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SECTION I 

SUmARY 

Objec t i  ves 

The objectives o f  the f i r s t  contract "Study of the Liquid-Sol id Tran- 
s i t i o n  f o r  Materials Processing i n  Space" have been discussed i n  
Reference 1 ,  and these objectives continue t o  apply t o  the second year's 
e f f o r t  (Modification 1) which i s  described i n  t h i s  report. The object ives 
are : 

1. To analyze the behavior o f  dense l i qu ids  near the 
s o l i d i f i c a t i o n  point  while the l i q u i d  i n  question i s  
under the influence o f  magnetic f i e l d s  o r  near-zero 
gravi ty condi ti ons , and 

2. t o  do t h i s  w i th in  the framework o f  ex is t ing  l i q u i d  

s tate models and c lass ica l  f i e l d  theory. 

I n  the present work, these objectives have been extended t o  include 
numerical ca lcu lat ion o f  the magnitudes o f  external f i e l d  e f fec ts  on 
l iqu ids  and t o  describe how external f i e l d s  can influence the sub- 
structure of the s o l i d  during the s o l i d i f i c a t i o n  process. 
considered i n  t h i s  analysis are (as much as possible) semiconducto s 
and metals, since these are  the materials of most i n te res t  i n  the Space 
Processing Program. 

The materials 

The approach employed f o r  t h i s  second year  o f  the Liquid-Sol id Trans i t ion 
Study was t o  b u i l d  on the knowledge o f  l i q u i d  state models and f i e l d -  
l i q u i d  interact ions gained during the f i r s t  year. 
def in ing three tasks and several subtasks: 

This was done by 

Task 1 - L iqu id Property Data Search 
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Task 2 

2A 

28 

2c 

Task 3 

3A 

3B 

3c 

- Determination of Field Effects on Solute 
D i  stri bu ti on 

- Analysis of Field Distributions i n  Melts 

- Calculation of Field Forces on Solute Atom 
and Resultant Velocities 

- Relation of Microsegregation to  Solute Atom 
Velocity 

- Analysis of Field Effects on Liquids 

- Calculation of Magnetoviscous Effects 

- Calculation of Field Effects on Diffusion and 
Related Phenomena 

- Analysis of Body Forces Due t o  Oscillating 
Magnetic Fields 

The experimental values of basic liquid properties obtained i n  TasK 1 
were used in Task 3 
Reference 1. Calculations performed in T q s k  3 t h e n  provide quantitative 
estimates of the effects which magnetic and gravitational fields have 
on melts of metals or semiconductors. Task 2 was essentially a new 
effort  t o  develop a model of the solidification process which would 
describe t o  some extent the effects external fields will produce on 
the substructure of the solid. 

i n p u t  to the theoretical equations derived in 

The qualitative analysis performed during the init ial  year o f  the 
study suggested approaches fo r  further investigation and calculation 
i n  several areas. The magnetodynamic effects of interest included the 
magnitude of the induced magnetic viscosity and i t s  importance relative 
t o  the molecular viscosity as measured by the Hartmann number. 
of radio-frequency (R-F) field effects can easily be generalized to 
any oscillating magnetic field since a l l  time-varying magnetic fields 
induce eddy currents i n conducting media. These eddy currents then 

Analysis 
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in te rac t  wi th  the magnetic f i e l d  t o  produce body forces on melts o f  
metals o r  semiconductors placed i n  an o s c i l l a t i n g  magnetic f i e l d .  
order t o  obtain a quant i ta t ive feel ing for  these eddy current body 
forces, they are compa-d t o  both the viscous force induced by the 
f i e l d  and t o  the grav i ta t ional  body force, ogr as described i n  
Section 2.2. External f i e l d  ef fects on d i f fus ive  phenomena were 
approached through the Free Volume Model descript ions of d i f fus ion  
coef f i c ien t  and s o l i d i f i c a t i o n  rate. This approach describes only the 

d i r e c t  e f fec ts  f i e l d s  have on these and re la ted quanti t ies, and neglects 
any ef fects  of convection which are considered t o  some extent i n  Section 
2.2. The Task 2 descr ipt ion of how external f ie lds  a f f e c t  solute 
segregation during s o l i d i f i c a t i o n  was approached through a four  step 

procedure which (1) relates the f i e l d  d i s t r i b u t i o n  ins ide a melt  t o  
the external f i e l d  inducing it, (2) calculates the force on a solute 
atom due t o  the in ternal  f i e l d ,  (3)  re la tes solute atom veloc i ty  i n  
the melt  t o  the dr iv ing  force found i n  step (2), and (4) uses Sekr-'<a's 
s t a b i l i t y  theory t o  show how solute atom veloc i ty  i n  the melt influences 
solute microsegregation i n  the sol id.  Thus emphasis was .aced on 
development o f  procedures f o r  doing prac t ica l  calculat ions o f  s o l i d i f i -  

cat ion parameters affected by external f i e l d s  ( i n  Task 3) and on 
development o f  a mathematical model which formally describes f i e l d  

e f fec ts  on microsegregation ( i n  Task 2). 

In 

Results 

The search f o r  experimental values o f  l i q u i d  property data has i d e n t i f i e d  
39 papers (Table I )  and 12 books (Table 11) containing data useful i n  
t h t  study o f  external f i e l d  ef fects  on me l t s  o f  semiconductors o r  
meta ls .  

problems are given i n  Section 2.5, and each of these references them- 
selves contain references to  works dealing wi th other problems or data 
pert inent t o  the study o f  rea l  l iqu ids  and l i q u i d  state models. The 
resu l ts  o f  the data search which apply t c  the invest igat ion of f i e l d  
e f f e c t s  on s o l i d i f i c a t i o n  a re  condensed i n  Tables I11 and V which 

Addl t iona l  references dealing wi th  l i q u i d  s tate theory and 
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contain the  inpu t  data for calculation of magnetic and gravitational 
field effects on diffusion coefficient, solidification rate and for 
calculation of f ie ld  forces on individual molecules i n  the melt. 
There are two reasons why data for more than four materials does not 
appear i n  Table 111. First, there has been very l i t t le  experimental 
work done on l iquid metals and semiconductors as compared to  solids, 
gases and organic liquids, and so there is a dearth of experimental 
data for the physical properties of these materials. Second, for 
a given material, one must f i n d  some eleven material properties just 
to do the calculations requi red  for the diffusion coefficients and 
solidification rates. The materials listed i n  Table I11 were t h e  
only l iqu ids  for which values of a l l  eleven properties could be found 
simultaneously. 

Calculations of magnetic viscosity and Hartmann number show that 
magnetovi scous effects predominate i n  the metals and semiconductor; 
studied for f ields on t h e  order of about 10 gauss or  above. T h i s  is 
i n  agreement w i t h  the f ind ing  that gravity-driven convection velocity 
decays exponentially w i t h  a time constant inversely proportional t o  
-.le square of the magnetic induction field applied to  the melt to  
induce the magnetic viscosity. Eddy current body forces induced i n  
me1 ts by oscillating magnetic fields are quadratic functions o f  
f ie ld  strength. 
and diamagnetic liquids are on the order of cgs units, the 
valuer. of the eddy current body force (f,) for any of these l iquids  
a t  a fixed field strength are equal w i t h i n  0.001%. 
t o  other forces on the melt shows that eddy current forces usually 
predomi nate , even over the magnetovi scous force, which ari ses from 
the same field as fe. T h i s  predominance depends, however, on the 
value of G ,  the init ial  convection velocity, i n  the magnetic vis- 
cosity case, and on the r a t i o  - i n  the comparison of fe to 
pritvi  tational body forces, where t i  is  magnetic field strength and 
o i s  liquid density. 

Because the susceptibilities of most paramagnetic 

Comparison of fe 

H2 
P 
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Turnbull 's Free Volume Model of the l i q u i d  s ta te  and the l i qu id -so l i d  
t r a w l t i o n  was used t o  calculate d i r e c t  e f fec ts  d f  external f i e l d s  
on dif fusion coeff ic ients and s o l i d i f i c a t i o n  rates o f  selected 
representative materials. D i rec t  e f fec ts  are those derivable d i r e c t l y  
f r o m  tht. f ie lds and not a t t r i bu tab le  t o  convective o r  magnetohydro- 
dynamic effects. The resu l ts  o f  t h i s  analysis indicate tha t  micro- 

g rav i ty  causes i n f i n i t es ima l  changes - i n  d i f f us ion  
coeff icient and s o l i d i f i c a t i o n  rates whi'e the changes caused by a magnetic 

f i e l d  o f  lo5  oersteds are small (0.3% - 1.9%) but f i n i t e .  
i n  d i f f us ion  coe f f i c i en t  o r  s o l i d i f i c a t i o n  ra te  i n  a magnetic f i e l d  
are dependent on the square o f  the f i e l d  strength, and thus vary 
widely w i th  f i e l d  strength. The d i f f us ion  coe f f i c i en t  was found 
t o  increase i n  microgravity over i t s  value on Earth, while whether 
i t  increases o r  decreases i n  a magnetic f i e l d  depends on several 
parameters, p r imar i l y  the f i e l d  strength. The f ree  energy term 

(see equation 14) decreases f o r  a l l  materials considered i n  micro- 
gravi ty,  and i t s  change i n  a magnetic f i e l d  i s  dependent on the sign 
o f  the suscep t ib i l i t y  difference, x a  - xS and on the r a t i o  o f  the 
free energy i n  zero f i e l d  t o  the heat o f  fusion. 

cat ion ra te  are, from equation (14) ,  dependent on the r e l a t i v e  magnitudes 
o f  the f ree energy term change and d i f f us ion  coeff ic ient  change. 

the examples chosen, the s o l i d i f i c a t i o n  ra te  decreased i n  microgravity 
dnd increased i n  d magnetic f i e l d  of l o 5  oersteds. 

Changes 

Changes i n  s o l i d i f i -  

I n  

I t  should be noted here tha t  Wang computer programs have been wr i t t en  
f o r  ca lcu lat io i i  o f  the fo l lowing parameters: 

Eddy current body force 
Ratio o f  eddy current force t c  gravi tat ional  body force 
D ' / D  (magpetic f i e l d  case) 
Free energy t e r m  (magnetic f i e l d  case) 
Isothermal compressi b i  1 i ty 

Coeff ic ient  o f  thermal expansion 
Entropy 
Specif ic heat a t  constant pressure 

1-5 
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Free Volume Model a2 parameter 
Conversion of density to  speci f ic  volume. 

I n  Task 2 of the present contract, a model has been developed which 
formally re la tes external f i e l d s  t o  so lute d i s t r i bu t i on  i n  sol ids.  
The existence o f  such a formal re la t ionship const i tutes a s ign i f i can t  
resul t ,  but the model i n  i t s  present form i s  severely l i m i t e d  i n  i t s  
range o f  a p p l i c a b i l i t y  and accuracy. The major l im i ta t i ons  are as 
follows: 

(a) Exact, analy t ica l  solutions f o r  magnetic f i e l d  d i s t r i -  
butions sat isfy ing the boundary conditions on me1 t s  
for  Czochralski c rys ta l  growth geometry cannot be 
obtained, 

Random acceleration (g rav i ty )  f i e l d s  i n  o rb i t i ng  
spacecraft are not we1 1 known , 

Intermolecular forces i n  l i qu ids  are not wel l  understood, 
and the problem o f  describing the e f fec ts  o f  more than 
one f i e l d  act ing simultaneously on a molecule i n  a 
l i q u i d  requires more study, 

Sekerka’s theory o f  in ter face s t a b i l i t y  i s  capable of 
estimating segregation c e l l  s ize t o  only an order o f  
magnitude because the theory i s  based on the small 
perturbat ion approximati an, and 

Analysis o f  cases i n  which so lute molecule ve loc i ty  
i s  i n  any d i rec t ion  other than that  of the s o l i d i f i c a t i o n  
ve loc i ty  i s  extremely d i f f i c u l t  and w i l l  require much 
more research. 

Results obtained under the above l im i ta t i ons  include the determination 
o f  the occurrence o f  microsegregation as a funct ion o f  the parameters 

where V i s  macroscopic s o l i d i f i c a t i o n  ve loc i ty ,  u i s  solute V - -  
P 

molecule ve loc i ty  and p = l - k  with k being the segregation coef f i c ien t  

U 
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f o r  the material considered, and estimates of the s ize of c e l l s  o f  
d i f f e r e n t  solute concentration values i n  the so l id .  

During the years t h i s  contract has been active, work performed under 
the contract  has rcsul ted i n  seven s c i e n t i f i c  publ icat ions (two 
already published i,i ir i ternat ional  jo: rna l s )  and four presentations 
t o  s c i e n t i f i c  meetings (one inv i ted) .  These are l i s t e d  i n  Appendix A. 

