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Abstract. Noise often occurs in real-world optimization tasks. Although evolution
strategies and other evolutionary algorithms are thought to be robust against the ef-
fects of noise, even their performance is degraded. Generally, one observes a reduction
of the convergence velocity and a deterioration of the final solution quality.

There are two local progress measures describing the performance of evolution strate-
gies from one generation to the next. The first — the progress rate — is defined directly
on the object parameter space, whereas the second, called the quality gain, operates
in the space of the fitness values instead. Although both are local performance mea-
sures, they can be utilized to derive evolution criteria and steady state conditions.
The latter can be used to predict the final solution quality.

We will determine the quality gain for (1, A)-ES in the presence of noise. After the
derivation of the steady state conditions, we will develop an equation describing the
final fitness error for some test functions. The results will be extended to (p/ i1, A)-ES
and compared with ES runs using o-self-adaptation as well as CSA.
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Chapter 1

Introduction

Noise is a common phenomenon in optimization tasks dealing with real-world applications.
Typically, one is confronted with measurement errors, actuator vibrations, production
tolerances or/and is searching for robust (i.e. insensitive) solutions.

Evolution strategies are nature-inspired search algorithms that move through the search
space by means of variation and selection. It is widely believed that they and other evo-
lutionary algorithms are especially good at coping with noisy information due to the use
of a population of candidate solutions (see for example [15], [11], [10], or [4]).

However, since noise does deceive the information obtained from the objective function
and thus influences the selection process, even population based algorithms are degraded
in their performance. Basically, there are two negative effects that can be observed. The
convergence velocity is reduced and a final steady state is reached which deviates from the
real optimum.

There are two local performance measures that can be used to describe the progress
of the ES from one generation to the next. The first — called the progress rate — is defined
on the object parameter space whereas the quality gain operates on the fitness values,
instead.

The local performance of the (17 ))-ES (compare [3]) and the (u, A)-ES (compare [4]

and [2]) has been studied in noisy spherically symmetric and linear fitness environments.
The case of an (u/pr, A\)-ES was examined in [7] applying the progress rate. Using it to
derive a steady state condition, the authors were able to determine the solution quality of
the steady state, i.e. the final fitness error, in the case of quadratic objective functions.
The crucial point of the derivation was the so-called equipartition assumption, stating that
once the steady state is reached, the weighted distributions of the components to the final
fitness error can be supposed to be the same. We will use similar assumptions in order to
derive the final fitness error for some selected fitness functions in the case of an (1, \)-ES.

In this paper, we will focus on the quality gain of (1, A)-ES in the presence of noise.
After the development of the equation, we will derive evolution criteria allowing for the
prediction of the steady state behavior of an (1, A)-ES. The predictions of the quality
gain and the final fitness error will then be compared with the results of real ES-runs.
Furthermore, we will extend the latter to (u/pur, A) strategies and compare their prediction
power with real ES runs.

In the concluding section, an outlook will be given presenting a road map for future
research.
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1.1 Evolution Strategies

Evolution strategies try to optimize a goal or fitness function F' by applying variation and
selection to a population of candidate solutions mimicking the natural evolution process.
The variation operator comprises the processes recombination and mutation. In the case
of an (u/pr, \)-ES, the recombination is performed by computing the centroid of all u
individuals of the parental population. A mutation vector is then added to the centroid
for all A candidate solutions of the offspring population. Usually, these mutations are
assumed to obey a normal distribution with a constant standard deviation o which is
called the mutation strength. After creating A new individuals, the p best of them are
selected to form the next parental population. In the case of an (1, \)-ES only one offspring
is chosen to be the parent of the next generation.

1.2 Fitness Environments

In this paper, we consider several classes of fitness functions which will be described below.
The equation describing the quality gain will be tested on all function types, while cubic
functions are not considered for the final fitness error.

The first function class to be considered are quadratic functions given by the general
form

Fi(y) :==b'y —y'Qy, (1.1)

where y and b are N-dimensional real-valued vectors and Q is a positive definite matrix.
They can represent real-world goal functions in the vicinity of an optimum.

In order to test the predictive validity of the quality gain on the class of polynomial
fitness functions, we consider two further functions of that type, cubic functions of the
form

N
Fa(y) == Zaiyi — iy} (1.2)
i=1
and biquadratic functions, i.e.
N
Fi(y) == Zaiyi — ciy;- (1.3)
i=1
In contrast to the other test functions, F3 has two local optima, a minimum at —+/a;/(3¢;)

and a maximum at \/a;/(3¢;). For y; — —oo, it approaches infinity whereas it goes to
—oo for y; — oo.

To test the range of the applicability of the equation describing the quality gain, the
bit-counting function OneMax is also considered. It is given by

N
Fi(y) = v, (1.4)
=1

where y; € {0,1}.
Finally we introduce the function

N
Fs(y) =c—Y_luil, (1.5)
=1

i.e. the negative sum of the absolute values or — in other words — the negative Li-norm of
y. Its isometric plot forms a rotated IN-dimensional hypercube.



Chapter 2

The (1, ))-Quality Gain and
Steady-State Behavior

2.1 The (1,))-Quality Gain

Let us consider an individual at the position y in an N-dimensional object parameter space.
The position of an offspring is obtained by adding a mutation vector x. The components
x; are assumed to be normally distributed with standard deviation or mutation strength
o. The associated change of the fitness function F' is

Qx) := F(y +x) — F(y). (2.1)

We consider an (1, A)-ES that has to cope with noisy function evaluations and apply the
standard fitness noise model assuming that the noise term is added to the fitness function.
Therefore, only the perceived local quality change

Q(x) = Q(x) + ¢ (2.2)

can be observed, where the noise € is modeled by a normally distributed random variable
with an expected value of zero. The standard deviation o, is called the noise strength
and is assumed to be constant. Since the measurement of F' is disturbed by noise, the
seemingly best offspring chosen to be the parent of the next generation is not necessarily
the actually optimal candidate. We are interested in the expected value of the local quality
gain of this individual which is called the quality gain EL y and is defined as

_ Q
2Qua= [ Q@ da. (2.3)

where = max Q(x). In order to continue, we have to develop an expression for p; »(Q)
which denotes the density function of the seemingly best candidate of the offspring popu-
lation. Applying the concept of noisy order statistics [1], that density is given as

& ~ ~ A1 =
PA@ =po@A [ pQIRIP@" Q. (24)
where pg(Q) is the density function of @ for a single individual and p.(Q|Q) is the con-
- - _(Q-@)?
ditional density function of @ given the undisturbed @, i.e. p(Q|Q) = 2170 e 2%
Inserting Eq. (2.4) into Eq. (2.3), we get
N Q 0 ~ ~ A=1 . ~
20 =A [ | Qrol@pdQlP@" T a04Q. (25)
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The upper integration limit of the outer integral can formally be extended to co. When
using an approximation for pg(Q), this will cause an additional approximation error.
Therefore, one has to require that the approximate density function drops sufficiently fast
for Q > Q Under this condition, the resulting error can be expected to be rather small.

In order to proceed, we center () with its expected value Mg and its standard deviation
So, that is, we transform to the standardized variable z = (Q — Mg)/Sg and p.(z)dz :=
po(Q)dQ. The quality gain is now given as

Qua=A [ [ (Sox+ Molpo(2)pe(QISa= + Mo)P(Q) ™ dQa:

=28 [~ [ (e @ISz + Mo)P(Q) " dQulz+
I
)\MQ [w [wpz(z)pe(Q’SQZ+MQ)P(C~2))\_1 d@dz (2.6)

Iz

We will treat the two integrals separately. The solution of I3 is easily obtained. Changing
the order of integration and taking into account that p(Q) = [ pz(2)pe(Q|Sqz+Mq) dz,
we get

L=Mo [~ pQP@" " 40 = Mq. (2.7)

In order to calculate I;, we expand p,(z) into a Gram-Charlier series

22

e 2 K3 R4
pz(2) = E(l + gHe?)(Z) + EH%( z) +

where k; are the cumulants and Heg(z) is the Hermite polynomial of order k, i.e.
2 ko2
Heg(2) = (—1)Fe? /zjz—ke 22,
We will first consider the limit case N — oo. Let us assume that the cumulants k;
(¢ > 2) vanish in the case of an infinite-dimensional search space. The density function

+ 10k3
5'He 5(2) + %H%@H...), (2.8)

Z2
of z simplifies to p,(z) ~ e~z /v/27 enabling us to derive a closed expression for the
probability of @

PQ)

12

1 Q o0 22
W [ [ Pe(q|Sgz + Mg)e™ 2 dzdq. (2.9)

Changing the order of integration and performing the integration over Q (see [6, p.3291])
leads to

P(Q) ~ %/m 7 (QS%ZMQ> 7 d— (%) . (2.10)
—0o0 € 06 0'_6

Inserting P(Q) into I, it can be expressed as

. A—1
Q SHz—M —_ ~
ASQ/ / g (L9 Me ) s (211)
T 270, o 1+(SQ)2
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We now change the order of integration and transform Q into u = (Q—Mgq) /(0. 1+(S—Q)2).

