View metadata, citation and similar papers at core.ac.uk brought to you by X{'CORE

provided by Eldorado - Ressourcen aus und fiir Lehre, Studium und Forschung

technische universitat
dortmund

Limit theorems for radial random
walks on Euclidean spaces of high
dimensions

Waldemar Grundmann

Preprint 2012-10 Juni 2012

Fakultat fiir Mathematik

Technische Universitat Dortmund

Vogelpothsweg 87

44227 Dortmund tu-dortmund.de/MathPreprints



https://core.ac.uk/display/46911865?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




Limit theorems for radial random walks on Euclidean spaces
of high dimensions

Waldemar Grundmann
e-mail: waldemar.grundmann@math.tu-dortmund.de

June 27, 2012

Abstract

Let v € M'([0,c[) be a fixed probability measure. For each dimension p € N,
let (XP?),>1 be ii.d. RP-valued random variables with radially symmetric distributions
and radial distribution v. We investigate the distribution of the euclidean length of
SP .= X¥ + ...+ X? for large parameters n and p. Depending on the growth of the
dimension p = p, on the number of steps n we derive by the method of moments two
complementary CLT’s for the functional ||S?||2 with normal limits, namely for n/p,, — oo
and n/p, — 0. Moreover, we present a CLT for the case n/p, — ¢ €]0, 00[. Thereby we
derive explicit formulas and asymptotic results for moments of radial distributed random
variables on RP.

All limit theorems are considered also for orthogonal invariant random walks on the
space M, ;,(R) of p x ¢ matrices instead of RP for p — oo and some fixed dimension g.

1 Introduction

The results in this paper are motivated by the following problem: Let v € M!([0,c[) be
a fixed probability measure. Then for each dimension p € N there is a unique rotation
invariant probability measure v, € M(RP) with ¢,(v,) = v, where p,(z) = ||z||, is the
norm mapping. For each p € N consider i.i.d. RP-valued random variables X,f, k € N, with
law v, as well as the associated radial random walks

(Sg = kzn:Xf;)nZO

on RP. We are interested in finding central limit theorems for the [0, co[-valued random
variables ||Sh]|, for n,p — oo coupled in a suitable way. In this paper we derive the following
two associated central limit theorems under disjoint growth conditions for p = p,.

Theorem 1.1. Assume that v € M*([0,00[) admits finite moments ry,(v) := [;° z*dv(z) <
oo for k < 4. Let (pp)n be a sequence of dimensions with lim,,_, . p, = 00.

(1) If lim - = oo, then

n—oo £n

P (55 3 ()

tends in distribution for n — oo to the normal distribution N'(0,2rs(v)?).



(2) If li_>m o =c € (0,00, then

;ﬁ(usm% — nra(v))

tends in distribution for n — oo to the normal distribution N'(0,74(v) — (1 —2c)ra(v)?).

Parts of this theorem were derived in [13] by using completely different methods. More
precisely, CLT’s above were proven for sequences (py), with some strong restriction. The
first CLT with the restriction n/p? — oo, i.e. n >> p, was identified by M. Voit as an
obvious consequence of Berry-Esseen estimates on RP with explicit constants depending on
the dimension p, which are due to Bentkus und Gétze [1, 2|. The proof of the second CLT with
the restriction n%/p, — 0, i.e. n << p, was derived in [13] as a consequence of asymptotic
properties of so called Bessel convolutions (for a survey about the Bessel convolutions we
recomend [9]).

With the approach used in [13] one is not able to get rid of the strong conditions on the
growth of p = p,. In particular, the mixed case p, = ¢-n for some constant ¢, which builds a
bridge between the CLT’s with n << p,, and n >> p,, was stated there as an open problem.

Other associated limit theorems as laws of large numbers and large deviation principle
were studied in [10]. For example, there was proven that

—[|SE |5 — xédv(z) P - as.
n 0

under the condition that p, grows fast enough.

Theorem 1.1 will appear as special case of an extension wich concerns a matrix-valued
version. We consider the following geometric situation: For p, ¢ € N we will denote by M, ,
the space of p x g-matrices over the field of real numbers R. Let further H, be the space of
symmetric ¢ X g-matrices. Moreover, we will denote by II, the cone of positive semidefinite
q x q matrices in H, We regard M, ;, as a real vector space of dimension pq, equipped with
the Euclidean scalar product (x,y) := tr(2’y) and norm ||z| = \/tr(z'z) where 2’ is the
transpose of = and tr is the trace in My := My 4. In the square case p = ¢, ||-|| is just the
Frobenius norm. The orthogonal group O, acts on M, ;, by left multiplication,

Op xMpq —=M,, (A z)— Az (1.1)

By uniqueness of the polar decomposition, two matrices z, y € M, , belong to the same

Op-orbit if and only if 2’z = y'y. Thus the space Mg’; of Op-orbits in M, , is naturally
parameterized by the cone I, via the map

O
20 s Valy =: lz|, Mpg — Il

where for r € II,, the matrix /7 € II; denotes the unique positive semidefinite square root
of r. According to this, the map

ep:Mpy =1, z— Va'zx

will be regarded as the canonical projection M, ;, — Mgz.
In the case ¢ = 1 we have M,; = RP, H; = R, II; = [0,00[ and ¢, is the usual norm
mapping |||, : R? — [0, 0o[. Let us now fix a parameter ¢ € N. By taking images of measures,



¢p induces a Banach space isomorphism between the space M?” (M,,q) of all bounded radial
(i.e. O, invariant) Borel measures on M, ; and the space M,(Il;) of bounded Borel measures
on the cone II,. In particular, for each measure v € M!(Il;) and parameter p there is a
unique radial probability measure v, := vy, € M1 (M, ) with ¢, (1) = v.

Let v € M!(Il;) be a fixed probability measure and ¢ € N. As in the case ¢ = 1, we now
consider for each “dimension” p € N the associated radial measures v, on M, , and the radial
random walks (S}, := > °p_; X} )n>0, i.e. X, k € N are independent v,-distributed random
variables.

With this notations, we shall derive the following generalization of Theorem 1.1:

Theorem 1.2. Assume that v € M (Il,) with qu [s]|* dv(s) < co. Let (pp)nen be a sequence
of dimensions with lim,_, ., p, = 0.

(1) If lim > = oo, then the Il -valued random variable

n—oo0 Pn
Pn 2 DrY 2
e CAC DR EZO)

q

tends in distribution to some normal distribution N(0,T2(v)) on the vector space M,
with some covariance matriz T?(v), wich will be described in Theorem 3.1 precisely.

(2) If lim > =ce€[0,00], then the Il -valued random variable

n—oo 'n

1
(et —n [ favts)

q

tends in distribution to the normal distribution N'(0,X%(v)+cT?(v)) on the vector space
M, where ¥*(v) is the covariance matriz of the I -valued random variable ©2 (X1).
Note that X%(v) depends only on v and is independent of py,.

