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Doctor of Philosophy at the Massachusetts Institute of Technology

Abstract

This dissertation examines ways of knowing through a study of the extent, range,
and diversity of thinking about knots. The thesis focuses on epistemological and
psychological aspects of this thinking: it describes in detail ways of representing intuitive
knowledge about knots, strategies for thinking and communicating about knots, and
understandings of the topological relationships inherent in individual knots and within
groups of knots; as well as case studies that analyze in-depth and demonstrate the
coherence in the thinking of particular individuals.

Piaget and Inhelder ([1948, 1956] 1967), Beth and Piaget (1966), and Papert (1980)
describe the epistemological structures of topology (such as proximity, continuity,
connection, and separation), order (such as seriation), and classification, which in
combination contribute to the emergence of mathematical thinking. The thesis shows how
these deep structures enter into thinking about knots and formulates a way of characterizing
differences in terms of an implicit preference for one or another of the structures. This
approach to psychological style draws also from the work of Winnicott (1971) and the
object-relations school of psychoanalysis; Fairbairn's (1963) discussion of the formation of
internal objects is compared to Papert's (1980) discussion of the formation of intellectual
structures. The thesis considers the importance to each process of the role of transitional
objects, which pertains to Papert's notion of objects to think with, and to working with
string and thinking about knots. Thus both cognition and affect are considered; current
discussions in cognitive science and cognitive psychology of concrete and situated thinking
are also relevant. : -

Twenty-two children, aged ten to fourteen, participated in the study by learning to
tie knots in a multicultural setting that grew in response to the children’s interests and
creations. The project began with the participants’ exchanges with a video "pen pal," an
older child who introduced knots and answered questions through videotaped
"correspondence.” The thinking environment that developed was explicitly concerned with
both learning and research. Important themes included the learners' construction of knots
and understandings about them,; the learners’ self-reflection on these constructions and their
outcomes and implications; and the role of the social construction of knowledge. The
richness of the data was supported by a qualitative approach involving the study’s relatively
long duration, the relatively high frequency of working sessions, and the researcher's roles
as facilitator and participant observer.

Thesis Supervisor: Seymour Papert
Title: LEGO Professor of Learning Research
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Advice to the Reader

This thesis makes use of a manner of presentation that stems from a methodology
combining techniques of learning environment design, participant observation, and clinical
interview. Within an overall framework that arranges concerns of method, case studies,
conclusions, etc., according to sections, observations and interpretations occur together
throughout. The hurried reader may therefore find it difficult to navigate a path through the
text that captures the knot-tyers’ moments of discovery or breakthrough that led me to a
given conclusion; any cursory reading, however, is likely to contain both salient points and
the overall flavor of the work. With this caveat in mind, I can point out that an abbreviated
reading including Sections I and II, the brief introductions preceding each of the other
sections and sub-sections, and Section V, should convey a sense of the nature and
contributions of the study.

The children's work is rich: a single example often lends itself to several
explanations, emphasizing different characteristics of the thinking that produced the work.
A "hypertext" medium would be best suited to the presentation, enabling the multiple links
that a given passage might require. But in this book-like format, I must rely on other
means of indicating connections between ideas and examples. I have settled on repeating
certain passages liberally, with varying descriptions, in sections appropriate to the
characteristic that is being emphasized. These repetitions are signalled by the
symbol, an illustration of the repetitive process of tying the so-called Stopper knot (see
Sections 5.1 and 5.1.4). This symbol is accompanied by the section numbers of other places
in the thesis where the passage occurs. One of these numbers appears in darker type; it is
the number of the section that includes the description in its most complete form, or where

the description is somehow most "at home."



Taking a cue from the Bourbaki mathematicians, I also make use of another symbol
to "forewarn the reader against serious errors." (Bourbaki 1966, vi) Passages that become

tricky or complicated and may require the reader's increased concentration are marked by a

symbol resembling the Bourbaki's Z-shaped "dangerous bend" sign: . This shape
represents a way of beginning the problematic cousin of the Square knot, the Thief knot (see
Sections 5.1 and 7.1.1).

The reader is invited, even advised, to keep a piece of string handy and to tie the
knots while reading about them. Words and pictures go a long way in describing the
configurations, but knots are physical as well as conceptual objects, to be appreciated by
fingers as well as eyes and minds. I include here some quotes from preliminary readers
who have emphasized the importance of tying the knots as/fhey read along:

It certainly helped me — not only to tie the knots for myself, but to see

how the kids were doing it.
I take it for granted that a serious reader will want to do that.

It's important if you really want to understand what these kids are
thinking — how they're thinking about the knot, and how they view it.
You just can't view it in the same way if you're looking at a picture of

the knot on a page.

Tying the knots myself made it much easier to follow the young
people's trains of thought.

Throughout this thesis, pseudonyms have been substituted for the actual names of
participants in the research. Pieces of the children's writing are included here with the
original spelling and grammar; I have made editorial changes only in the few cases where

the reader would likely have been confused. I have also made my best attempt to represent



hand-drawn pictures so that they remain true to the children's expressions but are
manageable within the form of the thesis.

Dialogues among the children, often including my own voice, are presented with
illustrations and explanation. For the sake of accuracy, and in order to suggest vacillations
and multiple influences in the thinking that occurs in a given episode, I have retained
stuttering, partial utterances, and mumbling, where discernable. The resulting protocols
form an important source information about the children's thinking. They also give a
flavor of the atmosphere and culture of the research setting in a way that my words alone

could never do.
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I Fair Leads

"Fair leads” is an expression that sailors and other knot-tyers
use as a form of greeting or regards. A reference to the
"leading end" of a piece of string as it moves into the form of
a knot, the expression conveys best wishes for successful
knotting or good sailing, metaphorical and otherwise.

1 Conceptual Situs

This thesis describes an environment for studying children's learning and thinking
about topological relationships. That environment, called the "Knot Lab," evolved overa
period of five months and included a room, a group of people in communication with each
other through various media, and a certain set of ideas. The thesis also offers
interpretations of the natures of the participants’ thinking — through annotated protocols,
case studies, and other descriptions. These interpretations focus on the childrens'
conceptions of fundamental aspects of certain knots. Such conceptions were expressed
most distinctly through the detection of similarities and differences among the

configurations, and through projects involving knots that the children constructed.

1 Perhaps I should explain this term. Situs is Latin for “situation.” The original name of the mathematical
discipline of topology was analysis situs, or the "study of place.”" Knot theory is a branch of topology.
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The research is of an emerging tradition that enjoys some epistemological
advantages: I assume that the process of learning occurs similarly in adults and children,
but that younger peoples' thinking tends to be less affected by extenuating factors like
acculturation and cumulative personal experience. I also assume that it is natural and
important for a study to include both girls and boys, and children of different cultural and
racial backgrounds. Finally, I assume that the children's process of constructing a
meaningful context for their work, and my facilitation of this construction, combined with
participant observation, constitute fruitful approaches to psychological and epistemological
research. In keeping with the conventions of this methodology, I strive to develop a deep
and comprehensive description of the many sorts of thinking that I encountered.
Inevitably, I figure as a character in these descriptions. Much of what I learned about the
children's thinking was enabled through the relationships that we developed.

Like the children in this project, topologists often find themselves concerned with
reducing descriptions of a set of objects to a few fundamental objects or concepts. The
mathematicians normally discover such translations through proofs that make use of
axioms znd specialized notations. The children used other, less formal ways of arriving at
conclusions and representations. Their approaches are described here in detail. They are
important in and of themselves, not only because they may contribute to our understanding
of children's thinking, but because they are varied, and we dwell in an era of growing
consciousness — even conviction — among many researchers that there can be no one way
of knowing.

That awareness has to do with better understandings of ways in which different
people think (children and adults, men and women, "neats" and "scruffies" (Minsky 1990),
etc.), but also of different processes that can occur simultaneously, or evolve over time,

within the mind of an individual. In children such processes tend to demonstrate their
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vibrancy to a greater extent than in adults. Those who have lived with a two-year-old, for
example, may find it easy to imagine the distinct but "parallel"»processes that become
manifest in the child's daily life. The child is concurrently learning to run, experimenting
with new words, asserting a sense of control by resisting (learning to say "no!"), refining
various kinds of coordination, and so on. Marvin Minsky describes such processes in
terms of societal "agencies" that are nearly separate in infants but gradually become

simultaneous and interdependent as the person grows:
Some readers may be horrified at picturing a baby's mind as made up of
nearly separate agencies. But we'll never understand how human natures
grow without some theories for how they start. One evidence for
separateness is how suddenly infants switch from smiles of contentment
to shrieks of hunger-rage. In contrast to the complex mixtures of
expressions that adults show, young children seem usually to be in one
or another well-defined state of activity — contentment, hunger,
sleepiness, play, affection, or whatever. Older children show less
sudden mood changes, and their expressions suggest that more different
things are happening at once. Our minds may thus originate as sets of
relatively simple, separate need machines. But soon enough each
becomes enmeshed in all the rest of our growing machinery. (Minsky
[1985]11986, 171)

In young children, such processes would be more easily distinguishable than in older
children and adults. To a large extent, growth is a process of increasing the
interdependence of such processes. Understanding how separate processes contribute to
our thinking — how they come to be woven together, their interactions subtly orchestrated —
constitutes an important epistemological and psychological enterprise.

In this thesis, I attempt to sort out some components of the thinking that happens in
learning about knots. I premise my descriptions on the idea that "thinking about knots" is

not just thinking about knots. It involves thinking about many things at the same time —
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some of them involving the topology of knots, some relating to the string or material used
to tie them, and some that are evoked in one way or another by working with string and
knots. Many of these associations can be generalized and characterized, perhaps, as
"topological thinking." But many of the associations are idiosyncratic and highly personal,
relating to an individual's memories, goals, and so on.

Thus to focus only on knots would be to miss important parts of the picture. Yet to
bring in too much about other aspects of the thinking that happens would risk diluting the
picture of what "topological thinking" is involved. Here I attempt a balance: I bring into the
description some parts of the thinking about knots, and some parts of the other "stuff" —
stuff that the children themselves brought in. They volunteered information about personal
kinds of involvement with the knots through direct reference in conversations with me or in
conversations with each other that they knew I could hear, and through the ways in which
they worked with the knots.

The incorporation of such personal information in any given experience of the Knot
Lab would be reason enough to include the information in my description of the project.
But the fact of its emergence raises questions about whether knots might somehow, by
their very nature, tend to elicit certain kinds of thoughts in concert with the "topological”
ones. This interplay of epistemological and psychological concerns is at the center of my
work. It gives rise to a way of characterizing styles of tﬁinking that can encompass both
intellectual (or "cognitive") and emotional (or "affective") orientations, and both "objective"”
and "subjective” dimensions.

This approach is timcly: we are nearing the end of a century in which researchers
have made notable advances in studies of the brain, the mind, and the nature of human
thought. Disciplines that have spawned or come of age in recent decades include

psychoanalysis, ethology, neurology, cognitive science, artificial intelligence,
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developmental psychology, and linguistics. Each has developed its own methodologies
and discourse for formulating questions and explaining findings about processes of
thinking. Although such different disciplines have their particular interests, they often seek
to answer similar questions — yet unfortunately, the assumptions and jargons of each can be
so directed and refined as to defy appreciation of overlaps.

This thesis finds itself at a point when acknowledgment of some of the
commonalities seems natural — indeed, inevitable — as we arrive at deeper understandings of
the interplay of processes in what we call thought. Minsky ([(1985] 1986), for example, has
combined the perspectives of Freud, Piaget, Tinbergen, and Bowlby with his own theories;
and Turkle (1988) has described common ground between artificial intelligence aﬁd
psychoanalysis. The data from the study described here suggest certain means of analysis
and interpretaton; my report, therefore, makes use of a convergence of specific views from
Papert's theory of "constructionism" (Papert 1986; 1990 "Introduction,” "Unified"; Harel and Papert
(in press)), aspécts of Piagetian theory (e.g., Gruber and Vonéche 1977; Piaget [1929] 1951, [1941,
1952] 1965; Piaget and Inhelder [1948, 1956] 1967), the "object-relations" school of
psychoanalysis (e.g., Fairbairn [1952] 1963; Goethals 1973; Winnicott 1965, 1971, Playing,
Therapeutic), and the "society of mind" theory of artificial intelligence researchers Minsky
and Papert (Minsky [1985] 1986).

