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ABSTRACT

Coupling Surface Flow with Porous Media Flow

by

Prince Chidyagwai

This thesis proposes a model for the interaction between ground flow and surface
flow using a coupled system of the Navier-Stokes and Darcy equations. The coupling
of surface flow with porous media flow has important applications in science and
engineering. This work is motivated by applications to geo-sciences.

This work couples the two flows using interface conditions that incorporate the
continuity of the normal component, the balance of forces and the Beaver-Joseph-
Saffman Law. The balance of forces condition can be written with or without inertial
forces from the free fluid region. This thesis provides both theoretical and numerical
analysis of the effect of the inertial forces on the model. Flow in porous media is
often simulated over large domains in which the actual permeability is heterogeneous
with discontinuities across the domain. The discontinuous Galerkin method is well
suited to handle this problem. On the other hand, the continuous finite element is
adequate for the free flow problems considered in this work. As a result this thesis
proposes coupling the continuous finite element method in the free flow region with
the discontinuous Galerkin method in the porous medium.

Existence and uniqueness results of a weak solution and numerical scheme are
proved. This work also provides derivations of optimal a priori error estimates for the

numerical scheme. A two-grid approach to solving the coupled problem is analyzed.
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This method will decouple the problem naturally into two problems, one in the free
flow domain and other in the porous medium. In applications for this model, it is
often the case that the areas of interest (faults, kinks) in the porous medium are
small compared to the rest of the domain. In view of this fact, the rest of the thesis is
dedicated to a coupling of the Discontinuous Galerkin method in the problem areas
with a cheaper method on the rest of the domain. The finite volume method will be
coupled with the Discontinuous Galerkin method on parts of the domain on which
the permeability field varies gradually to decrease the problem sizes and thus make

the scheme more efficient.
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Chapter 1
Introduction

Coupling free flow and porous media flow is an important problem because of the wide
ranging applications in science and engineering. This thesis develops efficient numeri-
cal techniques for solving coupled surface flow and porous media flow by coupling the
continuous finite element, also refered to as the Continuous Galerkin method (CG)
in the free flow domain with Discontinuous Galerkin (DG) method in the porous
medium. The choice of the DG method is suitable because of the difficulties that
arise due to the heterogeneities and discontinuities in porous media. As the algebraic
systems from the coupled model are large and time-consuming to solve, this work
also proposes a decoupling technique based on a two-grid method for more efficient
computations.

Motivation for this work is driven by applications of this coupling phenomenon to
modelling the interaction between groundwater flow and porous media flow. Other
applications include modelling industrial filtration [17] and modelling filtration of
blood flow. When coupled with a transport equation, this phenomenon can also be
used to study the diffusion and propagation of pollutants in water [8]. In this work,
the free fluid domain is modelled by the Navier-Stokes equations and the flow in
the porous medium is modeled by Darcy’s law. The choice of these models requires
conditions to be specified on the interface to couple the velocity and pressure variables
in the two computational domains. To address the issue of coupling the velocity

variables, Beavers and Joseph [3] perform experiments measuring the mass efflux of



Poiseuille flow over a permeable block. They postulate that the difference between
the slip velocity of the fluid and tangential componenent is proportional to the shear
rate of the fluid. Saffman [50] provides a theoretical justification of the condition
proposed by Beavers and Joseph [3, 29]. This interface condition is now a widely
accepted interface condition know as the Beavers-Joseph-Saffman law. The interface
conditions were later completed by Payne and Straughan [39] to include the continuity
of the normal component of the velocity and the balance of forces.

Early numerical work on coupling Navier-Stokes and Darcy equations can be found
in the work by Salinger et al. [51] where they couple the Navier-Stokes and Darcy
equations to study combustion of coal being transported due to exothermic reactions
with oxygen. Gartling et al. [20] have studied the coupling of viscous and porous
media flow with applications to alloy solidification. In {51, 20] the porous medium
is fairly homogeneous and the continuous finite element method is used for numer-
ical simulations. However, in modelling the interaction between surface flow and
groundwater, the permeability in the porous medium is in practice heterogeneous
and discontinuous. Kaasschieter [30] has shown that the continuous finite element
method produces unphysical flow in the case where the porous medium has highly
discontinuous permeability coefficients.

This thesis builds upon these previous works by proposing a method that has
proven capabilities in handling discontinuities that may arise in porous media appli-
cations. This will be achieved by a numerical scheme that couples the DG method for
the porous media region and the CG method in the free flow region. The DG method
is well suited for this application as it is locally mass conservative and allows for
discontinuous basis elements which can easily capture the underlying discontinuous

rock structure. However, DG methods are computationally expensive as they result



in larger linear systems compared to CG methods. The continuous finite element
method is very effective for simulating surface flow. Therefore the coupling of DG for
subsurface and CG for surface flow seems to be an efficient scheme.

Theoretical studies of models of coupling free flow and porous media flow were
independently studied by Layton et al. [33] and Discacciati et al. [14]. Layton et
al. [33] analyze a mixed finite element formulation for the coupling of the Stokes and
Darcy equations. In [33] a domain decomposition approach is proposed that imposes
the interface conditions using Lagrange multipliers. The Stokes equations are best
suited for modelling laminar flow; however, free flow can be non-linear in a lot of
applications. As a result this work proposes to model free flow using the Navier-Stokes
model. Discacciati et al. [14] analyzed the coupled Navier-Stokes and Darcy models in
the continuous finite element case. Discacciati at el have proved well-posedness results
and numerical simulations have been done for the Stokes/Darcy model. Cesmelioglu
and Riviere [9, 10] have studied the time dependent coupled Navier-Stokes and Darcy
equation using the DG method. In this work I prove existence and uniqueness results
for a numerical solution for the coupled Navier-Stokes and Darcy equations, and derive
a priori error estimates. The discontinuous Galerkin method provides robustness to
the model to handle different conditions simulating a wide range of rock structures in
the porous medium. In order to illustrate the effectiveness of coupling the continuous
finite element method with the discontinuous Galerkin method, implementations of
the coupled scheme using only the continuous finite element method will be compared
to implementations with DG in the porous medium.

Obtaining a numerical scheme from the coupled Navier-Stokes/Darcy scheme is
often time consuming. In particular for the applications that are considered in this

work the computational domains are very large. It is therefore necessary to develop



faster and more efficient ways to solve the coupled problem. One approach that can
be used is a two-grid approach. The application of two-grid methods was first applied
to finite element methods by Xu [55, 53, 54]. The method has also been used for the
linearlization of nonlinear problems in [34, 21, 22]. The two-grid method involves
solving the coupled problem on a coarse grid, then decoupling the problem on finer
grids by using the coarse mesh solution for the interface in each region on the finer
grid. This is a useful technique because it allows easy parallel implementation and
results in solving two relatively smaller problems on the fine grid. Codes that have
been optimized for solving the Navier-Stokes and Darcy equations separately may
also be employed to solve the linear systems resulting from the decoupling. Girault
and Lions [22] have applied a two-grid technique to the Navier-Stokes problem in
polyhedra in three dimensions. The same technique has also been applied to the
transient Navier-Stokes problem by Girault and Lions [21]. Xu and Mu [36] have
solved the coupled Stokes/Darcy problem using the mixed finite element formulation
using this two-grid approach. The two-grid method will be extended to solve the
coupled Navier-Stokes/Darcy problem proposed in this thesis.

A closer look at the numerical examples solved in this work shows that in the
porous medium it is often the case that the areas of interest (pinches, faults) are
usually smaller in comparison to the rest of the domain. The finite volume method
studied in for example [35, 42, 6, 5, 27, 19} is widely used in applications to flow in
porous media. This method is capable of capturing the flow in parts of the domain
in which the permeability is well behaved; however, it is not as accurate in fractures,
faults or areas of high discontinuities. The advantage of the finite volume method is
that it results in smaller linear systems to solve. With these facts in mind it seems

that coupling the DG method with the finite volume method would be a natural



choice.

The outline of this thesis is as follows. In Chapter 2 I introduce the partial differ-
ential equations that model fluid flow in the Navier-Stokes and Darcy domains. To
complete the model, interface conditions are also specified. Existence and unique-
ness proofs of the weak solution are proved in Chapter 3. The coupled problem is
discretized in Chapter 4 and a numerical scheme is proposed. Chapter 5 presents
numerical results from simulations of the coupled problem under various parameters
of the model. Chapter 6 introduces the two-grid decoupling techiniques and presents
the theoretical framework. The last chapter in this thesis is devoted to the coupling

of the finite volume method with the DG method.



Chapter 2

Coupled Navier-Stokes/Darcy Model

Introduction

In this chapter the partial differential equations that model flow in the free flow
domain and the porous media domain are introduced. In order to complete the

model, coupling conditions on the interface are also specified.

2.1 Numerical Schemes

Figure 2.1 : Computational domain of surface and subsurface

The computational domain 2 is assumed to be a bounded domain in R*, n =23
composed of two disjoint subdomains 2, and €9, the free flow and porous media

domains respectively. The two domains are separated by a an interface 'y = 00 U



9Qy. The interface I'12 is assumed to be a polygonal line. An example domain is
shown in Figure (2.1). The fluid flow is described by the Navier-Stokes and Darcy

equations in the free flow (€21) and porous medium (22) domains respectively.

2.2 The Navier-Stokes Equations

The flow in §2; is incompressible and is characterized by the Navier-Stokes equations.
The Navier-Stokes equations are used to model fluid flow in which the non-linear
effects are important but they are balanced by the viscous effects. The resulting flow

problem will always achieve equilibrium.

-V (2VD(’LL1) —pl.D +u -V = fl, in 3, (2.1)
V.ow = 0, inQy, (2.2)
u = 0, on 8Q1\I‘12 = Fl. (2.3)

The fluid velocity and pressure in §2; are denoted by u; and p; respectively. The
coefficient v > 0 is the kinematic fluid viscosity, the function f, is an external force

acting on the fluid, I is the identity tensor and D(w,) is the strain rate:

D(w;) = = (Vg + V7). (2.4)

N

2.3 Darcy Equations

The flow in €25 is driven by pressure pushing the fluid through pores in the medium.
The porous medium is assumed to be saturated by the fluid. This type of flow is
characterized by Darcy’s law. The porous medium boundary Ty = 9, \ T2 is the

union of two disjoint sets I'op and I'yn on which Dirichlet and Neumann boundary



conditions are imposed respectively. The Dirichlet and Neumann boundary conditions

correspond to a prescribed pressure and flux respectively.

~V-KVp, = fa, in Oy, (2.5)
—-KVp2 = wug, in Ny, (2.6)

p2 = ¢gp, on I'op, (2.7)
KVps-my = gn, onTon. (2.8)

The fluid velocity and pressure in {2y are denoted by wu, and p, respectively. The
function f; is an external force acting on the fluid, the functions gp and gy are the
prescribed value and flux respectively, the vector n, denotes the unit vector normal
to I'; and the coefficient K is a symmetric positive definite tensor uniformly bounded

from above and below. There exist constants Api, > 0 and Apnax > 0 such that:
ae. €N, Apinz - < K-z < A\paxx - . (2.9)

The hydraulic conductivity may be expressed as

K=.’f£2
14

were k is the intrinsic permeability of the medium, p is the density of the fluid and ¢

is the acceleration due to gravity [38].

2.4 Interface Conditions

The model is completed by specifying coupling conditions on the interface I';. The
mathematical difficulty arises from the fact that the partial differential equations
governing the flow in each domain are of different orders. The interface conditions

incorporate three main properties listed below.



1. The continuity of the normal component of velocity arising from the incom-
pressibility condition. Let m;s be the unit normal vector to I'yp directed from

Ql to Qg:
U - N2 = Ksz N2 (2.10)
2. The second condition is on the tangential component of the velocity in the free

flow region. Let 712 be the unit tangent vector on the interface I'j2 then the

Beavers-Joseph-Saffman law [3, 28, 50] will be written as
U - Ty = —2VG(D(u1)n12) - T12. (211)

The variable G is an experimentally determined constant that depends on the

nature of the porous medium.

3. The last condition relates to the balance of forces on the interface, this can be

achieved in two different ways:

(a) including inertial forces using one of the following conditions:

((=2vD(w1) + pr Dnaz) - m2 + %(w ‘w) = po (2.12)

Remark 1. A dimensional analysis will show that:

1
((=2vD(uy) + p1Dnya) -0y + EP(UI -n1)” = po

might be the correct condition to use. In Chapter (5) we study the numer-

ical solution resulting from this condition.

(b) without inertial forces

((=2vD(w1) + p1l)mi2) - ma2 = po, (2.13)
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Conclusion

The partial differential equations of the coupled surface flow and porous media flow
model have been presented. The Navier-Stokes equations will model free flow and
Darcy’s Law models flow in the porous media. The next chapter establishes the

mathematical framework of this model.
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Chapter 3

Mathematical Analysis

Introduction

A mathematical description of fluid flow requires the definition of functional spaces.
This chapter introduces the function spaces required in order to define the weak
problem for the coupled Navier-Stokes and Darcy problem. Furthermore, existence
and uniqueness results for a weak solution will be proved. The work in this chapter

has been published in [40].

3.1 Preliminary Notation and Function Spaces
The following is a short review of function and notation used in the rest of the chapter.

A complete presentation of this material can be found for example in |1, 31].

3.1.1 LP Spaces

Let O denote an open set in R? in the Lebesque measure. Let 1 < p < oo, recall the

Banach space LP of measurable functions v such that
/ lv(z)|P dx < 00,1 < p < 00, (3.1)
o
and in the case p = 00,

ess sup{|v(z)||z € O} < 0. (3.2)
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In fact L? is the space of equivalence of measurable functions, satisfying (3.1) or (3.2)

with respect to the equivalence relation:
v =w iff meas({z € Ov(z) # w(z)}) =0 (3.3)

In the case p = 2 , L? is a Hilbert Space endowed with the following inner product

(u,v)Lz(o)=/ w,  ||vl|z20) = (/ v?)'2.
O (@]

1 1
If 1 < p < oo, the dual space of LP(O) is L?, where 5+5 =1 and for ¢ = 00, p = 1.
Recall that in LP(Q©) Holder’s inequality holds:

I/ow(w)v(x) dz| < JJwl|el|vl|Le(0). (3.4)
For the case p = 2 the Holder inequality is the Cauchy Schwarz inequality:

vo,w € I3(0), |(v,w)ol < Jollzzo)lwlzo)- (3.5)

(3.6)
We also recall Young’s inequality:

)
Va,b € R,¥6 >0, ab< a + 551# (3.7)

3.1.2 Sobolev Spaces

Let D(O) denote the space the space of infinitely differentiable functions with com-
pact support in . The dual space D'(O) is a space of distributions. If o =
(a1, -+ ,aq),0; > 0, then the distributional derivative D*(Q) is defined by

x|
Vo € D(0), lal/ dzl a. ¢

d
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The Sobolev space H*(©), with k > 0 is the space of functions v € L*(O) such that

the distributional derivatives of v up to order k are functions of L?(Q).
H*(0) = {v € L*(0) : Y0 < |a| < k, D*v € L*(0)}.

H*(0) is a Hilbert space endowed with the norm
1/2
lolloy = (3 1Dl
0<|o<s
and scalar product
(w,v) ey = D, (D*w, D*v) 20y
leel<k

Further, the Sobolev seminorm associate with H*(Q) is

1/2
S 10%e))

i) = I7*vllz2c0) = (
lo|=s

Other important inequalities to recall are Poincaré and Korn’s inequalities and trace

and Sobolev inequalities: there exists constants Py, Cy, C, Cy and P4 that only de-

pend on the Navier-Stokes domain §2; and P, C3 depending on the Darcy domain 2,

such that
lvliL2) < PillVolle,),  Ivllza@y) < PallVollzey) (3.8)
Vvl L20,) < CLIID (W)l 22(0y) » (3.9)
IvllL2(ry) < CallVollrzy),  VllLery) < CallVollrz@,) (3.10)

and for all g € Mo,

lallL2,) < PallVallL2 (), (3.11)
lallz2ra) < CallVallL2(as); (3.12)

moreover, owing to (2.9), for all ¢ € H'(£):

1 1
——— K2Vl 12(0,) < IVallz2(0) < I K2V || 26 - (3.13)
vV )\max )\min
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3.2 Variational Formulation

Let H*(O) be the usual Sobolev space of order s [1] with norm || - [|zs(). We first
lift the Dirichlet boundary condition (2.7). If g € H'/?(T'sp), there exists a function

pp € H1(fy) satisfying:

PD = gD, on I'op, (3.14)
pp =0, on I'yy, (3.15)
llpollEr 0,y < Collgpll gz (ryp)s (3.16)

where Cy is a constant that only depends on €,. The Navier-Stokes velocity and

pressure belong to the space:

X; = {v; € (H(91))?: v =0 on Ty},

My = L*(fy),

respectively, and the Darcy pressure belongs to the space:
My = {go € H*(22) : g2 = 0 on I'pp}.

The first variational form (W,) includes the inertial forces in the balance of forces

on the interface:

;

Find u; € X3,p1 € M1,p2 = w2 + pp, with g2 € M, s.t.

Vv € X1,VYg2 € M, 21/(.D(’u,1),1)(’01))3-21 + ('u,l -Vu, vl)Ql - (pl,V . vl)&'ll
1 1

(Wa) +(<P2 - 5”1 © U, U1 77112)1-12 + 5(u1 - T12, U1 'le)rw - (Ul 'n12>02)1~]2

+(KV¢2,Var)a, = (fi, 01)91 + (fz,qz)Q2 - (KVPD,VQ2)92 + (9N, 42)

Vg1 € My, (V-ui,q1)o, =0.

IV
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The second variational form (Wg) does not include the inertial forces on the balance

of forces on the interface:

Find u) € Xy,py € My, p2 = 2 + pp, with o € My, s.t.

Vv € X1,Vq2 € Mo, 21/(17(111%1’(111))91 + (u1 - Vy, vl)Q1 - (p, V- '01)91
1

(Wg) +5(u1 “Ti2,v1 - Ta2)p, — (W Mz, q2)p + (KVe2, Vaa)a,

= (.fl?’vl)n1 + (f25q2)92 - (KVPD,V‘D)Qz + (QNaCI2)p2N,

L \7’q1 S ]\11, (V-ul,ql)gl =0.

1
The problems (W,) and (Wpg) differ only by the term (§u1 - UL, V1 - T2)Ty, Arising
from the balance of forces condition. The first step is to show that the variational

formulations are equivalent to the model problem.

Lemma 2. If (uy,p1,p2) € X1 x My x HY(Q2) satisfies (2.1)-(2.12), then it is also
a solution to problem (Wa). If (u1,p1,p2) € X1 x My x HY(S) satisfies (2.1) -
(2.11) and (2.18) then it is also a solution to problem (Wg). The converse of both

statements is also true.

Proof. First consider the model problem introduced in Chapter (2) (2.1) - (2.12 and
(2.13) with a solution (u1,p1,p2) € X1 x My x H'(Q). Multiply (2.1), (2.2) and
(2.5) by test functions vy € X1,q € My and g2 € M, respectively and use Green’s

theorem and boundary conditions:

2v(D(u1), D(v1))a, — (p1, V- v1)a, + (u1 - Vug, v1)a,

+((=2vD(u1) + piI)niz, vi)r,, = (f1,v1)0,; (3.17)
(V-u1,q1) =0, (3.18)
(KVp2, Va2)a, + (KVp2 - n12,q2)r,, = (f2,02)0; + (9N, 42)Toy - (3.19)

Rewriting v, = (v - ni2)ns + (V1 - T12) 712, adding (3.17) and (3.19) and using the
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interface conditions (2.11)- (2.13), we obtain:

2v(D(u1), D(v1))a, — (p1,V - v1), + (w1 - Vug,v1)a, + (KVp2, Va2 )0,
1 1
+(P2 - -2"“:1 s Uy, V1 - nlz)mz + 5(“1 "T12,U1 - T12)F12 - (Ul : n12,42)1~12
= (fl)v)ﬂl -+ (f2, Q2)Q2 + (ng QZ)FZN’
(V-u1,q1)q, =0.

Due to the lift on the nonhomogeneous boundary condition, @2 = pa — pp. The
choice of test functions (3.15) means that the trace p, = @2 on I'l2. We obtain the
resulting equations:

2v(D(u1), D(v1))a, — (p1, V- v1)a, + (w1 - Vug, vi)e, + (KVes, Va2)a,
1 1
+(p2 = ur - u, v ) S (W Tz v Ta)py, — (w2, a2y,
= (f1,v)e, + (f2,92)0, + (9N, @2)ron — (K'VPD, V@2)0,,
(V : ul)Ql)Ql = 07

which correspond to problem (W,). Conversely, assume that (w1, p1, po) is a solution

to (Wa). By choosing appropriate test functions, we recover the equations (2.1), (2.2)

and (2.5) in a distributional sense. First, take v; € D(21), g1 = g2 = 0. This yields:
V- -(2vD(w) —pi)+u -V = f (3.20)
in a distributional sense. Second, take ¢; € D(£;), v1 =0, g2 = 0:
V- u; =0. (3.21)
Third, take g € D(3), v1 =0, ¢ = 0:
~V-KV(p2+pp) = fo. - (3.22)

To recover the interface conditions, multiply (3.20), (3.22) by functions v; € X; and

g2 € M> respectively, use Green’s theorem, add the two equations and compare with
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(Wa):

1 1
(w2 — §(u1 cu1),v1 - M12)ry, — (U1 - M2, q2)r, + E(UI " T12,V1 - T12)ry, — (UN, @2)ron

= ((-2vD(u;) + pI)naz, v1)ry, + (KVp2 - mi2,92)r,, — (KVp2 - no, g2)r,y- (3.23)
By choosing v; = 0 and either gy|r,, = 0 we obtain

(KVp2-n2,02)r,y = (98, ©2)ron

the Neumann boundary condition (2.8). If we choose v; = 0 and ps|r,, we have
(u1 - na2,g2)ry, = —(K'Vp2 - ni2, g2)12,

the continuity of the normal component on the interface (2.10). Next, by choosing
g> = 0 and v; = vyngy where v; is a smooth function defined on each curvilinear

segment of I';, and vanishing in a neighborhood of 994 \ I'ys:

1
(=2vD(u1) + prI)n12,v1)r), = (92 — 5(“1 “U1), V1 - N12)y,

the interface condition (2.12) by noting that p» = 2 on I'1z due to (3.15). Finally,
choosing ¢z = 0 and v; = wv;T12 where v; is a smooth function defined on each

curvilinear segment of "5 and vanishing in a neighborhood of 9 \ I'12, we recover

1
a(ul “T12,01 - T12)ry, = ((—2vD(u1))niz, v1 - T12)ry,

the interface condition (2.11). Similarly problem Wg is equivalent to (2.1) - (2.11)

and (2.13). O

The next step is to show the existence of a weak solution to the problems W, and

Wpg.
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3.3 Existence of a weak solution

In this section we prove existence of weak solutions to problems W4 and Wg. The
Navier-Stokes velocity and pressure finite element spaces satisfy a continuous inf-sup

condition proved in [24]:

V.
inf sup (V- v, gl)m’

QneM (v1,q2)€X1 x M2 (val”%? Q + IIqu”LZ 0 )1/2”(]1”L2(91)
(1) (022)

> 3> 0. (3.24)

The velocity test functions are restricted to the space of weakly divergence free
functions:

V1={1)1€X1, v"l)]_:O}.

