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PREFACE

This preface covers a two-part publication. NASA TMX.64871 , Four-D
Global Reference Atmosphere, Technical Description and NASA TMX-
64872, Four-D Global Reference Atmosphere Model, Users Manual and
Programmers Manual, Part II, both with publication date of September
1974.

The motivation for the development of a global reference atmospheric
model is from recognized needs for engineering design, mission plarning,
performance analysis, and possibly operational usage for the Space Shuttle
program.

The concept of 2 global reference atmospheric model has its origin as an
extension of the Range Reference Atmospheric Model which is a model of

the gas properties over a particular geographic location. Particular range
reference atmospheric models are the Patrick Reference Atmosphere (Annual)
which is valid for Cape Kennedy, Florida, Vandenberg AFB Reference Atmos-
phere (Annual) and Edward AFB Reference Atmosphere (Annual). To represent
the dispersions in the gas properties, pressure, temperature, and density there
are also the Hot and Cold Reference Atmospheres for these three sites. Range
Reference Atmospheres have been developad for a number of U, S. National
Missile Test Ranges under the auspices of the Range Commanders Council/
Meteorology Group (formerly the Izter-Range Instrumentation Group/Meteorol-
ogical Working Group, IRIG/MWG),

The first development toward the present global reference atmosphere was -

a Fbur-Dimensional World-Wide Model valid for O - 25 km altitude. The four
dimensions come from the three coordinates, latitude, longitude, and altitude,
plus time, where time is with respect to monthly reference periods. The
parameters modelled are gas nroperties and moisture. The monthly means
and daily variation cf these parameters are obtained for any latitude, longitude,
altitude, and monthly reference pericd by a computer interpolation program.
This four-dimensional world-wide model was developed for the design and per-
formance analysis of earth viewing inetrumentation used on earth orbiting
satellites,

Man-made earth orbiting satellites created a need for and a means to develop
atmospheric models at orbital altitudes., Models for these altitudes have a

much different form than those at lower altitudes because of the strong solar
influence which contributes to variation and the contrasting differences in the
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basic measurements. Orbital altitude models express the gas properties
as continuous variables with respect to tiine. The variables are given

by a2 few simple, but complex equations, as a function of time with param-
eters for solar activity. The data for orbital models are derived from
continuous sensors (satellites) which make many earth revolutions, over
short pericds up to many years covering all earth reference coordinates,
whereas the data available for modelling at lower altitudes are derived
from point measurements ir. titne which are constrained to fixed earth
coordinates of latitude and longitude, e,g., rawinsonde and meteorological
rocketsond:. measurements. Although difficult as it is to establish, a
continuous atmospheric model from the earth's surface to and includiag
orbital altitudes is required for a mission of the Space Shuttle. Layered
models with respect to altitude and at discrete latitudes are not satisfactory
for a Space Shuttle flight performance analysis. The Four.Dimensional
Global Reference Atmosphere presented in this report is a first attempt to
offer a means to represent the gas properties in a continuous manner over
all altitudes for all earth coordinates (latitude and longitude) from the earth's
surface up to orbital altitudes or from orbital altitudes down to the earth's
surface,

The Feur-D Global Reference Atmosphere Model (GRA) is in the form of

a computer program which has several options {or output data. The computer
card input depends on the desired output option. The principal input param-
eters are height, latitude, longitude, solar activity parameters (geomagnetic
index, F10.7 and 81 day mean 10.7 cm flux), date (month, day, and yeza* or
annual reference period) and Greenwich time. The computer used is the
Univac 1108 with a core requirement of slightly under 32K words. All magnetic
tapes are seven track. One program tape and one data tapearerequired for

all altitudes above 30 km and from one to four data tapes for altitudes below

30 km altitude. Standard card punch is required if one of the optional card
outputs is selected. The computer program is completely documented in a
separate volume, entitled '"Four-D Global Reference Atmosphere Model,

Users Manual and Programmers Manual, Part II'". Qualified requestors may
receive the computer program, which includes the program magnetic tape and
the required magnetic data tapes, and the documental manual by addressing
their request to Chief, Aerospace Environment Division, ES41, Space Sciences
Laboratory, NASA Marshall Space Flight Center, AL 35812,
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A feature of the GRA is that representative wind fields may also be
derived. This was done to assure consistency in the modelling process
and for scientific interest in the general circulation pattern and for
potential applications for long-term diffusion processes. With some
innovations one can envision further adaptations and applications of the
GRA for a general class of ascending and descending aerospace vehicles.