I have mentioned the emerging research tradition to which this thesis belongs.
Though that tradition pre-dates Seymour Papert's (1980) publication of Mindstorms, much
of it has been further developed since then. This tradition has its roots in Piagetian theory,
the history and philosophy of science, artificial intelligence research, psychoanalytic
theory, anthropology, and sociology. Iexplain relevant aspects of these precedents in
appropriate parts of the thesis. In this introductory section, I describe some of the concepts

that help to situate my work with knots.
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1.1 Epistemological Pluralism

One of the central themes of this thesis concerns the diversity that emerges as
people think about knots. They "see" them in different ways, and consider different things
about them to be important enough to describe and to remember. Rather than attempting to
de-emphasize this diversity by seeking general categories through which to describe the
thinking, I have chosen to emphasize the differences through the way in which I have
organized the report and through the tenor of my descriptions. This approach is consistent
with several current veins of epistemological and psychological research. In my view, the
emphasis is crucial in attempting to develop thorough understandings of how people think
and, ultirnately, of how they come to find their senses of themselves and their roles in
society.

Although there are signs of a cultural shift toward acknowledging that people "think
in different ways," there is a lag in the accompanying shift of values needed to mark |
change. The general and the "abstract" still tend to wield greater credibility and power than
the specific and the "concrete” — and often, individuals' senses of self-worth and potentials
to contribute hang in the balance. The traditional views of intellectual maturity as resulting
from a progression from "concrete” to "abstract” stages, as well as of logical, scientific
thinking as proceeding through a series of propositions, one of which implies the next,
tend to exclude the thinking of individuals who ultimately comprise significant populations,
often characterized in terms of gender or culture. By leaving out important information, we
have formed problerﬁatically inaccurate views and expectations that find their niches in
educational theory and practice, the workplace, research funding agencies, and other

centers of influence.
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Sherry Turkle and Seymour Papert (1990) point out that there is currently a shift in
several intellectual domains toward questioning this value structure and attempting to better
understand and appreciate orientations toward the pal;ticular and the "concrete." For these
authors, "concrete thinking" has to do with a certain relationship to knowledge and ideas: it
describes a way of thinking that stays close to its object. Particularity has to do with
acknowledging multiple ways of knowing. In their explanation of "epistemological
pluralism," Turkle and Papert describe "the hegemony of the abstract, formal, and logical
as the privileged canon in scientific thought." (Ibid., 345) They enumerate three challenges
to this hegemony — from feminist scholars, from social scientists, and from computer
scientists.

In feminist scholarship, authors such as Carol Gilligan (1982, 1987; Brown 1987) and
Evelyn Fox Keller (1983, 1985) describe alternative, feminine voices that differ from the
canonical views of moral development as reaching a pinnacle in law-based reasoning, and

of proper scientific thought as shaped by logic and objectivity. For these writers,
... the canonical style, abstract and rule-driven, is associated with power
and elitism, and with the social construction of science and objectivity
as male. (Turkle and Papert, 345)

Characterizing Gilligan's "different voice" and Nobel-prizewinner Barbara McClintock's
way of doing science is a style of relating to objects through proximity rather than distance.
Turkle and Papert point out that social scientists such as Bruno Latour ([1976] 1986,

1987), Lucy Suchman (1987), Jean Lave (1988), and Sharon Traweek (1989)
... show us how within laboratories there is a great deal of thinking
that does not respect the canon and how "ordinary” people in their
kitchens and workplaces make very effective use of a down-to-earth
mathematical thinking very different from the abstract and formal math
they were taught at school. (Turkle and Papert, 345) -
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Again, the emphasis of this "down-to-earth" approach is on a proximal way of relating to
things:

... closeness to objects tends to support a concrete style of reasoning, a

preference for using objects to think with, and a bias against the

abstract formulae that maintain reason at a distance from its objects.

Conversely, a distanced relationship with objects supports an analytic,
rule and plan oriented style. (Ibid., 350)

In the realm of computation, prevalent views of and approaches to programming

mask the variable modes of thinking that are possible within its milieu:

' That the computer should be an ally in the revaluation of the concrete
has a certain irony; in both the popular and technical cultures there has
been a systematic construction of the computer as the ultimate
embodiment of the abstract and formal. But the computer's intellectual
personality has another side: computers provide a context for the
development of concrete thinking. ... The practice of computing
provides support for a pluralism that is denied by its social
construction. (Ibid., 345-46)

Turkle and Papert describe styles of programming in terms of mastery. "Soft mastery" and

"concrete thinking" are consistent with an approach that favors proximity and relatedness;
| Hard mastery is resonant with the logical and hierarchical elements of

the traditional construction of "scientific method.” Soft mastery has
always had its place in the discourse of the arts and has always been
glimpsed in the autobiographical writings of scientists. Only recently
has it gained recognition as an integral element of scientific practice. ...
Observation of the soft approach to programming calls into question
deeply entrenched assumptions about the classification and value of
different ways of knowing. It provides examples of the validity and
power of concrete thinking in situations that are traditionally assumed
to demand the abstract. It supports a perspective which encourages
looking for psychological and intellectual development within rather

than beyond the concrete and suggests the need for closer investigation
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of the diversity of ways in which the mind can use objects rather than
the rules of logic to think with. (Ibid., 350)

Positioning themselves at the convergence of these approaches in feminism, social science,
and computation, Turkle and Papert dub the trend a "revaluation of the concrete” and call
for further research into ways of thinking that rely on experience and proximity to objects.
My research is situated as one response to this call. The findings not only support the
notion of pluralism, but provide a context for discussion of the role of "affect” in so-called
"cognitive" thinking. Both of these discussions contrast a paradigm that has become

dominant in cognitive science.

1.2 The Realm of Computation

Gauss is said to have complained: "I have had my results for a long
time; but I do not yet know how I am to arrive at them.”
— (Lakatos 1976, 9, n. 1)

In certain areas of artificial intelligence research, the propositional approach inherent
in "plan-oriented" or "top-down" programming strategies can be seen as a manifestation of
"the hegemony of the abstract, formal, and logical." (Turkle and Papert 1990, 345) This
paradigm, the quintessential example of which is Newell and Simon's (1972) "General
Problem Solver" (GPS), was itself part of a multi-disciplinary response to the behaviorist
tradition that dominated psychological research until mid-century. As such, the effort
involved an attempt to understand more deeply the nature of human thought, rather than
limiting descriptions of human behavior to observable actions.

This new paradigm cast human thinking as problem-solving. The GPS computer

was programmed so that by moving through various changes of state, the system
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progressed toward achieving a goal. Subproblems decreased the distance between the
point of movement and the goal; specialized operators helped to achieve subgoals along the
way. The pattern was one of determining "where you are," "where you want to be,"
getting the difference, and moving accordingly. The method assumed, of course, that you
know "where you want to be" — that an end-state, or goal, is something that can be known
and planned for. Although the researchers who created GPS were concerned at early

stages of their work with "trying to understand how humans solve problems,"
The present research — that is, the present version of GPS - is governed
entirely by concern about how to attain generality. Therefore, we have
labeled it artificial intelligence rather than psychology. There is no
conflict, much less contradiction, between these two aims.
Nevertheless, one will not find in this monograph any treatment of
human data or any direct discussions of whether it is plausible for
humans to behave or be structured in ways suggested by the present
research. We do not consider such concems to be irrelevant. After all,
the history of GPS has been an alternation between questions of
artificial and natural intelligence. However, it awaits additional positive
research before anything of substance can be said. (Ernst and Newell
1969, 3)

This thesis differs from the GPS approach in three respects: the research described
here is concerned with understanding aspects of natural intelligence, rather than simulating
an artificial intelligence. Itis also concerned with specificity more so than generality — with
looking at how individuals solve problems that they define, as well as problems that others
also attempt to solvé and which are therefore more " general." However, I describe
individual differences in approaches even to these problems. I present the work of three
children in greatest detail, through case studies (Section 9), but also present the work of
nineteen others. In many of these descriptions — and this is the third deparmre froma

GPS-like approach — the emphasis is on how a child represents a problem at hand and
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develops ways to go about solving it. This emphasis is orthogonal to the top-down
approach: an alternative to formulating a plan and achieving the_ goal is to ponder ways of
representing and solving a problem through the course of thinking about it.

This alternative necessarily assumes that different representations — different
approaches — may arise. Instead of a prior judgment about what representation is best for a
given problem, there is the possibility that different kinds of solutions can emerge and
different kinds of efficiency can come to be acknowledged. Different people come up with
different representations, and they go about doing so in different ways. To formulate these
processes as a function of a single mechanism or process is to leave out many important
parts of the picture. Here, case studies describe three very different approache§ to thinking
about knots. Only one of these, the "step-by-step” approach, is similar to the goal-driven,
propositional sort of process.

Allen Newell has continued the research agenda lauched by GPS, producing a new
system, "Soar,"” which again is based on the model of problem solving as movement in a

state space:

... the architecture of Soar is built around the problem space. Thus, the
decisions that must be made are what problem space should be used (to
attain a goal), what state should be used (within the problem space),
and, finally, what operator should be used (to progress to the next
state). These are the basic operations of the architecture. They are all
made by a uniform decision process, called the decision cycle. ...

... A decision cycle takes place within the context of a stack of
earlier decisions about goals, problem spaces, states, and operators ...
(Newell 1990, 170-71)

My study challenges the notion of a "uniform decision process" in that it does not seem
useful in describing the findings of the research. As the interpretation section of Jill's case

study suggests (Section 9.3.4), the processes within an individual mind may have their own,
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separate origins and "agendas.” Furthermore, these processes are not necessarily goal-
driven, but may emerge through activity and thinking about something altogether different
from the process that triggered them. But in Soar there is room only for causal reasoning.

The system is governed by a belief in:
... the effectiveness, and apparent necessity, of a goal hierarchy, with
goals, subgoals, and alternative subgoals, for controlling behavior to
achieve intelligent performance. ...

... When Soar finds itself at an impasse it creates a subgoal to
resolve the impasse. Thus, subgoals arise dynamically because Soar is
unable to proceed. Furthermore, this is the only way subgoals can
arise. If Soar knows what to do next, there is no need of a subgoal. ...

... Any change in a goal at some level — a change in problem
space, state, or operator — completely preempts all changes about
subgoals, because these latter were all created in response to the
impasse at this higher level. (Ibid., 174-75)

In this system, the question of "how much" knowledge is available becomes more
important than the nature of existing or new knowledge, or how knowledge is used in a

given situation:

If lots of knowledge is brought to bear Soar goes right to the goal,
exhibiting routine behavior. If little knowledge is available, then Soar
may do lots of undirected and combinatorial search.

This uniform use of problem spaces as the task representation
is called the problem space hypothesis ... It is only one of several
aspects of Soar where a uniform structure or process is adopted. ...

Memory for everything is handled by the same structure, the
same writing processes, and the same reading (or access) processes — for
search control, for how to implement an operation, for declarative
knowledge, for historical (episodic) knowledge, for everything. This is
another uniform assumption. It is arguably the most contentious

feature of the Soar architecture. (Ibid., 164)
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Newell goes further by offering Soar as a "unified theory of cognition," a candidate
among many such theories that he hopes will soon be appearing. To posit a single process
as being the basis of all the thinking that goes on in a mind would seem questionable
enough, but to formulate that mechanism as the basis for all of human thought wildly
generalizes an area that is becoming possible to understand in more particular terms.

