwru prghov lv idu iurp
reylrxv +vhh Gdl dqg Vlqjohwrq +4<<<,,1 Lw vhhpv wkhuhiruh lqwhuhvwlqj wr h{soruh rwkhu prgholqj
dssurdfkhv/ vxfk dv ghyldwlrqv iurp wkh Pdunryldq vwuxfwxuh1 Edfnxv dqg ]lq +4<<8, h{soruh
vxfk ghyldwlrqv xvlqj d glvfuhwh0wlph iudphzrun zlwk Jdxvvldq lqqrydwlrqv +vhh dovr Fdpsehoo/ Or
dqg PdfNlqod| +4<<:,,1 Wkhlu zrun lqglfdwhv wkdw ghsduwxuhv iurp wkh Pdunryldq vwuxfwxuh fdq
vxevwdqwldoo| lpsuryh prgho shuirupdqfh/ exw d glvdgydqwdjh ri wkhlu prgholqj vwudwhj| lv wkdw
lqwhuhvw udwhv fdq ehfrph qhjdwlyh1� Qhyhuwkhohvv/ lw vhhpv lqwhuhvwlqj wr ixuwkhu h{soruh wr zkdw
h{whqw qrq0Pdunryldq prghov fdq fdswxuh vrph ri wkh vw|ol}hg idfwv ri whup vwuxfwxuh gdwd1

Wklv sdshu xvhv d glvfuhwh0wlph uhsuhvhqwdwlyh0djhqw vhwxs wr dqdo|}h d odujh fodvv ri whup
vwuxfwxuh prghov wkdw fdq eh qhvwhg lq d vlqjoh htxloleulxp iudphzrun1 Lq jhqhudo wkh iudphzrun lv
qrq0Pdunryldq/ exw uhvwulfwlrqv fdq eh lpsrvhg wr fuhdwh d Pdunryldq prgho dqg wkhvh uhvwulfwlrqv
fdq eh whvwhg1 Wkh pdlq gl�huhqfh zlwk h{lvwlqj htxloleulxp lqwhuhvw udwh prghov lv wkdw wkh
lqwhuhvw udwh g|qdplf lv gulyhq e| wkh wlph0ydu|lqj yrodwlolw| ri frqvxpswlrq/ dv rssrvhg wr wkh
wlph0ydu|lqj phdq ri frqvxpswlrq1 Lq sulqflsoh/ wklv prgholqj vwudwhj| fdq eh lpsohphqwhg e|
prgholqj wkh yrodwlolw| ri djjuhjdwh frqvxpswlrq xvlqj d fodvv ri qrqqhjdwlyh surfhvvhv1 Lq wklv
sdshu zh xvh d fkl0vtxduh g|qdplf iru frqvxpswlrq yrodwlolw|/ eruurzlqj iurp wkh h{whqvlyh zrun
grqh lq wkh duhd ri vwrfn pdunhw yrodwlolw| xvlqj wkh JDUFK iudphzrun +vhh Hqjoh +4<;5, dqg
Eroohuvohy +4<;9,,1 Wkh uhvxowlqj g|qdplfv iru wkh vkruw0whup lqwhuhvw udwh duh h{wuhpho| wudfwdeoh
iru hpslulfdo sxusrvhv1 Wkhvh g|qdplfv lqkhulw wkh vwuxfwxuh ri frqvxpswlrq yrodwlolw|/ dqg duh
dovr jryhuqhg e| lqqrydwlrqv ri fkl0vtxduh glvwulexwlrqv/ lq frqwudvw zlwk prvw h{lvwlqj lqwhuhvw
udwh prghov zklfk duh jryhuqhg e| qrupdoo| glvwulexwhg lqqrydwlrqv1 Wkh dgydqwdjh ri wkh fkl0
vtxduh lqqrydwlrqv lv wkdw lqwhuhvw udwhv fdq vwd| srvlwlyh xqghu vxlwdeoh sdudphwhu uhvwulfwlrqv/
zkhuhdv lw lv qrw srvvleoh wr hqvxuh srvlwlyh lqwhuhvw udwhv zlwk qrupdoo| glvwulexwhg lqqrydwlrqv1

Rxu lqwhuhvw udwh g|qdplfv duh yhu| jhqhudo dqg lqfoxgh d udqjh ri g|qdplfv uhvhpeolqj wkrvh
ri prghov edvhg rq wkh DUPD vshfl�fdwlrq1 Exloglqj rq wkh hylghqfh ri orqj phpru| lq lq0
whuhvw udwhv xqfryhuhg e| Edfnxv dqg ]lq +4<<6,/ zh dovr lqyhvwljdwh d orqj0phpru| vshfl�fdwlrq
ri rxu htxloleulxp prgho1 Lq jhqhudo/ ehfdxvh zh xvh d vhwxs zkhuh lqwhuhvw udwh g|qdplfv duh
ghwhuplqhg e| wkh frqglwlrqdo yduldqfh ri frqvxpswlrq lqvwhdg ri wkh frqglwlrqdo phdq/ zh rewdlq
pxfk juhdwhu �h{lelolw| lq rxu prgholqj dssurdfk1 Zh looxvwudwh wklv �h{lelolw| e| prgholqj idluo|

L�|t�_i |�i @�?i U*@tt Lu 4L_i*t� A�iti tTiU��U@|�L?t _L ?L| *i@_ |L U*Lti_ uLh4 tL*�|�L?t uLh ML?_ Th�Uit @?_
)�i*_t Ei�}� tii ��@?c k@hL*)�c wL?}t|@g @?_ 5@?_iht E�bb2�c �hi??ihc O@h�it @?_ khL?ih E�bbS�c �?_ihti? @?_
w�?_ E�bb.c �bbb�c kLi_��!c ��tti?c 5U�L|4@? @?_ L̀*g E�bb.� @?_ �u@??c 5U�L|4@? @?_ AtU�ih?�} E�bbS� L? |�i
�?ULhTLh@|�L? Lu 4Lhi }i?ih@* �i|ihLt!i_@t|�U�|) T@||ih?t� 5ii O@4�*|L? E�bHH� @?_ Bh@) E�bbS� L? |�i �4TLh|@?Ui
Lu hi}�4i t��|U��?} uLh �?|ihit| h@|it��

�W?|ihit| h@|it U@? MiUL4i ?i}@|��i �? |�i �@U!�t�~�? ti|�T MiU@�ti Lu |�i @tt�4T|�L? Lu B@�tt�@? t�LU!t ��|��?
@ _�tUhi|i |�4i uh@4i�Lh!� ,�i? |�L�}� |�i UL?|�?�L�t�|�4i i TL?i?|�@* @�?i 4L_i*t @*tL �ti B@�tt�@? t�LU!tc
�| �t TLtt�M*i |L @�L�_ ?i}@|��i �?|ihit| h@|it MiU@�ti t�LU!t @hi Lu �?�?�|it�4@* ?@|�hi Etii �L c W?}ihtL** @?_ +Ltt
E�bHD���

6



jhqhudo khwhurvnhgdvwlflw| sdwwhuqv lq wkh lqwhuhvw udwh g|qdplf1 Lw lv zhoo nqrzq wkdw doorzlqj
iru khwhurvnhgdvwlflw| lpsuryhv wkh hpslulfdo shuirupdqfh ri wkh vkruw0whup lqwhuhvw udwh dqg whup
vwuxfwxuh prghov1 Wkh hpslulfdo uhvxowv ri Fkdq/ hw do1 +4<<5, lqglfdwh wkdw wkh xvh ri wkh frqvwdqw
hodvwlflw| ri yduldqfh +FHY, vshfl�fdwlrq wr uh�hfw khwhurvnhgdvwlflw| fdq lpsuryh wkh �w ri wkh
prgho wr wkh lqwhuhvw udwh gdwd1 Zh vkrz lq wklv sdshu wkdw wkh FHY w|sh ri khwhurvnhgdvwlflw| fdq
eh hdvlo| lqfrusrudwhg lqwr rxu htxloleulxp lqwhuhvw udwh prgho1 Khwhurvnhgdvwlflw| lv lqfrusrudwhg
lqwr lqwhuhvw udwhv e| gluhfwo| prgholqj wkh wlph yduldwlrq lq wkh frqglwlrqdo khwhurvnhgdvwlflw| ri
wkh frqvxpswlrq surfhvv1 Wkh w|slfdo whup vwuxfwxuh prghov vxfk dv wkh h{srqhqwldo d�qh prghov
ri Ydvlfhn +4<:;,/ Fr{/ Lqjhuvroo dqg Urvv +4<;8, dqg Gx�h dqg Ndq +4<<9, gr qrw h{soruh wklv
glphqvlrq/ dqg wkhuhiruh fdqqrw prgho vxfk khwhurvnhgdvwlflw| sdwwhuqv1e

Wkh hpslulfdo dqdo|vlv ri wkh vkruw0whup lqwhuhvw udwh lq wklv sdshu kljkoljkwv vhyhudo lqwhu0
hvwlqj vw|ol}hg idfwv dqg vxjjhvwv wkdw wkh fodvv ri prghov sursrvhg lq wklv sdshu pd| eh deoh
wr pdwfk vrph hpslulfdo uhjxodulwlhv ri wkh whup vwuxfwxuh1 Zh dqdo|}h wzr wlph vhulhv frqwdlq0
lqj gdlo| revhuydwlrqv rq wkh vkruw0whup lqwhuhvw udwh ~ ryhuqljkw Hxurgroodu udwhv dqg rqh0zhhn
Hxurgroodu udwhv1 Zkhq zh uhvwulfw rxu dqdo|vlv wr wkh Pdunryldq vxefodvv ri prghov/ wkhvh wzr
wlph vhulhv vhhp wr h{klelw vlplodu fkdudfwhulvwlfv1 Krzhyhu/ wkh hvwlpdwlrq dqg whvw uhvxowv iru
qrq0Pdunryldq prghov duh txlwh gl�huhqw iru wkhvh wzr wlph vhulhv1 Dowkrxjk irupdo vwdwlvwlfdo
whvwv vxssruw ghyldwlrqv iurp wkh Pdunryldq vwuxfwxuh/ wkh ghyldwlrq lv pxfk pruh vljql�fdqw +vwd0
wlvwlfdoo|, iru wkh rqh0zhhn udwhv vhulhv1 Wkh uhvxowv iru wkh wzr wlph vhulhv dovr gl�hu lq whupv ri
khwhurvnhgdvwlflw| sdwwhuqv1 Wkh zhhno| lqwhuhvw udwh vhulhv vxssruwv khwhurvnhgdvwlflw| prghov wkdw
duh lqkhuhqwo| gl�huhqw iurp wkh w|slfdo htxloleulxp prghov/ exw wklv lv qrw wkh fdvh li ryhuqljkw
udwhv duh xvhg1 Wkh uhvxowv iru ryhuqljkw udwhv vxjjhvw wkdw wkh h{lvwlqj khwhurvnhgdvwlf htxloleulxp
lqwhuhvw udwh prghov vhhp dghtxdwh1 Ilqdoo|/ erwk lqwhuhvw udwh wlph vhulhv lpso| vrph prghudwh
ohyhov ri orqj phpru|1 Dowkrxjk wkh orqj phpru| sdudphwhu lv prghudwh lq pdjqlwxgh/ doorzlqj
iru orqj phpru| vxevwdqwldoo| lpsuryhv prgho �w frpsduhg wr wkh Pdunryldq lqwhuhvw udwh prghov1
D vpdoo0vfdoh vlpxodwlrq h{shulphqw lqglfdwhv wkdw wkh lpsdfw ri wkh orqj phpru| sdudphwhu iru
wkh whup vwuxfwxuh lv vxevwdqwldo1

2 ,^��*�Mh��4 �?|ihit| h@|it ��|� t�Lh| @?_ *L?} 4i4Lh)