It is envisior.ed thit as more familiarity with this Global Reference Atmos-
phere is gained, improvements and adaptations of various computer program
options will be developed for specific problems. However, any near future
revisions will not change the basic program.

The Four-D Global Reference Atmosphere Model should be used in its entirety
where appropriate to include the monthly means and standard deviations « f
dispersions of the gas properties and the Monte Carlo generated profiles along
the trajectory. For some analyses it may be sufficient to use only the means
plus and minus 2.3263 standard deviations of the variables to obtain,satisractory
engineering design or operational solutions. The means + 2.3263 standard
deviations give the lst and 99th percentile values of the variables which is the
98th interpercentile range of the variables. In other cases, such as maximum
point aerodynamic heating, or for some partiicular feature of the guidance and
control systera a number of Monte Carlo generated atmospheric profiles may
be required to obtain design and performance limits,

O. E, Smith and W, W. Vaughan
September 1974
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1. INTRODUCTION AND SUMMARY

At the International Conference on Aerospace and Aeronautical Met-
eorology (ICAAM) it was recommended by Shith et al. (1972) that rarge
reference atmospheres for the launch site be used for the boost flight
plase of the Space Shuttle, that the U.S. Standard Atmosphere 1962 be
used for nominal trjaectory and aerodynamic heating for the Shuttle
Orbiter re-entry, and that tie density perturbation model (Smith et al.,
1971) be used to account for re-entry phase variations. Smith et al.
also pointed out that as shuttle design studies progressed, improved
techniques in the implementation of perturbation models were expected.
They established as a goa'! the development of a so called 4-D model to
give pressﬁre, temperature, and density variables and their structure as
a function of the three spatial coordinates Tlatitude, longitude, alti-
tude and the time domain (seasonal and perhaps time of day) over the
altitude range from sea level to 185 km. This report describes an empir-
ical atmospheric model, developed by Georgia Tech, which is a first ‘

attempt to meet these goals.

The Georgia Tech computer model, called PROFILE, is an amalgamation
of two previously existing empirical atmospheric models for the Tow
(< 25 km) and high (» 90 km) atmosphere, with a newly developed latitude-
longitude dependent model for the middle atmosphere. The high atmospheric
region above 115 km is simulated entirely by the Jacchia (1970) model.
The Jacchia program sections are in separate subroutines so that later

Jacchia models (Jacchia, 1971) or otner thermospheric-exospheric models
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could easily be adapted and substituted into the PROFILE program if ruquired
for special applications. The atmospheric region between 25 km and 115 km

is simulated by a newly developed latitude-longitude dependent empirical model
modification of the latitude dependent empirical model developed by Groves
(1971), which is described more fully later in this report. Between 90 km and
115 km a smooth transition between the modified Groves values and the Jacchia
values is accomplished by a fairing technique. Below 25 km the atmospheric
parameters are computed by a 4-D world-wide atmospheric model developed for

NASA by Allied Research Associates (Spieqler and Fowler, 1972). Between 25

and 30 km an interpolation scheme is used between the 4-D results and the mod-
ified Groves values. Figure 1.1 presents a schematic summary of the PROFILE

program atmospheric regions and how they are modeled.