Newell acknowledges the difficulty of his stance:
... it is easy to name aspects that are simply missing in the version of
Soar developed to date — emotion, dreams, imagery. These phenomena
might require entirely new structures, different in kind from the current
mechanisms of Soar. Insofar as that is not the case, the burden of proof
rests on Soar to show how such phenomena are to be explained within
the current architecture. This has not been done yet. (Ibid., 232)

Within the traditional research realm of “cognition,” Soar seems to produce plausible
results. Cryptarithmetic is one domain in which the problem-solving paradigm is fruitful.
But the data reported in this thesis demonstrate that within the realm of “cognition,” we can
articulate varying styles and approaches as we examine the thinking of different
individuals. And beyond this realization, is it possible (given the complexities and multiple
inﬂuencés of living in the world) that a purely cognitivist model can describe a "unified
theory"? The concerns left out of Soar may very well turn out be areas that will demand
"entirely new structures.” By including this possibility in his discussion, Newell
acknowledges that some combination of "cognition” and "affect” comprises intellectual
activity — but for now, he has. worked toward getting at only the "cognitive" side.2 Perhaps
he would agree with Turkle and Papert that getting also to the "affective" requires a special

sort of research method and material. This brings us to a discussion of knots.

2 Indeed, some might argue that propositional reasoning constitutes just one aspect of "cognition." Also, many
researchers would maintain (as I do) that "cognition" and "affect” cannot be separated; some use the terms "hot"
and "cold" cognition in order to bring both concemns into the discourse of cognitive science.
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1.3 Knots as Objects to Think With

Papert describes how properties of a particular object played a role in his

development as a mathematician:
Before I was two years old I had developed an intense involvement with
automobiles. The names of car parts made up a very substantial
portion of my vocabulary: I was particularly proud of knowing about
the parts of the transmission system, the gearbox, and most especially
the differential. It was, of course, many years later before I understood
how gears work; but once I did, playing with gears became a favorite
pastime. I loved rotating circular objects against one another in
gearlike motions and, naturally, my first "erector set” project was a
crude gear system.

I became adept at turning wheels in my head and at making
chains of cause and effect: "This one turns this way so that must turn
that way so ..." Ifound particular pleasure in such systems as the
differential gear, which does not follow a simple linear chain of
causality since the motion of the transmission shaft can be distributed
in many ways to the two wheels depending on what resistance they
encounter. I remember quite vividly my excitement at discovering that
a system could be lawful and completely comprehensible without being
rigidly deterministic. '

I believe that working with differentials did more for my
mathematical development than anything I was taught in elementary
school. Gears, serving as models, carried many otherwise abstract ideas
into my head. (Papert 1980, vi)

In Section IV, we shall attempt to unpack this idea of "carrying abstract ideas into
the head." Here, we can say that by thinking with the object — using it as an image in his
thought, maintaining in his thinking the properties that it would demonstrate in the physical
world — Papert was able to sustain ideas that otherwise could have been impossibly

confusing; it had become what he calls an "object to think with." The presence of the
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object in his everyday world was key to his understanding. He describes this important

factor in the gradual understanding of principles of geometry:
Jean Piaget's work on genetic epistemology teaches us that from the
first days of life a child is engaged in an enterprise of extracting
mathematical knowledge from the intersection of body with
environment. The point is that, whether we intend it or not, the
teaching of mathematics, as it is traditionally done in our schools, is a
process by which we ask the child to forget the natural experience of
mathematics in order to learn a new set of rules (Ibid., pp. 206-07).

In looking for a way to capture aspects of this natural experience, Papert later
developed a computational environment that complements this "inters_ection of body with
environment." The world of the Logo computer language includes "Turtle geometry,"” in
which children can write progfams to guide the movement of a graphic turtle on the
computer screen. To do so, the children make use of the knowledge of their own
movement through space. As they develop more precise and sophisticated specifications
for the turtle, they are encouraged to think more deeply about their own movement, and this
deeper understanding is, in turn, translated to the computer programs. As in Papert's
experience with the gear, children can gain access to mathematical ideas by thinking with

the turtle — even identifying with it, imagining themselves to be the turtle:
The gear can be used to illustrate many powerful "advanced"
mathematical ideas, such as groups or relative motion. But it does
more than this. As well as connecting with the formal knowledge of
mathematics, it also connects with the "body knowledge, " the
sensorimotor schemata of a child. You can be the gear, you can
understand how it turns by projecting yourself into its place and turning
with it. It is this double relationship — both abstract and sensory — that
gives the gear the power to carry powerful mathematics into the mind
(Ibid., p. viii). '
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Papert uses the term "syntonic learning” to describe the nature of the

correspondence between the child's experience and the turtle's behavior:
This term is borrowed from clinical psychology and can be contrasted to
the dissociated learning [often involved in "school math"]. Sometimes
the term is used with qualifiers that refer to kinds of syntonicity. For
example, the Turtle circle is body syntonic in that the circle is firmly
related to children's sense and knowledge about their own bodies. Or it
is ego syntonic in that it is coherent with children's sense of themselves
as people with intentions, goals, desires, likes, and dislikes. A child
who draws a Turtle circle wants to draw the circle; doing it produces
pride and excitement. (Tbid., 63)

This sense of "ego syntonicity" is a key ingredient in the usefulness of gears, or
computational circles, or other "objects to think with." It is not enough that the object itself
contains specific physical properties and that it lends itself to analogy with the movement of
one's own body — a sense of personal connection is what sustains the involvement with
these other characteristics. Again, Papert describes how gears might or might not provide

the key:
A modern-day Montessori might propose, if convinced by my story, to
create a gear set for children. Thus every child might have the
experience I had. But to hope for this would be to miss the essence of
the story. [ fell in love with the gears. This is something that cannot
be reduced to purely "cognitive” terms. Something very personal
happened, and one cannot assume that it would be repeated for other

children in exactly the same form. (Ibid., viii)
Papert describes still another kind of syntonicity that accounts for the learnability of

mathematical ideas embodied by the Logo turtle:

One of the most widespread representations of the idea of angle in the
lives of contemporary Americans is in navigation. Many millions
navigate boats or airplanes or read maps. For most there is a total

dissociation between these live activities and the dead school math. We
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have stressed the fact that using the Turtle as metaphoricél carrier for
the idea of angle connects it firmly to body geometry. We have called
this body syntonicity. Here we see a cultural syntonicity: The Turtle
connects the idea of angle to navigation, actively, firmly and positively
rooted in the extraschool culture of many children. (Ibid., 68)

In these passages, Papert has described processes of "thinking with objects," or
"concrete thinking." The processes include both "cognitive" and "affective” criteria. An
object describes certain physical properties that, in principle, anyone might recognize. But
in order for a person to actively think with it, the object relates to individual experience
through various syntonicities — of "body," "ego," and/or "culture."3 Though many objects
might embody potentially interesting phyéical characteristics, there is no guarantee that they
will connect with more personal aspects of thought. Certain objects may be more or less
likely to touch "affective" aspects of people's lives.

Knots constitute a class of objects that both embody mathematical principles and
have a tendency to evoke a range of emotional, personal sorts of thoughts. There are a
number of reasons for the latter. One is that knots are made of string, a common material
that is part of people's everyday experience. We use string of different weights and
textures for any number of odd tasks, from tying shoes to wrapping gifts to anchoring
things that move. String embodies the potential for connection, a powerful notion in our
senses of the social and physical worlds. By convolutirig string into the forms of knots,
we introduce complexities that have challenged practical knot-tyers, mathematicians, and
psychologists.

In this thesis, I discuss how various people have worked with these challenges. I

am especially concerned with the thinking of twenty children who participated in a study in

3 These combined "cognitive" and "affective” criteria form the basis of what Papert has described as
"microworlds," a concept further developed in Section 3.1 of this thesis. The criteria also figure in the more
recent discussion of "constructionism" (Papert 1988; 1990 “Introduction," "Unified"; Harel and Papert (in press)).
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which they were learning about knots and looking at their own thinking as they did so. My
interest was in Studyin g the diverse nature of topological thought, considering both its
"cognitive" an& "affective" aspects.

Knots are a class of objects well suited to this focus. They have inspired a branch
- of formal mathematics, "knot theory," in which topologists seek algebraic means of
identifying the seemingly infinite number of combinations of intertwinements that form
what we call "knots." But they are also among the most common of everyday objects:
pervasive through time and cultures, knots have become part of our arts, mythologies, and
symbol systems, in addition to our mathematics, physics, and practical work. People
become familiar with knots from a véry young age and through a variety of means.

A property that makes knots especially interesting to study is that they do not
necessitate a separation of the thinking about an object and the thinking about how it is
produced. Additionally, knots offer a wide range of complexities. It is just as possible to
think seriously about a simple Overhand knot as a more complicated sailor's knot or
ornamental knot. This means that a project dedicated to learning about knots can offer an
"in" for just about anyone. Knots are also well suited for such a study in that, as one knot
can often be thought of as having been built up from another or from a combination of
others, they can show clearly how a learner goes about combining skills and subskills.
The range of complexity also allows for many possibilitiés in terms of uncovering the deep
understandings of an individual as well as seeing what kinds of understandings emerge as
people work together with these evocative objects. Importantly, knots are of
epistemological and psychological interest for their way of eliciting great diversity in how
people think about them.

In the following sections, I discuss in more detail such epistemological and

psychological concerns, the ways in which working with knots surfaced both "cognitive"
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and "affective" thinking, and how the environment in which I conducted my study made
use of these "objects to think with." The en\}ironment consisted both of knots and of a
social substrate that encouraged the lively exchange of ideag about them. As the reader will
discover, these ideas included detailed views of the topology of certain configurations, as
well as deep connections between this thinking and children's senses of their bodies and
their personal lives.

The discussion of one other conceptual area will help to situate my presentation of

this study: that is, views of how mathematical thinking is structured.

1.4 Structures of Mathematical Thought

Theorists in two different disciplines have been concerned with articulating
components of mathematical thought. The Bourbaki mathematicians set out to define an

"architecture of mathematics":
The Bourbaki have attempted to abstract the most basic structures under
which all others can be subsumed. By retrospection (and not by any a
priori process) they arrived at three ‘mother structures' (mére structures)
[sic]. First, there are algebraic structures (prototypically the group),
which are characterized by the presence of operations. Second, there are
structures of order, which have to do with relations, and whose
prototype is the lattice, which assigns to each pair of its elements a
successor and a predecessor of the pair. Third, and last, there are
topological structures which are based on notions of neighbourhood,
continuity, and limit. (Lane 1970, 23-24)

At about the same time, Piaget was making a similar, but separate, inquiry. He was
concerned with the way in which mathematical thought developé in the individual, and
based his conclusions on the observable behavior of children rather than on adult

introspections. Thus, Piaget "emphasizes the part played by overt activities in building up
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the conceptual machinery of thought." (Beth and Piaget 1966, xvi) Upon discovering the

findings of the Bourbaki, Piaget compared the structures they defined (which he sometimes

calls the "parent structures”) to his own characterization of the development of mathematical

thought in children:

Now when we study the intellectual development of the child, we find
that the earliest cogniﬁve operations, those which grow directly out of
handling things, can be divided into precisely three large categories,
according to whether reversibility takes the form of "inversion,” of
"reciprocity,” or of "continuity” and "separation." Corresponding to the
first — formally considered, algebraic structures — there are classificatory
and number structures; corresponding to the second — formally
considered, order structures — there are series and serial correspondences;
corresponding to the last — formally considered, topological structures —
there are operations that yield classes, not in terms of resemblances and
differences, but in terms of "neighbourhoods," "continuity," and
"boundaries.” It is remarkable that, psychogenetically, topological
structures antedate metric and projective structures, that psychogenesis
inverts the historical development of geometry but matches the
Bourbaki "genealogy"! (Piaget [1968] 1970, 26-27)

Piaget emphasizes that all other structures can be derived from the Bourbaki "matrix

structures,” and that the overlap of the structures constitutes an "effective architecture of

mathematics":

This regressive analysis has ... brought to light ... three fundamental
structures which remain irreducible and are called "matrix structures”,
because all others known at present can be derived from them:

(1) Algebraic structures, of which the prototype is the "group” ...