Conclusions and Recomnendations 

The major conclusions of  t h i s  study are: 

1 .  Values o f  the physical propert ies o f  molten semiconduLtors are 
d i f f i c u l t  t o  obtain from the l i t e r a t u r e  because very l i t t l e  
experimental research has been done i n  t h i s  area, 

2. Of the research cn l i q u i d  semiconductor propert ies which has 
been reported, much o f  i t  has been done by Russian researchers, 

3 .  Moderate and high magnetic f i e l d s  produce strong forces i n  
melts and damp out convective flows exponentially, 

4.  Osc i l la t ing  msgnetic f i e l d s  induce tody forces even stronger than 

the s t a t i c  f i e l d  magnetoviscous force, 

5. The d i r e c t  e f fec ts  o f  microgravity on melts o f  the materials 
considered i n  t h i s  study were in f in i tes imal  , while the e f fec ts  
o f  magnetic f i e l d s  were dependen: on f i e l d  strength and were 
s m a l l  but f i n i t e ,  

6. The l a c k  o f  a large d i r e c t  e f f e c t  of microgravity on l i qu ids  
supports the thesis tha t  the primary benef i ts o f  materials pro- 
cessing i n  space ar ise from secondary ef fects,  such as the 
suppression o f  convection o r  the reduction o f  contamination by 
containerless processing, 
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7. A formal relationship between external fields and solute distribution 
i n  a solid during solidification has been established, 

8. The occurrence of microsegregation depends on the paran;eters 
(V - E) and W ,  where w is related to  the interface perturbation 
o r  cell size, 

P 

9. There are several practical limitations to  the theory which describes 
m i  crosegregation dependence on external fields, including 

- the difficulty of obtaining gravitational (acceleration) field 
distributions in melts aboard a n  orbital laboratory or magnetic 
field distributions i n  melts during Czochralski growth on Earth, 

- the difficulty of representing the process of several fields 
acting on a molecule a t  once, and 

- the failure of the small perturbation approximation (which 
linearizes the temperature and concentration field equations) 
t o  yield results which agree well w i t h  experiment. 

Thus i t  i s  seen t h a t ,  for  the materials for which experimental property 
da ta  are available, the similarity of microgravity and magnetic field 
effects on melts holds only for  very low magnetic fields, and the 
effects are quantitatively quite different a t  higher magnetic field 
strengths. This was t o  be expected, since the magnetic interaction 
i s  much stronger t h a n  g rav i ty ,  and has now been verified. 

Thc relationship of microsegregation i n  solids to external fields 
app'ried during s o l i d i f i c a t i o n  i s  found t o  be very complicated and 
n o t  well understood a t  present. I t  is recomnended t h a t  much more 
research be done i n  this area, specifically in 

- representing field distributions i n  me1 ts ,  
- defining resulting forces on individual molecules and 

deriving the corresponding velocities, and 
- overcoming the 1iTitations of the small perturbation 

approximation in calculating segregation cell sizes when 
microsegregation occurs. 
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I t  i s  further recommended that  research begin on a f l i g h t  experiment 
whose objective would be t o  compare the theory o f  Section 2.4 t o  
experimental measurements o f  in ter face stabi 1 i t y  i n  a convectlon- 
f ree  environment where the small perturbation approximation may be 
val id .  
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SECTION 2 

ANALYTICAL RESULTS 

2.1 LIQUID STATE PROPERTY DATA SEARCH 

Tne work detai lea i n  Reference 1 provides a q u a l i t a t i v e  theoret ical  
descr ipt ion o f  many e f fec ts  which magnetic and gravi -4.tional f i e l d s  
produce on me1 t s  during sol  i d i  f i c a t i  on processes, but there are two 

reascns why i t  i s  desirable t o  obtain a quant i ta t ive understanding 
of these effects. 
f i e l d  effects o f  in te res t  do not give ar, obvious ind icat ion of the 
magnitude o r  d i rec t ion  o f  the change i n  l i q u i d  propert ies due t o  the 
f i e l d  change without actua l ly  perfonning the calculat ions defined by 
the equations. Second, i t  i s  always helpful i n  understanding physical 

phenomena described by equations t o  become fami l i a r  w i th  the numerical 
value o f  the various parameters i n  the equations as they correspond 
t o  d i f f e r e n t  materials o r  conditions. For these reasons i t  was decided 
t o  perform numerical calculat ions o f  the f i e l d  e f fec ts  derived i n  

Reference 1, and t o  dc th is ,  i t  was necessary t o  obtain numerical 
values o f  a l l  parameters appearing i n  the equations describing the 

ef fects .  

F i r s t ,  i n  most cases, the equations describing the 

Tkese experimental values were t o  be obtain5d for  materials s im i la r  
t o  those most prominent i n  the Space Processing Program, i.e., those 
which show promise o f  improvement i n  t n e i r  economically benef ic ia l  
propert ies when processea i n  space. 
i n  par t i cu la r ,  Group I11 - Group V compounds were the mater ia ls 
receiv ing the most a t tent ion i n  tne Space Processing d isc ip l ine  a t  
the beginning o f  the contract, thus the search for experimental data 
centered on these types c f  materials. The search encompassed a com- 
puter searcb o f  NASA and DOL data banks, searches o f  the Physics 
Abstracts, the Science C i ta t ion  Index, the Redstone S c i e n t i f i c  Infor-  
mation Center book co l lec t ion  and personal contacts wi th  experimental 
researchers a t  un ivers i t ies and other companies. 

Semiconductors and metals, and 

It was found that  
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2.1 (Continuad) 

much o f  the property data f o r  molten semiconductors has been measured 

by Russian researchers, and tha t  most o f  the Russian work deals w i th  
e l e c t r i c a l  propert ies o f  melts other than I I I - V  compounds. Data f o r  
the I I I - V  compounds corresponding t o  parameters and propert ies i n  the 
f i e l d  ef fect  equations(’) proved extremely d i f f i c u l t ,  and i n  many 
cases impossible, t o  f ind.  Tables I and 11 l i s t  references f o r  the 
journal  a r t i c l e s  and books containing l i q u i d  property da:a which 
were i d e n t i f i e d  i n  the search. The tables also indicate the par t i cu la r  
materials and propert ies considered by each reference. I t  must be 
noted tha t  each reference shown i n  these tables also contains references 
t o  other works on l i q u i d  metals o r  semiconductors, therefore these 
l i s t s  of references are intended as a s ta r t i ng  po in t  f o r  researchers 
interested i n  a var ie ty  o f  materials and properties. 
was found for indium antimonide (InSb), germanium (Ge), mercury (Hg) 

and sodium (Na) t o  allow calculat ion o f  external f i e l d  e f fec ts  on 
temperature, volume, Gibbs free energy, d i f fus ion  coe f f i c i en t  and 
s o l i d i f i c a t i o n  ra te  as w i l l  be described i n  Section 2.3 (see Table 111). 

Suf f i c ien t  data 

2.2 MAGNETODYNAMIC EFFECTS uN MELTS 

Several macroscopic dynamic effects which are produced by magnetic 
f i e l d s  are worthy o f  understavding i n  t h e i r  own r i g h t  and also may be 
he lp fu l  i n  understanding microgravity e f fec ts  on melts. 

Calculations o f  Magnetic Viscosity and Hartmann Number 

Previous work has shown‘’) tha t  the magnetic v iscos i ty  induced i n  a melt 
wi th e l e c t r i c a l  conductivi -I u i s  re lated t o  the magnetic induction 

bY 

2- 2 



0256-10024 

2.2 (Continued) TABLE I 
LlQUID SATE PHYSICAL PROPERTIES REFEDFNCE LIST 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19, 

20. 

21. 

22 0 

REFERENCE 

Glazov & Vertman 

Glazov 6 Petrov ( i n  Russian) 

Am1 rkhanov 6 Magomedov 

Glazov & Chizhevskaya 

Blum 8 Ryabtsova 

Busch b Vogt ( i n  German) 

Glazov 6 ChizhevsKaya 

Glazov 8 Chizhevskaya 

Regel et.al. 

Mogilevskl I et.al. 

Mogilevcki i  et.al. 

Mogi CVSkif et.al. 

Fedwov 6 Machuev 

Fedorov 6 Machuev 

Mavlonov 

Kazandzhan et.al. 

Kazandrhan et.al. 

Hodgkinson 

Krestovnikov et.al. 

Mal ' agov R Magomedov 

Fedorov 1c Stl l 'bans 

Fedorov et.al, 

pJ 
1958 

1958 

1964 

1963 

1958 

1954 

1961 

1962 

1971 

1971 

1972 

1972 

1971 

1971 

1972 

1972 

1971 

1970 

1967 

1969 

1967 

1968 

m s  
InSb, GaSb, P . l R  

InSb, GaSb, A l S t  

InSb 

Ge, S i ,  2nS 

InSb, GaSb 

InSb 

Ge, AlSb, GaSb, .?Sb 

GaAs, InAs 

Sb2 Se3 

Sb2 Tej-Sb2 Se3 

Sb, Te, B i  k Pb al loys 

T t X  Se1 - x  

TlS,  T12S 

GaSe, InSe 

InSe, GaZSej 

'le-T1 a 1 1 oys 

I: 6 Se Impurlt ies i n  
T1 *Te 

In-S & T1- - 
nos t semiconductors 

CuSbSc2 

B i ,  Te, Sb, Se k Cuz 
TeS 

B i z  Se3 

PROPERT I ES 

X 

n 

I: 

X 

0 

0 

0 

o b  n 

o b R  

t h e m d i  f fus i on  

a b u  

K 

K 

a 6 a  

a 8 TEP 

a 8 TEP 

a b theory 

A V  a t  melt lng 

a, 8 TEP 

K 

o s  I: 6 TEP 
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2.2 (Cont i nued) 

REFERENCE 

23. Fedorov 6 Hachuev 

24. Fedorov S Machuev 

25. Glarov et.al. 

26. Perron 

27. Cut ler  6 Mallon 

28. Enderby S Walsh 

29. Enderby & Simnons 

30. Cutler I, I la l lon 

31. Ejmond 

32. I o f f e  6 Regr: 

33. Regel, e t . r l  

34, Regel, Smirnov. 
Shadrichev 

7c  . ?son & Readall 

TABLE I (Continued) 

DATE 

1967 

1968 

1967 

- 

1970 

1 964 

1966 

1909 

1966 

1s - 
1960 

1970 

1972 

1962 

MATER 1 ALS 

Sb - Se a l loys 

SbS 

AlSb, GaSb, InSb. InAs, 
GaAs 

CdSb, ZnSb, Bi2Te3, 
Sb2Tej 

Au2Te, CuTe, AqTe, Bi-Te, 
T1 -Te 

T1-Te solutions 

As2Se3 - As2Te3 8 
As2Se3 - TlpTaj 

NaCl, L. ,  TIS2, Bi2Q3, 
Sb2Sg, V205, Cu2S-FeS, 
S i ,  Ge,CaSb, lnS4, HgTe, 
HgSe, CdTe, Se, : ,TeSe, 
B12Te- CuTe, Cu,Se, ZnSb 

L 

T1-Se, T1-Te, T12Te, T12Se, 
T12S, Sb2Se3, CuSbSe2 

Sb2Se3, Ge, S i ,  In$b, GaSb, 
ZnSb, BI2Tej, GeTe, SnTe, Te, 
CuZSnTe3 , PbTe, Cu2GeTeJ , GaTe, 
T1 Te , CuTlTe, 

X Y  

PROPERT I ES 

K 

K 

Tm, Hf, Sf 

(I, Seebeck coef. 

a ,  TfP, opt ica l  
absorption 

CG2S K 
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2.2 (Cont i nued) 

TARE 1 (Contlnued) 

REFEREKE 

36. Johnson 1 Readall 

37. itler 6 b l lon  

39. Cutlsr 6 Uallon 

39. Llchter & Soarmelet 

1963 C U ~ S ,  25Tt -15 b 2 S  U 

1965 11-Te alloys fEp, Pa 

1962 Te, Te-Se alloys IC* 0 ,  TEP 



Mcer ideo Heimel , Ehlers, 
Gordon 

Mantell, Ed. 

J8ckson. Ed. 