The modifications *o Groves model to produce longitude as well as
latitude variations in the monthly mean were accomplished in two steps.
First upper air summary map data for monthly means at the 10 mb level for
1966 and 1967 (NOAA, 1969b) and the 2 and 0.4 mb levels for 1966, 1967,
and 1968 (NOAA, 1969a, 1970, 1971) were read and converted to values for
the 30, 40, and 52 km levels. The upper air map values at the 2 and 0.4
mb levels were extended around the entire northern hemisphere by subject-
ive extrapolation. Next the 30, 40, and 52 km latitude-longitude depend-
ent values were extrapolated to 90 km by an extrapolation scheme developed

by Graves, et al. (1973). A1l of the map generated and extrapolated data

were converted to percent deviation from the longitudinal mean and these
are applied as deviations ( called stationany pentunbations) to the Groves

model values, which are taken as the latitude dependent longitudinal means.
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115

90

HEIGHT, M

30

25

SURFACE

SACCATA (1970)
MODEL

FAIRING BETWEEN THE MODIFIED GROVES AND THE JACCHIA VALUES

MODIFIED GROVES (1971)
MODEL

INTERPOLATION BETWEEN THE MODIFIED GROVES AND 4-D VALUES

4-D MODEL (SPIEGLER AND FOWLER, 1972)

Figure 1.1 Schematic summary of the atmospheric regions in the

PROFILE program and the simulation methods used for
mean monthly values in each region
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The seasonal variations in the middle atmosphere (25-115 km) are
assumed to be the same in northern and southern hemispheres with a six
nonths phase lag. That is the southern hemisphere July is the same as the
northern hemisphere January. In the 4-D region (< 25 km) sepa.ate glooal
coverage data values are available for each of the twelve months. A set of
annual reference period data are also available for the 4-D and modified

Groves regions. If the annual reference period is selected, the Jacchia sect-

ion sets the exospheric temperature to 1000° K to represent annual mean conditions.

The monthly mean geostrophic winds are computed from horizontal pres-
sure agradients, estimated by finite differences. Wind shear jn the mbnth]y
mean wind is estimated from horizontal temperature gradients, similarly de-
termined. These parameters serve as a consistency check on the pressure -
temperature fields of the empirical model.

In addition to the monthly mean values of pressure density and tem, -
ture, two types of perturbations are evaluated: quasi-biennial (QBO) =nd ran-
dom. The QBO oscillitions in pressure, density, temperature, and winds, empir-
ically determined to be represented by an 870 day period sinusoidal variation,
have amplitudes and phases which vary with height and latitude. The QBO amp-
litudes are primarily significant at low altitudes (- 20 - 40 km) at equater-
ial latitudes and at higher altitudes (50-60 km) at high latitudes.

The random perturbations have height and latitude variable standard de-
viations developed from perturbation data of Youngblood (1972), Groves (1971),

and Justus and Woodrum (1972, 1973). An analytical technique is used to en-

sure proper horizontal and vertical correlations of t'.e random perturbations.

The horizontal and vertical correlation scales are taken to increase




e

linearly with height between empirical values determined by Buell (1971,
1672) near the 500 mb surface tn vaiues estimated from chemical release and

other studies by Justus_and Woodr:n (1972, 1973) near the 100 km level.

The PROFILE program was develcped “or application in the design and
analysis of space shuttle re-entry heating, dynamics, stability, and control,
external tank re-entry and dispersion analysis, etc. In addition to tra-
jectory analysis studies there are a wide range of other applications for
the PROFILE computer model. (1) It can serve as a reference atmosphere
whenever one is nezded to represent more detailed conditions than those
accounted for in the 1966 U.S. Standard Atmosphere Supplements (gg§§5, 1966)
or by the Groves (1971) model. (2) The PROFILE program can provide first
approximation profiles in atmospheric measurement techniques which rely on
an iterative solution of winds or temperature profiles (such as infrasonic
measurements.) (3) The PROFILE program can provide temperature or other
parameter profiles for comparative purpises for results from other atmos-
pheric measurement techniques, such as satellite infrared scanner measure-
ments of temperature profiles. (4) The latitude-longitude-height depend-
ant mean horizontal winds could provide ¢ransport winds for global circu-
lation or diffusion analyses. (A method to estimate the latitude-longitude-
height dependent mean monthly vertical wind from slopes uf isentropic sur-
sur’aces iz now being investigated for possible addition into a modified
PROFILE program for global diffusion analysis.)