Zh fkdudfwhul}h wkh vkruw0whup lqwhuhvw udwh g|qdplf xvlqj dq htxloleulxp dssurdfk1 Vshfl�fdoo|/
zh dvvxph d uhsuhvhqwdwlyh0djhqw hfrqrp| lq zklfk wkh djhqw kdv wlph0vhsdudeoh frqvwdqw0uhodwlyh0
ulvn0dyhuvlrq +WV0FUUD, suhihuhqfhv1 Ohw F| ghqrwh djjuhjdwh frqvxpswlrq dw wlph w dqg ohw |

ghqrwh wkh lqirupdwlrq vhw xs wr wlph w1 Iru dq| dvvhw zlwk d sulfh [| dqg d glylghqg sd|phqw G|

dw wlph w/ htxloleulxp uhtxluhv wkh iroorzlqj Hxohu htxdwlrq wr krog=

[| @ H^h3B+
F|n�

F|
,3� +[|n� .G|n�, m|` +4,

e�L|i |�@| L?i U@? t|�_) @?) UL?Ui��@M*i |ih4 t|h�U|�hi 4L_i*c �?U*�_�?} @hM�|h@h) uLh4t Lu �i|ihLt!i_@t|�U�|)c
L�|t�_i |�i @�?i uh@4i�Lh! M) �t�?} ?�4ih�U@* |iU�?�^�it� OL�i�ihc |�i U*@tt Lu 4L_i*t �?_ih �?�it|�}@|�L? �? |��t
T@Tih *i@_t |L @?@*)|�U@* tL*�|�L?t uLh tL4i �4TLh|@?| LM�iU|t Lu �?|ihit|� ��h 4L_i*�?} @TThL@U� _Lit ?L| )�i*_
@?@*)|�U@* tL*�|�L?t uLh ML?_ )�i*_t ?Lh uLh ML?_ LT|�L? Th�Uitc M�| �| _i*��iht @?@*)|�U@* i Thitt�L?t uLh |�i t�Lh|�|ih4
�?|ihit| h@|i �?_ih h�t! ?i�|h@*�|)c ���U� }hi@|*) u@U�*�|@|it |�i �@*�@|�L? Lu ML?_t @?_ LT|�L?t �? |��t uh@4i�Lh!�
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zkhuh � lv wkh uhodwlyh ulvn dyhuvlrq frh�flhqw dqg � lv wkh lqwhuwhpsrudo glvfrxqw udwh1D Ohw u|
ghqrwh wkh rqh0shulrg ulvn0iuhh lqwhuhvw udwh +frqwlqxrxvo| frpsrxqghg, dw wlph w1 Vlqfh wkh wlph0w
ydoxh ri d rqh0groodu wlph0+w. 4, sd|r� lv h3o| / zh kdyh wkh iroorzlqj uhvxow=

h3o| @ H^h3B+
F|n�

F|
,3� m|` +5,

Jlyhq wklv vhwxs/ wkh g|qdplf iru wkh lqwhuhvw udwh surfhvv lv ghwhuplqhg e| wkh g|qdplf iru wkh
djjuhjdwh frqvxpswlrq jurzwk udwh1

Zh prgho wkh orjdulwkp ri wkh djjuhjdwh frqvxpswlrq jurzwk udwh e| d JDUFK0lq0phdq
surfhvv> wkdw lv/

oq
F|n�

F|
@ �. �t|n� .

s
t|n�%|n� +6,

%|n�m| � Q+3> 4, +7,

Zh lqyhvwljdwh wkh lqwhuhvw udwh g|qdplf xvlqj wzr gl�huhqw fodvvhv ri prghov iru wkh frqglwlrqdo
yrodwlolw| ri wkh frqvxpswlrq g|qdplf1 Ehfdxvh frqvxpswlrq jurzwk lv xqrevhuydeoh dw kljk iuh0
txhqflhv/ zh xvh wkh JDUFK fodvv ri surfhvvhv wkdw kdyh suryhq xvhixo iru ghvfulelqj vwrfn sulfh
yrodwlolw|1 Wkhvh surfhvvhv duh wkhuhiruh dovr olnho| wr eh xvhixo iru ghvfulelqj wkh wlph yduldwlrq ri
wkh yrodwlolw| ri wkh vwdwh yduldeoh wkdw gulyhv �qdqfldo pdunhwv1 Wkh �uvw fodvv ri prghov dvvxphv
wkh JDUFK+s> t, vshfl�fdwlrq ri Eroohuvohy +4<;9,1S

t|n� @ �f .
R[

�'�

��O
�3�t| .

[̂
�'�

��O
�3�t|%2| +8,

Wkh yrodwlolw| g|qdplf lq +8, fdq dffrpprgdwh idluo| ulfk dxwrfruuhodwlrq sdwwhuqv1. Krzhyhu/
lw kdv uhfhqwo| ehhq vkrzq wkdw d zlgh ydulhw| ri skhqrphqd glvsod| orqj phpru|/ dqg wkdw
wkhvh sdwwhuqv fdqqrw eh dghtxdwho| fdswxuhg e| +8,1H Edfnxv dqg ]lq +4<<6,/ Vkhd +4<<4, dqg
Frqqroo| dqg Jxqhu +4<<<, vkrz wkdw orqj phpru| surfhvvhv fdq dovr eh khosixo iru wkh hpslulfdo
prgholqj ri lqwhuhvw udwh surfhvvhv1 Wkhuhiruh/ zh vwxg| d vhfrqg fodvv ri prghov wkdw dvvxphv wkh
ILJDUFK+s> g> t, prgho ri Edloolh/ Eroohuvohy dqg Plnnhovhq +4<<9, iru frqglwlrqdo yrodwlolw|1b

DW| �t Lu UL�hti TLtt�M*i |L _ih��i hit�*|t t�4�*@h |L |�i L?it �? |��t T@Tih M) 4L_i*�?} |�i Th�U�?} !ih?i* �?t|i@_
Lu 4L_i*�?} @? i^��*�Mh��4 ti|�T ��|� @ hiThiti?|@|��i �?�it|Lh�

S�L|i |�@| |�i B�+�OETc^� tTiU��U@|�L? �t Lu|i? hiThiti?|i_ @t ^|n� ' qf n
SR

�'�
q�u

�3�^| n
S^

�'�
k�u

�3��2
|

��|� �| '
I
^|0| @?_ 0|�l|3� ; �Efc ��� A�i hiThiti?|@|�L? �? ED� �t |�ihiuLhi UL4T*i|i*) t|@?_@h_�

.�*|�L�}� �i *�4�| L�hti*�it |L |�i *�?i@h B�+�OETc^� ThLUitt �ihic L�h _ih��@|�L? U@? Mi i@t�*) }i?ih@*�3i_ |L
B�+�OETc^� 4L_i*t ��|� *i�ih@}i igiU|t t�U� @t |�i ?L?�*�?i@h @t)44i|h�U B�+�OETc^� Lu ,?}*i @?_ �} E�bb��c
,B�+�OETc^� Lu �i*tL? E�bb��c Lh |L 4Lhi }i?ih@* 4L_i*t *�!i |�i @�}4i?|i_ B�+�OETc^� ThLUitt ThLTLti_ M)
#�@? E�bb.��

H5ii |�i L�ih��i� T@Tih M) �@�**�i E�bbS� uLh i @4T*it Lu *L?} 4i4Lh) �? |�i ?@|�h@* @?_ tLU�@* tU�i?Uit @?_
�@�**�i @?_ �L**iht*i� E�bbb� uLh |�i �4TLh|@?Ui Lu *L?} 4i4Lh) uLh |�i uLhi�}? i U�@?}i 4@h!i|�

b�|�ih uLh4t Lu uh@U|�L?@**) �?|i}h@|i_ B�+�O ThLUitt t�U� @t �L**iht*i� @?_ ��!!i*ti? E�bbS� @?_ �U��h_)
@?_ ��U�@�_ E�bbS� U@? @*tL Mi �ti_ |L _ih��i @*|ih?@|��i *L?} 4i4Lh) �?|ihit| h@|i _)?@4�Ut�
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t|n� @ �f .
R[

�'�

��O
�3�t| . ^4�

R[
�'�

��O
� � +4�

4@ ERc^�[
�'�

!�O
�,+4� O,_`t|n�%

2
|n� +9,

zkhuh wkh sdudphwhuv lq +8, dqg +9, duh vxemhfw wr wkh xvxdo uhvwulfwlrqv1 Lw vkrxog eh qrwhg wkdw
wkh ILJDUFK+s> g> t, g|qdplf lq +9, qhvwv wkh JDUFK+s> t, g|qdplf lq +8, e| vhwwlqj g @ 31 Zh
suhvhqw wkhp dv wzr vhsdudwh vshfl�fdwlrqv iru wkh vdnh ri fodulw|1�f

Iroorzlqj wkh dssurdfk ri Gxdq +4<<9, dqg Gxdq dqg Mdfrev +4<<9,/ zh xvh wkh Hxohu htxdwlrq
iru wkh lqwhuhvw udwh lq +5, dqg wkh frqvxpswlrq g|qdplf lq +6, dqg +7, wr duulyh dw u| @ � . ��.
+�+5���,@5,t|n�=

�� Wklv uhodwlrqvkls ehwzhhq wkh lqwhuhvw udwh dqg wkh frqglwlrqdo yrodwlolw| lv wkh
fruqhuvwrqh iru wkh lqwhuhvw udwh prghov ghulyhg ehorz1 Wr vlpsoli| qrwdwlrq zh gh�qh dq dgmxvwhg
lqwhuhvw udwh/ uW| � u| � � � �� dqg �W

f � +�f�+5�� �,,@51�2 Wklv |lhogv wkh iroorzlqj prghov

Prgho 41 Vkruw0phpru| lqwhuhvw udwh g|qdplf/

uW| @ �W
f .

R[
�'�

��O
�3�uW|3� .

[̂
�'�

��O
�3�uW|3�%

2
| > +:,

li wkh JDUFK+s> t, frqvxpswlrq g|qdplf lq +8, lv hpsor|hg> dqg

Prgho 51 Orqj0phpru| lqwhuhvw udwh g|qdplf/

uW| @ �W
f .

R[
�'�

��O
�3�uW|3� . ^4�

R[
�'�

��O
� � +4�

4@ ERc^�[
�'�

!�O
�,+4� O,_`uW| %

2
|n�> +;,

li wkh ILJDUFK+s> g> t, frqvxpswlrq g|qdplf lq +9, lv xvhg1
Lq erwk fdvhv/ wkh lqwhuhvw udwh g|qdplf lqkhulwv wkh surshuwlhv ri wkh frqglwlrqdo yrodwlolw|

surfhvv iru wkh djjuhjdwh frqvxpswlrq1 Wkh orqj0phpru| lqwhuhvw udwh g|qdplf ri Prgho 5 gl�huv

�fW| �@t Mii? ?L|i_ �? |�i *�|ih@|�hi |�@| |�i *L?} 4i4Lh) tTiU��U@|�L? �? ES� �4T*�it qf ' f Ei�}� tii ���?} E�bbb��
�u @ �?�|i �?UL?_�|�L?@* �@h�@?Ui �t _it�hi_� ì �@�i ?L| @t )i| uL�?_ @ t@|�tu@U|Lh) *L?} 4i4Lh) tTiU��U@|�L? |�@|
hitL*�it |��t �tt�i� `�ihi@t |��t �t @ ThLM*i4 uLh |�iti 4L_i*tc �| @giU|t |�i it|�4@|i uLh qf M�| ?L| |�i it|�4@|it
uLh L|�ih T@h@4i|iht Lu �?|ihit| �? @ t�}?��U@?| �@)�

���L|i |�@| @ t�4�*@h hi*@|�L?t��T Mi|�ii? |�i �?|ihit| h@|i @?_ |�i UL?_�|�L?@* �L*@|�*�|) @*�@)t �L*_t� ì U@?
|�ihiuLhi }i?ih@|i @hM�|h@h) ThLUittit uLh |�i �?|ihit| h@|i M) @? @TThLTh�@|i U�L�Ui Lu �L*@|�*�|) _)?@4�U� OL�i�ihc
|�i U�L�Ui Lu �L*@|�*�|) _)?@4�U �t Lu t�Mt|@?|�@* �?|ihit| ��i? _ih���?} |�i �4T*�U@|�L?t Lu |�i 4L_i* �?_ih |�i h�t!�
?i�|h@* ThLM@M�*�|) 4i@t�hi� �t ��** Mi t�L�? �? 5iU|�L? Dc |�i U�L�Ui Lu |�i B�+�OERc ^� @?_ 6WB�+�OERc _c ^�
_)?@4�Ut �t Uh�|�U@* �? |�@| hitTiU| MiU@�ti |�i �??L�@|�L?t @hi t�4T*i u�?U|�L?t Lu |�i ?Lh4@* _�t|h�M�|�L?c ���U�
@**L�t �t |L U�@h@U|ih�3i |�i �?|ihit| h@|i _)?@4�U i T*�U�|*) �?_ih |�i h�t!�?i�|h@* 4i@t�hi�

�2�L|�Ui |�@| �? |�i hi*@|�L?t��T o| ' B n �> n E�E2V 3 ��*2�^|n� Mi|�ii? |�i t�Lh| �?|ihit| h@|i @?_ �L*@|�*�|)c
�| �t |�i Thiti?Ui Lu |�i B�+�O��?�4i@? T@h@4i|ih V |�@| 4@!it �| TLtt�M*i uLh TLt�|���|) Lu �?|ihit| h@|it |L Mi
�4TLti_c tTiU��U@**) uLh 2V 3 � : fc �?_ih |�i hi@tL?@M*i @tt�4T|�L? |�@| B n �> : f� A�i �?|ihThi|@|�L? Lu |��t
�t |�@| E�T |L @ UL?t|@?| >� �i L?*) 4L_i* |�i UL?_�|�L?@* 4i@? |�hL�}� |�i B�+�O��?�4i@? igiU|� W? @ 4Lhi
hi@*�t|�U 4L_i* L?i UL�*_ @*tL tTiU�u) �+���|)Ti igiU|t �? |�i UL?_�|�L?@* 4i@?� A�iti igiU|t �L�*_ �?|ih@U| ��|�
|�i UL?_�|�L?@* �L*@|�*�|) _)?@4�U |L ThL_�Ui i^��*�Mh��4 �?|ihit| h@|it� OL�i�ihc �? t�U� @ 4Lhi hi@*�t|�U 4L_i* L?i
U@??L| @tUih|@�? |�@| �?|ihit| h@|it ��** t|@) TLt�|��i�
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vxevwdqwldoo| iurp wkh orqj0phpru| lqwhuhvw udwh prgho lqyhvwljdwhg e| Edfnxv dqg ]lq +4<<6,1
Wkh lqqrydwlrq lq wklv prgho lv ri wkh fkl0vtxduh w|sh dqg wkh g|qdplf lv ghulyhg hqgrjhqrxvo|
iurp d qhfhvvdu| frqglwlrq ri wkh htxloleulxp1 Wkh lqwhuhvw udwh lq Prgho 5 fdq eh pdgh srvlwlyh
zlwk surshu sdudphwhu uhvwulfwlrqv/ zkhuhdv wkhuh lv dozd|v d srvlwlyh suredelolw| iru wkh lqwhuhvw
udwh lq wkh orqj0phpru| lqwhuhvw udwh prgho ri Edfnxv dqg ]lq +4<<6, wr wdnh rq qhjdwlyh ydoxhv1

Iru hvwlpdwlrq sxusrvhv lw lv pruh frqyhqlhqw wr h{suhvv wkhvh lqwhuhvw udwh g|qdplfv zlwk dq
lqqrydwlrq wkdw kdv d }hur frqglwlrqdo phdq1 Ohw y|n� � +4@

s
5,+%2|n�� 4,1 Lw lv fohdu wkdw y|n� kdv

phdq 3 dqg yduldqfh 4/ frqglwlrqdo rq |1 Prgho 4 fdq wkxv eh uhzulwwhq dv

uW| @ �W
f .

4@ ERc^�[
�'�

+�� . ��,O
�3�uW|3� .

s
5

4@ ERc^�[
�'�

��O
�3�uW|3�y

2
| = +<,

Qrwh wkdw li s A t/ wkhq �� @ 3 iru m @ t . 4> � � � > s1 Vlploduo|/ �� @ 3 iru l @ s. 4> � � � > t li t A s1
Prgho 5/ rq wkh rwkhu kdqg/ fdq eh zulwwhq dv

uW| @ �W
f.^4�+4�

4@ ERc^�[
�'�

!�O
�3�,+4�O,_`uW|.

s
5^4�

R[
�'�

��O
��+4�

4@ ERc^�[
�'�

!�O
�,+4�O,_`uW| y|n�= +43,

H{suhvvlqj wkh iudfwlrqdo gl�huhqfh rshudwlrq dv dq lq�qlwh vxp fdq dovr eh d xvhixo dowhuqdwlyh
h{suhvvlrq iru wkh orqj phpru| lqwhuhvw udwh prgho1 Dq dowhuqdwlyh h{suhvvlrq lv jlyhq ehorz zkhq
htxdwlrq +43, lv ghulyhg edvhg rq wkh ILJDUFK+4> g> 4, surfhvv=

uW| @ �W
f .

"[
&'f

^��&+g,� �&n�+g,`O
&uW|3� .

s
5i

"[
&'f

^��&+g,� �&n�+g,`O
& � ��juW|3�y|= +44,

Zh kdyh xvhg lq wkh deryh h{suhvvlrq wkh idfw wkdw +4 � O,_ @
"S
&'f

�&+g,O
& zlwk �f+g, @ 4 dqg

�&+g, @ +�4,&
T&

�'�
_3�n�

� iru n � 4=

� Oi|ihLt!i_@t|�U�|) �? ,^��*�Mh��4 W?|ihit| +@|it

Lqvshfwlrq ri h{suhvvlrqv +:, dqg +;, looxvwudwhv wkdw wkh htxloleulxp surfhvvhv ghulyhg lq Vhfwlrq
5 doorz iru khwhurvnhgdvwlflw|/ ehfdxvh wkh lqqrydwlrqv ghshqg rq wkh ohyho ri wkh odjjhg lqwhuhvw
udwh1 Lq wklv vhfwlrq zh vkrz wkdw wkh fodvv ri htxloleulxp lqwhuhvw udwh surfhvvhv ghulyhg lq Vhfwlrq
5 fdq eh hdvlo| h{whqghg wr dffrpprgdwh pruh jhqhudo khwhurvnhgdvwlflw| sdwwhuqv1 Wklv h{whqvlrq
lv prwlydwhg e| hpslulfdo vwxglhv vxssruwlqj pruh jhqhudo khwhurvnhgdvwlflw| sdwwhuqv1 Lw pxvw eh
qrwhg wkdw wkh hpslulfdo vwxglhv wkdw pdgh wklv revhuydwlrq vwduw e| dvvxplqj wkh h{lvwhqfh ri
dq dg krf vkruw lqwhuhvw udwh surfhvv/ zlwkrxw ghulylqj wklv lqwhuhvw udwh surfhvv lq dq htxloleulxp
frqwh{w1 Lq wklv sdshu zh vkrz wkdw lqwhuhvw udwh surfhvvhv zlwk khwhurvnhgdvwlflw| sdwwhuqv vlplodu
wr wkh rqhv lq wkhvh dg krf prghov fdq eh ghulyhg dqg dqdo|}hg zlwklq dq htxloleulxp iudphzrun1

Fkdq/ hw do1 +4<<5, vwxg| wkh iroorzlqj vshfl�fdwlrq iru wkh vkruw lqwhuhvw udwh

:



u| @ �u|3� . u�|3��| +45,

zkhuh �| lv d glvwxuedqfh whup zlwk frqglwlrqdo phdq }hur1 Wkhlu hpslulfdo uhvxowv vkrz wkdw wkh
gdwd lqglfdwh srlqw hvwlpdwhv ri # durxqg 418/ dqg wkdw wkhvh hvwlpdwhv duh vwdwlvwlfdoo| gl�huhqw
iurp 41 Wkhuhiruh/ wkh gdwd vhhp wr lqglfdwh vxssruw iru khwhurvnhgdvwlflw| sdwwhuqv wkdw duh
gl�huhqw iurp wkh rqhv prghohg lq Vhfwlrq 51��

Lw lv vwudljkwiruzdug wr lqfrusrudwh wklv w|sh ri khwhurvnhgdvwlflw| lqwr wkh htxloleulxp prgho
ghulyhg lq Vhfwlrq 51 Li zh fkdqjh wkh frqvxpswlrq g|qdplf wr

t|n� @ �f .
R[

�'�

��O
�3�t| .

[̂
�'�

��O
�3�t�| %

2
| > +46,

wkh fruuhvsrqglqj lqwhuhvw udwh g|qdplf ehfrphv

Prgho 61 Vkruw0phpru| lqwhuhvw udwh g|qdplf zlwk jhqhudo khwhurvnhgdvwlflw|=

uW| @ �W
f .

R[
�'�

��O
�3�uW|3� .

[̂
�'�

��O
�3�+uW|3�,

�%2| = +47,

Wr rewdlq wkh orqj0phpru| yhuvlrq ri wkh prgho/ zh vlpso| dgrsw wkh iroorzlqj frqvxpswlrq
g|qdplf=

t|n� @ �f .
R[

�'�

��O
�3�t| . ^4�

R[
�'�

��O
� � +4�

4@ ERc^�[
�'�

!�O
�,+4� O,_`t�|n�%

2
|n�= +48,

Wkh uhvxowlqj lqwhuhvw udwh prgho lv

Prgho 71 Orqj0phpru| lqwhuhvw udwh g|qdplf zlwk jhqhudo khwhurvnhgdvwlflw|=

uW| @ �W
f .

R[
�'�

��O
�3�uW|3� . ^4�

R[
�'�

��O
� � +4�

4@ ERc^�[
�'�

!�O
�,+4� O,_`+uW| ,

�%2|n�= +49,

Wkh lqfrusrudwlrq ri wklv w|sh ri khwhurvnhgdvwlflw| lq wkh frqwh{w ri rxu prgho lv whfkqlfdoo|
wulyldo1 Lqvshfwlqj wkh lvvxh iurp d gl�huhqw shuvshfwlyh/ krzhyhu/ lw vkrzv wkh �h{lelolw| ri wkh
htxloleulxp dssurdfk zkhq irfxvhg rq prgholqj wkh frqglwlrqdo yrodwlolw| g|qdplf1 Wkh hvvhqfh
ri wkh vwdqgdug Oxfdv w|sh ri dvvhw sulflqj htxloleulxp lv wkdw wkh g|qdplf iru wkh htxloleulxp
lqwhuhvw udwh lv gulyhq e| wkh ehkdylru ri djjuhjdwh frqvxpswlrq1 Wkh prvw vwudljkwiruzdug zd| ri
jhwwlqj dq lqwhuqdoo| frqvlvwhqw lqwhuhvw udwh prgho lv yld prgholqj wkh frqglwlrqdo yrodwlolw| ri wkh

��5�Mti^�i?| t|�_�itc t�}?��U@?|*) _�gih�?} �? i4T�h�U@* 4i|�L_L*L}) @?_ 4L_i* tTiU��U@|�L?c �@�i UL?�h4i_ |�iti
�?_�?}t Etii uLh i @4T*i ��|�5@�@*�@ E�bbS�c �@4TMi**c i| @*� E�bb.�c �L?*i)c O@?ti?c w�||4ih @?_ 5U�i�?!4@?
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djjuhjdwh frqvxpswlrq1 Wkh fxuuhqw olwhudwxuh rq htxloleulxp prghov ri wkh whup vwuxfwxuh grhv qrw
iroorz wklv dssurdfk1 Frqvhtxhqwo|/ h{lvwlqj htxloleulxp prghov idfh gl�fxowlhv lq lqfrusrudwlqj
wklv w|sh ri khwhurvnhgdvwlflw| lqwr wkh vshfl�fdwlrq ri wkh lqwhuhvw udwh surfhvv1

Wr hpskdvl}h wklv lpsruwdqw srlqw/ zh ghprqvwudwh lq rxu glvfuhwh wlph hqylurqphqw wkh sure0
ohpv ri lqfrusrudwlqj khwhurvnhgdvwlflw| zkhq xvlqj d prgho wkdw glvsod|v vlplodulwlhv zlwk wkh
zhoo0nqrzq fodvv ri h{srqhqwldo d�qh whup vwuxfwxuh prghov1�e Lq wkh vlpsohvw ri wkhvh h{srqhqwldo
d�qh whup vwuxfwxuh prghov/ wkh frqvxpswlrq g|qdplf lv jlyhq e|

oq
F|n�

F|
@ ! oq

F|

F|3�
. �|n� +4:,

�|n�m| � Q+3> �2,> +4;,

zklfk |lhogv wkh iroorzlqj DU+4, htxloleulxp vkruw0whup lqwhuhvw udwh g|qdplf=

u| @ �+4� !, . +�2@5,+4� !, . !u|3� . !�|= +4<,

Wklv htxloleulxp lqwhuhvw udwh prgho lv vlplodu wr wkh frqwlqxrxv0wlph Ydvlfhn prgho1 Dw wkh �uvw
jodqfh/ lw vhhpv hdv| wr lqvhuw khwhurvnhgdvwlflw| lqwr wkh htxloleulxp lqwhuhvw udwh g|qdplf e|
fkdqjlqj wkh frqvxpswlrq g|qdplf wr

oq
F|n�

F|
@ ! oq

F|

F|3�
. +oq

F|

F|3�
,��|n�= +53,

Lw fdq eh hdvlo| yhul�hg wkdw wklv frqvxpswlrq g|qdplf |lhogv dq dqdo|wlfdo vroxwlrq iru wkh htxl0
oleulxp lqwhuhvw udwh rqo| zkhq # @ 3=81 Wkh qdwxuh ri khwhurvnhgdvwlflw| lq wkh uhvxowlqj prgho
lv vlplodu wr wkh frqwlqxrxv0wlph Fr{0Lqjhuvroo0Urvv +4<;8, prgho/ hyhq wkrxjk d frpsdulvrq zlwk
wklv frqwlqxrxv0wlph prgho lv whqxrxv1 Lw qhyhuwkhohvv vkrzv wkdw wkh srwhqwldo iru exloglqj khw0
hurvnhgdvwlflw| lqwr htxloleulxp prghov ri wklv fodvv lv yhu| olplwhg1 Lq frqwudvw/ rxu dssurdfk doorzv
iru d zlghu udqjh ri khwhurvnhgdvwlflw| sdwwhuqv1

e ,t|�4@|�L? @?_ Ait| +it�*|t

Wkh sdudphwhuv lq Prghov 407 fdq lq sulqflsoh eh hvwlpdwhg lq vhyhudo zd|v1 Zh hvwlpdwh wkh
sdudphwhuv xvlqj wkh txdvl0pd{lpxp olnholkrrg whfkqltxh sursrvhg lq Zklwh +4<;5, dqg Eroohuvohy
dqg Zrrogulgjh +4<<5,1 Wklv whfkqltxh lv xvhg lqvwhdg ri h{dfw pd{lpxp olnholkrrg hvwlpdwlrq/
ehfdxvh wkh lqqrydwlrq lq wkhvh v|vwhpv lv jryhuqhg e| d "2 glvwulexwlrq zlwk rqh ghjuhh ri iuhhgrp/
zklfk kdv dq xqerxqghg olnholkrrg dw wkh ruljlq1 Wr wkh ehvw ri rxu nqrzohgjh lw lv qrw srvvleoh
wr uhvwulfw wkh sdudphwhu vsdfh wr ghdo zlwk wklv sureohp1