(2) Structures of order, an important type of which is the
network or lattice ...

(3) Topological structures which deal with the concepts of
neighbourhood, limit, and continuity.

From these matrix structures we can ... derive all the others ...
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Finally we shall arrive back at the particular theories of
classical mathematics by specifying the elements with which the
differentiated or multiple structures deal. But they then cease o appear
autonomous and take the form of an intersection of structures. ... [and]
constitute ultimately the effective architecture of mathematics. (Beth
and Piaget 1966, 165-66)

Of particular interest in this thesis is the character of the topological structures, a basis of

what many cognitive psychologists call "spatial thinking":
... it is not an overstatement to suppose that besides the structures with
reversible inversion or reciprocity, conceming which we shall enquire
whether they foreshadow algebraic structures and structures of order, we
must distinguish at all the elementary stages a third type of structure,
the primary characteristics of which are essentially topological, and
whose combinations with other sturctures give rise to more complex

spatial structures (measurement etc.). (Ibid., 186)
Papert explains the "mother structures” in terms of how they make mathematics
learnable and, therefore, how they can be useful in the development of specific types of

learning environments that he calls "microworlds":
Bourbaki is a pseudonym taken by a group of French mathematicians
who set out to articulate a uniform theory for mathematics.
Mathematics was to be one, not a collection of subdisciplines each with
its own language and line of development. The school moved in this
direction by recognizing a number of building blocks that it called
"mother structures.” These structures have> something in common with
our idea of microworlds. Imagine a microworld in which things can be
ordered but have no other properties. The knowledge of how to work
the world is, in terms of the Bourbaki school, the mother structure of
order. A second microworld allows relations of proximity, and this is
the mother structure of topology. A third has to do with combining
entities to produce new entities; this is the algebraic microstructure.
The Bourbaki school's unification of mathematics is achieved by seeing

more complex structures, such as arithmetic, as combinations of
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simpler structures of which the most important are the three mother
structures. This school had no intention of making a theory of
learning. They intended their structural analysis to be a technical tool
for mathematicians to use in their day-to-day work. But the theory of
mother structures is a theory of learning. It is a theory of how number
is learnable. ...

Piaget observed that children develop coherent intellectual
structures that seemed to correspond very closely to the Bourbaki
mother structures. For example, recall the Bourbaki structure of order;
indeed, from the earliest ages, children begin to develop expertise in
ordering things. The topological and algebraic mother structures have
similar developmental precursors. What makes them learnable? First
of all, each represents a coherent activity in the child's life that could in
principle be learned and made sense of independent of the others.

Second, the knowledge structure of each has a kind of internal
simplicity ... Third, although these mother structures are independent,
the fact that they are learned in parallel and that they share a common
formalism are clues that they are mutually supportive; the learning of
each facilitates the learning of the others [my italics]. (Papert 1980,
160)

The microworld of Turtle geometry is based on properties of the turtle: its position and
heading make it an object with which a child can explore the idea of angle. Similarly, knots
are objects with which children (and others) can explore the ideas of neighborhood (or
surrounding), limit, (or boundaries), and continuity, and the relationships of proximity to

which they give rise.
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2 Doing Epistemology and Psychology
with Knots and String

‘What is topology, that a child may know it, and a child, that she may
know topology?
—apologies to Warren S. McCulloch (1961; [1965] 1988, 1)

Papert explains a distinction between two kinds of research, which is useful in

illustrating a similarity of my work to Piaget's:
Piaget has described himself as an epistemologist. What does he mean
by that? When he talks about the developing child, he is really talking
as much about the development of knowledge. This statement leads us
to a contrast between epistemological and psychological ways of
understanding leaming. In the psychological perspective, the focus is
on the laws that govern the learner rather than on what is being learned.
Behaviorists study reinforcement schedules, motivation theorists study
drive, gestalt theorists study good form. For Piaget, the separation
between the learner and the learning process is a mistake. To
understand how a child leams number, we have to understand number.
And we have to study number in a particular way: We have to study the
structure of number, a mathematically serious undertaking. This is
why it is not at all unusual td find Piaget referring in one and the same
paragraph to the behavior of small children and to the concerns of
theoretical mathematicians. (Papert 1980, 158)

Piaget's study of number led to his formulation of "mother" or "matrix structures,"
like those of the Bourbaki mathematicians, which he postulates as contributing to the

development of mathematical understandings. He distinguishes epistemological concerns
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as those pertaining to the "object," and psychological concerns as those pertaining to the

"subject":
... the aim of these analyses is epistemological and not logical, that is,
on each of the points enumerated we intend not to raise questions of
validity, but to contribute to the solution of two questions (a) to
discover what is due to the subject and what belongs to the object and
(b) the ontological nature of the latter. For example, as far as the
"matrix structures” in Bourbaki's sense are concerned, the questions to
which psychology can make some contribution are to determine
whether these structures correspond to general mental structures in the
operational mechanisms of the subject, or whether they are only due to
a recent technical elaboration. If they are "natural” insofar as rooted
more or less deeply in the subject's activity, we have to establish how
they develop genetically as a function either of the internal conditions
of this activity (we say of this activity as opposed to any introspective
"experience"), or of diverse experiences (physical etc.) or of language
etc. (Beth and Piaget 1966, 163)

In the case studies (Section 9), I demonstrate a connection between mathematical
"mother structures” and aspects of three children's internal "activity." The "mother
structures” provide a way of explaining specific representations that these children used in
describing knots. In particular, their descriptions can be seen as reflecting the
interdependent "mother structures” of number (classification, seriation) and topology
(proximity, separation, order, enclosure, continuity). Complementing the dramatic extent,
range, and diversity of thinking about knots that is documented in this thesis, the work of
each of these three children has an internal consistency and coherence that can be
characterized in terms of a preference for one "mother structure” or another.

This view constitutes a novel approach to the notion of style. I am explicitly

bringing together the epistemological and the psychological — not just through a particular

kind of research, but for purposes of explanation. Iam also bringing together two facets of
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psychology that are normally kept separate: "cognitive psychology" and what I call here,
for purposes of comparison, "affective” psychology, which refers to the domains of
clinical psychology and psychoanalysis.

Paradoxically, when I look at the psychological through the epistemological (or
vice-versa), I am both in accord with Piaget's approach and at odds with it, partly because
he is at times self-contradictory. In his introduction to the volume on Mathematical
Epistemology and Psychology, W. Mays explains the importance to Piaget of actions —
observable, overt activities — as the operational "glue" that holds together certain structured
understandings. Mays points out — as Papert also has — that, contrary to much of the
popular impression and much of Piaget's own writing, he was concerned with the study
and emphasis of proccéses of A "concrete” thought, and questioned the .tendency to nomialize

formal, "abstract” thought:
Piaget finds that intellectual behaviour consists at first of simple
classificatory and relational activities in which the child compares,
distinguishes and orders the objects around him, and that his later
logical and mathematical activities, in which propositional or formal
operations occur, develop out of these. Piaget uses the term ‘operation’
to refer to an action or system of bodily movements, which has become
internalised in the form of thought activities. For Piaget mathematical
and logical operations are real actions, whether they be actions
performed by a child when he moves beads along an abacus or, at the
adult level, manipulations performed upon symbols in accordance with
specific rules of a calculus.

Four main stages in the construction of such operations are
distinguished. They are (1) sensory-motor: before language appears the
Sensory-motor actiyities of the young child can display some of the
features of intelligence; (2) pre-operational thought, in which language,
symbolic play and invention occur; (3) concrete operations: the ‘
activities involved in classifying, ordering and enumerating objects; (4)

propositional or formal operations, i.e. verbal and formal logico-
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mathematical reasoning. As a result of neglecting the earlier, more
concrete levels of logical thought philosophers have, in Piaget's view,
tended to regard (4) as forming an independent normative realm of its

own. (Ibid., xvi)
Turkle and Papert make clear that, for many older children and adults, the "more concrete

levels" constitute a preferred way of thinking. These authors challenge
... the value-laden perspective on intellectual growth that has dominated
Western philosophy. Piaget sees a progression from egocentric
beginnings to a final, "formal stage” when propositional logic and the
hypothetico-deductive method "liberate” intelligence from the need for
concrete situations to mediate thinking. We disagree: for us, formal

reas{mz'ng is not a stage, but a style. (Turkle and Papert 1990, 358)

My approach takes the same view. By discussing styles in terms of epistemological
structures, I assume that while component structures of thought may be supplanted by
increasingly "sophisticated" ones, this is not the only way in which thinking can develop.
Certain structures may continue to be accessible as a person grows, to be called upon more
or less frequently, and with greater or lesser clarity, as time, circumstance, or preference
may dictate.l

In both the "cognitive" and "affective” domains of psychology, people are
characterized according to categories of style. The implications of such categorization vary,
but the politics of intervention suggest that any such characterization should be self-
conscious and clear in its assertions about what it attempts to explain. Psychological
researchers and practitioners use the notion of style in different ways and for different
purposes. Two illustrative examples are the "cognitive styles" described by Kenneth M.
Goldstein and Sheldon Blackman, and the "neurotic styles" described by David Shapiro.

Here is one defintion:

1 See Section IV for a more detailed discussion of style with regard to the findings of my study.
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Cognitive style, emphasizing the structure rather than the content of
thought, refers to the ways in which individuals conceptually organize
their environments. ‘

... A number of themes appear repeatedly in the various
approaches to the study of cognitive style. These include the
relationship of cognitive style to intelligence, rigidity and intolerance of
ambiguity, and performance under stress. (Goldstein and Blackman
1978, vii)

Through particular tests and measurement techniques, the researchers whose work

Goldstein and Blackman describe worked within categories designated as

"n L1 134

"authoritarianism," "dogmatism," "cognitive complexity," "integrative complexity," and

considerations in the area of perception that led to designations such as "field dependence."”

Shapiro clarifies his use of the term style:
By "style,” I mean a form or mode of functioning - the way or manner
of a given area of behavior — that is identifiable, in an individual,
through a range of his specific acts. By "neurotic styles," I mean those
modes of functioning that seem characteristic, respectively, of the
various neurotic conditions. I shall consider here, particularly, ways of
thinking and perceiving, waysvof experiencing emotion, modes of
subjective experience in general, and modes of activity that are
associated with various pathologies. It is not my aim to be exhaustive
or even systematic, and it is clear that there are many interesting aspects
of style that cannot even be touched on here — for example, body-
movement styles. But I hope to provide an outline of at least four
major neurotic styles: obsessive-compulsive, paranoid, hysterical, and
impulsive. (Shapiro 1965, 1-2)

Through case analyses (often including specific tests), Shapiro refines descriptions of
categories of thought and action which have become standard in the discourse of

psychologists in his milieu.
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Turkle explains Shapiro's interest in both "cognitive" and "affective" components

of thought:
Psychologist David Shapiro has used the idea of "neurotic styles" to
capture what each of us knows intuitively about him- or herself: we are
the same person whether we are solving an intellectual problem or
sorting out a personal difficulty. And, indeed, the blocks we run into,
the ways we achieve or avoid success in the cognitive and affective
domains, often take us aback by their similarity. The use of clinical
categories to describe these styles reflects the fact that when we look at
human psychology there is a continuum between what we see as ill and
what we see as normal. The underlying processes are the same for
everyone; some simply suffer more from them than others. Thus we
come to understand ourselves better by knowing what we would be like
if the stresses of life led us to a breaking point. At that breaking point,
our "neurotic style” would be transformed into a disabling symptom.
At that point, the style "takes over," severely limiting our ability to
cope with reality. Before that point, a neurotic style is simply a way of
approaching the world and defending oneself against what is painful.
(Turkle 1984, 107)

Although this psychological domain shares interests with the "cognitive" school,
each domain has attempted certain kinds of rigor by isolating areas for research, analysis,
and description. Each has its own agenda: cognitive psychologists may hope to describe
categories capable of including "emotional” thoughts as well as "cognitive" ones, yet their
training and discourse tend to sustain a certain skepticism about matters of "affect"; clinical
psychologists and psychiatrists may seek to describe patterns of thought that span both
"affective” and "cognitive realms," yet their dcscxiptioﬁs are rooted in a milieu devoted to
diagnosis and treatment, potential ills being an assumption of any given analysis.

