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Quantum universality by distilling certain one- and two-qubit states

with stabilizer operations

Ben W. Reichardt∗

EECS Department, Computer Science Division, University of California, Berkeley, California 94720

Quantum universality can be achieved using stabilizer operations and repeated preparation of
certain ancilla states. Which ancilla states suffice for universality? We extend the range of single-
qubit mixed states which are known to give universality, by using a simple parity-checking operation.
Additionally, we display a two-qubit mixed state which is not a mixture of stabilizer states, but for
which every postselected stabilizer reduction from two qubits to one outputs a mixture of stabilizer
states. The main application of these techniques is to quantum fault tolerance. Our results imply
that recent fault-tolerance threshold upper bounds based on the Gottesman-Knill theorem are tight.

PACS numbers: 03.67.Lx, 03.67.Pp

I. INTRODUCTION

Stabilizer operations, consisting of Clifford group uni-
taries, preparation of |0〉 and measurement in the com-
putational |0〉, |1〉 basis, suffice for generating interesting,
highly-entangled quantum states, but are efficiently clas-
sically simulatable by the well-known Gottesman-Knill
theorem [1] (Fig. 1). It is natural to ask, what more do
we need to achieve quantum universality? Boykin et al.
proved that adding the Y 1/4 gate sufficed [2], from which
Bravyi and Kitaev showed that simply adding repeated
preparation of the “magical” Hadamard +1 eigenstate
|H〉 = Y 1/4|0〉 (sometimes also known as the |π/8〉 state)
gives quantum universality [3]. Bravyi and Kitaev then
asked,
Open Question. For which (single- or multi-) qubit
(mixed) states ρ does stabilizer operations plus repeated
preparation of ρ imply quantum universality?
This question is known as the magic states distillation
problem, and its main application is to quantum fault-
tolerance.

If repeated preparation of ρ and stabilizer operations
gives universality, we say for short that ρ “gives univer-
sality,” or U(ρ). Throughout, we assume stabilizer oper-
ations are under classical control. We will study U(ρ) for
one- and two-qubit mixed states ρ.

Single-qubit states are conveniently parametrized by
the Bloch sphere of Fig. 3, under the correspondence
(x, y, z) ↔ ρ = 1

2 (I + xX + yY + zZ). (Here X = ( 0 1
1 0 ),

Y =
(

0 −i
i 0

)

, Z =
(

1 0
0 −1

)

are the Pauli matrices.) Bravyi
and Kitaev proved that certain ρ can be distilled or pu-
rified to be arbitrarily close to |H〉 using stabilizer oper-
ations (efficiently):

Theorem 1 ([3]). U(ρ) holds for single-qubit states ρ
with max{|x| + |z|, |x| + |y|, |y| + |z|} > 1.015 or |x| +

|y| + |z| > 3/
√

7.

This author extended the set of known distillable states
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slightly, and also considered the question U(ρ) for multi-
qubit states:

Theorem 2 ([7]). U(ρ) holds for a single-qubit ρ with
max{|x|+|z|, |x|+|y|, |y|+|z|} > 1, and U(|ψ〉) (meaning
U(|ψ〉〈ψ|)) for any (single- or multi-qubit) pure state |ψ〉
not a stabilizer state.

A stabilizer state is a state which can be prepared using
stabilizer operations. While the improvement from |x| +
|z| > 1.015 to |x| + |z| > 1 is slight (the other quantities
|x|+ |y| and |y|+ |z| are symmetrical), it is in fact tight.
Indeed, if ρ lies inside the octahedron O the closed convex
hull of the six Pauli qubit eigenstates (with faces given
by |x| + |y| + |z| = 1), then stabilizer circuits including
ρ-preparation can be classically simulated – see Fig. 3.
The plane {x+ z = 1} touches the boundary of O.

The improvement from 1.015 to 1 also implies that all
single-qubit pure states not a stabilizer state (i.e., points
on the surface of the Bloch sphere {x2 +y2 +z2 = 1} not
one of the six Pauli eigenstates) give universality. This
extends to multi-qubit pure states by a stabilizer reduc-
tion to the single-qubit case: for any multi-qubit pure
state not a stabilizer state, there exists some reduction,
using Clifford unitaries possibly with postselected mea-
surements, to a single-qubit pure state which is not a
Pauli eigenstate.

In this paper, we extend the set of single-qubit states
ρ for which we know U(ρ) slightly further (Theorem 3,
Figs. 4 and 5). The basic operation required is parity
check, which we introduce in Sec. II. Applying the par-
ity check in the computational and dual bases, in Sec. III,
gives the stated improvement in the distillable region of
states. We also give some numerical results, based on a
small modification of Bravyi and Kitaev’s scheme (The-
orem 4, Figs. 6 and 7 in Sec. IV).

Theorem 3. U(ρ(x, y, z)) if max{|x| +
√

y2 + z2, |y| +√
x2 + z2, |z|+

√

x2 + y2} > 1.

Theorem 4. U(ρ(fx, fy, fz)) for x = y = 3
√

7−7
7(2−

√
2)

, z =

3
√

14−14
7(2−

√
2)

and f = 0.9895. (Notice that x+ y + z = 3/
√

7

and
√

x2 + y2 + z = 1.)
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FIG. 1: Gottesman-Knill theorem: The Gottesman-Knill theorem is the quantum analog of an obvious classical fact. A
classical linear circuit can use CNOT gates and X operators (NOT gates). The output is always an affine function of the
input and the precise equation can be determined by first determining the circuit’s functionality on 0n the all-zeros input, then
checking the effects of flipping each of the input bits. In the quantum case, we also have to consider phase (Z) information. X
and Z flips propagate through CNOT gates following the rules of Fig. 2.

X •
��������

=
• X
�������� X

•
X ��������

=
•
�������� X

Z •
��������

=
• Z
��������

•
Z ��������

=
• Z
�������� Z

FIG. 2: Propagation of X and Z Paulis through a CNOT
gate; bit flips X are copied forward and phase flips Z copied
backward.

FIG. 3: Bloch sphere: Single qubit states are in one-to-one
correspondence with points on or in the Bloch unit sphere
in R3 (up to a global phase factor). Coordinates (x, y, z)
correspond to the 2 × 2 density matrix ρ(x, y, z) = 1

2
(I +

xX + yY + zZ). Pure states correspond to points on the
surface of the sphere (X, Y and Z eigenstates along the x, y
and z axes). Unitaries correspond to rotations of the sphere
[4, 5, 6]. All points ρ in the octahedron O the convex hull of
the six single-qubit stabilizer states (Pauli eigenstates) give
classically-simulatable computations together with stabilizer
operations. To simulate preparation of ρ, randomly choose
one of the stabilizer states, with the appropriate probabilities,
and continue with the Gottesman-Knill simulation procedure.

Additionally, we study distillation of two-qubit
(mixed) states. We provide an example of a two-qubit
state which is not a mixture of stabilizer states, but
for which every two-to-one-qubit stabilizer reduction out-
puts a mixture of stabilizer states (Sec. V). This implies
that, unlike the situation for pure states, the question of
U(ρ) for mixed states does not reduce to the single-qubit
case.

Theorem 5. The state ρ = 1
4II + 1

12 (IY + IZ −XX +
Y X+ZX) is not a mixture of stabilizer states, but every
two-to-one-qubit stabilizer reduction outputs a mixture of
single-qubit stabilizer states.