This space is a well defined closed subspace of X;. The variational formulation

for problem W, becomes:

(
Find u; € Vi,p2 = 2 + pp, with @y € Ma, s.t.

- Vv € V1,Vq2 € My, 2v(D(w1), D(v1)), + (u1- Vul,'vl)Q
(WA)J 1 1

1 1
+(p2 — FuL U, v "’12)1*12 + a‘(ul " T12, Y1 7'12)1‘12 — (1 - n12,Q2)p12

\ +(KV902aVQ2)Qg = (f17 vl)nl + (f27q2)92 - (KVPDaVQZ)Qz + (gNaq2)

Fan®

Similarly for problem Wpg the variational form becomes:

4

Find u; € Vi,p2 = @2 + pp, with gy € M, s.t.

) Vo, € V1,Vg2 € My, 2v(D(w1), D(w1))g, + (ul‘- Vg, o),

+ (2, v1 - n12)1~12 + é—(lq " T12,01 - ‘1'12)1~12 — (w - n12,Q2)r12

{ +(KVi2,Vaz)a, = (fi, 171)91 + (f2,Q2)92 - (KVPD,VQ2)92 + (9n, q2)

Fan®

Therefore, for « = A, B we now focus on the existence and uniqueness of the solution

to (W,). The problems (W,) and (W,) are equivalent because if (u1,p1,ps) is a
solution to W, then (uy,ps) is also a solution to W,. Conversely if (u,p;) is a

solution to (W, ) there exists a unique p; such that (uy, p1, p2) is a solution to W,, this

result follows from the inf-sup condition (3.24). The following corollary of Brouwer’s
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fixed point theorem will be applied to prove existence of a solution to the problems

W, and Wa.

Lemma 3. Let H be a finite dimensional Hilbert space with inner-product (-, )y and

norm || - ||g. Let F be a continuous mapping from H into H. Assume there is a

constant R such that

Vv e H with |v||lg =R, (F(v),v)g >0.

Then, there exists an element vg € H such that

f(Uo) = 0, ”’Uo”H S R.

Theorem 4. There ezists a solution to problem Wy.

Proof. We use the Galerkin approach. Since the spaces V'; and M, are separable, they

contain countable dense sets. Let {(wm,tm)}m>1 be a sequence of smooth functions

that form a basis of ¥ = V; x M,. Consider the finite dimensional space Y,, =

span{(w;,t;) : 1 <7 < m} equipped with the inner-product:

((’U, Q), (w7 t))Y = QV(D(’U), D(w))Ql + (Kan Vt)ﬂz'

We restrict problem (Wj4) to Y, and obtain a finite dimensional problem:

p

(WA,m)

\

Find (wm, pm) € Y s.t.
V1<i<m, 2v(D(un), D(wi))g + (m - Vim, wi)q,

1 1
+(om — 5 Um - Um; Wi - 77'12)F12 + 5(% S T2, Wy 7'12)1*12 — (Um - nlz,tz‘)mz

+(BVom, Vt)a, = (fi, wi)g, + (f2rti)q, — (KVPD,Vti)Q2 + (9n, i)

Fon’
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We then define a continuous mapping V4, @ Y, — Yiu:

1
(\I/A,m(’l),q), (w7t))y = 2V(D(’U)a D(w))Ql + (’U' VU; w)Ql + ((1 - §’U' v, W n12)F12
1
+ Z;—('u T2, W- 7'12)1,12 — (v- mag, t)F12 + (KVgq, Vt)q,

— (Fiw)g, — (f2t)g, + (KD, V1), — (an,1)

Con”

A zero of U4, is a solution to problem (W,,). The proof will proceed by applying
Lemma (3) to conclude that there is at least one zero of ¥4, is a ball of a certain

radius centered at the origin.

(Y am(v,q), (v,0)y = QV(D('U),D('U))Ql—l—(v.V'v,’v)Ql—}—(q——;—fu.v,v.nlg

, T (KVq, Vag)a,

)Flz

1
+5('U' T2,V 7'12)F12 - (v- n12,¢I)p

— (Av)g, — (f2:9)g, + (KEVPD, Va)g, — (9n.9)

1

Tan’

ForveV,, V.-v=0so:

1 1
(v Vo, 'u)Ql = —i(V-v,v- 'u)Ql + §(v~ ny,v- ”)691 ==(v-ny,v- v)aﬂl. (3.25)

1
2
Therefore since v = 0 on I'y:
1
('U- V'U, ’U)Q1 —+ (q —_ E’U- v,V n12)F12 _ ('U' nlz,q)rlz = O,
which results in
1
(\pm(v; Q)a (’U, Q))Y = ZVHD('U)H%Z(QI) + 5“” T12||%2(I‘12) + |IK1/2Vq|I2LZ(QZ)
—(f1,9)q, — (F2,9)q, + (KVpD, V), — (93, 9)p,,,- (3:26)

We now bound the terms in the second line of (3.26). Using (3.5), (3.8), (3.9) and
(3.7), we obtain

I(flv ’U)Qll

IA

[1Fill 2o vl L2¢00)

v PC?
P10 D()| 2y il 2y < §“D(’U)H%2(Ql) + #Ilfl”%z(m)-

IA
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Similarly, using (3.5), (3.11), (3.13) and (3.7), we have
(f2r )0, < ||K1/ Valliag,) + 5 7’2||lele ()"
Using the bounds (3.16), (3.5) and (3.13), we have
(KVpp, Va)g, < 1KY Iallag,) + CohmadlgnlZpaqe, )

Finally, using (3.5), (3.12), (3.13) and (3.7), we obtain

2

3
(QN, Q) < |IK1/2V<1[|L2(92) + H9N||L2 (Ton)-

Fon

Therefore

1
(Cam(v.9), (v.9)y > 7 <2V||D( W)||22(0,) + ||K1/2VQ||L2(92))
2

PiC? P2 Cs
1||f1”L2 o) Ty —= ||f2”L2 Q0 +C§ max||9D||H1/2r Ty ”9N||L2 Tan
(1) (€22} (T'2p) (Tan)

50(Wm(v,9), (v,9))y > 0 provided ||(v, q)lly = ((v,q), (v,9))3/* = Ro with

2

1/2
o)

(3.27)

P2C? P2 3
RO:Z( . 1||fl||L2 Ql)+ . ||f2||L2 92)+Co Amax| 19D [1/2 (Top) T 3

Therefore, for any m, there is a solution (U, ¢m) of problem (Wy ) satisfying:

“(um7 ‘Pm)”Y < Rp.

We have thus constructed a bounded sequence in the Hilbert space V1 x Ms. There-
fore, there exists a subsequence, still denoted by {(%m, @m)}m, that converges weakly
to an element (u1,92) € V1 x M,. Using a standard argument and Sobolev imbed-
dings, we can pass to the limit in the equation of problem (Wa,,) as m tends to
infinity. Denoting py = @2 + pp, we then obtain that (u, p2) is a solution to problem
(WA,m)~ Using the same argument as above, we can show that any solution (uy, v2)

to problem (W,) is bounded:

22| D)2 q,) + 1K Ve2li2 0, < RE. (3.28)
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This yields the bound:

20| D(u)ll2(q,) + IK2Vpl72 0, < RE, (3:29)

where
RY = R§ + 21K *Vppl|7z(a,). (3:30)
O

The next theorem proves the existence of a solution to W under the assumption

of a small data condition.

Theorem 5. Let Ry be defined by (8.27). Assume that

203

Then, there ezists a solution to problem Wy satisfying (3.28).

Proof. The problem Wj is restricted to Y,, defined in the proof of Theorem (4) to

obtain a finite dimensional problem:

Find (tm, pm) € Y s.t.

B V1<i<m, 2v(D(unm), D('wi))Ql + (tm - Vm, wi)g,
(WB,m) < !

1
+(pm, wi - m2) + 5(% “T1, Wi Ti2)p, — (Um T2, b)),

\ +(EVom, Vi), = (fi, wi) g, + (f2,t:) , — (KVpp, Vi), + (gn,t:)

Tan’
As in the proof of Theorem (4) the finite dimensional problem yields a continuous

mapping Ygm : Yo, — Yo

(\I’B,m(’v, q)7 (w7 t))Y

2v(D(v), D(w))q, + (v- Vo, w) + (g, w- m2)p. |

1
+ —G—(v Ti2, W T12)F12 - (’U‘ nl?at)pm + (qu, Vt)Qz - (f17 w)Ql

- (f27t)92 + (KVPD7Vt)Qz - (gNat)

LCan”
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First we bound the term (v - Vv, v)q,:

(v - Vv,v)q,

IA

||U|l%4(QI)HVU| l12(01)

IN

CiPID()I[32(0y)

Bounding the rest of the terms in (¥pm(v,q), (w,¢))y as in Theorem (4) we note

that
1
(Um(0,), (w,0)y = 7010 DI} - RD)
provided:
w3
2| D()|I720,) < Z5m1-
e = oFpy

Therefore, if the condition

28

RE < ——— 3.31
0 CIG,PZ; ) ( )
holds there is a ball of radius R on which (\IJ Bm(v,q), (w,t))y > 0. Thus we obtain
a solution (., pm) of the problem (Wpg,,) that lies inside a ball of radius Ry, we

obtain a solution to the problem (Wpg) by passing to the limit. This solution also

satisfies (3.28). O

Having shown existence of weak solutions for problems W, and Wg, the next step

is to prove uniqueness of the solutions.

3.4 Uniqueness of weak solution

Theorem 6. Assuming that the data satisfies:

1603 S 2P}
CP(PF + 3C3Ca)? v

C? 4P2
L1612, + SV 2| fall 20
min

4C?
+4Cg/\max||QD|ﬁ;1/2 rp) T —3‘||9N||%2 Fan)
T20) * Apin (Tan)

Then problem (W4) has a unique weak solution.
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Proof. Assume that (u!,pl) and (u?,p?) are two solutions of problem (W,). Their

difference, say (w1, 22), belongs to the space V1 x M, and satisfies:

Y(vi,q2) € V1 x Ma, 2v(D(wi),D(v1))a, + (KVz2,Ve)a, + (w; - Vu%,vl)gl

1

1
+(u? - Vwi,v1)a, + 5 (W1 T12,01 - Ty, + (22 — 5w -ul),v1 - n12)rg,
1

—(w1 - n12,92)ry, — 5(“? w1, v1 - N2)ry, = 0.

By choosing (v1,q2) = (wy, z2) € V1 x My and applying Green’s formula and the

boundary condition on the functions of X, this equation becomes

1
20| D(w1)| 72,y + 1K ?V 22|32, + glwr- T12ll72(r,) + (w1 - Vui, wi)a, (3.32
) :
+ 5((1171 “wi,uf - na)ry, — (wi (ug +ud), wr n12)rn) =0.
Applying (3.8) and (3.9), the first non-linear term in the second line of (3.32) is

bounded above by

1
lwill s I Veillzag,) < Cfpf—\/—;”D(wl)”%%m) (VYID(u)llz2y)) -

Similarly, applying formulas (3.8)—(3.10), the second term in the second line of (3.32)

is bounded above by

§||wl||%4(r12 (||“%|1L2(I‘12) +2”u%”L2(I‘12))

C4C2C \/—”D w172,y (VZID@)ll2 ) + 2V D(ud)ll2(qy)) -

Hence, using the a priori estimate (3.29), the second line in (3.32) is bounded above

by

C3

oD <P4 + 0402) 7—\"1”D(w1)”L2(91)
Thus if

(2v)3% > C3 <'PZ + gcfcz) R1,

then (wy, z2) = (0,0), which proves the uniqueness of the solution. O
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Theorem 7. The solution to problem (Wpg) cannot be shown to be bounded, therefore
we can only prove uniqueness of the solution inside a certain ball. Assuming that the

data satisfies the condition:

213 2PC? 4P2 4C?
Copa lu 1 F 12 ) + /\—i”bnim?) + 4Cg>‘max||gDH§[1/2(r2D) + VZLHQNH%%FZN)
(3.33)
then the problem Wy has at most one weak solution satisfying:
Ro
[[D(w)||r2(0,) < Vo
Proof. The proof of uniqueness of a solution for Wy is similar to Theorem (6).
O

Conclusion

The weak formulations for the coupled Navier-Stokes/Darcy models with or without
inertial forces have been presented. We have also shown existence and uniqueness
results for the weak solution for the coupled problem when the balance of forces is
written with or without the inertial forces. The next step is to show existence and

uniqueness of a numerical solution to the model.
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Chapter 4

Numerical Analysis

Introduction

This chapter introduces the discrete spaces that will be used to approximate the
Navier-Stokes velocity and pressure and the Darcy pressure. Existence and Unique-
ness proofs for the numerical schemes for the problems W4 and Wg as well as a priori
error estimates will be presented. Let £ be a conforming triangulation of the free
flow domain €, and let 55‘ be a general subdivision of the porous medium domain 25.
The parameter h denotes the maximum diameter of the elements. In the case when
the discontinuous Galerkin method is used to approximate the solution in the porous
medium, £} may contain some hanging nodes. The mesh £ = £} U &} is assumed
to be regular [11]. The free fluid and porous medium domains are separated by an

interface I'y5 a polygonal line with nodes in the mesh £7.

4.1 Discrete Spaces for Navier-Stokes Equations

The Navier-Stokes velocity and pressure is approximated by conforming finite element
spaces X C X, and MP C M, respectively that satisfy the discrete inf-sup condition

with condition 8, independent of h:

inf  sup (V- v, )| > 6, >0 (4.1)
aeMf o xt IVorllzzyllallzz )

Examples of spaces include the Taylor-Hood element of order 2 in which the velocity

is approximated by continuous piecewise quadratics and the pressure by continuous
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piecewise linears [12]. In this work the MINT finite element space [2] of order k = 1
element space has been implemented to approximate the Navier-Stokes velocity and
pressure. The Navier-Stokes velocity is approximated by piecewise linear elements
enhanced by bubble functions and the pressure is approximated by piecewise linear
functions [2]. More examples of finite element spaces for the Navier-Stokes equations

can be found in [32, 41].

4.2 Discrete Space for Darcy Problem

The solution for the Darcy problem is obtained by approximating p,, the Darcy
pressure and numerically differentiating the result to obtain the Darcy velocity. The
discontinuous Galerkin method is used to approximate the Darcy pressure. Recall

the broken Sobolev space for any real number s:
H*(£3) = {p2 € L*(Q) : YE € &, po| € H*(E)}
endowed with broken Sobolev norm:
1/2
P2l s ey = (D 1p2llroey)
Ecgl

The function space Py,(E) is the space of polynomials of degree less than or equal
to ko which can be discontinuous across the edges of the mesh. For the discontinuous
Galerkin method, the interior edges of £ are denoted by I'f. Each edge is associated
with a unit normal vector n,. If the function go € H'(E}), the trace on each element
is well defined. In the case of interior edges with neighbors Ef and Ef, there are two
traces of g, along e. For a given n, pointing from FEf to F§ the average and jump for

P2

1 1
{32} = §(Q2|Ef) + §(QQ1E§): [g2] = (g2|Be) — (q2lE5) Ve = OE NOES.
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For an integer ko > 1, the finite element space for the Darcy pressure is
M3 = {g2 € L*(%); golr,, =0 and VE€E), qlm € Pr(E)},

equipped with the usual DG norm:

1/2 2 i 2 12
> K Valfam + 3 Gllelig) - (42)

Var € ML, llaalll = (
Ecth el

The following Lemma is necessary to handle the non-homogeneous Dirichlet bound-

ary conditions on the porous medium domain.

Lemma 8. Assume that pp € H**1(Q) is the lift defined in (3.14)-(3.16). Then,

there exists Pp € M} and a constant C independent of h satisfying:

PD = O, on F]Q, (4.3)

lllpp — Polll < CE*|Ippll grrs+1(qy)- (4.4)

4.3 Numerical Scheme

In the rest of the chapter, C a generic constant independent of h and v, that takes
different values at different places. Discretizations of the viscous term, pressure term
and nonlinear term in the Navier-Stokes equations will be denoted by: ans, bns, ¢ng

respectively; ap is the discretization of the diffusion term in the Darcy equations; and
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Ya, @ = A, B is the form containing terms related to the interface I'jo.

vvl; wl e X?) a’NS(’Ulv wl) = 21/(D(v1)7D(w1))Ql7

Yo € X2, Vg € MY, bns(v,q1) = —(¢1, V- v)ay,

1
Yz, v, w € X, ens(z1, v, wi) = §(Z1 -V, wr)a, — 5(21 -V, v1)q,
1
+§(Z1 M2, V1 - W)y,
Vao,ts € MY, ap(ga,t2) = > (KVga, Vi) p— > ({KVaz - ne}ta]),
Ecel e€Th
g,
e 3 ({KVEz b o), + 3 12 () [a).
ecl'? ecT?
h h 1
Yoy, wy € X5, Vgo,ta € My, vp(v1,42;w1,t2) = (g2, w1 - n12)F12 + 5(v1 - Ti2, W1 ~712)F12

- (’U] - T2, t2)F12’

1
Yoy, w1 € XY Vo, te € ME, va(v1, g2 w1, t2) = vB(v1, g2, w1, t2) — 5(’01 V1, WY - MI2)Tys-

In the definition of ap the parameter ¢ yields a symmetric bilinear form if ¢ = —1
and a non-symmetric bilinear form if ¢ = 0 or ¢ = 1. The parameter o, is a penalty
parameter that varies with respect to the edge in £}. The bilinear form ap is coercive
and corresponds to the Nonsymmetric interior penalty Galerkin method (NIPG) (e =
1), symmetric interior penalty Galerkin method (SIPG) (e = —1) or the incomplete
interior penalty Galerkin method (IIPG) (e = 0) methods [52, 25, 13]. There exists

a constant « > 0 independent of h such that:
Va2 € M3, «lllg2lll® < ap(ge, g2). (4.5)

It has been shown that if ¢ € {—1,0}, property (4.5) is valid if the penalty parameter

is large enough [46]. From [16], the lower bound for the penalty parameter is:

3\2
Ve = B! NOE?, 0, > aﬂé—%(@ + 1)(cot fg1 + cot Ogz),

min
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where 0 denotes the smallest angle in the triangle E. We also define the form L:

Voi € X}, Vg€ My, Lvi,g2) = (fi,v)q + (f2,02)g, + (98, 02)

Ian

~ > (KVpp,Va)E+ Y ({KVpp - me}, [g2])e-
EcéEh ecT}

Having defined the bilinear forms the numerical schemes to problem (W,) and prob-

lem (Wp) are:

(
Find Uy € X}, P, € MJ', Py = &3 + Pp with &2 € M}, s.t

Yoy € X% g0 € MY : ans(U1,v1) + brs(v1, P1) + ens(Us; U, 1)
+ap(®P2, q2) + va(U1, 351, g2) = L(v1,92),
| Va1 € Mp,bns(Uy, q1) = 0.

Find Uy € X}, P, € M, Py = &, + Pp with & € M}, s.t

Y, € X’f,qg € 1\42’1,q1 € M’f cans(U1,v1) + bs(vr, P1) + ch(Ul; Us, vl)
+ap(®2,g2) + v8(U1, ®2;v1, ¢2) = L(v1, g2),

| Va1 € M, bas(U,q) = 0.

The following are some important properties of the discrete spaces and the continuity

property of the bilinear form cysg.
Approzimation properties. Assume that (v, py, p2) € X1 x M x M, is smooth enough,
ie. vy € H**Y(Qy), py € H*(Q) and p, € H**1(Q) for integers k1, ko. Then, there

exists an approximation (91, f1,p2) € X4 x MP x M} such that

IV (1 = B0l L2y < CH lorllgrar )y (4.6)

Va1 € MY, (V- (o1 -31),q)e, =0, (4.7)

Ip1 = B1llzz(an) < Ch™ o1l g gy s (4.8)

i=0,1, Y [IVi(p2— B2)llr2(my < CH* " Ipall s ). (4.9)
EeQy

Approximation (4.9) implies

lllp2 — p2lll < Ch* |Ipall a1y (4.10)
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L2 bound. There exists a constant Cs > 0 independent of h such that

Va2 € M3, llg2llr2(as) < Cslllgalll- , (4.11)
Trace theorem. There exists a constant Cg > 0 independent of A such that

Va2 € M}, la2llrzry,) < Celllazlll- (4.12)

The proof of (4.11) is given in Lemma 6.2 of [25] and the proof of (4.12) is given in

Theorem 4.4 of [24]. We next show that the form cyg is continuous.

Lemma 9. The bilinear form cys is continuous. There exists a constant C; such

that

Vzi,v1,w1 € X1,  ens(z1;v1, w1) < Crl| D(z1)l L2y 1D (v1) L2 1P (w1)ll 220,

(4.13)

An expression for the constant C7 is
1
Cr = C3(P? + 5c*gcif’).
Proof. Using (3.5), we have

1 1
ens(zi; v, w1) = (21 Vo, wi)g, — 5(21 -Vwr, m)a, + =(21 - mi2, v1 - wi)ry,

2

IA
N

1
§||Z1HL4(91)(val||L2(Ql)||w1!|L4(Ql) + ”le||L2(91)HU1”L4((21))

1
+§||Zl||L2(1‘12)||”1||L4(r12)||w1l|L4(p12).
Using (3.8), (3.10) and (3.9) we have

1
ens(z; v, wr) < ("Per502042)||VZ1IILZ(QI)HVW||L2(Ql)||Vw1]|L2(Ql)

IA

1
C3(P; + 50203)HD(Zl)HLz(Ql)||D(v1)|IL2(Ql)||D(w1)||L2(nl)-

O

The next task is to show the equivalence between the weak problem and the

equations of the coupled Navier-Stokes and Darcy problem.
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4.4 Consistency

Lemma 10. Let (uy,p1,p2) be the solution to the coupled Navier-Stokes and Darcy
equations without inertial forces on the balance of forces on the interface (2.1)-(2.11)
that is smooth enough. Define ws = pa — pp where pp satisfied (8). Then, we have
for allv; € XP g, € M}, g, € M-

ans(u1,v1) + bns(vi, p1) + ens(ur; ur, vi) + ap(e2, g2) (4.14)
+ya(u1, p2;v1, g2) = L(v1, g2), (4.15)
bns(u1, q1) = 0. (4.16)

Proof. Equation (4.16) is obtained by multiplying (2.2) by ¢; € M} and integrating
over {);. Next, we multiply (2‘.1) by a test function v; € X%, integrate over £; and

use Green’s theorem. The resulting equation is:

2v(D(wy), D(v1))a, — (p1, V- v1)a, + (u1 - Vuy,vi)g,

+((—2VD(’U1) +p11)n12,’v1)1“12 = (fl,’vl)gl, (4.17)

Finally, we multiply (2.5) by a test function g € M}, integrate over one element E,

apply Green’s theorem and sum over all elements in £}.