The result, of course, is that we have available rich bodies of information that are

not easily understood with regard to one another. My interest is in capturing how these
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habitually separate domains might inform each other. Therefore I used a method of inquiry
thatis strictly traditional in neither realm, but which combines elements of each and which
yields information hseful in an analysis from each perspective. The result is that my
designations of style, in addition to being shaped by epistemological concerns, are intended
to reflect aspects of individuals' ways of working and thinking which encompass both the
"cognitive" and the "affective."

My hope is that I may have taken some steps toward developing a typology of
mathematical thought, of the sort that Evert W. Beth calls for. His observations, and my

own, go against the grain of efforts toward describing "unified theories of cognition":
' The mere fact that the result of original work in the mathematical field
is called sometimes a creation or invention, and sometimes a
construction or discovery, shows all the multiformity of mathematical
experience.

It seems to me that only a truly scientific typology of
mathematical thought, established by well tried psychological methods,
could give us a sufficiently expressive image of this experience in its
divergent forms. As long as we lack such a typology it will remain
very difficult to arrive at a more or less coherent interpretation of the
introspective data, with which only mathematicians themselves can
provide us on the subject of the true nature of mathematical thought.

(Beth and Piaget 1966, 100)

In the following short sections, I describe the work of epistemologists and
psychologists who have been concerned with knots and string, and with the thinking they
evoke. Some of the researchers are concerned with epistemology and "cognitive"
psychology, some are concerned with "cognitive" psychology, and some, with "affective"

psychology. The studies are cited in chronological order, from those done earlier to later.2

21 have not included the fascinating work of Kurt Lewin, Principles of Topological Psychology,in which he
develops representations of the "psychological life space” based on constructs borrowed from the highly refined
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2.1 Epistemology and "Cognitive" Psychology

Here I describe a study of knots by Piaget and Inhelder, and two pilot studies that I
conducted prior to the research that spawned the Knot Lab.

2.1.1 Jean Piaget and Birbel Inhelder

In Piaget's theory (1965), classification and sequence are considered as "mother
structures” with which children construct the concept of number. Classifications are called
a "cardinal" concern, involved with ways of arranging things that are similar. Sequence, or
seriation, is an "ordinal” concern, involved with giving order to things that are dissimilar.

The concern with order appears again in the later work of Piaget and Inhelder as
they discuss childrens' constructions of the concept of "space" (1967). The authors begin

the volume with a differentiation of "perceptual space” and "representational space":
... the evolution of spatial relations takes place at two different levels.
It is a process which takes place at the perceptual level and at the level
of thought or imagination. (Piaget and Inhelder {1948, 1956] 1967, 3)

Sensori-motor constructs are not to be confused with "representational images and
geometrical ideas," and they need to be studied in a way that acknowledges this
differentiation. Complicating the distinction, however, is the interdependence of the two
domains:

Though in a sense profiting from the achievements of perception and

motor activity (which at their own level provide experience of straight

lines, angles, circles, squares, projective systems and so on),

formal mathematics of topology. (Lewin 1936, 6) The work of the authors I have included here deals specifically
with the use of string and/or knots.
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representational thought or imagination at first appears to ignore metric
and perspective relationships, proportions, etc. Consequently, it is
forced to reconstruct space from the most primitive notions such as the
topological relationships of proximity, separation, order, enclosure,
etc., applying them to the metric and projective figures yielded by
perception at a higher level than that of these primitive relationships
themselves. (Piaget and Inhelder [1948, 1956] 1967, 3-4)

Thus we should not consider geometric concepts as being based directly on sense
data; rather, there are different "levels" of thought through which geometric understandings
emerge. The perceptual level comes to recognize geometric relationships as experienced in
the outside world; the representational level proceeds from understandings of topological
relationships to understandings of geometric ones. But as the authors imply, these
different sorts of geometric understandings do not grow in isolation; they are the result of

an interaction between the level of perception and the level of thought or imagination:
... during the development of representational space, representational
activity is, in a manner of speaking, reflected or projected back on to
perceptual activity. (Piaget and Inhelder {1948, 1956] 1967, 4)

The distinction between perceptual and representational knowledge is crucial to
these authors' choice of what to study and how to study it. The Child’s Conception of
Space is concerned with how children construct underlying topological concepts, as well
as, ultimately, the geometric concepts involved in understanding projective and Euclidean
space. This thesis shares their interest in the development of understandings of topological
relationships.

Piaget and Inhelder consider the topological concepts of linear and circular order as
leading to the "relationships of surrounding,"” one of which is the concept "between." In
order to understand this relationship, the child must first be able to reverse a series. For

example, understanding the series ABC involves realizing that B is simultaneously between
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A & Cand C & A, and part of this understanding involves recognizing the invariance of
B's position.

"Between," say Piaget and Inhelder,3 is "one particular instance of the more general
relationships of 'surrounding'." They assign to these relationships even more importance
than other elementary spatial relationships (such as proximity, separation, and order) |
because the relationships of surrounding lead the child "to differentiate and build up the
three initial topological dimensions." (Piaget and Inhelder [1948, 1956] 1967, 104) As the
authors define them, the genéral relationships of surrounding are: "between," which
constitutes a one-dimensional surrounding (a line); a point lying inside or outside of a
closed planar figure, which constitutes a two-dimensional surrounding (a surface); and a
point lying inside or outside of a closed box, which constitutes a three-dimensional
surrounding (a space).

The authors considered various situations within which to study these relationships,
including containers and contained objects or rings placed around sticks. Ultimately they
decided on knots, because the children with whom they were working would not yet have
developed understandings of the perceptual relationships. As a research situation, knots
would thus be more likely to reveal the precursor topological elements.

Piaget and Inhelder saw as an additional advantage the fact that knots had already
been récognized as a branch of rﬁathe_matical study focusing not on geometric properties
such as distances, angles, or measures, but on elasticized forms. Of interest are the
homeomorphisms that can be discovered as the forms are stretched or twisted: do the
deformations retain the proximities, separations, or (for lines) relative order? At what point

might children recognize these homeomorphisms?

3 Also credited for their collaboration in this work are Ascoli, Halperin-Goetschel, and Morf.
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The authors mention still another advantage of knots as a domain for
"psychogenetic investigation": children learn to tie them from an early age, so although
much about given knots would not yet be understood, the domain itself would be familiar.
Piaget and Inhelder characterize the gradual understanding of u'ans;fonnations in the string
as happening in degrees. The children who participated in the Piégetian studies ranged in
age from two to six years old. The researchers presented them with loosened and tightened
transformations of the simplest kind of knot, the overhand knot, as well as with
transformations of other string shapes, including a circle, a "figure of eight," a
"pseudoknot," and mirror-image versions of the overhand. They considered the idea of
surrounding to be embodied in the knot through the properties of enclosure or
. intertwinement. Their interviews addressed questions about homeomorphic
correspondence or non-correspondence between the string shapes.

The research reported in this thesis posed similar questions, but sought children's
responses with regard to more complex configurations, both in terms of the finished knots
and processes of tying them. The children were older, ranging from ten to twelve years of
age. There was a sufficient vaﬁety of knots that the children were able to perceive general
similarities, articulations of which became the basis of a rudimentary "knot language."
Whereas Piaget and Inhelder are concerned with homeomorphic transformations —
gradations of looseness or tightness of a knot — the Knot Lab researcﬁ included instances of
configurations that were identical except for a key characteristic, which some of the
children came to appreciate while others did not. By learning to tie and describe the knots,
the children were grappling with understandings of topological relationships (relationships
of proximity). By classifying the knots according to perceived similarities and differences,

the children were working with other mathematical principles, such as the concept of set or

group.'
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The study by Piaget and Inhelder of young children's thinking about simple knots
becomes a basis of comparison with my approach. The study consisted of the classic
interview style, and a series of questions that anticipated increased complexity of
understanding with age. Stages of learning about properties of knots were carefully
delineated (see Appendix A). In their interpretation, Piaget and Inhelder look broadly,
considering the responses of many children and ordering them according to a
developmental progression marked by increments of change that can be discerned in the
thinking. Ilook broadly too, not in an effort to identify developmental stages, but to
compare many different individuals' means of expression and ways of thinking about knots
— their szyles. This interest mandates two important shifts of focus from the Piagetian
studies: it favors studying at length and in detail the work and thought of individuals,
favoring a depth-first rather than a breadth-first approach; and concentrates on — indeed,

"revalues” — so-called "concrete" aspects of thought.

2.1.2 Pilot Studies for the "Knot Lab" Research Effort

I conducted two initial experiments with groups of people working together to learn
and communicate about knots. These sessions were short-term, and involved tying knots
and giving others verbal and graphic instructions for how to tie them. The emphasis on
notations (or "knotations," as we called them) was similar to Caron-Pargue's approach
(Section 2.2.2) and one of the focuses of the analysis by van Sommers (Section 2.2.3).
However, each of the pilot studies pointed to a need for more immersion, in order for
participants to evolve both understandings of knots and means of representing the

understandings.
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One of the groups consisted of four children, ten through twelve years of age.
They worked together in two sessions. In the first, they each tied an Overhand knot and
produced braids. Two of the children also tied Figure 8's, and two of them tied Bowlines.
In the second session, the children worked with these same knots, in addition to the Square

knot.

[ g

Ellen and Pete worked together on the Figure 8, and each of them developed

instuctions for tying the knot. Ellen began with a procedure:

string

cross your hands

take your right hand and your left hand
leter go soft

Ellen also attempted a pictorial recipe that substituted specifications of "under" crossings

for the references to hands, although it isn't entirely clear what strands go "under":

string
under
V4
uncte_’r/
and leter go
soft

Pete tried to be verbally precise:
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put It in your ritt hand and hold one straight and the other
one down the take the one that is hanging and Flip it over
thes put it thru the hole then tight iIT up soft and thats whow
you do it

While at this point emphases such as tightening the knot softly and the sense of the term
"straight” as a horizontal appear as curiosities, a much broader study was needed to see
both the regularity with which such concepts might emerge, and the individual conditions
in which they might occur. The relevance of working with knots was also a consideration:
there was a sense in which the children's expressions lacked a certain passion or sense of
ownership, qualities which might have infused their responses with greater meaning and
reliability, in terms of what was revealed about the thinking.

In various sessions with adults, one person tied a knot and then gave instructions to
another for how to tie the same knot. Typically, the instructions were both verbal (spoken
and written) and graphic. Again, while the particular focuses on crossings, maneuvers,

- etc., were revealing, the decontextualization of the exercises robbed them of a sense of
purposiveness and therefore a certain kind of "meaning" that seemed related to reliability.
Asking people to sit at a table for a few hours and work with knots in order to satisfy the
curiosities of a researcher did not seem to evoke a satisfying range and depth of relevant
thoughts. A

One solution could have been to work for an extended period of time with people
using knots in order to accomplish some activity in which they were engaged, such as
sailing. But I decided to work with children for several reasons: Their thinking is affected
by fewer years of cultural influences, and thus seems more "raw" and reliable as
information about how people learn. In a sense, since children are relatively less inhibited,

tending to be more spontaneous — and, perhaps, more straightforward — than adults, their
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thinking is also more accessible, if conditions are provided such that they feel secure and
occupied. Exploring how to provide an environment that answered these needs while
making knots a topic worthy of serious consideration was an interesting prospect in itself.
The experimental design that I launched, and which the children appropriated and modified,
was geared toward developing a setting in which learning and communicating about knots
was the raison d'étre.