Burdl 

Sharp 

TABLE 11 
LIQUID STATE PHYSICAL PROPERTIES REFERENCE L I S  (BooK3) 

TITLE - 
Thermodynamic Propert lets t o  
6000'K fo r  210 Substances 
lnvolvtng the F l rs t  I8  
Elements, NASA SP-3001 
(1965) 

Engineering Materials 
Handr. o k  
(1958) 

Ltqutd Metals Handbook 
( 1955) 

SNAP Technology Handbook, 
NM-SR-8617 
(1964) 

fhernodynamlc Functlonr 
for Water ---0, 

UCRL 7118 
(1963) 

heat capsctty, enthalpy, 
entropy, frem energy 

fm, B.P., heat of fusion, 
denrity,vapor pressure, 
heat capacliy,n, a, a, 
surface tension 

I s o t h e m l  compresslbl I l t y ,  
density, n, IC, a, haat 
capactty, them1 dlffusl- 
v l ty ,  Prsndtl  number 

Tm, B.P., density, Q ,  IC, 0 ,  

heat crpaclG, surfaco 
tanston, vapor pressuro 

P,V,T, entropy, enthalpy, 
in tornal  onergy, Glbbr f roe  
energy 

Na 

m,N.,N.K,K,Rb, L I 

H2° 



TABLE IS (Continued) ru 
h, 

AUTHOR 

Sveh I a 

N Madelung 
-4 

Glazov,Glagcleva, 
C h I zhevskaya 

Hultgren, O r r ,  Anderson 
and Kel ley 

T tTLE - 
Estlmc ed Vlscosl t ies ant! 
T h e m  Conductlvl t les of 
Gases at Hlgh Temperatures, 
NASA TR-R-I32 
( 1962) 

PROPERT I ES 

Lennsrc-Jones constant 
n, heat capaclty 

Physlcs of I l l -V Compounds 

Llquld Semlconductors 
(1969) 

Selected Values of T h e m -  
dynam I c Propert I es of 
Metals and A I  loys 
(1963) 

atomic rad1 I, Tm 

e l e c t r l c a l  conductlvlty,a 
thennoetectrtc power, T.E.P. 
density, p 
klnematlc vlscosit), v 
magnetlc suscep t lb l l i t y ,  x 
melt ing temperature, 1, 
heat of  fusion, 0, 
mobility, u 

heat capaclty. c 

entropy, %-SSt 
enthe I PY , 5'Hs+P 

atomic weight, A 
vapor pressure, 'P 

Ge,As,In,Sn,Sb,TI,Pb, B,C,N,Al ,SI , p , b D  

81 

w 
t.n 
Q, 



0 
.-n 

5 
0 

1 
XI 

i 

AUTHOR 

Gray, Ed. 

Davydov 

Beer, Ed. 

TITLE - 
Alp Handbook 
! ; 963) 

German I um 
( 1966) 

Liquld Metals - 
Chemistry and Physics 

TABLE I 1 (Continued) 
Iu 
N 

MATERIALS PROPERT I ES -- 
isothermel cmpresslbl I ity, a B 

t h e m 1  expansion coefflclent, HZO,Hg,LI,Na,Pb,Sb,Sn,Te,tn- 
a 
thermal conductlvlty, u 

H20,HgrAI ,Sb,Bl,Cd,Cu,Ga, 
Au p Pb,Hg ,Pi, K,Ag,FJI o s n  ,zn & surface tension, o a 

G. P heat capaclty, C 
melting temperature, entropy, 
enthalpy: Tm,S,,Hm 

Len nard - J ones pa r m t e r  s , 
cabo 
molecular volume, vo 

thermal coefficient of All metals and sml-nntelr, 
reristlvlty, Isothermal c o w  mny alloys 
presslblllty, thermal expsn- 
slon coefflclent, n, heat 
capacity,surface tension, 
Hal I coeff Iclent, reslstlvlty, 
magnetic susceptlblllty 
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2.2 (Continued) 

where L is a c h a r a c t e r i s t i c  lengtn for  the l iqu id  system. To cbtain 
vaiues of 
versions a r e  useo: 

i n  poise ,  the usual viscosi ty  u n i t ,  the following con- 

' d ne sec 1 gauss = IO-' Zul an and 

d ne sec 1 poise = 1 .+ 

The meaning of the magnetic viscosi ty  is indicated by (I dimensionless 
parameter, the Hartmann number, which is  defined as  

where n i s  the molecular viscosi ty  of the melt. Thus i f  h > 1, then  
the magnetic viscssity predominates, while f o r  h 
i s  not as important. 
versus magnetic induction f o r  various mater ia ls ,  values of L and, 
i n  the case of sodium, different values of temperature. 
show t h a t ,  while l iqu id  sodium is ,  a s  expected, most affected by a 
magnetic f ie ld ,  the 111 - V coupounds I :Sb, InAs and SaAs do show a 
definite field-induced viscosi ty  w i t h  h > 1 f o r  f i e l d s  > 40 gauss and 
L > 1 crn. Thus  magnetic vis- 
cos i ty  dominates f o r  most of the conditions shown i n  the f igures .  

1 ,  magnetoviscosity 
Figures 1 ,  2 and 3 a re  graphs of Hartmann number 

These graphs 

A f i e ld  of 40 gauss is quite modest. 

Convection Decay in a Maqnetic Field 

The iiavier-Stokes equation describing bulk l iqu io  motion i n  a magnetic 
f i e l d  may be written 

dG - z + (3 x E) P d t  - 
-L n + +  where ? = -v  [ ~ b  t P - 3 V - u j  + ri v2ii contains a l l  non-electromagnetic 

f o r c e s .  

medium and from appropriate vector i d e n t i t i e s ,  i t  can be shown t h a t  
From the expression f o r  the current  densi ty ,  3, i n  a moving 
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2.2 (Continued ) 

the component o f  magnetic force transverse to  the magnetic f i e l d  l i n e s  

i s  
+. (J X t ) ,  = - cs B2 Ut (4) 

If nrle considers only transverse components of equation ( 3 )  and defines 

a time constant, T, by 

equation ( 3 )  may be rewr i t t en  as 

-+ 
dGt I - +  - - -  I t  - + -  
d t  T Ut D 

I f  i t  i s  assumed tha t  the forces contained i n  Zt change only slowly 

w i t h  time, (6)  may be integrated t o  y i e l d  

where 

a t  t i m e  = tO,the magnitude o f  which i s  on the order o f  30 t o  40 cm/sec. 

Figure 4 presents the q u a l i t a t i v e  decay curve f o r  a s i t u a t i o n  corresponding 
t o  equation (7 ) .  Thus when a magnetic f i e l d  i s  imposed on a melt i n  which 

convection currents are f lowing, the f low v e l o c i t y  w i l l  be damped by the 

f i e l d  according t o  equation (7)' f a l l i n g  off a f ter  times much greater than 

i t o  a value 

i s  an i n teg ra t i on  constant equal t o  the f ree  convection v e l o c i t y  
0 

From equation ( 3 ) ,  i f  there were no magnetic f i e l d ,  

2-13 
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2.2 (Con t i nued) 

-b 

t U 

-b 

cO 

P 

------- 

I 
I 
I 

------------- 

t 1 

For 1 i q u '  
a magnet 
Assuming 

t o  about 

FIGURE 4: CONVECTION DECAY I N  A MAGNETIC FIELD 

ds o f  dens i t y  P = 6 5, conduc t i v i t y  o f  a = l o 3  9-l cm'l and 

c i nduc t i on  3i l o 3  gauss, 7 i s  on the  o rde r  o f  6 seconds. 

the  v e l o c i t y  a f t e r  th ree  minutes w i l l  f a l l  cm t h a t  5, 35 - sec ' 
one crn/sec. 

Body Forces Gue t o  O s c i l l a t i n g  Magnetic F ie lds  

The q u a l i t a t i v e  aspects o f  o s c i l l a t i n g  magnetic f i e l d s  have been d i s -  

cussed i n  References 1 and 2 .  Since the  body fo rce  i n  on an element d nes 
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2.2 (Continued) 

o f  l i q u i d  i s  given by the  cross product o f  the  eddy current,  Je, 
and the magnetic induct ion,  ‘it, the niagnitude o f  t h i s  “eddy cur ren t  
force” i s  

where e i s  the angle between the 3 and 8 vectors. 
maximum value when a = 2, which i s  o f ten  the case experimental ly. 

r e l a t i n g  the eddy cur ren t  t o  the f i e l d  inducing it, one can 

fe then assumes i t s  
n 

by 
t h a t  

‘’O (1+x)H2 2 = \ J I  \ U J  = $B = 3 2  = a 
max fe 

where a i s  a cha rac te r i s t i c  leng th  i n  the l i q u i d ,  such as the rad ius  
o f  a c y l i n d r i c a l  me l t  container.  I f  one assumes t b s t  a i s  5 cm, then 

- ‘” = 0.05028 sz 
a cm amp 

Thus, the eddy cur ren t  body fo rce  o f  equat 

func t i on  o f  f i e l d  f o r  d i f f e r e n t  mater ia ls  

on (9) may be p l o t t e d  as a 

d i f f e r e n t  suscep t ib i l  t i e s ,  

cgs un i t s ,  curves f o r  the 
X )  as i n  Figure 5. 
and semiconductors are on t l ie order o f  
mater ia ls  InSb, Ge, Na and Iig a l l  f a l l  on tne  Sam po in ts  t o  w i t l i i n  

0.001 % . 

I n  p rac t ice ,  since values of x f o r  l i q u i d  metals 

To gain a more q u a n t i t a t i v e  fee l ing  f o r  the magnitude of the eddy 
cur ren t  body force, i t  i s  he lp fu l  t o  compare i t  t o  the magnetoviscous 

fo rce  a r i s i n g  from the magnetic v i s c o s i t y  discussed e a r l i e r  and t o  
the g r a v i t a t i o n a l  body force, pg. Froni equation (4),  the magneto- 

viscous force may be w r i t t e n  

fm = 0 P o  ( 1 + ~ ) ~  H2 u 
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2.2 (Continued) 

Thus by d i v i d i n g  equation (9)  by (10) one obtain: 

c 

where i t  must be remembered tha t  femax 3nd f m  are v e c t o r i a l l y  i n  

d i f f e ren t  d i rect ions,  artd i n  f a c t  are o f ten  orthogonal. Assuming 
again t h a t  a = Scnt, u = l o3  n'lcm'l and not ing t h a t  l+x  2 1 arid 
uo = 4a X 

o f  convection ve loc i t y  values as i n  Figure 6. 
the predominance o f  the eddy current force increases f o r  a diminishing 
o r  daflped convective f low. lhus i n  using o s c i l l a t i n g  magnetic f i e l d s  
t o  contro l  convection, o r  even t o  achieve s t i r r i n g  o f  the melt,  one 
must be caref;il not  t o  "overdamp" o r  set  up eddy current-dr iven flows 

which are more vigorous tha? the grav i ty-dr iven convection a t  the 
begi nni ng o f  the procesr . 

n sec/cm, one may p l o t  the r a t i o  femax /fm f o r  a range 

This graph shows tha t  

To determine j u s t  how the eddy current torce compares to  the force 
d r i v i n g  natural  convection, equation (9)  i s  div ided by the grav i -  
t a t i ona l  body forbe 

2uo i l +x )  H2 

a g  P 
f / f g  = 

emax 

d ne cm 
bec = 4~ X lo'* & and g = 980 y , t h i s  For a = 5c3, 1 + ~  = 1, u0 

equation becomes 

d ne sec2 E 
P 

f / f g  = ( 5 . 1 3  x 10-5  
emax 

which i s  p l o t t e d  i n  Figure 7. 
l i q u i d  f l o w  f D r  f i e l d  strengths above 500 
most responsive, o f  the mater ia ls considered, t o  the eddy current force, 

while the semiconductors InSb and Ge f a l l  between sodium and mercury 
i n  t h e i r  response t o  the f i e l d .  

I t i s  obvious tha t  femax dominates the 

. L iqu id  sodium i s  the 

Thus i t  i s  seen t h a t  o s c i l l a t i n g  magnetic 
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2.2 (Conti nued) 
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u - CV/SEC 

FIGURE 6: EDDY CURRENT/MAGhETOV ISCOIIS FORCE COMPARISON 
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2.2 (Continued) 

f i e l d s  o f  even modest strengths (500 - 10,000 z) produce forces 
which are qu i te  powerful compared t o  other forces i n  melts. 

2.3 EXTERNAL FIELD EFFECTS DERIVED FROM THE FREE VOLUME MODEL 

The effects which magnetic and grav i ta t ional  f i e l d s  have on the 

temperature, volume, Gibbs free energy, d i f fus ion  coef f ic ient  and 
so l i d i f i ca t i on  ra te  o f  so l id i f y ing  melts have been described qual i ta-  
t i v e l y  i n  Reference 1. That analysis may be carr ied fu r ther  by con- 
sidering the r a t i o  o f  the so l i d i f i ca t i on  ra te  under changed f i e l d  
conditions, UT, t o  the so l i d i f i ca t i on  ra te  under normal f i e l d  conditions, 

Uc. 
gravity, while "changed" f i e l d  conditions means e i ther  an applied 
magnetic f i e l d  o r  microgravi t y  conditions ex is t ing i n  an o rb i ta l  
laboratory or  other zero grav i ty  simulator. 

"Normal" f i e l d  conditions implies zero magnetic f i e l d  and 980 $ 

(4) Using Turnbull 's expression 

f o r  the so l i d i f i ca t i on  rate (see equation 28 i n  Reference l), and assuming 
that  the f rac t ion  o f  l a t t i c e  s i tes i n  a l iqu id-sn l id  interface t o  which 

molecules can be attached remains constant, the f i e l d  ef fect  on 
so l i d i f i ca t i on  rate may be expressed as 

The Free Volume Model expression f o r  the di f fusion coeff ic ient ,  D ,  may be 
w r f  +,ten 

( 1 5 )  
-2 

e Vf 

( 5 )  
D=k!,rv* 3 

where J, i s  a parameter re la t ing  the distance traveled by a molecule 
between co l l is ions t o  the average speci f ic  volume, v, o f  the l iqu id ,  
and y i s  an overlap factor l y ing  between 7 and 1. 
value o f  free volume f o r  the onset o f  d i f fusion, 
veloci ty given by 

1 
V* i s  the c r i t i c a l  

i s  the gas k ine t ic  
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2.3 ' "ant i  nued) 

and vf i s  the free volume defined as 

V f  = v - vo ( i 7 j  

where vo i s  the molecular volume calculatec from the diameter and 
m i s  the m o l x u l a r  mass. 