> (KVpa,Vaa)p — Y, ({KVpy me}, [a2))e + D (KVp2- iz, g2)ry,
Ecé&l ecl} ecliz

= (f2a q2)Qz + (gNa q2)F12'

Using the splitting p, = @3 + pp, we obtain:

> KV, Var)e = Y ({KVipr-ne},[g2))e + Y (KVpz-nig,g2)ry,
Eegh eclh e€lp

= (f2, @) + (98, 92)ry, — Y (KVpp, Vo) + Y ({KVpp - ne},[g))e.  (4.18)
Eeth ecT
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We then add (4.17) and (4.18), and use the fact that [p2]lc = 0 in L%(e) for all
e €T}
2v(D(uy), D(v1))o, — (p1, V- v1)a, + (u1 - Vui, v1)g,

+ ) (KVgo, Vao)e — D ({KVp2-ne}, [ga])e +¢ Y ({K Va2 me}, [i02])e

Ee&h eeTh e€r
+ Y (KVpy-naz,g2)ry, + ((=2vD(w1) + prl)naz, vi)r,,
e€l’12
= (f1,v1), + (f2, @2)0, + (98, @2)ris — D (KVpD, Vao)e + Y ({KVpp - me}, [g2])e-
Ee&l e€Th

(4.19)
In (4.19), the terms ) . (KVpa - 1z, @2)ry, + ((—2vD(uy) + p1I)mag, v1)r,, are
handled by choosing test functions vq|r,, = 0 and ¢2|r,, = 0. The solution u; € V',
thus we have
(w1 - Vug,v1)e, = —(u1 - Vur, ur)g, + (w1 - 12, v1 - u1)ry,,
which yields easily:
(w1 - Vui,v1)g, = ens(u1, u1,v1).

Combining this result with (4.19), we obtain equation (4.15). O

Lemma (11) is proved in the same way as the only difference is the term g which
has less terms and they have been handled in the proof of (10).
Lemma 11. Let (uy,p1,p2) be the solution to (2.1)-(2.11) that is smooth enough.

Define w3 = py — pp. Then, we have for all vy € X! qo € M3, q1 € M;‘

ans(u1,v1) + bns(v1, p1) + ens (ur; ur, vi) + ap(p2, g2) + v8(w1, 02;v1, g2) = L(v1, g2),
(4.20)

bns(u1, q1) = 0. ' (4.21)

The next step is to prove existence of a numerical solution for problems (W}) and

(WE).
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4.5 Existence of Numerical Solution

Theorem 12. Let Ry be defined by

3 & p2C? 202 202
Rg = (max(3, $)2(= 1||f1uLzml)+ 2y + S NonlEe
2X 1/2
+ "‘“npn||m<m)+ Z Ipo i) (4.22)
Eeé&l

There exists an unique solution (U1, Py, Py) of (W) satisfying
20| DU )22, + IP2III” < R3. (4.23)

If the data satisfies

32,3

RE < =gt
* < Grogcy

then there exists a solution (U1, P, P2) of (W}) satisfying (7.19).

Proof. To prove existence of a unique solution to problem (W?%), first the velocity test

functions are restricted to the space of weakly divergence-free functions:
Vi = {vi € X} VY € MY, bns(vi,q1) = 0}
The solution U; € W so that the scheme reduces to:

Vo1 € X§,VYg2 € ME, ans(U1,v1) + bs(v1, P1) + ens(Us; Ur, 1)

+ap(Py, q2) + va(U1, Po; v1,q2) = L(v1, g2)- (4.24)

If (U,, P1, P,) is a solution to (5.1)-(5.2), then (Uj, P,) is a solution to (4.24).
Conversely, assume that (U1, P,) is a solution to (4.24). Then, the discrete inf-sup
(4.1) implies that there exists a unique P; € M} such that (U, Py, P») is a solution
to (5.1)-(5.2). Based on this equivalence between the two problems, it suffices to show

that there exists a solution (U, Py) € V7 x MZ of (4.24). As in the proof of the
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existence of a weak solution an inner product is defined on Y* = V! x M}:

((v1,42), (w1, t2))yn = 20(D(m1), D(wn)) o, + Y (KVgo, Via) , + Z Tl (lg2], [t2]) -
Eeg} 2
o (4.25)

Next define U% : Y* — Y such that:
(W'(v1, q2), (w1, 12))yn = ans(vi,w1)+ ens(vi; v1, wr) + ap(ge, t2)
+va(v1, go; w1, t2) — L(wy, t2).

Using coercivity of the bilinear form ap and the definitions of the bilinear forms, a

lower bound of (¥4 (v1,q2), (v1,¢2))ys is:
(Wh(v1,g2), (01, 02)) yn = 2/ D(01) 17203,y + llla2l® + é”'vl 11201720y, — L(v1, a2)-
From (3.5), (3.7) and (4.11), we have for any § > 0:
(a0 < el + 1ol (4.26)
Similarly, from (3.5), (3.7) and (4.12), we have for any § > 0:
(9N, g2)ry, < gl!lqzlll2 + %HQNH%Z(I‘IQ)' (4.27)

Using a trace theorem [48], (3.5), (3.7) and (3.13), we have for any § > 0:

Amax

| = > (KVpp,Va2)e+ D ({KVpp - me}, [a2))e| < lllalll® + 55 P70,
Ee&h ecTh
C? 2
+% Z ”pD||H2(E)- (4.28)

Eeg}

Combining the bounds (4.26), (4.27), (4.28) and (3.27), we obtain:

; K 1
(Th(v1,q2), (v1,02)) yn > -——||D('v1)||22(91) + —|||q2|||2 + 5l 12l 20,

=2
202 2,\max

PEC? 2C,
1 : ||f1||Lz @y T ——[|f2||L2 () T "—HQN“L? () T ———
) )

+—7f > HPD”%’?(E))'

Ect}

“pD”Hl(Ql)
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Therefore, (¥4 (v, g2), (01, qz))yh > 0 provided that ||(v1, g2)|ly» = R2 with

PC} 2C, 202
Ry = (maX(4 2))1/2( =L ra 3 Ql)+_5”.f2“L2 Q)+ BHQNH%z’(er)
2 /2
+ max”pD”Hl (1) + Z ||PD||H2(E)) : (4.29)
Ecgh

This concludes the proof of existence of a solution (Uy, P2) of (4.24). The solution

(U4, P») of (4.24) is bounded as follows:
20| DU 220y + PP < RE. (4.30)

To prove existence of a solution to (W}), the difficulty arises due to the nonlinear term

1
—(z1-My9, v1-w1)r,, that remains from the cygs form. As above, define U% : Y — y*

2
such that:

(¥h(v1,02), (w1,2))yn = ans(vy, w1) + ens(v1;v1,w1) + ap(gz, ta)

+v5(v1, g2; w1, t2) — L(wa, t2)
Using the bound

ID(v1)|l32(0)

C3C2C2
(v1-mi2,v1 - V1)r, < 5

DN =

and 4.26,(4.27),(4.28) and (3.27), (¥} (v1, ¢2), (v1, g2)) > 0 provided thi|(vy, ga)||y» =

R2 and that
32,3
2
27/“D(v1)||L2(QI) < W
These conditions are compatible if
3208
2
" < cocger

The existence of a solution follows from the collorary of Brouwer’s fixed point theo-

rem.
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4.6 Uniqueness of Numerical Solution
Theorem 13. Let R,y be defined by (4.29). Under the condition

C3
VA2 > —\-%2(792 + C2CHR, (4.31)

problem (W?%) admits a unique solution.

Proof. To prove uniqueness, we assume that (UL, P)) and (U2, P#) are two solutions

of problem (4.24), and let Wy = U} — U? and x, = Py — P%.
1 1 2 2

ans(Wh,w1) + exs(UL, Ut v1) — ens(U3, U2, 1) + ap(x2, g2) + (x2, v1 - n12)F12

1 1
+ §(U% : U%, v n12)F12 + _(Wl *T12, V1 T12)F12

1
—§(U% U%,'Ul-’nlz) G

T2
— (W - n12,q2)1,12 =0

In particular, we choose v; = Wj and ¢2 = xa».

1
ans(Wi, Wi) +ap(x2, x2) + 51| Wi 12|32 (r, + ens (UL, Ur, Wh) —ens (U, UY, Wh)
1
+(x2, W1 - nlz)plz - '2-(U% Uy, Wy - 7112)1~12

1
+§(U% UL, Wi mag)p — (Wh-mag, xe)p,, = 0.
Using continuity of the form cyg and rewriting the nonlinear terms as
ens( UL, Up, Wh) — ens(UR, U3, Wh) = ens( Wi, U, Wh) + ens(UR, Wh, W),

1 1
__Q_(U} ) Ui, w; - "12)r12 + §(Uf . Uf, Wi - n12)r12

1

= —§(W1 UL W, -np)ry, — (W1 - U, W1 - nig)r,,,

1
2
we obtain
2 2, 1 2
2| D(Wh)l|z2(a,) + llblll® + Sl Wr - mz2llzer,)
1
+ens(Wh, Ub, Wy) + ens( U3, Wy, W) — §(W1 UL Wy na)ry,

1
—§(W1 U2, Wy -nia)r, <0.
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From Lemma (9), we have

ens(Wi; Ui, Wh) + ens(UT; Wh, W)

< CrllDW 1)l 26,y IDU D2 (02,) + DO D] 2 (620))-
Similarly, using (3.10) and (3.9), we have
1 1 1 2
(W1 Uy, Wi nig)ry, + 5 (Wi - UL, Wi - nary,
< %CZ@CiO’HD(Wl)Il%ml)(llD(U%)llm(n]) +IDUD L20))-
Combining the two bounds above with (7.19), we obtain:

Ro 1 1
(2v - —V(\@C? + —=C{C2CN)ID(W)1 320, + ~llIxalll + ol m2llZ2(r,,) < 0.

Vv V2

This clearly implies that W1 = 0 and x» = 0 if the condition

R’Q 1 3 2
2w > —= (V20 + —=C3C,C
\/;( 7 \/5 142 4)

is satisfied. This condition is equivalent to (4.31). O

The proof of uniqueness for the solution W} involves less terms but is only valid

in a ball of fixed radius. The result is summarized in the following theorem.

Theorem 14. Let R, be defined by 4.29. Under the condition

C3
LS 7%(732 + C2CHR2 (4.32)
and
R2 321/3

2 < S6r2d
CYC3C;

problem (WE) admits at most one solution satisfying

2| DU 0y + 122117 < RE. (4.33)
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4.7 A Priori Error Estimates

Theorem 15. Assume that the solution to problem (W,) is smooth enough, i.e.
u; € (Hk1+l(Ql))2,p1 € H* (Q]) and py = w2 + pp with oy € Hk2+1(92). Let Ry be
defined by (3.30) and let Ry be defined by (4.29). Assume that the data satisfies:

CS

Then, there exists a constant C independent of h and v such that

V2 >

V| D(ur — UlFq,) + ez = @2ll* + I(w1 = Ur) - T12llZ2r,, <

Ri+ Rs)?
+( 1+2 2) )
v

1 1
2k 2 2k 2 2k 2
C(l I ||“1||Hk1+1(91) + C(l + ;)h 2||802”Hk2+1(92) + C;h ! ”plllHkl(Ql)'

Proof. Let w1, py, P2 be approximations to ui, p1, @2 in the spaces X'{, M} and M}

respectively. Assume that the error bounds (4.6), (4.8) and (4.9) hold. Let

X1=U1—"l~t1~, §1=P1—;51, §2:‘I’2—¢2,
Gi=wm—w, MmM=p1—p, N=¢— .
Subtracting (4.15)-(4.16) from (5.1)-(5.2), we obtain the error equations:

Vo, € X2 Vg2 € MP,  ans(xi, v1) + ap(&2, g2) + bus(vi, &) + ens( Ut; U, )
—ens(u1; ur, v1) + AU, ®2;v1, g2) — va(ug, w2;v1, ¢2) = ans(€y, v1) + ap(n2, ¢2)
+bNS('U17771)7

Va1 € M7, brs(x1, @) = bus(C1, q1).
Let v1 = Xy, q1 = &1, q2 = &9, then from (4.5), we have
2D (x0) 320,y + sllEI + ens(Us; Un,xy) = ens(u; w, x1)

+7a(U1, P25 X1, &2) — va(ur, v2; X1, &2) < ans(€1, x1) + ap (2, &2) (4.34)

+bns(x1,m) — dns (€1, 61)- (4.35)
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First expand the terms involving the linear form vya:

1
Ya(U1, ®2; x1,&2) — va(ur, 025 x1,&2) = —§(U1 U1, x1 - mi2)ry, (4.36)
1 1 ) 1
+§(u1 “u1, X1 M2)T, 5||X1 : T12!|L2(r12) - E(Cl " T12,X1° T12)Tyy
_(7727 X1 n12)F12 + (52: Cl ’ n12)1"12' (4'37)

The nonlinear terms are rewritten as

1 1 1
A= —§(U1 U1, X1 - M12)T1, + 5(“1 UL, X T2)Tyy = §(U1 X1, X1 ™M2)r, (4.38)
1 1 1
+§(X1 S UL, Xy M2)T — §(U1 €1, X1 M2)ryp — 5(41 S UL, X1 * P2)Ty;s

and bounded by using (3.5), (3.7), (3.10), (3.9), (3.29) and (7.19)

1
A < §C%CZC4ZHD(X1)“%2(01)(”D(Ul)”L?(Ql)+”D(ul)“L?(Ql))

+CID )M L2 Vil L2 (@) DU ) L2y + 1D ()l 22(0,))

v 2 1 3 2R1 +R2 2
g||D(X1)||L2(Ql) +3501 0204—\/2—1/—”D(X1)”L2(91)

IN

+ Vil Z20y)-

C(R1 + Ry)?
v? |
The linear terms in (4.37) are bounded by (3.5), (3.7), (3.10), (3.9) and (4.12)

1 1
c(C iz xa T2, < 5alba T12llZ2ry) + CIVG L0y

v C
(12, X1 - M12)1y, < gllD(X1)|l%2(nl) + ;lllﬂzlllz,
K
(&2, ¢1 - ma2)ry, < g”llellz +ClIVEiIZ 20,

Rewriting the nonlinear terms involving cyg in (4.35) in a similar way as with the

term A, defined in (4.7). We obtain a bound by using the continuity of the bilinear
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from cyg.

ens(Uy; Ur, x1) — ens(ui; ur, x1) = ens(Uisxa, xa) + ens(x1; 41, xa)

—ens(U1; €1, xa) — ens(€15 1, X1)

v Ri+R
< 21Dz, +C7——1—\/——2IID(X1)HL2 ()
R1i+R
PR 6 2 )

The term ans(¢q,X;) is bounded using Cauchy-Schwarz and Young’s inequalities.

v
ans(C1, %) < 2D ()2, + CVIDC)I2 @y

The term bys(Cy,&1) vanishes because of property (4.7). The term ap(ne,&2) is
bounded using standard DG techniques and the approximation property (4.9):

K
ap(m, &) < Flll&|II* + Ch2| o3 ks 100

Finally, the term bxs(x,71) is bounded as:

v C
ons (x1,m) < 2IID(x)lIZ20,) + ;llm“%zml)-

Combining the results above, the error equation (4.35) becomes:

1 Ri1+R K 1
(v - GerCE+ =2 ) ID G g + S NEIF + 55 lx - Talia)

Ri1i+ Ro 1
<c@+ By o 0 + CL IR + O ey + C2lm e,

The final result is obtained by using the approximation properties (4.6), (4.8), (4.10),

a trace theorem and the inequalities:

D1 = U320,y < CID(x)2200y) + CIDECIZ 20y
(w1 = U1) - Tr2ler,, < ClXa) - Tzliagr,, + CICL) - Tl ey,

llp2 — P2ll)* < Clll&ll® + Cllm2llI*.
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A straight consequence of Lemma (8) and Theorem (15) is a bound on the pressure

€rror.

Corollary 16. Under the assumptions of Theorem (15) and if the function pp belongs

to H**+1(Qy), there exists a constant C independent of h and v such that

R1 + R2)?
2

1
llps - PallE < €1+ VR g, + C(1+ )R leallfgag 1,

1
+Ch*2 Pk, 30, + € Pt

Theorem 17. Under the assumptions of Theorem (15) and Corollary (16), there

exists a constant C independent of h such that

Ilp1—Pillz2(0) < CEE Ip1ll i (o) FCRE e | i v o) +CR*2 (g2l rxavs ) HIPD [ k41 259

Proof. Using the same notation as in the proof of Theorem (15), we can rewrite the

error equation by taking ¢ = 0:

1
bns(v1,&1) = bns(vi,m) +ans(uy — Uy, vr) — §(u1 cuy — Uy - Uy, v1 - nag)ry,
+ens(ur; ur, v1) — ens(U; U, v1) + (02 — 2,01 - P12)1y,
1
+5((U1 —Ui) - Ti2,v1 - T12)r),-

We now bound all terms in the right-hand side. Cauchy-Schwarz’s inequality yields

bns(vi,m) < ClIVoillzzanlimlizz@,),

ans(ur — U, v1) < Cv||Voi|p2) 1D(u1 = Ur)ll L2y
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The nonlinear terms are handled like the term A; in (4.7).

1 1 1
i(ul cuy — Uy -Up,v1-na2)ry,, = §(U1 “X1, V1 M12)Ty, + §(X1 SUL, UL T2)T,
1 1
—§(U1 -¢1,v1 - M2)ry, — 5((1 UL, V1 M2)T,
C(R1 +R2)
< Vil 2 IID(x) 22y + IVl L2 01))s
NG
ens(ur;ug,v1) —ens(Un; U, v1) = ens(Ut; x1,v1) + ens(Xa; w1, v1)
—ens(Uy; €, v1) = ens(€y; u,v1)
C(Ry —l—Rz)
< ————|IVuillrz) IID(x)l 2@y + 1IV€illz2(0,))-

NG

Finally, the last two terms are bounded as:

(2 — P2, v1 - m12)ry, < C(NIEIN+ M2l L2 ) VY1l L2(00)

1
gllur - Ui) - T12,01 - T12)ry, < Cll(u1 = U) - T2l 20 VU1l 22(0))-

Therefore, we obtain:
bns(v1,61) < COfVoil 2y,
with

Ri1+R
6 = lImllzzay + D = Ubllzzay + === (IDO) 2@ + 161 llzan)

+1&lll + lIm2llz2(ry) + 1w = Ur) - T12llz20y)-
The inf-sup condition (4.1) then yields

C
€11l 2y < B:@-

Using the approximation results (4.6), (4.8), (4.9) and Theorem (15) yields the

result. O

The bounds for W} are obtained in the same way, the result is stated below.
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Theorem 18. Assume that the solution to problem (W}) is smooth enough, i.e u; €
(H**1(1))%, p1 € H*(Q1) and pa = ¢o + pp with ¢ € H*11(Qy) and pp belongs to
H*2*1((),). Let Ry be defined by (3.30) and let Ry be defined by (4.29). Assume that
the data satisfies:

3
1
V3% > ZL(pd 4 50203)(721 +Ra).

cr
V2
Let (Uq, P1, Py) be a solution to problem (WE). Then, there exists a constant C

independent of h and v such that

UID(us — UDIRagy + NP2 = Poll2 + ll(ws = U) - 712l 22

(R1+ R2)2
V2 )

1
<O+ Rl e,y + CL+ IR g2llipng ()

1
+C;h2k1 [IPllEzes ) + CH* P01l prxa1 )

In addition, there exists a constant C independent of h such that

lIp1 = Pill 2y < CREipal g o) + CBM lua |l iy

+Chk2(||<P2||sz+1(92) + 1Dl 2 +1(0,))

Conclusion

This chapter deals with the existence and uniqueness of a numerical solution to the
problem coupled problems W and W}. If the inertial forces are included in the
balance of forces across the interface, existence of the numerical solutions is obtained
unconditionally. A small data condition is needed if one does not include inertial
forces. In addition convergence of the discrete solution has been proved with respect
%o the mesh size. The next step is to verify these results with numerical experiments

in the following chapter.
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Chapter 5

Numerical Results

Introduction

This chapter introduces the numerical discretization of the coupled Navier-Stokes
and Darcy problem. Grid tests are used to check theoretical convergence rates with
respect grid parameter h. The motivation behind this model is to understand the
coupling of free flow with flow in porous medial. With this application in mind the
coupled problem is solved under various conditions that test the robustness of the
model with respect to the viscosity v and hydraulic conductivity K. This chapter

also investigates the effect of the balance of forces on the interface.

5.1 Software

I have written software in C using the Petsc Libraries for the numerical results pre-

sented in this and subsequent chapters.

5.2 Numerical Schemes

The numerical scheme presented in this thesis couples the continuous finite element
method in the free flow region with the discontinuous Galerkin method in the porous
media region. To show the effectiveness of this choice, results from an implementation
with the CG method and DG method in both domains will also be presented for

comparison. The triangulation £* (h is the maximum diameter of of a mesh element) of
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the computational domain 2 = ;U2 is assumed to be regular. The aim is to find an
approximation U” of the Navier-Stokes velocity, P! of the Navier-Stokes pressure and
P? of the Darcy pressure in the finite dimensional spaces X, M, M} respectively.
Because the discretization of the different operators will depend on the choice of the
finite element method, the following is a list of bilinear forms corresponding to various

discretizations:

e Assume that the operator —2vV - D(wu) has been discretized by a bilinear form

ans : X x XP S R.

e Assume that the operator Vp has been discretized by a bilinear form byg :

X" x MP - R

o Assume that the operator w - Vu has been discretized by a trilinear form cg :

Xhx X x Xt > R

e Assume that the operator —V - K'Vp has been discretized by a bilinear form

aD:Mzthzh-—ﬂR.

e Assume that the input data (body forces f; and f, and boundary conditions)

are incorporated into a bilinear form L : X} x M} — R.