Thus, the approach of the actual study extended the pilot studies in terms of
constraints and setting. Longer duration and a wider variety of activities enabled the
participants to develop richer understandings of knots, and enabled greater access to their

thinking.
2.2 "Cognitive" Psychology

Knots form the basis of studies or theoretical discussion for three sets of
researchers concerned with spatial thinking and representations. Forman discusses how
the developmental perspective of Piaget and Inhelder differs from Olson's perspective in
researching "spatial" knowledge. Caron-Pargue deals specifically with notations,
discussing the variety, multiple meanings, and gradations of subtlety in subjects'
representations of knots. Van Sommers used a variety pictures, including some string

ﬁgurcs; to gauge subjects' memories of the complicated images.
22.1 George E. Forman on David R. Olson

Although Olson (1970) did not conduct specific research involving knots, Forman

(Eliot and Salkind, 1975) uses knots as an example in illuminating theoretical differences
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between Olson's and Piaget and Inhelder's approaches to components of spatial
representation. Olson identifies activity and instruction as means of bringing subjects into
contact with alternatives in thinking through a problem (such as, Forman would have us
imagine, that of producing a knot). Olson's mode of inquiry assumes a level of generality
that differs from Piaget and Inhelder's: applied to the domain of knots, Olson's questions
would pertain to remembering aspects of a particular configuration, whereas Piaget and
Inhelder seek to extract principles that would apply in the domain of knots as well as in
other well-chosen contexts, principles such as "order" and "surrounding." In Forman's
words, Piaget and Inhelder are in_terested in how such principles are "constructed" rather
than "contacted" for purposes of the immediate situation and then made available for use in
other situations, as Olson would emphasize.

The research reported here, like Piaget and Inhelder's, was concerned with the
construction of topological understandings, but also with the development of an

environment that would facilitate that construction.

222 Josiane Caron-Pargue

Caron-Pargue (1982, 1983) elicited and analyzed adult subjects' graphic and verbal
instructions for making knots. Of particular interest were the interactions between the
subjects' mental representations of knots and their construction and use of notations. The
evolution of these notations is interpreted as capturing specifics of the subjects' growth of
understanding. It became clear that a given notation might correspond to several meanings,
and a given meaning could be expressed through several notations. Caron-Pargue
developed a detailed catalog of the notations and relevant contexts (including, for example,

whether a certain part of the knot was elevated). She asserts that a specific process of
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coming to understand a knot may be hinged to the choice of a certain representative
medium, and points to this methodological consideration as shaping directions for future
research. |

In the pilot studies preceding my research (see Section 2.1.2), participants also learned .
to tie certain knots and developed graphic and verbal instructions for tying them. Although
these notations illuminate varying conceptions of the knots, it became clear that the depth of
familiarity that I was hoping to study would require both a lengthy period of immersion in
the subject and an environment conducive to a wide range of choices of knots, approaches
to learning them, and media for expressing ideas about them. The specific representational
choices of two of the participants (Sections 9.3 and 9.4) reflect — among other influences — the

importance of the medium, consistent with Caron-Pargue's findings.

223 Peter van Sommers

Van Sommers (1984) developed a comparative measure of adult subjects’ abilities to
reproduce from memory graphic representations of "difficult" patterns. Among the
fourteen designs were an overhand knot and a circle twisted to form a loop in the shape of
an eight. (String representations of both of these shapes were included ip Piaget and
Inhelder's studies.) Beyond noting degrees of the drawings' resemblance to the original
pictures, van Sommers catalogued styles and patterns of notation, developing terms such as
“pathfinding" and "backtracking.”

Although the research described here includes some analyses of graphic
representations of knots, the scope is broader in that it includes various media as

appropriate to individual participants’ strategies for learning to tie and describe the knots.
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2.3 "Affective" Psychology

These three psychoanalysts — Winnicott, Laing, and Lacan — saw in string and
knots a powerful metaphor for the ideas with which they were working. Themes of their
work include what we might call the "topology of social relations” and the complexities of

human thought.
2.3.1 D.W. Winnicott

A well-known British pediatrician and child psychiatrist, Winnicott developed many
concepts now in common parlance among psychoanalytic circles. Terms such as the
"good-enough mother," the "holding environment," and the "transitional object" figure
prominently in the object-relations tradition. Winnicott's theories were based on children's
clinical case histories that he personally took — which by the time he died numbered more

“than 20,000. (Guido, Lamb, and Stevens 1990) He was known for his remarkable ability to
relate to children; the cartoonist David Levine has caricatured him as a human teddy bear.
Winnicott championed the idea of play as a natural form of communication.

Winnicott developed some original techniques that enabled him to get at the
psychological material with which his young patients wére struggling. One of these
techniques became known as the "squiggle game," in which he made a scribble on a piece
of paper, which the child would turn into some meaningful picture by adding more lines or
scribbles. The child would then initiate a drawing by making a new scribble, which
Winnicott would turn into a picture. The game would go back and forth in this manner,
until some significant communication emerged through the series of drawings. (Winnicott

1971, Therapeutic Consultations)
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In one such session with a seven-year-old boy,
nearly everything I did with him was translated into something
associated with string. Among his ten drawings there appeared the
following: lasso whip crop ayo-yo string a string in a knot
another crop another whip. (Winnicott 1965, 153-57; 1971, Playing
and Reality, 15-20)

Upon questioning, the boy's parents described his prebccupation with string:
... whenever they went into a room they were liable to find that he had
joined together chairs and tables; and they might find a cushion, for
instance, with a string joining it to the fireplace. They said that the
boy's preoccupation with string was gradually developing a new feature,
one that had worried them instéad of causing them ordinary concem. He
had recently tied a string round his sister's neck (the sister whose birth
provided the first separation of this boy from his mother). (Playing and
Reality, 17)

Winnicott had learned not only of this separation, but of some others in the boy's
early life, which apparently had been traumatic for him. Winnicott surmised that the boy
' was "dealing with a fear of separation, attempting to deny separation by his use of string."
Although the boy's mother was skeptical about this interpretation, Winnicott encouraged
her to discuss the matter with her son, should she find the inclination and opportunity. The

suggestion was fruitful:
cee oﬁe evening she had opened the subject with the boy and found him
to be eager to talk about his relation to her and his fear of a lack of
contact with her. She went all over the separations she could think of
with him with his help, and she soon became convinced that what I had
said was right, because of his responses. Moreover, from the moment
that she had this conversation with him the string play ceased. She had
had many other conversations with the boy about his feeling of
separateness from her, and she made the very significant comment that
she felt the most important separation to have been his loss of her

when she was seriously depressed; it was not just her going away, she
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said, but her lack of contact with him because of her complete

preoccupation with other matters. (Ibid.)
Winnicott stayed in touch with this family as the boy grew. They described
recurrences of his expressive play with string at times when the mother went into the
hospital for an operation and when she experienced depression.

Summarizing this case, Winnicott comments:
String can be looked upon as an extension of all other techniques of
communication. String joins, just as it also helps in the wrapping up
of objects and in the holding of unintegrated material. In this respect
string has a symbolic meaning for everyone; an exaggeration of the use
of string can easily belong to a sense of insecurity or the idea of a lack
of communication. ... the function of the string is changing from

communication into a denial of separation. (Ibid., 19)
The theme of denial of, or preoccupation with, separation is one that emerges here,
and is discussed in the case studies of Jill and Tony (Sections 9.3 (especially 9.3.4) and 9.4

(especially 9.4.4)). |
233 R.D.Laing

Laing, a psychiatrist and psychoanalyst associated with the Tavistock and Langham
clinics in London, was intrigued by the complexities of interpersonal relationships.
Influenced by the existentialist tradition, Laing made efforts to "convey above all that it was
far more possible than is generally supposed to understand people diagnosed as psychotic"
(Laing [1960, 1962] 1965, 11). In particular, he studied the phenomenon of schizophrenia and
the dynamics of groups and families. Laing also participated in the development of a
"notation for dyadic perspectives" (Laing [1961] 1969, 174-80), which enables the

schematization of the explicit, the implied, the repetitive, and the contradictory in systems
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of dialog and relationship. He continued this interest in his book, Knots, which expresses
in poetic form the intricacies and confusions that often arise between people. In a brief

foreword, he explains:
The patterns delineated here have not yet been classified by a Linnaeus
of human bondage. They are all, perhaps, strangely familiar. In these
pages I have confined myself to laying out only some of those I
actually have seen. Words that come to mind to name them are: knots,
tangles, fankles, impasses, disjunctions, whirligogs, binds. I could
have remained closer to the ‘raw’ data in which these patterns appear. I
could have distilled them further towards an abstract logico-
mathematical calculus. I hope they are not so schematized that one
may not refer back to the very specific experiences from which they
derive; yet that they are sufficiently independent of ‘content’, for one to

divine the final formal elegance in these webs of maya. (Laing 1970, iv)
This example from the book should give a sense of the qualities of overlapping and

interconnectedness that Laing explores in the work:
They are playing a game. They are playing at not playing a game. If I
show them I see they are, I shall break the rules and they will punish

me. I must play their game, of not seeing I see the game. (Tbid., 1)

234 Jacques Lacan

Lacan, a French psychoanalyst who became concerned with extending and
interpreting Freud's work for popular undcrstanding, made use of knots in his formulation
of the matheme. Turkle describes this model in terms of knots composed of four
components representing aspects of the psyche — the imaginary, the real, the symbolic, and

the symptom:
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These, he explained, were Borromean knots made of interlocking
circles. When one is cut, the whole chain of circles comes undone.
(Turkle [1978] 1981, 235)

Lacan's use of knots represented an attempt to bring together things that he saw as

importantly related, but which we often experience as separate:
He speaks of how manipulating and perforating spheres in the "praxis
of knots" is "the thing to which the spirit is most rebel.” The circles
that make up the knots are sections of spheres, "man's first
representations of his own body and his first conceptions of science.”
The knots "so contradict our global sense of our bodies as enveloped
and enveloping that to try oneself in the praxis of knots is to shatter
inhibition," perhaps because it threatens our images of our bodies and
our images of our science by reminding us of a connection between
them.

It is clear that for Lacan the role of mathematical theory is
psychoanalytic. Doing the theory — working on the knots, practicing
the manipulations — enters as an integral element, indeed, the critical
element in the emergence of insight about the self, in the same sense
that psychoanalytic insight grows out of the lived relationship with an
analyst.

The mathematical modeler often sees his enterprise as
scientific and precise, as opposed to literary or poetic. Lacan refuses
this dichotomy. He cuts across a line between poetry and science that
has become axiomatic in the philosophy if not in the practice of
Western science. (Ibid., 237)

Lacan's working with knots becomes a critique of the abstracted, disembodied practice that
mathematicians have developed through formalized knot theory. Knots provide a way of
gaining access to the "primitive roots" of topology "as a way of experiencing the body."

(Ibid, 246) The discussion recalls Papert's concept of "body syntonicity" (Section 1.3).
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3 Toward an Integrated Research Methodology

Studying people's thinking, particularly when both "cognitive" and "affective"
aspects are of interest, requires a setting conducive to in-depth exploration of the subjects'’
dialogue and actions. This need has implications for the duration of the study and for the
nature of the environment in which the inquiry is conducted. The researcher must be able
to spend a good deal of time with the subjects, encourage or design problem scenarios that
will tend to surface a certain kind of thinking, and develop a relationship with the subjects
that allows for the exchange of relevant information.

Although I conducted one of the two pilot studies with adults, I decided to work
with children in order to seek a generally more spontaneous kind of response, one which
also has the characteristic of being less complicated by the broader range of adult
experience. While other researchers have made use of string figures and knots to explore
topological thinking, spatial reasoning, and emotional expression (Section 2), knots have not
previously been studied in light of the evolving "constructionist” perspective rooted in
Piaget's "constructivism" (Gruber and Vonéche 1977) and developed by Papert (1986; 1990,
"Introduction,” "Unified"; Harel and Papert (in press)). These discussions emphasize the importance

of the culture and the context in which learning occurs:
The work is both frequent enough ... and open-ended enough for
differences in style to emerge. (Turkle and Papert 1990, 353)

In addition to the focus on design and description of the learning environment, the
"constructionist” Mework (and my study) have been influenced by methodologies that
seek ways of making explicit the thinking of different individuals. Among these
approaches are the Piagetian clinical interview ([1929] 1951, 1-32), clinical methods for

research, as described by David N. Berg and Kenwyn K. Smith (1985), the interview and
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analysis techniques of Gilligan et al. (Brown 1987, 1-34), and the role of "participant
observer" as described by Turkle (1984, 315-32). These techniques are briefly explained
below. Related approaches are described in Donald Polkinghorne (1983, 1-13, 283-89), K.
Anders Ericsson and Herbert A. Simon (1984, 1-52), and Evelyn Jacob (1987).