However, multi-qubit magic states distillation is still
a wide-open area; for example, we do not know U(ρ)?
for the ρ of Theorem 5, nor do we know any two-qubit
distillation procedure which cannot start with reduction
to a one-qubit state.[28]

Besides its theoretical interest, the magic states dis-
tillation question has motivation in quantum fault-
tolerance, in which it can serve as a reduction from
universal fault-tolerant computing down to fault-tolerant
stabilizer operations. This reduction often works seem-
ingly without affecting the maximum tolerable noise rate,
or threshold, because the bottleneck is in achieving reli-
able stabilizer operations. Applications to noise thresh-
old lower bounds and estimates, and also to threshold
upper bounds will be discussed in Sec. VI. Determining
upper bounds on the noise threshold is a difficult prob-
lem. We show that two recent upper bounds [8, 9], based
on upper-bounding the amount of noise before a gate set
becomes classically simulatable by the Gottesman-Knill
theorem, are in fact tight. For example,

Theorem 6. Classically-controlled stabilizer opera-
tions, together with repeated application of a π/8 gate
(exp(iπ

8Z)) depolarized at rate p, give universality if and

only if p < (6 − 2
√

2)/7.

The “only if” part of Theorem 6 is proved by Buhrman et
al. [9], and we prove the “if” part by distilling a certain
two-qubit state.
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FIG. 4: Open region: One octant of the region of single-
qubit states for which U(ρ) is unknown (other octants are
symmetrical). Top: The previous open region, bounded by
1 < x + y + z ≤ 3/

√
7, max{x + y, y + z, x + z} ≤ 1. Bottom:

The region remaining after Theorem 3, which adds the in-
equality max{x+

√

y2 + z2, y+
√

x2 + z2, z+
√

x2 + y2} ≤ 1.

FIG. 5: A cross-section of Fig. 4, through the plane x = y.
Points within the octahedron O are shaded grey, points for
which previous techniques sufficed are shaded green, and the
new points shown to give universality are shaded red. There
remains a gap between the planes x+y+z = 1 and x+y+z =
3/

√
7 where U(ρ) is unknown.

II. UNIVERSALITY OF STABILIZER

OPERATIONS AND PREPARATION OF |H〉

This section reviews the proof from Ref. [3] of U(|H〉)
– first shown by Knill, Laflamme and Zurek [10] – and
introduces the parity-checking operation used in Sec. III
to implement an improved magic states distillation pro-
cedure. (Parity checking is similar to the partner-pairing
algorithm used in heat-bath algorithmic cooling [11].)
Definition 1. Stabilizer operations consist of Clifford
group unitaries, preparation of |0〉 and measurement in
the computational |0〉, |1〉 basis. Clifford group unitaries
are generated by the Hadamard gate H = 1√

2

(

1 1
1 −1

)

, the

phase gate Z1/2 = ( 1 0
0 i ) and the controlled-NOT gate,

CNOT |a〉|b〉 = |a〉|a+ b mod 2〉 for a, b ∈ {0, 1}.
The CNOT gate and arbitrary single-qubit rotations

(SU(2)) give universality [12], from which Boykin et al.
proved the universality of CNOT, Hadamard, and Z1/4

[2]. (The intuition is that using Z1/4 and its stabilizer
conjugates, like X1/4, it is easy to obtain a rotation by
an irrational multiple of π about some axis, and hence a
dense set of rotations about that axis. Rotations about
a second axis can be obtained by conjugation with a sta-
bilizer operation.)

We now sketch two applications of a parity-checking
operation for achieving universality.

A. Implementing ei
φ

2
Z from ei

φ

2
Z |+〉

The proof of U(|H〉) now follows from a simple trick

to implement exp(iφ
2Z) on a data qubit using repeated

preparation of exp(iφ
2Z)|+〉 and stabilizer operations

with adaptive classical control. (|+〉 = 1√
2
(|0〉 + |1〉) is

the X +1 eigenstate.)
Single qubit pure states can be parameterized by po-

lar coordinates (θ, φ) on the Bloch sphere: |ψ(θ, φ)〉 =
cos θ

2 |0〉 + eiφ sin θ
2 |1〉, so |H〉 = |ψ(π/4, 0)〉. Single qubit

Clifford unitaries consist exactly of the rotational sym-
metries of the octahedron O of Fig. 3, so in particular
|ψ(θ, 0)〉 and |ψ(π

2 , θ)〉 are symmetrical. Now notice that

(α|0〉 + β|1〉)(|0〉 + eiθ|1〉) =
α|00〉 + βeiθ|11〉

+αeiθ|01〉+ β|10〉
,

by simply expanding out the tensor product. Therefore,
we can apply a CNOT from the first qubit into the second
qubit to measure the parity. On measuring even parity,
the operation

(

1 0
0 eiθ

)

has been applied to the data qubit.
On measuring odd parity, exactly opposite that phase has
been added to the data. But by repeating this process
in the latter case, we can carry out a random walk on
phases which are integer multiples of θ – terminate the
walk when the phase is θ. Note the necessity of adaptive
classical control of the quantum circuit.

This procedure in particular implements Z1/4 ∝ ei
π
8 Z

given repeated preparation of |H〉, giving quantum uni-
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versality U(|H〉). (In this case, a random walk is not
necessary; on measuring odd parity, apply the correction
Y 1/2.) In fact, Shi extended the Barenco et al. universal-
ity result to show universality of {CNOT, T }, where T is
any single-qubit real gate such that T 2 does not preserve
the computational basis [13]. This implies U(|ψ(θ, 0)〉)
for almost all θ.

B. Angle-doubling φ → 2φ

Say we are given not |ψ(0, φ)〉 but |ψ(θ, φ)〉 with φ
nonzero. By Theorem 2, all such states which are
not Pauli eigenstates give quantum universality. We
here prove directly, but with a less efficient procedure,
U(|ψ(θ, φ)〉) for θ /∈ {kπ/2 : k ∈ Z} and φ ∈ {kπ

2l : k, l ∈
Z}. The technique is by a simple “angle-doubling” trick
– simply another application of the parity-checking oper-
ation of the previous section – which will later be useful.

Taking two copies of |ψ(θ, φ)〉 and postselecting on
even parity (probability 1/2), one computes by expand-
ing out the tensor product and converting back into polar
coordinates

(θ, φ) 7→
(

2 cos−1

(

cos2
θ
2

cos4
θ
2+sin4

θ
2

)

, 2φ

)

=
(

2 cos−1
(

2(1+cos θ)√
3+cos 2θ

)

, 2φ
)

.

Repeated angle doubling, partner-pairing earlier suc-
cesses, implies universality if φ = kπ

2l (the success rate
overall remains a constant function of φ). Stabilizer op-
erations can permute the x, y and z axes, further in-
creasing the set of states giving universality. This gives a
dense network of pure states over the surface of the Bloch
sphere which give universality. It does not, however,
show that every pure state excepting the Pauli eigen-
states gives universality, because it uses the exact form
of the state and not an approximation. Say for example
that φ differs from kπ

2l by π/2l+1. Every step we double φ,
we also double the angular error; since we are increasing
φ exponentially, we also increase the error exponentially.

III. PARITY-CHECKING DISTILLATION

ALGORITHM

The same parity-checking operation on paired-partners
can be applied to single-qubit mixed states.

A. y = 0

First, assume the y coordinate is zero. Taking two
copies of ρ(x, 0, z),

ρ(x, 0, z) ⊗ ρ(x, 0, z) = 1
4





(1+z)2 x(1+z) x(1+z) x2

x(1+z) 1−z2 x2 x(1−z)

x(1+z) x2 1−z2 x(1−z)

x2 x(1−z) x(1−z) (1−z)2



 .