We shall derive Theorem 1.2 in this higher rank setting in Section 3. The proof will rely
on asymptotic results for moment functions of so called radial distributed random variables
on M, , for p — oo as well as on some identities for matrix variate normal distributions.

The organization of the paper is a follows: In section 2, some preliminaries for the proof
of the main result 1.2 are presented. More precisely, in Subsection 2.1, after recalling some
basic facts about relevant matrix algebra we derive a generalization of so called permutation
equivalence property for Kronecker products. In 2.2 we generalize the multinomial theorem.
In Subsection 2.3, background on Bessel functions on the cone 1I, is provided. Subsections
2.4-2.6 are devoted to the study on the moments of radial measures and of matrix variate
normal distributions respectively. In Section 3 our main result is formulated and proved.

2 Preliminaries

2.1 Kronecker and Hadamard products

In this section we collect some known facts about Kronecker and Hadamard products. The
material is taken from [7].

Let ® denotes the Kronecker product over the field of real numbers R, i.e. ® is an operation
on two matrices of arbitrary size over R resulting in a block matrix. It gives the matrix of the



tensor product with respect to a standard choice of basis. With that the Kronecker product
of A = [a;j] € M,,,, and B = [b;;] € M, is the block matrix

A® B = [aijB} S Mmp,nq-

The Kronecker product is bilinear and associative but not commutative. However, A® B and
B ® A are permutation equivalent, meaning that there exist permutation matrices P and @
such that

A B=P-(B®RA)-Q. (2.1)

If A and B are square matrices, then A® B and B® A are even permutation similar, meaning
that we can take P = Q’. If A, B, C and D are matrices of such size that one can form the
matrix products A - C and B - D, then

(A®B) (C®D)=A-C®B-D. (2.2)

This is called the mized-product property, because it mixes the ordinary matrix product and
the Kronecker product. If two matrices P and ) are permutation, orthogonal or positive
definite matrices then so is also the Kronecker product P ® Q).

The k-th Kronecker power A®* is defined inductively for all positive integers k by

A®T = A and A®F =A@ A®FD for k=23,....

This definition implies that for A € M, ,,, we have A®* € Mk k-
For a matrix X € M, ,,, vec(X) is the m - n x 1 vector defined as

vee(X) = (x},...,2},) € My,

where x;, i = 1,...,n is the i-th column of X.
We now derive a generalization of permutation equivalence property, which will be required
for the proof of Theorem 3.1 below.

Lemma 2.1. Let A; € M, 4, (1 =1,...,k), p:=p1-...-pp and q := q1 - ... - q,. Then,
for each permutation o € Sym({1,...,k}) there exist permutation matrices P € M, , and
Q € My,q such that

Aoy ® ... @ Agy =P (A1 ®...®@ Ag) - Q.

Proof. Without loss of generality we can assume that k = 4, for the Kronecker product is
associative. Since (1) ® M = M = M ® (1) for any matrices M, it suffices to show that
AL ® A3 ® Ay ® Ay is permutation equivalent to A1 ® Ay ® A3 ® Ay. For a matrix M let
Iy and IM denote the identity matrices of such size that one can form the matrix products
In - M and M - I, By the property (2.1) there exist permutation matrices P and @ with
Az ® As = P(Ay ® A3)Q. Therefore, using (2.2) we obtain by an easy computation

AlRA3 @Ay @Ay =(Ia, @ P@14,) (A1 ® A @ A3 Ag) - (I @ Q@ I .
Clearly, both I4, ® P® I 4, and I ® Q ® T4 are permutation matrices. This completes the
proof. O

In the following, let A = [a;;], B = [bi;] € M, 4 of the same dimensions. The Hadamard
product, also known as the entrywise product of A and B is denoted by A o B and is defined
to be the matrix

AoB = [aijbij] S Mp,q.
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The Hadamard product is commutative, associative and distributive w.r.t. addition, and is a
principal submatrix of the Kronecker product.

For a matrix M , let us denote by 1js the 1-matrix of the same dimension as M, i.e.
1y = (cij)ij with ¢;; = 1 for all 4, j. We will write it simply 1 when no confusion will arise.
It is clear that

A®B=(A®1)0(1® B) (2.3)
B®A=(18A)o(B®1) (2.4)

Let P and @ be permutation matrices of such size that one can form the matrix products
P-Aand A-Q. It is easy to check that

P(AoB)Q = (PAQ) o (PBQ) (2.5)

2.2 Permutations on a multiset

In this section, we generalize the multinomial theorem in terms of Kronecker product instead
of the usual multiplication. In order to do this, we first recall the notion of the permutation
on a multiset from [11, Chapter 1].

Let uw € N and k € Ng. We denote by Cy(k,u) the set of all u-compositions of k, i.e.

Colk,u) = {)\ ENY: [N = ZH:AZ- - k}
=1

and write C(k,u) instead of Cy(k,u) N N*. Moreover, we set M, := {1,2,...,u}. For a
A € C(k,u) a finite multiset Mult(\) on the ordered set M, is a is a set, where ¢ is contained
with the multiplicity A; for all i € M,. One regards A; as the number of repetitions of 7. A
permutation m = (mmy ... m) on Mult(\) can be defined as a linear ordering of the elements
of Mult()\), i.e. an element i € M appears exactly ); times in the permutation 7. The set
of all permutation on Mult(\) will be denoted by &(\). A permutation m = (w7 - - - mx) on
Mult(X; M) can be regarded as a way to place k distinguishable balls in w distinguishable
boxes such that the i-th box contains \; balls. Indeed, if ¢ (i = 1,...,u) appears in position
Jj € {1,...,k} of the permutation 7, then we put the "ball” 7; into the box i. For instance
let w =3, \:=(1,3,2) € C(k,u) be a 3-composition of k = 6 and 7 = (21233 2) =
(m w2 ...76) be a permutation on Mult(\) then we put my in the first box, 7, 73, 76 in the
second box and my4, 75 in the third box. It is clear that

k k!
S = (Al,...,)\u> TN

Let mj € M, 4, (i=1,...,u), A € C(k,u) and 7 = (m1,...,7) € S(\). We will write
w(mi,...,my) instead of my, ® My, ® --- ® my, . Moreover, we set
Wi(n,u) == {p=(u1,... ) €{L,...,n}" tpn <po < < pa}.

In the following theorem, which will be used in Section 3 several times, we expand a Kronecker
power of a matrix sum in terms of powers of the terms in that sum.