The means of data collection is a way in which my work both bears a similarity to
and differs from that of the Piagetian school. The Piagetian clinical interview consists of a
set of questions that are asked of many subjects in a more or less uniform manner. The
interviews that I conducted at the end of the project included elements that were consistent
from individual to individual (Section 4.3), but also responded to directions initiated by
different individuals. These responses depended, of course, on the relationship that had
developed between each of the children and myself during the course of the project. I
combined the interviews with several other ways of capturing information (see Section 4.4),
all of which were contained within an overall setting that "situated" the learning and
thinking about knots. (c.f. Suchman 1987) The children themselves created many of the
projects that were to become sources of data for this report.

Piaget describes the difficulty of accessing children's deeply rooted beliefs:
The form and functioning of thought are manifested every time the child
comes into contact with other children or with an adult and constitute a
form of social behaviour, observable from without. The content, on
the contrary, may or may not be apparent and varies with the child and
the things of which it is speaking. It is a system of intimate beliefs
and it requires a special technique to bring it to the light of day. Above
all it is a system of mental tendencies and predilections of which the
child himself has never been consciously aware and of which he never
speaks.

... it is not merely useful but essential ... to examine the
methods to be employed in studying these beliefs. To judge the logic

of children it is often enough simply to talk with them or to observe
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them among themselves. To arrive at their beliefs requires a special
method which, it must be confessed outright, is not only difficult and
tedious, but demands also an outlook, the fruit of at least one or two
full years' training. Mental specialists, trained in clinical practice, will
immediately appreciate the reason. In order to assess a child's statement
at its true worth the most minute precautions are necessary. (Piaget
[1929] 1951, 2)

Piaget goes on to describe the method by which he and associated researchers went
about ascertaining the unconscious systems of beliefs in the children they studied. He calls
the method "clinical," and contrasts it with other ways in which researchers might attempt

to study thought. One other way would be through tests:

- ... that is to say, the method of posing questions so arranged as to
satisfy the two following requirements: first, that the question and the
conditions in which it is submitted remain the same for each child,
second that each answer be related to a scale or schedule which serves as
a standard of comparison both qualitative and quantitative. ... But for
our particular purpose the test method has two important defects.
Firstly, it does not allow a sufficient analysis of the results. ... The
essential failure of the test method in the researches with which we are
concemed, is that it falsifies the natural mental inclination of the

subject or at least risks so doing. (Ibid., 3)
Thus, tests could not allow for the depth of analysis appropriate for psychological and
epistemological research; they ignore the natural context of the child's thinking; and they
risk the phenomenon of "begging the question” — that is, suggesting through the form of a
question some particular avenue of response. Piaget uses the analog of the clinician in
psychology as a technique that is preferable in its emphasis on the subjects' own patterns of

thought and in its respect for the context of that thinking:
The skill of the practitioner consists not in making him answer
questions but in making him talk freely and thus encouraging the flow
of his spontaneous tendencies instead of diverting it into the artificial
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channels of set question and answer. It consists in placing every
symptom in its mental context rather than in abstracting it from its
context. (Ibid., 4)

Despite the tone of this passage, which might lead us to question the assumptions about
how the interview setup comes to exist at all — (Is it really a matter of the subject's
volition?) — the next concern reveals a spirit of following rather than leading the subject.
Piaget begins by criticizing what might be seen as the antithesis of the test method, the
method of pure observation. What is needed is something between the two, in terms of the

degree of the researcher's intervention:
Observation must be at once the starting point of all research dealing
with child thought and also the final control on the experiments it has
inspired. In the case of the present research it is the observation of the
spontaneous questions of children which furnishes data of the highest
importance. The detailed study of the contents of these questions
reveals the interests of children at different ages and reveals to us those
questions which the child is revolving in its own mind and which
might never have occurred to us, or which we should never have framed
in such terms. Further, a study of the exact form of the questions
indicates the child's implicit solutions, for almost every question
contains its solution in the manner in which it is asked. ... We may
thus state the first rule of our method. When a particular group of
explanations by children is to be investigated, the questions we shall
ask them will be determined in matter and in form, by the spontaneous
questions actually asked by children of the same age or younger. Itis
also important, before drawing conclusions from the results of an
investigation, to seek corroboration in a study of the spontaneous
questions of children. (Ibid., 4-5)

Piaget outlines what he sees as systematic defects in the method of pure observation: "it is,
in fact, impossible to observe a large number of children under similar conditions," and

unless you talk with children it is difficult to gain any insight into what they are thinking, or
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to distinguish their play from their beliefs. Piaget describes an alternative between this and

the test method:
It is therefore essential to go beyond the method of pure observation and
without falling into the pitfalls of the test method, to take full
advantage of what may be gained from experiment. With this in view
we shall use a third method which claims to unite what is most
expedient in the methods of test and of direct observation, whilst
avoiding their respective disadvantages: this is the method of clinical
examination, used by psychiatrists as a means of diagnosis. ... The
clinical examination is thus experimental in the sense that the
experimenter sets himself a problem, makes hypotheses, adapis the
conditions to them and finally controls each hypothesis by testing it
against the reactions he stimulates in conversation. But the clinical
examination is also dependent on direct observation, in the sense that
the good practitioner lets himself be led, though always in control, and
takes account of the whole mental context, instead of being the victim
of "systematic error” as so often happens to the pure experimenter. ... it
is so hard to find the middle course between systematisation due to
preconceived ideas and incoherence due to the absence of any directing
hypotheses! (Ibid., 7-9)

Central to this formulation is the idea that making hypotheses is an ongoing and frequent
process. Willingness to change a hypothesis is crucial, and the method relies on

conscientiousness in interpreting the information it yields:
The psychologist must in fact make up for the uncertainties in the
method of interrogation by sharpening the subtleties of his
interpretation. ... The greatest enemies of the clinical method are those
who unduly simplify the results of an interrogatory, those who either
accept every answer the child makes as pure gold or those on the other
hand who class all as dross. (Ibid., 9)
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More recently, "post-Piagetian" writers have elaborated the complementary need for
well-designed environments in which learning and research of the learning can take place.
(Ackermann 1987, 1989, 1990; Papert 1980, 1984, 1987, 1990 "Unified")

Berg and Smith describe their conception of the clinical method, emphasizing the
importance of the relationship between researcher and researched. It becomes clear that in
such a situation, these roles are likely to be reversed from time to time during the course of

the interactions:
In spite of the development of a definition that characterizes clinical as
almost exclusively therapeutic and distinct from research, most of the
social sciences use the term to refer to specific kinds of research
methods ... an approach to research rather than an application to a
therapeutic situation. In our experience as well, the term clinical is
regularly used to refer to an approach to the study of social systems, a
method with its own characteristics and its own demands.

We argue that all social research has its clinical aspects.
However, these are ignored more often than not ... we have chosen to
use the term clinical for those aspects of research that have the
following characteristics:

(1) direct involvement with and/or observation of human beings or
social systems;

(2) commitment to a process of self-scrutiny by the researcher as he or
she conducts the research;

(3) willingness to change theory or method in response to the research
experience during the research itself;

(4) description of social systems that is dense and thick and favors depth
over breadth in any single undertaking; and

(5) participation of the social system being studied, under the
assumption that much of the information of interest is only accessible
to or reportable by its members. (Berg and Smith 1985, 24-25)

Turkle borrows from Geertz (1973) in describing a similar sense of involvement

with her research:
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The research is systematic: one informant’s account of how something
is done is checked and rechecked against the accounts of others; careful
note is taken of what people do so that this can be compared with what
they say they do. But at the same time, the very process of research is
interpretive. In writing about ethnography, Clifford Geertz has stressed
this fundamental fact: "what we call our data are really our own
constructions of what other people are up to. ... Right down at the
factual base, the hard rock, insofar as there is any, of the whole
enterprise, we are already explicating; and worse, explicating
explications. (Turkle 1984, 315)

Gilligan et al. also make use of a style of clinical interview and an interpretive

approach that demands self-awareness on the part of the researcher:
Our open-ended clinical interview yields complex real-life narratives
that, by their nature, demand attention to context - situational,
personal, cultural — md therefore, to perspective — ours as well as the
respondent’s. We wish, therefore, to provide a theoretical framework
and a way of reading that highlights the interpretive nature of our work,
and so present a method that claims a theoretical stance and guides the
reader through an understanding of the ways in which it is manifest in

interview texts. (Brown 1987, 2)

These researchers have worked toward developing and clarifying qualitative
techniques so that it will become possible to get in touch with the "deep structures" of their
subjects' thinking. (e.g., Lane 1970, 15) The interest is in attempting to understand such
aspects as personality, style, and epistemological preference rather than "surface structures”
like attitudes and abilities. The techniques also make it possible to capture the natural
diversity in people's thinking. The information that emerges through the research setting is
a function of the relationship between researcher and subject, rather than the relatively
limited.and rigid bounds of tests and questionnaires. Duration of the study becomes a key

concern; the relationships, like the subjects’ thinking, need to time to grow.
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Qualitative research necessitates an interpretive manner of report, as I provide
through this thesis. Characteristic of my approach were a certain wariness about the
potential influence of my interventions, willingness to change hypotheses or courses of
action as the project developed, and dedication to the task of developing a "thick
description" (Geertz 1973) of the children's work and thinking, which this thesis represents.
The workshop, "lab"-like atmosphere of the room that was the center of the project, as well
as the project's extended duration, are hallmarks of the research setting which enabled the
gathering of a much richer set of data than would otherwise have been possible. The
children had time to work with knots, to think a lot about them, and to find many ways of
making explicit what they were thinking.

In making this report, my concerns are multiple: I look both broadly and deeply at
the results of the study. For breadth, I look at the knot-tying culture that the participants
formed, at commonalities that emerged in their thinking about knots, and at differences in
their many ways of thinking. For depth, I consider in detail the work of three participants
who became particularly immersed in the project and whose involvement came to serve
important culture-binding functions. The work and thinking of these three children are

described in the case studies (Section 9).

3.1 Knot Microworlds

Papert (1980) has developed the term "microworld" to describe Logo software
environments inhabited by the "turtle.” In the microworld of "Turtle geometry," this
animal-shaped graphic has the properties of position and heading, which characterize it as
an object with which children (and others) can construct angles, the basis of a particular

sort of mathematics. By setting a position and a heading and then setting the turtle in
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motion, children can construct complicated géometric images that have "artistic" qualities as
well as "mathematical” ones.

The aesthétics of making such images provide a kind of holding power for many of
the children. Many others get involved because they can bring to the environment the
everyday knowledge of how their own bodies move in the world. By transferring this
knowledge to the movement of the turtle, the children connect the two worlds, and the
computer microworld takes on meaning. Seeing the movement of the turtle as being similar
to their own movement is one way in which these children "identify" with the turtle; this
"identification" provides another kind of holding power. Papert terms it "body _
syntonicity."”

In microworlds that simulate Newtonian motion, the turtle takes on properties of
movement that children can control and use in constrdcting understanding of physics that
are contrary to intuitive experience and therefore often difficult to assimilate otherwise. In
each of these environments, the turtle also has another important property: it is likable. It is
a brightly colored representation of a creature that moves according to the instructions of
the child. Naming it, making stories about it, creating friends for it, and otherwise playing
with it are ways in which the children sustain their work with the mathematical and physical
properties that the objects embody. These kinds of play can become ways of gaining
access to the mathematical and the physical through the personal, another kind of
"identification." For this reason, Papert has characterized the microworlds as being "ego
syntonic."