Zh suhvhqw hvwlpdwlrq dqg whvw uhvxowv xvlqj wzr gl�huhqw gdwd vhwv1 Wkh �uvw gdwd vhw lv wkh rqh
dqdo|}hg lq Dlw0Vdkdold +4<<9,1 Wklv gdwd vhw frqwdlqv gdlo| revhuydwlrqv rq rqh0zhhn Hxurgroodu
udwhv iurp Mxqh 4/ 4<:6 wr Iheuxdu| 58/ 4<<8/ wrwdolqj 8838 revhuydwlrqv1 Lw lv suhvhqwhg lq Iljxuh
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41 Wkh vhfrqg gdwd vhw frqwdlqv gdlo| revhuydwlrqv rq ryhuqljkw Hxurgroodu udwhv iurp Mdqxdu| 4/
4<;4 wr Pd| 63/ 4<<:/ iru d wrwdo ri 75;3 revhuydwlrqv1 Wklv gdwdvhw lv suhvhqwhg lq Iljxuh 51 Lq
pxfk ri wkh whup vwuxfwxuh olwhudwxuh/ wkhuh lv d wudgh0r� ehwzhhq xvlqj ryhuqljkw udwhv yhuvxv rqh0
zhhn udwhv dv wkh vkruw0whup lqwhuhvw udwhv1 Zkhq hvwlpdwlqj dqg whvwlqj frqwlqxrxv0wlph prghov/
iru lqvwdqfh/ frqfhswxdoo| wkhuh lv d fohdu dgydqwdjh wr xvlqj wkh ryhuqljkw udwhv/ ehfdxvh wkhvh
gdwd duh d forvhu dssur{lpdwlrq wr wkh wkhruhwlfdo frqvwuxfw ri wkh prgho +vhh Fkdspdq/ Orqj dqg
Shduvrq +4<<<, iru dq h{whqvlyh dqdo|vlv ri wklv lvvxh,1 Lq wklv sdshu/ wkh wkhru| lv irupxodwhg lq
glvfuhwh wlph1 Li wkh gdwd kdv gdlo| iuhtxhqf|/ wkh ryhuqljkw udwh lv/ e| wkh gh�qlwlrq ri wkh prgho/
wkh xqdpeljxrxv fkrlfh iru wkh vkruw0whup lqwhuhvw udwh1 Ryhuqljkw udwhv duh/ krzhyhu/ pruh surqh
wr plfurvwuxfwxuh h�hfwv/ zklfk fdq frqvlghudeo| frpsolfdwh wkh lqwhusuhwdwlrq ri wkh hpslulfdo
�qglqjv1 Zh wkhuhiruh dovr hvwlpdwh wkh prghov xvlqj wkh rqh0zhhn udwhv1 Wkh lpsruwdqfh ri wkh
plfurvwuxfwxuh h�hfwv iru wkh ryhuqljkw gdwd fdq fohduo| eh vhhq iurp Iljxuh 5/ zklfk frqwdlqv idu
pruh rxwolhuv wkdq Iljxuh 41�D Wr looxvwudwh wkh srwhqwldo lpsruwdqfh ri orqj0phpru| vshfl�fdwlrqv
iru wkh gdwd/ Iljxuhv 6 dqg 7 surylgh wkh vdpsoh dxwrfruuhodwlrqv xs wr odj 933 iru wkh zhhno| dqg
ryhuqljkw gdwd uhvshfwlyho|1 Iru wkh zhhno| |lhogv lq Iljxuh 6/ wkh dxwrfruuhodwlrq dw odj 933 lv
31541 Iru wkh gdlo| gdwd/ wkh dxwrfruuhodwlrq dw odj 933 lv hyhq kljkhu dw 315;1 Lw lv fohdu wkdw orqj
phpru| vshfl�fdwlrqv duh yhu| xvhixo wr fdswxuh wklv nlqg ri hpslulfdo skhqrphqd/ ehfdxvh lw pd|
eh kdug wr �w wkhvh fkdudfwhulvwlfv ri wkh gdwd zlwk vwdqgdug vkruw phpru| prghov1

Wdeohv 4 wkurxjk ; suhvhqw wkh hvwlpdwlrq uhvxowv1 Wdeoh 4 suhvhqwv uhvxowv iru Prgho 4 +wkh
vkruw phpru| lqwhuhvw udwh g|qdplfv, rewdlqhg xvlqj wkh gdwd rq wkh rqh0zhhn Hxurgroodu udwhv1
Wdeoh 5 dovr xvhv wkh rqh0zhhn Hxurgroodu udwhv exw suhvhqwv uhvxowv iru Prgho 5 +wkh orqj phpru|
lqwhuhvw udwh g|qdplf,1 Wdeohv 6 dqg 7 suhvhqw uhvxowv iru wkh vkruw dqg orqj phpru| g|qdplfv
uhvshfwlyho|/ wklv wlph xvlqj gdwd rq wkh ryhuqljkw Hxurgroodu udwhv1 Wdeohv 8 dqg 9 suhvhqw uhvxowv
iru wkh rqh0zhhn udwhv xvlqj Prghov 6 dqg 7 uhvshfwlyho| +wkh vkruw dqg orqj phpru| lqwhuhvw udwh
g|qdplfv zlwk jhqhudo khwhurvnhgdvwlflw|,1 Ilqdoo|/ Wdeohv : dqg ; suhvhqw uhvxowv iru wkh ryhuqljkw
udwhv xvlqj Prghov 6 dqg 71 Lq hdfk wdeoh/ d qxpehu ri hqwulhv suhvhqw hvwlpdwhv ri sdudphwhuv
zlwk wkh urexvw dv|pswrwlf vwdqgdug huuru lqglfdwhg lq sduhqwkhvhv1 Sohdvh qrwh wkdw lq vrph fdvhv
sdudphwhuv dqg vwdqgdug huuruv duh pxowlsolhg e| 43/ wr lpsuryh wkh suhvhqwdwlrq ri wkh uhvxowv1
Dovr qrwh wkdw wkh qxpehu ri revhuydwlrqv xvhg lq wkh hvwlpdwlrq ri wkh zhhno| gdwd lv 7838 dqg wkh
qxpehu ri revhuydwlrqv iru wkh gdlo| gdwd lv 65;31 Wkh qxpehu ri revhuydwlrqv dydlodeoh lq wkh wzr
gdwd vhwv duh 8838 dqg 75;3/ uhvshfwlyho|/ exw wkh �uvw 4333 revhuydwlrqv duh uhvhuyhg iru vhwwlqj
wkh lqlwldo ydoxhv ri wkh lqwhuhvw udwh g|qdplf lpsolhg e| wkh ILJDUFK frqvxpswlrq surfhvv1
Lqvshfwlrq ri h{suhvvlrq +44, vkrzv wkdw rqh dfwxdoo| qhhgv dq lq�qlwh qxpehu ri gdwd srlqwv iru
wkh lqlwldo frqglwlrq1 Lq sudfwlfh/ rqh lv irufhg wr wuxqfdwh wkh lq�qlwh vxp lq +44, dw d vx�flhqwo|
kljk qxpehu1 Lq rxu hpslulfdo dqdo|vhv/ wkh gdwd uhtxluhg iru wkh lqlwldo frqglwlrq duh wuxqfdwhg
dw 4333 odjv1 Lpsolflw lq wklv sudfwlfh lv rxu dvvxpswlrq wkdw wkh �uvw 4333 gdwd srlqwv duh hqrxjk
wr eulqj wkh v|vwhp wr lwv vwhdg| vwdwh vr wkdw wkh uhvxowlqj olnholkrrg ixqfwlrq iru hlwkhu Prgho 5
ru 7 lv d jrrg sur{| iru wkh wuxh olnholkrrg ixqfwlrq1 Iru Prghov 4 dqg 6/ wkh lqlwldo frqglwlrq grhv
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qrw uhtxluh dv pdq| gdwd srlqwv1 Lq rughu wr hqvxuh phdqlqjixo frpsdulvrqv ehwzhhq wkh uhvxowv ri
Prgho 4 +6, dqg Prgho 5 +7,/ krzhyhu/ zh dovr glvfdug wkh �uvw 4333 gdwd srlqwv1 Ehvlghv srlqw
hvwlpdwhv dqg vwdqgdug huuruv iru wkh sdudphwhuv/ froxpqv 47 wkurxjk 53 ri hdfk wdeoh dovr frqwdlq
d ydulhw| ri urexvw Zdog whvwv wkdw whvw wkh mrlqw vljql�fdqfh ri h{wud frh�flhqwv iru kljkhu rughu
vshfl�fdwlrqv1 Wkh qrwdwlrqdo frqyhqwlrq xvhg lq wkhvh froxpqv lv dv iroorzv= iru d jlyhq urz/
�& ghqrwhv wkh kljkhvw rughu � frh�flhqw iru wkdw vshfl�fdwlrq dqg �& ghqrwhv wkh kljkhvw rughu
� frh�flhqw1 Iru h{dpsoh/ lq wkh urz fruuhvsrqglqj wr wkh JDUFK+5> 5, prgho/ �& vwdqgv iru
wkh �2 frh�flhqw1 Vlploduo|/ lq wkh urz fruuhvsrqglqj wr wkh JDUFK+9> 9, prgho �&3� vwdqgv iru
wkh �D frh�flhqw1 Wklv qrwdwlrq h{sodlqv wkh lqwhusuhwdwlrq ri wkh urexvw Zdog vwdwlvwlfv wkdw duh
olvwhg= iru h{dpsoh/ iru wkh urz fruuhvsrqglqj wr wkh JDUFK+8> 8, vshfl�fdwlrq wkh froxpq zlwk
�&3� @ �& @ 3 suhvhqwv wkh urexvw Zdog vwdwlvwlf wkdw �D @ �e @ 31 Wkh odvw froxpq lq hdfk
wdeoh suhvhqwv wkh ydoxh ri wkh remhfwlyh ixqfwlrq dw wkh rswlpxp1 Lw pxvw eh qrwhg wkdw ehfdxvh
zh hvwlpdwh xvlqj txdvl0pd{lpxp olnholkrrg/ wkh ydoxh ri wkh remhfwlyh ixqfwlrq fdqqrw eh xvhg wr
frqvwuxfw whvw vwdwlvwlfv dqg zh kdyh wr uhvruw wr wkh urexvw Zdog vwdwlvwlfv uhsruwhg lq wkh wdeohv1