Theorem 2.2. Let k € N and z1,...,2, € M, 4. Then

(Z ) Z Z Z Z T(Tpys s Ty )- (2.6)

=1 u=1XeC(k,u) peW(n,u) TeS(A



For p = ¢ = 1 the Kronecker product coincides with the usual multiplication on R and
therefore (2.6) generalizes multinomial formula. Forindicesw € {1,...,k}, p= (u1,...,1n) €
W(n,u), A € C(k,u) and 7 € &(\) let us consider the associated summand

T( Ty o Tpy) = Ty @+ @ Ty, (2.7)

from (2.6). It is clear that the different matrices x,,, ..., z,,, the numbers of their repetitions
and their exact positions in the Kronecker product (2.7) are described by u = (p1,. .., ) €
W(n,u), A= (A1,..., ) € C(k,u) and m = (m1,...,7) € &(A) respectively.

Proof. We proceed by induction on k. For k = 1 there is nothing to proof. Next suppose as
induction hypothesis that (2.6) holds with k£ — 1 instead of k. It gives

- Z Z Z mﬂl?"'?xuu) ® xj. (2-8)

Jj=1lu=1 ) eC(k—1u) peW (n,u) r€S(N)

Consider a summand 7 (z,,,...,2,,) ® z; of the sum above, ie. j € {1,...,n}, u €
{1,...,k—=1}, A € C(k — L,u), p € W(n,u) and 7 € &(\). If there is g € {1,...,u}
with j = pg then it corresponds to a summand in (2.6) associated with indices @ = wu,
A=, M1, + LAgi1, -, M), i = pand 7 = (m1,..., 71, 3). In the other case,
ie. if j € (ug—1,pp) foran g € {1,...,u+ 1} with the convention g := 0 and jiy41 = oo the
term (2, - - -, Ty, ) @2 corresponds to a summand in (2.6) associated with indices 4 = u+1,
A= (A, AL L Ag o A, = (1, s WB—15 05 By - - s ) and T = (71, ..., Tp—1, B).
As the number of summands in both (2.6) and (2.8) is equal to n*, the induction step fol-
lows. O

In the following we collect some known facts about multivariate Bessel functions on the
cone II;, which will be needed later. The material is mainly taken from [9]. We also refer to
[4] and [6].

2.3 Bessel functions on the cone II,

Let Zy denote the zonal polynomials, which are indexed by partitions A = (A\; > Ao >
Aq) € N{ (we write A > 0 for short) and normalized such that

Vv

=Y Zx(x) VkeN
A=k

see [4] for the construction of Z) and further details. It is well known that the Z) are
homogeneous polynomials which are invariant under conjugation by U, and thus depend
only on the eigenvalues of their argument. More precisely, for € H, with eigenvalues

£=(&,...,&) € RY, one has
Zx(z) =CY(¢) with a=2

where the C§ are the Jack polynomials of index « in a suitable normalization (c.f. [4],]9]).
The Jack polynomials C§ are homogeneous of degree |\| and symmetric in their arguments.



Let a > 0 be a fixed parameter. For partitions A = (A1,..., ;) we introduce the generalized

Pochhammer symbol
q

(u)i“zf[(n—;(j—l))A , peC.

7j=1 J

For an index p € C satisfying (1) # 0 for all A > 0 the matriz Bessel functions associated
with the cone II; are defined as oFi-hypergeometric series in terms of the Z), namely

BT
Ty =Y U 7 @), (2.9)

d/2 A
S (Y2

For a general background on matrix Bessel functions, the reader is referred to the fundamental
article [6]. If ¢ = 1, then II; = [0,00[ and we have J,(z%/4) = j,_1(x), where j,(z) =
oFi (K + 1; —22/4) is the usual modified Bessel function in one variable.

2.4 Polynomials on M, ,

Let p, ¢ € N. For & = (k)i € Ng™ (a composition) we set || := 3, ; rij and Rj(k) :=

K

q s = : K o._ Kij : :
Ej:l Kij, © = 1,...,p. Moreover, we write 2" := ]_[ZJ 27 Clearly, z" is a monomial of

degree |k|. The spaces of polynomials and row-even polynomials are defined by
P = spcm{a:"C CKE Ngxq},
P, = spcm{x“ : k€ NB*UV i R(i) is even }

respectively.
We shall need the following observation:

Lemma 2.3. Let r € II, and k € Ngxq. Then
U, ot My, = R, W, (2) = ((2r)(21))"
is an even polynomial of degree 2|k|.
Proof. Since the product of two row-even polynomials is also a row-even polynomial, the proof
follows easily by induction on n = |&|. O

2.5 Radial measures on M, , and their moments

In this section we study radial measures on the space M, ,. In particular, we derive asymptotic
results for their moments as p — oo. This results will play a key role in the proof of Theorem
3.1. We start with the definition of a radial measure on M), ,.

Definition 2.4. A measure v, on M), is called radial if
A(vp) =1y, YV AeO,

i.e. if it is invariant under the action (1.1). In particular, for ¢ = 1 a measure v, on R? is
radial if it is invariant under rotations.



Remark 2.5. It is well known that for each probability measure v € M1 (Il,) and a dimension
p € N there is a unique radial probability measure v, € Ml(Mpvq) with v as its radial part,

e pp(vp) =v.
In order to study radial measures on M, , and their moments we need an analogue of a
sphere in our higher rank setting. For an r € II, we define a sphere of radius r as the set

Z;’q = {m eM,,: Va'z = r} )

Clearly, %27 is the orbit of the block matrix o, = (r 0) € M, 4 according to the operation

(1.1). For simplicity of notation, we write %, , instead of Z,Ifq, where I, € R?*? denotes
the identity matrix. In the case ¢ = 1 we identify ¥ ; with the Euclidean sphere of radius
7 € [0, 00[. Moreover, let us denote by U, the uniform distribution on a sphere 37 .

One can easily show that a radial probability measure v, with its radial part v € M*(I,)
enables the decomposition

)= [

In the sense of Jewett [8], the formula above is an example of a decomposition of a measure
(here v,) according to so called orbital morphism (here ¢,). More precisely, ¢, is an orbital
mapping, that is a proper and open continuous surjection from M, , onto 1I,. The mapping
r = Uy from II; to M'(M,4) is a recomposition of ¢, which means that each U} is a
probability measure on M, , with support equal to ¢, L(r) (here = 3 4), and such that

vy = fMp’q U;fp(x)dyp(x).

Definition 2.6. Let Z be a M), ,-valued random variable with distribution p € MM, ,).
We say that u € MY (M,,) (or Z) admits a k-th moment (k € Ny) if fMpq l12]|* du(z) < oo,
and define in this case the k-th moment of u (or Z) by

UL () () = / U7 ()dv(r) € M (M,). (2.10)

P,q Hq

M) = My(2) = E (Z9%) € My .

Let I = {(i1,41),---, (i, Jk)} with iq € {1,...,p} and jo € {1,...,q} for @ € {1,...,k}.
Then the I-th component My(Z); of M (Z) is given by

Mkz(Z)I = E(Zilm Teeet Zik,jk)‘

Moreover, for an £ € Nb*? with |k| = k we set

mal)i= [ auz) € R

P.q
and call my(p) also the k-th moment of p.

In the following j denote the characteristic function of a probability measure p on M, g,
ie.

