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NOTATION

Unless stated otherwise, the following notation is used.

> a

T
(¢}

2
=

=mmO®E S @

Jkl,m,n

—
[

<HEH" 0oL A

Absorptivity

Area

Emissivity

Heat Capacity

Stefan-Boltzmann Constant (5.66961 (108) Wm'2K*)
Time

Boundary region (B, represents an element boundary.)
Heat Capacity Matrix

Force Matrix

Form Factor between m, n

Heat Transfer (convective) Coefficient
Nodes of an element (subscripts)
Conductivity coefficient

Conductivity matrix

Boundary length

Flux Normal to Surface

Internal Heat Generation

Surface (S, represents an element surface.)
Thickness

Temperature

Ambient Fluid Temperature in convection
aT/ar

Volume

Standard units of the International System have been used in all sample
problems of this document.



FINITE ELEMENT METHOD FOR THERMAL ANALYSIS

Janeth Heuser
Goddard Space Flight Center

INTRODUCTION

The finite element method (FEM) was applied to structural analysis by Turner et al. about
17 years ago. As use of the method in the structural field has become widespread and its
basic ideas are now more clearly defined, the approach is recognized as applicable to any
problem that can be formulated in variational form. This recognition is significant because
it stimulates extension of the technique into other fields, such as thermal analysis. Interest
in this extension has been reinforced by the possibility of coordinating the two areas of
analysis. Using the FEM approach, structural and thermal data are more easily exchanged;
using the same computer programs, the two analyses are more closely interrelated and more
truly representative of things as they are in the real world.

Conceptually, the FEM involves dividing the continuum into a finite number of elements—
triangles, for example. The temperature field within each triangle is described in terms of
the temperatures at the vertices. The heat equation with boundary conditions, written as
an integral equation in variational form, is minimized. The result is a system of algebraic
equations which may be solved for the desired solution matrix of predicted temperatures.

Work has been done to develop and verify the FEM approach for thermal analysis. Compu-
ter programs exist to handle two-dimensional transient or steady-state heat conduction with
internal heat generation and the following boundary conditions: convection or a specified
temperature along the boundary B, and radiation or a constant heat flux normal to B. The
program described in this paper can handle the two-dimensional case, as well as Lhe
three-dimensional case subject to the same boundary conditions, or the two-dimensional
case with radiation, convection, or normal flux over the surface (rather than along the
boundary) of the two-dimensional continuum. This paper presents the theoretical basis of
the program, several illustrative problems, and computer program listings.

THEORETICAL DEVELOPMENT
Two-dimensional Case

Consider the equation for two-dimensional (x,y) transient heat flow in a uniformly thick
plate of thickness t

2 o7
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where the desired temperature T must satisfy the following boundary conditions:
e Specified temperature T along boundary segment B
e Fixed flux q_, normal to B or surface S, q = —k(g—:)
e Convection between the region and its surroundings along B or over the surface S,
h(Te, —-T) =k (2—:)

e Radiation between the region and its surroundings along B or over the surface S, or
radiation between two boundary or surface segments i and j, oF, j.(eiT‘; - aiTj“)

3
=k

Equation (1) together with its boundary conditions specifies the problem in a unique
manner. Using the calculus of variations,-an alternate formulation is possible by which the
entire problem may be expressed in one equation—an integral equation in variational form:

9T.2 . 1, T2 | )
x-ff/[ LGt gk ) —QT+Tpc5T—:|de
+ffq T dB dz +ffq T dS +f ( hT2 — hT_T) dB dz
S

ff( hT2 — hT_T) dS +ffq T dB dz
+ffqudS
S

By Euler’s theorem, this function has a minimum represented by Equation (1) with its
boundary conditions.

(2)*

Minimization of X requires an explicit formulation of the temperature T. To find this,
the region is subdivided into a finite number of triangular elements (Figure 1), and Equa-
tion (2) may be restated as: X =Z X'e‘, where the summation is taken over all elements

e, and X represents the functional applied to each triangular element. Assuming the
temperature field.is linearly distributed throughout each element,

T=a+bx+cy=[lxy]{%} 3
c

within an element.

*Note: q, represents radiative flux. The actual definition and treatment of this begins on page 15.



TEMPERATURE FIELD: ‘ TI

T=<1xy> [A] Ti
1 r

Figure 1. Division of continuum into a finite number of elements.

To determine the unknowns, a, b, and ¢, the known temperatures at each of the vertices, or
nodes, of the triangular element are used to set up a system of equations:

a + bxi + ¢y,

+ X. + cy.
a bJ yJ

a + bxk+ CYy

In matrix form, this becomes

Ti
Tj =11 x. y. (b
Ty

1 X Y e
Solving the system explicitly by Cramer’s rule yields

) = (ijk - xkyj)Ti + (Xkyi - xiyk)Trj + (Xin - iji)Tk

I Xy,
Lox
X vy



(Yj ~ yJT; + (Vg — yi)Tj +(y; - Yj)Tk

b =
Lox
Loxy
1 X Yy
. - (x ij)Ti +(x; - xk)Tj + (xJ. x)Ty
1 X Y
1 XY
1 Xp Yy
so that
a ¥ — *xYj Yi — XYk XiYi — X
by = L - . (4)
A Yj Y . Yk — Y Yi — Y;
C xk—xj xi—xk Xj—)(i
where
1 X Y
2N = | 1 X; ¥
b X Yy
is equal to twice the area of the triangle defined by points i, j, and k.
Substituting Equation (4) into Equation (3) yields
. XYk = XkYj XYi = XYk XY — XY T
T=[1XY]§Z Yi — Yx . Y = Y Yi = T
Xe ~ X X; — Xp X = X Tk
This result can be simplified by letting [N] = [1 x y] and [A] = i times the square
matrix:
- T = [N] [A]{ T, )
Ty



The element temperature, T, as described by Equation (5) is an explicit and unique linear
function of the nodal temperatures T,, Tj, T, and the spatial coordinates x and y. This
equation provides the desired explicit formulation of T needed to minimize Equation (2).

Evaluation of =——, —
0x a9y

AT AT AT
T oT

expressions for each of these terms:

oT
0X

aT
a9y

9_
ax

[1xy] [A]

T.

1

[001) tA] T;

Ty

T.

1
T;
T k

[010] [A]

aT
or

with T defined by Equation (5) yields the following explicit

Ti

T;

Ty
_ (6)
Ti

= [1xy] [AK T,
;rk

The functional X=Z:Xe (Equation 2) can be minimized with respect to the temperature T

over the entire surface S by the equation

X ) 0Xe
aT, BTI
x -
ax) _ |2l ) T > X
[_a_'f = . = : : = oT
[+
2 o
oT, | | n -
where T1 , T2, -+ - - T, are the temperatures at the nodal points 1, 2, - * nin the surface

S.



For each triangular element e,

) e |
aT T,

where i, j, and k are the nodal points of e.

X,
Now, consider the expression — defined over the element surface S, with boundary B, .

3X,
aT,
X, RELE S S LRI
ax 3T, ax Y dy aTi 3y
dT oT T 2T
+ 0T 4s gz + T 4B dz + o1 4s
,[[/”C ot oT, z /]q" 3T, g /]qn oT,
" P S M
t .
+ oT oT oT )
ht 2T onr, 9T ) aB dz + ht 0T onty, 2T s
/ < Tor, = Me aTi>dB ‘ ﬂ( aT, = aTi>
0B, Se

/]qraT dde+”qraT

To evaluate 90X, , consider each portion of the integral equation separately. First, consider

i

the double integral over S, dealing with conduction.



Conduction

Note that by defining gx and g explicitly as in Equation (6)
0 aT !
T ox - 010 (A1 )01 =y =y
0
0 oT !
91 = [001) [A](O0) = a,, = a,.
aTi dy 0 31 ki
Thus
t
oT o T oT o 0T
o —— = 4+ k o L dz-
_[/f [kx ax oT, ox Y 3y aT, ay] ds dz
0 Se - . - -
t Ti T;
=[[ka [010] [AKT, a; + k [ [001] [A](T; 3| 2 dxdydz
0
Ty Ty

[[/ [k (a T, ta, T + 3 k)aJl + k, (a; T, +akj’l} +a ., T )akl] dx dy dz

!
l

Assuming constant k. and k over the element

t T,
R TR Y

[aji a5l o o Tj dx dy dz
0 T

3ki 3 Akk
k
T .
) R T :
[aji ;] Tj dx dy dz
kyl [2ki %j 2k T, 0
k., O Ti
_ 1[ X 1 Yy = Yk Yk — Yi ¥Yi 7Y A
Z—A— Yoo X xj] X i t
0 ky xk—xj X = XX X



_ _ T.
[ 9Xconp ot ( vo x x| ke 0rY; Yk Yk Yi Yi — Y i
aT,; an Vi k 7k J 0 k,dlx = x X, — X X, — X; Tj

k j i i
Ty
90X 0X
Combining this with similar expressions for %’2 and -ﬁ) results in
i k
axX BTN AT ky 0
COND | _ t |y.—y x —x
oT 4 0 ky
e Yi =Y X T X
(8)
_ _ T.
R [ Yj Y Yk T ¥ Y yj] TT
X = X X =X X —X TJk

Performing these operations for each element and summing the resulting matrices yields the
total n-by-n conductivity matrix K for the continuum (where n = the number of individual
nodes). The above portion of the K matrix will contain |nonzero terms to be added to K. Kij’

ii’
K, s K“, K Kjk, Ky, Kkj, Kkk, and zeros elsewhere. \

Internal Heat Generation

The internal heat generation portion of this equation is

1

BXQ _ ffo<aT )ds dz = ff Q [txy] [A] 0) dx dy dz

€ 0 Se 0

f Q(a"+aJx+aky)dxdyfdz

0

Assuming constant Q over the element
= -Q A (a; + a;;x + a y)t

since

V'/:/-Adxd-y=>A, §=IZ‘/:/‘xdxdy, )7=IZ./:/'ydxdy

where x and y are coordinates of the centroid of the element. Now, X =(1/3) (x; + x; + X)

andy =(1/3)(y, + y; * Y, ). Substituting these into the equation yields
8



a.. - aki V
= —QAt [aii + —:J;l(xi + xj + xk) + —?:——(yi + Yj + yk)]

P
Q| S
—J'x

-3

en\_/
il

_ QAt (Yi— ¥y
———2K<xjyk—xkyj + (xi+xj+xk)
(xk - X;)
j
+ 3 (yi + ¥j +y)
Qac 1| L MY QAt QAt
- Nat 1 1 - _ t
= -G |1 Ky (55) ) = - %
1 Xp Yi
X aX
oo 9%q _9Xq | qat o -
Similarly, 51—7 oT, 3 Thus if F ZF for each element, the contribution to
the force matrix is given by
axQ ~QAt/3 :
ST (" ~QAt/3 )
, ¢ —QAt/3
where —QAt/3 ‘is added to the terrfns Fi, Fj, and F, .
Heat Capacity i :
The contribution due to the heat {:apacity term is
aT aT i !
—/]f [/f pc [1xy] [A] Tj [1xy] [A]J{0) dx dy dz
T, (0
Assuming constant pc over e
T, ‘
= pc f (aii ta;x a1 x y][A] Tj dx dyfdz
: T, 0

[}

2 2
pc [/ [a it X tagy  apXxtapxttagxy agy+agxytagy ]

i
dxdy [A] (T, } t
Ty



Using the identitiefl’-/;(2 dx dy = %(xixj XX XX +)_x2) and/]‘xy dx dy

= %(Exmyn + D X, ¥,), Where m=1i,j,k and n =i, j, k, this becomes
m,n m

e 2 2 2V 44,2
5T = pct Bl [12aii+4aji 4 X, t4a . - Ymo 43 A Xm +2aji

(xixj XXt XXy Z aklz Xp¥n + aklZ X Ym, aiiz Ym
ta D Xy, * ,Imey * a5 (Y Y+ D V)] [A] {1}
m,n

Definingby = a,  + LmXy + Bcm Y, this may be put into the form

X t 2 1 1] |b b bl
) ‘%[b;bgb‘i‘] 12 1] |bf bJ bl {1}=22 1210
112

i kK 1k k
e bk bk b J
. N . . . a)(p(; pc
for the two-dimensional triangle. Consideration of 3T and 3T shows that the
i k

additions to the total heat capacity matrix [C] due to this element are

21 1] \T
{ } pEt 2 1| (T (10)
11 2| |T,

Thus far, three matrices (K, F, and C) have been defined. The conductivity matrix, K, is
multiplied by the vector

the force matrix, F, is multiplied by one; and the heat capacity matrix, C, is multiplied

by
Tl
={Tn}.