Wdeoh 4 suhvhqwv wkh uhvxowv iru Prgho 4 xvlqj wkh rqh0zhhn Hxurgroodu udwhv1 Wkh �uvw urz
suhvhqwv uhvxowv fruuhvsrqglqj wr wkh JDUFK+4> 4, frqvxpswlrq g|qdplf1 Wklv prgho lv ri sduwlf0
xodu lqwhuhvw ehfdxvh wkh uhvxowlqj lqwhuhvw udwh prgho glvsod|v vlplodulwlhv zlwk d qxpehu ri prghov
lq wkh olwhudwxuh1 Iluvw qrwh wkdw wkh lqwhuhvw udwh surfhvv lqkhulwv wkh fkdudfwhulvwlfv ri wkh frqgl0
wlrqdo yrodwlolw| surfhvv1 Vlqfh wkh JDUFK surfhvv kdv lwv frqglwlrqdo yrodwlolw| ehkdylqj olnh dq
DUPD surfhvv/ zh fdq wklqn ri wkh htxloleulxp lqwhuhvw udwh g|qdplf dv dq DUPD surfhvv zlwk
khwhurvnhgdvwlf ihdwxuhv1 Lq wkh fdvh ri wkh JDUFK+4> 4, prgho/ wkh uhvxowlqj htxloleulxp lqwhuhvw
udwh surfhvv lv Pdunryldq dqg ehduv uhvhpeodqfh wr wkh prghov ehorqjlqj wr wkh h{srqhqwldo d�qh
fodvv ri lqwhuhvw udwh prghov1 Rxu uhihuhqfh wr wkh DUPD surfhvv lv whqxrxv/ ehfdxvh wkh srvlwlylw|
uhtxluhphqw rq wkh frqglwlrqdo yrodwlolw| ri wkh frqvxpswlrq surfhvv lpsrvhv uhvwulfwlrqv rq wkh
sdudphwhuv ri wkh lqwhuhvw udwh surfhvv1 Wkhvh uhvwulfwlrqv gr qrw dsso| li rqh gluhfwo| zulwhv grzq
dq DUPD surfhvv iru wkh vkruw0whup lqwhuhvw udwh zlwkrxw ghulylqj lw yld dq htxloleulxp dujxphqw1

Eroohuvohy +4<;9, jdyh wkh frqglwlrqv rq �� dqg �� ri htxdwlrq +8, xqghu zklfk wkh frqglwlrqdo
yrodwlolw| lv dozd|v srvlwlyh1 Klv frqglwlrqv uhtxluh �� dqg �� wr eh qrq0qhjdwlyh1 Wkhvh frqgl0
wlrqv fdq dfwxdoo| eh uhod{hg zkhq rqh jrhv eh|rqg wkh JDUFK+4> 4, prgho1 Qhovrq dqg Fdr
+4<<5, surylghg d zhdnhu vhw ri uhtxluhphqwv wkdw fdq hqvxuh srvlwlyh frqglwlrqdo yrodwlolw| xqghu
JDUFK+s> t,1 Rxu hvwlpdwlrq uhvxowv uhtxluh lqyrnlqj Qhovrq dqg Fdr*v +4<<5, frqglwlrqv ehfdxvh
vrph sdudphwhu hvwlpdwhv wxuq rxw wr eh qhjdwlyh1 Zh kdyh yhul�hg wkdw wkh sdudphwhu ydoxhv
suhvhqwhg lq Wdeoh 4 gr vdwlvi| wkh frqglwlrqv iru srvlwlyh frqglwlrqdo yduldqfhv1

Hvwlpdwlrq uhvxowv iru wkh lqwhuhvw udwh surfhvv fruuhvsrqglqj wr wkh JDUFK+4> 4, frqvxpswlrq
g|qdplf lqglfdwh wkdw doo frh�flhqwv duh yhu| suhflvho| hvwlpdwhg1 Wkh hvwlpdwh iru �� lv odujh/
lqglfdwlqj d vorz phdq uhyhuvlrq +odujh shuvlvwhqfh,1 Wkh hvwlpdwh iru �� lv vpdoo dqg wkh vxp ri ��
dqg �� lv vpdoohu wkdq rqh/ vdwlvi|lqj wkh vwdwlrqdulw| uhtxluhphqw1 Wkhvh uhvxowv duh frqvlvwhqw zlwk
wkh vwdqgdug hpslulfdo �qglqjv lq wkh olwhudwxuh zkhq Pdunryldq surfhvvhv duh xvhg lq hvwlpdwlrq1
Wkh lqwhuhvwlqj txhvwlrq lv wkhuhiruh zkhwkhu h{whqvlrqv wr qrq0Pdunryldq surfhvvhv duh uhtxluhg e|
wkh gdwd1 Lq urzv 5 dqg 7/ zh suhvhqw wkh uhvxowv iru wkh JDUFK+4> 5, dqg JDUFK+5> 5, g|qdplfv/
uhvshfwlyho|1 Wkh uhvxowv lq urzv 5 dqg 7 fohduo| vxssruw h{whqvlrqv wr qrq0Pdunryldq prghov1 Lq
urz 5/ wkh hvwlpdwh iru wkh sdudphwhu �2 lv fohduo| vljql�fdqw/ edvhg rq wkh urexvw vwdqgdug huuru1
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D vlplodu frqfoxvlrq dssolhv wr wkh sdudphwhu �2 lq froxpq 71 Wkhvh uhvxowv duh vxssruwlyh ri wkh
uhvxowv hvwdeolvkhg e| Edfnxv dqg ]lq +4<<7,/ zkr uhmhfw wkh Pdunryldq dvvxpswlrq lq h{srqhqwldo
d�qh prghov1

Wkh rwkhu uhvxowv iru Prgho 4 suhvhqwhg lq Wdeoh 4 duh qrz vxppdul}hg eulh�|1 Wkh wdeoh
frqwdlqv uhvxowv iru JDUFK+s> t, surfhvvhv zlwk JDUFK+9> 9, wkh kljkhvw rughu wkdw lv uhsruwhg1
Kljkhu rughu JDUFK prghov zhuh lqyhvwljdwhg exw duh qrw uhsruwhg wr nhhs wkh wdeohv pdqdjhdeoh1
Wkh pdlq uhvxow lv wkdw iru kljk rughuv ri s dqg t +kljkhu wkdq ;,/ wkh urexvw Zdog vwdwlvwlfv lqglfdwh
wkdw wkh lqfoxvlrq ri h{wud frh�flhqwv grhv qrw lpsuryh wkh vwdwlvwlfdo �w ri wkh prgho1 Wklv uhvxow
lv qrw vxusulvlqj jlyhq wkh uhvxowv uhsruwhg lq wkh wdeoh= wkh uhvxowv iru wkh JDUFK+8> 8, dqg
JDUFK+9> 9, vshfl�fdwlrqv lqglfdwh wkdw iru wkhvh prghov/ w0vwdwlvwlfv duh pxfk vpdoohu wkdq w0
vwdwlvwlfv iru orzhu0rughu prghov/ vxfk dv wkh JDUFK+5> 5, prgho1 Qrw vxusulvlqjo|/ wkhuhiruh/ wkh
urexvw Zdog vwdwlvwlfv iru mrlqw vljql�fdqfh duh pxfk orzhu dqg lq vrph fdvhv lqglfdwh qrquhmhfwlrq
ri wkh qxoo k|srwkhvlv wkdw wkhvh h{wud frh�flhqwv duh mrlqwo| htxdo wr }hur1

Wdeoh 5 suhvhqwv uhvxowv iru Prgho 5/ zklfk dovr xvhv wkh zhhno| gdwd exw lv edvhg rq wkh
ILJDUFK frqvxpswlrq g|qdplf1 Zh vwduw e| lqvshfwlqj wkh �uvw urz/ zklfk vkrzv wkdw wkh
ILJDUFK+4> g> 4, g|qdplf |lhogv dq hvwlpdwh ri wkh orqj phpru| sdudphwhu g ri 3134551 Hyhq
wkrxjk wkh hvwlpdwhg ydoxh iru g lv udwkhu vpdoo/ lw lv vwdwlvwlfdoo| gl�huhqw iurp }hur dv lqglfdwhg e|
lwv urexvw vwdqgdug huuru1 Wkh gdwd vhhp wkhuhiruh vxssruwlyh ri orqj phpru| lq wkh lqwhuhvw udwh
g|qdplf1 Wklv �qglqj ri frxuvh frq�upv wkdw wkh Pdunryldq dvvxpswlrq lv txlwh d srru dvvxpswlrq
iru wkh rqh0zhhn lqwhuhvw udwh gdwd1 Wkh uhpdlqlqj urzv lq wkh wdeoh lqglfdwh zkdw kdsshqv li zh
lqfuhdvh s dqg t lq wkh vshfl�fdwlrq ri wkh ILJDUFK+s> g> t, surfhvv1 Lpsruwdqwo|/ wkh| frq�up
wkh �qglqjv ri Wdeoh 4= dv zh lqfuhdvh s dqg t/ wkh vwdqgdug huuruv lqfuhdvh udslgo| dqg iru wkh
ILJDUFK+9> g> 9, surfhvv/ wkh urexvw Zdog vwdwlvwlfv lqglfdwh lq vhyhudo fdvhv wkdw h{wud frh�flhqwv
duh qrw vxssruwhg e| wkh gdwd1 Wklv lv dovr wkh fdvh zkhq zh lqyhvwljdwh vshfl�fdwlrqv iru s dqg t
odujhu wkdq 9 +qrw uhsruwhg,1 Wdeoh 5 dovr doorzv xv wr dqvzhu wkh iroorzlqj lpsruwdqw txhvwlrq= dv
s dqg t lqfuhdvh/ zkdw kdsshqv wr wkh hvwlpdwh ri wkh orqj0phpru| sdudphwhu gB Wklv txhvwlrq lv
lpsruwdqw ehfdxvh ri wkh �qglqj lq urz 4 wkdw wkh orqj0phpru| sdudphwhu lv vljql�fdqwo| hvwlpdwhg1
Zkhuhdv orqj0phpru| surfhvvhv duh ri lqwhuhvw ehfdxvh wkh| doorz xv wr fdswxuh lpsruwdqw hpslulfdo
skhqrphqd zlwk d udwkhu sduvlprqlrxv sdudphwhul}dwlrq/ wkhlu lpsohphqwdwlrq lq htxloleulxp whup
vwuxfwxuh prghov lv idu iurp reylrxv1 Lw zrxog wkhuhiruh eh lqwhuhvwlqj li zh frxog fdswxuh qrq}hur
dxwrfruuhodwlrq dw orqj krul}rqv e| lqfuhdvlqj s dqg t lq wkh vshfl�fdwlrq ri wkh ILJDUFK+s> g> t,
surfhvv1 Lqvshfwlrq ri Wdeoh 5 lqglfdwhv wkdw wkh hvwlpdwhv ri g gl�hu vxevwdqwldoo| ehwzhhq wkh
gl�huhqw urzv1 Krzhyhu/ iru wkh ILJDUFK+4> g> 4,/ ILJDUFK+6> g> 6,/ ILJDUFK+7> g> 7, dqg
ILJDUFK+8> g> 8, surfhvvhv wkh hvwlpdwhv duh doo voljkwo| odujhu wkdq 3134/ dqg duh yhu| suhflvho|
hvwlpdwhg1 Wkh lqwhuhvwlqj rxwolhu lv wkh hvwlpdwh ri g iru wkh ILJDUFK+9> g> 9, surfhvv/ zklfk
lv qhjdwlyh dqg lqvljql�fdqw1 Zkhq lqyhvwljdwlqj s dqg t kljkhu wkdq 9/ zh dovr irxqg qhjdwlyh
srlqw hvwlpdwhv ri g wkdw zhuh lqvljql�fdqwo| hvwlpdwhg +qrw uhsruwhg,1 Wklv vhhpv wr lqglfdwh
wkdw e| lqfuhdvlqj s dqg t lq wkh ILJDUFK+s> g> t, surfhvv/ lw lv srvvleoh wr fdswxuh wkh hpslulfdo
skhqrphqd wkdw jlyh ulvh wr d orqj phpru| sdudphwhu wkdw lv vljql�fdqwo| gl�huhqw iurp }hur lq
wkh ILJDUFK+4> g> 4, prgho1�S Wkh h{wud frh�flhqwv lqwurgxfhg lq wkh ILJDUFK+9> g> 9, prgho
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fdswxuh wkh fruuhodwlrq sdwwhuqv fdswxuhg e| wkh orqj phpru| sdudphwhu lq pruh sduvlprqlrxv
prghov1 Wkh uhpdlqlqj fruuhodwlrq fdswxuhg e| wkh orqj0phpru| sdudphwhu lv qrw vwdwlvwlfdoo|
vljql�fdqw1