O¢
It follows that dQ = 06\/1—1—(*3—?)2 du. Inserting w into (2.11), I; is given as

ASq
I~ 222 14 (29)2
! 2T (06) :
2
/ ( Z\e/Q_Qe A R dz) &L (u) du. (2.12)
—0o0 —00 7

The solution of the inner integral can be found in [6, p.330]. Recalling the definition of
u2
the progress coefficient [6, p.72] ¢; ) := \/% e ue™ = $*~1(u) du, we finally obtain

S
__ ASg [ VI+H(T9)? S0\ w2y,
AQ ) ~ Jon Soq) o Jue 2 & (u) du + Mg
T J—c0 (1 + (U_e) ) O¢
2
_ 5
= C1\ + MQ. (2.13)
1/522 + o2
Equation (2.13) was developed for the case of an infinite-dimensional search space assuming
that the density function of the standardized variable z is given as the standard normal
density function. It will be used as an approximate formula in finite-dimensional spaces
presuming that the approximation for p,(z) is also valid there and the error that results
from extending the upper integration limit of (2.5) when using the approximation is small.
The predictive quality of (2.13) will be assessed by experiments in Section 3.1.

2.2 Steady-State Behavior

The quality gain (2.13) can be used to derive conditions that ensure progress towards the
optimum or characterize the steady state. Evolution strategies with (u, A)-selection that
are disturbed by noise of constant variance cannot approach the optimum arbitrarily close.
Instead, they finally end in a steady state that deviates from the actual optimum. Once
the steady state is reached, the average quality gain becomes zero. As long as the ES
still progresses towards the optimum, the quality gain is strictly positive. Therefore, the
condition EL y > 0 is also called the sufficient evolution criterion.

Let us assume in the following that Mg < 0 which is a typical characteristic of many
test functions. Considering the sufficient evolution criterion, we see that AQ, , > 0 is

satisfied for Sgg/, /Sg2 + 02 > |Mg|/c1,. Solving the inequality for Sé, one obtains

2
M| [ MG Mg
§o0 2 > e el e 2
(53) = x| 200 + + ¢

00 2
SO (B, an

Since the terms below the root-sign are all positive, we can write

2 2
(MF)? 20¢c1,) (M) 20cc1,0
(S&)? > L4, [1+ : > 1+ ’
© 2c2 | Mg 22 Mg

)
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2
> M) | (20cc1n )" _ MG (2.15)
2¢2 Mg - '

and thus arrive at a lower bound for the mutation strength (since Mg and Sg depend on
the mutation strength) constituting a necessary evolution criterion.

On the other hand, the case “=" in (2.15) leads to the steady state condition ELA =0
provided that Sgg < 02, Therefore, the noise strength has to be sufficiently large or
the variance S’é sufficiently small. Since Sé generally depends strongly on the mutation
strength o, we require 0 < g — as it is often the case at the steady state. The steady
state condition can therefore be formulated as

(85)" ~ Cin Oc. (2.16)

This equation can be used to derive the final fitness error E[AF| which is defined as the
deviation of the expected value of the fitness function from the real optimal value. If y,
is a parental state chosen in the steady state regime, we set AF := F— F(yp), where
F =max F. Thus, the expected value of the deviation is given as E[AF] = F — E[F(y,)].

In the following, we will derive the final fitness error for quadratic test functions
Fi(y) = by — y"Qy, a class of biquadratic fitness functions F3(y) = —Zij\il ciyd,
Fs(y) = c— SN, ||, and the function OneMax Fy(y) = SN, v;.

Quadratic fitness functions The local quality is given by Q(x) = F(y +x) — F(y) =
b™x — 2yTQx — x"Qx and can be simplified to Q(x) = (b —2Qy)"x — x"Qx. Since
b =2Qy, with § = arg max F(y), Q(x) can be written as

Q(x) = (2Q(¥y —¥))'x —x"Qx. (2.17)

The expected value and variance of @ have already been obtained in [6, p.122f] as Mg =
—02Tr[Q] and 522 = 402||Q(F —y)||? + 20*Tr[Q?]. Inserting these expressions into (2.16),
we obtain

Q] o*TrQ?

g,
401,)\ ¢ 2

1QEF —y)II* ~

. (2.18)

Assuming smallness of the mutation strength o at the steady state, i.e. 02 — 0, Equation
(2.18) can be simplified to

Tr[Q]

— O¢.
461,)\ ¢

1Q(F — y)I|* ~ (2.19)

This agrees with the result found in [7]. Following the same assumptions used there, we
can give an approximation for the expected final fitness error E[AF| without repeating
the deviations presented in [7]

ocN

461’>\.

E[AF] ~ (2.20)

The validity of this equation was already tested in [7], yielding good results. One
of the most important assumptions made in that paper was the so-called equipartition
assumption stating that the weighted contribution of all components to the final fitness
error can be supposed to be the same.
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Biquadratic fitness functions We will make use of a similar assumption in order to
calculate the fitness error in the case of the test function (1.3). We obtain for Q(x)=F(y +

x) — F(y)
N

Q(x) = (a; — deiyd)z; — 6eyia; — Aciyix) — cix. (2.21)
=1

Considering the special case a; = 0, we have

N

Q(x):Z(—Alci)y?:c, 6ciyie? — dcyixy — Za:?. (2.22)
=1

Since the optimal point g; = 3/ f+ also becomes zero, AF = F—-F (y) can be written as
AF =N | ciy# and the final ﬁtness error E[AF] is given by

N
Fl =3 cEly). (2.23)
=1

To continue, we need the expected value Mg and the variance Sé of (2.21). To simplify
the calculations, we set Q;(z;) = (a; — 4c;y3)w; — 6cy?a? — dejyx? — iz}, The expected
value and the variance can therefore be written as

N N
= BlQi(@i)] = 30" }_ci(2y] + %) (2.24)
i=1 i=1
and
N N
= Var[Qi(z;)] = Y E[Q]] — E[Qi)?
=1 i=1

= Z 0% (a; — 4ciyd)? — 24a;ciyio® + 1682 ytot + 384c2y?ob + 96¢70°.  (2.25)

As before, we will consider small mutation strengths. Therefore, the higher order terms
of o can be neglected and (2.25) simplifies to Sé ~ 02N (a; — 4c;yP)?. Inserting the
expressions for Mg and Sé into (2.16), we obtain the following steady state condition
(note, a; = 0)

(292 + o2 (2.26)

N
Z ZlczyZ Z 160
i=1
Considering the limit case o2 — 0, the influence of o can be neglected in comparison
to 2yz-2 and the equation above can be simplified. In order to eliminate the factors ¢; in

AF = Zf\il ciy;-l, we introduce a new variable z; = /c;y;. Taking the expected value of z;
on both sides of (2.26), we get

N
— 3o
> 16y/ci 28 ~ = Zz\/_ P (2.27)
i=1 LA
Since the steady state is reached, it can be assumed that the single components show a
very similar behavior, so that the relation for the sum is also valid for a single term
J— 30- N

6 €2

zp ~

2.28
8oy (2.28)
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Since our approach does not allow for a determination of the z; density from first principles,

we assume the z; to be N(0, 02)-distributed exhibiting approximately the same variance

o2, Using this rather crude approximation, the required sixth and the second central

z
2

2, respectively, and we obtain

moments are z9 = 1509 and 22 = &

g
ot~ —,
40617)\

(2.29)

Now we can calculate E[AF], i.e. (2.23). Taking y; = f\/_% and (2.29) into account, E[AF]

simplifies to E[AF] = 3No2, so that the final fitness error can be estimated as

3No.
40017)\ '

E[AF] ~ (2.30)
This equation was obtained by assuming that once the steady state is reached, the average
behavior of each of the weighted components is approximately the same. This assumption
agrees with the postulates in [7]. We derived (2.30) under the condition that o is sufficiently
small so that the higher-order terms of the variance (2.25) can be neglected. Since the
mutation strength tends to be small in the steady state, this condition can be supposed
to be justified. Finally, we assumed that the normalized variables can be approximated
roughly with normally distributed variables. The validity of this approach will be examined
in Section 3.2.1.

It is a rather surprising result that the equation does not depend on any terms of func-
tion (2.21), that is, the fitness error should be roughly the same regardless of the ¢;-values
chosen. We will see in Section 3.2.1 that this simple equation predicts the final fitness
error surprisingly well — even when extended to the (u/pr, A)-variants by substituting ¢ »
with pe, ;-
Negative L1-Norm The function Fi(y) = ¢— >~ | |y;| has its maximum at y = 0. The
fitness error of a vector y and the final fitness error are therefore given as AF := Zf\il lyi

and E[AF] = >N E[|y;|]. In order to derive an equation describing the final deviation,
we use the simplified steady state condition (2.16), M7 ~ 58202.

The parameter Mg and Sg can be given after a short calculation. The local quality is
defined as

N
Q(x) = lyil — lyi + il (2.31)
=1

We assume again the z; to be normally distributed with variance o2. Therefore, Mg is

N o0
Mo =31yl = [ lyi+ il (e d,
i=1 &
N —Yi
=Sl + [ (i i) o) dy
i=1 e

- /OO (Yi + 2i)Po,02 (xi) dz;
—Yi

N
= il — 4i(2Po 2 (yi) — 1) — 20 g o2 (i), (2.32)
=1
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z2
where ¢ ,2(z;) 1= \/21706_20—2 and @ ,2 is the corresponding distribution function.