Alz) = /M exp(i (&, 9))dp(y).

p,q

Let k € Ny and x € Nb*? with |s| = k. If 4 admits a k-th moment then we have

M (1) = (—i)* Dy i) ] =0, (2.11)



where D, is the differential operator HZ j (8%)
Here and subsequently, v, denotes a radial probability measure on M, , with the cor-
responding radial part v € M!(Il;) and X is a M), ,-valued random variable with radial
distribution v,.
In the next lemmas we explore the covariance structure of X and compute the asymptotic
behaviour of the moments of v, for large dimensions p.

Lemma 2.7. Let X = (Xjj)i; be My, s-valued random variable with radial distribution v, €
MM, ,). Then
E(X)=0 and E(X;X;)=0;E(X;X) (2.12)

Proof. For r € R\ {0} let M;, and S; j be p x p matrices produced by multiplying all elements
of row j of the identity matrix by r and by exchanging row ¢ and row j of the identity matrix
respectively. As S;; is a symmetric involution on M, we have S;; € Q,. For r = £1 the
matrix Mj , is also orthogonal. By assumption, X and AX are identically distributed for any
A € 0. Therefore we have

E(X),

i =EM;_1X),; = -E(X),

iJ "

So the first equality in (2.12) holds.
Choose i,k € {1,...,q} and j,l € {1,...,p} with j # [. We conclude from

E(X;i X)) =E(Mj-1X)1:(M; 1 X)) = —E (X;: Xu)

that E(X;;X;;) = 0. We now turn to the case j = [. The transformation My, — M4,
A — S; ; A, switches all matrix elements on row ¢ with their counterparts on row j. Therefore,
from radiality of Px = v, it follows that

E (X]szk> =E ((SjﬂlX)ji (Sj,lX)j]g> =E (XlzXlk) for i,k € {1, - ,q}.

Now let us denote by z; the i-th row of X. According to the lemma above, we have
cov(zi,xj) =6, j - E(zz)) =: T, € M.
Therefore, we obtain
cov(X) = cov(vec(X")) = I, ® T, € M.

Lemma 2.8. The characteristic function for the uniform distribution U, on the sphere ¥} |
of radius r € 11, is given by

—

0i(2) = J, <i(z7‘)*(z7‘)> . (€M, (2.13)

where 1 =5 and J, is the Bessel function of index p1 of Eq. (2.9).

Proof. Let r € II;. Consider the map

T Ypg =X Y yr



Since TT(U;’) = Uy, we get by substitution formula

o~

U;;(z) _ /M ei<z’y)dU;(y) :/Z ei(z’y”dUI{q(y),

P,q p,q

On the other side, according to Proposition XVI.2.3. of [4] we have for z € M, , the identity

: 1
>

P,q

By taking these two identities above into account, (2.13) follows as claimed. O

Lemma 2.9. Let x € N, [ := |[/2 and p = 5. The r-th moment m.(U}) of the uniform
distribution on X . is given as follows:

(a) If Ri(Kk) = ;1-:1 Kij s even for all i =1,...,p, then | € Ny and

L1 1 "
meU}) = g 2 i De(Za((e7) (zr))>‘

(2.14)
AeCo(l,q) (M)A

2=0
(b) If Ri(k) is not even for some i =1,...,p, then m,(U,) = 0.
Proof. By the Identity (2.11), the preceding lemma and (2.9) we have
N _ (K| = (_1)j 1 1 *
(V) =MD DL e (2 (e o)
3=0 AeCo(ja) N ?

Let A € N{ and p, : z — Zy ((27)*(2r)). Since Z) is a homogeneous polynomial of degree |A|,
Lemma 2.3 shows that p, is a homogeneous, row-even polynomial of degree 2 |\|. Therefore
each term on the right-hand side of (2.15) vanishes if £ € NJ*7 with R;(x) is odd for some
i€ {l,...,p} orif |[k| # 2|A|. This proves the assertion. O

Theorem 2.10. Let k € Nb*9 [ := |k|/2, v € MY (I1,) and v, € MY(M,,) be the corre-
sponding radial probability measure on My, , which admits a k-th order moment. Then the
k-th moment my(vp) of vy exists in R and has the following asymptotic as p — oo:

(a) If Ri(k) is even for alli=1,...,p, then my(vp) = O (ﬁ)
(b) If Ri(k) is not even for some i =1,...,p, then my(v,) = 0.

Proof. The existence of m,(vp) is clear. By the decomposition (2.10) we obtain
) = [ U)o ),
Hq

where U} is the uniform distribution on X . Therefore the assertion (b) follows immediately
from Lemma 2.9 (a). Now we turn to the case (a). Since the A-th term in the sum (2.14)
is a homogeneous polynomial in the variable 711,712,...,7r¢, of degree 2|A| which is also
independent of p, Lemma 2.9 (a) leads to

mep) = 3 )/Hq 0 <;l> dv(r) = O (pll) .

AECo(l,q
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2.6 Matrix variate normal distribution and their moments

In this section we derive some results concerning the class of matrix variate normal distribution
on M, to which belongs the limiting distribution in our main result 1.2.

Let Z = (zij)1<i j<q be a real matrix variate normal distributed variable with mean matrix
i € M, and symmetric covariance matrix

22 — (22 2

ik 1<ijinca= Bk, (i) 1<iji kg€ Mgz = Mg @ My, (2.16)

We write Z ~ N(p, ¥?) for short. This means that vec(Z') is N (vec(y'), £?)-distributed.
In order to prove some formulas for moments My(Z) = E(Z®*) of Z, which we will use in
Section 3, we need the following notations. Let uw € N, k := 2u, I = ((i1,41),---, (ig, J)) €
(1,5 X = (2,...,2) € Clk,u) and © = (m1,...,m) € S(N\). For a tuple v =
(v1,...,v,) we will write {v} instead of the set {v1,...,v,}. Consider the sets
7(l)i = {(ip,ju) €I} : mu=1i} (i=1,...,u).

Obviously n(I); (: = 1,...,u) forms a partition of {I} with |7(I);| = 2. We define for 7, I
and a symmetric covariance matrix ¥? as in (2.16),

7(52)1 = [ [ S0, 50).ve0) Where {(ou, Bi), (7i,6:)} = w(1);.
=1

For instance let v = 2, I = {(2,1),(2,2),(3,2),(2, 1)}, A = (2,2) € C(4,2) and 7 =
(1212)=:(m1...m4); then we have w(I)1 = {(2,1),(3,2)}, 7(I)2 = {(2,2),(2,1)} and
m(¥2); = E%2,1),(3,2) ' 2%2,2),(2,1)'

The moment formulas My (Z) for multivariate normal distributed random vector Z ~
N(u,¥?) are well studied in the literature (see [12] and [5]). In [12, Theorem 1] we find
moment formulas for centered Gaussian distribution Z, which are derived in a relative fast
and elegant way. This formula can be easely translated in our setting. Namely, the I-th
component of k-th order moment of a N(0, X?)-distributed random matrix Z is given by

0, if k is odd,
Me(Z)r=\1 s #(32), ifk=2uA=(2...,2) € C(k,u). (2.17)
TEG(A)
In the most classical case ¢ =1, i.e. Z is centered gaussian distribution on R with covariance
02 > 0 the identity (2.17) reduces to the well known formula

E(Z%) = 0, if k is odd, (2.18)
ok —1)(k—3)-...-3-1 if kis even. '

The following two simple observations concerning the k-th moment of normal distributed
random matrix and a sum of two independent, normal distributed random matrices respec-
tively will be needed for the proof of Theorem 3.1.