The interface conditions are taken into account by a form -4 in the case when in-
ertial forces are included in the balance of forces on the interface ( see (2.12) and

xrefeq:chl:forces2). We recall the bilinear forms for the interface:

1
Yo,we X§, Vg, ta € MY, qa(v,qw, t2) = (g2 — 5V1° v, W m2)p

1

+6(’U' Ti2, W T12)F12 - (v- n127t2)rl2.
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In the case where the inertial forces are included, the interface bilinear form becomes

Vo,w e XP, Vao,to € MY, vp(v,q2w,t2) = (g2, w- m2)p

1
+5 (’U' T2, W le)l‘u - (7) M2, tz)f‘lz'

The interface term is independent of the discretization that is used.
Using the operator discretizations as “black boxes”, the coupled Navier-Stokes and
Darcy problem is solved by the general scheme: find U € X% P} € M}, Pt € M}

such that

Vo e X Vg € ME, ans(UM,v) + bus(v, P + ens(U™ UM, ) + ap (PP, q2)
+7a(U", Pf;v,q2) = L(v1,q2), a=A,B (5.1)

Vg1 € MY, bns(UM, 1) = 0. (5.2)

Three algorithms based on the classical continuous finite element method and the
primal discontinuous Galerkin method will be presented. In each scheme the solution
for the approximation to the Navier-Stokes velocity is obtained from a Picard iteration
starting with an initial guess Uy = 0: find U",, € X" P} € M} P} € M" such

that

Vo e X% Vg2 € M}, axs(Uhiy,v) + bxs(v, PP) + exs(UP UR L, ) + ap (P, g2)
+’7a(Uh’ PZh;va QZ) = L(’Ul, QZ), o = A, B (53)

Vg1 € M}, bus(UR, 1, q1) =0. (5.4)

5.2.1 Continuous finite element scheme (CG-CG)

In the CG-CG scheme the continuous finite element method is used in both flow

domains. The mesh is assumed to be conforming. Let X% C {v € H'()?: v =
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0 on I'; } and let M C L?(f2) be finite-dimensional subspaces that contain continuous

piecewise polynomials of a certain degree. The pair (X? M) satisfies an inf-sup

condition and the order of approximation is one: for a given positive integer k:
w:g{,{ lw — wall g2y + qhiélnfql lp1 = qrllzz(n) = O(h)

In this thesis, the MINT finite element space [2] (with order k = 1), in which the
Navier-Stokes velocity is approximated by continuous piecewise linears enriched with
bubbles and the Navier-Stokes pressure by continuous piecewise linear functions has
been implemented. Another example is the Taylor-Hood elements (with order k = 2)
in which the velocity is approximated by continuous piecewise quadratics and the
pressure by continuous piecewise linear functions [12]. The discrete space for the

Darcy pressure is
]\lzh C {q2 S Hl(Q2) : g =0on Fz},

that contains continuous piecewise polynomials of degree one. We define the following

bilinear forms:

Vv, we Xh, ans (v, w) = 2v(D(v), D(w))q,,
Yoe X" Vg € MY, bns(v,q1) = —(q1, V - v)ay,
Vz,v,we X", cng(z v, w) = %(z- Vv, w)q, — %(z- Vw, v)q, + %(z M2, V- W)Ly,
Yga,t2 € MM, ap(go,ta) = (KV‘JZ:Vt2)92
Vo e XM Vg e MY, L(v,q2) = (f1,v)a + (F2,92)0, + (9N, 92)ran

— (KVgD, VtQ)Qz.
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5.2.2 Discontinuous Galerkin finite element scheme (DG-DG)

The mesh " is allowed to be non-conforming in the interior of each free flow region
or each porous medium. The mesh £" = £} U £} where £! is the mesh restricted to
Q;. The unknowns are approximated by discontinuous piecewise polynomials. The

finite-dimensional spaces are defined for any positive integers k; and kj:

Xt ={v e (L*())®: v|p € Py (E)},
M} ={q € L* () : q1lp € Pr,—1(E)},

ME = {g € L*(Q) : q2|r € Py, (E)}.

Before defining the bilinear forms, we recall some notation that is standard to the
DG method. Let ' (resp. ['4) denote the set of interior edges to 2 (resp. ) and
boundary edges that belong to I'; (resp. Isp). For each edge e in I'* UT% we fix
a unit normal vector denoted m.. If the edge e is a boundary edge, the vector n,
coincides with the unit normal vector exterior to £2. For any two triangles F; and E;
(with 7 < j) that share a common edge e, the jump function [v] and average function

{v} of a discontinuous piecewise polynomial v is given by:

o} = 50le) + 5015, bl = (vl5) - (5.
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The trace of v on a boundary edge is denoted by v = [v] = {v}. The bilinear forms

are defined as follows:

Vo, we X", ans(v,w) =2v > (D(v), D(w))p+ f;j([vl, [w])

EeEh ecr?

—20 ) ({D(@)ne}, [w])e + 2ver Y ({D(w)ne}, [v])e,

ecr’ ecrh
voe X" Vg € MY, bas(va)=— Y (a1, V-9)p+ ) ({a} [v]-ne)e,
Ecth ecr?
Vaa,t2 € MP, aplaa,t2) = Y (KVa2, Vio)g + Y 1= ([g2). [ta])e

Ectl e€r? el

— S (K- ntal)e + €2 3 ({KVE: - e} lga))e,

ecrh eclh

Vo e XM Vg € M, Yty € ME Vv e XB, L(v,tz) = (f1,v)0, + (f2,t2)a,

g
+e > (KViy-me,gp)et+ Y |—;|(gp,t2)e+ > (gn,t2)e

eclyp eelap eclan
The length of one edge e is denoted by |e|. The parameter o, > 0 is the penalty

parameter. The coefficients €;,e2 € {—1,+1} are the symmetrization parameters.
The DG discretization of the nonlinear operator u - Vu is based on an upwinding
technique [26] and its definition requires additional notation.

int

For an element E € £ mg the outward normal to F, and we denote by v™ (resp.
v®*t) the trace of the function v on a side of E coming from the interior of E (resp.
the exterior of E). When the side of E belongs to I';, then by convention we set

v'" = v and vt = 0. Then we define:

1
Vz,v,we X!, cns(z;v,w) = Z(z-Vv,w)E+§ Z(V‘z,vww)E

Eegl Ecgh
1 . )
-5 > (2] ne {v-whe + > ({2} sl (0™ = o), w™)os_znru)
ecT} Eeg}

where

OE_(z) = {x € OFE; {z(x)} - ng < 0}.
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5.2.3 Coupled continuous finite element with discontinuous Galerkin method

scheme (CG-DG)

The continuous finite element method in €2 is coupled with the discontinuous Galerkin
method in €, for several reasons. First, the coupled problem has two domains with
very different kinds of flow, and the continuous finite element method has proven to
be effective in solving the free flow problem. On the other hand, it was shown that
continuous finite element method can produce non-physical flow in a fractured porous
medium [30]. As DG methods are locally mass conservative, they are appropriate for
flow and transport problems in heterogeneous porous media [46]. The discontinuous
Galerkin method is thus well suited for solving the part of the coupled problem in
the porous medium region. Second, there exist legacy codes for solving the Navier-
Stokes equation with the classical finite element method whereas DG software for
these problems is not readily available.

In this multinumerics scheme, the forms ans, byg, cns defined in Section (5.2.1).
Recall that the spaces X ¢ {v € HY()? : v = Oon Ty} and M} C L*(Q)
satisfy an inf-sup condition and of order k;. The space M} consists of discontinuous
piecewise polynomials of degree k3. In this multi-numerics scheme, Navier-Stokes flow
is approximated by the MINI finite element, whereas Darcy flow is approximated by
discontinuous piecewise polynomials. The bilinear forms have been defined in Sections

(5.2.1) and (5.2.2).

5.3 Numerical Convergence

In this section the CG-CG and CG-DG schemes are tested with respect to the grid

parameter h. The computational domain Q C R? is divided into ©Q; = (0,1) x (1,2)
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and Qs = (0,1) x(0,1) with.interface I';y = (0,1) x {1}. For each example, numerical
errors and convergence rates are tabulated and discussed for both the CG-CG scheme
and the CG-DG scheme. The L? errors for velocity and pressure in both regions, as
well as the H' error for the Navier-Stokes velocity are computed at for each mesh.
The coarse mesh consists of 8 triangles with a mesh size h = 1/4 and the finest mesh
contains 4096 triangles with a mesh size h = 1/32. In the first example numerical
convergence rates are presented for each scheme for both the cases with and without

the inertial forces on the balance of forces on the interface.

Example 19. The boundary conditions are chosen in such a way that the exact

solution to the coupled Navier-Stokes and Darcy problem is

w =y -2y +2z0,2° —2+2y), p1=-2y+azy+y’ 40,

p2 =2’y +ay +y°

in the case when inertial forces are not included on the interface. The boundary

conditions are then modified to include inertial forces, and the exact solution becomes

uy = (y2—2y+2x,w2—x+2y), P = —ay + zy + 17,

po=4.0 — 2%y + 2y + ¥* + 0.5((2z — 1)* + (2® — z — 2)?).

Numerical errors for the CG-CG and CG-DG schemes are presented for both
choices of boundary conditions. Table (5.1) shows optimal convergence rates for the
Navier-Stokes velocity, Darcy pressure and velocity. For the Navier-Stokes pressure
we observe a higher than optimal rate of convergence of 1.65.

Tables (5.1)-(5.4) show optimal convergence rates for all the variables in the model.
For this particular problem and other problems tested in this chapter, it is clear that

the solution obtained from including the inertial forces on the interface is comparable



h | UL = willpzen,y | 1P —pallp2a,y | 1D(Ur = willlpeq,y | P2 — p2lliega,) | 1102 — u2ll2(q,)
2 6.906 x10~2 3.308 x10~1 2.820x10~1 4.179 x10~2 3.763 x10~1
4 1.719 x10~2 6.645 x10~2 1.391 x10-! 1.106 x10~2 1.885 x1071
8 4.300 x10-3 1.975 x10-2 6.935 x10~2 2.985 x10~3 9.357 x10~2
16 1.074 x10~3 6.254 x10~3 3.463 x10~2 8.081 x10~4 4.664 x10~2
32 2.683 x10~4 2.013 x10~3 1.615 x10~¢ 1.614 x10~¢ 2.330 x10—2
rate 2.00 1.65 1.00 1.9 1.00

Table 5.1 : Errors and convergence rates: CG-CG scheme without inertial forces

(kl = 1, k‘z = 1)
h | Oy —wllpzayy | 1P = pilleega,) | IMD(UL — w)llp2a,) | P2 = p2lliz(a,) | 102 — uw2lliz(q,
2 6.906 x10~2 3.320 x10~1! 2.820 x10~1! 4.182 x10~2 3.719 x10™1
4 1.720 x10~2 6.446 x10~2 1.391 x10-2 1.136 x10~2 1.947 x10!
8 4.300 x10~3 1.900 x10~2 6.936 x10~2 2.990 x10-3 1.140 x107!
16 1.07 x1073 6.05x1073 3.464 x10~2 7.939 x10~4 8.258 x 1072
32 2.681 x10¢ 1.995 x10~3 1.731 x10~2 1.706 x10~¢ 7.259 x102
rate 2.00 1.65 1.00 1.91 1.00

Table 5.2 : Errors and convergence rates: CG-CG scheme with inertial forces (k; =

1,ke = 1)

/b | |UL = will g2y | 1P —pillozgayy | IP(UL = w)llp2q,y | 1P2 = p2lliz(a, | 1102 —walliz(a,
2 6.426x1072 3.345 x10~! 2.793 x10~1 1.052 x10~1 3.507 x107?!
4 1.598 x10~2 6.889 x10~2 1.366 x10~1 2.598 x 102 1.625 x107t
8 3.998 x10~3 2.909 x10-2 6.794 x10~2 6.418 x10~3 7.811 x10~2
16 9.989 x10~4 6.754 x10-3 3.390 x10~2 1.592 x1073 3.841 x10~2
32 2.495 x 104 2.248 x 103 1.694 x10—2 3.963 x10~4 1.907x10~2

rate 2.00 2.00 1.00 2.00 1.00

Table 5.3 : Errors and convergence rates: CG-DG scheme without inertial forces

(k1 =1,ky = 1)
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1/h [ 1O = wllp2ea,y | 12— pullpzga,y | 1D(UL = wi)llpza,y | P2 = p2llLz(a,y | 102 = wellpz(a,)
2 6.426x10~2 3.271 x1071 2.793 x10~1 1.054 x10~! 3.547 x1071

4 1.598 x 102 6.640x1072 1.367 x10~! 2.592 x1072 1.643 x1071

8 4.001 x10~3 2.047x1072 6.794 x10~2 6.417 x10~3 7.911 x10~2
16 1.000 x10~3 6.658 x1073 3.390 x10~2 1.594 x10-3 3.806 x10~2
32 2.499 x10~4 2.304 x1073 1.594 x10~2 3.970 x10~4 1.961 x10™2
rate 2.00 1.53 1.00 2.00 1.00

Table 5.4 : Errors and convergence rates: CG-DG scheme with inertial forces (k; =

1,]()2 = 2)

to the one without. However, as it has been shown in Chapter 3, the problem without
the inertial forces requires an additional small data condition to prove existence and
uniqueness of the weak solution. As mentioned earlier, there is no scientific consensus
on the proper interface conditions. Physical experiments might be able to provide

better insight as to which condition is better.

Example 20. The boundary conditions are chosen so that the ezxact solution to the

coupled Navier-Stokes/Darcy problem is:

ui(z,y) = (- cos(gy) sin(gx) + 1.0,sin(gy) cos(g:r) —1.0+z), iny,

Pl(%y) =1- z, in Q1

2 T T .
p2(z,y) = - 003(51") COS(Ey) —ylz—1), iny

From Table (5.5) optimal convergence rates have been obtained for the Navier-
Stokes velocity, pressure and Darcy pressure. The Darcy velocity is obtained through
numerical differentiation of the pressure variable in the Darcy region. The only draw-
back for the continuous finite element method is that higher order approximations in

the Darcy region can be obtained only after significant changes to the code. This,



h | 1O = wlipz,y | 1P = pillpeay) | 1O —w)llpza,) | 11P2 — p2lliz(a,) | 1U2 = w2llpe(q,)
2 7.173 x1072 4.143 x10° 7.351 x10~1! 4.080 x1072 2.330 x107?!

4 1.812 x1072 5.429 x10~1 2.433 x10~1! 1.270 x10~2 1.405 x1071

8 4.445 x1073 1.598 x10~1 1.135 x10~1 3.417 x1073 7.286 x1072
16 1.097 x1073 5.320 x10~2 5.540 x10~2 8.959 x10~* 3.670 x10~2
32 2.730 x1074 1.885 x10~2 2.735 x1072 1.962 x10~4 1.838 x10~2
rate 2.00 1.58 1.00 2.00 1.00

Table 5.5 : Errors and convergence rates: CG-CG scheme (k1 = 1, ky = 1)

however, is not the case for the discontinuous Galerkin method.

Uh | UL = wllgzq,y | 1P —pilleza,) | IP(UL — w)llpzq,) Py —p2 U2 — vzl 2(q,)
2 6.058 x10~2 2.809 x10° 6.566 x10! 3.479 x10-2 2.025 x10~1

4 1.615 x10~2 3.999 x10~! 2.337 x10~! 9.361 x10-3 1.026 x10-2

8 3.769 x1073 1.201 x10~* 1.128 x10~1 2.326 x10~3 4.948 x10~2
16 9.350 x10~4 4.188 x1072 5.557 x10~2 5.719 x10~4 2.427 x10~2
32 2.335 x10~4 1.482 x1072 2.751 x10~2 1.412 x10~4 1.201 x10-2
rate 2.00 1.50 1.00 2.00 1.00

Table (5.6) shows the numerical errors and convergence rates if the DG method of

Table 5.6 : Errors and convergence rates: CG-DG (k) = 1,k = 1)

%)

order one is used for the Darcy region. The resulting rate is of order one as predicted

by the theory. Next the order of approximation in the Darcy region is increased to

two for the same problem. The results are presented in Table (5.7). It is clear that

the order two approximation achieves higher accuracy on coarser meshes compared to

the order one approximation. A higher convergence rate of two for the Darcy pressure

in Q5. However, since §2; has a lower order approximation there is no improvement in

the quality of the solution in 2;. The implementation of the discontinuous Galerkin

method for this thesis has been done using monomial basis functions. Due to this
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fact, the code is very flexible, making it is easy to change the order of approximation

to an arbitrary degree n to approximate the pressure at any subset of the porous

medium.
/h | UL = ”1”L2(91) P —P1||L2(n1) HD(Uy - UI)HLZ(Q,) [1P2 _p2||L2(QZ) U2 — u2||L2(Q2)
2 6.058 x10~2 2.817 x109 6.566 x10~1 4.841 x10~3 4.254 x1072
4 1.615 x10~2 4.015 x10~?! 2.337 x101! 1.106 x10~3 1.154 x10~2
8 3.770 x10—3 1.203 x10~1 1.129 x10~1 3.041 x10~4 2.875 x10™3
16 9.352 x10~4 4.189 x10~2 5.557 x10~2 7.613 x10~5 7.155 x10™4
32 2.334 x10~4 1.482 x10~2 2.751 x1072 1.915 x10~8 1.789 x10~4
rate 2.00 1.50 1.00 2.00 2.00

Table 5.7 : Numerical errors and convergence rates: CG-DG (k; = 1,k, = 2)

The optimal convergence rates proved in Chapter 4 have been numerically verified
for the CG-CG and CG-DG schemes. It is also important to test the numerical

solution for different ranges of the physical parameters of the model.

5.4 [Effect of Physical Parameters
5.4.1 Permeability

The permeability in the porous medium is important in determining the flow charac-
teristics of ground-water. Some difficulties in modeling porous media flow arise due
to cracks, pinches or faults that occur in the domain. These physical features give
rise to highly discontinuous permeability fields. First we investigate the effectiveness
of each numerical scheme on problems with heterogeneous permeability in the porous

medium. The kinematic viscosity v for all cases is 1.0.

1. Rock in porous medium
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The free flow domain ; = (0,1) x (1, 2) and the porous medium €y = (0,1) x
(0,1). The porous medium has a circular region with permeability 1 x 10711
surrounded by a medium with permeability I. A Dirichlet boundary condition
u; = (0,—1) is imposed on I'y = 9;\I';2 and zero Dirichlet and Neumann
conditions are imposed on the bottom and lateral boundaries of the domain €,
respectively. Figure (5.1)(a) is a plot of the computational domain. Figures
(5.1)(b),(c) and (d) are plots of the norm velocity obtained from each scheme
from a mesh with 826 triangular elements in the porous medium and 206 ele-
ments in the free flow region. The CG-CG and CG-DG schemes are of order
one. The DG-DG scheme is of order two. The CG-CG solution is obtained
from a system with only 1143 degrees of freedom whereas the CG-DG requires
3199 degrees of freedom. It is clear that we observe the expected flow pattern
in both schemes and that the CG-CG scheme is the least expensive method for

this problem.

. Two intersecting fracture zones

We test the model on a porous medium 22 = (0,1.6) x (0, 1.5), with permeability
of 10~8T with 2 intersecting faults with a permeability of 10731. The free flow
domain ©; = (0,1.6) x (1.5,2). A Dirichlet boundary condition u; = (0, —1)
is imposed on the Navier-Stokes boundary and zero Neumann and Dirichlet

boundary conditions are imposed on the porous medial flow boundary.

Figure (5.2) is a plot of the computational domain adapted from work by Kass-
chieter [30]. Kasschieter has compared the effectiveness of the mixed finite
element to the classical finite element on particle tracking problems in satu-

rated groundwater flow and concluded that the finite element method gives
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Figure 5.1 : Computational domain and numerical results

unphysical flow in fractured porous media.

Figure (5.3) is a plot of the streamlines and pressure contours of the solution
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0.5

Figure 5.2 : Computational domain adapted from [30]

obtained from the CG-CG scheme from a mesh consisting of 170 elements in the
free flow region and 541 elements in the porous medium. It is evident that none
of the streamlines that approach the fault make it through the fault line. The
flow pattern exhibited by this solution is unphysical as the fault fracture is an
area of high permeability compared to the rock surrounding it. This unphysical
flow generated by the continuous finite element method for this problem has
also been reported in [30]. Figure (5.4) is a plot of the streamlines and pressure
contours of the solution obtained from the CG-DG scheme on the same mesh
used to produce the CG-CG solution in Figure (5.3). It is clear that the CG-DG
solution shows the expected flow because the majority of streamlines entering

the relatively high permeable faults exit the fault.

Upon further refinement, the CG-CG scheme produces the expected flow pat-
tern in Figure ((5.5)) on an adaptively refined mesh with 8146 elements. This

solution is obtained from a system with 4583 degrees of freedom, while the CG-
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Figure 5.3 : CG-CG: velocity and pressure

DG solution in Figure (5.4) solves the problem with 2229 degrees of freedom.
For this example the CG-DG solution is obtained from a smaller linear system

therefore the scheme is more efficient.

Figure (5.6) is the solution obtained from the DG-DG scheme of order 2. It is
clear from these examples that the CG-DG and DG-DG solutions are able to
capture the underlying permeability well. However the DG-DG scheme in both
domains is more computationally expensive hence the proposed coupling of the

CG-DG scheme in this thesis.
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Figure 5.4 : CG-DG: velocity and pressure

Figure (5.7) is a plot of the velocity streamlines and the norm of the velocity
at the intersection of the faults. The larger fault on the right has larger volume
and therefore it forces the flow moving initially from left to right to move to
the left. The above experiment shows that the CG-DG scheme is more robust
under highly discontinuous permeability. The CG-CG solution is unphysical
on a coarse mesh. The expected flow patterns were observed for the CG-CG
scheme only after refining the mesh around the region with the fault. From this

example it is clear that using the CG-DG scheme for problems with a high level
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Figure 5.5 : CG-CG on refined mesh: velocity and pressure

of heterogeneity is more efficient than using a CG-CG scheme.

Random Permeability

In this example, the permeability in the porous medium assumes random values
on each element between 0.001 and 1.0. The kinematic viscosity in the free
fluid region v is equal to 1.0. The exact solution of the problem is unknown,
however we cxpect the model to show flow favoring arcas of low permeability as

it moves down in the porous medium. Figure (5.8) is a plot of the computational
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Figure 5.6 : DG-DG scheme of order two: velocity and pressure

domain consisting of 128 elements in the Navier-Stokes and Darcy domains. The
underlying values of permeability on each element are also shown. The following

boundary conditions are imposed:

uy = (7 — 2sin(ry), —my) on Ty
Py = Ty in

gp = 7ry2 on I'sp, gnv =0o0n oy
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Figure 5.7 : CG-CG: streamlines and norm of velocity at fracture intersection

Figure (5.9) shows the norm of the velocity and the pressure of the solution
obtained from the CG-DG scheme using the NIPG method with piecewise
quadratic functions approximation the Darcy pressure. The CG-CG and DG-
DG schemes give comparable results. The scheme converges in 8 Picard iter-
ations with a set tolerance of 1071°. The observed streamlines in Figure (5.9)
(a) are as expected because the fluid particles are seen to avoid regions of the
porous medium with low permeability. The pressure is lower in the porous
medium because of the relatively low volume of fluid that makes its way across

the interface.
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Figure 5.8 : CG-DG: Computational domain on random permeability field

5.4.2 Kinematic Fluid Viscosity

We consider the effect of the kinematic fluid viscosity v on the CG-DG coupling of
the Navier-Stokes Darcy coupling. One of the conditions needed for the proofs of
existence of a solution for the coupled model was that the kinematic viscosity v has
to be large enough for a given set of data values. In this section we check optimal

convergence rates and errors for decreasing value of v to test the limits of the model.