Defining Q(x) := SN ¢ = SN lyil — |yi + 2, the variance Sé is given as Sé:
SN Var[gs] =N, E[¢?] — E[¢:]?. The expected values are obtained as

Elg7] = 2y7 + 0 — 2|y;|yi (290 o2 (i) — 1) — 40°|yi|dg o2 (vi) (2.33)

and

Blgi]? = 2y7 + 45205 2 (ys) — 497P0 02 (i) — 4060, (i) [94(1 = 280 52(3:)) — 070 02(vs)]
+2yilyil1 — 28 52 (yi)] — 40° il bo o2 (). (2.34)

Therefore, the variance is given by

N
Sé = NO_Q +4 Z y?@O,O‘Q (yl)[l - @0,02 (yZ)]

=1
N N
—40% Y " ¢0.02 (i) Yi[2®0,02 (i) — 1] — 406 > 85 52 (i) (2.35)
P i=1

First, we note that Sé < No? —40* YN, @3 2(yi) and that |[Mg| = SN Yi (2P0 52 (yi) —
1)+ 202%,02 (yi) — |yi|]. A proof of both equations can be found in Appendix 5.1. Consid-
ering (2.16), i.e. [Mg|oc/c1x = 5&02, we thus obtain

5 207 N N o _u Oc
No? — e o7 > (;yi(2¢07g2(yi)_1)+2\/ﬂe 22 — Iy@-\)cl,k- (2.36)
Setting y; = 0z;, the inequalities become
No2 — Eg:e*ﬁ > (o 3 2i(20(z;) — 1)+ 2 2 67ﬁ —olz |)U—
i=1 - V2r Ten
= Ne- 2 3 e > (3 z(20(z) — 1) + 2 e_é — Jal) (2.37)
i=1 i=1 v2r CLA

Applying the equipartition assumption to F5(y) = ¢ — Z£i1 lyi] (1.5), it becomes clear
that each component y; in (1.5) should obey the same behavior (on average in the steady
state regime). Therefore, the same holds for z; = y;/0 and we can assume E[h(z;)] =
E[h(zx)], k # i, h(x) one of the functions in (2.37), thus introducing again an equipartition
assumption. Furthermore, we approximate z; by a A(0,02) distributed variable. Thus,
the expected values of the terms in (2.37) become

2 o2
Elz(20(z) — 1)] = z
[2i(29(2i) — 1)] NCES
2 = 2 1
—~_Ele 7] = , and
V2T 2] T2 +1 o
2 2
T Rle] = (2.38)
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The expected value of (2.37) is therefore

Na(lﬁ _Cl)\ (\/7\/0'2+1O'z\/>> (2.39)

leading to a relationship between the mutation strength in the steady state and the variance
of z;

\)

211—
. Ue\f Voitloo. | (2.40)
V| (0= )

Note, that the left hand side of (2.40) is a monotonically decreasing function of o. Once

the steady state is reached, the mutation strength is generally small. Therefore, (2.40) can

only be expected to be valid, if o, is relatively high, especially o, > 1. Thus, we assume
that the standard deviation of the y; is higher than the mutation strength.

We can use (2.40) to derive a lower bound for the final fitness error of F5, i.e. E[AF] =

N E[|lyi|]. Applying the assumptions of the distribution of y;, the final fitness error is

given by E[AF] = 0 2N, E[|zi]] = N\/2/n00,. Considering the inequality (2.40) for o,

we get
/62 11 —
E[AF] = N\/7020>N\/> \f 1J+—20 . (2.41)
et m\ 0= )

In order to continue, we need to find a lower bound for h(x) := (Vat+ 22 — 22)/(1 —
2
71’\/2:1:24»1)7 z 2L

Since we do not know an upper bound for o,, we assume it to be unbounded above. As
the denominator 1 — 2/(mv/222 + 1) approaches 1 for 2 — oo and the numerator is given

as

ST VEEE AR ) 2
Vvl 22 4 22 VTt 22 + 22
1

TN

goes to 0.5. This is a lower bound for A(z), x > 1, as we will show in

(2.42)

h($> _ \/:t4+a:§—902

1= /22241
Appendix 5.1. Therefore, we can give a lower bound for the final fitness error as

E[AF] ~ N\faaz > N\/7 (fc‘i )) > 7rZ;N. (2.43)

To derive (2.43), we used again a variant of the equipartition assumption, first intro-
duced in [7]. Furthermore, we had to assume that the standardized variables z; = y; /o
obey a normal distribution. Under this assumption, we can derive (2.40) which gives a
function of the noise strength and the standard deviation of z as a lower bound for the
mutation strength. Equation (2.40) can further be used to derive an estimate for the final
inequality (2.43). Assuming that o, > 1, h(x) is always higher than its limit value which
can then be used to derive the lower bound.
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Fig. 2.1. The function h(c.) obtained in the derivation of the lower bound for function F5 using

the normal distribution.
h(o z)
1

0.8
0.6
0.4

0.2

OneMax The local quality of OneMax, i.e. Fy(y) = Zfil ¥s, is given by Q(y) = F(x) —
F(y). For strings of length N, the statistical parameters are Mg = —pp,,(2Fy) — N) and
So = VNv/Dm (1 = pm) (sce [6, p.128f]), where p,, is the mutation rate and Fy = SN, y;
the parental fitness value. Inserting these values into (2.16), (5820)2 ~ |Mg|oe/c1x, gives

Npm(1 = pm) ~ Pm (25 — N) e (2.44)
C1,\
leading to the final fitness error
al N C1 )\(1 — pm)
BIAF] = N~ Y Bl ~ 5 (1 - J—> . (2.45)

=1

Note that this equation is only valid for sufficiently high noise strengths. A more appro-
priate formula is obtained by inserting the expected value and standard deviation into

(2.13), A—QL)\:S%/, /Sg2 + 02c1 \+Mg, and setting the quality gain equal to zero. After

rearranging the terms and taking the expectation of Fy = Zf\il y;, one immediately gets

g:E[yi] _N <1 + L= Pm 201,A> . (2.46)
i=1 2 VNP (1 = pm) + 03

The final fitness error is then given as

\/Npm(l — Pm) + 0¢

Considering the mutation rate p,, = 1/N, usually recommended in literature, and assum-
ing N to be sufficiently large, the equations (2.45) and (2.47) simplify to

N
E[AF] =N - Y Ely;] ~ % (1 L Pm 2%) : (2.47)
=1

~N(_ax
ElAF] ~ § (1 UE) (2.48)
and
N C1,A
EAF |~ — |1 — —=—_]. 2.49
[AF)~ 3 ( ﬁl%—a?) (2.49)

Since E[AF] > 0, (2.49) is only valid if the inner fraction is smaller than 1, i.e. ¢\ <
V14 02. The predictive quality of the final fitness error obtained will be assessed in
Section 3.2.1.



Chapter 3

Comparison with Experiments

In the following, Equation (2.13) describing the quality gain will be applied to several
classes of fitness functions which were introduced in Section 1.2. Afterwards, we will
examine the predictive quality of the final fitness error for some biquadratic functions,
the negative Li-norm, and OneMax extending it to (u/pr, A)-ES for the first two function
classes. Since the equation for quadratic functions equals the one developed in [7], where
its validity was already shown, it will not be considered further.

3.1 The Quality Gain

3.1.1 Quadratic Test Functions

The local quality for quadratic functions is given as Q(x)=2[Q(¥ —y)]"x — x"Qx (cp.
Sec. 2.2). As expected value and variance of Q, Mg = —0?Tr[Q] and Sé = 402||Q(¥y —
y)||? + 20*Tr[Q?] were obtained. Inserting these expressions into (2.13), the quality gain
for quadratic functions is given as

_ S5
AQi\~ =01+ Mg
__ APQE - y)IP 20 Y Ly (3.1)
VAe?|QE — y)II° + 20 Th[Q?] + 02 |
or assuming that 20"Tr[Q?] is small compared with 40%||Q(y — )

40%)|Q(y — y)I”

1°

AQ =~ & ey — o’Tr[Q). (3.2)
VTG -yl o
To compare (3.2) with the result obtained in [6] for the noise-free case, we introduce the
following normalizations [6, p.132] o* = %a, of = %06, and ETA =
£83(0) iy ve)
ai-yp 4@ and get
. . 1 0_*2
AQh > 10" ——— — (3.3)
1+ (59)?

As in the noise-free case with AQ?A ~ ¢ \0" — "T*Q, the equation can be decomposed
into a gain and a loss term. The noise only influences the gain part of the equation, an
observation already made in [6] for the progress rate on the noisy sphere.

14
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The noisy quality gain A—Qi/\ has a maximum whose value depends on the noise
strength o. If the noise is too large, it will reduce the linear gain part such that the
loss term will be the dominating factor leading to a monotonically decreasing function.

As representatives for the quadratic test functions,

N

Fii(x)=— sz? and (3.4)
i=1
N

Fira(x)=-) i*x} (3.5)
i=1

were chosen. Figure 3.1 shows the dependence of the normalized quality gain on the noise

Fig. 3.1. Dependence of Eim on the noise strength o for quadratic test functions (Equations
(3.5) and (3.5)) for several choices of o*. Depicted are from top to bottom the curves for o* = 2,
1, 3, and 0.5.

AQ1,20
AQ1,20

2 T T T T 2

5
L FEx
05 |

1,20

AQ

ot
-05 r
1k

-15 +
2 : : : : 2 : : : :
0 1 2 3 4 5 0 1 2 3 4 5
oc oc
¢) function F} 5, Eq. (3.5), N =10 d) function Fi o, Eq. (3.5), N =100

strength o} in the 10- and 100-dimensional object parameter space. The experimental
values were obtained by performing 1,000,000 one-generation experiments per data point
using y = 2 as starting vector.

As o} increases, the quality gain decreases approaching —"—;2. For N = 100, the
agreement between equation and experiment is very good, while greater deviations can be
observed for the lower dimensional case. Here, good results for all choices of o} can only
be obtained for small normalized mutation strengths, e.g. ¢* = 0.5 — the lowest mutation
strength examined — where experimental results and predicted values show an excellent
agreement.