10



In the evaluation of the remaining integrals of X, if a term is to be multiplied by {T }, it
will be placed in .the appropriate row and column of [K]. If it is neither a coefficient
of {T} nor of { T}, it will be placed in {F}.

Convection

Case 1: Convection along boundary of thickness t — For convection along an element
boundary (i, j), one again assumes that T varies linearly so that the temperature T at any
point on the boundary of length L is given by ’

_ X
T=T 4 (T-Tp ¢
Now
X ; F)
h T aT
_ = hT — — hT, — dB d
<6Ti> /]( oT, 3T, ) ‘
¢ 0B
L t
_ X X X
_/' h['ri + (T, = T) E] [(1 -3 - BT O _i)} dgfdz
0 0

If h and T, are constant over B,

(T; - 2T;+ T,,)L2 (T, - T)L?
h { (T, — To,)L + + ¥ |t

2L 312
T. T, T, T
= hLt|\T. - Ty + = - T, + — + — — >
! 2 ! 2 3 3
1 1 1
= hLt{ =T. + -T. — =T
(57057 - 37)
hLt hLt T hLTet/2
= | = — T.) — ¢hLT
[ T % 0] J LT t/2
T, 0
X, X,
The expression for T is similar, and i 0 because T, is not a part of the convec-
i k

tive boundary. Thus
{axh [th/3 thlé]{Ti} IhLth/2}
Tl - (11)
aT J, hLt/6 hLt/3 Tj ChLT . t/2

where the terms of the square matrix are added into [K], increasing K;;, Kij, Kji, and ij,
and the terms of the column matrix are added to F; and Fj.

11



Case 2: Convection over surface — Now assume that convection exists not only along an
outside boundary but over the entire element surface (i, j, k). Then

X
h T T
= hT — BT ds
<aTi> /]( 3T, = aTi>
€
Se

Assuming h and T, constant over the element surface

4 T, 1
(hff[l xy} [A]{T;) [1xy] [A] (Op dxdy
T, 0

1
—hToo_-/- [1xy] [A] {O} dx dy)
0

T. a

(hff[lxy] [A] T; [1xy] a;li ‘dxdy
Ty B
3ji

_hToo,f (1 xvy] {aji} dx dy)

g

_ A A
=h 5 QT + T, +T) - h3 T,
T,
1
=hA [211]{ } ~hAgp
3
_ Tk-
X, X,
The terms T and a—T— are found in a similar manner, yielding a final convectxve matrix
i
of
2 1 1| T, hAT,./3 ‘
{ } 1 2 1 T;) — { hAT,/3 (12)
11 2 Tk hATo/3

Each element of the 3- by 3 matrix (each term multiplied by hA/12) is added to its corres-
ponding (4, j, k) component of the larger matrix [K]. Likewise, —hT_A/3 is added to Fi, F i
and F, .

Kk

12



Specified Flux Normal to Boundary or Surface

Case 1. Normal to boundary of thickness t — In this situation

< > ff W Fr- 98 4

0 Be
Since T is assumed to be linear over the element, it also is linear along a boundary (i, j) and

thus may be written as T = T, + (TJ. — T,;) x/L, where L is the length of (i, j). Using this

expression

or _ ,_x

3T, L
ST x

aTj L

oT

- = 0

aT,

Therefore, assuming that the flux is normal to boundary (i, j)

3X L t
: a\. X
<8T.> ,/q"(l ) dxfdz
1 e 0

0

If q_ is constant on (i, j)

2 t
X L dp
= — - t = [—— =
(q,x — q, 2L) . q, (L 2)t 2
Similarly
axX .
—q = i_ )t = ant
a’l‘j 2L 2
0
an - o
aT,

13



The flux matrix for this element is, therefore

aX tan/2 « i
{a—T“ ={tq L/2) < j (13)
e 0 <« k

Since this matrix is multiplied by neither {T} nor {T} , 1t is added to {F} , Increasing the
terms F, and Fj by (tq, L/2).

Case 2: Normal to surface — If the flux is normal to the surface of element (i, j, k), then

1

aX
a\ _ aT -
(aTi> /fqn o7, 48 q,,f [1xy)[A] (0} dS
e g 0

€

ajj
= qn/f[lxy] 3, ds
Se

Ak

where q, is constant over (i, 1, k)

= qn~/:/‘aii + a;;X +oay ds

q.4

= —; (3aii+aji(xi+xj+xk) + aki(yi+yj+yk))
an 1 _ 9,4

I T

Likewise, an/a T, = an/aTk = q,A/3, and the flux addition to the {F} matrix becomes

20X, q,4/3 ,
{ﬁ— =¢ 4,4/3 (14)
e an/3

where q  A/3 is added to F,, Fj, and F_.

14



Radiation

Radiation between element e and other radiative elements R or between boundary e and
other radiative boundaries R may be described for the transient situation by

= 4 4
= E (e A F . To - oa, A F, p TR)
R
where €, a, and Fe_R are assumed constant over individual elements

= 4 4
- OeeAeTe ZFC-R_ an Ae E Fe -RTR

- 4 4
= oe AT, —oa A, ZFe-RTR

~ oeeAe"lé— aaeAeZFe_R"lé

where ® is the temperature of boundary € found in the previous time step of the
computer-iterative algorithm. This approximation is numerically stable and accurate if
87 is chosen small enough to ensure small values of | Tg — T4 | and | Tﬁ - T@I. Treating
T4 in this manner leads to the explicit evaluation of a q . atthe beginning of each time
step. Hence, during that time step, q, may be treated as a specified constant flux:

=ff (0, T~ 0a, 3 Fo n T Tods
Se - R
X, 4 . 4 oT
5T (oelT@—oae.ZFe_RT®)ff T ds
| :

Case 1: Radiation between two boundaries or between a boundary and a constant

(15)

temperature heat source — Letting q_ = (0e, T3 — oa eZ F,.r T@); this case is handled in
: ‘ ~

the same way as Case 1 of “Flux Normal to Boundary or Surface,” the previous section.
The expression corresponding to Equation (13) is

tq L/2 tL(o*e Té— ga ZFe-RT@ «i
{ } tq L/2 —(oe ’lé— ga ZFe RTé) <j (16)‘

0 0 <k

15



where T©- (T® /2'when i and j are nodes of the radiating boundary e. Also, T® =(T ®

+T ®)/ 2 when T® is on an element boundary, (p, m) and T® T when T is a specified-
temperature heat source.

Case 2: Radiation between two surfaces or between a surface and a constant-temperature
heat source — Following the procedure in Case 2 of the previous section, the following

addition to the F matrix results
{ } ={ B,13 (06T~ 0a, D F, R T) )< an
q,/3 b, /3 (oeeT@~ oa, Z.Fe_RTé) <k
where T. (T®+ ’b+ ’l®)/3 and i, j, and k are nodes of the radiating element e. Also,

[31f Ty is a part of the modeled continuum, and T® Ty if T
isa spemﬁed -temperature heat source.

q,/3 BJ3 (o€, Th—0a, D F, pTd))<i

Three-dimensional Case

The previous development for two-dimensional heat transfer may be expanded to handle
the three-dimensional heat equation

aT 3 oT b} oT oT
— (k + il 4+ il + Q- =
( ) oy (ky oy ) . 0z (k, oz ) T 0 (18)

where the desired T must satisfy the same boundary conditions given for the two-dimensional
case.

In variational form this problem becomes
x aT2 Xk, 312  k; a712 T /]'
—) + = (=) + — (= T+ — | dV + Td
[[f[k( ) (ay) 5 G;) — QT +oec q,T dS
s
+./:/.hT2—hT°°T ds+ﬂqudS

S S

(19)

which, as before, may be minimized to yield {T} Assuming that T is linear over the
three-dimensional tetrahedron and proceeding as for two dimensions, one may derive

16



T =a+ bx + cy + dz = [1 xy z]

c
d
Fa a; 2, a3 Ti
1 b. b. b b T,
=lxyzl & (00 1 : (20)
¢ cj Cy ¢ Tk
dl dj dk 1 T1
= [1xvyz] 5—1\7 [A] {T} for the tetrahedrcén
where
1 i i Zi
1 505
1 X Ye Iy
I x vy, =z
V= 3 is the volume of the tetrahedron.
54 Lyog | 1))
a; = X Yy % by = |1y %
ST S 1y, 7z
X 1z X Y 1
¢ = Xy 1 2 di = X Yg 1
X 1z X ¥y, 1

" Other constants may be defined by cyclic interchange of the subscripts in the order ij.k,l.
Each time a cyclic interchange is made, it is necessary to multiply the newly defined constant
by —1.

17



The process of minimizing X, with respect to T; leads to

_ aT aT 3 aT
_fff[ Sy, O ﬁg]dv
oT oT oT
e et il 2
fffo dv+/ff o o f/ o @2)
oT oT oT
+ (hT —— - hT_, —) dS +ﬂ — ds
-[ aT; oT; % aTi
€

Note that the radiative, flux, and convective terms in this equation are identical to those
for the surface conditions in the two-dimensional analysis. Hence, their evaluation has been
completed. Now, consider the evaluation of the conductive, internal heat generation, and
heat capacity integrals. ~

Conduction

Following the same procedure as for two-dimensional conduction, but including k, and
redefining T, the addition to the [K] matrix for element (i, j, k, 1) becomes

~ -
b. ¢ d. T.
- AU I SO I P PR M A
. . c, . .
{ aLTONl)}= 361v bJ j dJ 0 ky 0 ¢ ¢ ¢ € TJ 22)
, c
e ke ko o ok, ffd d d d;| ] K
b, ¢ 4d;} z ! J T,
L

Nonzero terms are added to [K  ]where m =ijk,land n=1ijk,L

Internal Heat Generation

Using

fdx dydz = V ' ot

and
X = \l/fx dV (tetrahedron)
— _ |
y = —fy dv
A"

—

Z = - f z dV

18
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where (X, ¥y, Z') are coordinates of the centroid of the tetrahedron, and following the method
used for internal heat generation in two dimensions yields

{ﬁ} ] K (23)
oT e -Qv

-QV .
where ?T is added to F,, Fj, F, and F,.

Heat Capacity

The contribution due to the heat capacity term is evaluated by using the identities

24v=V Z 2 -
fx dV—m[( xm)+xixj+xixk+xixl+xjxk+xjxl+xkxl]
m

= YV )
fxde = 59 [;xmyn"LZm:mem]

where m =1i,j,k, I;n=1,j,k, L.