Lemma 2.11. Let Z be N(0,%?)-distributed random variable and Z1,Z, ... independent
copies of Z. The k-th order moment of Z is given by
0, if k is odd,

Mi(Z2)=\L S E(x(Z,..., %), ifk=2u
TES(A)

where A = (2,...,2) € C(2u,u).
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Proof. Let k € N and I = ((i1,41),---, (ix, 7)) € ({1,... ,q}2)k. If £ is odd, then it follows
by (2.17) that My(Z); = 0. Suppose that k = 2u, (u € N). For 7 € §(\), A = (2,...,2) €
C(k,u) and I as above, we have 7(Z1,...,2y); = (Zz, ® ... ® Zr, ). Let {(as, Bi), (i, 6:)} =
w(I);, i =1,...,u. By independence it follows

u

E(n(Z1,.... ZJ)1) =E((Zn ®...© Ze)1) = | | E(Zi ® Zi) 4, 4 (0.60)
i=1

u
H Oéuﬁz 'Yu z) 7]'(22)[.

The lemma is now a consequence of Eq. (2.17). O

Lemma 2.12. Let Z; (i = 1, 2) be independent random variables with distributions N (0,%;).
Then

E<(21+Z ) Z S E((Z1,1)0E(n(1, Z)). (2.19)

1=0 €& ((l,k—1))

Proof. By the definition of o-product and independence of Z; and Z; we have

E((21+ 7)) = S Y Beziz)

1=0 7€&((L,k—1))

k
Y > E@(Zi,1)om(1, Z))
=0

=0 me&((l,k-1))

k
> E (7(Z1,1)) o E (7(1, Z2)) .

1=0 7€&((L,k—1))

Since Z1 + Zo is N (0,21 + X9) distributed, the assertion (2.19) follows. O

3 Radial limit theorems on M, , for p — oo

Let v € MY(II,) be a fixed probability measure such that qu |#||* dv(z) < co. Then for each

dimension p € N there is a unique radial probability measure v, € M!(M,,) with v as its
radial part, i.e., v = @,(vp). Let X = (x45)i; be v, distributed random matrix on M, ,. We
define

ro(v) :=E (gofo(X)) =p-T, €1l
Y2 (v) = cov(g@?)(X)) = cov(vec(gpz(X)')) €Il =11, ® I,

Clearly, ro(v) and X2(v) are independent from p. Now, we consider for each p € N ii.d.
M, 4-valued random variables

X, = (X,S?j)) . keN

1<i<p, 1<j<q

with law v, as well as the random variables

=P (v) = (Sp) — nre(v), (3.1)

12



where S, := >}_; Xi. Let (pp)nen C N be a sequence with lim, o p, = oco. In this
section, we derive the following two complementary CLTs for M-valued random variables
En(v) := E0"(v) under disjoint growth conditions for the dimensions p,.

Theorem 3.1. Assume that v € M(Il,) admits finite fourth moment.

CLT I: If lim ™ = oo, then ‘/]T" -En(v) tends in distribution to the centered matriz variate
n—oo Pn

normal distribution N'(0,T?(v )) with covariance matriz T?(v) := T2 + T2 where

(T) i) k) = r2(W)igra(W)ju and  (T5) gy ety = r2(V)igr2 (V) k- (3.2)

CLT II: If lim ™ = c € [0,00], then — - =, (v) tends in distribution to the centered matriz
n—oo0 Pn Vn

variate normal distribution N'(0,%%(v) + cT?(v)) (where TQ(Z/) is given as i CLT I.)

Notice that for q = 1 we obviously have v € M([0, o0]), = [, a%dv(z), T?(v) =
2ro(v)? and ¥%(v) = [;° z*dv(z) — ra(v)?. Therefore Theorem 3 1 completely agrees with
Theorem 1.1.

The proof of Theorem 3.1 will be divided into two main steps: In the first step we prove
a reduced form of Theorem 3.1 assuming that v has a compact support. In the second step
we will show how to get rid of the support condition for v. Both steps are based on the
decomposition of =, (v) via

En(v) =An(v) + Br(v),

where
U (v) =D Ay, with A; = @), (X;)? — ra(v), (3.3)
=1
Pn o ( l)
and B, (v):=> B;, withBi:= > [ngﬁxﬁv L<ﬂ<q. (3.4)
i=1 a,B=1,...,n; a#s ==

We compute the covariance structure of 2, (v) and B, (v): Since the random variables A;
(1 =1,2,...) are independent and identically distributed, it is easily seen that

E(Ak) = 0, COU(AZ', Aj) = 5i,j22(7/)~ (3.5)
This gives

1

— (Ag) . 3.6

ncov g cov(Ag) = X2 (v) (3.6)

By the independence of random variables Xj, k’ € N and Lemma 2.7 we obtain

-1
E(By) =0, cov(B;, B;) = 51-,]-”(’;)#( ). (3.7)
We thus get
Pn
nhﬁl{.lo chov(% (v) —nhﬁrgo 2 g cov( T2(v). (3.8)

In the following we will establish convergence in dlstrlbutlon of the random variables 2{,, and
B,, (after appropriate scaling) by the method of moments [3, Theorem 30.2|, which can be
easily adapted to our general situation. As we are sure that the result is well-known, we omit
the proof.

13



Theorem 3.2 (Method of moments). Let Y,Y1,Ys, ... be M, , valued random variables. Sup-
pose that the distribution of Y is determined by its moments My(Y') (k € N), that the Y,, have
moments My(Yy) of all orders, and that

lim My(Y,) = My(Y)

n—oo
for k=1,2,.... Then the sequence (Yy)n converges to Y in distribution.

Remark 3.3. Each matrix variate normal distribution A (M,X?) on M, or distribution
with compact support are determined by its moments.

Definition 3.4. Let (D), )nen, (dn)nen be a sequences of matrices from M, and positive real
numbers respectively. We write D, = O(dy) as n — oo, if and only if || D, = O(d,) as
n — 00.

Proposition 3.5. Assume that v € MY(I1,) has compact support. Then the asymptotic
behavior of A, = A, (V) is given as follows:

(a) If J- — c € [0,00[ as n — o0, then ﬁ%ln tends in distribution to N'(0,X2%(v)).