Figure 3.2 shows the dependency of migo on o*, depicting the quality gain (3.3) and
the experimentally obtained values for several choices of ¢}. For o* sufficiently small, i.e.
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o* < 1, the agreement between (3.3) and measurement is quite good even in the lower
dimensional search space. That range increases decidedly for N = 100. The only exception
is the curve for o} = 5 where (3.3) leads to an overestimation of the experimental values.

Fig. 3.2. Dependence of A—Q?zo on the mutation strength o* for quadratic test functions (Equa-
tions (3.5) and (3.5)). Depicted are from top to bottom the curves for the noise strengths 0.5, 1,

2, 3, and 5.
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3.1.2 Cubic Functions
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In this subsection, we will consider the quality gain in the case of cubic functions, i.e.
functions of the form Fy(y) = Zfil a;y; — ¢y, for which the local quality is given as

Qx) =

i

o

@
Il
—

a;y; + a;x; —

ci(yi + i) — aiy; + ey}

(ai — 3ciy?)x; — eaysws — cixs. (3.6)

To obtain the specific quality gain, we need the expected value and variance of (3.6). The

expected value is given by

=z

N N
Mg = Z E[gi(x;)] = Z E[(a; — 3ciy})xi — 3cyx? — cixl] = —30° Z ciyi-  (3.7)
i=1 i=1

=1
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In order to obtain the variance, we consider

N N
Sy =" Varlg] = > Elg}] - Elg;]” (3.8)

=1 i=1
Since E[gi]® equals E[¢)? = 904C2yl2 and the expected value of ¢? is given by E[¢?] =
E[(al - 3czyz) _6Czyz((lz — 3clyz ).T — 2¢i(a; — 3Czyz )-73 + 9021/121‘;1 + 66?.%36 + CQxG] _

150206 + 45021/1204 — 6cja0t + (ai — 3ciy; )2 2. the variance is obtained as
2 2\2 2
2150 08 + 6¢;(6cy? — a;)ot + (a; — 3ciy?)?o. (3.9)

By inserting these values into (2.13) we get

A—Q 1509 Zl L2+ 60* ZZ 16¢2y? — cia; + o Zi]\;l(ai — 3ciy?)?
\/1506 Zl 162 + 60t Z L, 6cty? — cia; + o2 Zz‘JL(ai —3ciyf)? + o2

C1,x

—302 Z Cili. (3.10)
=1

The quality gain consists of a gain term and a quadratic loss term. The gain part of (3.10)
is approximately a polynomial of degree three that is influenced by the noise although that
influence is rather weak. Eventually, if o is increased far enough, the quality gain will be
a monotonically increasing function of the mutation strength.

For ¢ < 1, the variance simplifies to Sé ~ 952N (a; — 3¢;y?)?, leading to the
following normalized quality gain

N oo

(3.11)

where o* DTSN MUWMAQ*“ @i;m%AQM.
\/Zz 1 az 3C7,y ) ZL 1( 367‘ ) Zz l(ai73ciyi )2 ’
Equation (3.10) equals the normalized quality gain of quadratic fitness functions (3.3).
The quality gain (3.10) and the normalized quality gain (3.11) on cubic functions were
tested using the fitness functions

Fyq( Z iy? and (3.12)

Foo(y Zz (3.13)

Figures 3.3 to 3.5 show the dependency of the respective quality gain on the noise strength
and mutation strength. The values were obtained by performing 1, 000, 000 one-generations
experiments per data point. The vector y = 2 was chosen as starting vector.

Figure 3.3 depicts the quality gain (3.10) as a function of the mutation strength. For
N = 10, the quality gain is a monotonically increasing function, for which experimental
values and (3.10) start to deviate rather soon, i.e. for mutation strengths close to one. For
N =100, the predictive quality is acceptable for a wider range of o.

Considering the normalized noise strength and Fig. 3.5, (3.11) agrees well with the
experimental results as long as ¢* is sufficiently small, i.e. ¢* < 1.5 for N = 10. That
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range can be increased to o* < 3 in the case of the 100-dimensional space. As one can see
in Fig. 3.3, for N = 10 (3.10) is a monotonically increasing function for the fitness functions
considered. Therefore, (3.11) can only be expected to agree well with the experiments as
long as the gain part outweighs the loss term.

Fig. 3.3. Dependence of ELQO on the mutation strength o for cubic functions (Equations (3.12)
and (3.13)). Depicted is the curve for the noise strength o, = 1.
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0
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gi 60000 C 50406
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40000 er06 | ) 1
20000 -8e+06 | *
-9e+06 1
0 -le+07 :
0 1 2 3 4 5
o o
¢) function Fp o, Eq. (3.13), N =10 d) function Fy 9, Eq. (3.13), N =100

3.1.3 Biquadratic Functions

We will now consider functions of the form F3(y) = SN, (a;y: — ciyf) (1.3) with the local
quality function

N
Qx) = Z(ai — 4cl-yl-3)a:i - GCiyf:L‘% - 4C¢yix§’ — cix?. (3.14)
i=1
2

In order to determine the quality gain (2.13), ml)\ o~ c1,x + Mg, we need the

o)
A /S%+U€2
expressions for Mg and Sg which were already developed in Sec. 2.2 as

N
Mg = —30? Z ci(2y? + o) and
i=1

N
Sé = Z 0% (a; — 4ciyd)? — 24a;ciyio® + 168c2yto® 4 384c2y?ob + 96¢20°.
i=1
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Fig. 3.4. Dependence of mi% on the noise strength o for cubic functions (Equations (3.12) and
(3.13)) for several choices of o*. Depicted are from top to bottom the curves for o* =2, o* =1,
c* =3, and o* = 0.5.
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Assuming o to be sufficiently small, Sé can be simplified to Sé ~ o2 Zﬁil(ai — deiyd)?.
The expressions for Sg and Mg are then inserted into (2.13) leading to

N 3\2 N
N (s — deis
iz (ai ciyy) _ 352 Z Ci(2y,2 + 02)' (3.15)
\/02 SN (a; — deiyd)? + o2 i=1

Unfortunately, function (1.3) generally does not allow for a normalization of (3.15). An
exception to this is the case y = 0. The expressions above for the variance and the
expected value simplify then to Sé ~ o2 N a? = o?a]|? and Mg = 303N .

Setting ¢ = 33"V, ¢; and using the normalizations o* = ¥/c/[[a]|o, o = ¥/c/[[a][*o., and
A—Q;)\ = /c/la[[* AQ,  (see [6, p.134]), we obtain

AN 2
AQy )\ ~cip0

— 1
AQL\ ~ Cl,)\o—*ia* —o*. (3.16)
L+ (55)?
Again the equation can be decomposed into a linear gain part being influenced by the noise
and a loss term which is biquadratic in this case. If o* is kept constant, AQ’L \ approaches

—o** if the noise strength o is increased.
The predictive quality of (3.16) was examined using the fitness functions

N
F3i(y)=>_vi—yi (3.17)
i—1
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Fig. 3.5. Dependence of A—ngo on the mutation strength o* for cubic functions (Equations (3.12)
and (3.13)). Depicted are from top to bottom the curves for the noise strengths ¢* = 0.5, ¢ =1,

* * *
of=2,0! =3, and o} =5.
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N

Fo(y) =Y i — iy}, and (3.18)
=1
N

Fya(y) =Y i —i°y;. (3.19)
=1

Figure 3.6 shows the dependency of A—Q*L , on o} for several choices of o*. As in the cubic
case, the experimental values were obtained by averaging over 1,000,000 one-generation
trials using y = 0 as parental state. The behavior we observe is similar to that of the
quadratic functions. An increase of the noise strength decreases the linear gain part of
(3.10) so that the maximum becomes less pronounced and approaches zero for o — oo.
Even for N = 10, a good agreement exists between the values obtained by (3.10) and
those of the experiments as long as ¢* is small. As it approaches one, the predictive
quality deteriorates.

This can also be seen in Fig. 3.7 showing the dependency of E’LQO on the mutation
strength o* for the noise strengths 0.5, 1, 2, 3, and 5. For N = 10, (3.16) predicts
the experimental values up to a mutation strength of one reasonably well. This can be
extended to 1.25 in the higher-dimensional parameter space.
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Fig. 3.6. Dependence of A—QI’QO on the noise strength o for biquadratic functions. Depicted are
from top to bottom the results for 6* =1, o* = 0.5, and ¢* = 0.1.
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3.1.4 Negative L;-Norm

We will now consider functions of the general form Fs(y) = ¢ — S.X | |ys|, for which the
statistical parameters are given as (see (2.32) and (2.35))

N
Mg =" |yil — yi(2®g o2 (y:) — 1) — 20% ¢ 2 (i) and
=1

N
S% = Naz +4 Z y?¢0,02 (yl)[l - ¢0,02 (yl)]
i1
N N
—40% " B 2 (4i)i[2D o2 (yi) — 1] — 40" Y ¢(2),g2 (¥i)s
=1 =1
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Fig. 3.7. Dependence of AQ*; 5, on the mutation strength o™ for biquadratic functions. Depicted

are from bottom to top the results for ¢} = 5,07 = 3,07 =2, 07 =1, and ¢} =0.5.
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e 202 and 9,2 is the normal distribution function. By inserting

Mg and S, into (2.13), AQ \ =~ S3/4/S8 + 02c1x + Mg, we get the quality gain of F.

Considering the mean value Mg = SN il — Yi(200 o2 (i) — 1) — 20%¢g 52 (y;), we
note that |y;| — 4i(2Pg,2(yi) — 1) is given as 2y;(1 — Py ,2(y;)) if y; > 0, whereas it
simplifies to —2y;Pg ,2(y;) if y; < 0. For small o-values and y; # 0 therefore, Mg =
Zi]\il il — yi(2Pg o2 (yi) — 1)—2025250702 (yi) tends to zero.