Again, by letting b; = 6LV (a, +b,x, +c,y, +d_z ), the three-dimensional equivalent
of Equation (10) becomes

. 5 1 r "T"r o 5 : ;
bi bl bk bl [2 1 1 1 ][el b b b (T,

i i k 1 i bl bl j T.
o) "(—pcV.) o b bf by |1 2 1 1y by b b S
aT 20

€

. . 1 k 1k 1k k
bl bl bk bL| |1 1 2 1 ||bF bF b b} )Ty
: 1 1 1 1
of b} bf bf| |1 1 1 2]]bp by b by [T
(24)
(2 1 1 17
11
_ <pcV> 12
207011 201
Ll 11 2]
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General Matrix Equation

Performing the above operations for each element and summing the resulting matrices results
in a system of simultaneous linear equations which may be written in matrix form as

‘[K]{T} + [C]{f} ¥ {F} = 0. (25)

To facilitate computer solution, time derivatives are replaced by finite difference approx-
imations, yielding

@+ 5 en{r )= (el - Ko g 0{t, 5} - {ForE, 5} (26)
From Equation (25)

wafe} o efi} o fed - o | aso

Koo s {Tro s} + 161 {r s} + {Fro s} = 0 (25b)
Then

fr} {rod s or-fr, )20, Tiead
or

{t:} - si ot - {rrosp -{t, 5. }

Substituting this result into Equation (25a) gives

[KT]{TT} + (€] (i—r({TT} "{TT— 571 ) - {Tf—ér ) + {FT}‘= 0
or ‘ ’ '
(K, + 6—27— [C]){TT} = [C] ({TT_ 57} + %{Tr_gr ) —{FT} 27

Now, from Eq}lation (250b)

{TT— 61} = [cr! <—[K‘r— 571 {TT— 57}'— {F’r— 81} > ‘\“\

20



Then, substituting this into Equation (27) yields

(K] + Zien{r} = €rciert ;s fr, g }- [crl{FT-a, )

cter 2 {r, s - {r.}

which can be reduced to Equation (26). To find only the steady state distribution for a
problem with no radiative boundaries, the matrix equation [K] {T} + {F} = 0 is used.
Solution of this linear system yields the steady state results in one step. Using Equation (26)
instead would require a number of §r iterations before reaching the steady state tempera-
tures. For problems including radiation, it is necessary to use Equation (26) with an approp-
riate 87 and iterate to the steady state temperature distribution. (This iteration is necessitated
by the use of the approximation Tg = Té )

A computer program has been written to solve the matrix Equation (26). The program also
includes consideration of the boundary condition that holds specified boundary nodes at
constant temperatures. To consider such a boundary condition, let

A = [K]+ %[C]
B o= 2[C] - [K,_g]
c = ~dr}+{F._sp
Then
A {TT} - B{TT_ 57} v C. | (28)

Suppose that of the n nodes representing the thermal model, the last k nodes are held fixed.
Thus the first m = n — k nodes are variable. The matrix Equation (28) can be partitioned
into m-by-m and k-by-k submatrices as follows.

Ambym  Amobyxk Tl [Bmbym Bmoyy (T®
Ak by m Ak by k Tk,r By by m B by ®)rs:
(29)
At
Cy
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Matrix multiplication yields two matrix equations
K = BmmT(@ + B'Ink]“® + C (29a)

A, T + A

km " m

kT = Bkm‘T® + BkkT® + Cy (29b)
Only the first equation need be solved for the unknown temperatures {Tm . If the specified
nodes are not necessarily the last k, a similarity transformation may be applied to cast the
system into this form. After solution is obtained, again it may be applied to return the

answers to their original order.

Sample Problems

Following are some sample problems in one, two, and three dimensions to which the pre-
ceding method was applied. Each sample includes a description of the problem and the
temperature distributions predicted at certain times as well as at steady state. For the
first three problems, exact or finite difference temperature predictions also are given for
comparison.

Problem 1: One Dimension—Finite Element and Exact Solutions

One-dimensional convection occurs at the surface of a semi-infinite solid with constant
initial temperature T0 into a medium at 0°K. The exact solution is given by

2
T . erf X + ehx+h%ar o p0 [»X— + haT]
T0 2aTt 2ar

where a = k/pc is the thermal diffusivity.
Letting k= 1Wm™ K™, pc=1Im>K? h=1Wm2K, T, = 100°K and T, = 0°K, the

temperature distributions (exact and finite element) for various times are plotted in
Figure 2. As can be seen, agreement of results is excellent.!

'"Problem and analytical solution graphs were obtained from the work by R.V.S. Yalamanchili and S.C. Chu
(see Sources).
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40 L l l l I
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Depth (m)

Figure 2. Comparison of finite clement and analytical solutions for heat flow in a semi-
infinite solid, where h=k =pc =1 ;Tg=100 K,and T_=0 K.
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The following thermal properties are used in sample problems 2 to 6.

Material: aluminum

ke = k, =k, = 6299 Wm'K!

pc = 7276 Tm3K'1

‘h = 4'2,03' W.m;3K'1

€ = 0.1 = a;absorptivity

T, = 297.2K R
t = 0.0254m

, Problem 2: Two Dimensions — With Radiation and Convection (Finite Element and
Finite Difference Solutions)

Consider one quarter of a symmetric pipe where the external surface, a, radiates to an
environment at 255.6K and the internal surface, b, is a convective boundary with
T, = 373.3K.

' T '/ /) 3133k 20 2l 22
b
b
% T 15 16 i7 18 19
' 12192 ° 0.6096 m % . 10 B 12 L) 14
%0.9144 m . , .
/ 5 9
ol ‘L

a 23 | 2 3 4

255.6 K

Table 1 shows transient and steady state temperature predictions for nodes 1 to 23, found
by the finite element program. Also shown are predictions for corresponding nodes of an
implicit finite difference program using a 30-node model.
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-Table 1

Comparison of Finite Element and Finite Difference
Results for Problem 2.

Node T at 1800s T at 3600s T at 7200s
Finite Finite Finite Finite Finite Finite
Element Difference Element Difference Element Difference
1 297.4K 297.9K 300.6K 301.0K 308.6K 308.7K
2 298.0 298.4 301.7 301.9 309.7 309.7
3 298.6 298.9 302.7 . 302.9 310.8 310.7
4 299.0 299.1 303.3 302.3 311.3 311.1
5 297.6 298.1 300.9 301.3 308.9 308.9
6 298.1 298.4 301.6 301.8 309.6 309.6
7 299.1 299.3 303.0 303.2 3109 310.9
8 299.9 300.2 304.3 3044 312.2 312.2
9 300.2 3004 304.8 304.9 312.7 312.7
10 298.8 299.2 303.1 303.1 311.0 310.9
11 299.9 300.1 304.2 304.2 312.1 311.9
12 3025 302.5 306.9 306.9 314.6 314.4
13 304 .4 304.5 309.1 309.2 316.6 316.6
14 304.9 305.0 309.8 3099 . 317.2 3173
15 300.7 300.7 305.6 305.3 3134 313.1
16 302.7 302.3 307.5 307.2 315.2 314.8
17 309.6 309.2 3139 313.6 - 3209 320.1 .
18 313.4 313.6 317.8 317.8 324.3 324.4
19 314.1 3144 318.6 3189 325.1 325.3
20 - 301.7 301.6 306.8 - 306.6 314.6 314.3
21 303.9 304.1 3089 . 308.9 316.6 316.4
22 3119 312.4 316.5 316.8 323.2 323.4
23 297.1 297.7 2999 300.6. 307.9 308.2
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Table 1 (Continued)

Comparison of Finite Element and Finite Difference

Results for Problem 2.

Node T at 18,000s T at 36,000s T for Steady State
Finite Finite Finite Finite Finite Finite

Element Difference Element Difference Element Difference

1 328.1K 327.8K 347.9K 347.7K 370.9K. 370.9K
2 328.9 328.7 3484 348.7 371.1- 371.1
3 329.1 3294 348.8 348.6 371.1 371.1
4 330.1 329.7 349.1 348.7 371.2 371.2
5 328.3 328.1 348.1 347.8 370.9 370.9
6 328.8 328.5 348.4 348.1 371.1 371.1
7 329.8 329.5 348.9 348.7 371.2 371.2
8 330.7 3304 3494 349.2 371.3 371.3
9 331.0 330.8 349.7 3494 371.3 371.3
10 329.8 329.4 348.9 348.6 371.1 371.1
11 330.6 330.2 349.4 349.1 371.2 371.2
12 332.3 331.9 3504 350.1 371.4 371.4
13 333.7 333.6 351.2 351.0 371.4 371.5
14 334.2 334.1 3514 351.3 371.5 - 371.5
15 331.6 331.0 3499 349.5 371.2 371.2
16 332.8 332.2 350.7 350.2 371.3 371.3
17 336.8 336.1 3529 3524 371.6 371.6
18 339.2 339.1 354.2 354.1 371.7 371.8
19 339.7 339.6 354.6 354.4 371.8 371.8
20 332.3 331.9 350.3 350.0 371.2 371.2
21 333.7 3334 351.2 350.9 3714 371.4
22 338.4 - 338.3 353.8 353.7 371.7 371.7
23 327.6 327.5 347.6 3474 370.8 370.8
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Problem 3: Two Dimensions, With Internal Heat Generation, Specified Flux, and
Convection (Finite Element and Finite Difference Solutions)

Consider one quartér’of a symmetric pipe with the external boundary, a, exposed to the
normal flux described by the curve below; with the internal convective boundary, b,
exposed to a fluid at 255.6K; and with internal heat generation throughout the pipe,

(Q=10.34 Wm™3). The model used is the same as that for problem 2, illustrated previously.
Results are shown in Table 2. '

/) 2556K

T
by
0.6096 m
12192 m
9144
Q=1034 09144 m

——1.2192m ——

Filux for boundary a

535.9

q (W. m'z)

S —
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Table 2

Comparison of Finite Element and Finite Difference
Results for Problem 3.

Node T at 1800s T at 3600s T at 7200s

Finite Finite Finite Finite Finite Finite

Element Difference Element Difference Element Difference

1 298.8K 298.2K 298.0K - 297.5K 295.2K 294.8K
2 298.2 297.8 297.0 296.7 294.1 293.9
3 297.7 297.4 296.2 296.0 293.3 293.1
4 297.5 297.3 295.8 295.8 292.9 292.8
5 298.7 298.2 297.8 297.3 295.0 294.6
6 297.8 2974 296.8 296.5 294.0 293.7
7 296.9 296.7 295.6 2954 292.8 292.6
8 296.3 296.2 294.7 294.6 291.8 291.6
9 296.1 296.0 294.3 294.2 291.4 291.3
10 297.7 2974 296.3 296.1 293.4 293.3
11 296.5 296.3 295.0 294.9 292.2 292.1
12 294.7 294.7 293.1 293.1 290.3 290.2
13 ° 293.6 293.5 291.6 291.5 288.9 288.7
14 293.2 293.2 291.2 291.1 288.4 288.2
15 296.6 296.5 294.7 294.8 291.8 291.9
16 294.8 294.9 292.9 293.1 290.1 290.3
17 290.8 291.1 289.0 289.3 286.4 286.7
18 288.5 288.4 286.7 286.4 284.2 284.1
19 288.1 288.0 286.1 285.9 283.7 283.5
20 296.0 295.9 294.0 294.0 291.1 291.1
21 2941 294.1 292.1 292.1 289.3 289.3
22 289 .4 289.2 287.6 287.4 285.1 284.9
23 299.6 298.6 299.0 298.0 296.2 295.3
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- Table 2 (Continued)

Comparison of Finite Element and Finite Difference
Results for Problem 3.