Wdeohv 6 dqg 7 suhvhqw wkh uhvxowv iru Prghov 4 dqg 5 xvlqj wkh ryhuqljkw Hxurgroodu udwhv1 Wr
vrph h{whqw/ wkh hvwlpdwhv vxssruw wkh jhqhudo frqfoxvlrqv gudzq iurp wkrvh suhvhqwhg lq Wdeoh
41 Urz 4 lq Wdeoh 6 lqglfdwhv wkdw wkh gdwd vxssruw ghyldwlrqv iurp Pdunryldq prghov1 Urz 4
lq Wdeoh 7 lqglfdwhv wkdw wkh gdwd vxssruw wkh suhvhqfh ri orqj phpru|1 Djdlq/ wkh hvwlpdwh iru
wkh frh�flhqw wkdw fdswxuhv orqj phpru| lv vpdoo exw vljql�fdqwo| gl�huhqw iurp }hur1 Ilqdoo|/
dv zh lqfuhdvh s dqg t lq wkh ILJDUFK+s> g> t, prgho lq Wdeoh 7/ lw ehfrphv srvvleoh wr fdswxuh
wkh hpslulfdo skhqrphqd wkdw |lhog d vljql�fdqwo| srvlwlyh orqj phpru| sdudphwhu lq urz 4 zlwk
vkruw phpru| sdudphwhuv1 Wkh odvw urz ri Wdeoh 7 lqglfdwhv wkdw iru wkh ILJDUFK+9> g> 9, prgho/
wkh hvwlpdwhg g sdudphwhu lv qhjdwlyh1 Wklv uhvxow lv gl�huhqw iurp wkh rqh rewdlqhg lq Wdeoh
5/ zkhuh wkh srlqw hvwlpdwh lv dovr qhjdwlyh exw vwdwlvwlfdoo| lqvljql�fdqw1 Lw pxvw eh qrwhg wkdw
lqyhvwljdwlrq ri s dqg t odujhu wkdq 9 frq�upv wkh suhvhqfh ri d qhjdwlyh orqj0phpru| sdudphwhu/
zklfk lq pdq| fdvhv lv lqvljql�fdqwo| hvwlpdwhg +qrw uhsruwhg,1

Krzhyhu/ d frpsdulvrq ri Wdeohv 4 dqg 6 lqglfdwhv wkdw wkhuh lv dq lqwhuhvwlqj gl�huhqfh ehwzhhq
wkh hpslulfdo uhjxodulwlhv iru wkh zhhno| udwhv dv rssrvhg wr wkh ryhuqljkw udwhv1 Zkhuhdv lq Wdeoh
4 wkh vwdqgdug huuruv lqfuhdvh vljql�fdqwo| dv zh lqfuhdvh s dqg t lq wkh JDUFK+s> t, vshfl�fdwlrq/
wklv lv qrw wkh fdvh lq Wdeoh 61 Wkh vdph fdq eh vdlg derxw wkh frpsdulvrq ehwzhhq Wdeohv 5 dqg 71
Qrw vxusulvlqjo| wkhuhiruh/ wkh urexvw Zdog vwdwlvwlfv lq Wdeohv 6 dqg 7 lqglfdwh wkdw wkh lqfoxvlrq
ri h{wud frh�flhqwv lv vxssruwhg e| wkh gdwd1 Lqyhvwljdwlrq ri s dqg t kljkhu wkdq 9 lqglfdwhg
wkdw yhu| kljk rughuv duh qhhghg wr surylgh dq dghtxdwh vwdwlvwlfdo �w ri wkh ryhuqljkw udwhv +qrw
uhsruwhg,1 Wkh kljkhvw rughu wkdw zh lqyhvwljdwhg lv s @ t @ 48/ dqg wkh whvw vwdwlvwlfv lqglfdwhg
wkdw lqfoxglqj ��D dqg ��D lpsuryhv wkh vwdwlvwlfdo �w ri wkh prgho1 Shukdsv wklv �qglqj lv qrw
vxusulvlqj= frpsdulvrq ri Iljxuhv 4 dqg 5 vkrzv wkdw wkh wlph vhulhv ri ryhuqljkw udwhv frqwdlqv
pdq| rxwolhuv zklfk uhvxow iurp plfurvwuxfwxuh h�hfwv/ dqg lv frqvhtxhqwo| kdughu wr �w zlwk d
sduvlprqlrxv sdudphwhul}dwlrq1 Wkhvh �qglqjv duh ri lqwhuhvw iru wkh vwxg| ri whup0vwuxfwxuh
prghov1 Wkh| vhhp wr lqglfdwh wkdw wkh shuirupdqfh iru d jlyhq prgho pd| eh fulwlfdoo| d�hfwhg
e| wkh fkrlfh ri wkh vkruw0whup lqwhuhvw udwh1

Wdeohv 8 dqg 9 suhvhqw wkh hvwlpdwlrq uhvxowv iru Prghov 6 dqg 7/ xvlqj gdwd rq rqh0zhhn
Hxurgroodu udwhv1 Wkh uhvxow fruuhvsrqglqj wr wkh prgl�hg JDUFK+4> 4, g|qdplf lv suhvhqwhg lq
urz 4 ri Wdeoh 81 Wkh srlqw hvwlpdwh iru # lv 416731 Wklv khwhurvnhgdvwlflw| sdudphwhu lv yhu|
suhflvho| hvwlpdwhg1 Wkh uhvxow edvhg rq wkh urexvw vwdqgdug huuru vkrzv wkdw lw lv vljql�fdqwo|
gl�huhqw iurp 41 Wklv uhvxow lv odujho| frqvlvwhqw zlwk wkh �qglqj e| Fkdq/ hw do1 +4<<5,/ dowkrxjk
rxu hvwlpdwh iru # lv voljkwo| orzhu wkdq wkhluv1 Wkh rwkhu uhvxowv lq Wdeoh 8 dqg 9 fdq eh vxppdul}hg
yhu| eulh�|/ ehfdxvh wkh| odujho| frq�up wkh �qglqjv ri Wdeohv 4 dqg 51 Wkh gdwd idyru odujhu ydoxhv
iru s dqg t/ dqg wkhuhiruh vxssruw ghsduwxuhv iurp wkh Pdunryldq prgho1 Krzhyhu/ iru wkh prgl�hg
JDUFK+8> 8, dqg JDUFK+9> 9, vshfl�fdwlrqv wkh vwdqgdug huuruv duh idluo| odujh dqg wkh urexvw
Zdog vwdwlvwlfv lq vrph fdvhv idyru d pruh sduvlprqlrxv sdudphwhul}dwlrq1 Wkh hvwlpdwhg ydoxhv
iru # lq urzv 5 wr 44 duh yhu| vlplodu wr wkh rqh lq urz 41 Wkh hvwlpdwlrq xvlqj wkh orqj0phpru|
prgho lq Wdeoh 9 dovr |lhogv d ydoxh ri # vlplodu wr wkrvh lq Wdeoh 81 Wkh hvwlpdwhv iru wkh ��
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sdudphwhuv lq Wdeohv 8 dqg 9 duh yhu| gl�huhqw iurp wkrvh lq Wdeohv 4 dqg 51 Wkh hvwlpdwhv iru
wkh �� sdudphwhuv duh uhodwlyho| vlplodu/ krzhyhu1 Srlqw hvwlpdwhv ri wkh orqj0phpru| sdudphwhu
g lq Wdeoh 9 duh orzhu wkdq wkrvh lq Wdeoh 51 Iru wkh prgl�hg ILJDUFK+9> g> 9, vshfl�fdwlrq/ wkh
hvwlpdwhg g sdudphwhu lv qhjdwlyh dqg lqvljql�fdqwo| hvwlpdwhg1

Wdeohv : dqg ; suhvhqw rxu hpslulfdo uhvxowv iru Prghov 6 dqg 7 xvlqj wkh ryhuqljkw Hxurgroodu
udwhv1 Lqwhuhvwlqjo|/ wkh srlqw hvwlpdwhv iru wkh sdudphwhu # duh yhu| gl�huhqw iurp wkrvh lq Wdeohv
8 dqg 91 Pruhryhu/ wkh urexvw vwdqgdug huuruv vxjjhvw wkdw wkh pruh jhqhudo khwhurvnhgdvwlflw|
sdwwhuq lv qrw vxssruwhg e| wkh gdwd1 Wklv uhvxow lqglfdwhv wkdw wkh khwhurvnhgdvwlflw| surshuwlhv
ri wkh ryhuqljkw Hxurgroodu udwhv duh gl�huhqw iurp wkh rqh0zhhn Hxurgroodu udwhv1 Jlyhq wkdw wkh
gdwd gr qrw vxssruw d pruh jhqhudo khwhurvnhgdvwlflw| sdwwhuq/ lw lv qrw vxusulvlqj wkdw wkh rwkhu
sdudphwhu hvwlpdwhv iru Prghov 6 dqg 7 suhvhqwhg lq Wdeohv : dqg ; gr qrw gl�hu juhdwo| iurp wkrvh
iru Prghov 4 dqg 5 suhvhqwhg hduolhu lq Wdeohv 6 dqg 71

D A�i ,UL?L4�U 5�}?��U@?Ui Lu wL?} �i4Lh)

Zkhuhdv wkh hvwlpdwhv ri wkh orqj phpru| sdudphwhu g duh vwdwlvwlfdoo| vljql�fdqw iru d sduvl0
prqlrxv sdudphwhul}dwlrq ri wkh vkruw phpru| frpsrqhqw/ wkh| duh idluo| vpdoo1 Lw lv wkhuhiruh
ri fulwlfdo lpsruwdqfh wr lqyhvwljdwh zkhwkhu wkhvh vpdoo hvwlpdwhv ri wkh orqj0phpru| sdudph0
whu duh hfrqrplfdoo| vljql�fdqw1 Wr lqyhvwljdwh wklv lvvxh/ zh suhvhqw wkh uhvxowv ri d vpdoo0vfdoh
vlpxodwlrq h{shulphqw wkdw lqyhvwljdwhv wkh lpsolfdwlrqv ri wkh orqj0phpru| hvwlpdwhv rewdlqhg lq
wkh suhylrxv vhfwlrq iru wkh htxloleulxp whup vwuxfwxuh1 Wkh lpsolfdwlrqv iru wkh whup vwuxfwxuh
fdq eh lqyhvwljdwhg e| h{sorlwlqj wkh sulflqj uhvxow xvlqj wkh htxloleulxp sulfh phdvxuh T/ zklfk
zdv hduolhu dgrswhg lq wklv frqwh{w lq Gxdq +4<<9, iru wkh JDUFK whup vwuxfwxuh prgho1 Wkh
h{suhvvlrq iru wkh |lhog wr pdwxulw| dw wlph w iru d ghidxow0iuhh }hur0frxsrq erqg ri pdwxulw| � lv
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Wr lpsohphqw wklv sulflqj irupxod zh xvh wkh h{suhvvlrq iru wkh lqwhuhvw udwh g|qdplf xqghu wkh
htxloleulxp sulflqj phdvxuh T1 Zh suhvhqw uhvxowv iru prgho 5/ zlwkrxw wkh jhqhudo khwhurvnhgdv0
wlflw| exlow lqwr prgho 71 Hyhq wkrxjk wkh lqqrydwlrq lq rxu lqwhuhvw udwh prgho lv qrqvwdqgdug/ lw
lv srvvleoh wr fkdudfwhul}h wkh lqwhuhvw udwh g|qdplf +vhh Gxdq/ 4<<9,1 Lw lv lpsruwdqw wr qrwh wkdw
wklv ehfrphv srvvleoh ehfdxvh ri wkh fkrlfh ri d JDUFK vshfl�fdwlrq iru wkh yrodwlolw| g|qdplf1
Wklv fkrlfh ri yrodwlolw| g|qdplf lpsolhv wkdw wkh gulylqj surfhvv iru lqwhuhvw udwh lv d qrqfhqwudo
fkl0vtxduhg1 Zh duh wkhuhiruh deoh wr fkdudfwhul}h wkh ulvn0qhxwudo glvwulexwlrq ehfdxvh wklv qrq0
fhqwudo fkl0vtxduhg lv d vlpsoh wudqvirupdwlrq ri wkh qrupdo glvwulexwlrq1 Vshfl�fdoo|/ xvlqj wkh
h{suhvvlrqv iru wkh vkruw phpru| g|qdplf +:, dqg wkh orqj phpru| g|qdplf +;, xqghu wkh gdwd
jhqhudwlqj suredelolw| phdvxuh/ wkh vkruw phpru| g|qdplf xqghu wkh htxloleulxp sulflqj phdvxuh
T lv wkhuhiruh
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dqg wkh orqj phpru| g|qdplf xqghu wkh htxloleulxp sulflqj phdvxuh lv
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Lq erwk htxdwlrqv wkh sdudphwhu �> zklfk uhsuhvhqwv wkh sulfh ri ulvn/ lv htxdo wr �+5���,@5= Lq rxu
iudphzrun wkh sulfh ri ulvn lv wkhuhiruh qrw rqo| ghwhuplqhg e| wkh udwh ri uhodwlyh ulvn dyhuvlrq/ exw
dovr e| wkh vshfl�fdwlrq ri wkh JDUFK0lq0phdq htxdwlrq lq +6,1 Pruhryhu/ � fdqqrw eh ghwhuplqhg
iurp wkh wlph vhulhv glphqvlrq ri lqwhuhvw udwhv dorqh1 Zkhuhdv rxu hvwlpdwhv lq Wdeohv 4 wkurxjk
7 lghqwli| wkh uhjuhvvlrq lqwhufhsw �W

f > wklv lqwhufhsw lv htxdo wr �f�+5� � �,@5 dqg wkhuhiruh grhv
qrw lghqwli| �= Lq rughu wr lpsohphqw +54, xvlqj wkh wlph0vhulhv sdudphwhuv lq Wdeohv 5 dqg 7/ zh
wkhuhiruh qhhg wr pdnh dq dvvxpswlrq rq wkh sdudphwhu �= Lq wkh vlpxodwlrq h{shulphqwv ehorz/
� lv vhw duelwudulo| dw 4831 Lw pxvw dovr eh qrwhg wkdw zkhuhdv zh kdyh dqdo|wlfdo h{suhvvlrqv iru
wkh lqwhuhvw udwhv xqghu wkh htxloleulxp sulflqj phdvxuh/ zh gr qrw kdyh dqdo|wlfdo uhvxowv iru wkh
|lhogv wr pdwxulw| lq +54,1 Wkhuhiruh/ zh kdyh wr hydoxdwh h{suhvvlrq +54, xvlqj vlpxodwlrq1 Lq
wkh vlpxodwlrq h{shulphqw ehorz/ wkh qxpehu ri vlpxodwlrqv xvhg wr frpsxwh erqg |lhogv lv vhw dw
83331 Lqfuhdvlqj wkh qxpehu ri vlpxodwlrqv deryh 8333 grhv qrw fkdqjh wkh uhvxowv1