Similarily, the variance can be approximated with No? if the mutation strength is
sufficiently small. As a consequence, the quality gain can be assumed to be positive and
approximately a linear function of ¢ as long as the mutation strength is sufficiently small.
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Fig.3.8. Dependence of AQ, 5 on the noise strength o, for function Fs; (Equation (3.20)).
Depicted are the results for 0 = 1, 0 = 0.5, and o = 0.1 from top to bottom.
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The validity of the quality gain (2.13) was assessed by experiments using

N

Fsai(y) = - Z |yl

=1

(3.20)

as test function. The values were obtained by averaging over 500,000 one-generation
experiments with y = 5 as starting vector. As can be seen in Figs. 3.8 and 3.9, the
predictive quality is generally acceptable, which is even the case in the 10-dimensional
space.

It is also of interest to look at the quality gain, if the parent vector is of the form ce”,
where e” is the kth unit vector — that is, we consider the quality gain starting in one of
the edges of the rotated hypercube. There, the success probability is quite small which is

reflected in the quality gain. The mean value of () is given in this case by

2
Mg = |c| — c(2®g ,2(c) — 1) — 20° ¢ 52 (c) — E(N — 1o, (3.21)
whereas the variance reduces to
2
SH =0’[N — —(N =1+ 4P 52 (c)[1 — Py 2(c)]
—402c¢>0702 (€)[Pg p2(c) — 1] — 4U4¢)(2)’02 (c). (3.22)

For N > 1 and/or o sufficiently small in relation to ¢, the statistical parameters can be

approximated with Mg ~ —%(N — 1)o and Sé ~ [N — 2(N — 1)]o? leading to the
quality gain
[V = 2(N - 1)]

AQL)\ ~ 0

(N - 1)o. (3.23)

2
Cix —
VIN =2V D)5 T Ve
The quality gain now degrades into a approximately linear function of ¢ only assuming
positive values if the offspring population size A is rather high and the dimension N and
the noise strength sufficiently small. Figure 3.10 shows the quality gain as a function of
the mutation strength for N = 10 and N = 100. As starting vector y = 5e! was chosen.
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Fig. 3.9. Dependence of A—Qmo on the mutation strength o for function Fs 1 (3.20). Depicted are
from top to bottom the results for o, = 1, 0. = 10, 0. = 15, and o, = 20.
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Fig. 3.10. Dependence of AQ, 5, on the mutation strength o for function Fs 1, (3.20), starting in
y = 5el. Depicted are from top to bottom the results for o, = 1, o = 10, and o, = 20.
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3.1.5 OneMax

Equation (2.13), AQ ) ~ Sé /A /522 + 02¢ )+ Mg, was developed for continuous distribu-

tions. As already mentioned, the discrete bit-counting function OneMax F5(y) = Zfil Yi,
therefore represents an extreme test case for the applicability. For OneMax, the local
quality is defined as Q(x) = F(x) — F(y). Considering strings of length N, the statistical
parameters are given as (see [6, p. 128f])

Mg = —pm(2Fy — N) (3.24)

and

SQ = \/N\/pm(l _pm)v (325)

where Fy := Zi]il y; is the fitness value of the parental vector and p,, is the mutation
probability. If we insert these values into (2.13), we obtain

Npm(l_pm) c
\/Npm(l - pm) + 052

AQy =~ 1A — Ppm(2Fy — N). (3.26)
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Fig.3.11. Dependence of AQ*; 55 on the noise strength o7 for OneMax. Depicted are from

bottom to top the results for ¢* = 0.1,0* = 0.5, and ¢* = 1.
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If Fo < N/2, the resulting quality gain will be positive since less than half of the bit
positions are occupied with ones.

Equation (3.26) can be further simplified and normalized. Provided that p,, < 1,
the influence of (1 — p,,) can be neglected and Np,, can be formally identified with the
variance o2. If the parental value Fy is greater than N/2, we can introduce the following
normalizations o* = 2(2Fy/N — 1)o,
of = 2(2Fy/N — 1)o., and AQ*, y = 2(2Fy/N —1)AQ, , (see [6, p.130]), leading finally
to

1 (0'*)2
) o* C]‘?)‘ - 2 :
V1t ()2

The predictive quality of (3.27) was examined for a 30- and 100-dimensional search space
where Fy = 20 and Fjy = 60, respectively have been chosen. The values were obtained by
averaging over 500,000 one-generation experiments. As can be seen in Fig. 3.12, (3.27)
predicts the behavior up to a mutation strength of ¢* = 1.5 reasonably well, which holds
even for the case N = 30. The mutation strength 1.5 corresponds to a mutation probability
of p, = 0.141 for N = 100 and p,, = 0.169 for N = 30. In both cases, the mutation
probabilities are considerably higher than the mutation rate p,, = 1/N, which is often
recommended.

(3.27)

3.2 Steady State Behavior

This section is concerned with the predictive quality of the equations or inequality that
describe the final fitness error in the case of the Li-norm. The equations are derived
for (1, \)-ES but will be extended using a simple substitution to (u/pr, A)-ES. The only
exception is the function OneMax which was only examined for (1, \) strategies.

3.2.1 Biquadratic Functions

This subsection is concerned with the predictive quality of E[AF] ~ 3No./(40c1 ), (2.30),
describing the final fitness error of biquadratic functions of type F(y) = — >N ciyt.
Its applicability was tested not only for the (1, A)-ES but also for the (u/pr, A) variant,
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Fig. 3.12. Dependence of AQ*; 55 on the mutation strength o* for OneMax. Depicted are from
top to bottom the results for o = 0.5, ¢ =1, 0f =2, ¢} =3, and ¢ = 5.
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a) function OneMax, Eq. (1.5), N = 30 b) function OneMax, Eq. (1.5), N = 100

»- As test functions, variants of the functions (3.17) - (3.19)

substituting c; \ with uc,,/,,,

N

Fa(y) ==Y _ui, (3.28)
i=1
N

Fy5(y) = —) iy}, and (3.29)
i=1
N

Fye(y) =—)_ iy} (3.30)
i=1

were chosen.

Validity of the Normal Distribution Approximation Figure 3.13 shows relative
frequencies for some (u/py,60)-ES runs on the biquadratic test functions, i.e. (3.28)-
(3.30). The values were obtained by several trials — sampling the normalized z; values
for a total of 7,200,000 generations in the steady state region and aggregating them in
109 intervals ranging from —1.5 to 1.5. Also included in the figure are relative frequencies
drawn from corresponding normal distributions with the experimentally obtained standard
deviations.

As can be seen in the plots, especially the lower-order components show deviations from
the normal distribution. This seems to be a result of the weak selective pressure that acts
on these coordinate values in the case of (3.29) and (3.30). In order to enable a comparison
with the normal distribution, the skewness and the kurtosis were also calculated. The
skewness generally assumes the smallest values in the case of (3.28) ranging from 0.00014
to 0.01. In the case of (3.29) and (3.30), several lower-order components tend to show
higher deviations from zero, although sometimes the skewness of (3.29) is even lower than
that of (3.28). The kurtosis assumes values between —0.5 and —0.8 for all functions which
does not support the assumption of normally distributed variables. For higher u-values,
the components generally agree better with the assumption of a normal distribution than
for smaller.

Predictive Quality of Equation (2.30) The plots in Figure 3.14 show the depen-
dency of the final fitness error E[AF] on the number of parents p for some (u/pr,60)-ES
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Fig. 3.13. Relative frequencies for several (u/pr,60)-ES using 0SA (N = 30). Shown are the
values for the first, 15th, and 30th normalized coordinate. Also included are the corresponding
relatives frequencies s; drawn from normal distributions using the experimentally found standard

deviations.
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runs. Depicted are the values as predicted by (2.30) and the actually measured ones. The
experimental values were obtained by averaging over 900,000 generations in the steady
state region. The values for 4 = 58 and p = 59 are not shown because of convergence
problems for these ES. The standard mutative o self-adaptation (0SA, cp. [5]) was used as
o-control rule in all experiments. The overall agreement between equation and experiment
is rather good although some deviations can be observed. The experimentally found final
fitness error of the (1,60) strategy is significantly higher than the theoretically obtained
lower bound. A similar case was already observed in [7] in the case of quadratic test func-
tions. (1, \) strategies using oSA tend to premature stagnation which is the consequence
of a very fast reduction of the mutation strength. This can also be observed in Fig. 3.15
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Fig. 3.14. Final fitness error for biquadratic functions. Shown are the calculated and experimental
values for E[AF] of (u/ur,60)-ES with u =1, 2, 4, 6, 8, 10, 15, 20, 25, 30, 35, 40, 45, 50, 52, 54,
56. The vertical bars indicate the £ standard deviations. The noise strength is o, = 1.
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showing exemplary runs of an (1,60)-ES and of a (30/301,60)-ES optimizing test function
Fs5, (3.29). In the case of the second ES, o is reduced to a value around 0.03, where it
starts to fluctuate. As a consequence, AF' also approaches its steady state a short time
later. In contrast to this, the mutation strength is reduced faster and further in the case
of the (1,60)-ES reaching values that are much closer to zero. Therefore, AF stagnates
very soon. For shorter periods, o can attain higher values though being unable to stabilize
at this level. The reasons for this behavior are not fully understood. Some deviations
between the predicted curve and the experimental data can be found. The equation leads
to a symmetric curve for the fitness error that is centered around p = 30. The experiments
do not always show exactly the same behavior sometimes exhibiting a minimal value for
w=35.