Example 21. The boundary conditions are chosen in such a way that the exact
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Figure 5.9 : CG-DG: Random permeability (a) Norm velocity and (b) Pressure

solution is:

uy(z,y) = (y2 -2+ 1+v(2r—1),2° -z — (y — 1)2u),

1
pl(a:,y)=21/(x—|—y—1.0)+3—k—4v2,

1 3
pa(z.y) = 2 (z(l - 2)(y - 1) + % — v’ +y) +2vz.

For each value of v, numerical errors are computed on successive refinements on

a coarse mesh with h = 1/4.
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v N | WU —wllpzyy | 1P = pillizayy | DU —wi)llpza,y | P2 = p2llrza,) | 1102 —u2llp2ea))
1 8 | 6.183x1075(2.00) | 7.208x1074 (1.54) | 8.485x10~3(1.00) 6.616x1075(2.00) | 7.100 x10~3(1.00)
0.1 | 10 | 6.201x107%(2.00) | 8.358 x10~5(1.68) | 8.485 x1073(1.00) | 6.615 x10~5(2.00) | 7.100 x10~3(1.00)
0.01 | 18 | 6.329 x1075(2.00) | 4.089x10~5(1.97) 8.489x1073(1.00) 6.612 x10~5(2.00) | 7.100 x10~3(1.00)
0.001 | 23 | 6.462x1075(2.00) | 4.074x107%(1.98) 8.897x1073(1.00) | 6.611 x10~5(2.00) | 7.101 x10~3(1.00)

Table 5.8 : Numerical errors and convergence rates for varying v: CG-CG

Table (5.8) shows the convergence rates for each variable for different values of
v and error on a fine mesh consisting of 8192 elements using order 1 polynomials
in the porous medium. The variable N is the number of Picard iterations required
for convergence with a tolerance set at 1 x 107!°. The hydraulic conductivity K
is the identity matrix. We observe optimal convergence rates for Reynolds number

up to 1000 and an increase in the number of Picard iterations required to achieve

convergence under the set tolerance.

5.5 Local Mass Conservation: An Application to Filtration
Systems

The coupling of viscous flow and porous media flow that has been presented in this the-
sis can also be found in industrial filtration systems. In [17], a coupled Stokes/Darcy
model is proposed for industrial filtration systems and solved using a mixed finite el-
ement formulation. Filtration systems play an important role in chemical industries
in solid-liquid or solid-gas separations. The CG-CG and DG-DG schemes are applied
to the filtration problem posed in [17].

The computational domain is a concentric quarter circular divided into the porous

and free flow media domains as shown in Figure (5.5). The thickness of the free fluid
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Figure 5.10 : Filter: Computational domain

and porous media domain is 0.02. The Navier-Stokes and Darcy domains consists of
3068 and 1847 triangular elements respectively. We impose u; = (—35, 3¥) on the
circular part of circular part of I'; and u; = (0,—-1.0), u; = (—=1.0,0) on the lateral
and horizontal segments of I'; respectively. We impose zero Dirichlet and Neumann
boundary conditions for the Darcy pressure on I';p and 'y respectively.

The low permeability in the porous medium causes a pressure build up during
the filtration process. The life span of filtration equipment is heavily dependent on
the hydrostatic pressure gradient that develops across the porous medium during
filtration [17], as a result it is important to develop efficient models to determine the
pressure gradient before any experiments are done. Mass conservation is an important

component of any numerical model that effectively simulates the filtration process.

We seek to test mass conservation for the CG-DG and DG-DG schemes. For each
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numerical scheme we compute the ratio of mass lost between the inflow and outflow

fluxes:
E Uy - Ne — E U2 - Ne
e€el’; e e€lap e
E Ui - Ne
ecl’; e

The flow characteristics in Figure (5.11) are the same as observed in work by Hanspal

PRESSURE

NORM_VEL

(a) Norm velocity (b) Pressure

Figure 5.11 : Dead-end filter: CG-DG norm velocity and pressure

et al [17]. There is a 90% drop in the pressure from the interface to the Dirichlet
boundary condition of the porous media flow region. This allows the filtration process
to occur efficiently. The observed mass loss for the CG-CG scheme is 1.8%, 2.57% for
the CG-CG scheme and 0.02% for the DG-DG scheme. The local mass conservation
property of the DG method pays off. The DG-DG scheme outperforms the CG-
CG and CG-DG schemes. From this it is clear that when local mass conservation

is of great importance we have to pay the computational cost of the DG-DG. All
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the schemes have a mass loss less than 5% which is very good for most practical

applications.

5.6 Comparison of Interface conditions

In this section we perform a numerical study on the effect of the choice of including the
inertial forces on the interface. In Chapter (2) we introduced an interface condition
that relates the balance of forces in two forms, one including intertial forces and

another without. The interface conditions are recalled below:

1. including inertial forces

(~20D(w) + prl)ss) - s + 3 (1 ) = o, (5.5)

2. without inertial forces
((—=2vD(u1) + pr1Dna2) - Mz = o, (5.6)

In consultation with Dr. Matteo Pasquali, the condition with inertial forces can also

be written in the following manner:

((—2vD(u) + pr I)nyz) - map + %P(ul . 'n12)2 = po, (5.7)

with p the fluid velocity. The techniques that have been used in this work to prove
existence and uniqueness do not work with this interface condition. This section
provides numerical test cases to try to understand the impact of this condition of
the coupling. The purpose of this study is to compare the numerical solutions ob-
tained from the schemes W% and W} resulting from using conditions (5.5) and (5.6)

respectively and the scheme denoted by W2 using condition (5.7)
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First we compare the schemes W% and W}. Next, we compare these two schemes
to Wg&. It is not clear which condition is the most physical. In my view laboratory
experiments might shed more light into which is the most suitable condition. These
experiments are beyond the scope of this work. We start with an example that is

motivated by the driven cavity flow problem.

Example 22. We consider the following Dirichlet boundary conditions for the Navier-

Stokes region (1 = (0,1) x (0,1)):

uy = (sin(7rz),0), on (0,1) x {2},

u; = (0,0), on ({0} x (1,2)) U({1} x (1,2))

For the Darcy region (22 = (0,1) x (1,2)), we assume zero Neumann boundary con-
dition for the vertical boundaries and zero Dirichlet boundary condition for the hori-
zontal boundary. We use the CG-DG scheme of order one. The kinematic viscosity

v 1s chosen to be equal to one.

First we verify convergence of the numerical scheme for each model. Since the
exact solution is unknown we compute the difference between solutions between su-

cessive refinements.

1h | ||PP = PMlr2(a,y | ID(UR = UDliL2(ay) | U3 — UbliLz(a,)
4 6.797 x10~! 9.397 x10! 1.100 x1072
8 2.071 x107?! 4.633 x107! 2.866 x10~3
16 9.069 x1072 2.392 x10~1! 1.123 x10-3
32 4.024 x102 1.241 x10~1 5.290 x1074
ratio 2.25 1.92 2.12

Table 5.9 : Relative numerical errors and ratios for model W# with choice k; = 1.
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[1n [ 1P~ PPllL2ayy | IDCUR = UMy, | 108 = Ubllio o)
4 6.797 x10~1 9.387 x1071 1.234 x1072
8 2.071 x1071 4.633 x10~1 2.947 x1073
16 9.067 x10~2 2.391 %101 1.066 x10~3
32 4.024 x1072 1.241 x10-1 4.790 x10~4
ratio 2.25 1.92 2.22

Table 5.10 : Relative numerical errors and ratios for model W} and the choice &y = 1.

From Tables (5.9) and (5.10) we observe the expected convergence rate of O(h)
for the Navier-Stokes pressure, velocity and Darcy pressure.

Further, we analyze the solutions obtained from the two models on a uniform trian-
gulation of the domain consisting of 16384 elements. In Fig. (5.12), we show the veloc-
ity streamlines obtained from the schemes W% and WE. They are almost identical to
each other. The Euclidean norm of the velocity field is of order one. For a better com-
parison, we compute the difference between the two solutions. Fig. (5.13)(a) shows
the contours of the difference between the two approximations of the z-component of
the velocity field. We observe that the difference is very small, of the order 1075. A
similar comment can be made about the difference between the two approximations
of the y-component of the velocity field (see Fig. (5.13)(b)). The difference between
the two approximations of the pressure is slightly larger, namely of the order 1073
(see (5.15)).

Finally we repeat the same experiment but we set the fluid viscosity equal to
0.005. Fig. (5.15) shows the difference between the approximations of the two models.
Overall the difference is small, of the order 107>. At some localized areas near the

interface, the difference increases to 1073.
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(a) (b)

Figure 5.12 : Streamlines for the numerical velocity for the model without inertial

forces (a) and with inertial forces (b) for viscosity equal to 1.

In Example (22) the magnitude of the inertial forces and the inflow through the
interface are @(1073) and O(10~2) respectively. In this case we have observed that the
solutions obtained from the two models are the same. Next we consider an example
in which the magnitude of the inertial forces and the inflow through the interface are

O(1).

Example 23. On the computational domain with Oy = (0,1) x (0,1) and Qp =

(0,1) x (1,2), we impose the following boundary conditions:

7.2

uy = (0.0, —2me = (@ =€=057%") fr(02<2<08)

with the parameters ¢ = 107% and r = 0.3 + ¢ and a no-slip condition on the rest
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Figure 5.13 : Difference between the solutions obtained from the two models for
viscosity equal to 1: (a) z-component of velocity, (b) y-component of velocity and (c)

pressure.

of I'1. We also impose Dirichlet and Neumann boundary conditions gp = 1.0 and
gy = 0.0 on the bottom and lateral boundaries respectively. The external functions
acting on the fluid in the Navier-Stokes and Darcy domains are set to (0.0,2.0) and

zero respectively. The kinematic viscosity v is equal to 1.0 and K = 1.

First we verify convergence rates for the schemes W% and W} for the boundary
conditions stated above. The NIPG method with a penalty parameter set equal to

one is used for the discontinuous Galerkin method.
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(a) (b)

Figure 5.14 : Streamlines for the numerical velocity for the model without inertial

forces (a) and with inertial forces for viscosity equal to 0.005.

1/h | |IPE* — PPli2(a,) | ID(UE" = UblliLz(a,) | 11UB" — UbliLaga,)
4 1.391 x10° 1.890 x10° 1.335 x10!
8 4.983 x10° 1.132 x10° 4.067 x10~2
16 2.413 x10~! 6.665 x10~! 1.888 x10~2
32 1.086 x10~1 3.643 x1071! 7.570 x10~3
ratio 2.22 1.82 2.00

Table 5.11 : Relative numerical errors and ratios for model W and the choice k; = 1.

In Tables (5.11) and (5.12) we list the norms of the differences in the solutions

from successive refinements. From the ratios computed at each level we obtain the
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Figure 5.15 : Difference between the solutions obtained from the two models for

viscosity equal to 0.005: (a) x-component of velocity, (b) y-component of velocity

and (c) pressure.

1n | 1PF = Pllgaay | 1DQUF — UDlliagay) | 105 - Ubllaay
4 1.395 x10° 1.893 x10° 1.379 x10~1!
8 4.985 x10~1! 1.133 x10° 4.026 x10~2
16 2.417 x10-1 6.665 x10~1 1.756 x10~2
32 1.087 x10~1 3.641 x10~1 8.699 x10~3
ratio 2.22 1.83 2.00

Table 5.12 : Relative numerical errors and ratios for model W2 and the choice k, = 1.
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expected convergence rate O(h) for the gradient norm of the Navier-Stokes velocity
and Darcy pressure. Next we study the effect of the kinematic viscosity v on the

numerical schemes W% and W}. We fix the value of K = T.

Figure 5.16 : Inertial forces (x) for model W% and W} for v = 1.0 and K = I.

Fig. (5.16) is a plot of k = -;—ul - u, the inertial forces on the interface for both
numerical schemes for the boundary conditions outlined above with v = 0.1. There
is a very small difference in the value of the inertial forces obtained from the two
numerical schemes. The numerical solutions obtained from the two models are the
same as shown in Fig. (5.17).

Fig. (5.18) is a plot of the value of the inertial forces for the two models for
v = 0.1. It is clear that that the scheme W% produces larger values of the inertial
forces on the interface. A further decrease in the kinematic viscosity results in a larger
contrast in the value of the inertial forces on the interface from the two solutions (see
Fig. (5.19)). Fig. (5.20)(a) shows that the solution from model W} has flow patterns

concentrated at the center due to large eddies that form near the boundary. On the
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Figure 5.17 : Norm of velocity for model W% (a) and W5 (b) for v = 1.0 and K = I.

other hand the solution from model W2 (see Fig. (5.20)(b)) appears less affected
by the eddies an is less concentrated at the center. It is not clear which solution is
correct or more physical, further clarification could be obtained through the help of
physical experiments. Next we analyze the effect of the hydraulic conductivity K
on the numerical solutions obtained from the schemes. First we set the kinematic
viscosity equal to 1.0 and then solve the coupled problem for different values of K.
Fig. (5.21)(a) is a plot of the value of the inertial forces (k) along the interface
for decreasing hydraulic conductivity starting with a value of 1072 for model W.
Fig. (5.21)(b) is a plot of the flux = (u; - n12) which quantifies the amount of flow

passing through the interface. As the permeability decreases we see that the flux
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Figure 5.18 : Inertial forces (x) for solution W# and W} for v = 0.1 and K = I.

through the interface decreases on the central part of the domain (see Fig. (5.21)(b)),
the same pattern is observed for the inertial forces(x) in Fig. (5.21)(a). The low per-
meability forces the flow towards boundary as a result the value of the inertial forces
and flux is greater near the boundary. The same flow characteristics are observed in
the solution from model W} (see Fig. (5.22)). The solutions obtained from model
Wh and W} are the same (see for example Fig. (5.23) for the case K = 107I).
We conclude that for v = 1.0 the two models give comparable solutions. At low
permeability, the numerical solutions obtained from the two schemes are comparable
even at low kinematic viscosity. From Fig. (5.24) it is evident that the values of the
inertial forces on both sides of the interface for the solutions from both models are

identical for K = 1078 and v = 0.01. The solutions obtained from model W# and
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Figure 5.19 : Inertial forces () for model W% and W} for v = 0.01 and K = 1.

W} are also the same (see Fig. (5.25)).

80
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Figure 5.20 : Streamlines and norm velocity for the models W#(a) and W} (b) for

v=001land K =1.

The next example will be used to compare conditions (5.5),(5.6) and (5.7). The
condition (5.7) takes into account the normal component of the velocity into the
inertial forces. As we would expect, a flow parallel to the surface of the interface
should have lower inertial forces compared to the flow orthogonal to the surface. For

simplicity the fluid density p is equal to one.

Example 24. Polygonal Interface
The domain is 2 = (0,2) x (0,1.25) divided into the Navier-Stokes and Darcy region

by a polygonal line T'15 consisting of three forward steps of equal height equal to 1/4
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and v = 1.0.
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Figure 5.22 : Inertial forces (a) and flux (b) for model W for different values of K

and v = 1.0.

(see Figure (5.26)). The porous medium has intrinsic permeability equal to 107°I and
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Figure 5.23 : Norm velocity for models W% (a) and W} (b) for K = 107%I and

v=1.0.

is the subregion below the interface. The boundary conditions are set as follows:

uy = —3(y —5/4)(y — 1/2) on Ty

gDZO OTI,FQD,gNZOOHFQN;flzoanZO

The lateral boundary of the porous medium is I'sp, the rest of the domain in Iyn.

Figures (5.28) and (5.27) are plots of the norm of velocity profile for the solutions
obtained from each scheme. In each plot the solution due to the condition (5.7)

is plotted with a dotted line. It is clear that in this particular case and in other
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Figure 5.24 : Inertial forces on NSE (a) and Darcy (b) sides of interface for W% and
Wh for K = 10781 and v = 0.01.

profiles extracted the norm of velocity is the same for each scheme. As expected the
profile show a decrease associated with the interface between the free flow region and
the porous medium as the fluid slows down. The addition of the normal velocity
in balance of velocity component in this case does not seem to affect the solution.
All solutions converge in 4 Picard Iterations with a tolerance set at 107%. Next we
repeat the simulation with a smaller value of v. For the same example above the
kinematic viscosity v is set equal to 0.01. The solutions from schemes W# and W}
have been shown to differ under low viscosity. Figure (5.29) shows the norm velocity
profiles of the solutions are compared along y = 0.6. From Figure (5.29) we note
that for 0.0 < z < 0.5, the solution with the condition (5.7) appears to be smaller
than that due to (5.5), however along = = 0.5 the solution from scheme W2 has a
slightly larger norm velocity. This small difference can possibly be explained by the

fact that as expected the condition (5.7) will allow for more flow when the surface is
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Figure 5.25 : Norm of velocity for models W/ (a) and W} (b) for K = 10~8I and

v =0.01.
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Figure 5.26 : Computational domain with polygonal interface
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Figure 5.27 : Norm of velocity profiles along y = 0.60 for schemes Wh Wh and WE.
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Figure 5.28 : Norm of velocity profiles along y = 0.75 for schemes W%, W} and W.
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Figure 5.29 : Norm of velocity profiles along y = 0.60 for schemes W’ and W} for
v =0.01.

orthogonal to the direction of the low. However, the differences are not significant
enough to conclude that the condition (5.7) add new information to the solution of
the coupled Navier-Stokes/Darcy problem. To conclude tests with this example we
run the schemes under high permeability in the porous medium. The velocity profiles
are shown in Figure (5.30) for K = I. The solution from scheme W} is shown in
the dashed line and the one due to W} has a solid line. We note that there is not

significant difference in the solutions.
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Figure 5.30 : Norm of velocity profiles along y = 0.6 for schemes W% and W& for
K=1

Conclusion

Optimal convergence rates have been shown for the CG-CG and CG-DG scheme. The
CG-CG scheme has a drawback in cases where higher order approximations might
be needed to better capture the flow as significant modifications need to me made
to the implementation. The CG-DG scheme is robust under all physical parameters
that are crucial the model. The CG-CG scheme exhibits unphysical behaviour under
highly heterogeneous porous medium and requires a larger system to produce the
expected result. The DG-DG scheme achieves higher order approximations but it is
relatively computationaly expensive. In view of the problems that the schemes have
been tested on it is clear that solving the coupled Navier-Stokes and Darcy problem
using the CG-DG scheme is more efficient than using the continuous Galerkin method.
A numerical study of the interface conditions concludes that adding inertial forces

to the model has an impact at low permeability, at this point it is not clear which
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solution would be correct. The best way to determine the best interface condition is

to perform physical experiments.
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Chapter 6

Two Grid Method

The coupled Navier-Stokes and Darcy problem analyzed in this thesis results in large
non-linear coupled systems which maybe time consuming to solve. This chapter
improves the computational efficiency of the numerical schemes introduced in Chap-
ter 5. We introduce a two-grid technique for both the Stokes/Darcy and Navier-
Stokes/Darcy problems that naturally decouples the coupled model into two rela-
tively smaller problems.The first will be a modified Navier-Stokes problem (or Stokes
problem) to solve for the fluid velocity and pressure in the free flow domain. The
second will be a modified Darcy problem to solve for the Darcy pressure in the porous
medium. The two grid technique has several advantages. First it allows for paral-
lelization of the code. Second, legacy codes exist that have been optimized to solve the
Stokes, Navier-Stokes or Darcy problems separately. These codes can be used once the
model has been decoupled. In this chapter we apply the two-grid decoupling method
to both the coupled Stokes/Darcy and coupled Navier-Stokes/Darcy problems. We
show that this method results in a more efficient scheme without compromising the

accuracy of the solution.

6.1 Coupled Stokes/Darcy Model

First we briefly state the coupled Stokes/Darcy model. This model has been well stud-
ied for example in [14, 33, 7, 49, 45]. The work in this chapter is an extension of work

in [4] and [36] in which the two-grid method is applied to the Navier-Stokes/Darcy
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and Stokes/Darcy couplings respectively for the mixed finite element method. This
chapter extends this work to the coupled problem with a multi-numerics scheme com-
bining the classical finite element and the discontinuous Galerkin method. The flow

in §; is modelled by the Stokes equations:

-V-@uD(w)-pil) = f;, inQ, (6.1)
A u = O, in Ql., (62)
w = 0, on 891\1‘12 = Fl. (6.3)

The fluid velocity and pressure in 2y are denoted by u; and p; respectively. The
coefficient v > 0 is the kinematic viscosity, the function f, is an external force acting

on the fluid, I is the identity tensor and D(u;) is the strain rate:
1
D('u,l) = —2-(V'LL1 + VulT). (64)

The flow in €25 is modeled by Darcy’s Law as described in Chapter 2:

~V-KVpy = fa, in Q, (6.5)
~KVpy = wug, in Qy, (6.6)
P2 = gp, onIyp, (6.7)

KVp; -my = gn, onlIon. (6.8)

The fluid velocity and pressure in {2, are denoted by u, and ps respectively. The
function [, is an external force acting on the fluid, the functions gp and gy are the
prescribed value and flux respectively. The vector n, denotes the unit vector normal
to I's and the coefficient K is a symmetric positive definite tensor representing the
hydraulic conductivity of the fluid. As in the case with the Navier-Stokes/Darcy
coupling, the model is completed by specifying coupling conditions on the interface
I';; with the omission of the condition including the inertial forces. The conditions

are recalled below:
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1. The continuity of the normal component of velocity arising from the incom-
pressibility condition. Let mi5 be the unit normal vector to I'yy directed from

Q; to € then:

u - N = KVpQ * 2. (6.9)

2. The second condition is on the tangential component of the velocity in the free
flow region. Let 712 be the unit tangent vector on the interface I';2 then the

Beavers-Joseph-Saffman law [3, 28, 50] will be written as:

u -T2 = —21/G(D(u1)n12) - T12- (6.10)

3. The last condition relates to the balance of forces on the interface:

((=2vD(w) + pr1l)nz) - mz = po. (6.11)

6.1.1 Variational Formulation for Stokes/Darcy Coupling

The function spaces for the Stokes velocity and pressure (w1, p1) and Darcy pressure
p2 are the same as in Chapter 3 for the Navier-Stokes/ Darcy coupling. We briefly

recall the function spaces. The Stokes velocity and pressure belong to the spaces:

X; = {v, € (H{(1))?: v1 =0o0n '},

My, = L2(Ql)’

respectively. The Darcy pressure belongs to the function space

My ={q € Hl(Qg) :q2=0on[yp}.
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We lift the Dirichlet boundary condition in 6.7. If gp € HY?(T3p) there exists a

function pp € H(£2,) satisfying

pp = gp, on I'ap, (6.12)
pp =0, on I'g, (6.13)
llpDl| 1 (022) < Collgpll vz, p)- (6.14)

The variational form for the coupled Stokes/Darcy problem is (Ws):

Find u; € X1,p1 € M1,p2 = w3 + pp, with ¢9 € M, s.t.

Vo € X1,Yg2 € M, 2v(D(w), D(v1))q, — (p1,V - v1) g,

1
(Ws) +(p2, 01 - n12)rl2 + E(Ul $T12, 01 7’12)1~12 - (w - "12’q2)r12

+(KV<P2,V(I2)92 = (.f]a vl)ﬂl + (f27q2)92 - (-l(va7qu)Q2 + (gN)qQ)
| Va1 € My, (V-uy,q1)e, =0.