(b) If 5= — o0 asn — oo, then \/?an tends in distribution to dg.

Proof. If we prove that for all k € Ny, the k-th order moments

1 ®,k pﬁ/Q ®,k
—mE(A*) and Pop(apt) (3.9)

tend to the k-th order moment of the corresponding limit distribution in the case (a) and (b)
respectively, the assertion follows by the method of moments 3.2. Therefore we calculate (3.9)
as n — 00. Since the random variables A; are identically distributed, Theorem 2.2 shows

that
B(aet)-> Y )(Z) S E(r(Ar,.., Ay).

u=1xeC(ku RTEN
For w € {1,...,k} and A € C(k,u) we consider

T() = (Z) > E(r(Ar,..., Au))€ M. (3.10)

TES(A)

If Ao =1 for some «, i.e A, appears exactly once in Tr(Al, . ,Au), then each summand
in (3.10) vanishes, which is due to the facts that E(A,) = 0 € M, and that the A; are
independent.

Suppose that A\, > 2 for each o and A, > 2 for some «. Then k£ > 2u, and since
T()\) = O(n*) as n — oo, it follows that (1/n*/2).T(\) and (pfi/Q/nk) -T()A) in the cases
n/pn — ¢ € [0,00[ and n/p, — oo respectively tend to zero as n — oo.

Now we turn to the case A = (2,...,2), in particular k = 2u. Let Z, ..., Z, be indepen-
dent and A (0,%2(v)) distributed random variables. By Lemma 2.1, for any 7 € &(\) there
exist permutation matrices P, and @, with

PE(m(Ar,. ., A))Qr =E(41 041 ®...0 4, ® 4,)=2(1) @ ... @ Z*(v)
=E(Z1 Q21 ®...Q0 Zy® Zy)= PE(n(Z1,..., Z4))Qnr,
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and hence
E(r(A1,...,A)=E(n(Z1,...,Z,)) YV 7e&).

Therefore, according to the Lemma 2.11 we have

T\ = (Z) N E(x(Zi,.... Z))= ﬁ!u)!Mk(Zl).

TES(N) (’I’L

This proves that the moments in (3.9) converge to those of A/(0,%2(v)) and the Dirac distri-
bution dg respectively. O

Now we introduce some notations: Let k, n € N and Zj, the set of all 2k-tuples

(i1,71,- .-, %k, jr) of positive integers less or equal n such that i, # j, for all a = 1,... k.
For an I € Iy, ,, and 7 = (7r1,...,7m) € N¥ we set
S(I — {X.(m’al)X(-m’ﬁl)} . [Xgﬂkaak)X(Wk»ﬁk)} _ 311
{d,m) " I PP A R Ik 1<ay,B1<q (3.11)
Each entry of S(I,7) € Mk is a product with k factors and corresponds to the tuple
((’L.l, 1, al)a (jla 71, Bl)? ey (Zka Tk, ak)v (]k’a Tk, Bk)) (312)

For (3.12) and two integers a, b we define

multr -(a,b) = |{r € {1,...,k}: (ir,7r,0r) = (a,b, ;) or (j7, 77, Br) = (a,b,57)}].

It is clear that mults »(a, b) does not depend on the indices c; and .. Therefore, mults (a,b)
is the number of factors in an arbitrary entry of the matrix S(I,7) which are coming from
the b-th row of X,. Moreover, we write d(I) for the number of distinct elements in {/}. For
anm € {2,...,2k} and M G {1,...,n} with [M| < k we consider following subsets of Zj,,

Im =1 €Ly, d(I)=m},

I ={I1€ Tm: {I}C{l,...,m}},
TJEM):={le€ToU...UT: {I}nM#0},
TI(M)={T€JU...UJ,: me{l} Ym € M},
Jom) ={l€Ty,: Fa, beN: mult;(a,b)is odd}.

It is easily checked that for the cardinalities of J,,, J2(M) and JY (M) we have
(Tl < O™, || < Cnf Y, | FE ()| < ontoM (3.13)

with some constant C' = C(k).

Proposition 3.6. Assume that v € ./\/ll(Hq) has compact support. Then the asymptotic
behavior of By, := B, (v) is given as follows:

(a) If ;- — 0 as n — oo, then ﬁ%” tends in distribution to dg.

(b) If 3= — ¢ €]0,00] as n — oo, then (@) B,, tends in distribution to the normal
distribution N (0, T%(v)).
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Proof. According to the Theorem 3.2 it suffices to show that the k-th moments

1 k2

WE(%@”“) and p; (‘B%’k> (3.14)

tend to the corresponding ones of the limiting distributions as n — co. By using very similar
arguments as in the proof of the Lemma 2.7 it is easily seen that B; (i = 1,2,...) are identically
distributed. From this and Theorem 2.2 we conclude

E(B5*)= Z > ( ) S E(n(Bi,....B.)).

v=1 peC(k,v) TES (1)

For an v € {1,...,k}, A € C(k,v) and 7 € &(u) we consider 7(By,...,By,). The definition
of B, (a € M,) in (3.4) enables us to write

m(Bi,...,B)) =Br, ®...® By, = »_ S(I,m), (3.15)
Iez—k,n

where each term S(I,7) with I = (i1,71,...,%,jk) 1S given by (3.11). For a selected index
a € M,, each entry of S(I,7) may be regarded as a monomial in the variables X, (i.e. in
Xéa,,@) with o € M,,,, B € M,) while the random variables coming from other indices are
considered as constant. In this view, for any I € J°(n), each entry of S(I,7) is for some
a € M, and b € M, a monomial in the variable X, which is not even in row b. And hence
Theorem 2.10 clearly forces

E(S(I,7))=0 VIe J%n). (3.16)

Therefore, since J,, C J°(nw) for m > k, we conclude from (3.15) that

k
E(r(B1,....,B))=>_ Y E(S(I,m). (3.17)

m=2 I1€Tm

According to (3.13) and Theorem 2.10 the number of terms in the last sum is at most of the
order O(n™) and each of them of the order O(1/pk) (uniform in each entry) as n — co. We
thus get

E(w(Bi,....B) = ¥ E(S(I,m)+0 <”;ﬁl> ~0 (”:) . (3.18)

IeJy Pn
Forv e {1,...,k} and p € C(k,v) let us consider

T(n) = <p”> 3" E(x(Bi....,B))). (3.19)

v
meS (1)

If uo = 1 for some a, i.e for any 7 € &(u) the factor B, appears exactly once in
the product 7T(B1, . .,Bv), and therefore each I € 7, from the Representation (3.15) of
7(B1, ..., By) is necessarily from 7°(7), and hence (3.16) gives T'(11) = 0.

