X

COMPLEMENTS AND APPLICATIONS OF THE
THEOREMS OF HADAMARD AND HURWITZ

45. We have seen that if f(x), ¢(x) have isolated singulari-
ties a, B, respectively, the functions remaining uniform
about these points, we can write

76 = L)+ Folo),

fi(x) having only a; as a singularity, and F,(x) having no
singularities within a circle Cy of arbitrary radius R, if 7 is
sufficiently large. Similarly

8 = Do) + 0l

with a corresponding statement for Cr. We have also seen
that n,m

H(f) ¢) = Z H(fi, ¢J)

1,j=1,1

+ BH(Eno)+ LH 0w 1), (1

i=1
Denote by r,r; the radii of convergence of the series for
/> ¢, respectively. None of the series

YH(F., )
i=1

has a singularity in the circle of radius Rz, and none of the
series n

2 H( @, f)

i=1
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has a singularity in the circle of radius R;». Let R’ be
arbitrarily large. Since R is arbitrary, there exists for each
R’ a number R such that all the singularities of H(f,¢) in
the circle of radius R’ occur in

n,m

Z:ljy(fb ¢U)

1.5=1

In fact we need only take R,R; so that Rr, and R,r exceed
R’. Then in the circle Cp are singularities only of the form
vii = ;8. On the assumption that v; can be obtained in
only one manner, it will be a singularity of only one func-
tion H(f;,¢;). The remaining functions in (1) will be regu-
lar in y; That i1s, H(f;, ¢;) is the principal part of the
singularity of H(f,¢) in v;. But f;, ¢, are the principal
parts of the singularities of f in «; and ¢ in 8;, respectively.
Hence Borel’s remark that the kind of singularity of H(f,¢)
in vy = ;8 depends only on the kind of singularity of f in
o; and that of ¢ in 8. We have verified the statement for
isolated non-critical points; the remark applies, however, in
certain cases to singularities of other kinds. With Borel,
we make precise this remark in the following theorem:

46. THEOREM 1: If v,; is obtainable in only one way, and
if o 15 a pole of order q of f, and B; is a pole of order p of &,
then v, 1s mecessarily a singularity of H(f,¢), and is a pole
of order p + ¢ — 1.

Because of the preceding remarks, it suffices to give the
proof for the case in which the point 1 is a pole of order ¢
of f, and of order p of ¢, the functions f and ¢ being regular
elsewhere. In order to justify the assumption that the poles
are situated at the point 1, suppose g, 8y are the respective
poles of f and ¢. Then the series

DIV RSTD YN
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have poles at the point 1. If we can show that the series
Zanbn(aOBO) nxn

has a pole of order p + ¢ — 1 at the point 1, it will follow
that
Zaﬂbllxn

has a pole of order p + ¢ — 1 at the point 8.
We may write

4, 4,
1) = Aot 724t i
B B,
T~ A=

¢(x) = By -+
Now

i ka)k=§(k fjkl) !(n-}-k— Dn+k—=2)(n+ Dx

= ZQk—l(n)x"

where Q¢(n) = 4y, Qry(n) =

wf%!m+k—nunw+n.

Then f(x) = 3, U,_(n)%* and similarly, ¢(x) = X, 7,_(n)a",

d P
writing U,_;(n) = k;l Qu_1(n)y Vp_s =k_21 Pi_i(n).

Hence,  H(f, 8) = X Ryppoa(ma,
where Rygo=U,, Vooy
Let Rprges = co+ cin 4o o F cppqua(n)?te?
Then X, Rypqea(m)a™ = X, (co 4+ A Cppqom® T B)a"

= o LA Xy na e gy Yy nPHTN
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Each of the functions in these series =x#*x™ has a pole of
order £ + 1 in the point 1. Consequently H(f,¢) has in the
point 1 a pole of order p + ¢ — 1.