Learning research that makes use of these microworlds considers access to them
through another important means as well: the social context in which the microworlds are
made available to the children. This broader view includes not just the cdmputational

environment, but its situation among groups of children, teachers, and parents, in homes,
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schools, and communities. As the Logo users exchange stories, project ideas, and
information about how to move the turtle, they build a culture dedicated to learning:
depending on the circumstances, such a culture is often, like the computational microworld,
centered around a set of ideas that pertain to certain mathematical, physical, and aesthetic
principles. In this sense, the turtle microworlds can be syntonic with culture as well as
with the body and the ego.

Microworlds of knots can make a similar offer. By twisting and turning with a
piece of string, and by seeing and feeling the relationships of different parts of a knot,
many children adopt a "body syntonic" approach that enables them to construct vivid
understandings of what is crucial about those relationships (e.g., Sections 5.4.2, 6.22.7, and
10.1). By creating stories about the knots and imagining them to be like friends and family,
children find ways of becoming personally involved with the world of knots (e.g., Sections
6.21,7.2.11,and 9.1.4). And by asking one another questions about knots, writing letters to
each other about them, and displaying constructions involving knots for others to see, the
children developed a culture actively involved with both topological and social senses of
proximity, separation, and connection.

In this thesis, I discuss the children's thinking about knots in terms of three
"microworlds": the complex object that is each individual knot, the ways in which groups
of knots can be seen as being related, and the environment that the children and I developed
as a context for learning about knots. Each knot is, in a sense, its own universe, which
invites contemplation of its topology both as it is being formed and as a completed object.
Ways in which children explore this microworld are presented in various sections (including
5,6,and 7.1). Additionally, different knots are often quite similar, so that understanding
something fundamental about one can lead to an understanding of another. Ways in which

children came to regard certain knots as belonging together are also discussed in various
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sections (especially 6.22.8, 7.2, and 9.1.4). This conceptual work was situated in a social and
physical environment that developed during many weeks' time and which is discussed
throughout this thesis. Particulars of that environment constituted important aspects of the

methodology for the study, and are discussed in the next section.
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II The Thinking Environment

Following a picture, a child carefully intertwines a piece of
string and produces a knot. She checks it against the image in
the book to see if the knot she holds is the one she attempted to
tie. In so doing, she has set up for herself the fundamental
problem of the knot theorist: When are two knots the same? For
Maria and her knot-tying peers, there are many instances in
which this classic question can be translated as: How can you
come to recognize a new situation as a transformation of
something you already know?

The Piagetian research tradition is known for its emphasis on the selection and
design of settings and scenarios in which a certain line of exploration and questioning will
yield information about children's understandings of a specific topic. More recently, "post-
Piagetian" writers have acknowledged the importance of social and cultural factors involved
in learning, by extending the discussion of design to entire environments that consist of
people, projects, and places in which the activity happens. (Ackermann 1987, 1989, 1990; Papert
1980, 1984, 1987, 1990 "Unified") Such environments grow through extended periods of time,
making it possible to examine cultural influences on the construction of ideas and the
subjects' personal involvement with the ideas.

These environments have come to be called "learning environments" or,

acknowledging the researcher's participation and the double purpose of the work,
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"environments for learning and research. " (Ackermann 1987) In a further attempt to
emphasize the participants' examination of their own learning, which constitutes what we
might consider as another, special form of research, I have dubbed the Knot Lab a
"thinking environment." In this environment, we looked at each others' active involvement
with knots as well as ways of representing knowledge about knots. The following sections
describe the setting in which the work occurred, the participants in the project, the
frequency of meetings, and the nature of the work.

The idea of relationship is of particular importance in characterizing this "thinking
environment." The idea emerges in several ways: My relationship to the children was not
so much as an authority figure as someone who facilitated the project by introducing and
furthering ideas, obtaining materials, and coordinating meetings and communication among
the participants. Many of them came to understand that their relationship to me could be as
a friend and fellow thinker. Secondly, the participants' relationships with each other grew
and deepened through the course of the project. Some of the children already knew each
other as the project began, but many of the participants were less familiar or were
strangers. Therefore, much of the work had implicitly to do with getting to know other
people through getting to know more about knots with them. Thirdly, the participants had
different relationships to knots and the ideas they embody:! there was tremendous variance
in degrees of excitement about the project and in what aspects of knots different people
found interesting. Finally, "relationships" are what constitute knots. To understand a knot
is to become familiar with how different parts of the string stand in relation to each other,in

producing the knot and in regarding the finished object.

1 Fora further, theoretical discussion of some of these relationships, see Section IV.
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4 Welcome to the Knot Lab

The KNOT LAB THE WILD KNOT'S THE Funky cold KNOTS
— Marcos, José, and Julio, on their sign at the entrance to the Knot Lab

Imagine that you are in an inner-city elementary school — a gray building with
graffiti on the walls, long hallways populated by lines of children, distorted sounds coming
from the public-address system, people chattering, computers humming. Amid the noise is
the clutter of busy classrooms and senses of urgency alternating with times of thoughtful
quiet. One of the doors is decorated with a sign that boldly announces the room as "The
KNOT LAB." You enter, and find children playing with string, writing letters, watching
videos, climbing to tack knots on display boards, arguing over the use of the video camera,
working together on stories about knots, and otherwise immersed in activities related to
their study of knots. They are surrounded by their own constructions: three of the four
walls boast large, colorful displays showing knots in various stages of formation, dangling
from tree branches, tacked to accompanying pieces of writing, sewn on cardboard, and
drawn on various pieces of paper. Books and other printed materials about knots are
strewn about, and pieces of string are everywhere. You have entered a "thinking
environment” dedicated to learning about knots and to reflecting on that learning.

What you do not see are aspects of the environment that are equally important, but
reside elsewhere. Miles away, an older child waits for the end of his school day so he can
meet with me in a video t;,ditin g room where we will answer letters, in written and video
form, which the younger knot-tyers have entrusted me to give to him. I am the courier; he

is the "knot expert." A Boy Scout and now, to some, a TV star, he takes his responsibility
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seriously and tries to answer the detailed questions that the other chi}dren pose. Eventually
they will all meet, when he comes to the "Knot Fair" that culminates the project.

Three of the boys captured both the serious and playful aspects of the environment
in their construction of a “welcome” sign for the front door. It displays pieces of string that
have been tied in the forms of various knots, as well as pictures of a chemist's flask and a
party hat and balloons. The combination playground/workshop, "lab"-like atmosphere of
the room that was the center of the project, and the project's relatively long duration, are
hallmarks of the research setting that enabled the gathering of a much richer set of data than
would otherwise have been possible. The children had time to think deeply abput knots,
and to find many ways of making explicit what they were thinking. What follows is a

more detailed account of how the setting evolved.

4.1 Experimental Setting

I was concerned with developing conditions for both learning and research in two
ways: through consideration of the overall environment in which the study was conducted,
and through examination of particular work or inquiries in which the participants were
engaged. These focuses evolved through my instigation of ideas, as well as ongoing
adjustments based on the participants' responses and suggestions. Thus the research
design is best characterized in terms of malleability, rather than the imposition of any pre-
determined structure. The setting had to be flexible enough for the project to evolve in
response to ideas and events that occurred during its course. I presented an initial context
for learning about knots, which we gradually modified as the children became immersed in

the project.
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For each of the four groups of children involved, the project began with a
discussion of knots and an invitation to join the working sessions in which they could learn
more about knots. I made it clear that participation was voluntary and that they could stop
at any time if they lost interest or didn't like the project. We also talked about the project as
furthering reseafch into how people think about knots. Participants would be researchers
and well as learners — researchers into their own thinking, and that of others. I described
the Boy Scout who wanted to be their "pen pal" through exchanges of videotapes. Soo
Yong Chang would demonstrate how to tie various knots and respond to questions from
the other participants as the project progressed.

Soo Yong was an older child who was himself in the process of learning to tie
certain knots. I assumed the roles of facilitator and "courier," the person common to each
end of the communication, who videotaped the sessions and arranged for the children and
Soo Yong to see each others' video mail. Videotaping the exchanges between the children
provided a means of recording visual and aural data, and also stimulated the children's
excitement about the project. They enjoyed "seeing themselves on TV." The inevitable
self-consciousness that resulted among the participants supported a theme of becoming
aware of one's own thinking processes so that they can be made available to others — in this
sense, the children were also researchers, and several came to think of themselves in this
way. They were learning about knots, but about thinking as well — they were becoming
epistemologists. (Ackermann 1987) .

This "video correspondence"” served a kick-off purpose but did not define the scope
of the project, which quickly took on a life of its own. Most dramatic in its evolution were
gradual shifts from an emphasis on video as an instruction and communication medium, to
the children's initiation of their own activities and greater use of paper corfespondence.

The children worked individually or in teams, initiall); within four separate working
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groups. As the end of the school year approached, distinct boundaries between these
groups relaxed and increasingly frequent but casual merging of the groups occurred. With
this change came increases in the incidence of borrowing of ideas and of collaboration
between members of initially different working groups. The children were building not
only understandings of certain knots, but a culture dedicated to learning about knots and
thinking.

Evidence of the children's appropriation of the project and the knots accumulated
visibly during the three months. I responded to their suggestions by bringing to the
environment references and materials with which they could further their ideas. Eventually
they voted on a name for the room in which they met. It came to be known as the "Knot
Lab," and was adorned by a wealth of printed and video information about knots, as well
as bulletin board displays that the children constructed, showing knots in different stages of
being tied, stories about the knots, a "family tree" of knots, and special words and graphic
devices for describing knots.

Three important elements of the research occurred through the working sessions:
they formed a period of culture-buildin g and of immersion in thinking about the knots, so
that discussions in the form of the "final interviews" (Section 4.3) fit within a context that all
the children shared; the working sessions, in their own right, generated data on thinking
about knots; and in the course of these sessions, many of the children built up a
relationship with me that came to involve comfort and trust. Gradually throughout the
project, and in the final interviews, many of the children were willing to show and explain
to me what they thought. We had taken an approach that assumes that people will have
different ways of thinking about aspects of knots, and which values these differences.

Although many of the children seemed hesitant at first, they came to accept that this
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approach was genuine — that they weren't going to be told they were wrong or stupid if
they risked articulating what they thought.

The Knot Lab, as a center of this approach, became a place where the children
began having dialogues and debates about different ways to think about knots (and
eventually, other issues in life, too). Many children engaged in "dialogues" with
themselves — that is, they developed a form of critical thinking in which they would launch
an interpretation of a knot and then retract or modify it as they continued the exploration. It
was not unusual for a child to arrive at an understanding very different from the one she
had started with, and to describe the initial interpretation as being "wrong." This form of
self-critique was refreshing for its lack of the punitive overtones that can stem from

incorporation of voices of authority who emphasize mistakes as being problematic.

4.2 Participants, Schedule, and Activities

Twenty-two children were involved in the study. Soo Yong, a 14-year-old Boy
Scout, played a special role as the remote "knot expert." He and his family had come to the
United States from Korea three years prior to the project. Four teachers in an elementary
school associated with the M.L.T. Epistemology and Learning Group suggested children in
their homeroom classes to participate in the project.2 I had emphasized to the children that
their participation was voluntary, and Patish, whose family was from India, decided to

drop out after two sessions. The remaining twenty Knot Lab participants included ten girls

2 Their reasons for suggesting the children they did varied: Therese suggested children who knew each other well
(many of them, since kindergarten) and worked well together; Ed suggested children he thought were doing well
enough in their other work that they wouldn't be set back by missing class time to work on knots; and Kate
suggested children who would comprise a varied group but wouldn't "kill each other." Al was absent on the day
when the project was scheduled to begin for children in his class; the three who were finished their other work
when I entered their classroom at the scheduled time were the ones who joined the knot project (see Se<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>