Now i f  equations (16) and (17) are subst i tu ted i n t o  (15), one obtains 

1 y g  (1 - vo/v)'* 
0 = Q T I  e- 

where (0 = v* (%)+ i s  a constant f o r  a given mater ia l  and values o f  
$ have been tabulated by Cohen and Turnbul l (6)  f o r  some simple l iqu ids.  

Since T and v are the only var iables i n  equation (18), the temperature 
and spec i f i c  volume under a l te red  f i e l d  condit ions may be expressed 
as 

T '  = T + AT and v '  = v + A v  

where AT and A V  are the temperature and spec i f i c  volume changes produced 

by f i e l d  changes. 
the!? d!viding by ecjiiatfon i i e j  yieios the r e l a t i o n  f o r  the f i e l d  effect 
on d i f fus ion  coef f i c ien t  

Wri t ing the expression f o r  D'  i n  terms o f  T '  and v '  

1 - 
- =  AT f(V,AV) 
Dl ( 1  + 7) e D 

V 
A V  
V 

V 
where 

Thus t o  determine the e f fec ts  o f  magnetic f i e l d s  o r  microgravi ty on 
L!!L and the a1 tered f ree  energy, AG'  , need U, and D, the terms T 

to be calculated. 
' v  

Zeniperature, Volume and Free Energy Changes i n  Microqravi ty 

of  isg pressi b i  1 i ty (ZA? % -  ~~~+!&&krn~timal ' 

21 
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change i n  the volume o f  a l i q u i d  due t o  a change i n  pressure, AP i s  

where 6 i s  the isothermai compressibil i ty of the l iqu id .  
o f  l i q u i d  i s  envisioned as being moved fmm the Earth's surface i n t o  an 
o rb i t i ng  laboratory where microgravi ty conditions prevai l ,  thare w i l l  

be a change i n  the hydrostatic pressure wi th in  the l i q u i d  o f  

I f  a container 

AP - ptAg (21 1 

where P i s  the l i q u i d  density, z i s  depth below the l i q u i d  f ree  surface 

on Ear+? snd Ag i s  the change i n  grav i ty  or  acceleration f i e id .  Thus 

f rON m (20) 

f E  = $pZA9 

From the de f i n i t i on  o f  the thermal expans 
wr i te  (7) 

AT - - -  
T aT 

on coef f ic  ent, CI, one can 

so the temperature change corresponding t o  the pressure-induced volume 

change may be calculated f rom (22) .  

Sitace the Gibbs f ree energy o f  so l i d i f i ca t i on  i s  given(8) by 

AG = Sc6T (24 )  

P .%here Sc i s  the entropy of so l id i f i ca t ion  and 6T i s  the amount of under-. 
I 

-+ling (a negative number), exter 

AG' = AG + AVAP 

c t *  must be of 
% ' . . e  ..: - g . .,, 

. .  
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w i t h  AP given by equation (21) for  a microgravi ty case. Wi:h these 
equations, the f ree  energy term 

the d i f f u s i o a  c o e f f i c i e n t  change O'/D, and the s o l i d i f i c a t i o n  r a t e  

change Ul/Uc may be calculated f o r  any mater ia l  i f  the character is t ic  
parameters are avai lable f o r  the l i q u i d  s tate o f  the subject mater ia l .  
Table I11 l i s t s  values o f  the parameters required f o r  calculat ions i n  
both the microgravi ty case and i n  the magnetic f i e l d  case f o r  four  

representative materials. 

Temperature, Volume and Free Energy Changes i n  a Magnetic F i e l d  

Equation (20) may be used t o  determine f rac t iona l  volume changes i n  a 
l i q u i d  placed i n  a magnetic f i e l d  i f  AP i s  now the magnetic pressure (9) 

where u0 i s  the permeabil i ty o f  f ree  space (.1257 dyne/amp2), x i s  the 
magnetic suscept ib i l i t y ,  Ho i s  the i n i t i a l  f i e l d  strength before the 
l i q u i d  was placed i n  the f i e l d  and H i s  the r e s u l t i n g  steady-state o f  
the f i e l d  in te rna l  t o  the l 'quid. Thus 

To estimate dv /v  without having t o  specify boundary condit ions o f  a 
p a r t i c u l a r  system, one may assume tha t  f o r  paramagnetic o r  diamagnetic 
l iqu ids ,  H Since x i s  on the order o f  10" f o r  such l iqu ids ,  Ho. 

An a l te rna t ivc  method f o r  ca lcu lat ing the volume change would be t o  LtSe 

the theory o f  magnetostriction("). 
required i n  the equations o f  t h i s  theory are not avai lable f o r  l iqu ids .  

Unfortunately several parameters 
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N 
P 

O K  

793 

1200 

224 

361 

MATER I AL 

Q Q  

9m/ 
3 cm 

6.43 
39 

5.57 
39 

13.7 
17 

0.93 
17 

InSb 
Reference 

Ge 
Reference 

Hg 
Reference 

Na 
Reference 

13 

-4.902X1 0-7 

-2.466Xl 0-6 
18 

13 

TABLE I I I PARAMETERS USED FOR CALCULATING FIELD EFFECTS* 

13 

-6.125X 
13 

-2.128X 
18 

1 
118114 

-6.816X10-7 I -7.612XlO 

0-71 2.15X106 
11&14 

j 1 .52X105 1 11&14 

R 

Clll2/ 
dyne 

3.1 5 X d  ' 
20 

l.19x10-1' 
20 

3.9X1 0-12 
16 

1 . 9 1 6 X 1 d 1  
17 

a 

0 -1 
K 

,000341 
20 

.1)001574 
20 

,0001 8 
16 

.00028 
18 

sC 

erg/ 
m o l e O K  
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14 

2.443X1 O8 
15 
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7.01 X1 O7 

14 

14 

* H i s  assumed t o  be l o5  oersteds (i.96X104 amp/cm) 

6T i s  assumed t o  be - 1 0 O K  (T  = T, + 6T)  

2 i s  assumed t o  be 1 cm 

E i nd i ca tes  estimated values 

- 
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0.1 

F: 

0.3 
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I n  h is  paper describing magnetic f i e l d  effects cn the dissolut ion and 
so l i d i f i ca t i on  rates o f  paramagnetic crystals i n  solution, Schieber (11 1 
derived the following expression f o r  the change i n  temperature 
so l id i fy ing  system due t o  the application o f  a magnetic f i e ld ,  

wh-sre xa i s  the magnetic suscept ib i l i ty  per u n i t  volume o f  the 
xS i s  the suscept ib i l i ty  o f  the so l i d  and Q i s  the la tent  heat 

of a 
H 

l iquid,  
o f  

so l id i f i ca t ion .  Thus the temperature a t  the interface o f  a so l id i fy ing 
material i n  a magnetic f i e l d  can increase o r  decrease depending Dn 
whether the material i s  diamagnetic o r  paramagnetic and on the re la t i ve  
magnitudes of xQ and xS. 

The Gibbs f ree energy o f  a material i n  a magnetic f i e l d  i s  given by 
Wood (1:) as 

where M i s  the magnetization, xH. Thus the change i n  G a t  the interface 
with a magnetic f i e l d  applied w i l l  be 

AG’ = AG - v(x,-xs)H2 . (32) 

I t  i s  easy to  show that i f  ScaT > 4vQ, the free energy term 

(1 - e AG’/kT’) / (1  - e AG/ kT) 

i s  less than uni ty  i f  xI1 - xS i s  posi t ive and becomes greater than one 
if x i  - xS i s  negative; 

Calculation o f  Field Effects on Melts 

From equations (22),(23),(26),(29),(30) and (32) and the parameter values 
given i n  Table 111, the various terms i n  equations (14) and (79) can be cal-  
culated and used t o  determine values f o r  D’ /D  and U;/Uc f o r  both the microgravity 
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and magnetic f i e l d  cases o f  a l t e red  external  f i e l d  condit ions. 
t h a t  the references f o r  the input  data are indicated under the approp- 

r i a t e  values i n  Table 111. 
were assumed f o r  the examples presented here are given below the table,  

and estirrmfied values o f  vo and 
i o n i c  r a d i i  shown on the Sargent-Welch Table o f  Per iodic Propert ies o f  
the Elements (1968). 
i s  assumed. 

Note 

Values o f  the var iab le parameters which 

were determined from atomic and 

I n  such estimations a 50% composition f o r  InSb 

The values f o r  Ui/Uc, D'/D and the f r e e  energy term which were computed 
from equations (14) and (19) are given i n  Table I V .  

be made concerning the Free Volume Model and the resu l t s  presented i n  
Table I V .  
t h a t  i t  could be expected t o  be most accurate f o r  the simplest l i q u i d s .  
But when the model i s  compared w i t h  experimental data (see Table I ,  
Reference 20), i t  i s  found t o  be more accurate f o r  water and methanol 
than f o r  such simple l i q u i d s  as Argon ana Helium. 
purpose i n  developing the model was t o  describe t ransport  and s o l i d i f i -  
ca t i on  i n  glass-forming l i qu ids ,  bu t  he a lso gets good agreement w i th  
experiment f o r  organic l i q u i d s  as wel l  as l i q u i d  metals(6). So there 
i s  l i t t l e  o r  no correspondence o f  the model t o  p a r t i c u l a r  classes o f  

l i qu ids .  On the other hand, because of the s imp l i f y i ng  assumptions, 
the model i s  no t  over ly  accurate f o r  any spec i f i c  l i qu id (20 ) .  
can provide order-of-magni tude estimates f o r  quanti  t i e s  o f  i n te res t ,  
and a t  l eas t  i nd i ca te  the d i r e c t i o n  of change i n  these quan t i t i es  

under the inf luence o f  perturbing f i e l d s .  
o f  the model t o  Space Processing - tha t  i t  does al low the de te rAna t ion  
o f  d i r e l t  e f fec ts  o f  magnetic and g rav i ta t i ona l  f i e l d s  on d i f f u s i o n  
c o e f f i c i e n t s  and s o l i d i f i c a t i o n  rates.  By "d i rec t  e f f e c t "  i s  meant 

those e f f e c t s  der ivable d i r e c t l y  from the f i e l d s  themselves, and not 
re la ted  t o  convective o r  magnetohydrodynamic e f fec ts .  Such e f fec ts ,  
shown i n  Table I V Y  can be expressed as percent changes i f  one notes 
t h a t  for  numbers as c lose t o  u n i t y  as these, the percent change i n  

Several comments should 

F i r s t ,  Turnbul l 's  model i s  based on such s imp l i f y i ng  assumptions 

I n  addi t ion,  Turnbul l 's  

But i t  

This i s  the primary &,enef i t  
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Na 

w 

MICROGRAV I T Y  CASE MAGNETIC F I E L D  CAS€ 

FREE ENERGY TERM D ' / D  u p c  FREE ENERGY TERM D ' / D  u p c  

0.9999993 1 ,0000005 0.9999998 0.99993 1 .00742 1 0007 

0.99999966 1 . 0000003 0.99999996 0,99987 1 ,00624 1 *(lo6 

0.9999987 1.0000007 0.9999994 1.00539 0,99805 1 0003 

0.99999983 I 1.0000001 I 0.99999993 I 0.99771 

N 
I 
ru 
v 

TABLE I V  
EXTERNAL F I E L D  EFFECTS ON REPRESENTATIVE MATERIALS 
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a quant i ty  X i s  approximately 100 ( X ' / X - l )  where X '  i s  the perturbed 
value. 
and s o l i d i f i c a t i o n  r a t e  are i n  the ranges t o  f o r  the 

microgravi ty case and 0.3 t o  1.9% f o r  the magnetic f i e l d  case. 

Expressed t h i s  way, the changes i n  both d i f f u s i o n  coef f ic ients  

It must be noted t h a t  the changes i n  0 and Uc i n  the magnetic f i e l d  
case are s t rongly  dependent on f i e l d  strength. That i s ,  f o r  high 
enough f ie lds,  the value o f  D ' / D  f o r  mercury could be greater than 
one, while f o r  s u f f i c i a t l y  low f i e l d s ,  the values o f  D ' / D  f o r  InSb, 

Ge and Na could be less than one. but the data do show t h a t  g rav i t y  
has a much smaller d i r e c t  e f f e c t  on D and Uc than do magnetic f i e l d s .  
Thus t h i s  analysis supports the thesis tha t  suppression o f  g rav i t y -  
dr iven convection, which has an i n d i r e c t  e f f e c t  on s o l i d i f i c a t i o n  

parameters, i s  the primary bene f i t  o f  mater ia ls processing i n  space. 
The data i n  Table I V  a lso show tha t  the free energy term i s  less 
sens i t i ve  t o  magnetic f i e l d  changes than i s  the d i f f u s i o n  coe f f i c i en t .  
This i s  due t o  the more d i r e c t  dependence of the d i f f u s i o n  c o e f f i c i e n t  
on f ie ld- induced volume change and t o  the fact  t ha t  volume changes 
are much la rge r  (by factors  proport ional  t o  H2)  I n  magnetic f i e l d s  
than i n  microgravi ty where 
i n  U, upon the appl icat ion o f  a magnetic f i e l d  indicated i n  Table I V  

i s  on the order o f  10-O. The increase 

has been observed experimental ly by Schieber (11) . 