Apart from this, the measured values tend to be similar. Their standard deviations
decrease when p approaches 30 and increase when p is close to one or 60.
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Fig. 3.15. AF and o-dynamics of an (1,60) and a (30/307,60) ES using oSA. The noise strength
iso. = 1.
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3.2.2 Negative L;-Norm

In the case of the negative Li-norm, i.e. function F5, we were only able to derive a lower
bound for the final fitness error given by E[AF] > No./(mey \) (2.43), resp. E[AF] >
Noc/(mpc,/u, 1), making several assumptions the validity of which will be checked in the
next subparagraph. The experiments were conducted using (u/ur, 60)-ES with 0SA and
CSA (cumulative step length adaptation) [12, 14, 1] as o control rules. In the case of the
latter, a o,,ip-value was introduced in order to prevent premature convergence. The noise
strength used was o, = 1.

Validity of the Assumptions The first assumption we introduced was the equiparti-
tion assumption postulating that the differences between the distributions of the variables
z; can be neglected once the ES has reached the steady state. In the following, we also
assumed that the distribution of the z; can be approximated by a normal distribution. Us-
ing these assumptions, we could derive the lower bound (2.40) for the mutation strength

o,ie. 0> o fav2/r(Voi+1—0,)/(1— ﬁ) which depends on the standard

deviation o, of the z;, on the noise strength o., and on the progress coefficient. Finally,
we assumed o, > 1 to derive the lower bound for E[AF].

We will first examine the validity of the equipartition assumption and the approxi-
mation with the normal distribution. Figure 3.16 shows some relative frequency plots for
(10/10¢,60)-, (30/307,60)-, and (40/407,60)-ES runs using 0SA as the control rule for
the mutation. The values were obtained by sampling over a total of 800,000 generations
in the steady state with eight restarts grouping the values in 509 (N = 100) and 209
(N = 200) intervals ranging from —15.5 to 15.5. As test function function Fs 1, Eq. (3.20),
was used. Also shown are the frequency plots of normal distribution functions with the
experimentally obtained o,-values. As one can see in the figure, the standard deviations
of the selected z; are different. For N = 100 for example, the standard deviations range
from 1.672 to 1.951 (average value 1.823) in the case of the (40/407,60)-ES, from 1.998
to 2.424 (2.172) for the (30/307,60)-ES, and from 4.215 to 5.058 with an mean value of
4.581 for the (10/107,60)-ES.

Also the assumption of a normal distribution seems to be only a rough approximation
since the actual distribution function is generally steeper and narrower. This is also the
case for the higher dimensional search space.
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30

Fig. 3.16. Relative frequency plots for function Fs; (3.20) for some (u/pr,60)-ES using oSA.
Also included are the corresponding relatives frequencies s; drawn from normal distributions using

the experimentally found standard deviations.
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Concerning the validity of the lower bound (2.40), Figure 3.17 shows the lower bound
for 0 which was obtained by inserting the experimentally found and averaged o,-values
(depicted in Fig. 3.18) into (2.40). There is a great difference between ES using 0SA and
CSA. In the former case, the increase of the dimension leads to higher o, values, although
the relative deviation of the predicted lower bound does not change and generally stays
at values around 0.4 to 0.5. Higher deviations are only found for small or high p-values.
Generally, o, decreases if more parents are used. In the case of ES using CSA, there is a
minimal o, value which seems to be roughly at u = A/2.

The assumption o, > 1 seems to be justified at least in the higher-dimensional search
spaces. For N = 30, there exist some p-values for which it is violated if oSA is used.
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Fig. 3.17. Lower bound for the mutation strength o obtained by Eq. (2.40) using the average o,
in the steady state. The points indicate the average measured o-values.
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Since the experiments show that the plots of the actual relative frequencies of the z;
tend to be steeper and narrower than those obtained by using the normal distribution,
we introduce an alternative distribution. Considering Fig. 3.16, the double exponential

distribution with the density function p(z;)

1/(2a)e~%l/@ could be an appropriate

choice. To obtain an estimate of the final fitness error, we start again with (2.37), i.e.

20 N 2
NJ——Ze*Zi > (

T =

ZZ’Z(Q@(ZJ — 1) +

In order to continue, we need to calculate the expected values of the terms in (2.37) which



CHAPTER 3. COMPARISON WITH EXPERIMENTS 32

are given after some straightforward calculations as

EHzl”_O‘?
Bl(20(x) - 1)] = 2(a — 2)a(~Ljer + 2
« « ™
2 Bl ] = 2o(-L)erts, and
\/ﬁ [e ]_a ( a)e%‘ ; an
20 2 2 1
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?E[e_zi] = WUQ(_E)G

Taking the expectation of both sides of (2.37) therefore leads to

da” |

O¢

(1 2@ 5)em ) = 2 2o = )B(- 6T +/= + ~8(~ e
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The final fitness error E[AF] = S | E[|y;|] is given as E[AF] = Noa. With (3.32), we
obtain the inequality

o, 042(245(—%)62%2 —1) +4/2a
: . (3.33)

~ 7 m)e

E[AF]> N
C1,\ 1

This lower bound for the final fitness error depends on the parameter o which is unknown.
Therefore, we consider the function

22(2B(—L)en? — 1)+
h(z) = 5 IR (3.34)
1 — m@(—m)eélacQ

e
8

The denominator in (3.34) goes to 1 for x — oo, whereas x%%ﬁ(—%)eﬁ -1)+ \/ga:
approaches 1/2 which can be easily demonstrated by applying ’Hospital’s Rule (see Ap-
pendix 5.1).

The plot of (3.34) is shown in Figure 3.19. When using the normal distribution, we
assumed o > 1. Since the variance of a double exponentially distributed variable z is given
by Var[z] = 2a?, we assume here a > 1/4/2. Since h(z) > 0.47715 for all z > 1/1/2 (see
Fig 3.19 or Appendix 5.1), we obtain the lower bound

O¢

E[AF] > 047715N . (3.35)
1,2

The derivation of (3.35) was analog to that of (2.43). We first introduced an equipartition
assumption before deriving an inequality for the mutation strength. In both cases, this is
given as a function of an unknown parameter for which a lower bound has to be derived.
The only difference stems from using a different distribution. The predictive quality of
(3.35) and (2.43) will be assessed in the next paragraph.
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Fig. 3.19. The function h(«) obtained in the second derivation of the lower bound for function Fs
using the double exponential distribution.
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Predictive Quality of the Lower Bounds Eq. (2.43) and Eq. (3.35) The va-
lidity of the lower bound (2.43), E[AF] > No¢/(muc,/yu, ), was tested by conducting
experiments with (u/pr, 60)-ES for a noise strength of 1 using a 30-, 100-, 200, and a 300-
dimensional search space. Function 5.1 (3.20) was again used as the test function. The
experimental values were obtained by sampling over 900,000 generations in the steady
state. As o control rules, 0SA and CSA were used. As one can see in Fig. 3.21, the lower
bound is not violated and seems to be a reasonable approximation of the real final fitness
error. Figure 3.20 depicts the relative deviation of the lower bound from the actual mea-
sured values showing the decrease of the deviation when the dimension of the search space
is increased. It is interesting that the increase from N = 200 to N = 300 leads towards
relatively higher values of the final fitness error. Therefore, the relative deviation between
prediction and experiments becomes greater although rather marginally. Generally, the
CSA seems to lead towards smaller values especially for higher parental numbers where
the deviation of the ES using oSA increases.

Figures 3.23 and 3.22 show the results obtained by (3.35), i.e. E[AF] > 0.47715N
oe/(p1cu/pu,0), using the double exponential distribution instead of the normal distribution
in the derivation. Generally, the approximation quality seems to be better compared to
using (2.43), although the lower bound is violated for N = 200 and N = 300. This
might be a hint that the double exponential distribution is not a appropriate choice for
higher-dimensional search spaces although the deviations for N = 300 are smaller than for
N = 200.

OneMax The predictive quality of (2.49), E[AF] ~ (1 — ¢1,/(v/1+ 02)), shall be
assessed in this paragraph. Equation (2.49) describes the final fitness error of the function
OneMax Fy(y) = Efil y; under the conditions that NV is sufficiently large and that the
mutation rate p,, = % is used.

The experimental data were obtained by sampling over 500,000 generations in the
steady state region. Figure 3.24 shows the final fitness error as a function of the offspring
population size A for several noise strengths. As already mentioned, (2.49) can only be
applied if ¢; < /1 + 2. This property can also be seen in the figure. The approximation
quality is quite good as long as o, is sufficiently high. For smaller noise strengths, i.e.
o = 1, the experimental data depart very soon from the curve obtained by (2.49).
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Fig. 3.20. The relative deviation of E[AF] as predicted by (2.43) from the experimental values
for several (u/pr,60)-ES.
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Fig. 3.21. E[AF] for some (u/pr,60)-ES optimizing function Fy. The results were obtained using
0SA and CSA as the control rule for the mutation strength adaptation. Also shown are the

predictions of (2.43).The vertical bars indicate the + standard deviations.
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Fig. 3.22. The relative deviation of E[AF] as predicted by (3.35) from the experimental values
for several (u/pr,60)-ES.
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Fig. 3.23. E[AF] for some (u/pr,60)-ES optimizing function F5. The results obtained by (3.35)
are shown as curves. As control rule for the mutation strength adaptation, cSA and CSA were
used. The vertical bars indicate the £+ standard deviations.
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Fig. 3.24. Final fitness error for OneMax, depicting E[AF] as a function of the offspring population
size A. Shown are the values obtained by (2.49) and the experimental data (points). The vertical
bars indi[cate the + standard deviations.
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Chapter 4

Conclusions and Outlook

We have derived an approximate equation for the quality gain for arbitrary fitness functions
and tested it on several fitness functions. Good results could be obtained for sufficiently
small o-values.