Taking the four corner elements (parity-checking), renor-
malizing the trace to one, and converting back into
(x, y, z) Bloch sphere coordinates,

(x, 0, z) 7→ (x′, 0, z′) = ( x2

1+z2 , 0,
2z

1+z2 ). (1)

Now assume additionally that x = z (this can be
achieved by applying a Hadamard gate to ρ with prob-
ability 1/2). Repeating the parity-checking again in the
dual basis – i.e., switching x and z – and resymmetrizing
about the Hadamard axis, we get overall

(x, 0, x) 7→ x2(3+x2)
1+2x2+2x4 (1, 0, 1).

It is simple to verify that this function lies above x
for 1/2 < x . 0.68. Now 0.68 < 1/

√
2 our target

(|H〉 = ρ(1/
√

2, 0, 1/
√

2)). But since 2 · 0.68 > 1.015,
we can use Bravyi and Kitaev’s distillation method to
finish moving to |H〉 (at x = z = 1/

√
2) and therefore

obtain universality. This proves the first part of Theo-
rem 2 from Theorem 1. The procedure can be thought
of as state distillation with the four-qubit erasure code
(the two-qubit parity code concatenated on its dual). In
Ref. [7], the same statement was proved by distilling with
the seven-qubit Steane and 23-qubit Golay codes. Those
distillation schemes are more efficient than this one, and
can also be used to distill |H〉 directly, but the proof here
is easier to check by hand.

There are a various related distillation schemes. For
example, instead of dual-parity-checking two copies of
the parity check’s output, one can dual-parity-check ρ
and the parity check’s output – equivalent to distillation
with a certain three-qubit code. We have checked by ex-
haustive enumeration all 3-to-1-qubit and all 4-to-1-qubit
distillation protocols, and these appear to be optimal
(they maximize x′ + z′ starting from x = z = 1

2 + .001).

B. y 6= 0

What about the case when initially y 6= 0? Of course,
symmetrizing about the Hadamard axis forces y to 0,
but we’d like to do better. In this case, with a single
postselected parity check,

(x, y, z) 7→ (x′, y′, z′) = 1
1+z2 (x2 − y2, 2xy, 2z).

It is easy to understand the behavior by reparametriz-

ing to (r =
√

x2 + y2, φ = arctan(y/x), z). Then

(r, φ, z) 7→ (r′, φ′, z′) = ( r2

1+z2 , 2φ,
2z

1+z2 ),

since

y′/x′ =
2xy

x2 − y2
=

2 y
x

1 − ( y
x)2

=
2 tanφ

1 − tan2 φ
= tan 2φ.

Thus, r and z are transforming just as x and z when we
had set y = 0; and now the angle φ is also doubling. Now
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if φ = kπ/2l for integers k, l, then repeated doubling will
move the state into the y = 0 plane. Now, as long as

r + z =
√

x2 + y2 + z > 1,

then too r′ + z′ > 1, so once we have reached the y = 0
plane we have x + z > 1 and we can distill |H〉 however
we please. (Verifying that r′ + z′ > 1 when r + z > 1
is straightforward calculus. Notice that for r small, the
difference r′ + z′ − 1 can be quadratically smaller than
r+z−1. This is bad for the efficiency of our scheme, but
nonetheless the difference from one will be lower-bounded
by some positive constant, which suffices for us.)

Usually, φ /∈ {kπ/2l : k, l ∈ Z}. This is precisely the
problem we ran into in Sec. II B when we tried to directly
prove U(|ψ〉) for non-stabilizer, single-qubit pure states.
In this case, since we are dealing with mixed states, there
is a simple solution. We can create any state ρ0 within
the octahedron O (by preparing the Pauli eigenstates
with the appropriate probabilities to generate ρ0). The
set of “nice” longitudinal angles {kπ/2l : k, l ∈ Z} is
dense. So we can certainly choose a ρ0 (in fact, |+〉 will
suffice) and mix it with ρ with appropriate probabilities
to generate ρ′ with a nice longitudal angle and such that
the new r′ + z′ > 1 still. Then we can apply the prior
method to ρ′ (double angles until y = 0 then distill out-
ward to |H〉). This proves Theorem 3.

C. Caveats on the model

Some remarks on the model of magic states distillation
are in order. In the previous section, we used that the
state ρ is known exactly, and that the same state can be
prepared repeatedly. This is a very strong assumption,
which is probably not physically justified. Some stability
conditions are probably required for schemes which might
be usable in practice to achieve universality, the condi-
tions depending on the physical model. For example, in
the threshold proof for concatenated distance-three codes
of Ref. [14], it was necessary to allow for the possibility
of asymmetrically erroneous states.

However, one shouldn’t dismiss this model out of hand.
Some assumptions which seem nonsensical at the physical
level become relevant at the encoded level, when we try
to apply magic states distillation on top of a stabilizer
operation fault-tolerance scheme (Sec. VI A).

Additionally, it might not be surprising that the distil-
lation model becomes more delicate as the limits of dis-
tillation are approached. Even delicate, artificial models
can be of interest when we use magic states distillation
to consider noise threshold upper bounds, in Sec. VI B.

With this said, it is probably worth formulating condi-
tions which make the technique more physically relevant
(in various physical models). It is possible that the cur-

rent techniques are unnecessarily fragile, and that there
exist more direct, practical and efficient methods.

There are other variations on the model which seem
interesting. For example, what if we are allowed to pre-
pare copies of each of ρ1, . . . , ρk (unentangled single-qubit
states)? When do we have U(⊗iρi)? As a simple exam-
ple, say we can prepare both ρ(x, y, z) and ρ(x,−y, z).
Reflection across the xz plane is not a stabilizer op-
eration, so these two states are generally not equiva-
lent under stabilizer operations. Now letting Πeven =
|00〉〈00|+ |11〉〈11|,

Πeven(ρ(x, y, z) ⊗ ρ(x,−y, z))Πeven

= 1
4

(

(1+z)2 x2+y2

x2+y2 (1−z)2

)

∝ ρ( r2

1+z2 , 0,
2z

1+z2 ),

where r2 = x2 + y2. Thus immediately the y coordinate
is zeroed out, and we essentially have Eq. (1) with r
in place of x. Thus directly U(ρ(x, y, z) ⊗ ρ(x,−y, z))
provided max{

√

x2 + y2 + z, x+
√

y2 + z2} > 1.

IV. FIVE-QUBIT DISTILLATION

PROCEDURES

In the proof of Theorem 1, Bravyi and Kitaev use a
15-qubit Reed-Muller code [15] which allows transversal
application of exp(iπ

8Y ) (equivalent to an earlier scheme
of Knill [7, 16]) to prove universality when max{|x| +
|z|, |x| + |y|, |y| + |z|} > 1.015. To prove U(ρ(x, y, z))

when |x|+ |y|+ |z| > 3/
√

7, they use stabilizer operations
to project five copies of ρ into the codespace of the five-
qubit code, and decode the logical qubit. The five-qubit
code has stabilizer generators

XZZXI , IXZZX,
XIXZZ, ZXIXZ.