Node T at 18,000s T at 36,000s T for Steady State
Finite Finite Finite Finite Finite Finite

Element Difference |- Element Difference Element Difference

1 288.1K 287.7K 280.7K 280.3K 272.2K 272.4K
2 287.1 286.9 279.9 2796 . 2714 271.8
3 286.3 286.2 279.2 279.0 271.0- 271.3
4 286.1 285.9 279.0 278.8 270.8 271.2
5 2879 287.6 280.6 280.2 - 272.1 272.4
6 286.9 286.7 279.7 2794 2713 - 271.7
7 2859 285.7 - 278.8. 278.6 270.6 - 270.9
8 285.1 284.9 278.1 277.9 270.0 270.3
9 284.7 284.6 277.8 277.6 269.8 270.1
10 286.5 286.4 2794 279.2 271.2 271.6
11 285.4 285.3 278.4 278.2 270.3 270.7
12 283.8 283.8 277.1 2717.2 269.3 269.7
13 282.6 282.4 276.1 2759 268.6 268.9

14 282.2 282.1 275.8 275.6 268.4 268.7
15 285.2 285.2. 278.4 278.3 270.5 270.3
16 283.7 283.8 277.1 276.9 269.4 269.8
17 280.7 280.9 274.7 274.7 267.8 268.2
18 278.8 278.7 273.2 273.1 266.7 266.9
19 278.3 278.2 272.8 272.7 . 266.4 266.7
20 284.6 . 284.6 2779 277.8 270.2 270.6
21. 283.1 283.0 276.6 276.4 274.7 269.4
22 279.6 279.6 273.9 273.7 267.2 267.3
23 289.0 288.2 281.6 280.7 272.9 273.3
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Problem 4: Three Dimensions — Specified Temperature and Convective Surfaces

Consider a hollow cube where the outside surface temperature for side a is held constant at
422 .2K and the convective surface of side b is exposed to a fluid with T, =255.6K. Tetra-
hedral elements have been used to model an eighth of this symmetric cube, resulting in the

nodal points shown in the sketch. Results of the thermal analysis are shown in Table 3.

SURFACE THICKNESS 0.0254 m

a

A T
0.6604 m |
OUTSIDE ]
0.6096 m |
INSIDE - )—---r:- b
/, f’.~\

POINTS ON INSIDE SURFACE POINTS ON OUTSIDE SURFACE
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Table 3

Finite Element Results for Problem 4.

T for
Node | T at120s| T at300s| T at900s| T at 1800s| T at 3600s | Steady State

1 422.1K 422.2K 422.2K 422.2K 422.2K 422.2K
2 422.1 422.1 422.2 422.2 422.2 422.2
3 416.9 4185 419.7 420.1 420.3 420.3
4 413.9 416.5 418.4 419.1 419.3 419.4
5 366.2 383.9 396.4 400.8 402.9 403.3
6 323.8 350.3 371.1 379.2 383.1 383.8
7 321.8 348.1 369.9 378.4 3824 383.2
8 303.1 323.7 346.3 357.1 362.3 363.3
9 296.2 305.2 3231 334.6 340.6 341.7
10 296.5 305.8 325.2 337.2 343.2 344.4
11 294 .4 293.9 305.2 316.3 32222 323.3
12 290.3 284.8 289.3 298.3 303.3 304.2
13 2924 288.1 295.6 305.9 311.5 312.6
14 287.6 281.1 283.1 290.8 295.3 296.1
15 285.6 277.3 275.6 281.7 285.4 286.2
16 4222 422.2 422.2 4222 422.2 422.2
17 4222 422.2 422.2 4222 422.2 422.2
18 4222 422.2 422.2 422.2 4222 - 4222
19 422.2 422.2 422.2 422.2 422.2 4222
20 365.9 383.8 396.3 400.7 402.8 403.2
21 3236 350.3 “371.1 ©379.3 383.1 328.3
22 322.1 348.1 369.7 378.2 382.2 383.0
23 303.1] 323.7 346.3 357.1 362.3 363.3
24 296.2 305.3 323.1 334.7 340.6 341.7
25 296.7 306.0 3255 337.5 288.0 344.7
26 294 4 294.0 305.4 316.4 3223 323.4
27 290.1 284.2 288.3 297.2 302.2 303.2
28 292.3 287.4 294.6 304.9 310.6 311.6
29 287.5 281.0 282.9 290.7 295.1 295.9
30 285.2 277.1 275.2 281.3 285.0 . .285.7
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Problem 5: Three Dimensions — Specified Temperature, Flux, and Radiative Surfaces

The outside surface temperature for side a of a hollow cube is specified as T, = 233.3K;;

* the shaded portion of the cube is exposed to normal flux, an external q = 1398.1 W m2;

- and radiation exists between all internal surfaces. Tetrahedral elements have been used to
. model the entire cube. The grid point locations of the models are shown in the “flattened
diagrams.”

SURFACE THICKNESS 0.0254 m

0.6604 m ' FRONT RIGHT
outsioe | SIDE
. m P
l nsipe A -
/j
‘ 16
13 oo 19 : 39 4z 45
TOP : : :
10 25 lo2 36 | . 5] 48
22 19 16 13 10 ' 27 48 45 42 39 36
T * -~ ¢ 7 33 330 * ¢ 33
gack? | m.sibe | FRONT | L.siDE BACK | R.SIDE | FRONT | L.SIDE
8 5 2| 23] 20 7 14l I 34 311 |284l946| 4|3 |403|7
9 6 3 i 7 9 35 3]2 —d 35
BOTTOM| 24 21 18 5 12 , |29 50 47 44 a1 38
12 ~ 24 © 38 3{2 5o
v 2[6 INNER NODES . . OUTER NODES
15 2 VIEWED FROM INSIDE 4 47 VIEWED FROM INSIDE
18 ‘ .44 :

Results of the finite element analysis are shown in Table 4. The temperatures for nodes
27,30, 33, 36, 39, 42, 45, 48, and 51 are constant (T =233.3K) and hence_are not shown
in this table.

32



Table 4

Finite Element Results for Problem 5.

T for

Node| T at 180s| T at 300s | T at900s | T at 3600s | T. at 7200s | Steady State

1 236.1K- 235.1K 234.5K 233.9K 233.6K 233.4K
2 286.6 266.6 256.4 2453 237.5 235.3
3 298.3 284.5 269.4 252.2 239.9 236.4
4 235.6 234.8 2343 233.8 233.5 2334
5 285.9 266.7 256.7 245.6 237.7 2354
6 297.6 285.5 270.4 252.8 240.3 236.8
7 236.7 235.4 234.8 234.1 233.6 2334
8 286.7 266.9 257.0 245.8 237.9 235.7
9 298.1 284.6 269.9 252.7 240.4 236.9
10 235.6 234.8 2343 233.9 233.6 2334
11 285.2 267.1 257.6 246.6 238.8 . 236.6
12 297.5 286.7 272.2 254.7 24223 238.7
13 235.9 235.0 234.6 234.0 233.7 233.6
14 287.2 269.3 259.9 249.0 241.2 239.0
15 300.5 289.4 275.2 258.1 245.8 2423
16 235.6 234.9 2344 234.0 233.7 233.6
17 287.3 269.4 2599 248.9 241.2 239.0
18 298.4 288.2 273.8 256.4 244.0 240.5
19 236.7 235.5. 234.9 234.2 233.8 233.6
20 286.6 2674 257.6 246.6 238.8 236.5
21 297.9 285.3 270.8 253.8 241.7 238.3
22 235.6 234.8 234.3 233.9 233.4 2334
23 285.8 266.5 256.7 245.7 237.9 235.7
24 297.4 285.4 270.5 252.9 240.6 237.0
25 233.6 233.5 2334 2334 2333 233.3
26 295.8 231.8 272.4 2543 241.6 237.9
28 286.6 266.6 256.4 2453 237.5 235.3
29 299.1 285.5 270.2 252.5 240.1 236.5
31 285.9 266.8 256.7 245.6 2377 2354
32 298.1 286.2 270.9 253.1 240.4 236.8
34 286.8 266.9 257.0 245.8 237.9 235.7
35 298.7 285.3 270.4 252.9 240.5 236.9
37 285.3 267.2 257.6 246.7. 238.8 236.6
38 298.1 287.4 272.8 255.1 242.4 238.9
40 287.3 269.4 260.0 249.1 241.4 239.2
41 30L.5 290.8 276.3 258.8 246.4 242.8
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Table 4 (Continued)

Finite Element Results for Prob]erﬁ 5.

: : T for

Node [T at180s | T at 300s|{ T at900s{ T at3600s | T at 7200s | Steady State

43 287.3K 269.4K 259.5K 249.0K 241.2K 239.0K
44 298.9 288.9 274.3 256.8 2443 240.7
46 286.7 267.3 257.5 246.5 238.7 236.4
47 298.6 286.1 271.4 2541 241.8 238.3
49 285.9 266.6 256.7 245.7 2379 233.7

50 297.8 2859 270.8 253.2 240.7 237.1
52 295.8 287.3 272.4 254.4 241.6 237.9
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Problem 6: Three Dimensions — Figure With Radiative and Flux Surfaces

A figure with front, back, and two sides has all internal and one external (right side) sur-
faces radiating with an environment of T, = 255.6K; the outer surface on the left side is
exposed to a specified normal flux q = 1576.2 W m'2; and all inner surfaces radiate with

each other. Tetrahedral elements with grid points as shown have been used to model the
figure. Results of the analysis are shown in Table 5.

SURFACE THICKNESS 0.0254 m

-
0.6604 m 0.6096 m
R.SIDE
FRONT
0.6604 m
7 4 1 22 9 18 13 10 7
I L) v L]
BACK R. SIDE FRONT L. S|DE‘
8 5 2 23 |20 7z 14 i 8
9 6 3 24 21 18 I8 12 9
e e
0.6096 m
INNER NODES

33 30 27 24 45 42 39 36 33

BACK ) R. SIDE " FRONT L. SIDE
34 3 28 215 46 413 40 3|7 34
35 32 29 26 47 44 4) 38 35
e ey
0.6604 m

OUTER NODES
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Table 5

Finite Element Results for Problem 6.

T at T at T at T at T at T for
Node 3600s 7200s 18,000s 36,000s 72,000s Steady State
1,19 310.3K 334.0K 404.9K 509.8K 645.3K 715.7K
2,20 310.3 334.1 404.9 509.8 645.3 715.6
3,21 310.4 334.2 405.1 509.9 645.3 715.6
4,16 318.9 343.6 415.0 521.6 661.3 735.1
5,17 318.8 343.5 4149 521.5 661.2 735.0
6,18 319.1 343.7 415.1 521.7 661.2 734.9
7,13 330.1 358.5 430.2 537.6 679.5 755.1
8,14 3329 358.4 430.2 537.6 679.4 754.9
9,15 333.0 358.4 430.2 537.5 679.3 754.9
10 339.6 365.2 437.0 544 .4 686.5 762.1
11 339.5 365.1 436.9 544 .4 686.4 762.0
12 283.6 364.7 436.5 543.9 685.9 761.4
22 308.7 332.3 402.8 507.0 640.4 709.1
23 308.7 332.3 402.8 507.0 640.4 709.1
24 309.1 332.7 403.3 507.4 640.8 709.5
25 308.7 332.3 402.8 . 506.9 640.3 709.0
26 309.1 332.7 403.2 -507.3 640.7 709.3
27,45 309.9 333.8 404.6 509.4 644.8 715.1
28,46 310.0 333.8 404.6 509.5 644.8 715.1
29,47 310.1 333.9 404.7 509.6 644.8 715.0
30,42 318.9 343.6 415.0 521.6 661.3 735.1
31,43 318.8 343.5 414.9 521.5 661.2 735.0
32,44 319.1 343.7 415.1 521.7 661.2 734.9
33,39 333.4 358.8 430.6 - 538.1 680.1 755.6 |
34,40 333.3 358.8 430.6 - 538.0 679.9 755.5
35,41 3334 358.8 430.6 538.0 679.9 755.2
36 339.7 365.3 437.1 544.5 686.6 762.2
37 339.6 365.2 437.0 544.5 686.5 762.1
38 283.7 364.9 436.6 544.1 686.0 761.6
48 308.7 332.3 402.8 506.9 640.3 708.9
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FINITE ELEMENT COMPUTER PROGRAM

. Input Cards and Data Required

The following is a déscription of data necessary for the finite element thermal analysis
program written for an IBM 360-95 computer. Each data deck must first include card
types 1 to 5. If radiation boundary conditions exist, these are described by card types

6 and 7. When time dependent data are used, card type 7 is followed by sets of card types
8 to 13.'(One card type 8, plus combinations of types 9 to 13 must be included for each

" increment where there is a change.) Finally, card types 14 and 15 must be included."