Rqh fdq frqfhlyh ri vhyhudo h{shulphqwv wr ghprqvwudwh wkh lpsdfw ri orqj phpru|1 Wkh
sxusrvh ri wklv vhfwlrq lv qrw wr suhvhqw dq h{kdxvwlyh dqdo|vlv ri doo srvvleoh h{shulphqwv1 Udwkhu/
zh zdqw wr suhvhqw d olplwhg vhw ri uhvxowv wr frqylqfh wkh uhdghu ri wkh hfrqrplf lpsruwdqfh
ri orqj phpru|1 Wklv h{shulphqw dovr vhuyhv wr ghprqvwudwh wkdw rxu dqdo|vlv lv d ixoo0�hgjhg
jhqhudo htxloleulxp dssurdfk/ dqg qrw dg krf1 Wr dfklhyh wklv/ zh vhw xs wkh iroorzlqj h{shulphqw1
Zh xvh wkh hvwlpdwhv iru wkh prgho sdudphwhuv rewdlqhg lq Wdeoh 7/ xvlqj ryhuqljkw Hxurgroodu
udwhv1 Wr irfxv rq wkh lpsruwdqfh ri orqj phpru|/ zh olplw rxu dwwhqwlrq wr wkh ILJDUFK+4> g> 4,
vshfl�fdwlrq1 Wkh sdudphwhu hvwlpdwhv xvhg duh wkhuhiruh �� @ 3=<;:> �W

f @ 3=3465/ !� @ 3=<<;
dqg g @ 3=345<1 Zh wkhq jhqhudwh whup vwuxfwxuhv e| frpsxwlqj wkh |lhogv vwduwlqj iru gd| w @ 4
wr w @ 6983 +43 |hduv,/ xvlqj gl�huhqw vhwv ri lqlwldo frqglwlrqv1 Qrz h{dplqh Iljxuh 81 Wkh
|lhog fxuyhv lq wklv �jxuh duh rewdlqhg e| vhwwlqj |hvwhugd|*v lqwhuhvw udwh +wkh lqwhuhvw udwh rq gd|
w @ 3, dw dq dqqxdol}hg ;(1 Wkh gl�huhqfh ehwzhhq wkh |lhog fxuyhv lq Iljxuh 8 lv gxh wr gl�huhqw
ydoxhv iru wkh lqwhuhvw udwhv rq gd|v w @ �4 wr w @ �43331�. Iru wkh vrolg olqh/ wkh ydoxh iru wkh
lqwhuhvw udwhv rq gd|v w @ �4 wr w @ �4333 lv vhw dw 5(1 Iru wkh eurnhq olqh/ wkrvh udwhv duh vhw
dw ;(1 Ryhu d zlgh udqjh ri pdwxulwlhv/ wkh gl�huhqfh ehwzhhq wkh vlpxodwhg |lhogv h{fhhgv 53
edvlv srlqwv1 Li wkh orqj phpru| sdudphwhuv duh hfrqrplfdoo| lqvljql�fdqw/ zh zrxog qrw h{shfw
wr vhh dq| gl�huhqfhv ehwzhhq wkhvh whup vwuxfwxuhv1 Wkh uhvxowv zrxog eh lqglvwlqjxlvkdeoh iurp
wkh uhvxowv xqghu d Pdunryldq v|vwhp zlwk |hvwhugd|*v lqwhuhvw udwh dw ;(1 Rxu uhvxowv vxjjhvw wr
wkh frqwudu| dqg looxvwudwh wkh lpsruwdqfh ri orqj phpru|1�H
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Wklv sdshu dqdo|}hv d odujh fodvv ri srwhqwldo g|qdplfv iru wkh vkruw0whup lqwhuhvw udwh1 Wkhvh
g|qdplfv duh ghulyhg lq d glvfuhwh0wlph htxloleulxp vhwwlqj lq zklfk lqwhuhvw udwhv duh ghwhuplqhg
e| wkh vshfl�fdwlrq iru wkh frqglwlrqdo yrodwlolw| ri wkh djjuhjdwh frqvxpswlrq surfhvv/ lqvwhdg ri
wkh frqglwlrqdo phdq ri frqvxpswlrq1 E| prgholqj wkh frqglwlrqdo yrodwlolw| ri frqvxpswlrq dv d
qrqqhjdwlyh surfhvv/ lw lv wkhq srvvleoh wr prgho qrqqhjdwlyh lqwhuhvw udwhv xqghu fhuwdlq sdudphwhu
uhvwulfwlrqv1 Lq wklv sdshu vxfk dq dssurdfk lv lpsohphqwhg e| prgholqj wkh frqglwlrqdo yrodwlolw|
ri frqvxpswlrq dv d JDUFK0w|sh surfhvv/ lpso|lqj d fkl0vtxduh lqqrydwlrq iru lqwhuhvw udwhv1 Wkh
fodvv ri lqwhuhvw udwh prghov wkdw zh ghulyh lv yhu| odujh dqg lqfoxghv Pdunryldq dqg qrq0Pdunryldq
lqwhuhvw udwh g|qdplfv1 Wkh lqwhuhvw udwh g|qdplf fdq eh ri vkruw ru orqj phpru|1 Ehfdxvh wkh
frqglwlrqdo yrodwlolw| ri wkh frqvxpswlrq lv wkh gulylqj irufh ehklqg wkh lqwhuhvw udwh g|qdplf/ lw lv
vwudljkwiruzdug wr lqfrusrudwh pruh jhqhudo khwhurvnhgdvwlflw| sdwwhuqv wkdw duh nqrzq wr eh pruh
frqvlvwhqw zlwk lqwhuhvw udwh gdwd1

Wkh hpslulfdo dqdo|vlv/ xvlqj ryhuqljkw dqg rqh0zhhn Hxurgroodu udwhv/ lqglfdwhv wkdw wkh gdwd
vxssruw ghyldwlrqv iurp wkh Pdunryldq dvvxpswlrq1 Wkh orqj phpru| sdudphwhu lv vpdoo exw
yhu| suhflvho| hvwlpdwhg1 D vlpxodwlrq h{shulphqw vkrzv wkdw wkh lpsdfw ri orqj phpru| rq wkh
whup vwuxfwxuh lv qrw qhjoljleoh1 Iru rqh0zhhn Hxurgroodu udwhv/ wkh gdwd vxssruw khwhurvnhgdvwlflw|
sdwwhuqv gl�huhqw iurp wkrvh zlwklq wkh h{srqhqwldo d�qh fodvv1 Iru wkh ryhuqljkw Hxurgroodu udwhv/
wkh uhvxow lv rssrvlwh1 Lqwhuhvwlqjo|/ wkh ryhuqljkw dqg rqh0zhhn udwhv dovr gl�hu lq rwkhu glphqvlrqv1
Zkhq wkh lqwhuhvw udwh prgho lv uhvwulfwhg wr eh Pdunryldq/ krzhyhu/ wkh wzr lqwhuhvw udwh vhulhv
surgxfh vlplodu rxwfrphv1 Rxu hpslulfdo uhvxowv vhhp wr lqglfdwh wkdw wkh fodvv ri htxloleulxp
lqwhuhvw udwh prghov sursrvhg lq wklv sdshu fdq sduvlprqlrxvo| fdswxuh vrph lpsruwdqw dvshfwv ri
wkh gdwd1 Wkh delolw| ri wklv fodvv ri htxloleulxp prghov wr ghvfuleh wkh furvv0vhfwlrqdo yduldwlrqv ri
wkh whup vwuxfwxuh dqg wr sulfh whup vwuxfwxuh ghulydwlyhv zloo eh vwxglhg lq ixwxuh zrun1 Dqrwkhu
�qglqj wkdw ghvhuyhv dwwhqwlrq lv wkh dssduhqw delolw| ri ulfko| sdudphwhul}hg vkruw phpru| prghov
wr fdswxuh orqj phpru| skhqrphqd1 Lw lv fohdu wkdw sduvlprq| lq sdudphwhul}dwlrq pd| eh d
jrdo lq lwvhoi1 Wr jhw d fohduhu ylhz ri wkh shuirupdqfh ri wkh orqj phpru| prgho yhuvxv ulfko|
sdudphwhul}hg vkruw phpru| prghov/ lw zloo eh qhfhvvdu| wr hydoxdwh wkh suhglfwlyh +rxw ri vdpsoh,
shuirupdqfh ri wkhvh prghov dv rssrvhg wr wkh ghvfulswlyh +lq0vdpsoh, shuirupdqfh1

+iuihi?Uit

^4` Dlw0Vdkdold/ \1 +4<<9,/ %Whvwlqj Frqwlqxrxv0Wlph Prghov ri wkh Vsrw Lqwhuhvw Udwh/% Uhylhz
ri Ilqdqfldo Vwxglhv </ 6;807591
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^5` Dkq/ G10K1 dqg E1 Jdr +4<<<,= _D Sdudphwulf Qrqolqhdu Prgho ri Whup Vwuxfwxuh G|qdplfv/%
Uhylhz ri Ilqdqfldo Vwxglhv 45/ :540:951

^6` Dqghuvhq/ W1 dqg M1 Oxqg +4<<:,/ %Hvwlpdwlqj Frqwlqxrxv0Wlph Vwrfkdvwlf Yrodwlolw| Prghov
ri wkh Vkruw0Whup Lqwhuhvw Udwh/% Mrxuqdo ri Hfrqrphwulfv :5/ 67606::1

^7` Dqghuvhq/ W1 dqg M1 Oxqg +4<<<,/ %Vwrfkdvwlf Yrodwlolw| dqg Phdq Guliw lq wkh Vkruw0Whup Lq0
whuhvw Udwh Gl�xvlrq= Vrxufhv ri Vwhhsqhvv/ Ohyho dqg Fxuydwxuh lq wkh \lhog Fxuyh/% zrunlqj
sdshu/ Qruwkzhvwhuq Xqlyhuvlw|1

^8` Edfnxv/ G1 dqg V1 ]lq +4<<6,/ _Orqj0Phpru| Lq�dwlrq Xqfhuwdlqw|= Hylghqfh iurp wkh Whup
Vwuxfwxuh ri Lqwhuhvw Udwhv/% Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj 58/ 9;40:331

^9` Edfnxv/ G1 dqg V1 ]lq +4<<7,/ %Uhyhuvh Hqjlqhhulqj wkh \lhog Fxuyh/% zrunlqj sdshu/ Qhz
\run Xqlyhuvlw|1

^:` Edfnxv/ G1/ Iruhvl/ V1 dqg V1 ]lq +4<<;,/ _Duelwudjh Rssruwxqlwlhv lq Duelwudjh0Iuhh Prghov
ri Erqg Sulflqj/% Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 49/ 460591

^;` Edloolh/ U1/ W1 Eroohuvohy dqg K1 Plnnhovhq +4<<9,= _Iudfwlrqdoo| Lqwhjudwhg Jhqhudol}hg Dx0
wruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|/% Mrxuqdo ri Hfrqrphwulfv :7/ 60631

^<` Edloolh/ U1 dqg W1 Eroohuvohy +4<<<,= _Wkh Iruzdug suhplxp Dqrpdo| lv qrw dv Edg dv \rx
Wklqn/% zrunlqj sdshu/ Gxnh Xqlyhuvlw|1

^43` Edogx}}l/ S1/ Gdv/ V1/ Iruhvl/ V1 dqg U1 Vxqgdudp +4<<9,/ _D Vlpsoh Dssurdfk wr Wkuhh Idfwru
D�qh Whup Vwuxfwxuh Prghov/% Mrxuqdo ri Il{hg Lqfrph 9/ 760861