Repeatedly applying this procedure, the state converges
to |T 〉〈T | = ρ( 1√

3
, 1√

3
, 1√

3
) as long as x = y = z > 1/

√
3.

|T 〉 is the ei2π/3 eigenstate of T = ei2π/3ρ( 1√
3
(1, 1, 1)) +

e−i2π/3ρ(− 1√
3
(1, 1, 1)) = 1

2

(−1+i 1+i
−1+i −1−i

)

, a 120◦ rotation

about |T 〉 on the Bloch sphere (TXT † = Y , TY T † = Z,
TZT † = X). In general of course x, y and z will be
unequal. In that case, first apply single-qubit unitaries
to move ρ into the first octant (x, y, z > 0). Then with
equal probabilities 1/3 apply either I, T or T 2. This
symmetrizes ρ about the T axis.

A simple modification of this procedure can give im-
provements for asymmetric ρ. For x = y < z, applying
T to two of the five copies of ρ before distilling with the
five-qubit code (without symmetrizing about the T axis)

gives an improvement for 0 < x = y < 1/
√

3, according
to numerical iterations of the equation
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(x, y, z) 7→ (x′, y′, z′) =
2

1 + x4 + y4 + z4 + 4xyz(x+ y + z)







x3 − x2(y3 + z3) + yz(y + z + 2x− xyz),

−y3 + y2(x3 + z3) − xz(x+ z + 2y − xyz),

z3 − z2(x3 + y3) + xy(x+ y + 2z − xyz)






.

FIG. 6: Let z∗(x = y) be the largest z such that we get
U(ρ(x, y, z)) from the modified five-qubit distillation proce-
dure. z∗ is plotted in blue, superimposed on the graph of
Fig. 5. There is a slight improvement between x = y = 0.1956
and x = y = z = 1/

√
7 ≈ 0.378, shown more clearly in Fig. 7.

Fig. 6 shows the distillable region (computed numeri-
cally) using this procedure in the x = y cross-section
of the Bloch sphere. Compared to Fig. 5, there is an im-
provement between x = y = 0.1956 and x = y = z =
1/

√
7 ≈ 0.378. (For x = y > z, the new scheme performs

worse than the standard five-qubit code, and there is of
course no improvement past 1/

√
7 along x = y = z for

then Tρ = ρ.) Theorem 4 can in particular be checked.
Fig. 7 plots the fractional improvement versus x = y.

We have exhaustively searched all five-to-one-qubit
stabilizer reductions, evaluating each on ρ( 1√

3
(1, 1, 1))

and ρ(x = y = 3
√

7−7
7(2−

√
2)
, z = 3

√
14−14

7(2−
√

2)
), and found no

code performed better than the five-qubit code, either
alone or with T applied to one or two of the qubits.

V. TWO-QUBIT STATE

The question U(|ψ〉)? for multi-qubit pure states |ψ〉
reduces to the same question for single-qubit pure states
[7]. In fact U(|ψ〉) for all pure states |ψ〉 not stabilizer
states (all nonstabilizer single-qubit pure states |ψ〉〈ψ|

FIG. 7: Let z∗
5(x = y) be the largest z such that we get

U(ρ(x, y, z)) using Bravyi and Kitaev’s five-qubit code distil-
lation procedure, z∗

p(x=y) be the largest z giving U(ρ(x, y, z))
from angle-doubling Theorem 3 and the five-qubit code dis-
tillation procedure. Plotted on a log scale are 1− z∗/z∗

p (red)
and 1 − z∗/z∗

5 (black).

have |x|+ |y|+ |z| > 1). Therefore all nonstabilizer pure
states |ψ〉 give universality (U(|ψ〉)).

A natural question is whether the same type of re-
duction holds even for mixed states. For brevity, call a
(mixed) state a nonstabilizer state if it is not a mixture of
stabilizer states. Given a nonstabilizer multi-qubit mixed
state, can it be reduced to a single-qubit nonstabilizer
mixed state, using postselected stabilizer operations?

The answer is no; the multi-qubit question for mixed
states does not reduce to the single-qubit question. We
present examples of nonstabilizer mixed states for which
every two-to-one-qubit stabilizer reduction gives a mix-
ture of stabilizer states. It is not known whether it is
possible to achieve universality using these states in some
more direct way.

Seven representative counterexamples, of many, are
given in Table I. While these counterexamples can be eas-
ily checked, they were found by a geometrical argument
considering the solid polyhedron On of convex combina-
tions of all n-qubit stabilizer states (for n = 2), a gen-
eralization of the solid octahedron O1 = O consisting of
mixtures of single-qubit stabilizer states.

A. Two-to-one-qubit stabilizer reductions

In trying to reduce with stabilizer operations an n-
qubit nonstabilizer state down to a single-qubit nonsta-
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TABLE I: Seven representative counterexamples. Each ρi is 1

4
II plus the fraction f times the listed coordinates (tensor products

implied). For example, ρ1 = 1

4
II + 1

12
(IY + IZ − XX + Y X + ZX).

f IX IY IZ XI XX XY XZ YI YX YY YZ ZI ZX ZY ZZ

1/12 0 1 1 0 -1 0 0 0 1 0 0 0 1 0 0

1/76 1 2 -2 2 -6 -1 -1 6 -2 -1 1 1 3 2 2

1/72 2 1 0 -2 0 6 -3 3 0 2 -2 6 -1 -2 0

1/76 2 5 -1 -2 -1 2 2 5 -2 -5 -1 1 2 1 -1

1/52 3 1 1 -3 -1 -3 -3 3 -1 3 -3 3 -1 -3 3

1/60 2 2 2 1 -3 0 1 6 -2 -2 1 1 0 -3 1

1/52 1 -1 1 -3 3 -1 3 1 1 -1 -3 -1 3 1 -1

bilizer state, without loss of generality, one may use only
Clifford group unitaries and postselected Pauli measure-
ments. (It cannot be necessary to add ancilla qubits, or
to adapt processing according to measurement results.)

Lemma 1. For any postselected stabilizer procedure tak-
ing ρ an n-qubit state to a one-qubit nonstabilizer state,
there exists another procedure taking ρ to a one-qubit
nonstabilizer state which consists of an n-qubit Clifford
unitary, followed by projecting the last n− 1 qubits onto
|0n−1〉.

Proof. We first remark that w.l.o.g. all measurements in
the reduction procedure are postselected. Indeed, if some
measurement Mi is not postselected, then the final out-
come will be a mixture of the outcome conditioned on an
Mi = +1 measurement result and the outcome condi-
tioned on Mi = −1. If the final outcome is not a mixture
of stabilizer states, then at least one of these conditioned
states must not have been.

To complete the proof, we must only enforce the as-
sumption that the reduction procedure works on the n
qubits without requiring any extra ancillas. For any pro-
cedure using ancillas, there is another procedure which
uses no ancillas, and which has identical output on all
n-qubit stabilizer states, except possibly with a higher
success probability.

This fact is a consequence of the Gottesman-Knill sta-
bilizer algebra formalism, with which we’ll assume famil-
iarity. For further details, we recommend Ref. [17]. In
order to track the evolution of an arbitrary system un-
der stabilizer operations, it suffices to keep track of the
stabilizer group (possibly trivial) plus for each of the n
unfixed qubits logical X and logical Z values.

Assume that the procedure has the following form:

1. In Phase 1, measure certain Pauli operators sup-
ported on the n original (logical) qubits. (Measur-
ing a Pauli operator P means applying the projec-
tion 1

2 (I + P ).)

2. Then prepare ancillas |0m〉, and in Phase 2 measure
Pauli operators acting possibly on all n+m qubits.

3. Finally, apply a Clifford unitary and trace out all
but the first qubit.

This form may be assumed since applying a unitary U
then measuring P , has the same effect as measuring
U †PU , then applying U . (Phase 1 may be empty ini-
tially.)