Card Type Data Description Data Type Field Location -

1 . Title of thermal analysis Alphanumeric 1-80
Title Card problem ’

2 Number of nodes Integer (1) 1-4
General Number of elements . I 5-8
Information Number of materials | 9-12
(one card) Dimension of elements I 13-16

(2 = triangles,

3 = tetrahedrons)

Blank spaces 17-20
*Number of increments I 21-24
*Time increment (hr) Real (R) 25-32

Specified boundary I 33-36

code (0 =no, 1 =yes)

Radiation code (O = no, I 3740

1 = boundary radiation,

2 = surface radiation)

Convection code (0 = no, I 4144

1 = boundary convection,

2 = surface convection)

Normal flux code (0 = no, I 4548

1 = boundary flux,

2 = surface flux)

Internal heat generation code I 49-52

(0 =no, 1 =yes)

number in field 25-32 (time increment size).

*Note: For steady state results only, place a 0 in field 21-24 (number of increments) and a negative real
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Card Type Data Description Data Type Field Location

3 Node number I 1-8
Nodal
Information x-coordinate (ft) R - . 9-16
(one card per y-coordinate (ft) R 17-24
node) z-coordinate (ft) R 25-32
Initial temperature of node R 3340

(°F or °R; °R must be used
if radiative boundary condi-
tions exist.)*

*Note: If this node temperature is specified (fixed), precede temperature value by a negative sign (-).

4 Element number I 14
Element *Node i of element 1 5-8
Information *Node j of element 1 9-12
(one card per *Node k of element I 13-16
element) ’ *Node | of element I 17-20

Material of element 1 21-24
Thickness of element (ft) R 25-32
Blank spaces 33-36
Boundary condition code 1 3740
(0 = no boundary conditions, -
1 = boundary conditions)

**Internal heat generation value R 41-48
(Btu/hr ft3)

**Convective coefficient h R 49-56
(Btu/hr ft2F)

** Ambient fluid temperature R 57-64
(°F or°R) _

tValue of normal flux R : 65-72

(Btu/hr ft?)

*Note: For triangular elements, describe i,j,k in a counterclockwise direction, leaving | blank. When a
boundary of the triangle is subject to boundary conditions, denote the boundary nodes by i and j.
For tetrahedral elements, again let any surface subject to a boundary condition have nodes i,j,k;
and number the nodes such that, viewed from point 1, the i,j, and k are counterclockwise.

**Note: These values all are boundary condition variables. Leave the data location blank (or use 0) if the
information requested is unapplicable to the element described by columns 1-32.

tNote: The flux in is negative; flux out is positive.
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Card Type Data Description Data Type Field Location

5 Material number I 1-8
Material Conductivity coefficient, k, R 9-16
Information of material (Btu/hr ft F)

(one card per Conductivity coefficient, ky, R 17-24
material) of material
*Conductivity coefficient KZ, R 25-32
of material
Heat capacity, pc, of material R 33-40
*Material internal heat R 4148
generation, Q (Btu/hr ft3)
*Emissivity of material R 49-56
* Absorptivity of material R 57-64
*Note: Leave blank if inapplicable to material. If an element or boundary of this material participates in

radiation, 49-64 must be specified.

If no radiative boundaries exist, omit card types 6 and 7.

6 *Temperature of environment R 1-8

Radiation to which continuum is

Information radiating

(one card) **Maximum number of iterations I 9-16
to be performed to attain
steady state temperatures

™, Acceptance criterion for R 17-24
steady state answers (If left
blank, = 0.00001 is used.)
*Note: Leave field 1-8 blank if there is radiation but none with the environment (or with any fixed

**Note:

tNote:

temperature source).

This number, N6, should be > number of increments specified on card type 2, N2, denoting the
number of increments for which output is desired. However, N6 denotes the maximum number
of desired iterations (increments) to try to obtain a steady state distribution. Printed results will
include temperatures at increments 1 through N2 and at steady state (or at N6 if steady state
has not been attained.) This parameter is required for radiative problems only.

Answers are assumed to be at steady state, when for each node | 1-T/T, +d7!$ .
This parameter is required for radiative problems only.
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Card Type Data Description - Data Type Field Location

7 *Radiating element 1 I 14
Radiation *Radiating element 2 I 5-8
Information *F1.9 R 9-16
(one card for Radiating element 1 I 17-20
five radiating Radiating element 3 I 21-24
conditions) Fi3 R 75.32

Kl
Radiating element n I
Radiating element m I
TFhm | R

" *Note: If 1 and 2 are radiating elements, separate entries must be made for F, , and F, ,, one entry
containing “element 1, element 2, F,_,” and the other containing “element 2, %lement LF, ;"

**Note: Begin new card if needed and proceed as above, using two integer fields of four for identification
of the two radiating elements, followed by one 'real field of eight for the form factor value.

tNote: After all radiative form factors have beenread in, place a negative integer in the next integer
field of four. (I.e., place this negative number where the next element title would be if there
were another form factor to be described.) This number is a code to denote the end of
radiative data.

If no time dependent data exist, oimit card types 8—13.

8 Increment of first or riext I 14
change in any input data

Number of elements with new I 5-8
ambient fluid temperature at '
this increment

Number of elements with new I 9-12
‘normal flux value at this

increment

Number of elements with new I 13-16

internal heat generation value

at this increment

Number of materials with new I 17-20
internal heat generation value

at this increment

Number of nodes with new I 21-24
specified temperatures at thls
-- = - - < increment- 7 = - -
*New increment value (if R 25-32

it changes)

*Note: For no change in increment size, leave field 25-32 blank.
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To describe time changing data for the first (or next) increment, follow card type 8 with
the appropriate combination of 9, 10, 11, 12, and 13. (I.e., if only the ambient fluid
temperature is changing at this increment, then only card type 9 is needed to describe it.
This type, therefore, will follow 8. If, however, there is no change in ambient fluid temper-
ature, but flux or specified nodal temperature change, card 8 is followed immediately by
10, then by 13). To describe a change in increment size, only card 8 is needed.

Card Type Data Description Data Type Field Location
9 Number of first element : I 1-8
Time Changing subject to new ambient
Data—Ambient fluid temperature
Fluid Temperature ~ New ambient fluid R 9-16
temperature for element
Number of second element I 17-24

subject to new ambient

fluid temperature

New ambient fluid R 25-32
temperature for element

Number of last element I

subject to new ambient

fluid temperature

New ambient fluid R

temperature for element \
!

*Note: Begin new card if needed and proceed as above, each element having an integer field of 8 for its
identification and a real field of 8 for its new value. .

10 Number of first element I 1-8

Time Changing with change in flux value

Flux Data New value of flux R 9-16
Number of second element I 17-24
with change in flux value
New value of flux ' R 25-32

*

Number of last element I
with change in flux value
New value of flux R

*Note: Begin new card if needed and proceed as before, each element having an integer field of 8 for
its identification and a real field of 8 for its new value.
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Card Type Data Description Data Type Field Location

11 Number of first element I 1-8
Time Changing with internal heat
Data—Internal generation change
Heat Generation New value for internal R 9-16
(Element) heat generation
Number of second element I 17-24

with internal heat

generation change

New value for internal R 25-32
heat generation

Same information for last

element with internal heat

generation change

*Note: Begin new card if needed and proceed as before, each element having an integer field of 8 for
its identification and a real field of 8 for its new value.

12 Number of first material I 1-8
Time Changing with internal heat
Data--Internal generation change
Heat Generation New value of internal ' R 9-16
(Material) heat generation
Number of second material 1 17-24

with internal heat

generation change

New value of internal R 25-32
heat generation

Same information for last

material with internal heat

generation change

*Note: Begin new card if needed and proceed as before, each element having an integer field of 8 for
its identification and a real field of 8 for its new value.
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Card Type Data Description Data Type Field Location

13 Number of first node I 1-8
Time Changing with new specified
Data--Specified temperature value change
Nodal Temperature  New value of nodal R 9-16
temperature

Number of second node I 17-24
with new specified

temperature

value change

New value of nodal R 25-32
temperature

Same information for last

node with specified

temperature value change

*Note: Begin new card if needed and proceed as before, each node having an integer field of 8 for its
identification and a real field of 8 for its new value.

If data change at a later time increment, return to card type 8. If not, use type 14.

14 Integer greater than the I 14
End of Time maximum increment
Dependent _ specified on card 2, field
Data Code 2124
Card
15 *Terminator card (i.e., /* for 360-95) 1-2

*Note: To submit more than one data deck per run, assemble each deck as above (excluding card type
15); stack the decks one behind the other; follow the final deck with card 15.
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Computer Program Listing of FEM

COMMON XIYJZK(12) 9 X(10093)9sH(2009100)sP(100+9100)+sFORCE(100)
AREA(150) yHEAT (150) s HCONV (150) s COND (S93) 9Q(5) sPC(5) s T(100)
FO(100) 9F (100) s AMB(150) s FLUX(150) s FORM(1509150) 9E(S) +sA(S)
HH(1009100) 9 TH(150) sV (100) sPER(100) sDET (494) » VOLUME (150)
STEADY » INDEX (15094) +NBND1 (150) s MATERL (150) s INCReNEL sNODES s NMAT»
NDIM

DIMENSION S(100+100)TO(100) sNELEM(S) sMELEM(3) +FOR(5) s IDENT (20)

INTEGER®4 STEADY

REAL # 8 DFORCEs DCs DBy DDIF+DDT+OCHK

N & WN =

NORDER = 100
10000 CONTINUE
TIME = 0,
INCR = 0
READ(609999END=10001) IDENT
99 FORMAT (20A4)
READ (609 1009END=10001) NODESsNEL9NMAT+NDIMsMAXINCsDELTAINCONST
2 NRAD s NCONV.o NFLUX 9 NHEAT
100 FORMAT(4I49189F8404514)
10002 CONTINUE .
WRITE(61+101) IDENTyNDIMsNEL sNODESsNMAT s NCONST s NRADsNCONV eNFLUX
1 NHEATs MAXINCs DELTA
101 FORMAT(1H1/1HOs 4SXs20A4/1H0
1 /1H0+SSX»1HDIMENSION =s13,
1 Z/1HO+S5Xs20HNUMBER OF ELEMENTS =+ I3,
1 /1H0+SS5Xs 1 7HNUMBER OF NODES =s I3
1 /71HO0+55Xs 21HNUMBER OF MATERIALS =» 13
1  /1H0»55X943HCONSTANT TEMPERATURE INPUT (0=NOs 1=YES) = oIl A
1 /1H0+55X»68HRADIATION INPUT (0=NO» 1=BOUNDARY RADIATIONs 2=SURFA
1CE RADIATION) = s11,
1 /1H0+55Xe71HCONVECTION INPUT (0=NOs 1=BOUNDARY CONVECTIONs 2=SUR
LFACE CONVECTION) = 4110
1 /1HO0»SS5XsS3HFLUX INPUT (0=NOs 1=BOUNDARY FLUXs 2=SURFACE FLUX) =
1 11
1  /1H0+S5Xs4THINTERNAL HEAT GENERATION INPUT (0=NOs 1=YES) = o+1l»
1 /1HO0»SSX93SHMAXIMUM NUMBER OF TIME INCREMENTS =¢13,
1/1H0955X 9y 44HTIME INCREMENT (+TRANSIENTs ~STEADY STATE) =9F15.5s
1 /1HO)
c SET SWITCH FOR STEADY STATE (-DELTA) OR TRANSIENT (+DELTA)
STEADY = 2
1F (DELTA) 11000+11000+12000
11000 STEADY = 1
DELTA = -DELTA
12000 CONTINUE

44



NODE INFORMATTION

(e XeXg]

WRITE (61+s104)
104 FORMAT (1HO0950Xe 16HNODE INFORMATION/L1HO98X9elHNs 1 7XelHX914X9e 1HY
2 14X91HZ9 14Xe 1HT/)
DO 105 K = 1+NODES
READ(609102) ToX(Iol)oeX(I92)eX(I93)y T(I}
102 FORMAT (18+4E£8,.0)
WRITE(619103) TeX(Iol)oX(I02)eX(I93)eT(I)
103 FORMAT (SXsSHNODESsI395X94F 15.5)
105 CONTINUE
C TABULAR PRINT REGULATOR
LINE = 60
LINBLK = (NODES+S)/S

ELEMENT INFORMATTION.