For many test functions, the quality gain consists of a gain and a loss part which in
some cases can be interpreted as polynomials of o. The gain part is generally of a lower
degree than the loss term. Therefore, the quality gain increases first with the mutation
strength — if the noise strength is sufficiently small — until the loss part gains more and
more influence. The cubic functions are naturally an exception to this since they approach
infinity and an increase of ¢ finally results in an increase of the quality gain.

While the quality gain is a local performance measure, it can be used to derive certain
steady state conditions since the ES shows on average no progress if the steady state has
been reached. Therefore, the quality gain becomes zero which was used to derive the final
fitness error for several test function classes, i.e. quadratic, certain biquadratic functions,
and OneMax. For the Li-norm only a lower bound could be given. Other test functions
still remain to be considered.

Except for the function OneMax the equipartition assumption was applied to arrive at
the final formulae, which are formally very similar and simple expressions, generally given
as E[AF] = o.cN/cy » where ¢ is a constant that depends on the function class.

Only one greater deviation remained: The (1, A)-cSA-ES tends to premature stagna-
tion. Therefore, the final fitness error is considerably higher than it is predicted by the
various equations. This behavior is caused by a fast reduction of the mutation strength.
However, the reason why this occurs is not fully understood and will have to be investigated
in the future.

One can use the equations describing the final fitness error for population sizing as it
has been done in [4]. The equations predict the smallest final fitness error for a ratio of
w/ X around 0.5. This value, however, is not optimal as to the convergence velocity, for
which p/\ = 0.27 is usually considered the optimal choice [7]. But since the curve of the
final fitness error is generally quite flat in the interval /A =1/3 to u/A = 2/3 for the ES
used, these values are also possible choices without leading a serious increase of the final
fitness error.

The equations for the final fitness error were derived for (1, \) strategies. We considered
the (u/pr, A) variants by a simple modification of the respective equations. Although the
prediction quality is quite good as we have seen, a formal derivation of the final fitness for
(u/pr, N) ES still needs to be developed.

In the case of the function OneMax, only (1, A\)-ES were considered. Equation (2.49)
predicts the experimental data generally well but can only be used if the progress coefficient
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c1,) is sufficiently small in relation to the noise strength. For larger offspring population
sizes, it tends to an underestimation of the final fitness error.

We applied the standard noise model assuming that the noise can be modeled simply
by adding a normally distributed random variable to the fitness function. While this model
is used in most publications there are several cases where it might not be applicable and
other forms of modeling will have to be used. As an example, we refer to the optimization
of aerodynamic structures (see [16]), where the noise has to be modeled inside the fitness
function. The investigations will have to be extended to develop equations for these cases,
which will require the application of novel techniques like the ones which were developed
in [8].
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Chapter 5

Appendix

5.1 Final Fitness Error of Function Fj

Inequality 1: Sé < No? —40* YN, o 2(i)
In order to prove the first inequality, we look at a single addend of Sé, ie.
o +4y> D o2 (y)[1 — P o2 (y)]—40%dg 02 ()Y (2P 42 (y) — 1]—40*¢] 2 (y), and show that

Y’ Py o2 (y)[1 — Py p2(y)) < 0o 02 (y)y[280 02 (y) — 1]. (5.1)

Since the terms on both sides of the inequality are symmetric, it suffices to show the
validity of (5.1) for y > 0. Using the transformation z = oy, (5.1) simplifies to

28(2)(1 = (2)) = 20(2)P(—2) < ¢(2)(22(2) — 1), (5.2)

where @(2) = @¢1(2) and ¢(z) = ¢o,1(2). Considering f(z) := 2P(2)P(—2) — ¢(2)(2P(2) —
1), we see that f(0) = 0 and that f(z) — 0 for z — oo.

We need to show that f(z) <0 for all z> 0. If f has only a minimum on (0, c0), the
inequality is proven. The first derivative of f is given as f/(z) = ®(2)®(—2) — 2¢%(2) =
h(z) — g(z) with f/(0) < 0 and lim,_,o f'(z) = 0. The second derivative is given by
f"(z) = "(2) — ¢"(2) = —¢(2)(2(2) — 1) +42¢?*(z). We will first consider the zero points
of f"(z), i.e. the solutions of

WI(2) = '(2) = H(=)(28(2) — 1) = 426°(2)
= 20(z) — 1 = 4z¢(2). (5.3)

Naturally, we have f”(0) = 0. Setting k(z) = 28(z) — 1 and I(z) = 4z¢(z), we note
that k& with k'(z) = 2¢(z) is monotonically increasing and approaches one. In contrast
to this, [ with I(z) = 4¢(2)(1 — 2?) grows until z = 1 and then decreases monotonically
approaching zero. We also note that I'(z) > k'(2) for z < 1/v/2 whereas I'(z) < k/(z) for
z > 1/4/2. Therefore, there is exactly one zg > 1/v/2, with I(z9) = k(z0) or f"(z0) = 0.
Since f"(z) > 0 for z < zp and f”(z) < 0 for zp < z, f/(z) has its only maximum in z.
We know that f/(z9) > 0, because f’ decreases monotonically towards zero for z > zp.
Since f'(0) < 0, there is exactly one z; € (0, z9) with f’(z;) = 0. Therefore, f has only one
extremum (minimum) in (0, co0) which is necessarily smaller than zero.

Equation 2: [Mg|= Zz‘]\; yi(ZQSO,oZ (yi) — 1) + 202%,02 (i) — lyil
To show the validity of the second equation, it suffices to prove (2@ ,2(y)—1)+202¢g 2 (y)
> |y|. Since all terms are symmetric, we will only consider y > 0. Using the transformation
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z = oy again, the inequality is given as 22®(z) + 2¢(z) > 2z. Considering the function
f(2) == 2®(2) + ¢(2) — z = 2(P(2) — 1) + ¢(2), we see that f(0) > 0 and f(z) — 0 for
z — 00. The derivative is given by f/(z) = @(z) —1 < 0. The function f is therefore
monotonically decreasing approaching zero in the limit case which shows f(z) > 0 for all
z > 0.

Inequality 3: h(z) = ﬁ—W > 0.5 for > 1 which can be shown as follows.
T 212+1

/4 2 _ 2
h(z) = Lﬂzo_5

1- /22241

= Vat+ta?—a2?>

R

1
27 2l
1 2
= V22 +1(Vat + 22— 2?) > 5(\/2x2+1——)
T
2
=226 + 304 + 22 — 222222 + 1 — V222 + 1> — =
s

2
= V/8a6 + 1224 + 422 — /(222 +1)3 > —=
T

= Jea 1 - a2 ) - a2 4 1) > —% (5.4)

Setting t = 2z2 + 1, we consider g(t) = V13 —t — V3, t > 3. We will show that g is a
monotonically increasing function. Since g(3) > —2/x this will prove h(xz) > 0.5 for all

2 > 1. The derivative is given as ¢'(t) = 3o=L — 32 Setting ¢'(¢) = 0 leads to
2Bt 2V &9

32 -1 3¢
B—t Vi

= B2 -1V =32Vt -t
— (9t* — 612+ 1)t3 = 9t (£ — 1)
— 9tt — 6t +1 =9t* — 9¢* sincet >3

= 3t 4+1=0 (5.5)

Therefore, ¢'(t) # 0 for all t > 3. Since ¢’(3) > 0, the function g is monotonically increasing
which proves h(z) > 0.5 for all z > 1.

Alternative distribution for F5: The behavior of function h(x):(mQ(Q(P(—%)ezz% —1)
+ \/g:r)/(l - ﬁ@(—ﬁ)eﬁ) (3.34) will be considered in the following.
We will start with determining the limit value of h(z) showing that h(z) — 1/2 for

x — 00. Since the denominator approaches 1 as it can easily be seen, it suffices to show
that 22(28(—1/z)em? — 1)+ a/2/7 — 1/2.

As a first step, we calculate the limit value of x(2q5(—1/x)e$ —1)+ 2/~

We know that 2@(—%)62%2 —1) — 0 for z — oco. Writing :1:(2915(—%)&%2 —1) as
(2¢(—1 )ezzL2 —1)/1, we can apply 'Hospital’s rule leading to

21 2 g(_Lyem? 7 2 1
\/;cc2 3 T _ _\/;_’_ = (__)eﬁ (56)

i =
= x z
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which approaches —/2/m. Therefore, z(20(—1/z)e2 e 1)+ /2/m — 0 for x — oc.

We will now determine the limit value of the nominator. Setting f(z) = z(2&(—2)e2?
—1) 4+ /2/m and g(z) = 1/x, we have f(x) — 0 and g(z) — 0.
Applying ’Hospital’s rule again, we get

1

1 1
@) fla) . 20(=g)e? — 1420 — Hd(—])en?
Aoy T am ey = A — .6
$2

Since we have again f’(x) — 0 and ¢'(z) — 0, we continue with the second derivative and
arrive at

/()

1 1
| Cpe o ReChet [T 2alet
lim = lim =1 5 (5.8)
T—00 g’(l') z—o0 g’ (55) T—00 ==
1 i 1 1 1 1
= A P )ext = et e = 5 (5:9)

Therefore, h(x) — 1/2 for x — .

It remains to be shown that h(z) > 0.47715 for all > 1/v/2. Setting f(z) =
22 (20 (— )e2z —-1)+ \/gzz: and g(z) =1— ﬁ@(—\/—#)eu we know that h(z) > f(x).