Next we show how to either eliminate or move to
Phase 1 any measurements in Phase 2. Assume that
Phase 1 has completed, leaving possibly an arbitrary
state on the first n qubits; set the stabilizer group S to
be all strings of Z or I supported on the ancilla qubits.
Consider the first measurement in Phase 2, of a Pauli
operator P . There are a few cases:

1. If P or −P is in S, then the measurement either has
no effect or succeeds with probability zero. Elimi-
nate this measurement.

2. If the operator P being measured commutes with
all the stabilizer group elements but is not in the
stabilizer group (P ∈ N(S) \ S), then there ex-
ists Q ∈ S such that PQ is supported on the first
n qubits. Measuring PQ has the same effect as
measuring P . Remove the measurement of P from
Phase 2 and add a measurement of PQ to Phase 1.

3. If P anticommutes with a stabilizer group element,
then for some ancillary qubit i, Pi = X (or Y ).
Then U = Λi(PXi) = U † – i.e., an i-controlled
Pauli PXi – is a Clifford unitary such that UPU =
Xi. So applying U , measuring Xi and applying U †

to the result, is equivalent to measuring P . But
applying U has no effect, since the control-bit is 0.
Therefore, we can simply measure Xi, and delay
application of U † to the end of the protocol (by
commuting it past any remaining measurements in
Phase 2). This measurement can be eliminated,
since preparing |0〉 and measuring X is the same
as simply preparing H |0〉 = |+〉, except with lower
success probability.

Thus we may assume that there are no measurements in
Phase 2.

At the end of Phase 1, there remains at most one de-
gree of freedom in the first n qubits, and this degree of
freedom can be isolated with Clifford unitaries involving
only those qubits. No extra ancillas are necessary.
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Moreover, the measurements in Phase 1 can be as-
sumed to all commute with each other. If not, and P
and Q are two successive anticommuting measurements,
then as above P can be moved into just Zi for some i
and Q can be assumed to be Xi. Then measuring Q was
unnecessary, for one could have just applied Hi with the
same effect (and higher success probability).

The fact that ancilla preparation is unnecessary has
two nice consequences. First, this leaves only a finite
number of different stabilizer operations that can be ap-
plied to reduce an n-qubit state down to a single-qubit
state. In our proof we will consider up to symmetries an
exhaustive list of all possible stabilizer operations reduc-
ing two qubits to one. Second, it implies that a coun-
terexample for n = 2 also gives a counterexample for
n > 2; take the same state but adjoin |0n−2〉. If the
original state was not a mixture of stabilizer states, then
nor will the n-qubit state (any such mixture would need
to be trivial on the last n − 2 qubits). If no algorithm
using stabilizer operations reduced the two-qubit state to
a nonstabilizer single-qubit state, then the same will be
true for the n-qubit state because it can in particular be
prepared from the two-qubit state with ancilla prepara-
tion.

B. Counterexamples

1. On: mixtures of n-qubit stabilizer states

Any n-qubit state (density matrix) can be written as
a real combination of the n-qubit Pauli operators. The
coefficient of I is fixed to 1/2n since the trace is 1, but the
other 4n − 1 coordinates can vary. The state stabilized
by the stabilizer group S has density matrix 1

2n

∑

S∈S S,
i.e., it has coordinates 1/2n for S ∈ S and 0 elsewhere.
Given ρ and P a Pauli product, ρ’s coordinate along P
is given by cP (ρ) = 1

2n Tr(Pρ).

Lemma 2. The number of different n-qubit stabilizer
states is

N = 2n × (2n + 1)(2n−1 + 1) · · · (2 + 1) .

The number of different n-to-1-qubit stabilizer reductions,
up to normalization and application of Cliffords to the
output, is 1

6 (2n − 1)N .

Proof. The expression for N is a simplification of

2n (4n − 1)(4n

2 − 2)(4n

4 − 4) · · · ( 4n

2n−1 − 2n−1)

(2n − 1)(2n − 2) · · · (2n − 2n−1)
.

Here, the initial factor of 2n is for the number of differ-
ent syndromes given an unsigned set of stabilizers. The
numerator is the number of ways of picking (in order) n
nontrivial, independent, commuting generators. Given a
stabilizer group, the denominator is the number of ways
of picking in order generators.

II IX

XI XX

II IX

Y I Y X

II IX

ZI ZX

II IY

XI XY

II IY

Y I Y Y

II IY

ZI ZY

II IZ

XI XZ

II IZ

Y I Y Z

II IZ

ZI ZZ

II XX

Y Z ZY

II Y Y

XZ ZX

II ZZ

XY Y X

II XY

Y Z −ZX

II XZ

Y X −ZY

II XX

Y Y −ZZ

FIG. 8: Stabilizer groups for fifteen two-qubit stabilizer
states. The sixty total two-qubit stabilizer states can be enu-
merated by listing the four possible sign choices for each. For
example, by switching the sign of XX for the last case, we get
also the state 1

4
(II − XX + Y Y + ZZ).

According to Lemma 1, the n-to-1-qubit stabilizer re-
ductions correspond to choosing a stabilizer group of size
2n−1, up to normalization and application of Cliffords to
the final, logical degree of freedom – i.e., picking n − 1
independent commuting generators. Therefore the count
of such reductions is

2n−1 (4n − 1)(4n

2 − 2)(4n

4 − 4) · · · ( 4n

2n−2 − 2n−2)

(2n−1 − 1)(2n−1 − 2) · · · (2n−1 − 2n−2)
,

which simplifies to 1
6 (2n−1)N . (Choosing one nontrivial

element of the stabilizer group as say logical +X over-
counts by a factor of six.)

We are interested in convex combinations of stabilizer
states. For n = 1, mixtures of the six stabilizer states
form the closed, solid octahedron O1 in three dimensions
(besides the fixed coordinate for I), shown fitting within
the Bloch sphere in Fig. 3. For n = 2, O2 has sixty
vertices in a fifteen-dimensional space (Fig. 8).

Notice that n-to-1-qubit stabilizer reductions are lin-
ear from the original (4n − 1)-dimensional space into the
four-dimensional space with basis I,X, Y, Z – the coor-
dinate for the identity I is included because the trace of
the output is not necessarily one without nonlinear renor-
malization. Therefore, the set of n-qubit states mapped
into O1 by a given stabilizer reduction is convex.

Specializing to n = 2 in particular, w.l.o.g. we may
assume the uniform mixture II/4 is mapped to I/4 the
trace-1/2 multiple of the identity, since single measure-
ment succeeds with probability 1/2. Every exterior face
of O2 has at least 15 vertices. We will show the exis-
tence of a face of O2 which is mapped to an internal face
of the cone of O1 for every stabilizer reduction to a sin-
gle qubit. This is quite reasonable, and not surprising,
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when put in this language. The alternative is that all
15 or more vertices are mapped to only four vertices in
the output, three vertices of O1 plus possibly 0. For, if
a fourth vertex of O1 is in the image, then necessarily
two vertices must oppose one another and cancel out, so
the image face is internal. This is what seems unlikely,
despite the freedom to choose any stabilizer reduction.
(It can occur; see Eq. (3) below.)

2. Counterexamples lie outside O2

In order to prove that a certain state ρ is nonstabilizer,
we need to exhibit a separating hyperplane, an inequal-
ity satisfied by every stabilizer state but violated by ρ.
In Table II, we list seven inequalities satisfied by each
of the sixty two-qubit stabillizer states, but violated by
the respective states of Table I. To verify this, compute
inner products of the inequality with the state coordi-
nates. (One also needs to check that the listed states are
indeed valid density matrices, i.e. their eigenvalues are
nonnegative.)