The lack of many required atmospheric data (especially in the eastern
and southern hemispheres in the 25-120 km height range) causes several ob-
vious limitations to the PROFILE program as it is presently constructed.

However, the program has been desisred so that revised observational data

M,«..rn -
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could be employed with a minimum of alterations. The Groves data, the
stationary perturbations, the random perturbation magnitudes, and the QB0
amplitudes and phases are all read from a d2*2 tape which could be updated
as any of ‘hese data sets are revised. The PROFILE program also has opt-
ions to read the random perturbaticn data and/or the QBO data from an
alternate input file (such as a card file), if revised data values are to
be input but the tape is not yet updated. Two 1ikely areas for update of
these input data are more extensive reading of the upper air maps to pro-
duce revised stationary perturbation values, and substitution of newer ran-

dom perturbatior magnitudes, such as given by Cole (1972).




2. THE JACCHIA SECTION (ABOVE 90 KM)

The Jacchia (1970) model for the thermosphere and exosphere was origi-
nally implemented to compute atmospheric density at satellite altitudes.

The Jacchia model accounts for temperature and density variations due to
solar and geomagnetic activity, diurnal and semi-annual variations, and sea-
sona! and latitudinal variations. The Jacchia model assumes a uniformly
mixed composition from sea level to 105 km, with diffusive equilibrium among
the constituents (nitrogen, oxygen, argon, helium, and hydrogen) abcve

105 km. Fixed boundary values for temperature and demsity are assumed at
90 km.

A computer implementation of the Jacchia model (called J70) was pro-
vided to Georgia Tech ty R. L. King ¢f Northrop Services, Inc. Alterations,
discussed below, were then made to account for seasonal variations (not
implemented on the J70 program) and to allow atmospheric pressure to be com-
puted not part of the original Jacchia model).

The major addition to the Jacchia model was probably the inclusion of
the seasonal-latitudinal variations of the density, temperature, molecular
weight, and pressure.

Jacchia (1970) describes the seasonal-latitudinal variations of density
for altitudes above 90 km and gives an analytic expression of these variat-

ions as:

alogp = 0.02(z -90) (6/)¢]) exp[- 0.045,. - 90)]

sin2

¢ sin[360(d + 100)/y] (2.1)

i
]
i
:
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where ¢ is the geographic latitude, z is the height, y is the duration of
the tropical year in days (365 or 366), and d is the number of days
elapsed since January 1. Seasonal-latitudinal variations of density can
also be obtained from CIRA, (1965) for heights 90 to 120 km and seasonal
variations can be obtained from the U.S. Standard Atmosphere Supplements,
(COESA, 1966) for heights 120 km and above. Values calculated from equat-
ion (2.1) seem to compare best with the values from CIRA, (1965) and the
U.S. Standard Atmosphere Supplements, 1966, for a latitude of 60°. Thus it
is assumed that the seasonal variations from the U.S. Standard Atmosphere
Supplements, 1966, are for a latitude of 60°. A comparison of equation
(2.1) with the 1966 Standard Atmosphere Supplements and the CIRA (1965)
atmosphere results is shown in Figure 2.1,

Seasonal variations of the temperature were also obtained from CIRA

(1965) and the U.S. Stanaard Atmosphere Supplements (1966). Temperature

variations from the Standard Atmosphere were found for both the exospheric
temperatures of 600° and 2100°. These two variations were essentially the
same but the averages of the two variations were taken. An analytic ex-
pression of the seasonal-latitudinal variations of the temperature was ob-
tained by first fitting an analytic equation to the above variations. Then,
it was assumed that this equation was true for a latitude of 60° and the
latitude variations were assumed to be the same as that of the density.
Thus, the following analytic equation for the seasonal-latitudinal variat-

jons of the temperature was cbtained,

k-

x-



r .
[-2.292(z - 110) + 0.02154(z - 110)% - 4.177 x 10~%(z - 110)3]