OO0

WRITE (61s113)
113 FORMAT (1H0/1HO0 950X s 1SHELEMENT INFORMATION/1HO9SX91HE9SXs IHI 95X
1 1HJ9SXsIHKe5Xs 1HL 93X s BHMATERIAL 9 7Xs GHTHICKNESS 96Xy
1 1HQs8Xes7HBC CODE+10Xsl1HH1IXs1HT910Xs GHFLUX/)
DO 112 N = 1eNEL
READ(60+110) Io(INDEX(IsJ)eJ=1e4) sMATERL(I)sTH(I)
1 NBND1(I)sHEAT(I)9sHCONV(I)eAMB(I)sFLUX(I)
110 FORMAT (614+F8.0918+s4F8.,0)
WRITE(619111) 19 (INDEX(I9J)sJ=1e4) s MATERL(I) o TH(L) sHEAT(I)
1 NBND1(I)+HCONV(I)+AMB(I) FLUX(I)
111 FORMAT (4X913+416906XeI495XK92F12.345X915¢5X93F12.3)
112 CONTINUE

MATERTIAL INFORMATTION

[eXeXe]

WRITE (619114)
114 FORMAT (1HO/1HO950Xs 20HMATERIAL INFORMATION /1HOs 8XelHMs B8X9e2HKX
1910Xe2HKY 910X 92HKZ910X92HPCo10Xs 1HQe11XoIHES L1X91HA/)
DO 120 M = ] oNMAT
READ(609115) IsCOND(Is1)9COND(I92)sCOND(I93)sPCUI)sQ(I)sE(I)sA(I)
115 FORMAT(I8+7F8.0) '
WRITE(619116) IsCOND(I91)sCOND(I92)sCOND(I93)ePC(I)sQ(I)sE(I)sA(]I)
116 FORMAT (SXsISe7F12.3)
120 CONTINUE
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OO0

RADIATION INFORMATION
IF (NRAD) 13091309131

131 READ(609139) TWALLsMXSSIN sRADTOL
139 FORMAT (FB,0918sF8,0)

135

1720

137
132
133

136

138
145

144

146

134

130

140

OO0

151

46

150

15¢

IF (RADTOL .LE. 0.) RADTOL = ,00001
WRITE (61+135) TwaLlLs MXSSIN s RADTOL

FORMAT (1HO/1H0+50Xs 3 7THRADIATION FACTORS/1HO s 6HTWALL=9F12.495X s 13HM
2AXe SS INCe= v I4s SX» 10HTOLERANCE= » F12.6/1H0)

STEADY = 2

DO 1720 I=1eNODES

TO(I) = ABS(T(I))

DO 137 I = 1eNEL

DO 137 J = leNEL

FORM(I+J) = 0.

READ (609133) (NELEM(I)sMELEM(I)sFOR(I)sI=1s5)
FORMAT (S5(214+F8.0))

DO 145 I=1+5

ITEM=1

IF(NELEM(I)) l44sl44s136

N=NELEM(I)

M=MELEM(I)

FORM(NsM) = FOR(I}

JF(FORM(NIN)) 1455138+145

FORM(NeN) = =],

CONT INUE

GO TO 146

ITEM=ITEM=-]

IF (ITEM) 130+130s146
HRITE(61'134;(NELEH(I),MELEN(I)OFOR(I)OI=IOI?EM)
FORMAT(2X9S(2HF (9129 1HeesI293H) =9F7,5¢ 8X))
IF (ITEM LEQe 5) GO TO 132

CONTINUE

READ (60»140) INCsy NAMBSs NFLUXSs NHEATSs NQSs NODSs DELTAN

FORMAT (614,F8,0)
HOW MANY FIXED NODES

NCONST = 0

00 150 N = 1sNODES

IF(T(N)) 15151505150

NCONST = NCONST + 1

CONTINUE

NVAR = NODES = NCONST

WRITE (619154) NVARsNCONSTsNODES

FORMAT (1HO 9 10Xy SHNVAR=91395Xs THNCONST=913+5Xy OHNODES=+13)



[aXgXg)

156
155

161

162
163

164

160

167
166
165

992

200

15010
199

CONSTRUCT SIMILARITY TRANSFORMATION MATRIX FOR CONSTANT NODES

IF (NCONST .EQ. 0) GO TO 992

00 155 I = 1+NODES
DO 156 J = 19NODES
S(I+J) = 0.

S(IsI) = 1,0

NLAST = NODES

DO 160 N = 1sNVAR

IF(T(N)) 16191604160

T(N) = = T(N)

IF (T(N) JLEe l.E=T7S5) T(N) = O,
IF (T(NLAST)) 16391649164
T(NLAST) = =T (NLAST)

IF ( T(NLAST) <LE. 14E~75) T(NLAST) = 0.
NLAST = NLAST - 1

GO TO 162

S(NsN) = 0,

S{NLASTsNLAST) = 0,

S{NLASTeN) = 1,

S{NsNLAST) = 1.

NLAST = NLAST -1

CONTINUE

NVAR]I = NVAR + 1

IF (NODES - NVAR1) 992y 1674167
DO 165 N = NVAR1sNODES

IF(T(N)) 166+165+165

T(N) = =~T(N)

IF (TI(N) oLEe 1.E-75) T(N) = 0.
CONT INUE .

CONTINUE

00 200 I = 1+NODES

FO(I) = 0.

DO 200 J = 1sNODES

H(IsJ) = 0.

P(IsJ) = 0,

CONTINUE

INITIALIZE THE FORCE VECTOR AND H MATRIX
NTCD = 0

DO 199 I=1+NODES

F(I) = 0.
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48

(g XeXe]

15012
15011

220
221
224
226

228
229
233
230

231
232
2000

234
15103
201

11119

CALCULATIONS

DO 2000 N=1sNEL

IF (NTCD +EQe. 2) GO TO 15011

CALL CONDUC (NsMATERL (N))

OMIT SPECIFIC HEAT IF STEADY=STATE
GO TO(15011915012)+»STEADY

CALL SPECIF (NsMATERL (N))
NN=MATERL (N)

TOTAL=HEAT (N) + Q(NN)

IF (TOTAL) 220+221+220

CALL HETGEN(N,yTOTAL)

IF (NBND1(N)) 2000+2000s224

IF (FLUX(N)) 226+227+226

CALL FLUXN(NsNFLUX)

IF (HCONV(N)) 2289229228

CALL CONVEC(N+NCONVeNTCD)

IF (NRAD) 2000+2000+233

IF (FORM(NsN)) 230+2000,230

DO 232 J = lsNEL

IF (FORM(NeJ)) 23192329231

CALL RADIAN(Ns JsFORM(NsJ) sNNs TWALL 9 NRAD)
CONT INUE

CONT INUE

IF (NTCD NEe. 2) GO TO 234

NTCD = 0

GO TO 15113

GO TO (15101+15103)+sSTEADY

DO 201 I=1+NODES

FO(L) = F(I)

WRITE (61911119) (IsVOLUME(I)sI=1eNEL)
FORMAT (1HO0/1HO0+S50X+26HAREA OR VOLUME OF ELEMENTS
2 6(2HA(2I392H)=s FB8.395X)))
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5102

250
15101

320
321

325
326
329
332

1005

1

COMPUTE COEFFICIENT MATRICES (H+2/0ELT*®#P) AND

SKIP IF STEADY=STATE

FACTOR = 2./DELTA

DO 250 I = 1+NODES

DO 250 J = I+NODES

HIJ = H(IeJ)

PIJ = P(I+J)#*FACTOR

H(IeJ) = HIJ + PIJ

H(JsT) = H(IsD)

P(Isd) = HIJ = PIJ

P(JeI) = P(Is))

IF (NCONST .EQ. 0) GO TO 329
DO 321 J=1+NODES

DO 320 I=1sNODES

V(I) = 0.

DO 320 K=1sNODES

VII) = V(I) o S(I+K)*H(KsJ)
DO 321 I=14NODES

H(Isd) = V(I)

DO 326 I=1sNODES

D0 325 J=1+NODES

V(J) = 0.

DO 325 K=1sNODES

V(J) = V(J) ¢ HIIsK) # S(Ked)
DO 326 J=1sNODES

H(Isd) = V(D)

00 332 I=1sNODES

DO 332 J=1yNODES

HH(T9J) = H(IsD)

HH(JsI) = H{JeI) _
CALL FACTR (HsPERsNVAR+NORDER» IER)
IF (IER oNE, 0) WRITE(61+1005) IER
FORMAT (1H0/20H ®####o ERROR CODE =

2EXPLANATION. #wnoess . /1HO0)

IF (NTCD +EQe 1) GO TO 419

CONTINUE

112y

SOH.

(H=2/DELT*%P)

SEE WRITE UP FOR
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INCR INCR + 1}
NTCD = 0
IF (INCR = INC) 42094109420
410 WRITE (612500) INCRsNAMBS oNFLUXSsNHEATSsNQSsNODS9DELTAN
500 FORMAT (1HO/22H CHANGES FOR INCREMENT s IS5/140s IS
1 21H AMBIENT FLUID TEMPSy SXs ISe 24H NORMAL FLUX BOUNDARIESs
2 SXs 15 24H INTERNAL HEAT ELEMFENTS /1HOs ISs 25H INTERNAL HEA
2T MATERIALSy SXs ISs 23H SPECIFIED NODAL TEMPS /1HO»
4F10.,5s 20H NEW INCREMENT SIZE /1H0) -
IF (DELTAN) 419 419+ 411
411 NTCD = 1
DO 216 I=14NODES
DO 216 J=1+NODES
H(IsJ) 0.
216 P(ls+) 0.
00 217 N=1sNEL ‘
CALL CONDUC (NsMATERL (N))
CALL SPECIF(NsMATERL (N))
IF (HCONV(N)}) 401+217+401
401 CALL CONVEC(Ne+NCONVsNTCD)
217 CONTINUE
DELTA = DELTAN
GO TO 15102
419 NTCD = 0
IF (NAMBS) 41354139412
412 READ (60+510) (NsAMB(N) s I=1sNAMBS)
510 FORMAT (5(18+sF8,0))
WRITE (615520) NsAMB(N) ,
520 FORMAT (1HO s 4HAMB (s I392H) =9F12.5)
NTCD = 2
413 IF (NFLUXS) 41594154414
414 READ (60+510) (NsFLUX(N) »I=19sNFLUXS)
WRITE (61+530) NeFLUX(N)
S30 FORMAT (LHO s SHFLUX (2 I392M) =9F 12.5)
NTCD = 2
415 IF (NHEATS) 4179417s4l6
416 READ (609510) (NsHEAT (N)»I=1sNHEATS)
WRITE (619540) NsHEAT(N)
5S40 FORMAT {1HO s SHHEAT (¢ I392H) =y F12.5)
NTCD = 2
417 IF (NQS) 420+4204418
418 READ (60+510) (N+Q(N)s»I=1sNQS)
WRITE (619550} NsQ(N)
550 FORMAT (1HO 9 2HQ (9 I392H) =9F12.5)
NTCD = 2

