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SYMBOLS
Cf -
M =
P =
T -
R =
Tij =
u =
v =
% =
y =
) -
u =
n =
p =
T =

Subscripts
e =
o =

Superscript

<C )'>

PRECEDING PAGT

skin fricf.ion coefficient

Mach number

pressure

distance normal to centerline

radius of the duct

total strass tensor

time averaged velocity in primary flow direction
time averaged velocity normal to centerline
distance parallel to centerline

R-r

boundary layer thickness

molecular viscosity

y/¢

time averagea density

shear stress

boundary layer edge condition

free stream condition

time aviraged {luctuation value
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In the study of supersonic turbulent boundary layer flow the turbulent
shear stress distribution has always been of great importance and interest.
The direct measurement of the turbulent shear stress is, however, quite difficult.
A natural alternative is to computs the shesr from experimental mesn flow dats
by numerically integrating the momentum equation. Such computations have been
perforsed in recent studies by Bushnell and Morris®, Horstmsn and Oven’, snd
Sturek’. This note describes results obtainel by a computationsl procedure
which di!fcrp frég those previously reported in that integrated mass and momen-
tum flux profiles and ditfcr;ntinln of these integral quantities are used in the
eolputitionl so that local evaluation of the streamwise velocity gradiemt is not
necessary. The ceaputed results are compared with measured shear stress data
oﬂtainod by using hot wire anemometer and laser velocimeter techniques in recent
studies by loss and Johnnon‘ 5. The measurements of Roce and Johnson were made
nplttcal.lnd downstream of an adisbatic uns.parated interactisn of an oblique
shock wave with the turbulent boundary layer on the flat wall of a two-dimen-
sional, M_ = 2.9 wind tunnel, The shock wave was generated by a 7° wedge.
The turbulence data obtained from the two independent systems of measurement were
40 ressonsbly good sgreement, Inddicating that the data should be relisble. The
computational procedure developed here is easy to use and the computed results
show tganondbly good overall agrélmeht with those obtained by direct lia-ufcn.nt.
- As would be expected for any method of'conputiﬁg sheir stress from mean flow
difl. the computed values of shear stress are quite sensitive to smﬁll differences
1n mean flow pro!i]es and to simplifying aasuaptions w.ich may be made in de- |
valoping thn relationsh*ps ;o be used 1n the coupututions. The effect of some

of these differencea on rumpu£Ed shear atress distribntinns is discussed.



BASTC EQUATIONS AND BOUNDARY CONDITIONS

The time-averaged equations for the conservation of mass and momentum
for steady compressible turbulent boundary layer flow in an axisymmetric

chaunel are, respectively,

(pu)+—a-‘~pu>+——(rpv)+-11;§(r<nv>)=0 (¢))
and
-a—:%(puz)+%—-a—g-(rpuv)=-%+B—iTxx+%-5}qTrx (2)
waere
T = (Tv)xx - (p<u'2> + 2u <ptu'>) (3)
T = (T = (@ culv'> +u <plvl> + v <plu’>) (4)

with T, representing the viscous stress.
If we assume that |v <p'u'>]| << [p <«'v'>]| and |—-—- <p'ut>] << | (OU) |
ana transform to an x-y coordinate system, the continuity and momentum equations

may be combined and intepgrated in a direction normal to the surface to yield
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lqut:lm (3) becomes applicable to m-dimu!.aul flow as l + =,

The normal stress, T _, which appears in equat:lcn (5), is not known from
=~ean profile data. nawever. computations which have been made in this study
show that its cffect is small, In the results -w, the streaswise gradient
of T n'hn been neglected.

" Fnowledge is also rﬁqu:l.ted of the static pressure distribution in the
boundary layer. In many studies of supersonic boundary layer flow no attempt
is made to measure the static pressure variation normsl to the wall, even though,
for some adverse pressure gradienﬁ flowa, the uriat@ may, in fact, be rather
laxge. In most inatances the static pressure at the boundary layer edge may be
deteminodlwith édnfideltxée. If this ia done, the normal pressure vurﬁtiw way
then be represented in approximate fashion by assuming a linear distribution
batween the wall static presﬁure and the pressure at the boundary layer edge.
Results are shown here for both a linear static pressure dilt:fibution and a
constant static pressure,

gxlninatian of eqﬁa;ibn (5) shows that an accurate value of Hounaafy layer
growth rate is very impnrtant for the ealculation of the shéar sﬁfcss. However,
precise determination of the boundary layer thickneas from exparimental mean data
is difffcult. It is even more difficult to evaluate the Joundary layer growth

rate accurately., This prublem may bhe avoided by using the condition that the



" shear stress diminishes to zero at the boundary layer edge and solving

equation (5) for d&/dx:
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In equation (6) a linear pressure variation normal to the wall has been assumed.