3. Counterexamples reduce to mixtures of single-qubit

stabilizer states

Next, we claim that for each counterexample from
Table I, indeed every two-to-one-qubit stabilizer reduc-
tion outputs a mixture of stabilizer states. This can be
checked by enumeration, since by Lemma 1 there are only
a finite number of stabilizer reductions which need to be
considered. In fact, there are exactly thirty stabilizer
reductions to check. Each reduction corresponds to mea-
suring one of the fifteen nontrivial two-qubit Pauli opera-
tors, postselecting on outcome ±1. This leaves one degree
of freedom uniquely defined up to single-qubit stabilizer
operations (symmetries of O1).

Of course, these checks can easily be done on a com-
puter, but it is worth understanding the algebra involved.
We’ll give a simple example which should elucidate the
general situation.

Consider, e.g., the state ρ = 1
4II+ 1

12 (IY +IZ−XX+
Y X + ZX). On measuring ZZ, postselecting on a +1
outcome, the (unnormalized) state becomes

1
2 (II + ZZ)ρ 1

2 (II + ZZ) = 1
8 (II + ZZ + 1

3 (IZ + ZI −XX + Y Y +XY + Y X))

= 1
4

1
2 (II + ZZ)(II + 1

3 (IZ −XX +XY )).

Applying a CNOT from the first qubit into the second
in order to remove the fixed ZZ stabilizer, the state be-
comes 1

4 (I − 1
3 (X +Y +Z))⊗ 1

2 (I +Z). And indeed, the
sum of the absolute values of the X,Y, Z components of
the first qubit equals the I component, so the first qubit
is a mixture of stabilizer states. (There are other ways to
remove the ZZ stabilizer besides a CNOT gate, but the
results differ only by a stabilizer operation on the unfixed
qubit.)

We could have shortened the above calculation. Notice
that IZ, ZI, XX , −Y Y , XY , Y X are the nontrivial
two-qubit Paulis commuting with ZZ, besides ZZ itself.
Then compare ρ’s coordinates cII + cZZ to

|cIZ + cZI | + |cXX − cY Y | + |cXY + cY X |. (2)

Both equal 1/4.
The general procedure follows immediately; we need to

compare the sums of the absolute values of the appropri-
ate averages of the coordinates of ρ, where the averages
are over the Paulis commuting with the measured oper-
ator P and differing by P . For example, projecting ρ by
1
2 (II − Y Z), we need to compare cII − cY Z to

|cXX − cZY | + |cXY + cZX | + |cIZ − cY I |.
One notices from these calculations an interesting

property of ρ. Let S be the set of nontrivial Paulis P
such that cP (ρ) 6= 0. Then

1. No two elements of S commute.

2. The difference between any two elements of S com-
mutes with neither (this is implied by the first prop-
erty).

3. Exactly three elements of S commute with any non-
trivial Pauli outside S.

The first property implies that after measuring any el-
ement of S and postselecting on either +1 or −1, the
remaining degree of freedom is a fully mixed state (the
relevant sum of averaged coordinates is zero). The sec-
ond property implies that after measuring a Pauli P not
in S, it is impossible to have both cQ and cPQ nonzero
for Q commuting with P . Therefore, the relevant com-
parison gives 1

4 ≥ 1
12 + 1

12 + 1
12 , so the reduced state lies

inside O1. (In fact, the third property implies that it lies
on the boundary of O1.)

Thus, just a few nice properties of ρ suffice to prove
that any two-to-one-qubit stabilizer reduction on ρ out-
puts a mixture of stabilizer states. We don’t know of
similarly elementary proofs for the other counterexam-
ples from Table I, but the calculation of course still re-
duces to summing averages of coordinates as in Eq. (2).
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TABLE II: Seven inequalities satisfied by each of the sixty two-qubit stabilizer states, but violated by the respective states of
Table I. To explain the notation, for example the first inequality is 1

4
Tr ρ(−II + IY + IZ − XX + Y X + ZX) ≤ 0. One can

check that substituting the first state from Table I in gives 1/6.

II IX IY IZ XI XX XY XZ YI YX YY YZ ZI ZX ZY ZZ

-1 0 1 1 0 -1 0 0 0 1 0 0 0 1 0 0

-2 1 1 -1 1 -2 0 0 2 -1 -1 1 0 1 1 1

-2 1 1 0 -1 0 2 -1 1 0 0 -1 2 -1 -1 0

-2 1 2 0 -1 0 1 1 2 -1 -2 0 0 1 0 0

-2 1 0 0 -1 0 -1 -1 1 0 1 -1 1 0 -1 1

-3 2 2 1 1 -2 0 1 3 -2 -2 -1 1 0 -2 1

-4 2 -1 2 -3 3 -2 3 1 1 -2 -3 -1 3 2 -1

4. Structure of O2 by computer analysis

While it is easy to verify the counterexamples from
Table I, that doesn’t make them easy to find. The coun-
terexamples listed and studied above were found by using
the computer program cdd [18]. On input the sixty two-
qubit stabilizer states, cdd outputs the 22,320 external
faces of their polyhedral convex hull. Most of these faces
are symmetrical under two-qubit Clifford operations; to
determine a minimum set of representatives, we repeat-
edly chose a (non-uniformly) random two-qubit Clifford
and reduced the faces modulo that symmetry. After a
small number of iterations, there remained only eight
faces. Seven of these are those displayed in Table II,
and the eighth is given by

1
4 Tr ρ(−II+IY −XX+XZ+Y I−Y Y +ZX+ZZ) ≤ 0.

(3)
None of these remaining faces are symmetrical to each
other, because two-qubit Cliffords can only permute their
coordinates by conjugation (possibly also changing the
sign ±1 of a coordinate). Therefore, no two inequalities
with differing II coordinates can be symmetrical to each
other. The inequality of Eq. (3) and the first inequality
of Table II cannot be symmetrical to the each other since
they have a different number of nonzero coordinates. No
two of the inequalities in Table II with II coordinate of
−2 can be symmetrical since they either have different
numbers of nonzero coordinates or have coordinates with
different magnitudes.

Next we chose an element in the center of each face (a
uniform mixture of those stabilizer states lying along the
face), and pushed it out from 1

4II as far as possible such
that every two-to-one stabilizer reduction still outputted
only stabilizer mixtures. This procedure worked for all
the hyperplanes except that of Eq. (3), for which state
there did exist a two-to-one reduction (however, said re-
duction led to a state lying on the boundary of O1 with
equal x, y, z coordinates, so it is unknown if this reduc-
tion leads to universality).

5. Conjecture

What more can be said about these counterexamples,
particularly the first one (with the most apparent struc-
ture)? One might conjecture that not only doesn’t a
single copy of this state reduce to a nonstabilizer single-
qubit state, but nor do multiple copies; i.e., that repeated
preparation of this state, together with stabilizer opera-
tions, does not give universality. This would be an inter-
esting negative result, as there are no known nontrivial
upper bounds on the power of magic states distillation.

For more than two qubits, the calculation of whether or
not the output lies inside O1 still simplifies to an equation
like Eq. (2), except within each of the three terms we
average over a set of 2n−1 coefficients.

We have checked by exhaustive enumeration of all size-
eight abelian subgroups of the Paulis on four qubits that
for none of the states in Table I do two copies allow a
reduction to a nonstabilizer state. For several pairs of
different states from Table I, we have verified the same
thing.