"

" u
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[aXele]
*
]

420 CONTINUE
TIME = TIME + DELTA
IF (NRAD «NE. 0) NTCD = 2
IF (NTCD .EQ. 2) GO TO 15010
15113 DO 270 I=1+NODES
FORCE(I) = =F(I) =-FO(I)
GO TO (270+15112)sSTEADY
15112 DO 270 J = 1+NODES
FACTOR = P(IsJ)#T(J)
FORCE(I) = FORCE{I) - FACTOR
270 CONTINUE

GO TO (15211s15212) +STEADY
15212 IF (INCR = INC) 440+4309440
430 IF (NODS) 43294329431
431 READ (60+510) (NeT(N) s I=19+NODS)
WRITE (61+560) N»T(N)
560 FORMAT (1H0 9 2HT (s I392H) =9F 12.5)
432 READ (609140) INCoNAMBSINFLUXSsNHEATSsNQS9NODSs DELTAN
440 CONTINUE

COMPENSATE FOR CONSTANT TEMPERATURES

S211 IF (NCONST .EQ., 0) GO TO 302
PERFORM SIMILARITY TRANSFORMATION
DO 327 I=14NODES
FO(I) = 0.
V(I) = 0.
DO 327 J=1sNODES
FOCI) = FO(I) + S(IyJ) #* FORCE(J)
327 V(1) = N(I) « S(IleJ)®T (D)
DO 328 I=14NODES
FORCE(I) = FO(])
328 T(I) = v(I)
K1 = NVAR + 1

OO0

DO 304 I=1sNVAR

DFORCE = FORCE(I)

0C = 0.

D0 300 J=K1sNODES

DB = HH(I+J) = T(J)
300 OC = DC + DB

DOIF = DFORCE - DC
304 FORCE(I) = DDIF
302 CONTINUE

C ® & & 8 & & 0 & 0 & & & & € & & & & 0 ¢ 0808 & 888688068 8680 8
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305

310
306

309
307

308

OOOOO0

330
331

(s NeXe]

888

1700

52

TOTAL = 0.
DO 305 I= 1lsNVAR

TOTAL = TOTAL ¢ (FORCE{(I) ® FORCE (I))

TOTAL = SOQRT(TOTAL)

IF (TOTAL GTV. 1.E=75) GO TO 310
TOTAL = 0.

GO TO 309

DO 306 I=1sNVAR

FORCE(I) = FORCE(I) / TOTAL

EPSI = 2.##(=-23)

CALL RSLMC(HHsHsFORCEsToNVARIEPSI s IERsNORDERsVPER)

1IF (IER +GT. 2) WRITE(61+1005) IER
DO 307 I=1sNVAR

T(I) = T(1) # TOTAL

DO 308 I=1+NODES

FO(I) = F(D)

* & B 8 % O G % 4 B G # B 8 & D GRS N RN R G L R RSB HSR

oOUTPUT

INVERT THE SIMILARITY TRANSFORMATION
IF (NCONST .EQe. 0) GO TO 888

00 330 I = 1sNODES

V(I) = 0.

DO 330 J = 1sNODES

VII) = V(I) » S(1sJ)%#T7(J)

CONTINUE

DO 331 I = 1+NODES

T = v

oOouUTPUT

IF (NRAD .EQ. 0) GO TO 889

IF (INCR .LE. MAXINC) GO TO 889
DO 1700 I=1+NODES

ODT = T(I) 7/ TO(D)

DCHK = DABS(1. = DDT)

CHK = DCHK

IF (CHK +GT. RADTOL) GO TO 1701
CONTINUE

STEADY = 1

GO TO 889



C VALUES DID NOT MEET TOLERANCE. THEREFORE PRINTOUT WITH
c ACCEPTABLE TOLERANCE.
1701 IF (INCR = MXSSIN) 17114170251702
1711 DO 1712 I=1sNODES
1712 TO(I) = T(D)
GO TO 1
1702 LINE = LINE + LINBLK + 3
IF (LINE - 60) 1703+1703,1704
1706 WRITE (61s997) IDENT
LINE = 10 + LINBLK
1703 TOL = CHK
DO 1706 J=IsNODES
DOT = T(J) / TO(J)
DCHK = DABS(1.-DOT)
CHK = DCHK
IF (CHK +GT. TOL) TOL = CHK
1706 CONTINUE
WRITE (6151705) TOL
1705 FORMAT (1H0/3Xs78HSTEADY STATE TOLERANCE NOT METeosoAT MAXIMUM SS I
CNCREMENTs ABS(1=T(N)/TIN=1)) =s E12.691He/1H0)
STEADY = 1
GO TO 15122
889 LINE = LINE ¢ LINBLK + 3
IF(LINE - 60) 90159019900
900 WRITE (619997) IDENT
997 FORMAT (1H1/1H0 25X+ 2044/ 1H0)
LINE =10 + LINBLK
901 GO TO (15121+15122) »STEADY
15121 WRITE(61+998) INCR
998 FORMAT (1H0/30X+45HSTEADY=STATE NODAL TEMPERATURES===INCREMENT #,
114/1H0)
GO TO 15123
15122 WRITE(61+999) INCRyTIME
999 FORMAT (10HOINCREMENT»IS59SXs9HAT TIME =9F12.59s5X950 (1H=)/)
15123 WRITE (61+1000) (IsT(I)9sI=1,NODES)
1000 FORMAT (S5(6Xs2HT(912¢3H) =9F12.4))
GO TO (10000 3)sSTEADY
3 IF (INCR=MAXINC) 14242
c CHANGE TRANSIENT TO STEADY-STATE
2 IF (NRAD .LE. 0) GO TO 1710
DO 1709 I=1,NODES
1709 TO(I) = T(I)
GO TO 1
1710 STEADY = 1
: GO TO 992
10001 STOP
END

53



[eXeNe!

SUBROUT INE CONDUC({NsM)

COMMON XToXJo XKoo XL oYIoYSoYKoYLoZI0ZJ9ZKoZLsX(10093)9H(1009100),
P(100+100)+FORCE(100)
AREA(150) yHEAT (150) s HCONV (150) » COND (S93) »Q(S) +PC(5)+T(100)
FO(100)eF (1002 +sAMB(150) ¢FLUX(150) sFORM(1505150)+E(5)9A(5),
HH(1009100) s TH(150) sV (100)sPER(100) »DET (494) s VOLUME(150) »
STEADY+ INDEX (150+4) « NBND1(150) +MATERL (150) s INCReNEL +NODESsNMAT
NDIM

INTEGER # 4 STEADY

N & WY =

CONDUCTIVITY MATRIX

INDEX (Ny» 1)

J = INDEX(N»2)
K = INDEX(N»3)
XI = X{(Ie1)
XJ = X(Jo 1)
XK = X(Kol)
YI = X(1+2)
YJ = X(Jr2)
YK = X(Ke2)

IF (NDIM ,EQ. 3) GO TO 100
AREA(N) = ABS(XJ#YK = XK#YJ = XI#(YK=-YJ) ¢ YI®(XK=XJ))/2,
VOLUME (N) = AREA(N)

Bl = YJ-YK

BJ = YK=-YI

BK = YI-YJ

CI = XK=XJ

CJ = XI=-XK

CK = XJ=-X1

CX = COND(Ms1)#TH(N) /(4 .*AREA(N))

CY = COND(My2)#TH(N) / (4,%AREA(N))
H(IesI) = H(IsI) + BI®CX®BI « CI®#CY®C]
H(IsJ) = H(IsJ) + BJIRCX®B] ¢ CJU®CY#CI
H({IeK) = H(IsK) + BKH#CX®BI + CK#CY*#Cl
H(Jrd) = H(JeJ) ¢ BIRCX®BY + CURCY*CJY
H{JeK) = H(JeK) ¢ BKHCX®BJ + CK*CY*CJ
H(KsK) = H(KeK) + BKHCX*BK + CK#CY#CK
H{JesI) = H(IeJ)

H(KsI) = H{(I+K)

H(KsJd) = H{JeK)

RETURN

100 CONTINUE



(e Xele]

CONDUCTIVITY MATRIX FOR THE 3 DIMENSIONAL TETRAHEDRON

L=INDEX (N» &)

XL = X{L»1)
YL = X(Le2)
ZI = X{1+3)
ZJ = X(Je3)
ZK = X(Ks3)
ZL = X{(L+3)

DET(191) = XJR(YKEZL~YLBZK) = YIR(XKH#ZL=XL®ZIK) ¢ ZJ* (XKPFYL=XL*YK)
DET(291) = =YK®ZL ¢ YL#ZK & YJ8(ZL = ZK) = ZJ#(YL - ¥K)
DET (2+2) =~ (=YL*2]1 YI®*ZL + YK®*(ZI-ZL) = ZK#(YI-YL))
DET(2¢3) = ~Y]I®ZY YJIRZT ¢ YL#(ZJ = Z]) - ZL#(YJ = Y])
DET(2y4) == (=-YIHIK YK®ZJ + YI®(ZK = ZJ) - Z1=(YK =~ YJ))
DET(3s1)=~(XJ®(ZIL ZK) =(XK#Z{ = XL#ZK) ¢ ZJ®(XK = XL))
DET(3+2)= XK#(Z1] ZL) = (XL#Z2] - XI#ZL) + ZK®(XL - XI)
DET (39 3) == (XL®(ZJ ZI) = (XI®ZJ = XJ®#ZI) + ZL* (X1 = XJ))
DET(394)= XIB(ZK = ZJ) = (XJI#ZK = XK®#ZJ) +ZI#(XJ = XK)
DET(4s1) = =XJ#(YK=YL) + YIYB(XK = XL) = XK#YL + XL#®YK
DET (492) == (=XK# (YL = YI) & YK®#(XL = XI) = XL#Y] & XI®#YL)
DET(493) = =XL®(Y] =YJ) & YL®(X] = XJ) - XI®#YQ & XJ®Y]
DET (494) ==(=XI®(YJ = YK) ¢ YI#(XJ = XK) = XJ®YK ¢ XK®#YJ )
IF (NBND1{(N) .£Q. 0) GO TO 200
AREA(N} = SQRT(.25% (DET(2+4) %42 + DET (394)282 +» DET(494)2#2))
200 VOLUME (N} = ABS((DET(191)¢DET(2¢1)*X1+DET(391)#YIeDET(491)2Z[)/6.)