1f the streamvise gradient of the normal stress is ignored and if the

used by Bushnell and Morris'in their computation of shear stress.

Before solving for the shear stress from equution.%fj; it is alsc necessary
to know the coefficient of skin friction. Thin m§§ B% obtained by u;&ng the wall-
wake velocity profile provosed by Sun and Childs%; The method of least-squares
may be used to fit the wall-wake profile to the ;xperiﬂental mean velocity pro~
files :5 provide valnes of Cf ané to provide a smootﬁnd representation of the
mean velocity distribuotion, _

RFSULTS
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Tn carroing fut 2he eentactatoons For tha 1 low Jdownstream of the vk wave-



boundary layer interactions, the departure from local similarity has heen
taken into account. For purposes of comparison, however, computations based
on local similarity have also been made. The effect of static pressuve variation
normal to the wall has also been considered for the downstream stations by assum-
ing 2 linear variation in pressure. In these computations the static pressure
at the boundary lay edge has been computed from the free stream total pressure
and pitot pressure, with appropriate allowance made for the loss in total pressure
across the shock svstem. The velocity and density profiles needed for the compu-
tations were obtained from mean flow pitot profiles with appropriate allowance
made for static pressure variation across the boundary layer, and under the
assumption of constant to total temperature across the boundary layer. As was
mentioned in the previous section, the mean velocity profiles may be smoothed
by using a least squares fit of the wall-wake velocity profile to the experimental
profiles. Computations have been made for both smoothed and unsmoothed profiles.
Figure 1 shows shear stress distributions computed for an upstream (x = 5.375cm)
station in Johnson's and Rose's investigation, along with their shear stress data
from the hot-wire anemometer and the laser velocimeter measurements. The computed
shear values which are shown have been obtained under th assumption of local
similarity. As is shown, the calculated results agree quite well over much of
the boundary layer, with the measured results obtained with the laser velocimeter.
The differences berweer. the calculated results and the hot-wire results are
greater. For both the hot-wire and laser velocimeter measurements the peak values
of shear stress are seen to occur substantially farther from the wall than is
observed for the calculated distributions. Alsc shown in the fipure are values of
the wall shear stress as determined by a least squares fit of the wall-wake profile
to the mean data and as measured by a Preston tube. The agreement between the twvo

shear stress values is good.



For purposes of comparison, a wall-wake profile proposed earlier by Maise
and McDonald7 hue been used to represent the velocity profiles obtained by Rose
and Johnson. As is shown, the shear values computed from the Maise-McDonald
profile are substantially lower than those obtained with the unsmoothed data or
the wall-wake representation described in Reference 6.

Results of the computations for the data of Rose and Johnson for a station
downstream ofthe shock wave-boundary layer ianteraction (x = 9.375 cm) are shown
in Figure 2, along with their measured shear stress distributions. Several sets
of computations have been made from the mean data, including one, for purpeses of
comparison, in which local similarity has been assumed. Results have been obtained
for both smoothed and unsmoothed profiles and for both linear and constant static
pressure distribution across the boundary layer. The velocity and density profiles
used in computing the shear stress are shown in Figure 3, along with the wall-wake
representations of the velocity profiles.

As 1s shown in Figure 2, the measured shear stress values obtained by the
twe experimental techniques are in quite good agreement. These in turn agree
reascnably well with the computed values obtained by using smoothed nonsimilar
profiles and the assumption of a linear pressure variation across the boundary
layer. There is considerable differencebetween the results for the smoothed
and unsmoothed profiles, with the peak shear stress value for the unsmoothed
profile occuring lower in the boundary layer. Near the wall the difference
apparently was due primarily to inaccuracy in the numerical integration process
for tﬁe unsmoothed data. Much smaller step sizes could be used with the smooihed
data. The results obtained from the wall-wake profiles are wvalid, of c¢ourse, oaly
1f the profiles provide accurate representations of the actual velocity dis-
tributions, 1In the outer part of the boundary layer the wall-wake profile piroc«d~!