47. THEOREM 2: [f vy is determined in only one way, and
if iy B; are essential singularities of f,, respectively, then v
15 an essential singularity of H(f, o).

Assume that the point 1 is an essential singularity of f
and ¢, and that these functions have no other singularities.

If

f&) = Xaa" o) = Lbat,
then, from Faber’s theorem, a, = g(n), where g(n) is an
integral function such that

lg(z) |< e for r>r,. r=|z].

Similarly b, = gi(n), where | g,(z) | < ¢ for » > #'. Hence
G = ggi, an integral function (not a polynomial, since g, g
are not polynomials) such that

|GG) | < ey 7> 1,

r. being the greater of 7. and 7",
2

By Faber’s theorem, the series

LG(mx" = Laba" = H(f,4)
has the point 1 as its only singularity, and from the re-
marks in § 42 it follows that this point is surely singular
for H, and likewise essential.

It 1s to be noted that the point 1 is an essential singularity
of H(f,¢) if this point is an essential singularity merely of
one of the functions f, ¢, provided that for the other func-
tion it is an isolated, non-critical singular point.!

In general, if the @, 8 are not isolated, it may happen, as
shown by an example of Soula,? that even if v;; is determined

t Faber, Jahresb. der deutsche Math. Verein., bd, xvi (1907), p. 285.
2 Jour. de Math. pures et appliquées, t. 86 (1921), p. 197.
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in only one way, none of the points v i1s a singularity of
H(f,¢). Another example 1s the following. Suppose

AL —
fx) = Yax™ lim (Vg — N) = 0,
n— o0

the series having the point 1 as its only singularity. The
existence of such a series was proved in Chapter V. Let
{M} denote a sequence chosen from the sequence comple-
mentary to {),} and having the property that

lim (M — \) = .

n— R0

Form the function w
8(e) = ¥ by 2,
n=0

the series having unit radius of convergence. Then H(f,¢)
= 0. By Hadamard’s theorem, the series for ¢(x) has its
circle of convergence as a cut. Its singularities therefore
consist of all points whose absolute value is at least 1.
Since a = 1, we have |af| = |82 1. But none of the
points «f is a singularity of H(f,¢) which vanishes identically.

48. We now show that the theorem of Hurwitz may be
applied to give the angle of at least one singular point on
the circle of convergence.

TueoreMm 3 (Mandelbrojt): Let g(z) be an integral func-
tion such that

lg@) | < e forr>r,r=|2z].

Let f(x) = Za,x", a series with unit radius of convergence, and
having all its singularities on the circle of convergence. Let

Yn = alg(" + 1) - CIILan(n) +' v + (— 1)"an+1g (1))
E=1mV v
2
Then one of the angles cos™ (1 - é—) 15 the argument of

2
at least one singularity of f(x).
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Proof: Consider the series

® a,
L A ©)
n=0
and
- 1 1
‘\;____Zni&li_) (3)
Denote by o the singularities of f(x). Then |a| =1
The series (2) has singularities only of the form o’ = 1
o

The series (3) has the point — 1 as its only singularity, since,
by Faber’s theorem, the point 1 is the only singularity of
sg(n + 1)x**t.  The operation of Hurwitz applied to (2)
and (3) gives

g‘) zzi‘ @)

Every singularity v of (4) is of the form o' — 1. The
radius of convergence of (4) is given by

E=HmV|v.|.

Hence there exists a singularity of (4), say ke, 0< ¢y < 2 =,
and og such that

ke = qp— 1
That is,
k(cos yo + 78In ) = cos ¢ — 1 + 7 sin ¢q.
Equating the real and the imaginary parts, we obtain
kZ

CoS ¢g = 1——?
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At least one of the ¢o thus determined is the angle of a

. . . 1 .
singularity o’ of (2). But since a = — the same is true for
o
f(x).
By means of this theorem it is possible to determine the
positions of the singularities of certain functions all of whose
singularities are on the circle of convergence.