^44` Eodfn/ I1/ Ghupdq/ H1 dqg Z1 Wr| +4<<3,/ %D Rqh0Idfwru Prgho ri Lqwhuhvw Udwhv dqg lwv
Dssolfdwlrq wr Wuhdvxu| Erqg Rswlrqv/% Ilqdqfldo Dqdo|vwv Mrxuqdo/ 6606<1

^45` Eodfn/ I1/ dqg S1 Ndudvlqvnl +4<<4,/ %Erqg dqg Rswlrq sulflqj zkhq Vkruw Udwhv duh Orjqru0
pdo/% Ilqdqfldo Dqdo|vwv Mrxuqdo/ 8508<1

^46` Edloolh/ U1 +4<<9,/ %Orqj Phpru| Surfhvvhv dqg Iudfwlrqdo Lqwhjudwlrq lq Hfrqrphwulfv/%
Mrxuqdo ri Hfrqrphwulfv 64/ 808<1

^47` Eroohuvohy/ W1 +4<;9,/ %Jhqhudol}hg Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|/% Mrxuqdo ri
Hfrqrphwulfv 64/ 63:065:1

^48` Eroohuvohy/ W1 dqg K1 Plnnhovhq +4<<9,= _Prghoolqj dqg Sulflqj Orqj0Phpru| lq Vwrfn Pdunhw
Yrodwlolw|/% Mrxuqdo ri Hfrqrphwulfv :6/ 48404;71

^49` Eroohuvohy/ W1 dqg M1 Zrrogulgjh +4<;;,/ %Txdvl0Pd{lpxp Olnholkrrg Hvwlpdwlrq dqg Lqihu0
hqfh lq G|qdplf Prghov zlwk Wlph Ydu|lqj Fryduldqfhv/% Hfrqrphwulf Uhylhzv 44/ 47604:51

^4:` Euhqqdq/ P1 dqg H1 Vfkzduw} +4<:<,= _D Frqwlqxrxv0Wlph Dssurdfk wr wkh Sulflqj ri Erqgv/%
Mrxuqdo ri Edqnlqj dqg Ilqdqfh 6/ 46604881
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^4;` Euhqqhu/ U1/ Kdumhv/ U1 dqg N1 Nurqhu +4<<9,/ %Dqrwkhu Orrn dw Prghov ri wkh Vkruw0Whup
Lqwhuhvw Udwh/% Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 64/ ;8043:1

^4<` Fdpsehoo/ M1/ Or/ D1 dqg D1 PdfNlqod| +4<<:,/ %Wkh Hfrqrphwulfv ri Ilqdqfldo Pdunhwv/%
Sulqfhwrq Xqlyhuvlw| Suhvv1

^53` Fkdq/ N1/ Nduro|l/ J1/ Orqjvwd�/ I1 dqg D1 Vdqghuv +4<<5,/ %Dq Hpslulfdo Frpsdulvrq ri
Dowhuqdwlyh Prghov ri wkh Vkruw0Whup Lqwhuhvw Udwh/% Mrxuqdo ri Ilqdqfh 7:/ 453<0455:1

^54` Fkdspdq/ G1/ Orqj/ M1 dqg Q1 Shduvrq +4<<<,/ %Xvlqj sur{lhv iru wkh Vkruw udwh= Zkhq Duh
Wkuhh Prqwkv Olnh dq LqvwdqwB/% Uhylhz ri Ilqdqfldo Vwxglhv 45/ :960;391

^55` Fkhq/ U10U1 dqg O1 Vfrww +4<<6,/ %Pd{lpxp Olnholkrrg Hvwlpdwlrq iru d Pxowlidfwru Htxlole0
ulxp Prgho ri wkh whup Vwuxfwxuh ri Lqwhuhvw Udwhv/% Mrxuqdo ri Il{hg Lqfrph 6/ 470641

^56` Fkxqj/ F10I1 +4<<<,/ _Hvwlpdwlqj wkh Iudfwlrqdoo| Lqwhjudwhg JDUFK Prgho/% Qdwlrqdo Wdl0
zdq Xqlyhuvlw| zrunlqj sdshu1

^57` Frqoh|/ W1/ Kdqvhq/ O1/ Oxwwphu/ H1 dqg M1 Vfkhlqnpdq +4<<:,/ %Vkruw0Whup Lqwhuhvw Udwhv dv
Vxeruglqdwhg Gl�xvlrqv/% Uhylhz ri Ilqdqfldo Vwxglhv 43/ 85808::1

^58` Frqqroo|/ U dqg Q1 Jxqhu +4<<<,= _Orqj Phpru| Fkdudfwhulvwlfv ri wkh Glvwulexwlrqv ri
Wuhdvxu| Vhfxulw| \lhogv/ Uhwxuqv dqg Yrodwlolw|/% zrunlqj sdshu/ Xqlyhuvlw| ri Qruwk Fdurolqd/
Fkdsho Kloo1

^59` Fr{/ M1/ Lqjhuvroo/ M1 dqg V1 Urvv +4<;8,/ %D Wkhru| ri wkh Whup Vwuxfwxuh ri Lqwhuhvw Udwhv/%
Hfrqrphwulfd 86/ 6;8073;1

^5:` Gdl/ T1 dqg N1 Vlqjohwrq +4<<<,/ %Vshfl�fdwlrq Dqdo|vlv ri D�qh whup Vwuxfwxuh Prghov%/
iruwkfrplqj lq Mrxuqdo ri Ilqdqfh1

^5;` Gxdq/ M1 +4<<9,/ _Whup Vwuxfwxuh dqg Erqg Rswlrq Sulflqj xqghu JDUFK/% zrunlqj sdshu/
Krqj Nrqj Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj|1

^5<` Gxdq/ M1 +4<<:,/ _Dxjphqwhg JDUFK+s/t, Surfhvv dqg lwv Gl�xvlrq Olplw/% Mrxuqdo ri
Hfrqrphwulfv :</ <:045:1

^63` Gxdq/ M1 dqg N1 Mdfrev +4<<9,/ %D Vlpsoh Orqj0Phpru| Htxloleulxp Lqwhuhvw Udwh Prgho/
Hfrqrplfv Ohwwhuv 86/ 64:06541

^64` Gx�h/ G1 dqg U1 Ndq +4<<9,/ _D \lhog~Idfwru Prgho ri Lqwhuhvw Udwhv/% Pdwkhpdwlfdo Ilqdqfh
9/ 6:<07391

^65` Hqjoh/ U1 dqg Y1 Qj +4<<6,= _Phdvxulqj dqg Whvwlqj wkh Lpsdfw ri Qhzv rq Yrodwlolw|/%
Mrxuqdo ri Ilqdqfh 7;/ 4:7<~4::;1

^66` Hqjoh/ U1 +4<;5,= _Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| zlwk Hvwlpdwhv ri wkh Ydul0
dqfh ri Xqlwhg Nlqjgrp Lq�dwlrq/% Hfrqrphwulfd 83/ <;:0433:1

4;



^67` Jud|/ V1 +4<<9,= _Prgholqj wkh Frqglwlrqdo Glvwulexwlrq ri Lqwhuhvw udwhv dv d Uhjlph0
Vzlwfklqj Surfhvv/% Mrxuqdo ri Ilqdqfldo Hfrqrplfv 75/ 5:0951

^68` Kdplowrq/ M1 +4<;;,= _Udwlrqdo H{shfwdwlrqv Hfrqrphwulf Dqdo|vlv ri Fkdqjhv lq Uhjlph= Dq
Lqyhvwljdwlrq ri wkh Whup Vwuxfwxuh ri Lqwhuhvw udwhv/% Mrxuqdo ri Hfrqrplf G|qdplfv dqg
Frqwuro 45/ 6;807561

^69` Khdwk/ G1/ Mduurz/ U1 dqg D1 Pruwrq +4<<5,= _Erqg Sulflqj dqg wkh Whup Vwuxfwxuh ri Lqwhuhvw
Udwhv= D Qhz Phwkrgrorj|/% Hfrqrphwulfd 93/ ::04381

^6:` Kr/ W1 dqg V10E1 Ohh +4<;9,/ %Whup Vwuxfwxuh Pryhphqwv dqg sulflqj lqwhuhvw Udwh Frqwlqjhqw
Fodlpv/% Mrxuqdo ri Ilqdqfh/ 43440435<1

^6;` Kxoo/ M1 dqg D1 Zklwh +4<<3,= _Sulflqj lqwhuhvw0Udwh Ghulydwlyh Vhfxulwlhv/% Uhylhz ri Ilqdq0
fldo Vwxglhv 6/ 8:608<51

^6<` Kxoo/ M1 dqg D1 Zklwh +4<<6,= _Rqh0Idfwru Lqwhuhvw Udwh Prghov dqg wkh Ydoxdwlrq ri Lqwhuhvw0
Udwh Ghulydwlyh Vhfxulwlhv/% Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv 5;/ 56805871

^73` Mhjdghhvk/ Q1 dqg J1 Shqqdffkl +4<<9,= _Wkh Ehkdylru ri Lqwhuhvw Udwhv Lpsolhg e| wkh Whup
Vwuxfwxuh ri Hxurgroodu Ixwxuhv/% Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj 5;/ 75907791

^74` Nrhglmn/ N1/ Qlvvhq/ I1/ Vfkrwpdq/ S1 dqg F1 Zro� +4<<:,= _Wkh G|qdplfv ri Vkruw Whup
Lqwhuhvw Udwh Yrodwlolw| Uhfrqvlghuhg/ Hxurshdq Ilqdqfh Uhylhz 4/ 43804631

^75` Olwwhupdq/ U1 dqg M1 Vfkhlqnpdq +4<<4,= _Frpprq idfwruv D�hfwlqj Erqg Uhwxuqv/% Mrxuqdo
ri Il{hg Lqfrph 4/ 870941

^76` Orqjvwd�/ I1 dqg H1 Vfkzduw} +4<<5,/ %Lqwhuhvw udwh Yrodwlolw| dqg wkh Whup Vwuxfwxuh= D
Wzr0Idfwru jhqhudo Htxloleulxp Prgho/% Mrxuqdo ri Ilqdqfh 7:/ 458<045;51

^77` PfFxug|/ W1 dqg S1 Plfkdxg +4<<9,/ _Fdswxulqj Orqj Phpru| lq wkh Yrodwlolw| ri Htxlw|
Uhwxuqv= d Iudfwlrqdoo| Lqwhjudwhg Dv|pphwulf Srzhu DUFK Prgho/% zrunlqj sdshu/ Txhhq*v
Xqlyhuvlw|1

^78` Qhovrq/ G1 +4<<4,= _Frqglwlrqdo Khwhurvnhgdvwlflw| lq Dvvhw Uhwxuqv= d Qhz Dssurdfk/%
Hfrqrphwulfd 8</ 67:~6:31

^79` Qhovrq/ G1 dqg F1 Fdr +4<<5,/ %Lqhtxdolw| Frqvwudlqwv lq wkh Xqlyduldwh JDUFK Prgho/%
Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 43/ 55<05681

^7:` Shduvrq/ Q1 dqg W10V1 Vxq +4<<7,= _H{sorlwlqj wkh Frqglwlrqdo Ghqvlw| lq Hvwlpdwlqj wkh
Whup Vwuxfwxuh= Dq Dssolfdwlrq wr wkh Fr{/ Lqjhuvroo/ dqg Urvv prgho/% Mrxuqdo ri Ilqdqfh
7</ 45:<046371

^7;` Sidqq/ J1/ Vfkrwpdq/ S1 dqg U1 Wvfkhuqlj +4<<9,/ %Qrqolqhdu Lqwhuhvw Udwh G|qdplfv dqg
Lpsolfdwlrqv iru wkh Whup Vwuxfwxuh/% Mrxuqdo ri Hfrqrphwulfv :7/ 47<04:9

4<



^7<` Ud|/ E1 +4<<4,= _Prgholqj Orqj0Phpru| Surfhvvhv iru Rswlpdo Orqj0Udqjh Suhglfwlrq/%
Mrxuqdo ri Wlph Vhulhv Dqdo|vlv 47/ 84408581

^83` Vkhd J1 +4<<4,/ %Xqfhuwdlqw| dqg Lpsolhg Yduldqfh Erxqgv lq Orqj0Phpru| Prghov ri wkh
Lqwhuhvw Udwh Whup Vwuxfwxuh/% Hpslulfdo Hfrqrplfv 49/ 5;:06451

^84` Ydvlfhn/ R1/ +4<::,/ _Dq Htxloleulxp Fkdudfwhul}dwlrq ri wkh Whup Vwuxfwxuh/% Mrxuqdo ri
Ilqdqfldo Hfrqrplfv 8/ 4::04;;1

^85` Zklwh/ K1 +4<;5,/ %Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Plvvshfl�hg Prghov/ Hfrqrphwulfd 83/
4058
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