R}

an excellent representation of the data at one station but did ner fit «o veil oo
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the other. This would account for some of the difference in computed shear stress
for smoothed and unsmoothed profiles in that region.

The computed shesr values are quite sensitive to the assumptions regarding
static pressure. The computed values of static pressure at the houndary layer
edge at the first and second measuring stations differed frow ‘hose at the wall
by 3.0 and 1.2 percent, respectively. As is shown, the computed values of shear
stress with no consideration given to the pressure difference across the boundary

layer were substantially lower than those obtained when the pressure difference

was consildered.

As is also shown in Figure 2, the results obtained under the assumption of
local similarity are markedly different from those determined when similarity is
not assumed. The peak shear stress levels computed assuming local similarity are
less than half the values computed when similarity is not assumed. Furthermore,
the shapes of the shear stress distribution curves are quite different. These
results occur even though the differences between grofiles at two closely spaced
stations are small. The density and velocity profiles in Tigure 3 were obtained
at streismwise stations located approximately one leundary laver thickness apart.
Although the profiles at successive ctatiouw appeszv- at firver glance to be quite

similar, striking differences are found for the cesputed cinear stress distributions.

An alternative wmet'w.’ of zewtuting sheéar olces. distribution from expevi-
mental mean profile Jdars I cempressible toview)onr ssundovy laver fler bas been
develofed. The weilecl o i fFzreml from treess v o prasle véported in that
integrated mass and =ov i tius profiles avn G0 Teocbnils of these dntogval
quantities ore uwed Ji 0 Coagdrations so thmt o .0 eveluation of the st ocear
wise vwlocice _rod - T eergury. T e acc vos Dwen fouad oo iob
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turbulence data for two-dimensional e.iabatic boundary layer flow in the
regions upstresm and downstream of an oblique shock wave interaction. The
computed results are quite sensitive to the accuracy of the numerical inte-
grations required in the computati:nal procedure and to the mean property
distributions in the boundary layer. The assumption of bcal similarity may
cause large errors in computed shear stress values for flows subjected to
pressure gradients, even though adjacent profiles of the mean properties may
appear, on first examinztion, to be quite similar. The computed shear stress
levels are quite sensitive to the static pressure diatribution normal to the
wall., Thus, if reliable shear stress distributions are to be obtained from
mean profile data, tha static pressure distribution must be known rather
accurately. The effect of the streamwise pradient of the normal stress on the

computed results is small and appecrently may be neglected.
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Figure 1,

Figure 2.

Figure 3,

Turtulent shear stress distribdution upstream
of a shock wave-boundary layer interact‘om,
two-dimensisnal tunnel [4]

Turbulent shear strass distribution
downstream of a shock wave-boundary layer
interaction, two-dimensional tunnel [5]

Density and velocity profiles downstream
of a shock wava-boundary layer interaction (5]
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Couputed — {(1 - uauIBy)/peuil X 103
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wall-wake presentation of mean
1.0 data (local similavity assumad)
YN mem—— Maise-McDonald profile repre-
® A sentation of mean data [7]

9 @—‘l‘w computed from wall-wake profile

0.5 |- 4 @—'rw measured with Preston Tube
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[- p(u'v'>/peu:] x 103, [(t - uaulay)lpeuil x 10°




Mea:sured - [- p<u'v‘=/peu§] x 103

® lLaser velocimeter [5]

A Hot-wire anemometer [5]

Computed - [(y - uau/a!?)/peuzl x® 103

(] mean data, linear static pressure distribution,

Eq. (5)
2.5 ~——— wall-wake repregentation of mean data, linear
. r static pressure distribution, Eq. (5)

/A mean data, 9P/3y = 0, Eq. (5)

-—+= wall-wake representation of mean data, oP/Jy = 0,
Eq. (5)

2.09 O mean data, locally sinilar, linear static
preasure distribution

& — - —vall-wake representation, locally sim!lar, linear
static pressure distribution

(% ®.— Tw computed from wall-wake profile
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