- exp[-0.290655( |z - 110])/2(3/}s ]) sin® ¢ sin[360(d + 100)/y]
4 100 -

90 < 2z < 260

0.0 z > 260

where the variables are defined the same as for equation (2.1). Figure 2.2

shows the agreement between equation (2.2) evaluated for latitude of 60°

and the values from CIRA, 1965 and the U.S. Standard Atmospnere Supplements

(2.2)

19€6.
Seasonal variutions of the molecular weight were also obtained from

C'RA, 1965 and the U.S. Standard Atmosphere Supplements, 1966. Variations

from the siundard atmosphere were obtained for exispheric temperatures of
600" and 2100° and averaged. No latitude variation of the nolecular weight

wes assumed. An analytic equation was then fitted to the variations as

| given below.
[
0./06{z - 90) sin[360(d + 100)/y] 90 < z < 120

[0.0108(z - 90) - 1.1285 x 10°% (z - 90)°]
oM =4 exp[-0.02424(z - 90)] sin[360(d + 100)/y] 120 < z < 230

(0-0 z > 230

where the variables are defined the same as for equation (2.1). Figure 2.3

shows the agreement between equation (2.3) and the data values.

10
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The seasonal variations in the molecular weight were needed so that

the pressure could be calculated from the ideal gas law:

- pRT
P = r (2.4)
where P is the pressure, o, T, and M are the density, temperature, and molec-
ular weight respectively including a mean value plus the ceasonal-latitudi-
nal variations, and R is the universal gas constant. Thus, the value of

pressure includes a mean plus the seasonal-latitudinal var:ations.

g
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3. THE 4-D SECTION (BELOW 25 KM)

The 4-D atmospheric model, developed by Allied Research Associates

(Spiegler, and Fowler, 1972) was designed to extract from data tapes and

interpolate on latitude and longitude, mean monthly and daily variance pro-
files of pressure, density, temperature, at 1 km intervals from the surface
to a height of 25 km for any location on the globe. The data tapes contain
empirically determined atmospheric parameter profiles at a large array of
locations. Th2 northern hemisphere grid array is equivalent to the NMC grid
network. Grids spaced at 5 degree int:rvals of latitude and longitude are
used in the equatorial and southern hemisphere regions.

The only technical change made in the 4-D program was to use a modi-
fied latitude-longitude interpolation method, discussed in Appendix A. How-
ever, there were several modifications in programming details of the 4-D
model, which are discussed in the users manual and programmers manual sect-
ions of this report.

The method of application of the 4-D model in the PROFILE program is as
follows: At the first time that atmospheric parameters at a location below
30 km are required, a set of atmospheric profiles of monthly mean and daily
variances of pressure, density, and temperature are generated at a 16 point
grid of locations spaced at 5 degree latitude and longitude intervals (a
slightly different grid is used near the poles). This grid of profiles,
covering 15° x 15° of latitude-longitude is then stored in the computer and
all further atmospheric parameter values in the 0-25 km range are found by
interpolation between locations within this grid. Only one call on the 4-D

program to generate a profile grid is made during any particular trajectory

14

W e s o en o ket s b L




or profile evaluation. If the trajectory goes outside this grid while the
height remains below 25 km, the program attempts an estimate of the atmos-
pheric parameters by an extrapolation technique in the case of the polar grid
or uses the values of the nearest grid pcint in the case of the 15° x 15°
non-polar latitude grid.

The location of the grid points to be evaluated is determined dynami-
cally based on the position and direction of travel along the trajectory when
the 4-D grid is first required. Figures 3.1 and 3.2 shows the locations of
the two types of 4-D grid, non-polar latitudes and polar latitudes, and the
method of orienting the grids with respect to the trajectory orientation.