2.4 THE RELATION OF EXTERNAL FIELDS TO SOLUTE DISTRIBUTION I N  
SOL I D S  

Previous sections o f  t h i s  report  have dea l t  wi th  calculat ions performed 
w i t h  theories developed dur ing the per iod described by Reference 1. 
The present contract was p r i m a r i l y  concerned wi th  such calculat ions,  
but  also provided f o r  f u r t h e r  theoret ica l  development i n  the area o f  
external  f i e l d  e f f e c t s  on solute d i s t r i b u t i o n  i n  sol ids.  The question 
addressed by t h i s  po r t i on  o f  the work could be stated: 
t o  develop a theoret ica l  model which w i l l  describe the e f f e c t s  an 

" I s  i t  possible 
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external  f i e l d  has on the substructure o f  a mater ia l  which s o l i d i f i e s  
i n  the f i e l d ? "  The best answer to  t h i s  question a t  present i s  t ha t  
a model consist ing o f  four steps has been developed which formal ly  
re la tes  the occurrence of microsegregation i n  a s o l i d  t o  the external 
f i e l d  condi t ions which might obtain during s o l i d i f i c a t i o n  o f  a binary 
mater ia l .  The steps are: 

1. Calculate the f i e l d  d i s t r i b u t i o n  i ns ide  the mel t  due t o  the 
known external  f i e l d  as a funct ion o f  s u s c e p t i b i l i t y  (magnetic 
f i e l d  case) o r  densi ty (g rav i ta t i ona l  f i e l d  case). 

2. Find the force the i n t e r n a l  f i e l d  exerts on so lute atoms. 

3 .  Determine the resu l t i ng  solute atom ve loc i t y  prcducea by the force. 

4. Use Sekerka's interface s t a b i l i t y  theory t o  r e l a t e  the c r i t e r i a  
f o r  microsegregation t o  solute at.om veloc i ty .  

Although the model y i e l d s  a formal r e l a t i o n  between externai f i e l d s  
and microsegregation, i t  i s  not r e a l l y  useful f o r  performing p rac t i ca l  
ca lcu lat ions since each step contains operations which cannot be 
performed r igorous ly  f o r  most rea l  s o l i d i f i c a t i o n  s i tuat ions.  However, 
i t  i s  i n s t r u c t i v e  t o  consider- the theo re t i ca l  aspects o f  each o f  the 
above steps . 
F i e l d  D is t r i bu t i ons  i n  Melts 

The ca l cu la t i on  o f  magnetic f i e l d  d i s t r i b u t i o n s  f l ( G , t ) ,  i n  mater ia ls 
from a known f i e l d  outside the mater ia l  has long been understood (21 1 . 

t jasical ly,  one solves Laplace's equation 
v 2 l $ = o  

f o r  the magnetic po ten t i a l ,  $, where 
-b -b H P -  v l $  

(33)  

( 3 4 )  
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i n  all regions of space subject to the boundary conditions o f  the problem. 
As in all field problems, the geometry o f  the situation determines the 
form o f  the boundary conditions and the solutions. Figure 8 shows 
the two geometries considered. These geometries were chosen because 
o f  thei i" widesprpac experimental usage. 

(I) 
/ \ 

I 

-b 
ti 
0 

I * I 1 
--i i 

I 
LICU13 1 

- a  I 

$ 3  

FIGURE 8: CRYSTAL-MELT GEOMETRIES CONSIDERED IN THE STUDY OF MAGNETIC 
FIELD DISTRIBUTIONS I N  MELTS. (A) CORRESPONDS TO ZONE 
REFINING AND (B) TO CZOCHRALSKI CRYSTAL GROWTH. 
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The zme ref in ing geometry can be considered an i n f i n i t e  cylinder, 
since the solutions of in terest  are those i n  a small region near the 
l iqu id -so l id  interface. The boundary conditions i n  t h i s  simple case 
a r e  

+ (&e) = f i n i t e  (35a 1 

(35b) 

(35c 1 

a@l - a$O 

q (asel  = L ? ~  (a,9) 

u1 - uo TI, a 

oo ( r , e ) -  - Hor cos e 
r + m  

where 4o i s  the potent ia l  outside the cy l indr ica l  container, q i s  the 
potent ia l  inside and Ho i s  the i n i t i a l  f i e l d  before the melt was in t ro -  
duced i n t o  the f i e ld .  
are i n  cy l indr ica l  coordinates 

The solutions obtained i n  the usual manner (21) 

fib = H~ [cos e k i n  e + (364 

$ H~ [cos e i t s i n  e 

and i n  rectangular coordinates 

= Ho + (&) Ho $ [(x2-yz) + 2xy 31, 

. . a ,  

where i, j, r and e are u n i t  vectors, wi th  Ro = H i i n i t i a l l y .  

7,ie Czochralski geometry presents a much more d i f f i c u l t  problem. F i r s t ,  
because t h i s  case i s  essent ia l ly  two cylinders o f  d i f ferent  r a d i i  

0 
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I 
I 
I 
I 
I 
I 
I 

meeting end-to-end a t  the z=O plane, there are more boundaries. and 
thus boirndary condi t ions (see Appendix B) and solut ions t o  be considered. 

not  symmetrical on e i t h e r  s ide o f  the 

I I 
I I 

I I MELT I 
I I 

P I  I u 2  I 

e 2a > 

because the problem i s  A1 so, 
z=o p 

and t h i s  ser ies unfortunately does not converge i n  the region near the 

2.6 plane. 
possible, and one must choDse e i t h e r  an approximate ana ly t i ca l  so lu t i on  

o r  a iwmerical computer solut ion.  An approach t o  obtaining an approximate 
so lu t i on  i s  t o  convert the Czochralski geometry i n t o  the geomebry o f  
two i n f i n i t e ,  concentr ic cy l inders as shown i n  Figure 9. The so lut ions 
t o  the i n f i  n i  t e  concentr ic cy1 i nder problem are easi l y  obtai  ned, then 
the solut ions may be w r i t t e n  above z=O by se t t i ng  p1 = vo and below 
z=O by s e t t i n g  u2 = pl. 

rhus no r igorous ana ly t i ca l  so lu t ion t o  t h i s  problem i s  

FIGURE 9: CONCENTRIC CYLINDER APPROXIMATION TO :ZCCHRALSKI GEOMETR’. 
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Thus, i n  cy1 i n d r i  ca l  coordinates 

fii = H~ (cos e ;-sin a e )  + 

d2 H~ (cos e +sin e i) 2+x 7 

whep2 I( = k 1  and d = a, z 0; x = x2 and d = b, z > 0 

it, = & H~ (cos e ;-sin e i> 

I+x2  

+x2 
i$ = 2(+ H~ (cos e r - s i n  e e )  

I n  rectangular coordinates, the solut ions are 

&ere x = x1  and d = a f o r  z < 0; x = x 2  and d = b f o r  z > 0, r2 = 

x i  + y2 and 1; indicates the new f i e l d  outside the melt,  

The trouble w i th  these solut ions i s ,  na tu ra l l y ,  t h a t  they do not 
s a t i s f y  the rea l  boundary condit ions (see Appendix B) i n  the l i q u i d -  
s o l i d  i n te r face  regiov, which i s  the region o f  primary i!bterest. An 

approach t o  obtaining i so lu t i on  which does s a t i s f y  the boundary con- 

d i t i o n s  f o r  the f i e l d  , l i s t r i b u t i o n  i n  a Czochralski growth system 
u t i l i z i n g  computer capab i l i t i es  i s  the f i n i t e  element method. 

method consists bas i ca l l y  o f  four steps: 

This 

( 39a ) 

1 .  break up the region o f  i n t e r e s t  ( in ter face region) i n t o  small elements 

as  shown i n  Figure 10. 
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I x2 I 

2. 

3. 

4. 

FIGURE 10: F I N I T E  E L E W J T  METHOD FOR SOLVING F I E L D  DISTRIBUTION 
PROBLEMS I N  CZOCHRALSKI GEOMETRY 

(A)  ELEMENT GRID I N  INTERFACE REGION - SIDE VIEW 

(ti) 

(C)  NODES OF ADJACENT ELEMENTS 

ELEMElYT GRID I N  INTERFACE REGION - VERTICAL VIEW 

Solve Laplace's equation f o r  @ a t  each node f o r  each element. 

Impose "compat ib i l i ty"  condit ions on the nodes o f  element i so t h a t  
so lu t ions a t  each node o f  i sa t i s f y  the boundary condi t ions o f  each 

element adjoining i a t  t h a t  node, and t: .erefore s a t i s f y  the boundary 

condi t ions o f  the problem. 

Program the c o n p t e r  t o  sum the solut ions f o r  each element (which 

s a t i s f y  boundary o r  compa t ib i l i t y  condi t ions) over a l l  elements t o  

obta in  the t o t a l  so lu t i on  o f  the problem. 

Techniques f o r  Gctual ly carlaying out the above steps are not y e t  per- 

fected since the 3ppl icat ion o f  f i n i t e  element methods t o  f i e l d  tqeory 

problems i s  r e l a t i v e l y  new. Thus the t ime and resources required t o  

obtain a so lu t i on  f o r  the f i e l d  d i s t l i b u t i o n  i n  a Czochralski c rys ta l  
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growth system are f a r  beyond the scope o f  the prosent study. 
i t  i s  possible t o  determine q u a l i t a t i v e l y  the shape o f  the f i e l d  i n  

the i n te r face  region. 
(E) f i e l d  l i n e s  are "pushed out"  o f  mater ia ls  possessing lower per- 

meab i l i t i es  than t h e i r  surroundings. 
(40) and (41) t h a t  B1 > B2. Therefore the l i n e s  o f  B i n  the i n te r face  

w i l l  be shaped q u a l i t a t i v e l y  as i:: Figure 11 when x1 > x2.  
q u a l i t a t i v e  f i e l d  shape of Figure 11 coupled w i th  the numerical answers 
from equations (39) - (41) cons t i t u te  an approximate solut ior !  f o r  the 
f i e l d  d i s t r i b u t i o n  i n  the Czochralski growth case. 

However, 

Physical ly,  i t  i s  known t h a t  magnetic induct ion 

It can also be seen from equations 

Thus the 

- I :.E 5 ,F 

I r .  %, I 

FIGURE 11: FIELD LINES I N  THE INTERFACE REGION, CZOCHRALSKI 
GEOMETRY, k1 > x 2  

Gravi ta t ional  f i e l d  d i s t r i b u t i o n s  are even more d i f f i c u l t  t o  ca lcu late 

r igorous ly  because they depend an the integrated matter d i s t r i b u t i o n  

throughout the l i q u i d - s o l i a  system as w e l l  as any external g r a v i t y  
f i e l d  such ?s t h a t  o f  the Earth o r  the random accelerat ion f i e l d  on a 

spacecraft. But oraer-of-magni tude estimates o f  g rav i ta t i ona l  forces 

on solute atoms may be found from F = mgT where m i s  solute atom mass 

and gT i s  the t o t a l  g rav i t y  f i e l a  act ing on i t .  On Earth gT i s  the 
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sum of the Earth's mass field, i ts  rotational acceleration field (these 
two sum to  l g )  and the gravity f ie ld  of the material i n  which the atom 
is situated.  

For a melt i n  3 cylindrical container, the gravity field due t o  the 
melt mass acting on a molecule near the surface o f  the melt may be 
estimated from Gauss's law (22) 

f 1 = -47 G 1 1 1 p dv (42 1 

wnere G is the universal gravitation constant and p is the density of 
the melt. Assuming p ana cc t o  be constant, equation (42) becomes 

+ -  .. 
gc-(zrc  + rc K )  = -2nGprC2 

o r  
+ 

= -&p (rc kc i. 2) 9, (43) 

where rc i s  the radius of the cylinder, z is i ts  length and kc and r? 
are  the corresponding u n i t  vectors. Now T~GP = 1.26 X seC2, so 
fo r  values of rc and z on the order of 10 cm, the magnitude of GC is 
roughly cm/sec2 o r  g.  Therefore, i f  ;e represents a u n i t  
vector lying along a radius vector of the earth,  the to ta l  gravity f ie ld  
i n  a cylindrically shaped melt is 

.I ,, 

(44) - -* 

gT - -g re - 10'eg (rc + K) : -g re 

I n  a space processing laboratory, the gravity level can be represented 
bY 

(45) * -  - -6, + ? ( a )  gT 

where ?(a) represents random spacecraft accelerations and vibrations 
which are  on the order o f  10'3g to  1Ow6g. 
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Resul tant  I n t e r n a l  Forces on Solute Atoms and Atom V e l o c i t y  

Once the magnetic f i e l d  d i s t r i b u t i o n  i n  a m e l t  i s  kncl;,i the  fo rce  on 
a g iven aton due t o  the  f i e l d  i s  (21)  

r = i (6; * 6 )  (46) mag 

sJhere i; i s  the magnetic moment o f  t he  i t h  atom. 

f o r  a g i ve r  species o f  atom, equat ion ( 4 6 )  can be w r i t t e n  

Since G i  i s  constant 

(47)  j? = ii;' - ?) jj 
ma3 I 

o r ,  i n  term o f  s c a l a r  d i f f e rences  

:El 

Ii:ag 2 X  
= - F 

Th? magnetic nonient, m ' ,  may be ca l cu la t+d  from t h ?  s u s c e p t i b i l i t y  o f  

the  m a t e r i a l .  

such, bu t  do e x h i b i t  behavior i n  a magnetic f i e l d  which corresponds tt, 

Diamagnetic ma te r ia l s  do na t  h t i w  aagnet ic  moments as 

an " e f f e c t i  vt! moment'' ( 2 3 )  

where V i s  the volume per  mole o f  diamagnetic l i q u i d  and No i s  Avogadro's 

number. F o r  paramagnetic m a t e r i z l s  the moment i s  (24)  

where the secGntl ten;, on the r i g h t  der ives  from the  diamagnetic c o n t r i -  

butiorr t o  the  paramagnetic s u s c e p t i b i l i t y .  

a net  e l e c t r o n i c  charge, i t  w i l l  alsG experience Lorentz  forces as i t  

li~uvils i n  the magnetic f i e l d  o f  the mel t .  Th is  s i t u a t i o n  i s  considered 

i n  Appendix C .  