1 10 ¢ ¢ o

CW = 36.*VOLUME (N)
CX = COND(Ms1l)/CwW
CY = COND(Ms2)/CwW
CZ = COND(Ms3)/CW
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H(Is1) = H(Isol) * DET(201)4CXSDET(241) o

H(I»J)

L

H(I+K)

*

H(I,L)

H{JeJ)
.
H{JsK)
.
H(Jsl)
N
H(KsK)
*
H(KeL)
.
H(LoL)
.
H(Js 1)
H(KsI)
H(Ls 1)
H(KyJ)
H(L+J)
H(LsK)
RETURN
END

LAVJNSEN ¥ O o VN o VIR A VRN oV IR oV I oS SN A VAN )V

+ DET(4s1)2CZ*DET (40 1)

= H(IsJ) + DEV(292)8CX#DET(2s1)
DET (492) #CZHDET (49 1)
= H(IsK) + DET(293)%CXH#DET (2y1)
DET (49 3)#CZ¥DET (49 1)

L 4

*

= H(IsL) ¢+ DET(24]1) #CX#DET(2s4)

¢ DET(49]1)%CZ2DET (494)

= H(JsJd) ¢ DET(292)8CX2DET (2+2)
DET(492)#CZ*DET (49 2)

= H(JsK) ¢ DET(293)®CX®DET (2+2)
DET (49 3) *CZ*DET (49 2) '

= H(JosL) + DET(202)#CX¥DET(2+4)
DET (4+2)9CZ4DET (49 4)

= H(KeK) + DET(2+s3)%CX#DET (2+3)
DET (493)2CZ*DET (49 3)

= H(Kel) & DET(2+23)%CX#DET (294)
DET (493)2CZ*DET (494)

= H{LolL) + DET(204)2CX#DET(294)
DET(494)8r78DET (49 4)

= H(IesJ)

H(I»K)

H(IsL)

H(JeK)

H{JsL)

H{KsL)

nwnnpa

+

+

DET(3+1)#CY*DET(341)
DET (392)#CY#DEY (34 1)
DET(393)#CY#DET(3s1)
+ DET(391)*CY®DET (3+4)
DET (302)#CY®DET (3+2)
DET(393)2CY®DET (34 2)
DET(3+2)CYSDET(394)
DET (393} #CY#DEYT (34 3)
DET(393)%CYSDET (394)
DET(394)2CY#DET (30 4)



SUBROUTINE SPECIF (NsM)
SPECIFIC HEAT MATRIX

COMMON XX (4) »Y (%) 9Z(4) 9X(10093) sH(100+100)sP(100+100) yFORCE (100) »
AREA(150) »HEAT (150) s HCONV (150) s COND (593) »Q(5) sPC(5) s T(100) »
FO(100) sF (100) » AMB(150) +FLUX (150) sFORM(1505150) +E(5) sA(S) »
HH(1009100) s TH(150) +¥ (100) yPER(100) +DET (494) s VOLUME (150) »
STEADY » INDEX (15094) sNBND1(150) yMATERL (150)-9 INCRsNEL + NODES s NMAT »
NDIM

I = INDEX(Ns1)

J = INDEX(N»s2)

K = INDEX(N¢3)

IF (NDIM .EQ. 3) GO TO 100

FACTOR = PC(M)®AREA(N)®TH(N) / 12.

NEWN e

FACT02 = FACTOR + FACTOR

10 P(IoI) = P(IeI) o FACTOZ
P(IeJ) = P(IeJ) + FACTOR
P(IeK) = P(IsK) + FACTOR
P(JeJ) = P(JsJ) + FACTOZ
P(JeK) = P(JeK) ¢ FACTOR
P(KesK) = P(KeK) ¢ FACTOZ2
Pl(Jel) = P(lsJ)
P(KeI) = P(IsK)
P(KsJ) = P(JeK)
RETURN

100 CONTINUE
L=INDEX (Ns4)
FACTOR = PC(M)=VOLUME (N)®,05
FACTO2 = FACTOR + FACTOR
P(IsL) = P(IsL) . FACTOR
P(Jsl) = P(Jrl) . FACTOR
P(KsL) = P(KslL) + FACTOR
P(LoL) = P(LsL) o FACTO2
P(LeI) = P(IsL)
PLesd) = P(JoL)
P(LsyK) = P(KsL)
GO T0O 10
END
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c

SUBRQUTINE RADIAN (NeMsFNMsMAT s TWALL 9NRAD)

CRADIATION NORMAL TO BOUNDARY

c

20

30

100

58

COMMON XIYJZK(12) o X(10003)9oH(1009100)9P(100+100)9sFORCE(100),
1 AREA(150) yHEAT (150) +HCONV (150) s COND (S93) 9Q(S) sPC(S5)+T(100)

2 FO(100)+F(100)sAMB(150) sFLUX (150) +sFORM(1509150)9E(5)+A(5)

3 HH(1009100)sTH(150) sV (100)+sPER(100) +DET (494) s VOLUME(150)

4 STEADYs INDEX(150+4) ¢NBND1(150) yMATERL (150) 9 INCRoNEL s NODES 9 NMAT,
5 NOIM

REAL * 8 DF1+DF2yDF3+sDT4

I = INDEX(Ns1)

J = INDEX(Ns2)

IF (NRAD .EQ. 2) GO TO 100

XL1 = SQRT((X(Is1)=X(Jsl))ee2 « (x(l.z) X(Je2))#E2) * TH(N)
IF (NJ.NE.M) GO TO 20

T4l = (L005%(T(I) + T(J)))wes & ,0857 # XL) # E(MAT)

IF (FNM) Se6956

NOWALL = 0

GO T0 10

NOwWALL = 1
DF1 = F(I)

DF2 = F(J)

074 = Tal

OF1 = DFl + DTs4
DF2 = DF2 + DTa
F(I) = DF1

F(JY = DF2

IF (NOWALL +EQ. 0) RETURN

Tal = (TWALL # .0]) =% 4

GO TO 30

K=INDEX (Ms 1)

L=INDEX (M 2)

Tl = ,005 # (T(K) ¢ T(L))

Tal = T1 #% o

T4l = =T41 # ,0857 @ XLl # A(MAT) * FNM
NOWALL = 0

GO0 TO 10

CONTINUE

K= INDEX(N+3 )

Al = AREA(N)

Tl = (T(D) & T(J) » T(K)) / 3.
IF (N JNE. M) GO TO 220



CIF N EQUALS My CALCULATE RADIATION EMITTED ONLY PLUS THAT ABSORBED
CFROM KNOWN SOURCE.,

T4l = ((L01%T1)##4)8% 1714 & ALl # E(MAT) / 3.
IF (FNM) 20542064206
205 NOWALL = 0

-GO TO 210
206 NOWALL =1
210 DF1 = F ()
oF2 = F(J)
DF3 = F(K)
PT4 = T4l
OF1 = DF1 + DTe
DF2 = DF2 + DT4
DF3 = DF3 + DT
F(I) = DF1
F(J) = DF2
F(K) = DF3

IF (NOWALL .EQe. 0) RETURN
T4l = (TWALL # .01) #+% &4

GO TO 230
220 I1 = INDEX(Ms1l)
JJ = INDEX (My2)
KK = INDEX{Ms3)
T = 401 # (T(II) » T(JJ) + T(KK)) / 3,
Tal = Tl #% 4
230 T4l = ~T4l ® L1714 ® Al # A(MAT) # FNM /7 3.
NOWALL = 0 '
GO TO 210

END



o
C
C
10
100
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NS WN -

SUBROUTINE HETGEN (NsTOTAL)
INTERNAL HEAT GENERATION - FORCE

COMMON XIYJZK(22) 9X(10093)9H(100+100)9P(100+100)+sFORCE(100)>
AREA{150) s HEAT (150) ¢+HCONV (150) s COND(S593) +Q(3) sPC(5) 9T (100) »
FO(100)sF (100)sAMB(150) s FLUX (150) 9FORM(1505150) sE(S)sA(5)
HH(1009100) s TH(150) sV (100)yPER(1I00)sDET (494) s VOLUME(150)»
STEADY» INDEX (150+4) oNBND1(150) ¢+MATERL (150) » INCRoNEL ¢+ NODESsNMAT»
NDIM

INDEX (Ns+ 1)

INDEX (Ns 2)

INDEX (N»s 3)

IF (NDIM .EQ. 3) GO TO 100

FACTOR = ~TOTAL # AREA(N) * TH(N) /3.

F(I) + FACTOR

F(J) ¢ FACTOR

F(X) + FACTOR

o
wann

-n
(&%
[ ]

RETURN

CONTINUE

L = INDEX(Nes4)

FACTOR = ~TOTAL®VOLUME(N)#,25
F(L)Y = F(L) + FACTOR

GO T0 10

END



200

SUBROUTINE FLUAN (NsNFLUX)
FLUX NORMAL TO SURFACE =~ FORCE

COMMON XIYJZK{12) 9X(10093)9H(1009100)+P(1005100)9FORCE(100)
1 AREA(150) ¢+HEAT (150) s HCONV (150) s COND (S93) +Q(S) +PC(5)9T(100)»
2 FO(100)sF(100)»AMB(150) sFLUX(150) +FORM(1509150)+E(S)sA(S)

3 HH(100+100)sTH(150) sV (100)sPER(1I00) sDET (494) s VOLUME(150)
4 STEADY»INDEX(15054) sNBND1(150) ¢yMATERL (150) ¢« INCRyNEL s NODESsNMAT»
5 NDIM

NR = INDEX(Ns1)

NS = INDEX(N»y?2)

IF (NFLUX .EQ. 2) GO TO 200

D= SQRT((X(NRs1)=X(NSs1)) 82 &+ (X(NRe2)=X(NS92))#%2) # TH(N)

FACTOR = FLUX(N) #» D ® .5

FI(NR) = F(NR) + FACTOR

F(NS) = F(NS) + FACTOR

RETURN

NT = INDEX(N»s3)

FACTOR = (FLUX(N) # AREA(N) ) / 3.
F(NR) = F(NR) + FACTOR

F(NS) = F(NS) ¢ FACTOR

FINT) = F(NT) + FACTOR

RETURN

END
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SUBROUTINE CONVEC (NsNCONVeNTCD)

e NeKe]

CONVECTION ACROSS BOUNDARY + AMBIENT
COMMON XIYJZK(12) 9 X (10093)9H(100+100) 9P (100+100)sFORCE(100)
AREA(150) sHEAT (150) ¢ HCONV (150) 9 COND(S5e3) +Q(5)sPC(5)sT(100) s
FO(100)sF(100) s AMB(150) +FLUX(150) yFORM(150+150)9E(5)9A(5)
HH(1009100) 9 TH(1S0) ¢V (100) sPER(100) ¢DET (494) o VOLUME(150) »
STEADY s INDEX (15094) s NBND1 (150) +MATERL (150) s INCReNEL sNODES+NMAT »
NDIM
I = INDEX(Ns1l)
J = INDEX(Ns2)
IF (NCONV .EQ. 2) GO TO 100
Hl = SQART ((X(Isel) = X(Jo1))R#2 o (X(I92) = X(Je2))82)#TH(N)
2 #HCONV (N) /6.
IF (NTCD .EQ. 2) GO TO 2
HE = 2. ® H]
H(ls]) H(Is1) + H2
H{Js J) H{JsJ) ¢+ HZ2
H(IsJ) H(IeJ) + H]
H(IsJ)
IF (NTCD +€Qe 1) RETURN
2 H4 = -H1®AMB(N)®#3,
F(I) = F(1) + H&4
F(J) = F(J) + H&

N & W -

100 CONTINUE

Cc

CONVECTION OVER SURFACE

c
K = INDEX(N»3)
Hl1 = HCONV(N) # AREA(N) / 12.
IF (NTCD +.EQ. 2) GO TO 200
H2 = Hl # 2.

H(TIsI) = H(IeI) * H2
H(JeJ) = H(JeJ) + HZ2
H{KsK) = H(KeK) + H2
H(IeJd) = H(IeJd) ¢ HI]
H(IsK) = H(LleK) ¢ HI
H(JeK) = H(JsK) ¢ H1
H{KesJ) = H(JsK)
H(KeI) = H(IsK)
H(JsI) = H(IsJ)

IF (NTCD +EQe 1) RETURN
200 H4 = HI # 4, ® AMB(N)

F(I) = F(I) = He
F()) = F(J) =-H4
F(K) = F(K) = Hé4
RETURN

END

Goddard Space Flight Center
National Aeronautics and Space Administration
~ Greenbelt, Maryland October 31, 1972
697-06-01-84-51
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