Tan?

6.1.2 Numerical Scheme: Stokes/Darcy coupling

As in Chapter 5, we consider a triangulation (€, = £} U £F) of the computational
domain with elements E. The Stokes velocity and pressure are approximated by
conforming finite element spaces X C X; and M} C M, defined in Section 4.2 of
Chapter 4 satisfying the discrete inf-sup condition (4.1). The Discontinuous Galerkin
method is used to approximate the Darcy pressure.The finite element space for the

Darcy pressure is
Mzh = {q2 € LQ(QQ) :VE € ggh, q2IE € sz(E)}

where P, denotes the space of polynomials of total degree less than or equal to k.
For the definition of the DG norm ||| - ||| and other DG notation, we refer the reader

to Section 4.2 in Chapter 4. Recall the space of weakly divergence-free functions:

Vi ={vie X" : Vg€ M}, bs(v1,q1) =0}
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Next, we recall the numerical scheme for the fully coupled Stokes/Darcy problem.

First we define the following bilinear forms:
Vv, we X}, as(v, w) = 2v(D(v), D(w))e,
VUGX?aVQI €M1h7 bS('U,(h): —(qlvv"v)ﬂla

g
Vz,v,w € Vga,ta € M}, ap(a,to) = > (KVqy, Vig)p+ Y é([ﬂh], [t2])e

Ee&l e€I?
=Y ({KVa - ne}t))e + @2 Y ({KVia - ne}, [g2))e.
ecTh ecl's

Vo,we X%, Vo, ta € MY, (v, q2;w, t2) = (g2, w- n12)1-12 - (v- n12,t2)p12

1
+—-(’U- T12, W le)ru

G
Via € M} Vv e XP) L(v,to) = (£1,v)a, + (f2, 12)0,

+e (KVty - e, gp)e + ‘0_6(9D7 t2)e + (9N, t2)e
lef

eclyp eclap eclyn
The parameters o, and e, are the penalty and symmetrization parameters respec-
tively. Having defined the bilinear forms, the numerical scheme to problem (W¢)

1s:
Find U} € X PP e M}, P} € M, st

Yo € X%, g2 € ME,as(U%,v1) + bs(v1, P) + ap(PE, g2)

+’Y(U}11/ P2h7 v1, q2) = L(’Ul, QQ)v

| Va1 € M} bs(UY,q1) =0.
The error analysis for the two-grid method applied to the Stokes/Darcy problem

requires an L, error estimate on the Stokes velocity proved in the following section.

6.1.3 L, error estimate for Stokes/Darcy problem

First we recall the of weakly divergence free functions:

Vlz{’l)lEXl,V"I)l:O}
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In order to define the dual problem, we consider the following homogeneous Stokes
and Darcy problems:

Find a pair (¢1,&) in H3 (1) x L3(;) such that for g; € L(4)%:

-V (2vD(py) - &I) = g;iny (6.15)
Vg, = 0in{y (6.16)
¢p; = OonTy. (6.17)

Find & € Hr,, () such that for g, € L*(Qy).

-V KVEQ = g2, in Qz, (6.18)
& = 0, onTap, (6.19)
KVé -ny; = 0, onTIan. (6.20)

Following the Aubin-Nitsche duality technique, we define a dual problem Wg : given
(g1, 92) € (L*(1))? x L*(Q,) we introduce the unique solution (¢, &1,&) € (Vi x
M, x M>) such that:

Vv € X1, q2 € My, as(v1, 1) + bs(v1, 1) + ap(g2, &2)
(W3 § +7(v1,92 1, &) = (g1, v1)e, + (92, 92)0, *
Va1 € My bs(p1,q1) = 0.
The equivalence between the model problem and the form (W¢) is summarized in

the following lemma. The proof is similar to Lemma 3.2 in Chapter 3.

Lemma 25. If (¢4, &,&) € (V1 x My x M,) satisfies (6.15) - (6.20) with interface
conditions (6.9) - (6.11), then (¢,, &1, &) is a solution to problem (WE). The converse

is also true under some additional smoothness assumptions.
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6.1.4 Regularity for the Coupled Stokes/Darcy problem

Following the argument used in [23] the coupled Stokes-Darcy problem requires the

following concept of regularity.
Definition 26. We say the coupled problem (6.15) - (6.20) with interface conditions
(6.9) - (6.11) is regular if the mapping

(1,€1,62) = vA@, + V& + A

is an isomorphism from [H?(S1)>NV 1] x [HY ()] x [H?(Q)] onto L?(£2)% x L2(£2).
This definition implies that ¢, € H*(Qy), & € H () and & € H?*(Q,) whenever
(91, 92) € (L*(S1)* x L*(2)) and

lle1llm2e,) + gy + 1€l iz, < Clgallizgy) + llg2llrz@,)) (6.21)

6.1.5 Error estimates in L,

Recalling the equations of the model in each domain, we have the following consistency

lemma which can be proved in a manner similar to Lemma (10) in Chapter 4.

Lemma 27. Let uy,p1, p2) be the solution to the coupled Stokes and Darcy equations

with interface conditions (6.9) - (6.11). Then, for vi € X% go € M}, q1 € M}

ans(ui,v1) + bns(v1, p1) + an(p2, ¢2) + (w1, p2;v1,92) = L(v1, g2), (6.22)

bns(ui, q1) = 0. (6.23)

Theorem 28. Assume that the solution (u1,p1,p2) to the problem Wy is such that
wy, € (H* ()%, pm € HY () and po € H*(Q2). Then there exists a constant C

independent of h such that:

llur = Ulllzgn) + ez = Pollzz,y < Ch(IID(us = Ullzzgy) + ez = PRI+ llpr — PPllz2ca,)

< Ch.
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Proof. Let v = u; — U;‘ and g = pg — PQ" in W¢ then we have:

(g1, u1 — UM, + (92,02 — P, = as(ug — UL, @) + bs(uy — U, &)

+’)/(’U1 - UI]?ap2 - P2h’ Sala£2) + (J.D(p2 - P2ha §2) (624)
Then if we let g, = (u; — U?) and g, = (p, — PJ) in 6.24:

s = UlIZ2g, + 112 = PRIz, = as(us = U, 1) + bs(wr = UT, &)

+’)’(’U,1 - U?vp2 - P2hv ‘101752) + aD(p2 - PZha 62) (625)

Subtracting the discrete model (W&) from (6.22) - (6.23) and using the definition of

~ we have:

as(u1 — UT), ¢p) + bs(en, 1 — PI') +an(p2 — P3',an) + (p2 — P3'ypn - ma2)p

1
+—= ((U1 - U;L) " T12,Ph - 7'12)1"12 - ((ul - U?) M2, qh)Fu =0

G
Ve € VY,  Van € Mg

bs(uy — U &,) =0, V&, € Mp (6.26)

Subtracting the left hand-side of 6.26 from the right-hand side of 6.25 and using the

fact that ¢, € V', we have bs(,, p1 — P}) = 0 thus we obtain:

||u1 - U?H%ﬁ(ﬂl) + ||P2 - P"?“%ﬁ(ﬂz) = Tﬂl + TQz + TF12

V‘Ph € V?v Vén € M}%a Van € M}% (627)
with the terms defined as:

T, = as(ur— U, @1 —@p) +bs(p1 ~ onp1 — PP) +bs(ur — UL, & — &)
To, = ap(p2— Py & —qn)

é‘((ul ~UY) Tz, (1 — n) - "'12)1‘12 ~ (w1 —UT) - n12,&2 — 1)
+ (p2— P, (on— 1) M)

[y2
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Next we use approximation properties (4.6) - (4.9) of the discrete spaces X1, M,

and M, defined in Chapter 4. Assume that (¢q,&1,&) € X1 x M; x M, is smooth

enough, i.e. ¢, € H2(), & € HY() and & € H?(), we can take (py, &, gn) =

(@n éh, grn) such that:

IV(e1 = @u)llr2) < Chlle:llrzy), (6.28)
161 = &nll 2 < Chll& N ), (6.29)
I1&2 = anlll £ Chll&:2|la20,)- (6.30)

Bounding the terms in Tg,:

as(ur — U%, @1 — ) < 20/|D(u1 — UN)|| 201D (21 — @1)llr2(0y);
bs(1 — en,p1 — PP < CllID(py = en)llrzan oy — Plllzzy),

bs(ur — UM, &1 — &) < Cil|1D(ur — UN)lzz2ian)lé1 — &hllzzay)-

Bounding the term T, we obtain:

Ta, < Coclllpz — PHIIp2 — anllzz(os)-

The interface terms can be bounded as follows:

1

C1Cs)?
5((U1 — UM 712, (1 — 1) - "'12)r12 < Llc;—Q)IID(ul ~UM2anlIV(e1 — en)llrz @)

|(wr = U%) n12,& — qu)rl < C2C1lID(ur — U || 201162 — gl

|(p2 = B3, (1 — i) -ma2)risl < CoCalllez — PRIV (1 — en)llzzqay)

The error analysis performed in [15, 45| shows that
1D (u1 — U220y < Ch (6.31)
llp1 ~ PPllz20,) < Ch (6.32)

lllp2 — PIl < Ch (6.33)



99
From the approximation properties (6.28) - (6.30) we obtain:

lur = U2,y + lle — PRlIT2(0, < CR{ID(u1 = U)oy (legllaz ey + 16l 2 ()

Hp2llaz(a,) + 1p1 — PRl 2 1Esl mia) + ez = Plegllr o }-
Using 6.21 and recalling that ¢; = u; — U’f and gp = o — PP gives:

lur — US| 200y + 1102 = Pollz2(n) < CR{IID (w1 — UN)|12(0y)

+lp1 = Pz, + lllez — PRI}

The constant C depends on constants C; through Cg defined in Chapter 3 which

depend on the domains £2; and Q. O

6.1.6 Two Grid Algorithm: Coupled Stokes/Darcy Model

In this section we present the two-grid algorithm applied to the coupled Stokes/Darcy
problem. The two-grid method algorithm solves the more expensive fully coupled
problem on a coarse grid of size H which is assumed to be much bigger than the fine
grid of size h. We then use the solution from the coarse grid to approximate unknowns
on the fine grid to solve modified Stokes and Darcy problems. The algorithm is

summarized in the following steps:

1. First we solve a coarse grid problem on a grid of size H:

)
Find U¥ € X P ¢ M, P ¢ MF| st.

W Vo € XH Vgo € MY, as(UH,vy) + bs(v1, PH) + ap(PF, ¢2)
+y(UH, P v1,¢0) = L(v1, g2),

{ Vg1 € M, bs(UH,q1) =0.
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2. We then solve a modiﬁed fine grid problem on a grid of size h:

,

Find Uy € X7, Py1 € M}, Poo € M, sit.

1
Yo, € X0 Vgo € ML, as(Upi,v1) + E(Uh,l - T12,v1 - T12) + bs(v1, Pr1)
(Wh)

+ap(Pr2,q2) = L(v1,q2) — (P, 01 - )y, + (UY a2, ¢2)r,,

| Va1 € MP, bs(Upi,q1) = 0.

The modified fine grid problem is equivalent to solving modified Stokes and Darcy
problems in ; and €2y respectively. The modified problems can be stated as follows:

n Ql,
p

Find Uy, € X}, Py1 € M}, st.

1
Yo € X% Vge € M, as(Una,v1) + bs(v1, Pai) + E(Uh,l “T12,01 - T12)Tys
(Wh,s)
= (f1,v1)e, — (P, v - ni2)ry,,

| Va1 € M}, bs(Up1,q1) =0,

and in o,

Find P2 € M}, s.t.
(Wap) 4 Va2 € M}, ap(Prg,q2) = (f1,42)0, + (U” - mu2,q2)ry, + (9N, 92)ra
g,

+e Y (KVga e, gp)e + > |—;T(9D:q2)e
eclap eclop

The next section presents the error analysis for the Two grid algorithm defined above.
6.1.7 Error Analysis: Two Grid Stokes/Darcy Algorithm

The objective of this section is to show that the modified two-grid algorithm results

in a solution that is an approximation of the solution from the coupled problem.

Theorem 29. Let Uy, 1, Pr1, Pop be the solution to the two-grid coupled Stokes-Darcy

problem and U" P! P} be the solution to the fully coupled Stokes-Darcy problem.
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Then we have the following error estimates:

NP3 — Pralil < CH? (6.34)
IDWY — Uni)llizy < CHY? (6.35)
PP = Pl < CHY? (6.36)

Proof. On the fine grid &, taking the difference between (W&)(the fully coupled
scheme) and (W), s) (the modified two-grid scheme) gives:

Vv € X8 Vgo € Mp, as(U? —Up1,v1) + bs(v1, PP — Ph1) + ap(PY — P2, q2)

1
"'E;,"((U.}lL - Uh,l) : T12,v1)p12 + (P2h - P2H7v1 ) nl?)Flz - ((Iﬂl1 - U{{) 'nl27QZ)F12 =0,

VQI S MP) bS(Uil - Uh,17 QI) =0.
(6.37)

In 6.37 if we pick v; = 0, go = P — P, and using the definition of 4 we obtain
(P}~ Puss P} = i) = [ (P} = Pua)(U} = U) -,
12

Following the argument in [4, 36] for the mixed Stokes-Darcy case we define 0 a

harmonic extension of P2h — Py into the fluid flow region such that:

—Af =0in Qy,
0 =P} — PyoonTs

f=0o0onIl,

The harmonic extension has the property [36]

16110y < IP3 = Prallgirz iy, < 1Py — Phall
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/ (P}~ Poo)(Ut — UL myp = / o(U? — Ui )n1a
T2 12951

v.(U’luU{f)9+/ (Uh —uty.ve

Ql Ql

- /Q(%#)V-(U?—U{’H/ﬂ(U%U{f)-ve
1 1

The last equality follows from the weakly divergence-free property for U’f and Ufl .

bs(U —Uf gfy =0 Vol € M

Using the coercivity property of the bilinear form ap

KI||PE ~ Poall? < ap(P — Paa, Py — Puo)
< inf / 0 —of)yv - (Uh - UH)| + / (Uh - U¥H) . ve
affeMf | Ja, ™

< ot - U,y q{}eﬂ]\f/[{l 1160 = a|| 20, + 1UY — U200 110) 11000
< CH?||Py - Prall i o,y
< CH?|||P} — Pualll-
This proves the result 6.41. Next we pick g; = 0 in 6.37 we obtain
as(U? — Up1,v1) + bs(v1, P} — Ppy) + é((U? —Uh1) 712,01 - T12)T1s
+(P} — P vy -nag)r, =0
For the choice v, = U;L — Up; we obtain
bs(U? — Uy, P — Pry) =0
due to the divergence- free property of U]f and Uy1. This leads to
as(Ut = Uny, Ut = Uny) + 'Clj((U? —Un1) 712, (U} = Unp) - T12)ry, (6.38)

= (Py' - P}, (U} = Un1) - maz)ry, (6.39)
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1
EH(U? ~Uh,1)- 7'12”%2(1“12)

(Pr — P (U ~U) - ni)ry, < PP = Ple@umlUF = Un)llr2qry)

1
5((U’11 —Up) 712, Uny —UY) - T12)ry, =

IA

Coll|lP3 — PF||CLCal|D(UY — Up )l 20

Using the above bounds we have
2||D(U} — Unallizgay) < ColllPy = By [I|C1Co|| DU = Unallrzan
Using the trace inequality due to J.Xu in [36],
125 = P2 < CIIPY = Pllliagey + HYANIPE — PEN|| < CHPZ,

gives 6.42. Finally we prove an error estimate on the Stokes pressure. In 6.37 for the

choice g = 0 we obtain

1
as(U% = Up1,v1) + bs(v1, P — Py1) + 5((U'f —Up1) T12,V1  T12)r

+(P2h - P2va1 : n12)F12 =0

las(U% — Up1,v1)] < 20||DU} — Unallrzn D @)l 1200

1 1
Ia‘((U}f ~Uhp) Ti2,v1- 7'12)F12| < EHU? - Uh,l||L2(1"12)”'U1||L2(Qg)
(C1C2)?
< —G—HD(U}f = Un)llrzi@pll D)l 2(y)

[(PY = Pag,v1 - m2)rnlizr,) < 1P = Phallzzwiy) C1CellD(wi)ll2r,,)

(6.40)

Using the bounds in 6.40 and the inf-sup condition on £2;:

bs(vy, P — Ph1)
1Dz,

PP = Phallzzay <
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we obtain

|aS(U}1l - Uh,la v1)| + ITF12|
1D (v)llL2 ()
< ClIDWUY - Unallzzny + 1P = Paallzzryy

I1PE = Puallzecay)

< Ch¥?

1
where Ty, = 5((U}f —Up,) - Ti2,01 - T12) + (P§ — Pha,v1 - Na)r,,. We conclude

the proof. O

In the numerical results section that follows we pick h = H?, the expected con-

vergence rates are summarized in the following corollary.

Corollary 30. Let Up 1, Pr1, Pr2 be solutions of the two-grid problem applied to the
coupled Stokes/Darcy model with H = V'h. Then we have

llp2 = Prall] < Ch
and
ID(u1 = Un)lliz@y) + lIpr = pralleey < Ch*
In order to theoretically obtain an O(h) convergence rate we have to pick h =

H?/% this is not practical for the mesh refinement technique used in this chapter.

6.1.8 Numerical Results: Two Grid Stokes/Darcy problem

We present examples to verify convergence rates for the two-grid algorithm applied
to the Stokes/Darcy problem proposed in the previous section. For a given mesh size
we also compare the accuracy of the two grid method to solving the fully coupled

problem and the CPU time to solve each problem. The coarse and fine mesh sizes
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will be denoted by H and h respectively. The mesh parameters are chosen such that
H = v/h. Let &, and €y be regular triangulations [11] of the domain, &, is obtained
from £y through mesh refinement(see Fig. 6.1). This condition may be relaxed for
the Stokes-Darcy case. Let X M{ and MJ be the velocity and pressure discrete
spaces defined on €. Similarly we define X7, M} and M} on the fine mesh &,. The
spaces are defined in such a way that X3 < X7 M c M} and M C M}. We use
the continuous finite element method in ; and the discontinuous Galerkin method

in §23. The finite element spaces are defined in Section 5.2.3 in Section 6.1.2.

2 2
1.5 1.5
> 1 > 1
0.5 0.5
o_llllllllllllllllll 0-11||1111 TS A T
0 02 04 06 08 1 0 02 04 06 08 1
X X
(a) Coarse Mesh (£gy) (b) Fine Mesh (&)

Figure 6.1 : Computational meshes H = 0.5, h = 0.25.
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Convergence Study: Stokes/Darcy Model

Example 31. The boundary conditions are chosen in such a way that the exact

solution to the coupled Stokes/Darcy problem is:
w =2 -2 +2z,22—z—2y), p=zly+azy+y®—-40
p2 = —z’y +zy+ 9.
For simplicity we set

K=1Iandv=1.0.
The computational domain Q1 = (0,1) x (0,1) and Q2 = (0,1) x (1,2).

Table 6.1 shows the errors and convergence rates for the fully coupled problem on
the fine mesh &,. We use the NIPG method with penalty o = 1 with order of ap-
proximation ko = 1 in the Darcy region. As expected from the theory we observe the
expected O(h) convergence rate in the Stokes and Darcy velocities. The Stokes pres-
sure has a slightly higher convergence rate than the expected O(h). Subsequent tables
show the errors and convergence rates obtained from solving the coupled problem on
En using the modified two-grid algorithm. We will compare the order of convergence

and the errors obtained to judge the effectiveness of the two-grid method.

h N0} —willo | 1P —pillo | WD(T} —wllo | 1P} —p2llo | V(RS - p2)llo
3 1.591 1072 | 6.346x10"2 1.365x107! 1.341 x1072 | 1.637 x107!
& 9.984 x10~% | 6.645x1073 | 3.390 x10~2 | 8.210 x10"* | 3.856 x10~?2
- 6.227x1075 | 7.363 x107* | 8.469 x10=% [ 5150 x107° | 9.552 x10~3
rate(h) 2.00 1.58 1.00 2.00 1.00

Table 6.1 : Errors and rates for (W") (k; =1, NIPG 0 = 1,ky = 1).

The two grid algorithm is done in two steps. First we solve the fully coupled

problem on a coarse mesh £y and then solve the modified Stokes and Darcy problem
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on the fine mesh &,. Tables 6.2 and 6.3 show the errors and convergence rates for the
modified two grid algorithm using the NIPG and SIPG methods in 5 respectively.
First we note that the errors obtained from the NIPG and SIPG are comparable. For
the SIPG method the expected convergence rate is obtained by making the penalty
parameter large enough. This is expected because the coercivity of the bilinear form
ap for the SIPG method is obtained by making the penalty parameter large enough.
We obtain order one convergence in the parameter A for both methods. The errors are
comparable to solving the fully coupled problem (Table 6.1) for both methods, how-
ever the Stokes pressure error is relatively larger for the two-grid problem compared

to the fully coupled problem.

h H | [|Upa —wllo | [1Psy —pallo | ID(Uk,y —w)llo | |Ph2 ~p2llo | IV(Ph2 ~ p2)llo
: 1| 1599 x1072 | 6.647x1072 1.364x1071 1.235 x1072 1.657 x1071
T 3 | 9984 x107% | 1.571x10"2 3.397 x1072 1.018 x1073 |  3.923 x10~2
= 3 | 6.073x107% | 4.349 x1073 8.473 x10~3 2.699 x1074 9.638 x10~3
rate(H) | - 4.00 1.85 2.00 1.92 2.00
rate(h) | - 2.00 0.92 1.00 0.95 1.00
Table 6.2 : Errors and rates for (Wh o,a = 5,D) (k1 =1, NIPG 0 = 1,ks = 1).
h H | IUpay —wllo | 1Psy —pillo | ID(Uny —w)llo | |IPn2 = p2llo | IV(Ph2 = p2)llo
1 11 1.594 x10-2 | 7.383x1072 1.363x107! 8.788 x1073 1.703 x10™*
= 3| 1.002 x1073 | 1.489x10~2 3.397 x10~? 1.471 x1073 4.137 x1072
= 3| 6616x1075 | 4.166x1073 8.473 x10~3 3.115 x107* 1.011 x1072
rate(H) | - 4.00 1.84 2.00 2.24 2.00
rate(h) | - 2.00 0.92 1.00 1.12 1.00
Table 6.3 : Errors and rates for (Wj, o, = S,D) (ky =1, SIPG 0 = 3,ka = 1).

We increase the degree of approximation in €2y to two. Table 6.4 and 6.5 show
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the errors and convergence rates for the two grid algorithm of the NIPG method
with ¢ = 0 and SIPG with o = 18 respectively. On a mesh of size 514 the error
in the Darcy velocity is almost ten times smaller compared to Tables 6.2 and 6.3.