I f  cny so lu te  a t n m  possesses 

t i r d v i  tationdl forces,  d s  have been i i i d i ca tea ,  are ca lcu la ted  from 

F = nigT 
9 
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where m i s  the  mass of a so lu te  atom. In te ra tok i i c  forces a re  f m , d  

from the  negat ive  g rad ien t  o f  t he  i n te rmo lecu la r  p o t e n t i a l ,  (0, f o r  

t he  so lu te -so lvent  system i n  question. A value f o r  the fo rce  Kay be 

ca l cu la ted  i f  one assumes t h a t  2-body forces predominate and assumes 

a p a r t i c u l a r  form f o r  the  p o t e n t i a l .  For the  Lennard-Jones p o t e n t i a l  (25) 

where 6 and G are the Lennard-Jones energy and d is tance parameters 

and r i s  the  in te rmolecu la r  separation. 

are used interchangeably s ince the simple models described here do n o t  

d i f f e r e n t i a t e  oetween molecules o f  d i f f e r e n t  atomic s t ruc tu re . )  

presents values of the  fo rces  ca l cu la ted  from equations 48 - 52 f o r  

several 1 i q u i  ds. 

(The terms atom and molecule 

Table V 

One must be ca re fu l ,  when comparing these forces; t o  remember t h a t  they 

are no t  s t a t i c .  That i s ,  i f  a l i q u i d  i s  env is ioned as a c o l l e c t i o n  o f  

molecules s i t u a t e d  i n  c e l l s  formed by t h e i r  nearest  neighbors, each 

molecule i s  known t o  o s c i l l a t e  about the  center  o f  i t s  c e l l  w i t h  a 

r e s t o r i n g  fo rce  such as equat ion (52) .  

t o  occur, a t  some i n s t a n t  the  f o r c e  and c e l l  s t r u c t u r e  must be a l t e r e d  

enough t o  a l low the molecule t o  escape i t s  o r i g i n a l  c e l l  and en te r  

another. This a l t e r n a t i o n  o f  t he  s e l l  s t r u c t u r e  and r e s t o r i n g  force,  

or c e l l  p o t e n t i a l ,  w i l l  occur randomly because, as must be reca l led ,  

each molecule making up the c e l l  under d iscuss ion i s  a l so  o s c i l  I . ' i n g  

i n  i t s  c e l l .  O f  course, even t h i s  p i c t u r e  i s  an ove rs imp l i f i ca t ; , n  

because the d e s c r i p t i o n  o f  l i q u i d  fo rces  i s  one o f  the  most d i f f i c u l t  

of  t n e  ;:-body prob1e;iis. 

l i q u i d  in te rmolecu la r  fo rces  are  mucn s t ronger  than magnetic o r  

s r s v r t a t i o n a l  forces,  the s t a t i s t i c a l  (and, i n  f a c t ,  unknown) nature 

of  the t r u e  in te rmolccu la r  f o rce  permi ts  an ex terna l  t o rce  t o  a c t  as a 

b i a s  G I ?  t h e  otherwise raidom motion o f  a s o l u t e  molecule. 

b u t  s ince  d i f f u s i o n  is known 

So although the  data o f  Table V i n d i c a t e  t h z t  
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L- erns 

17 - CI,l 

r - cm 

m - gm 

3 v - em /mole 

P - grn/crn 3 

TABLE V 
M I C R O S C O P I C  FORCE COMPARISONS I N  LIQUIDS* 

1.0353 X 

2.827 X 

3.59 x 
3.33 x 
-2.466 X 

200.6 

14.6 

1 3 . 7  

8 .6  X lo-' 

1 . 8  X 

3 . 3  x 1 0 - l ~  

- 
InSb 

1.97 x 10-22 

-6.816 X lo- '  

116.75 

18 .2  

6 . 4 3  

6 . 2  X 

Na 

1.898 X 

3.567 X 

4.27 X 

3.82 x 1 0 - ~ 3  

5,859 X 

23 

2E 6 

0 .93  
-~ ~ 

11.6 X 

2.34 X 

3.74 x 10-20 

* - *' as?,.wed to be 600 5 auss 
A x  

NH3 

7.707 X 

2 . 9  X 

4 . 3  x 
2 .82  x 10-*3 

-- 
-- 

25 

-- 

3 . 3  x 
-- 

2.76  X 

2.694 X 

3.941 X 

5.02 X 

7 .3  x 

- -  
40 

1 .6  X 

-- 
7.15  X lo'*' 

H assumed t o  be 60,000 oersteds 
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The next  s tep i n  connecting ex te rna l  f i e l d s  t o  s o l u t o  d i s t r i b u t i o n  i n  

the  s o l i d  i s  t o  determine the  s o l u t e  molecule v e l o c i t y ,  u, from the  fo rces  

a c t i n g  on the  molecule. The p r a c t i c a l  method of r e l a t i n g  v e l o c i t y  t o  
f o r c e  i s  through the  m o b i l i t y  o f  t he  s o l u t e  molecules 

+ 

(53) 
+ +  
u ( r , t )  = v P(T,t) 

where the  term f inc ludes  a l l  fo rces  a c t i n g  on the  molecule except the  

random molecular  d i f f u s i o n  forces, discussed above, which are inc luded 

i n  the  m o b i l i t y ,  V .  

which are  i n  t u r n  r e l a t e d  t o  the  microscopic f l u c t u a t i o n s ,  bo th  random 

and o s c i l l a t o r y ,  o f  the molecules, (26y27)and the re fo re  t o  the random i n t e r -  
molecular  fo rces .  Thus, f o r  the cases considered here, P would be a 
magnetic o r  g r a v i t a t i o n a l  force (as ca l cu la ted  from equations 46 - 51) 

w h i l e  in te rmolecu la r  forces,  such as equat ion (52), would no t  appear 
e x p l i c i t l y  i n  the  expression f o r  z. 

v depends on d i f f us ion  c o e f f i c i e n t  and temperature 

The Dependence o f  Microseqregat ion on Solute V e l o c i t y  

Once the  v e l o c i t y  o f  a so lu te  molecule i s  known i n  t h e  mel t ,  how does 

t h i s  f a c t o r  r e l a t e  t o  so lu te  d i s t r i b u t i o n  i n  t h e  s o l i d ?  The f o l l o w i n g  

theory, which discusses inicrosegregation i n  terms o f  the s t a b i l i t y  o f  

the  l i q u i d - s o l i d  i n t e r f a c e ,  prov ides a q u z l i t a t i v e  answer. 

Segregation riiay be d i v ided  i n t o  two p a r t s :  microsegregation and macro- 

segregdtion. 

concentrat ion,  such as those found between c e l l s  , dendr i tes  and gra ins  , 
while macrosegregation r e f e r s  t o  long range v a r i a t i o n s  i n  composit ion 

foutrd d l o n g  the l eng th  o f  an i n g o t  and between the  ou ts ide  and the center  

of a cas t ing .  

l i q u i d  phases dur ing  s o l i d i f i c a t i o n  i s  responsib le  f o r  t he  non-uniform 

d i s t r i b u t i a n  o f  s o l u t e  i n  thc  f i n a l  s o l i d  a l l c y .  

Microsegregation inc ludes  short-range d i f f e rences  i n  

The d i f f e r e n c e  i n  composit ion between the  s o l i d  and 
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The intercellular and interdenaritic microsegregation, i .e . ,  the 
segregation of solute to the cell boundary or inbetween dendritic 
branches, i s  the result of lateral diffusion of solute away from the 
t i p  of the growing projectiot;. 
only when the p lanar  solid-liquid interface becomes unstable. There- 
fore, to study the microsegregation and the substructure of the solute 
distribution, the morphological stabil i ty o f  the interface separating 
solid and liquid during solidification needs t o  be investigated. 

I t  follows t h a t  microsegregation occurs 

Interface instability in crystal growth was f i r s t  discussed in connection 
w i t h  experiments reported by Rutter and Chalmers (28) i n  1953 on the 
unidirectional crystallization of dilute t in  al loys in horizontal bqats .  
They proposed t h a t  impurities rejected by the freezing solid can build 
u p  ahead of the advancing solid-liquid interface in such a manner t h a t  
the equilibrium freezing temperature of the liquid adjacent t o  the 
solid-liquid interface i s  abcve i t s  actual temperature. They postulated 
t h a t  i f  t h o  "constitutions\ supercooling" exists, a protuberance on the 
interface would have a tendency t o  grow spontaneously, a smooth liquid- 
solid interface would be unstable and the observed growth forms would 
result. The conditions under which constitutional supercooling occurs 
w e  subsequently placed on a quantitative basis by Til ler ,  Rutter, 
Jii,-k;C.t: and Chalmer~(~') .  The constitutional cooling principle deals 
$1. ..:;* 
t - s . 7  ,b:e in :ne region of the liquid ahead of the interface and i s  not 
iu;:s upon t he  dynamics o f  the whole system. 

.z!: ::,nestion of w h i c h  s ta te ,  solid o r  l i q u i d ,  i s  thermodynamically 

A more elegant approach t o  the stabil i ty theory is  t o  consider a small 
f l u c t u a t i o n  on a p l a n a r  interface and t o  determine under w h a t  conditions 
the f l u c t u a t i o n  decays and under w h a t  cond i t ions  i t  grows. This i s  the 
p e r  : u r b d t i o n  theory o f  interface stabil i ty atid has been develoged by 
Uagneri3'), Mu1 1 ins and Sekerka (31 9 3 2 ) ,  Sekerk? (33-36) and Voronkcv i37) . 
The perturbation stabi 1 i ty  theory providcs a description of the time 
evo lu t ion  of a perturbed interface and the accompanying temperature 
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and concentrat ion f i e l d s .  This descr ip t ion i s  v a l i d  so long as the 

perturbat ions and t h e i r  e f f e c t s  remain s u f f i c i e n t l y  smal 1 t o  be described 
by a l i n e a r  theory. A time and distance scale o f  perturbed in te r face  
phenomena can therefore be ascertained (38) . 

There are two d i f f e r e n t  but re la ted  ca lcu lat ional  methods o f  studying 

the response of the in ter face t o  a perturbat ion.  These are the time- 

independent and time-dependent stabi  1 i ty theor ies.  The time-independent 
theory (31-33) involves the time i m p l i c i t l y  but excludes time as an 

e x p l i c i t  var iab le i n  the descr ip t ion o f  the temperature and concentrat ion 

f i e l d s .  This “steady s tate”  approximation gives v a l i d  r e s u l t s  f o r  
s u f f i c i e n t l y  s lowly growing perturbations. 

dependent theory has been devel oped by Sekerka(34) employing time- 

dependent t ranspor t  equations. 

dependent theory i s  very complicated and has not  been reduced t o  a 
p rac t i ca l  c r i t e r i o n .  To an approximation, the necessary and s u f f i c i e n t  

condi t ion f o r  i n te r face  stabi  1 i ty from the time-dependent theory has 
been found i n  agreement w i th  tha t  o f  the time-independent theory. 

Since the purpose o f  t h i s  study i s  t o  determine the e f f e c t s  o f  external  
forces on microsegregation of so lu te atoms during s o l i d i f i c a t i o n ,  we 
have ex taded  the time-independent theory o f  i n te r face  s t a b i l i t y  (32,331 

t o  include the movement o f  so lu te atoms r e s u l t i n g  from the external  

forces which a c t  on them. 
growth condit ions are determined, and a method o f  est imating the s ize 

o f  the substructure i s  presented. 