Suppose that po > 2 for each o and po > 2 for some «, i.e. in particular £ > 2v. From
(3.18) we conclude that

1 nk/2 pZ/Q 1




uniformly in each matrix entry tends to 0 in the case (a) ;- — 0 and case (b) Pn— 0

respectively as n — oo.
We now turn to the case yu = (2,...,2), in particular k¥ = 2v. By Eq. (3.18) it follows (in
the case a)) that 57T'(p) = O(z%) and hence that 57 (u) converges to zero as n — oc.

Since X1, Xo,... are i.i.d., we have
n
> E(SU,m) = (k> Z E(S(I,7)). (3.20)
IeJy 1€eJy

Therefore, by using Eq. (3.18),

Dp! nl 1 1 pk nk-1
T = — — = E 1 —_— . 21
7€ () " I1€Jy n

Let Z1,...,Z, be independent and N (0,72(v)) distributed random variables. By Lemma
3.7, which is proven below, we obtain

. pn 1
meS ()
The required result then follows from Lemma 2.11 and method of moments 3.2. O

Lemma 3.7. Let v € N, k = 2v, up = (2,...,2) € C(k,v), m € &(un) and Z1,...,Z, be
independent N'(0,T?(v)) distributed random variables. Then

k
E(n(Z1,...,2,)) = % 3" E(S(1,7)) =: R(n).
IeJy

Proof. According to the Lemma 2.1 there is no loss of generality in assuming that = =
(1,1,2,2,...,v,v). We set

jk,ﬂ' = {(ilajlv s )ikvjk?) € jk: : {/L'a)ja} = {’Lﬂ)jﬁ} if Ta = 775} .
It is easy to check that Jj, \ Tkx C JO(m). Therefore, by Eq. (3.16),

Y E(SI,m)= > E(S{,m).

I€T; I€Tk,x
For a permutation o € S and € = (e1,...,&,) € Z4 we consider the following functions
Do :jk’ﬂr I jk‘ﬂﬁ (ibjlv cee 7ik7jk) = (U(i1)7 U(j1>7 ey U(ik)a J(]k))
08 :jk‘ﬂr — jk‘,ﬂ') (ibjla ce. aikajk‘) — (Tbtla cee ,Tk,tk),

where (11,1, ..., 7k, t;) is defined as follows: for any «, 8 € M}, with o <  and m, = g € M,

we have
(7’ t rﬁ tﬁ) _ (ia7ja7iﬁ7jﬂ)7 lf Eﬂ—a g 07
arte ’ - . . . . .
(’Lom]ou]ﬁ,llg)’ if Em = 1.
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It is easily seen that ¢, and 0. are well defined. Let Iy := (1,2,1,2,...,k—1,k,k—1,k) € Ty x.
By standard verification we obtain a one-to-one correspondence between Sy, x Zj and J »
via the map ¥ : (0,¢) — ¢, (95(10)). Since X1, Xo,... are i.i.d. we have for all o € S,

E(S(0o(I),7) = E(S(I,7)) ¥ IE€ Tpn (3.22)

For an € € Zs we consider the algebraic operation

a, ife=0,
fla,b) = {b ife=1

By Equation (3.22) it follows that

1 )
R(m) = 4 Y. PhE(S(¥(o,e),m) =) phE(S(¥(id,e), 7))
(0,6)ESEXZY eeZsy
=S (T ® . 0T TR =R (x(Z, ., Z)
e’y
where T2 and T3 are defined as in (3.2). O

Now, in order to prove Theorem 3.1 for sequences p,, with p,/n — ¢ €]0, co[ we show that
Ay, = A, (v) and B, := B, (v) are asymptotically independent.

Proposition 3.8. Assume that v € ./\/ll(Hq) has compact support and that lim pﬂ =:c€

n—oo £n
10,00[. Then the random variables 2, and B, are asymptotically independent, i.e. for all

0<i<kandaloe&((lk—1)

F(n; o) = # B (2, 1) 0 B (1, B,,) — Eor (2, B,)]

tends to zero as n — 00.

Proof. According to the Lemma 2.1 there is no loss of generality in assuming that ¢ =

(1,...1,2,...,2). From Theorem 2.2, by using symmetry argument, we conclude
1 - —
F(n;o) = —~7 <E (Qlf?’l)@)ﬂi <%§,k l) _E (QLS?’Z 2 SBSL@JC l))
I k-l
! n\ (Pn ,
- mEXL Y Y ()0 T % AEw
u=1v=1XeC(l,u) peC(k—1,v) TEG(N) 1 €G (1)
with

H(m,n') = E(W(Ah . ,Au))®E(7r/(Bl, . ,Bv))—E(ﬂ(Al, . ,Au) ®7r/(Bl, . ,Bv)).

If o = 1 for some o € {1,...,v}, then each entry of 7/(Bi,...,B,) is not an even
polynomial and thus so is w(Ay, ..., Ay) @ 7' (B1, ..., By) neither. Therefore H(m, ') = 0 by
Theorem 2.10.

Suppose that u, > 2 for each a. By Eq. (3.17) we have

H(ma)= > (Er(A1,...,A) ®ES(I,7) = E(m(Ay,..., A) @ S(I,7))) .
I1eJ2U..UJ (3.23)

18



Let M :={1,...,u} and G := {a € M : N\, = 1}. We consider the I-th term in the sum
above, which will be denoted by T'(1). Is I ¢ J2 (M), i.e. {I}NM =0, and thus Ay, ..., A,
are independent from S(I, 7). This clearly forces T(I) = 0. Is I ¢ J;7 ,(G), i.e. there exists
7 € G with 7 ¢ {I}, and therefore A, is independent from A; (i € M \ {r}) and S(I, 7). We
thus get 7'(I) = 0 from (3.5).

Taking (3.13) into account, we see that the number of nonzero summands in (3.23) is
bounded above min(n*~!=1, n*=!=IG1) On the other side, Lemma 2.10 yields that each of
them is bounded above C/pi~! where C' > 0 is a suitable global constant. Summarized we
get

|H(m, x| <C- min(n !, n~141). (3.24)

Since p € C(k — l,v) with pg > 2 for all @ € {1,--- ,v} we have that k — [ > 2v. Moreover,
since A € C(l,u) we get | > 2u — |G|. And hence, by straightforward calculation using
n/pn — ¢ €]0, 00[ we conclude from (3.24) that for suitable constants Cj,

o= SEE EE ()]t

u=1v=1 XeC(l,u) peC(k—1v)
l

. C
< — n"+t min(n~t, n7I¢) < >

B

This completes the proof. ]

Proof of Theorem 3.1 for v € MY(I1,) with compact support.

If n/p, — oo then @‘An 4 5o and @%n 4 N(0,T%(v)) according to Propositions 3.5
and 3.6. This clearly forces */?En(y) LN N(0,T?(v)) by Slutsky’s Theorem. Suppose that
n/pn — 0. Then we get as above %En(y) 4 N(0,%2(v)). It remains only to check the

convergence in the case n/p, — ¢ €]0,00[. Let k € N. By Theorem 2.2,

Mi(Ea(v)) = E (2 + B,) %) = Y Y B

1=0 7€&((L,k—1))

Therefore, by Proposition 3.8,

k
Jim M 2a0)) = i P (Z E (m(2,, 1)) o E (m(1,B,.))..