But still, the evidence for this conjecture is weak.
More effort has been put into trying to find distillation
schemes for achieving universality from multiple copies
of interesting single-qubit states. And a similar averag-
ing statement holds for these possible schemes as well.
For example, for single-qubit states with equal coordi-
nates x = y = z, of interest in (1

3 ,
1√
7
], the question

U(ρ(x, y, z))? reduces to a question of the existence, for
any n, of order-2n−1 abelian subgroups satisfying certain
relations depending on the x = y = z parameter raised
to the Hamming weight of group elements.

VI. FAULT-TOLERANCE APPLICATIONS

The main application of magic states distillation is to
fault-tolerant quantum computing, or reliable computing
in the presence of noisy gates. In particular, it clearly ad-
dresses the problem of achieving universality using noisy
ancilla preparation. It does assume perfect stabilizer op-
erations, though, which is certainly not realistic. This
assumption can be justified in two different contexts:
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FIG. 9: Knill’s method for achieving universality by teleport-
ing into an encoding. If the X and Z measurements are not
postselected, then a logical correction (not shown) might be
required.

1. Certain arguments for upper-bounding the tolera-
ble noise rate (or threshold) assume that stabilizer oper-
ations are perfect and only the extra operation required
for universality is noisy. This is optimistic, but sufficient
for an upper bound. Sec. VI B below considers the rela-
tionship of magic states distillation to these arguments.

2. Assumptions, like perfect stabilizer operations,
which are unrealistic at the physical level can sometimes
be justified at higher levels of encoding in a fault-tolerant
concatenated coding scheme. In particular, it is pos-
sible that there are two different noise thresholds, one
threshold for reliable stabilizer operations and a separate
threshold for reliable universal quantum computation. If
the physical noise is below the threshold for reliable sta-
bilizer operations, then we can assume that stabilizer op-
erations are in fact perfect – not at the physical level,
but at some “logical” level.

A. Fault-tolerance threshold lower bounds and

estimates

Assuming perfect stabilizer operations, magic states
distillation gives universality by using approximately-
prepared single-qubit ancillas. However, these noisy an-
cillas need to be prepared not at the physical level, but
at the same higher level of encoding at which the logical
stabilizer operations are perfect.

How can one reliably encode noisy ancillas? Following
Knill [16, 19], we use perfect encoded stabilizer opera-
tions to create an encoded Bell pair 1√

2
(|00〉L + |11〉L)

(the subscript L denoting “logical”). Then we de-
code one half from the bottom up, ideally obtaining
1√
2
(|0〉|0〉L + |1〉|1〉L). Then prepare a qubit in a “magic”

state like |H〉 or |T 〉 and teleport it into the encoding,
using a physical CNOT gate and two single-qubit mea-
surements. See Fig. 9. If there is no noise, then the
output state will be |H〉L or |T 〉L. At that point, both
stabilizer operations and ancilla preparation can be done
at an encoded level, so we get encoded universality.

In the presence of noise, the noise too will be teleported
into the encoding, i.e., into logical noise. As long as it is
not too high, we can distill it out at the encoded level,
using (perfect) encoded stabilizer operations. Now the
noise can come from three places: noise in the prepared
single-qubit ancilla, noise in the physical teleportation

circuit, and noise in the decoded half of the Bell pair. As
long as the total noise from these sources is not too large,
magic states distillation will succeed. Fortunately, magic
states distillation can tolerate very high amounts of noise
– for example, 1

2 (1−
√

3/7) ≈ 17.2% depolarizing noise on
|T 〉, by Theorem 1. Therefore, it often turns out that the
threshold for universal quantum computation is the same
as that for just stabilizer operations. The bottleneck is
in achieving reliable stabilizer operations.

This is a useful reduction because it is easier to prove
a noise threshold for stabilizer operations alone than for
a full universal scheme. For fault-tolerance schemes us-
ing quantum stabilizer codes, only physical stabilizer op-
erations are required to achieve reliable encoded stabi-
lizer operations. Stabilizer operations are easy to work
with because Pauli errors propagate through them lin-
early, as shown in Fig. 2. And these operations can be
simulated efficiently, by the Gottesman-Knill theorem –
meaning that we can run classical simulations to esti-
mate the fault-tolerance threshold for stabilizer opera-
tions. Steane and Knill, and many others, have run ex-
tensive simulations of this type to determine threshold
estimates [19, 20].

Threshold proofs and estimates simplify using this re-
duction because magic states distillation lets us skip the
fault-tolerance hierarchy for universal quantum comput-
ing operations. That is, with a concatenated-coding
fault-tolerance scheme, stabilizer operations at k levels
of encoding are implemented in terms of stabilizer op-
erations at k − 1 levels of encoding. Typically, the ad-
ditional operation needed to obtain universality is also
implemented at level k in terms of the same operation
and stabilizer operations at level k− 1. But using magic
states distillation, we can instead obtain universality at
level k using only level-k stabilizer operations and some
sort of universality operation (in this case, certain noisy
ancilla preparations) at level 0 (unencoded).

This reduction, from universal fault tolerance to sta-
bilizer operation fault tolerance, does not necessarily al-
ways work, because it requires that we be able to decode
one half of an encoded Bell pair without introducing too
much noise. It is possible that we can prepare a perfect
encoded Bell pair (because the noise is below the sta-
bilizer operation threshold), but can’t decode half of it
without noise going out of control (or at least too high
for magic states distillation). In the schemes which have
been studied [14, 19], however, this has not seemed to
happen. The decoding operation was straightforward to
analyze rigorously in Ref. [14] because it cannot create
correlated errors, which are the main difficulty in proving
a threshold for stabilizer operations. There are different
tricks which might be useful, too, in decoding a state; for
example, instead of correcting any detected errors, one
might postselect on no detected errors. If any errors are
detected, then throw the Bell pair away and start over.
This can adversely impact the overhead if applied injudi-
ciously, but it might be a reasonable technique to apply
in a limited fashion. For example, in a recursive decoding
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scheme, one might only postselect on no detected errors
in decoding the last few levels.

Some technical concerns arise in applying magic states
distillation to fault-tolerance. For example, besides
knowing U(ρ), we are also interested in the stability of
the procedure, either because we can’t repeatedly pre-
pare exact copies of ρ or perhaps because our knowledge
of ρ has limited accuracy [14].

Finally, note that while fault-tolerance schemes often
use concatenated coding, and magic states distillation
can also be phrased as projection into a certain code
space (e.g., for the five-qubit code in the distillation
scheme discussed in Sec. IV), the two codes need bear
no relationship to each other.

B. Fault-tolerance threshold upper bounds

Giving upper bounds for the fault-tolerance threshold
(with a given set of operations and a given noise model)
is difficult. There have been only a few approaches, and
these tend to be tied delicately to a particular model.
For example, Aharonov, Ben-Or, Impagliazzo and Nisan
show that a useful noisy quantum circuit can only have
logarithmic depth if fresh ancillas are not allowed to be
introduced during the computation [21, 22]. But in prac-
tical quantum computing schemes, it is possible to ini-
tialize ancillas during the computation. Razborov shows
that the tolerable noise rate, of circuits with more than
logarithmic depth, can be at most 1/2 for a gate set with
gates of fan-in two [23]. But his approach does not al-
low for noiseless classical control based on measurement
results. In fact, too, interesting problems, including fac-
toring, can be solved with log-depth quantum circuits,
aided by classical computation [24].