A more complex time- 

The s tab i  1 i ty c r i t e r i o n  o f  the time- 

The s t a b i l i t y  c r i t e r i a  under d i f f e r e n t  

Let us consider a un id i rect ional  s o l i d i f i c a t i o n  system a t  constant 

s o l i d i f i c a t i o n  ve loc i ty ,  V as shown i n  Figure 12. 

system attached t o  the planar i n te r face  moves w i t h  the constant 
ve loc i t y  V w i th  respect t o  the phases o f  e i t h e r  side. 

siriusoidal r i p p l e  o f  i n f i n i t e s i m a l  amplitude, 6 ,  w i t h  a wavelength 

The coordinate 

Suppose a 
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L 
z 
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F IGURE 1 2 : INTERFACE GEOMETRY FOR SEKERKA ' S THEORY 

x = ZTI/W s a t i s f y i n g  the r e l a t i o n  

z = $(x , t )  = 6 ( t )  s i n  w x (54) 

i s  introduced i n t o  the p lanar  i n t e r f a c e  between l i q u i d  and sol id.  
wish t o  ob ta in  an expression f o r  

r i p p l e  grows ( i > O )  o r  decays ( i < O ) .  
f o l l ow ing  simultaneous equations, f o r  the l i q u i d ,  

We 

5 d6/dt i n  o rder  t o  see whether the 
This requ i res  us t o  solve the 

1 aC v2c + b (v-u) = 0 

and f o r  the s o l i d  

subject  t o  the boundary cond i t ions  

T+ = T i  
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TQ 

mC + TM - T p w 2  s i n  wx Q 

and t o  the condi t ions t h a t  f o r  161 much la rge r  than any per turbat ion on 
the in ter face,  T, T '  and C s h a l l  takz on the values o f  the solut ions 
appropriate t o  the case o f  a planar in ter face.  The notat ion i s  as 
fo l lows: 

C 
D 
V = average s o l i d i f i c a t i o n  v e l o c i t y  
U = so lute ve loc i t y  due t o  external  force 
T 
T '  

= concentrat ion o f  so lu te i n  the l i q u i d  
= so lute d i f f u s i v i t y  of the l i q u i d  (d i f f us ion  coef f ic iE it) 

= temperature i n  the l i q u i d  
= temperature i n  the s o l i d  

- -  - KL - - thermal d i f f u s i v i t y  ?f the l i q u i d  

= - Ks = s o l i d  
Dth cL 

D ih  

= thermal conduct iv i ty  o f  the l i q u i d  and so l i d ,  respect ively KL 'Ks 
= spec i f i c  heat per u n i t  volume o f  the l i q u i d  and so l i d ,  respect ively 

= slope o f  l i qu idus  l i n e  on the phase diagram 
= absolute mel t ing po in t  of the pure solvent 

cL ''s 

TM 

m 

r = y/Q,capi l lary constant 

Y 

Q 
= s o l i d - l i q u i d  surface f r e e  energy 
= l a t e n t  heat o f  fus ion o f  the solvent per u n i t  volume 

2-44 



0256- 10024 

2.4 (Con t i nued) 

K = average curvature a t  a point of the interfdce 

V = v t = interface velocity 

k = distribution coefficient = r a t i o  of the equilibrium concen- 
t r a t i o n  of solute on the solid side o f  the interface t o  t h a t  
on the liquid side of  the interface 

subscript 0 denotes the quantity under consideration i s  measured a t  the 
interface. 

Let T and C be the temperature and concentrdtion a t  the interface 
respectively, we have 

9 4 

Tb = To f a$ = T + a6 sin w x  
0 

= C f b$ = Co + bd sin ux (Clb)  c 4  0 

where To and Co are the values for  a f l a t  interface and the second terms 
are the first-order corrections corresponding t o  the infinitesimal 
perturbation. a and b are coefficients t o  be determined. The solutions 
of equations (55) ,  (56), and (57) satisfying the condition for large 
z and reducing to  equations (61)  on the interface z = 9 are the following: 

GcD C(x,z)  - co = -7- V 
- V '  -W*Z [ l - e x p ( ~ z ) ] +  E(b-G,) sin wx e 

T(x ,z )  - To = - Dth [l-exp(i=j-z)] - V  f 6(a-G) sin w x  e -?hz V t h  

and on the solid side 
G ' D I t h  ' 2  

T'(x,z)-T0 = - [ l - e x p G z ) ]  + 6 ( a - G ' )  sin wx e-"th 
t h  V 

where G and G '  are the thermal gradients a t  the unperturbed f l a t  inter- 
face (n=O) i n  t he  liquid and solid, respectively, Gc i s  the concentration 
gradient i n  the l i q u i d  a t  the unperturbed f l a t  interface, V'eV-u i s  tl,e 
soiute velocity relative t o  t h a t  of the interface, and where 
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2.4 (Continued) 

Subst i tu t ing equations (62) i n t o  equations (59) and (60), we can 

determine a and b t o  the f i r s t  order i n  6. 

equation (60), a f te r  straightforward but tedious algetpa, we have the, 
expressio, 'or ;/6 which i s  sought 

From equations (62) and 

as wel l  as 
- 
K 1 
G Q s  V = - (&'-&) = - ( K  G '  - KLG) 

where 

- 
Ks - '' = average thermal conduct iv i ty  o f  the system K =  2 

KL - G = (-)G - = generalized thermal gradient i n  the l i q u i d  
K 

KS - G '  = (-)GI - = generalized thermal gradient i n  the s o l i d  
K 

and p = 1-k. 

S t a b i l i t y  o f  the i n te r face  w i th  respect t o  an undulat ion depends ori 
the sign o f  : / 6 ;  a p o s i t i v e  value o f  i / 6  f o r  any w means growth o f  
some undulations and hence i n s t a b i l i t y  o f  the o r i g i n a l  f l a t  i n te r face  
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2.4 (Continued) 

whereas a negative s ign f o r  a l l  means decay o f  a l l  undulations and 

hence s t a b i l i t y .  
G' and G>O are assumed (because r5ese hold t rue  f o r  the usual case). Also, 
on:j the condi t ion o f  u>O, i.e., solute atom ve loc i t y  i n  the same d i r e c t i o n  
as the s o l i d i f i c a t i o n  ve loc i ty ,  i s  considered. 

u<O i s  not considered. 
up a t  the interfaze, producing a much more unstable ana thus more com- 

p l i ca ted  s i t u a t i o n  than i n  the u>O case. 

equal i ty  V-u > V- - (which w i l l  be u t i l i z e d  present ly)  does not  hold. 

t h i s  inequal i ty  i s  rcst val id ,  the denominator o f  equation (64) i s  no t  

necessarily posi t ive,  and the stabi  1 i ty  analysis becomes too complicated 

to  be accomplished A t h i n  the time frame o f  the present study. 

the u>O condit ion. three d i f f e r e n t  cases are analyzed below. 

I n  the peesent analysis, the condit ions O<k<l, m<O and 

There are two reasons why 

Physical ly, u<O means tha t  the so lute w i l l  p i l e  

Mathematically, when u<O, the i n -  
U I f  P 

But f o r  

- 0  v - - -  U 

DGC 

P PC0 

P 
(a) 

- - which means G C 4  and u -  From equation (66), we have V - - - 

.. u 
D U 5 = - - a s  V - - + 0. Under t h i s  condit ion, equation (64) 

GC PC0 P 

becomes 
1 [TM!'dZ + - (G'+G)]x* - 0 

mPCo 2 - -  

2, - Q hi* ST mPCo 

5 
T = 2,. 
,9 

Everything on the r i g h t  side o f  t k i  above equation i s  p o s i t i v e  except 

iii which i s  less than zero. Therefore, we have found, when V - - - - 0, 
that  

P 
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2.4 (Continued) 

which means that the f l a t  interface i s  always stable under t h i s  

condition. The physical meaning o f  V - - = 0 can be e x p l i c i t l y  seen 
P 

from the following relat ions.  As V - u/p.O, or G c 4 ,  from equation (62) 
we have C(x,-) = Co. This mans tha t  the concentration o f  solute a t  
large distances from the interface i s  equal t o  the concentration a t  

the f l a t  interface, or, there i s  no pile-up o f  solute a t  the in te r fac t  

This condition can be real ized by applying a force (such as a magnetic, 
acceleration o r  other external force as i n  equation 53) on the solute 

atoms in the d i rec t ion  o f  so l i d i f i ca t i on  wi th a magnitude o f  

U 

Hence, an external force acting on solute atoms can be expressed i n  terms 

o f  measurable material properties. 
U v - - > o  P (b) 

Under th i s  condition, the following re la t ions may easi ly be found. 

U V '  = V - u V - - >  3 since p E 1-k c 1; 
P 

V '  - v-u U 
D D P 

u)* -. - - - >  f ( i - u )  > g ( v  - -) and 

With these relations, a l l  terms i n  the denominator of  equation (64) 
are posi t ive.  
determined by the sign of the numerator o f  equation (64) or  the sign 

t f  N(u) which i s ,  from equation (64),  

The sign of i / d ,  o r  the s t a b i l i t y  c r i te r ion ,  i s  solely 

1 = f(u) - (c'+&) + mGc 
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2.4 (Continued) 

where 

- V '  f ( w )  = - Tnrw2 - 2hGC 
2D i / 2  V [1 + !r u ) ~ ]  - 1+2k 'Jr 

The funct ion f (w) has the fo l lowing propert ies:  

( i  1 f(24) < 0. 

( i i )  

( i i i )  

f ( 0 )  = -mGc and f(m) = -0 

f(w) e i t h e r  decreases monotonical ly as w increases from zero 

o r  i t  has only one maximum fo r  some p o s i t i v e  value g f  U. 

Propert ies (i) and ( i i )  f o l l ow  immediately from the expression f o r  f ( w ) ,  

equation (69). Prop r t y  ( i i i )  has been proved i n  a s i m i l a r  way as i g  

Reference (32). The nega t i v i t y  o f  f (w )  means t h a t  i t  always favors 

s t a b i l i t y ;  ev ident ly  i t  poses the l e a s t  b a r r i e r  t o  i n s t a b i l i t y  a t  the 

frequency f o r  which t a t ta ins  i t s  largest  value (value o f  smallest 

magnitude). 

For the case i n  which f((d) decreases nlonatonically as o increases from 
zero so tha t  Imax f (w ) l  = ] f ( O ) l  = mGc, the s ign of N(u)  i s  always 

negative. Therefore, there can be no i n s t a b i l i t y  under t h i s  condi t ion.  

This absolute s t a b i l i t y  s i t u a t i o n  occurs when df/dw - < 0 f o r  w + 0. 

For small G ,  equation (69) may be expanded i n  a Taylor 's ser ies 

then the absoluts s t a b i l i t y  (c!f/dW 5 0 as w + 0)  occurs when 

mGcD2 - -  TMr 2 0 L V ' V  

o r  
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2.4 (Conti nued 

Since, from equation (66) 

DGc = -pCo ( V  - p) U 

acd from equation i62)  

the condition of absolute s t a b i l i t y  (equation 70) i n  terms of measurable 
quant ' t ies  is 

T h i s  absolute s t a b i l i t y  a when, from equation (70) ,  

mGCd2 
TMr 2 kV'V 

which means t h a t  the capi l la ry  e f f e c t  dominates the solute e f f e c t .  

The o id  const i tut ional  supercooling criterion (29) is  

-G+nGc < 0 stable 
-G+mGc > 0 unstable 

Comparing 72b w i t h  the c r i t e r i o n  of absolute s t a b ;  i i ty  (equation 70),  
be may have a c o n d i t i m  t h a t  

kTMnV'V 
G<vG < 0 2  (73) C 

That i s ,  the const i tut ional  supercooling c r i t e r i o n  f o r  i n s t a b i l i t y  and 
the condition f o r  absolute s t a b i l i t y  could be sat isf ied simultaneously. 
Hence, according t o  t h i s  theory, the const i tut ional  supercooling i s  
not a s u f f i c i e n t  condition t o  determine the in te r face  s t a b i l i t y .  
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2.4 (Continued) 

For the condition tha t  

o r  

the s t a b i l i t y  c r i t e r i o n  i s  very complicated. 

w i l l  be discussed below using an analyt ical  method s imi lar  t o  that  

dsscri bed by Sekerka . (33) From equation (68), the s t a b i l i t y  c r i t e r i on  i s  

The s t a b i l i t y  conditions 

N ( w )  0 

or 

From equation (69), we have 

A new function Y(y) i s  now defined by 

Y(y) - ELLy+ 2k '  
1 .  

mGC (1 + ey) '' - 1 + 2k' 

where T n  

- 
'M' y = -u2 0 
mGC 

V k '  z k- V '  

4k ' 4mGCD2 
and A TMrVIZ u ; - =  
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2.4 (Continued) 

?he c r i t e r i o n  f o r  a s tab le interface, 

G' + G 

From property (i i i ) of f ( w )  , the Y (y) 

value o f  J .  Therefore, the system wh 

has t o  sa t i s f y  the condi t ion 

- G ' + S  
> s  

%C 

where S z l-[min. Y(y)] i s  defined as 

from equation ( 7 5 ) ,  becomes 

may have a 

(78) 

minimum a t  a c e r t a i n  

ch i s  stab e f o r  a l l  frequencies 

(79) 

the s t a b i l i t y  funct ion.  