In the following, we show that f is a monotonic function on [1/+/2,00). The derivative
1 1
is given by f/(z) = 22(2®(—1/z)e2? —1) — 2/2®(—1/x)e2:2 +2/2/7. Setting f'(z) =

we get
1 1 2 1 1
2x (29 222 — 1) — —P(——)e2? = -2 =
(OB(~)emz — 1) — Za()ent = -2/
1. 4 1 1, 4
_ 22 —Pp(—— 22 — ./~
1—2(— a:) +$2Q5( x)62 95”77' (5.10)

5'2 32
Setting s = 1/x, we now consider the function k(s)=1—2®(—s)e? +s2®(—s)e? —s5,/2/7
on (0,v/2]. Since k(0) = 0 and k(+/2) < 0, we show that k(s) < 0 for all s € (0,/2).

Let us consider the derivative of k, i.e. k'(s) = s%(s®(—s)ez — 1/y/2m). Setting
52
K'(s) = 0, leads towards s = 0 or s®(—s)ez = 1/4/27. Let us assume in the following

2

that there exists a ¢ € (0,v/2) with ¢®(—c)eT = 1/y/2r. We have to show that k(c) < 0.
Substituting ¢ into k, we get m(c) = 1 — 2/(cv/27) — ¢/v/27 for all ¢ € (0,1/2). Since
lime—om(c) <0 and lim__, 5 m(c) <0, the proposition is proven if m’ has no zero points
on (0,v/2). Since m/(c) = 2/(v/2mc?) —1/+/2m, we have m/(c) = 0 for ¢ = /2. Therefore,
k(s) < 0 for all s € (0,4/2] and f'(z) # 0 for all z € [1/v/2,00). Since f'(1/4/2) > 0, the
derivative is positive.

Since f(x) > 0.47715 for x > 12 and h(1/y/2) > 0.47715, it only remains to verify
h(z) > 0.47715 for = € (1/+/2,12). Setting ¢ = 0.47715, let us consider I(z) = f(z) —cg(x)
for x € (1/v/2,12).

l(z) = (2@(—&) 27 —1)—1-\/%36—0—1-0%@( \/1_33) en? >0
2B by 1y Y2 © 2 Bt Yemz >0 (5.11)

x N _p—{_cﬁa@ V2
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Setting s = 1/x, we now consider

= —S eg— ﬂ— C zi 5 %
h(s) = 20(—s) L+ oz 0= 5 20 (5.12)

on I = (1/12,/2). We decompose I into smaller intervals, i.e. I = |J, I and show that
h(s) > 0 for all s € I}, = [bk, bgt1]. Since h(s) is given by

h(s) = h(bg) + bs W () dt, (5.13)

we will derive a lower bound for b’ (t) which can be determined as

t2 t2 &
W(t) =t(20 e T (6t + %) — 2¢c — —t?) = tu(?). 5.14
() = t(20(~t)e> \/— P(— \[) ( ) —t7) = tu(t) (5.14)
Since #(—t)e? is a decreasing function, we have &(—t)ez > &(—bgi1)e” 2 = wiy1 and

2
1

2 b
@(—%)e% > QS(_bf/%l )ekT+ = vgy1. Thus, we obtain

w(t) > 201+~ (6 + £3) — 26 — 42 (5.15)
T

NG
as a lower bound for u on I. In order to find a minimal value for that lower bound # in
I, we consider the possible zero points of @/ (t).

~, & 9 2c
t) = — 6+3t°)— —t=0
u ( ) ﬁvk-‘rl( + ) T
2
e 22—~ =0
3V
= ¢ LRI S (5.16)
12 = - .
3ﬁUk+1 97'("1)%_’_1

The root is only a real number if 1/(97v7 ;) > 2 or 1/(187) > v7,,. The smallest possible
value for vy is &(—1)4/e which is greater than 1/4/187. Therefore, @’ does not have any
zero points on I and @ is a monotone function. Depending on the sign of @/, @ assumes
its minimum either at by or at byi;. Setting ¢, = mincy, u(t), a lower bound for h(s) is
thus given by

h(s) > h(bg) + | tepdt = h(be) + 3 k(52— p2). (5.17)
by
Depending on the sign of ¢i, we finally obtain the lower bound

h(bk) ifep, >0

h(s) > hy = . ) . 5.18
() = hu {h(bk)+;(bz+1—b§)1fck<o (5.18)

The intervals chosen and the values of hy are given in Table 5.1. All values were obtained
by using Mathematica. As one can see, hy > 0 for all £ which proves h(s) > 0 on I.

5.2 The ¢,/ Progress Coefficient

The ¢/, z—coefficients used in the paper were obtained by using the generalized progress

coefficients 63’5 (see [6], p. 172). The coefficient ei’g can be identified with ¢/, y and
determined numerically. Table 5.2 shows some selected ¢/, x—values used in this paper.
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Table 5.1. The lower bounds hj; for the interval decomposition considered. Also shown are the
values for the derivative of & and the cg-values.

bi| brt1|t (b + (D41 — bi)/2) Ck hy
0.05 0.1 0.743357 0.0084933 0.0000573665
0.1] 0.15 0.7114 0.00939039 0.00022919
0.15] 0.2 0.681914 0.00976756 0.000512478
0.2[ 0.25 0.654726 0.00967363 0.00090116
0.25 0.3 0.629675 0.00915364 0.0013865
0.3[ 0.35 0.606612 0.00824899 0.00195748
0.35] 0.4 0.585401 0.00699779 0.00260111
0.4[ 0.45 0.565914 0.00543505 0.00330276
0.45] 05 0.548037 0.00359291 0.00404641
0.5] 0.55 0.531658 0.00150086 0.00481491
0.55] 0.6 0.51668 -0.000814083 0.00556674
0.6] 0.65 0.503009 -0.00332715 0.00624933
0.65 0.7 0.490558 -0.00601568 0.00688195
0.7 0.75 0.479249 -0.00885894 0.00744421
0.75] 0.8 0.469008 -0.011838 0.00791558
0.8[ 0.85 0.450764 -0.0149355 0.00827546
0.85] 0.9 0.451456 -0.0181358 0.00850329
0.9[ 0.95 0.444023 -0.0214243 0.00857861
095 1 0.437411 -0.0247881 0.00848115
1] 1.05 0.431568 -0.0282151 0.00819085
1.05] 1.1 0.426447 -0.0316945 0.00768791
1.1] 1.05 0.422003 -0.0352165 0.00695286
L15] 12 0.418195 -0.038772 0.00596657
1.2] 1.25 0.414985 -0.0423531 0.00471029
1.25] 1.3 0.412336 -0.0459523 0.00316564
1.3] 1.35 0.410214 -0.049563 0.00131466
1.35] 1.37 0.413664 -0.038805 0.0017404
1.37] 1.39 0.413097 -0.0402718 0.00087403
1.39] 14 0.41428 -0.0368903 0.000607786
1.4] 141 0.414053 -0.0376248 0.000142087
[ 1.41]1.414] 0.414844]-0.03543814214607244] 5.27635490428548 + 109
[1.414] V2] 0.415395] -0.0338832]5.246888030107535 * 10~°|
Table 5.2. Some c,,/, y—coefficients
pl[ 1] 2] 4 6] 10] 15[ 20] 25] 30
Cu/uo0|[2-3192.127|1.882]1.713[1.4721.252[1.076]0.924[0.788
p| 35] 40| 45| 50 54] 56| 58] 59
Cou/p60]0-660]0.538]0.417]0.294]0.190]0.134[0.073]0.039

5.3 Description of the ES Used

For the simulation of the dynamic behavior of (u/ur, \)-ES under systematic noise, the
ES has to control the endogenous strategy parameter o. We used a standard approach
in this paper: the o self-adaptation (see [17], [18], or [9]). Due to the findings in [7]
we we widely refrained from using the cumulative step size adaptation (see [13] and [14])



CHAPTER 5. APPENDIX 46

only considering it as an alternative in the case of the Li-norm. To prevent premature
convergence, we introduced a minimal mutation strength.

The o self-adaptation makes use of a coupled inheritance of object and strategy pa-
rameters. For a parameter a, we denote with (a)(¥ the centroid of the u best offspring,
ie.

(@)@ == 3" al%) (5.19)

The algorithm can be expressed as

( ()N (0,1)
o (o) e
Vi=1,...,)\: b
{yl(gH) =9 + 0" VN (0, 1),

g+1) . _
' (5.20)

where 7 is the so—called learning parameter. For the simulations 7 = \/Lﬁ was chosen.

As can be seen in (5.19) the mutation strengths o; are calculated for each offspring [
independently. This o is then used as the mutation parameter to obtain the corresponding
object parameter.

In contrast to the oSA-algorithm, the cumulative step-size adaptation [12, 14, 1] uses a
single mutation strength parameter o per generation to generate the offspring population.
The parameter is changed by a deterministic rule which is controlled by certain statistics
gathered over the course of generations. The update rule reads

Vi = 1, .. .,)\ : yl(g+1) = <y>(9) =+ J(Q)Zl, wherezl ~ ./\/(0, 1)
st .= (1 —¢)s@ + /(2 = c)ey/H <<Z>(g+1)) ) (5.21)

1) . ||sto V] 2—N
o9+ .= o9Dexp (W)

The initial value s(©) was chosen as s(?) = 0. The recommended and used standard settings
for the cumulation parameter ¢ and the damping constant D are ¢ = \/—% resp. D = +/N.
The term N in the numerator equals the mean squared length of the progress vector if
consecutive steps are independend. As in [1], the algorithm was slightly changed by taking

the the squared length of the accumulation vector instead of the length as in [12].
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