Consider independent random variables Z1, Z3 and Z with distributions N'(0, 22(v)), N (0, cT?(v))
and N(0,%2(v) + c¢T?%(v)) respectively. Propositions 3.5, 3.6 and Lemma 2.12 now lead to

k
Tim My (Ea(v)) = > E (7(Z1,1)) o E (7(1, Z3)) = My(Z).
1=0 7e&((l,k—1))

19



In order to get rid of the assumption that supp(v) is compact, we introduce for an a > 0
the truncated M, ,-valued random variables

Xia =

Xy, if X)) <
| { o 0 lop, (Xl S0y

0, otherwise

Let us denote by v, the distribution of ¢, (X1,,) (which is not dependent on p,). Obviously,
the sequence Xy, o, k € N, arei.i.d. with the radial law v, o € M(M,,, 4) which corresponds to
Vo. We define Z,(v,), Un(va), Aja (J=1,...,n), By(v,) and Bj, (j =1,...,ps) according
0 (3.1), (3.3) and (3.4) respectively, by taking X, instead of X}, k € N. Clearly, we have
En(va) = An(ve) + B (va).

In the following we show Z,,(v,) is a "good” approximation of Z,(v). To formulate this
exactly, we first fix some § > 0 and a sequence (p,)n; we then introduce the sequence (6,)n
by

5 {5 -\/n, if X —ce [0, oo, (3.25)

n_ n
0 NiTL 1fpn—>oo.

In the next lemmas we show that the events

{12 (va) = An(V)[| > 0n} and {[[Bn(va) — Br(V)|| > 0n}

have arbitrary small probabilities for an a and n large enough.

Lemma 3.9. For all e > 0, § > 0 there exist ag, ng € N such that for all n, a € N with
a>ap and n > ng

P (|2, (1) — A (va)]| > 0n) < & (3.26)

Proof. Let § > 0 and (d,), be a sequence as in (3.25). Since (4; — A;q), (i = 1,2,...) are
i.i.d., it follows by Chebychev inequality that

(|20 (0) = 2 ()] 2 02) < 8 (141 -

2) . (3.27)
Using triangle inequality we obtain

sup | Ava|l” < (|2, (X0)|| + Ir2()])* € L1 (©2
a€eN

Therefore, the set {||A14||> : a € N} is uniformly integrable. On the other side, since the
random variable ||A;]| is almost surely finite, || A q||* converges a.s. to |[4;]? as a — oo. We
thus get

|ALall® — [[AL]* in L. (3.28)

By taking (3.27) and (3.28) into account, the lemma follows. O

Lemma 3.10. For all € > 0, § > 0 there exist ag, ng € N such that for all n, a € N with
a>ap and n > ng

P (||B,(v) — B ()| > 6,) < e. (3.29)
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Proof. Let § > 0 and (J,,), be a sequence as in (3.25). By Chebychev inequality it follows

that
1 &

P([Bn(v) = Ba(va)ll 2 0n) < 55 > E({Bi = Bia, Bj — Bja)). (3.30)
nji=1
Using Lemma 2.7 one can easily compute that

q

-1
E ((B;, B]>) = 52']' . ’I’L(’I’;Q) Z TQ(V)[}['I”Q(V)k’k + TZ(V)l,kTZ(V)l,k (3.31)
n Ik=1
nn—1) &
E ((Bi.a; Bja)) = dij - 7 > ra(Wa)iira(va)k + r2(Va)igr2(Va) Lk (3.32)
n k=1

With the notation (1,0) v (1,k)
To(a;n) == (E (Xl,é Xy >)1§l,k§q

we see at once that

q
E (<Bu Bj@)) = 5Zjn(n - 1) Z fg(a; n)l,lfg(a; n)k’k + fg(a; n)lkag(n; a)l,k.
l,k=1

For I, k € {1,...,q} we obtain

1
Folas ) = —ra(v)ip — / XD xR gp, (3.33)
{lIx1]>a}

n

By Cauchy-Schwarz inequality and straightforward calculation we get
0< ‘/ X{l’l)Xfl’k)dIP"g L e
{iIx1l>a} aPn
uniformly in n with some constant ¢ > 0. From this and (3.33) we deduce

N 1
pnT2(a;n) =rao(v) + O <a>
and hence
2
Ve>03IM>0Yn>M Va>M: Og%E(HBZ-—BwH)Se.

Finally, this and (3.30) lead to the claim. O

Corollary 3.11. For all € > 0, § > 0 there exist ag, ng € N such that for all n, a € N with
a>ap and n > ng

P([[En(v) — En(va)ll > dn) <, (3.34)
where 6, = 0y/n if n/p, — ¢ € [0,00[ and 6, = 6\/% if n/pn — 0.

Proof. For an § > 0 we observe

On
2
Combining this with Lemmas 3.9 and 3.10, the corollary follows. O

on

P(|2.(v) = En(va)|| > 6n) < IP’(Han - an,aH > )‘HP)(H%n - SBn,aH > 9 )
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Proof of Theorem 8.1.
Let us first prove the CLT I. In this case the normalisation is given by vPr and for the

n
_ VPn=

growth of p, we have the condition n/p, — 0o as n — co. We set &, := ¥ "E,(v) and

€na = @En(ua) and denote their distributions by p, and p, , respectively. Moreover, we
write 7, instead of A(0,T%(v)). Using triangle inequality, we deduce that

| [ i [ ran| <] [ i~ [ faunal+ (3.35)
+‘ / Feljin.a — / fdr, +) / fdr, — / fdr,

Let ¢ > 0, f € C}(Il;) be a bounded uniformly continuous function on II, and A; :=
{|€n — €nall <6} (0 > 0). It follows that

36>0: / |fokn — foknaldP <e.
As
On the other hand, by Corollary 3.11,
Jag, no>0: / [foén— fobnaldP <2|fll, Vaz=ao, n=ne.
O\ As
This gives us the following estimation for the first summand in (3.35):

<e(1+2)fle) Ya>ap, n>no. (3.36)

3 ap, no>0: ‘/fdﬂn_/fdﬂn,a

Since v, has a compact support, we conclude from 3.1 that p,, weakly converges to 7,
(a > 0), hence that

Va>03n0>0:‘/fdun,a—/fdﬂja <e Vn>n. (3.37)
Finally, it is evident that
Jap>0: ‘/fdﬂ,a—/fdﬂ, <e VYa>a. (3.38)

Taking (3.36), (3.37) and (3.38) into account, we obtain

Ine>0: ‘/fdun—/fdf,,

which completes the proof of CLT I in Theorem 3.1. The same proof works for CLT II. [

<e@B+2fle) Vn=mno,
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