The Stokes velocity error is unchanged from the case ky = 1 to ks = 2. The Stokes

pressure error decreases by a factor of four.

h H | 1Uny ~wllo | 11Pa,1 = pallo | 1D(Un,y —w)llo | 1I1Pa2 ~p2llo | V(P2 - p2)llo
3 2| 1599 x1072 | 6.577x1072 1.363x107? 5.134 x1073 2.556 x1072
= 3 | 9.928 x107* | 7.708x1073 3.396 x10~2 1.213 x1073 5.654 x10~3
& § | 6258x107% | 1.304 x10~3 8.470 x10~3 2.981 x10~* 1.378 x10~3
rate(H) | - 4.00 2.56 2.00 2.00 2.00
rate(h) | - 2.00 1.28 1.00 1.00 1.00
Table 6.4 : Errors and rates for (W, o, a0 = S, D) (k1 =1, NIPG 0 = 0,k = 2).
h H | |Uny —wllo | I1Ph1 = piflo | [1D(Una —wi)lio | 1IPa2 —p2llo | V(P2 —p2)llo
3 2| 1.599 x1072 | 6.470x10~2 1.364x1071 4.965 x 1073 2.470 x1072
5 3 | 9927 x107% | 7.253%x1073 3.395 x1072 1.192 x1073 5.585 x10~3
& 3 | 6:236x107% | 1.124x1073 8.473 x1073 2.968 x10~4 1.374 x1073
rate(H) | - 4.00 2.68 2.00 2.00 2.00
rate(h) | - 2.00 1.34 1.00 1.00 1.00

Table 6.5 : Errors and rates for (W), o,a = 5,D) (k; =1, SIPG 0 = 18,ky = 2).

However, since the order of approximation remains one in the Stokes domain
increasing the order to 3 does not have any further improvement in the accuracy of
the solution in both domains(see Table 6.6).

The next step is to apply the two-grid method to the fully coupled Navier-
Stokes/Darcy model. This method is particularly attractive for this case because

it results in a linear system on the fine mesh.



h H | |Upy —wllo | IPe1 ~pillo | ID(Uk,1 — w)llo | Pr,2 = p2llo | [IV(Pr2 —p2)llo
1 2| 1599 x1072 | 6.417x1072 1.363x107? 4.942 x1073 2.328 x1072
= 3 | 9.926 x107* | 7.196x10~3 3.395 x10~2 1.191 x10~3 5.579 x10~3
& 3| 6.233x107° | 1.119 x1073 8.470 x1073 2.967 x1074 1.375 x10~3
rate(H) 4.00 2.68 2.00 2.00 2.00
rate(h) 2.00 1.34 1.00 1.00 1.00
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Table 6.6 : Errors and rates for (W}, o, = S, D) (k1 =1, NIPG ¢ = 0,k = 3).

6.2 Coupled Navier-Stokes/Darcy Model

The two grid approach is applied to the non-linear coupled Navier-Stokes/Darcy
coupling. This approach leads to greater computational efficiency in this case because

we linearize the modified Navier-Stokes problem.

6.2.1 Two Grid Algorithm: Coupled Navier-Stokes/Darcy

We present the two-grid algorithm applied to the coupled Navier-Stokes-Darcy prob-
lem: The bilinear forms are the same as defined in the Stokes-Darcy section. We

recall an additional bilinear form for the discretization of the non-linear term:

1 1
(z- Vv, w)a, — 5(z- Vw, v)o, + 5(2' M2, V- Wy,

ens(z, v, w) = 5

M|~

The scheme used for the fully coupled Naver-Stokes/Darcy model is WE defined in

Chapter 4 without inertial forces.

1. First we solve a coarse grid problem on a grid of size H:
{
Find U € X, P € M, Pfl ¢ MJ, s.t.

W) J Yor € X§ Vgo € MY, as(U, v1) + bs(v1, P) + ens(UT; U vy)
+aD(P2H,Q2) + V(U{]aPQH;vlvq2) = L(’ULCIZ),

L VQI € M{la bS(U{-IvQI) =0.
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The solution (U¥, P{!, P{!) is obtained using a Picard iteration as described

in Chapter 5.

2. We then solve a modified fine grid problem on a grid of size h:

Find Uy € X}, Pyy € MJ, Pho € MR, sit.

Vo, € XP, Vg2 € M}, as(Un1,v1) + bs(v1, Pai) + ens(U; U, vy)
(Wh) +é(Uh,1 - T12,V1 - T12)r1, + ap(Pr2, ¢2)

= L(v1,q2) — (P, v1- m)r,, + (U] - maz, g2)rs,

Va1 € MY, bs(Uny,q1) =0.

Remark 32. The modified problem does not require a Picard iteration because the

non-linear term (cns) has been linearized.

The modified fine grid problem is equivalent to solving modified Navier-Stokes and
Darcy problems in 2; and €2 respectively. The modified problems can be stated as

follows: in £,

;

Find Uy, € X}, Phy € M}, sit.

Vo, € X, Vgo € MY, as(Un,1,v1) + bs(v1, Pu1) + exs(UT; UE, v1)
(Wh ns) 1
+5(Uh,l ©T12,V1 'T12)F12 = (flavl)ﬂl - (P2Ha Uy - n)Flz’

| Va1 € M}, bs(Un1,q1) =0,
and in €y,
Find Pho = Ph2 + gD, Pha € MY, s.t.

(Whp){ Vg € MP, ap(Pra,q2) = (f1,92)0, + (U - mu2,q2)r, + (93, 92)To

(o2
+e 2 ra(KVa2 - ne, gp)e + Xeer, lfl(qz, gp)e
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6.2.2 Error Analysis: Two-grid Navier-Stokes/Darcy Model

The theory of the two-grid algorithm applied to the Coupled Navier-Stokes/Darcy
model has been recently published in [4] for the mixed finite element method applied
to Navier-Stokes/Darcy coupling. In the case of the multi-numerics coupled Navier-
Stokes/Darcy model studied in this work the proofs are similar. As a result, in this
section we state the results without proof and present numerical results from the

implementation of this algorithm on the coupling presented in this work.

Theorem 33. Let Upy, Py, Pap be the solution to the two-grid coupled Navier-
Stokes-Darcy problem and U, PP, P¥ be the solution to the fully coupled Stokes-Darcy
problem. Then under certain reqularity conditions [{] and for sufficiently large v we

have the following error estimates:

IIPy = Paglll < CH? (6.41)
DU} - Uni)llrz,y < CHY? (6.42)
IPf = Papllze,y < CH®? (6.43)

Corollary 34. Let Uy 1, Ph1, Pha be solutions of the two-grid problem applied to the
coupled Navier-Stokes/Darcy model with H = \/h. Then we have

Hlp2 — Pagalll < Ch
and

[[D(u1 = Unallz@) + 1Py = pralleza) < Ch3/4

6.2.3 Convergence Study: Two-grid Navier-Stokes/Darcy Model

We present a numerical example with a known solution to verify theoretical con-
vergence rates and to compare the effectiveness of the two-grid method to the fully

coupled Navier-Stokes/Darcy model.
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Example 35. The boundary conditions are chosen in such a way that the ezact

solution to the coupled Stokes/Darcy problem is:

u = (y° -2y +2z,2% —xz — 2y), ;1 = 2%y + xy +y° - 4.0

p2= -7’y +zy+ 9’
For simplicity we set
K=1Iandv=10.
The computational domain ©; = (0,1) x (0,1) and Q2 = (0,1) x (1, 2).

First we solve the fully coupled problem (W) on the fine mesh &.

h |UE —wllo | /IPF —pillo | 1D(U} —w)llo | 1P} —p2llo | IV(P} —p2)llo
i 1.598 x10~2 | 6.889x10~? 1.366x10~1 2.598 x10~2 1.625 x10~}
% 9.988 x107¢ | 6.754x1073 | 3.390 x10~% | 1.592 x1073 | 3.841 x1072
& 6.232x10-5 | 7.403 x10~4 8.467 x10~3 9.948 x107% [ 9.541 x10~3
rate(h) 2.00 1.59 1.00 2.00 1.00

Table 6.7 : Errors and rates for (Wpng) (k1 =1, NIPG 0 =1,k = 1).

Table 6.7 shows the errors and convergence rates for the solution from the fully
coupled Navier-Stokes/Darcy model solved using a Picard iteration with a tolerance
set at 1077. We observe O(h) convergence rate in the energy norm for the Navier-
Stokes and Darcy velocities. Next we compare the solution from the fully coupled
problem to the two-grid algorithm. From Table 6.8 we note that the errors from the
two-grid method are comparable to the fully coupled problem for the Navier-Stokes
and Darcy velocities. The convergence rates are O(h) for the velocity and pressure
in both domains. This is better than the theoretical result O(h%4) for the case

H = Vh. The objective of this method is to obtain a solution in a quick manner
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h { H | 1Upy —wllo | 1Pea = pillo | ID(Uk,y —wi)llo | 11Pa2 —p2llo | IV(Ph.2 = p2)llo
3 1| 1594 x1072 | 9.7277x10~2 1.365 x107* 4.258 x10-2 1.708 x10~?
& | 1| 9696 x107% | 1.728x1072 3.399 x10~2 7.068 x10-3 4.029x1072
& | § | 7187 x107° | 3.961x107° 8.477 x10~2 1.5671 x1073 |  9.896 x1073
r(h) | - 2.00 1.00 1.00 1.20 1.20
r(H) | - 4.00 2.00 2.00 241 2.40

Table 6.8 : Errors and rates for (W), o, = NS, D) (ky =1, NIPG o0 = 1,ky = 1).

°7|x||'|||||.s‘|'|LJ_L|||| 04.|l|||l|:|||11|\\||

0 02 04 06 08 1 0 02 04 06 08 1
X X
(a) Fully Coupled (b) Two Grid

Figure 6.2 : x- component of velocity H = 0.5,h = 0.25, NIPG, ky =2, 0 = 0.

that gives enough information about the flow. Figures 6.2 and 6.3 are plots of the z
and y components of the velocity solutions respectively for the fully coupled Navier-
Stokes/Darcy scheme and the two-grid schemes. It is clear that even for the coarse

mesh H = 0.5 the two-grid solution from h = 0.25 gives the same information for the
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Figure 6.3 : y- component of velocity H = 0.5,h = 0.25, NIPG, ky =2, 0 = 0.

velocity as in the case for the fully coupled problem. We note for the application of

this work in tracking contaminants the velocity field for the coupled problem is the

input we seek to couple with the Transport equation [8]. Next, we increase the order

of approximation in Qg to ko = 2. From Tables 6.9 as expected the Darcy solution is

h U} ~wllo | 1P} —pallo | [ID(T} —wllo | 1IPF ~p2llo | V(P —p2)llo
i 1.599 x1072 | 6.687x1072 1.366x10~1 7.449 x1073 1.463 x10~2
= 9.994 x1074 | 6.685x1073 | 3.390 x10~2 | 4.953 x107* | 9.275 x10~¢
= 6.232x107% | 7.379 x10~% | 8.467 x1073 | 3.1225 x107° | 5.812 x1075
rate(h) 2.00 1.59 1.00 2.00 2.00
Table 6.9 : Errors and rates for (Wp,ns) (k1 =1, NIPG ¢ =0, ks = 2).
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b | H | Uy ~wllo | 1Pea —pillo | $D(Up,x —widllo | [|Pr2 = p2llo | [IV(Pr2 - p2)llo
i | 3| 1594 x107% | 7.758x10~? 1.364 x10~? 2.562 x1072 1.708 x10~?
& | 4| 9674 x107% | 1.278x1072 3.397 x10~2 6.1307 x10~3 1.057x10~2
& | L | 6698 x107% | 2.882x1073 8.474 x1073 1.511 x10~5 2.616 x10~3
v(h) | - 2.00 1.00 1.00 1.20 1.20
r(H) | - 4.00 2.00 2.00 2.41 2.40

Table 6.10 : Errors and rates for (W}, o, = NS, D) (k; = 1, NIPG 0 = 0,k = 2).

more accurate compared to the order one approximation, the convergence rate in the
velocity increases to two. In Table 6.10 we observe that the two grid solution with
ko = 2 is more accurate compared to the one with k; = 1 in Table 6.8. The Darcy
velocity error decreases by a factor of almost 4, this in-turn results in an improvement
in the Navier-Stokes velocity and pressure solutions in €2;. However, due to the fact
that the order of approximation in §; remains at k; = 1 the errors in Table 6.10 are
larger compared to the coupled problem in Table 6.9. The convergence rate for the
Navier-Stokes velocity and pressure in §2; is O(h), the same holds true for the Darcy
velocity in 5. We also present results for the SIPG method below. As in the case
with the Stokes/Darcy, coupling the parameter ¢ has to be chosen to be large enough

in order to observe the expected convergence rate. Table 6.11 shows the errors and

h UL —wllo | IP? —pallo | IID(U} —willo | 1P —p2llo | IV(P} —po)llo
3 1.600 x10~2 | 6.681x10~2 1.366x10™! | 5.060 x10=2 | 1.612 x10™!
= 1.000 x1073 | 6.682 x10~3 | 3.390 x10~2 | 4.000 x10~4 | 3.9791 x10~2
= 6.232x107% | 7.378 x10~4 | 8.467 x1073 | 2.618 x107° | 9.974 x1073
rate(h) 2.00 1.59 1.00 2.00 1.00

Table 6.11 : Errors and rates for (Wi ns) (k1 =1, SIPG 0 = 6,ky = 1).

convergence rate for the fully coupled problem with ks = 1 using the SIPG method in



h | H [ |1Upa~wllo | HPra—pillo | IDUny —w)llo | [|Pa2 —p2llo | [IV(Pr2—p2)llo
3 1| 1.594 x1072 | 7.931x1072 1.364x1071 5.289 x1072 1.661 x10~1
= 1| 9747 x107* | 1.278x10°2 3.397 x10~2 5.714 x1073 4.153 x10~2
= 1| 6.350x107° 2.842x1073 8.474 x10~3 1.482 x1073 1.029 x1072
’T(H) - 4.00 2.00 2.00 2.41 2.40
r(h) | - 2.00 1.00 1.00 1.20 1.20

Table 6.12 : Errors and rates for (W}, o,a = NS, D) (k1 =1, SIPG 0 = 6,k = 1).
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Qy. In Table 6.12 shows the errors and convergence rate from the two grid method on

the same meshes. We observe the same trend as in the case with the NIPG method

above. The errors for the two-grid method algorithm converge with order h and are

comparable to the fully coupled problem.

h WU —wllo | [I1PF =maflo | ID(U" —w)llo | IIPF =p2llo | IIV(P} = p2)llo
3 1.599 x10-2 | 6.604x1072 | 1.366x10"! | 6.021 x1073 | 1.301x10~2
& | 9.993 x10~* | 6.668x10-3 | 3.390 x10~2 | 3.759 x10-% | 8.183x1074
& | 6233 x1075 | 7.373x1074 | 8469 x1073 | 2.349 x107° | 5.123 x10~°
rate(h) 2.00 1.59 1.00 2.00 1.00

Table 6.13 : Errors and rates for (Wpns) (k1 =1, SIPG o =18,k = 2).

ho | H{ NUpy—wmllo | IPha—pallo | [1D(Un1—w)llo | |Pay—p2llo | [IV(Ph2 —p2)llo
3 | 3| 1594 x1072 | 7.722x10°? 1.364 x107? 2.4063 x107% [  4.206 x1072
& | 3] 9671 x1074 | 1.249x10°? 3.397 x10~2 6.014 x10~3 1.042x1072
& | 3| 6764 x107% | 2.784x1073 8.477 x1073 1.503 x10~3 2.606 x10~3
r(h) 2.00 1.00 1.00 1.20 1.20
r(H) | - 4.00 2.00 2.00 2.41 2.40

Table 6.14 : Errors and rates for (W o,a = NS, D) (ky =1, SIPG 0 = 18,kp = 2).

Tables 6.13 and 6.14 show the errors and convergence rates for the fully coupled
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Navier-Stokes/Darcy model and the two-grid method respectively. Increasing the

order of approximation in 2, improves the quality of the solution in both domains.

6.2.4 CPU Times: Two-grid Coupled Navier-Stokes/Darcy Model

The advantage of the two-grid method for the Navier-Stokes/Darcy coupling is that
it linearizes the problem. This means that on the fine grid we only solve the linear
system resulting from the modified Navier-Stokes problem in §2; once. This results
in gains in computational time and efficiency of the solver. We first present the CPU

times for the time it takes to solve the resulting linear systems.

h | H | Fully Coupled (tWrQ‘s) Navier-Stokes (tw, yg) | Darcy (tw), 5)
1 1

= |z 1.29 x10° 6.00x10~2 1.20 x10~1
1 1

— | = 8.731 x10*! 1.69 x10° 7.36 x10°
64 | 8

Table 6.15 : Direct Solver CPU times (s):WI(}S, Wh.ns: Whp, (NIPG o0 =0,ky =2).

Table 6.15 shows the CPU times for the fully coupled Navier-Stokes/Darcy model
and the two-grid method. Note that for the times tw, s and tw, , includes the time
taken to solve for solution of the coupled problem on the coarse mesh. It is very
clear that decoupling the problem makes the resulting linear systems much easier to
solve as seen by the significant decrease in the time taken to solve them. In most
finite element computations the bulk of the time is spent during the assembly of the
matrices for thé linear system. We also present the total time taken to assemble and
solve the system.

From Table 6.16 it is clear that the decoupling technique cuts down the com-

putational time significantly. In the example shown in Table 6.16 the fully coupled
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Fully Coupled (twﬁi) Navier-Stokes (tw,, ys) { Darcy (tw, p)

9.430 x10° 6.800x 101 6.900 x10~1

Rl-5|~ =
I NI ]

1.042 x1013 2.443 x10? 1.198 x 10!

Table 6.16 : Assembly and Solve CPU times (s):WI(}S, Wy ns, Whp, (NIPG o = 0,

ky = 2).

problem has a linear system of size (77825 x 77825). The two-grid method results in
two problems of sizes (28673 x 28673) and (49152 x 49152) for the Navier-Stokes and
Darcy domains respectively. The amount of time it takes to solve the problem is cut

by a factor of 4.

6.3 Conclusion

The two-grid method has been applied to the Stokes/Darcy and Navier-Stokes/Darcy
coupled models. Theoretically we have shown that the solution obtained from the two-
grid model converges to the true solution with order h3/* in the case when h = v H.
However, numerical simulations show an order h convergence rate. A finer analysis
will be needed to achieve this convergence rate. The two-grid algorithm achieves the
goal of obtaining a solution which gives the essential features of the flow in a fraction
of the time. One can further improve on the gains shown in this chapter by the use

solvers that have been optimized for each problem in each domain.
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Chapter 7

Coupled Discontinuous Galerkin Method with
Finite Volume Method

7.1 Introduction

In previous chapters the Discontinuous Galerkin method has been used to approxi-
mate the flow in the porous medium. We have shown that this method captures the
flow well for example in heterogeneous media and faults. In practice, these areas are
a small subset of the computational domain. In the rest of the domain the perme-
ability is well behaved. This means that we could cut down the size of the problem
by using the Discontinuous Galerkin method only in the problem areas and using a
low order method in the rest of the domain. In this chapter we propose to couple
the Discontinuous Galerkin method with the finite volume method on Voronoi cells.
We show that we are able to obtain an accurate solution by solving relatively smaller

linear systems.

7.2 Model Problem And Scheme

Let Q € R%, d = 2,3, be a bounded polygonal domain subdivided into non overlapping
subdomains Q% and Q% and let Qp = U;Q% and Qp = U;Q%. The numerical method
discussed in this chapter uses a finite volume method on 2r and a discontinuous

Galerkin method on Qp. Let f € L*(Q) and g € HY/?(0Q). The solution u of the
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elliptic problem satisfies

-V-(KVu)=f, in Q, (7.1)

u=g, on N (7.2)

The coefficient K is bounded above and below by positive constants k; and ko
respectively. Let £ (resp. E) be a subdivision of Qp (resp. €r), made of cells
V' (Voronoi cells in QF and either triangles/tetrahedra/hexahedra or Voronoi cells in
Qp). We also denote by hp (resp. hp) the maximum diameter over all cells in Qp
(resp. 2p) and we let h = max(hp, hp). We assume that the meshes match at the
interface I'pr = 0Qp N OO k.

The definition of the mesh EX requires further notation. We assume that £% is an

admissible finite volume mesh, in the following sense:

1. There is a family of nodes {xV}VGE}; such that zy € V and if an edge v is such
that v = OV N OW with W # V| it is assumed that xzw # zy and that the

straight line going through zy and zw is orthogonal to .

2. For any boundary edge v = dV N 0Q with V € EL, it is assumed that zy ¢ 7.
However this condition can be relaxed (see Remark 1 in Section 7.3). Let y., be
the (non-empty) intersection between the straight line going through zy and

orthogonal to .

We denote by I”}‘I the set of edges that belong to the interior of Qr and by I"}}’a
the set of boundary edges that belong to 0Q2r N O§2. Similarly, the sets of edges that
belong to the interior of 2p and boundary edges that belong to 9Qp MO are denoted

by F’BI and F}Ba respectively. We also define

h _ phZT h,0 h _ phIT h,0
rh=rhTurk? 1 =rhTurk?.
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There remains the set of edges that belong to the interface I'pp; this particular set
is denoted by 'y ..

We now define a parameter d, that is associated to each edge in the 'V mesh.
Let V and W be two cells in the FV region such that v = 0V N oW is an interior
edge. We define the parameter d, to be the Euclidean distance between the nodes
zy and zw.

dy = d(zv,zw).
If the edge ~ is a boundary edge (i.e. belongs to dV N dN) the parameter d, is the

distance between the node xy and the edge 7.
dy =d(zv,7) = d(zv,yy).

Next, assume that an edge v is the intersection of a FV cell V and a DG cell W.
The parameter d, is defined to be the distance between the node zy and the point
Y-, which is (as in the boundary case) the intersection between the straight line going
through zy and orthogonal to . Here, we have made the assumption that zy does

not lie on the interface . Assume there is some 6 > 0 such that
VyeTht y=avnow, d,>8max(hy,hw),
Vyerh? 4=8VnNona, d,>6hy,
VyeThp, ~+=0VNOW, Ve&k We&h d,>6hy.

Finally, we define the harmonic average of the diffusion coefficient:

-1

Tw (s
vyer®I ~y=ovnow, K,=d —
F ¥ Y oy K(S)

v ds |7}
v ko =9Vnon, K,=d
’YGFF s Y 0 , ¥ ¥ oy K(S) )

Yy ds -1

VyeThep, y=0VNow, Vel WeEh K,=d,
oy K(s)
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It is easy to see that K, is also bounded above and below by k; and kq respectively.
We denote by |y| the length of an edge . The finite dimensional space consists
of piecewise polynomials of degree less than or equal to r in the DG region and of

degree equal to zero in the FV region.
Xt={vel2(Q): vy e P (V) YV EEp, |y ePy(V) VYV e&h)

Define the jump of a function in X". For any edge v we fix a unit normal vector
1, to v. We assume that if  is a boundary edge (belongs to ), then m. points
outward of Q. If y belongs to the interface I'% , then we assume that n., points from
the DG region into the FV region. Let us denote by V and W the mesh elements

so that the vector n, points from OV into OW. We define the jump of a function

ue Xh
vyeTy:,  lully =u(zv) — u(zw),
Y S F%I) [u]l’Y = uIV - UIW,

RAS F%F’ [u]l’Y = UIQD (y’}’) - uIQF (ZW)y
yeTh?  [u]l, = u(zv),

h,0
vyeIp”, [uly=ulv.