Harrow and Nielsen [25] ask how much depolarizing
noise can be tolerated by a two-qubit gate before it loses
its power to generate entanglement; they find that the
CNOT is the most resilient two-qubit gate, but does not
tolerate independent depolarizing noise higher than 74%.
(Virmani, Huelga and Plenio improve this to 2/3 with a
more careful entanglement requirement [8].) Against si-
multaneous depolarizing noise, they find that the thresh-
old is at most 8/9, or 1/2 for a somewhat-adversarial
noise model (optimal noise process including correlated
two-qubit noise).

Virmani et al. [8] assume that stabilizer operations,
including the CNOT gate, are perfect, and ask how
much noise can be tolerated in an additional gate used
to achieve universality. They show that the π/8 gate,

exp(iπ
8Z), with (

√
2 − 1)/2

√
2 ≈ 14.6% or more worst-

case noise, or twice that amount of dephasing noise, be-
comes a convex combination of stabilizer operations and
so this gate set can be simulated classically. Among all
the rotations exp(i θ

2Z), the π/8 gate is the most resis-
tant to dephasing noise according to their criterion. The
advantage of this approach, and also that of Harrow and
Nielsen, is that it easily allows for the incorporation of

noiseless classical control into the model.
Buhrman, Cleve, Laurent, Linden, Schrijver and Unger

extend these results to a depolarizing noise channel [9].
Again, assume that stabilizer operations are perfect,
and assume that a noisy single-qubit gate is used to
achieve universality. They show that the π/8 gate with

(6−2
√

2)/7 ≈ 45.3% or more depolarizing noise becomes
a convex combination of stabilizer operations. And again,
the π/8 gate is the most noise-resistant single-qubit gate.
Therefore, 45.3% is an upper bound on the noise thresh-
old in this model.

Magic states distillation shows the limit of the tech-
nique of Virmani et al., and of Buhrman et al. (This
is perhaps not surprising, since according to the rough
reduction of the previous section, we expect the thresh-
old bottleneck to be in achieving perfect stabilizer oper-
ations.) Both their upper bounds are tight; with any less
noise one gets universal quantum computation. The π/8

gate with less than (
√

2−1)/2
√

2 worst-case probabilistic
noise, or twice that amount of dephasing noise, takes |+〉
to a state ρ(x, x, 0) with x > 1/2, implying universality
together with perfect stabilizer operations by Theorem 2.

The π/8 gate with 45% depolarizing noise, however,
takes |+〉 to a state well inside the octahedron O1 of
Fig. 3. Instead, inspired by the Jamiolkowski isomor-
phism, apply the noisy gate to the second half of a
Bell pair (which can be prepared using stabilizer op-
erations). If the depolarizing noise rate is less than

(6 − 2
√

2)/7, then the output two-qubit state will lie
outside O2 (Sec. V). Moreover, there does exist a two-
to-one-qubit stabilizer reduction giving a state outside
O1; simply apply the parity-check procedure of Sec. II.
Indeed, the renormalized output state at a depolarizing
noise rate of (6 − 2

√
2)/7 − ǫ is computed to have x, y, z

coordinates of

1
10+6

√
2+21ǫ

(

(1 + 2
√

2)(2 + 7ǫ),−2
√

2(1 + 2
√

2 + 7ǫ), 0
)

,

for which |x| + |y| > 0 for ǫ > 0. By Theorem 2, this
state gives universality – proving Theorem 6.

There are a number of questions still to answer about
these threshold upper bound results. We will just list a
few of them:

1. Assume E is a partly-depolarized single-qubit uni-
tary E(ρ) = (1 − p)UρU † + p I

2 Tr ρ (or more generally

a mixture of unitaries E(ρ) =
∑

i piUiρU
†
i ), but is not

a mixture of Cliffords. Does E together with stabi-
lizer operations suffice for achieving universality? Cer-
tainly simply applying E to a single-qubit Pauli eigen-
state may not suffice, for it could create, e.g., ρ(x, y, z)
with x = y = z ∈ (1

3 ,
1√
3
] which we do not know not

how to distill. None of the counterexamples from Sec. V
can be written as a single-qubit unitary followed by de-
polarizing noise.[29] (The last six elements in Fig. 8 cor-
respond to the 24 single-qubit Clifford unitaries, up to
sign/syndrome choices.)

For a noisy gate E , stabilizer operations and E is
universal (with adaptive classical control) iff U((1 ⊗
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E)(|Ψ〉〈Ψ|)) for |Ψ〉 = 1√
2
(|00〉 + |11〉). If: by defini-

tion of U(ρ). Only if: E being universal with stabilizer
operations implies that we can approximate say |T 〉 ar-
bitrarily closely efficiently (i.e., with precision δ using
poly(log(1/δ)) gates). In particular, we can get within a
constant of |T 〉 using only a constant number of applica-
tions of E . Now assume we have only stabilizer operations
and repeated preparation of ρ = (1 ⊗ E)(|Ψ〉〈Ψ|). In our
approximate preparation of |T 〉, replace every application
of E by teleportation into ρ, postselecting on measure-
ment outcomes so no correction is required (probability
1/4). If any teleportation fails, then start over – the over-
head remains a constant. Once we have an approximate
|T 〉, we get universality by distilling it. (We started with
approximate preparation of |T 〉 instead of |H〉 because
of a technical lemma in Ref. [14], that asymmetrically-
erroneous approximations to |T 〉 can be input to the
five-qubit code distillation procedure; the same probably
works for |H〉 but this would require proof.)

If E is the π/8 gate with depolarizing noise, this
equivalence is much simpler. For then teleporting into
(1 ⊗ E)(|Ψ〉〈Ψ|) can be accomplished deterministically.
Since the π/8 gate is in C3 (the set of operators which
conjugate Paulis to Cliffords), any required correction is
always a Clifford and can be applied [26]. The depolar-
izing noise commutes through any correction.

Therefore, w.l.o.g. we may assume that E is applied
to the second half of |Ψ〉. But can one always distill
the resulting state by first applying a two-to-one-qubit
stabilizer reduction?

2. If we don’t assume perfect CNOT gates, then can
we reduce the amount of error allowed on the single-qubit
gate (say a π/8 gate)? This is certainly sometimes the
case if our gate set consists of preparation of noisy ancil-
las. E.g., the CNOT model is bitwise independent depo-
larizing channels prior to the CNOT, then we of course
won’t achieve universality if the total depolarizing noise
on the ancilla moves it into the Bloch sphere. (This cri-

terion is however probably not tight.) Can we get similar
results for more interesting noise models, or for the π/8
gate? (We cannot assume the noisy π/8 gate is applied
to the second half of a Bell pair, because the above equiv-
alence assumed perfect CNOT gates.)

VII. CONCLUSION

Magic states distillation is important both because it
describes the power of stabilizer operations, in terms of
what more is necessary for achieving full quantum uni-
versality, and because of its application to quantum fault-
tolerance. We have given improved magic states distil-
lation procedures, reducing the set of single-qubit mixed
states ρ for which U(ρ) is unknown. We have also intro-
duced the multi-qubit magic states distillation problem,
and proved that it does not reduce to the single-qubit
case. We have used magic states distillation to prove
that two noise threshold upper bounds are in fact tight.

There remain many open problems (including most of
those described in earlier papers [3, 7]). Are there two-
qubit nonstabilizer states which cannot be distilled to a
single-qubit nonstabilizer state? We gave some candi-
dates, one of which might have sufficient structure for an
analysis. Are there ways of distilling multi-qubit states
for universality which distill further than first reducing
to a single-qubit state? In particular, specialize this
question to those two-qubit states arising from the Jami-
olkowski isomorphism.
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