To f i n d  the value o f  y a t  which Y(y) has a minimum, we se t  

dY0 = o  

From equation ( 7 7 ) ,  we have 

l / 2  a k '  
(1  + 0Ym) = 

[ ( l  + 3 ~ ~ ) ' ' ~  - 1 + 2 k ' ] 2  

Since w must be rea l ,  we have 

1 / 2  
( I  + 6y,) - 1 + 2 k '  > 0 

ana 

By taking the square root o f  both sides o f  equation (eo), there fo l lows 

(81 1 1 / 2  
r3  + ( 2 k '  - l ) r  - ( 2 k ' / A  ) = 0 

where r 

m i  ss i  ng, 
I t i s  t h  

(1 + 5ym)l/'+. Since 2 k ' / A 1 I 2 i  0 and the quadratic term i s  

equation (81) has one and only one p o s j t i v e  and rea l  roo t  o f  r. 
s p o s i t i v e  r o o t  which corresponds t o  p o s i t i v e  W. Since 
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2.4 (Continued) 

= ( r4-1)  A/4k' Ym 9 

i t  fol lows from the d e f i n i t i o n  o f  S t ha t  

A 3A1/' A(1-2k') S(A,k') = 1-[min.Y(y)] = 1 + - -- r- r' 2 

According t o  equation (791, s t a b i l i t y  obtains when 

- 6 '  + g  
2mGc > S(A,k') 

Using equations (65) and (66),  the s t a b i l i t y  condit ion, equation (84), 
can be w r i t t e n  i n  terms of experimental ly measurable quan t i t i es  as 

I f  a l l  the mater ia l  cmstants,  KL, KS, G, I., Y ,  D and m are speci f ied 
by a choice o f  base mater ia l  and solute,  the l e f t  hand s ide o f  equation 

(85), defined as a t e s t  funct ion,  i s  a funct ion of four  variables o f  

opera t i  on 

G V  D V  

Suppressing the e x p l i c i t  appearance o f  the mater ia l  constants i n  the 

s t a b i l i t y  funct ion,  we calJ 

Then f o r  s t a b i l i t y ,  we need the t e s t  funct ion t o  be greater than the 

s t a l i l i t y  funct ion,  i .e. ,  

By comparing the s t a b i l i t y  funct ion,  S(A,k') (equation 83) ,  and equation 

(81) (which we have calculated including the solute atoms moving k i t h  

v e l o c i t y  u) with Sekerka's s t a b i l i t y  funct ion,  (equations 11 and 14 i n  

Reference 331, the funct ional  form of both functions i s  Seen t o  be 
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2.4 (Conti  w e d )  

i d e n t i c a l .  Sekerka (33)  has ca lcu la ted  h i s  S(A,k) as a func t i on  o f  A 
i n  the range 0 4 < 1  - -  fo r  16 values o f  k. 

l i n e a r  and semilogarithm scales as shown i4i Figure 2 and Figure 3 of 
Reference 33. His r e s u l t s  can be d i r e c t l y  app l ied  t o  our r e s u l t s  by 

changing h i s  k and V t o  k ' ( 5 k V )  and V ' ( fV-u) .  

Hi, r e s u l t s  a re  p l o t t e d  both i n  

v 

This cond i t i on  impl ies,  from equation (66), t h a t  the  s o l u t e  i n  the  

l i q u i d  i s  depleted a t  t h e  i n te r face  (Gc > 0) even f o r  k.1. It can 

be e a s i l y  seen tha t ,  from equat ion (64 ) ,  i/6 i s  always l ess  than zero 

if - G'  + - G i s  p o s i t i v e .  

condi t i o r  dur ing  the s o l i d i f i c a t i o n ,  and microsegregation cannot occur. 

Therefore, the  p lanar  i n t e r f a c e  is a s tab le  

I t i s  poss ib le  t o  c a l c u l a t e  and p l o t  5 / 6  as a func t i on  of frequency 

( ~ = 2 n / I )  f o r  any p a r t i c u l a r  experimental case from equat ion (64). 
schematic graph i s  shown i n  Figure 13 fo r  a c e l l  growth experiment. 
I t  can be seen t h a t  w i t h i n  the frequency range, w1<w<w2, :/6 i s  

p o s i t i v e  and has a maximum value a t  L,~. That :c ?t ,A=u! the 

pe r tu rba t i on  O has the  f a s t e s t  growth and tk - 
be dominated by t h i s  per tu rba t ion .  Therefore, ,re can est imate the  

o rde r  o f  magiiitude o f  a c e l l  s i ze  as :m=2-/wm. 

A 

m' 
c e l l  s i ze  should 

FIGURE 13: ;/A VS. LU FOR UNSTABLE INTERFACE CONDITIONS 
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2.4 (Continued) 

As mentioned i n  Mull ns and Sekerka’s paper(32), there i s  no deta led agree- 
ment between the theoretically predicted relationship and the experimentally 
observe0 relationship of the cell size t o  the growth parameters. They 
gave two reasons for this failure: 
diffusion and temperature fields have been assumea i n  the calculation, 
and ( 2 )  the cellular structure which develops i n  actual experiments 
does not have a small amplitude. The f i r s t  deficiency of the theory 
was removed by Sekerka i n  1967(34). He formulated a time-dependent 
stabil i ty theory by using the same small perturbation technique. 
results of t h a t  theory are very complicated. 

does s t i l l  no t  agree w i t h  the observed structure. The main problem i s  
the second failure (above). 
theory rather t h a n  the small perturbation technique i s  required. Then 
the field equations and the boundary conditions a l l  become nonlinear. 
To date, to  our best knowledge, no solution t o  the nonlinear problem 
has been achieved. 

( 1 )  time-independent or steady-state 

The 
However, the cell size 

predicted i n  a simplified version of the time-dependent theory (35) 

To remove this obstacle, a f ini te  amplitude 

Thus our theory, which describes an external force field ac t ing  on 
solute atoms, follows a time-independent analysis similar t o  t h a t  of 
Mullins and Sekerka(32! We can use the results t o  estimate the final 
cell size only t o  an  order o f  magnitude. We could extend our present 
theory t o  a tirne-dependent theory, b u t  even though  such  a theor;/ i s  
very coqplicated, i t  does not improve the prediction o f  the final solid 
substructures. 
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A Sumnary o f  L i q u i d  State Models f o r  Ma te r ia l s  Processing 
i n  Space, Boeinc Document 05-17268, August 1972. 

Analysis o f  F i e l d  E f f e c t s  on Dense L i q u i d  Mater ia ls ,  NASA 
CR- i 24294, May 1 97 3. 

" Q u a l i t a t i v e  E f f e c t s  o f  Osci 
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November 1973. 
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Model o f  L ia i l ids" ,  Me ta l l u rg i ca l  Tnnsac t ions ,  - 5, 643, 

Marck 1974. 

Further Analysis o f  F i e l d  E f f e c t s  on L iqu ids  and_ 
Sol i d i f i  ca t i on  , Boeing Document D256-10024, J s l y  1974. 

"External F i e l d  E f f e c t s  on S o l i d i f i c a t i o n :  Ma- 3scopic 
and Microscopic Model s"  , Proceedi ngs o f  the 1974 AIAA/ /SME 
Thermophysic: and Heat Transfer Conference, J u l y  1974. 

"External F i e l d  E f f e c t s  on D i f f u s i o n  and s o l i d i f i c a t i o n  
Derived from the Fiee Volume Model", Submitted t o  Journal 

o f  Appl i e d  Physics. 

PRESENTAT I O N S  

I .  "The Free Volume Model Equation o f  State", Annual P e t i n s  
o f  SESAPS*, November 1972. 

2. "External F i e l d  E f f e c t s  on Sol ? d i  '+Lat ion Rate", Annual 
Meeting o f  SESAPS* , November 19; -. 
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3. "Some Aspects o f  Present and Future Research i n  Space" 
( Invited Paper , , Annual Meeting of SESAPS*, November 
1973. 

4. "External Field Effects on Solidif ication: Macroscopic 
&id Microscopic Models" AIAA/ASME Themphysics and k a t  

Transfer Conference, July 1974. 
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APPENDIX 6 

W N D A R Y  CONDITIONS ON MAGNETIC FIELDS 

FOR THE CASE OF CZOCHRALSKI CRYSTAL GROWTti GEOMETRY 

=rem the Maxwell equation f o r  the divergence o f  the magnetic induct ion 
f i e l d ,  3.a = 0. i t  can be shown(") t h a t  the normal component o f  d must 

be continuous ac-oss each boundary, o r  

(if, - S,) - n = 0 (B-1) 

where n i s  a u p i t  vector normal t o  the surface. Since 
-+ 

= Jj = ' L  7 ; (8-2: 

t h i s  condi t ion imp1 ies  t h a t  

For t h i s  condi t ion t o  hold, i t  i s  obvious t h a t  the po teq t i a l ,  :, must 
i t s e l f  be continuous acros; a boundary 

21 = :* 
and t o  insure phys i cz l l y  reasonable resul ts ,  we must impose the con- 

d i t i o n s  t h a t  : be f i n i t e  everywhere and t h a t  a t  distances f a r  from the 
boundaries o f  i n te res t ,  the f i e l d  approach Ihe value the f i e l d  would 

have i f  there were no mater ia l  boundaries present. 

The f o l l o q i n g  bountiary condit ions are based on the above p r inc ip les ,  

and the assumption t h a t  the c y l i n d r i c a l  geometry i s  o iv ided i n t o  

four  regions as shown i n  Figure B - 1 ,  even though regions 3 and 4 are 
phys i ca l l y  i den t i ca l .  

2l (O,?,-), :2 (O,d,+m) = f i n i t e  

:(r,.:,z) _I_+ - Hor  cos 7 

r - + &  
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I 

(B-9) 

(6-10) 

(8-1 1 ) 

(6-1 2 )  

FIGCRE 8-1 : CZOCHRALSKI CEOMETRY FOR MAGNETIC POTENTIALS 
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APPENDIX C 
MAGNETIC F I E L D  FORCES ON MOVING 

CHAKGED MOLECULES IN A MELT 

A molecule which possesses a net electric charge, q, and which is i n  
motion relative to magnetic field lines i n  a melt will experience 
Lorentz forces just as will any charged particle moving i n  a magnetic 
field. 
are charged is stated by Glazov, e t .a l .  (39), who suggest that i n  many 
such melts, q = 4e where e is the electron charge. Thus the Lorentz 
force on the molecule is  

The evidence that particles i n  melts of semiconductor materials 

f, = q ii x B 

where 
+ +  -+ u = uo + U t  

w i t h  Go being an scillatory velocity, q0, about 
-+ r ,  wh 

The s 

some center of vibqtion, 
ch moves through the melt w i t h  the t r ans l a  ional veloc<ty, Gt=Ft. 
tuation is  represented schematically i n  Figure C-1. 

Center of 
V i  brati on 
-t 

Position - .. . .. 
o f  j t h  
Mlecule 

Moiecu re 
Pos i t i  Ct! 

- -+ 3 
i /  ' 0  

Origin 

FIGURE C-1 : ITINERAkT U S I L L A T O R  GEOMETRY 

The velocities I; and Gt may be obtained Cormally from the Iti,:erant 
OscillatGr model 0(4c). This model is based on the sc?lution o f  the two 
coupled acceleration equations 

c- 1 
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whzre 
which is related t o  the intermolecular forces acting on the molecule, 

molecular forces (and t h u s  distances, ;.) and the term 0 contains the 
random Grownian motion-type acceleration and, after the magnetic field 
has been applied for some time greater than the ini t ia l  transient 
( o r  b u i l d - u p )  period, a lso contains accelerations arising froni the 
Lorentz force, equation C-1.  
motions should have a net time averaged value of zero. 6 must also 
inclgde accelerations due t o  electrostatic forces $etween charged 
mol ecul es . 

and n t  are friction constants, ,,o is  the oscillation frequency 

i s  a randomly fluctuating d r i v i n g  acceleration a lso  related t o  inter- 

0 

J 

Accelerations derived from the oscillatory 

A more detajled analysis of magnetic forces on moving charged molecules 
i n  a melt i s  beyond the scope of this s tudy ,  since such an analqsis 
simultaneously involves two extremely diff icul t  problems. A1 though 
the Lorentz force i tself  i s  well understood, actually calculating 
trajectories and velocities for particles which the force affects and 
w h i c h  are moving through a medium other t h a n  vacuum i s  no t  so simple. 
The description of molecular motion (diffusion). is reasonably well 
uoderstood on a s ta t is t ical  or macroscopic basis (see sections 2.3 
and 2.41. b u t  on a mjcroscopic basis, the 3otion of an  i n d i v i d u a l  
molecule i n  the absence of external forces depends on random processes 
w h i c h  are difficult  t o  describe matbematically. 

Thus even t h o u g h  the Itinerant Oscillator model may provide a formal 
relation between Lorenti forces and  charged particle motion i n  a melt, 
much inore theoretical effort  i s  required i n  order t o  determine the 
real nature of F, i n  melts of semiconductors. 
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