We remark that the quantity [u]|, is a number except for the edges v € I'%. The
DG method requires additional notation. Let {u} denote the average of a function

ue Xh.

yeThI =8V NaW, ul,=05(uly + ulw),

h,0
vyeTp%, ~ve€odV, {u}ly=u

Let 0 > 0 denote the penalty parameter and ¢ € {—1,1} be the symmetrization

parameter. For a given edge v shared by two mesh elements V and W, let h, =
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ax(diam(V'), diam(W)). The DG bilinear form is for all u,v € X"

(u,v) Z /KVu Vv — Z /{KVu 1y}l

veey YyeTh,
+e {KVU n Hul + [u][v] (7.3)

The cell-centered finite volume method is deﬁned by the following bilinear form for
all u,v € X"
= > M) (1.4
7€Fh

Our scheme uses the overall bilinear form for all u,v € X"
a(u,v) = ap(u,v) + ap(u,v) + apr(u,v), (7.5)
where an is the coupling form at the interface I'%

app(uv)= > O bl K [u][v] (7.6)

¥l dy

The source functions and boundary conditions are taken into account in the form

v e Xh, Z(v)=/fv-+—e Z /(KVU n,,-+—h—v g+ Z K. bl—lg(yv) (7.7)
2 oY g h,8 dy
yel'p yery

The numerical scheme is: to find U € X" satisfying

Yo e X' a(U,v) = £(v) (7.8)

We next define some norms, that naturally arise from the bilinear forms above:

1/2
lvllpe = (Z 1K 290l 720 + Y h§1/2ll[v]||iz(7)) , (7.9)

VEEE 7EF%

1/2
IvllFv = (Z IJ—IKq[v]z) : (7.10)

ho Y
verE

1/2
vlle = <||U||DG+”U“Fv+ Z 7[v]2) : (7.11)

7€F 7

We now give some important properties of the bilinear forms.
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Lemma 36. There exist a, 3 positive constants independent of h such that

Yv € Xh, ap(v,v) > a||v||2DG, (7.12)
Yoe X" ap(v,v) = |v|%y, (7.13)
Yve X", a(v,v) > vz (7.14)

Proof. Inequality (7.12) is well known and requires the penalty parameter o to be
large enough if € = —1 [47]. Inequality (7.13) is trivial and the third inequality is a

straightforward consequence of the first two and the definition (7.5). O
Lemma 37. There exists a unique solution U € X" satisfying (7.8).

Proof. Tt suffices to show uniqueness of U satisfying (7.8) with f = ¢ = 0. Take
v = U in (7.8), and use coercivity of a. This implies that ||U|l¢ = 0 and thus U = 0
in X" a

7.3 Error Analysis

For simplicity proofs are given in the case where there are only one DG region and
one FV region, but the proofs for the general case are similar. For each edge v we

define a subdomain V, as follows. Assume that v € I”}’I with v = aV NoOW. Define
Vs ={tzy + (1 —t)z, ze€~, tel0,1]},

and let

Vy =Vw~yNVy,.

Assume now that v € F’}’a with v € OW, then V, = Vy,. Finally if v € T} with

v =0V NOW, and W € EL, then V, = V.
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Lemma 38. Define the residuals for any u € H?*(Q).

veTh? R, (u)= —%ﬂfg[u] - /KVu-nA,, (7.15)
Y Y

vE I’gla, vy=0VNo R,(u)= —lg—|K7(u(n:V) - g(yy)) — /KVU, Ty, (7.16)
Y Y

K
VyeTher, Ry(u)=—-KVu n,— d—”[u]. (7.17)
Y

Let H(u) denote the Hessian matriz of u. Assume K is a positive constant. Then,

there exists a constant C independent of h and u, but dependent on 8, such that

h 2 h%‘l’ﬂ 2
vyE€TE, |Ry(u)|® < C=r s |H(u)|?, (7.18)
vy Y
g * < ohEhl 2
7 € 'pp, IR (u)|] <C=EZ [ [H(u)] (7.19)
v dy Jy,
Proof. Inequalities (7.18) and (7.19) can be found in [18]. O

The following result shows that there is a consistency error only due to the FV

discretization. In the DG region, there is no consistency error.

Lemma 39. Let u € H(Q) N H2(EM) be the solution to problem (7.1)-(7.2). Then u

satisfies
Yo e X" a(u,v) = €(v) - Z Ry (u)[v] - Z [v]/&(u)
7€l YETY 5 v
B - % v _ -1
grj [ mtwicia, v|nD(y7>>+7E%F 21 (vl 1) - o [ono). 20

Proof. Let V € £} and let v € X" such that vy = 1 and v = 0 elsewhere. Denote by

ny the outward unit normal to V. Multiply (7.1) by v and integrate on V' by parts:

— KVu~an=/fv,
v v

or

- L KVu-nyv = /V fo. (7.21)

YEOV
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Summing (7.21) over all FV cells, and using the residual definitions, we obtain for

all v e XM
i)+ Y [ KV o+ ¥ Rl ¥ M= [ g a2
yeTh . v ~€ETh, ~yerh® r

For readibility, we denote by vpg the restriction of v to the DG region and by vpy
its restriction to the FV region. Next, we consider V € £}, multiply (7.1) by v € X"

and integrate by parts:

/KVu.-Vv— KVu-mw:/fv.
v 1%

v
Sum over all V' in the DG region, add the stabilization terms to obtain

Z /KVu Ny UpG = / fo+e /(KVU n, + —v)g (7.23)

~verk .77 rha
We now add (7.22) and (7.23):

ap(u,v) + ap(u,v) + T = £(v) — ZR Nwl,
YeTh,

where T corresponds to the terms involving integrals on the interface I'pr. We can
write using the regularity of the solution u (namely the fact that u € H?()):

Z /KVU ny(vpg — vFV) Z /KVU ny(vbe — voe(yy))

7EF 7EF

=S [v]/KVu .

WEF

Using the definition of the residual in Lemma 38, we obtain

r- % [ )+ D06~ vocv:) + 3 [ J R+ 2,
yerh o v yel'l, p v v
or
T = aprw)t 3 [ / + Y [ Rwepe-voa)- 3 EEw0)
Y

h Y h
YETh Yelpp YElpp
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with
1
B(v06) = vpeln) ~ T / vpe.
Y

Thus we can conclude. O

Theorem 40. Assume that v € H?(Q) and that ulo, € H™Y(ER) for r > 1. Under
the assumptions of Lemma 38, there exists a constant C independent of hp and hp
such that

U —ulle < C(hp + hr).

Proof. We can write

The function @ € X" is chosen so that
YV e &k aly = u(zy). (7.24)

On the DG region # is assumed to satisfy the usual approximation properties. Using

the definition of the scheme (7.8) and Lemma 39, we obtain an error equation:

aox)=a&n+ 3 R+ 3 / Ryw+ 3 / Ry(w)(xlap ~ Xlp (1))

yerh yerh o ST

+ > Ij%[u} (XIQD(%)— Ivl‘l/vleD).

Y
verh o

Let us estimate the terms in the right hand side. Since £(zy) = 0 for all nodes zy

in Qp, we have
a(§7 X) = aD(§7 X) + aF(ga X) + aDF(€> X) = aD(éa X) + aDF(§7 X)

We can use standard techniques to bound ap(&, x). The other term reduces to

onrl€x) = 3 Dl ().

h
Yelp e
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We claim that we can choose the approximation @ such that £|o,(y,) = 0. In that
case we have app(&, x) = 0. The first consistency error term is bounded as follows:
¥ K.
> B < 5 X e Y
yerh, yerh eF"
Using the bound (7.18) and denoting by H(u) the Hessian matrix of u, we have
v K
> Ry(w)x] < 6 Z Ky ' [x)? + Ch% / |H (w)?.
~erk ek, Qr

The second consistency error term is as:

|’Y|K 2 _7
Z[X]/R’y ﬂlﬁz ]+4Z| /R7

yerh . veTh o
which with the bound (7.19) gives:
1 K
S W[ R S oo [ e
verh, 77 yerh . 7 Or

Finally we have

> [ B, - Moo < 2 [ 1Rl = xlap 6.

velhp " vl
Let us fix an edge v € I with v = OV N OW, and V € E}. Let us denote by

n = x|lv — xlv(yy). Then we have by trace and inverse inequalities:
-1/2
Inllze) < Ch P lnllzacy < CIVAllzay).

Therefore we obtain

> [ Ry, ~xloo (1)) < 15llibe +C > (/ Rv(“")2

€} p 7 e} 5

1
< 1elibe +cnk [ 1H@)E
Qp
The last consistency error term is bounded as follows. Fix an edge in I'» such that
v =0V NoW with V € &R

———lvclliﬂ[u} (XlQD(yv) - hl"l/vxlnp) < CliVixllr2 V)' L el
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Using the density of C! into H? and a Taylor expansion, we can prove that:
[ully| < dy Iy Y2V 7l 2.
So we have

YK _
DY ) (g () = 1917 [ Xl ) < = ldlh + CHRIVa -l
ert d"/ Y 16 ( )
Yelpp

1
_6||X||DG + Chpllullz o)

We can then conclude. O

Remark 1: The results of Theorem 40 are still valid if there are some nodes zy
located on boundary edges v € I”}’a. Let denote by F’},’O the set of such edges. The
coupled scheme is slightly modified. The discrete space is the set Y" of functions
v € X" such that v(zy) =0forall zy € T FO. The bilinear form ar and linear form
¢ become

_ [0lf%
ar(o)= 3 Ll
~Er\T° !

_ o Il
-—/va+e ;afy(KVzwn.,—f—hvv)g—i- Z K, d, 9(yy)v.

rh a\r\h ,0

The solution U € X" is such that U(zy) = g(zy) for all zy € I'°, and satisfies

YoeYh  a(Uv) = £(v)

7.4 Numerical Examples

In the following section we present examples that verify the convergence rates for the
proposed FV-DG coupling and illustrate cases in which the coupled scheme yields a

more accurate solution.
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Example 41. Convergence Study
First we consider the unit square domain ) partitioned into two subdomains 1p and
Qp (see Fig. 7.1). The boundary conditions are chosen so that the exact solution

u(z,y) = (2% — z)(y* — y) and the coefficient K is equal to one.

Figure 7.1 : Computational mesh with 340 Voronoi cells: Qr is the white region and

Qp is the grey region.

In order to perform the convergence tests we generate four Delaunay triangula-
tions using the software EasyMesh developed by Bojan Niceno [37]. At each level
of refinement we ensure that the maximum area of each triangle decreases by a fac-
tor of 4. We then generate the dual Voronoi mesh for each Delaunay triangulation.
This technique has been used in [35]. Fig. 7.1 shows an example of the mesh for the
convergence test with 340 Voronoi cells. The shaded subdomain is 2p on which the
solution is approximated using the discontinuous Galerkin method and the rest of the

domain is Qpy, on which the finite volume method is used. The DG parameters are
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chosen as: 0 =1,¢=1.

TRUE_SOL

6.00E-02
% 5.50€-02
11 5.00E-02
— 450€-02
] 4.00E-02
1 3.50E-02
1 3.00E-02
1 2.506-02
] 2.00E-02
| ) 150E02

= 1.00E-02
i 5.00E-03

(a) Exact Pressure (b) Approximate Pressure

TRUE_SOL PRESSURE

“4 6.00€-02

5.00E-02
|| 400602
3.00E-02
2.006-02
1.00E-02

(c) Exact Pressure (d) Approximate Pressure

Figure 7.2 : Contours of exact and numerical solutions for example 1.

Fig. 7.2 shows the exact solution and the numerical solution obtained on the mesh
shown in Fig. 7.1. We observe the expected clear distinction between the piecewise

constant solution on r and the smoother solution on Qp on which the solution is
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approximated by discontinuous quadratic polynomials. Tables 7.1 and 7.2 show the

N | WU -ullopy | WU-ullev | U —ulli2,) | IU-ullpe U — ulle

31 1.489 x10~3 | 1.034 x10~2 1.147 x1073 3.049 x1072 | 3.872 x1073
102 | 4.010 x10~% | 2.748 x10~3 3.034 x10~% 1.503 x10~2 [ 1.781 x10~3
340 | 1.033 x10~4 | 8.143 x10~* 8.386x10~° 8.031 x10~3 [ 9.276 x10~¢
1272 | 2.609 x1075 | 2.722 x10~4 2.112 x10~° 4.039 x1073 | 4.653 x10~4
4895 | 6.496 x10~% | 1.016 x10~¢ 5.322 x1076 2.039 x10~3% [ 2.313 x10~4

rate 2.00 1.40 2.00 1.00 1.00

Table 7.1 : Numerical errors and convergence rates for DG scheme of order one

coupled with FV.

N | WU-ullorv | W—ullry | IU-ullrz@qy | IU-ulbe I - ulle

31 9.479 x10~% | 6.592 x10~3 4.881 x10~4 4.298 x10~3 [ 2.172 x10~3
102 | 2.593 x10~4 | 1.872 x10~3 1.176 x10~4 1.598 x10~3 | 9.009 x10~*
340 | 6.578 x10~% | 6.148 x10~* 4.028x107°8 7.550 x10~4 | 4.415 x107%
1272 | 1.744 x10~% [ 2.389 x10~* 9.198 x10~6 4.328 x10~4 | 2.397 x10~*
4895 | 4.766 x107® | 1.012 x10~% | 2.487 x1075 | 1.120 x10~* | 1.198 x10~*

rate 1.88 1.23 1.89 1.95 1.00

Table 7.2 : Numerical errors and convergence rates for DG scheme of order two

coupled with FV.

expected convergence rate of O(h) in the energy norm. The error in the L? norm for
the DG solution are also given; they are O(hQ) as expected. A discrete L? error is

computed for the F'V region:
1/2
WU = ullopv = | D IVIU(av) — uzv))’

veen

The rates for the discrete L2 errors are also O(h2).
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The variable N is the total number of Voronoi cells in the domain 2. When we
increase the degree of approximation in Qp to two, the pressure solution is more
accurate and the local convergence rate increases to two. This feature is important
because it allows for one to use the Discontinuous Galerkin method to obtain accurate

solutions on parts of the domain of interest.

Example 42. Discontinuity in Porous Medium

In the next example we consider a square domain €2 = (0,2) x (0,2) with an enclosed
triangular domain (see Fig. 7.3 left). The diffusion coefficient K is equal to 0.01 in
the triangular subdomain and 1.0 in the rest of the domain. We impose zero Dirichlet

boundary conditions and the source function

f(z,y) = —2.0(z® — 2z) + (y* — 2y).

(a) FV (b) FV-DG

Figure 7.3 : Computational meshes in the case of triangular inclusion (grey region in
left figure). The DG region is a larger rectangular region that contains the triangular

inclusion (grey region in right figure).

The challenge for the finite volume method in this case arises from the discontinu-

ity in the permeability of the porous medium that changes rapidly over a small part
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of the domain. We want to compare the FV solution with the FV-DG solution on the
domains shown in Fig. 7.3. We first solve the problem on a mesh with 1985 Voronoi
cells using the finite volume method on the mesh shown in Fig. 7.3(a). The solution
is shown in Fig. 7.4 (a) and (c). It is clear the the finite volume solution captures the
low permeability in the triangular domain, however it is difficult to obtain an accurate
solution as indicated by the three-dimensional plot. Next we solve the problem by
using the DG method with parameters e = ¢ = 1 and r = 2 in the rectangular shaded
region that includes the triangular region as shown in Fig. 7.3(b). The mesh is a com-
bination of Voromnoi cells and triangular elements. The flexibility of DG easily allows
the use of hybrid meshes, that can capture the discontinuity interface. The solution is
shown in Fig. 7.4 (b) and (d). We observe that we are able to obtain a more accurate
representation of the solution in contrast to the case when the finite volume method
is used throughout the domain. This is explained partially by the fact that we have
a higher order approximation in the DG region. The FV-DG solution is obtained by
solving a problem of size 6509 which as expected is larger than the problem size from
the FV solution. We note that solving this problem using the discontinuous Galerkin
method on the whole domain yields a problem of size 13734. In this case we have
shown that with prior knowledge of the domain, the proposed coupling can be useful
to obtain an accurate solution of a subdomain of interest and still keep the size of
the problem small when compared to using the discontinuous Galerkin method on
the whole domain. We believe that this feature works well for applications to porous
media flow. Fractures and pinches are often areas of interest in the flow problem.
Since they occupy often small portions of the domain, the proposed coupling can lead

to more accurate solutions in these areas at a relatively low computational cost.

Example 43. Anisotropic Diffusion Problem
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PRESSURE

iy

PRESSURE

(b) FV-DG: 2D view

PRESSURE
[

(c) FV: 3D view (d)y FV-DG: 3D view

Figure 7.4 : Contours of pressure solution for example 2

In the following ezample we consider a domain = (0,2) x (0,2) that contains a
rectangular subdomain with an anisotropic diffusion matriz (see Fig. 7.5), instead of

a simple diffusion scalar. This example is motivated by a benchmark problem described
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in [44]. The diffusion matriz s defined by

K=Ry e
0 6

where Ry is the rotation matriz (with ¢ = 30 degrees) and § = 1073 in the shaded

triangulated region of the domain (see Fig. 7.5) and § = 1 on the rest of the domain.

We solve the problem using the discontinuous Galerkin method in the shaded
region in Fig. 7.5 with parameters ¢ = ¢ = 1 and r = 2. We note that other types
of finite volume methods can be used to solve problems with anisotropic diffusion
coefficients for example [42, 43]. These methods are relatively more complicated to
implement because they involve the construction of a discrete gradient. In practice for
the finite volume method discussed in this chapter one can align the computational
grid to the principal directions the flow. This approach is strenuous and easily gets

complicated in cases involving changes in the direction of the flow. Fig. 7.6 shows

© 02 04 05 08 12 14 18 18 2

Figure 7.5 : Computational mesh for example 3: § = 1073 in the triangulated grey

region and 6 = 1 in region partitioned into Voronoi cells.

the pressure contours obtained from the proposed FV-DG scheme. We also plot some
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: PRESSURE

Figure 7.6 : Contours of pressure solution for example 3. Streamlines are only shown

in the DG region.

of the streamlines located in the DG region only. We can clearly see the oblique flow

in the rectangular subdomain due to the anisotropic diffusion tensor.

7.5 Conclusions

The coupling of discontinuous Galerkin and finite volume methods seems natural for
the porous medium. As we have seen the finite volume method works well in parts
of the domain where the permeability varies gradually. The Discontinuous Galerkin
method on the other hand works in all cases but is more expensive. Thus combining
these two methods allows one to obtain an acurate solution at a lower computational
cost in the porous medium. This chapter presents both theoretical and numerical
results that confirm the convergence of the multi-numerics algorithm in the porous
medium. The multi-numerics scheme in the Darcy domain can easily be coupled with

the Navier-Stokes flow as shown in previous chapters. The resulting solution is gives
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us a good solution to the flow problem at a lower cost because we use a lower order

method on most of the porous medium.
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Chapter 8

Conclusion

8.1 Coupled Navier-Stokes/Darcy Model

The coupling of Navier-Stokes and Darcy equations remains an interesting problem
due to its applications in science and engineering. In this thesis we have shown
existence and uniqueness results for a weak solution to the coupled Navier-Stokes
Darcy system for two sets of interface conditions. The first case includes inertial
forces on the balance of forces condition and requires extra restrictions on the data.
The second condition does not include inertial forces and does not require restrictions
on the data. There is no consensus in the scientific community on the correct interface
conditions to incorporate for this problem. We have also done a numerical comparison
of a third interface condition that includes the normal component on the inertial
forces. For the particular examples considered in this work there is no significant
difference in the numerical solutions. In this work we have shown that these two
conditions differ under low viscosity. On the issue of interface conditions, comparing
numerical simulations to experimental results my provide better insight as to which
condition is better.

Optimal a priori error estimates for numerical schemes for using both continuous
and Discontinuous Galerkin methods have been shown. The convergence rates for the
numerical scheme have been throughly verified by grid studies for known continuous

solutions. This work is motivated by applications to geo-sciences, as a result we have
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tested the numerical scheme on a wide range of cases that show the robustness of the
numerical scheme under the parameters of the model.

The choice of coupling the continuous finite element method with the Discontinu-
ous Galerkin (DG) is due to the fact that the finite element method provides a fairly
efficient and proven capability of solving free flow problems. The DG method on the
other hand is more robust to handle the difficulties that arise in porous media flow.
While we have shown the advantages of using the DG method in the porous medium,
it is also clear that computationally it leads to large systems which are time consum-
ing to solve. Another important characteristic of porous media flow problems is that
the areas (for example kinks, faults) which cause difficulties are often a small subset
of the computational domain. In view of these two problems this work proposes two

ways of making computations leaner and more efficient.

8.2 Computational Efficiency

Improving the coupled Navier-Stokes/Darcy code has been the objective of the second
half of the thesis. This has been done in two ways. The first approach is a two-grid
algorithm that involves solving the fully coupled problem on a coarse grid and then
decoupling the problem on a finer grid. We have shown that this method produces
a fairly accurate solution in about a quarter of the time it takes the fully coupled
problem. This is very important especially in the case of large domains and in the
case of the time dependent problem where a fully non-linear problem would have to
be solved on each time step. Another way of improving computation comes out of
the realization that the problem areas are small subsets of the domain. This has lead
to the idea of coupling the finite volume method with the Discontinuous Galerkin

method. The Finite Volume method is relatively cheap compared to the DG method
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and gives accurate solutions in cases where the permeability is well behaved. In
view of this, it is a natural choice to use this method in parts of the domain where
the permeability does not change much and the Discontinuous Galerkin method in
problem areas. We have shown convergence of the coupled scheme and illustrated its

potential through numerical examples.

8.3 Future Work

In practice the permeability field in the porous medium has a wide range of scales.
The small scale effects often have profound effects of the nature of the flow as a result
it is important to incorporate them into the model. However due to the size of the
domain it is computationally expensive to do this without some kind of approxima-
tion. Incorporating multi-scale techniques into the Darcy region would improve the
model’s capability to solve more realistic problems that arise in porous media flow.
Extending the model to three dimensions will allow for a more extensive numerical
study of the model. The theory shown in this work extends to three dimensions
already. Parallelization of the code will also help speed up computations on larger
domains in three dimensions. In the numerical results section the fracture example
demonstrated the potential advantage of adaptive mesh refinement. This will require
error estimators for the coupled problem. Developing error estimators will be a very
interesting mathematical problem. This will also improve the computational aspects

of the model.
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