The 4-D data tapes normally contain data for the surface to 25 km in
1 km steps. At locations where the surface is at more than 1 km above sea
level the surface value will be followed by one or more zero records, and
the first non-zero record above the surface value will be at the Towest in-
teger km higher than the surface. For example, if the surface is at 700 m
then there will be data at surface, 1 kn, 2 km, etc., but if the surface is
at 1.3 km the data will contain the surface, one zero record, 2 km, 3 km etc.
In order to make proper use of the su-face datz, in the cases where zeros
appear at some heights, and even in ‘he case where valid one km data
is present, the altitude of the surfice must be determined. The latitude
and longitude interpolation is first done at the surface to determire interp-
olated surface temperature To' pressure p , and density Po Next the lati-
tude-iongitude interpolation is done at the lowest height hs where all four
of the necessary interpolation grid points have valid (i.e. non-zerg) data.

This ‘ncarpolation at height hg .gives latitude-longitude interpolated values

15

P



g A

\ /
\ /
\ /
\ /
\ /
\ /
\ /
(] Y o
/”
~ o P
~ o _- -
o o @
P -t
@ o
// .\\\
,// \\\
~
A -
/‘ .\ S
/ \ wal
/ \
/ \
/ \
\
/ \
West
Lon
Figure 3.1 Location of the 15° x 159 non-polar 4-D grid locat-

ions with respect to position and direction of travel.
Arrows represent different possible directions of
travel. Orientations of the grid are illustrated for
the different positions, represented by the tips of

. the arrows, when the.4-D grid is first required.

16 i




Lat

(]
90— e ©o o ¢ O o O O
75°— ® o O ® o o e o
| ] | 1
West 270 180° 90° 0’
Lon
Figure 3.2 Polar 4-D o»id used when the latitude is greater than

75% and the trajectory is headed northward (north
trajectory component greater than 0). A similar grid
is used near the south pole when the latitude is Tess
than -75° and the trajectory i. headed Southward.
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of pressure Pg> density P> and temperature TS. The temperature is assumed

to vary linearly between the surfcce (at still unknown height z, above cea

level) and height hS i
T = T0 + (TS - To)(z - zo)/(zS - zo) (3.1)

Tnen, from the hydrostatic equation it can be shown that the pressure must

very as
glz_ - 2 )/R(T_ -T)
p/p, = (T /1) 5 ° % 0 (3.2)
if TS # To and
Ps/P, = exp [-g(zg - 2 ))/RT ] (3.3)
if T = T, where g is tie acceleration of gravity and R is the gas constant

for air. By taking the logarithm of either (3.2) or (3.3) and solving for

the unknown height Z,, then one obtains

% = %, *RT In (pg/p,)/9 (3.4)
where the factor TZ is given by

T, = T, ifT = T, (3.5)

TZ = (To - Ts)/ln(To/!S) if To # TS (3.6)

Especially in the southern hemisphere, the 4-D data records sometimes do
not go all the way to 25 km. When this occurs, interpolation between the
highest valid data and the G.oves (plus stationary perturbation) values at
30 km is used to fill in the missing data. If the highest valid height is
below 20 km the interpolation is between tha highest valid height and the
Groves values at 25 km. A1l zero variances are filled in by using the same

relative variance (e.q. azp/pz) as for the highest valid height.

18
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4. THE MODIFIED GROVES SECTION (25-90 KM)

The starting point for the middle atmosphere (25-110 km) is the lati-
tude dependent model of Groves (197.). This empirical model combines many
observations from a wide range of longitudes. Observational results over
anproximately six years were used to compute li-jitudinal averages, which
are presenled versus latitude and month. Latitu. coverage of the Groves
model is from the equator to 70° or in some cases 80°. Scuthern hemisphere
data were utilized in developing the Groves model as no:thern hemisphere
daiz with a 6-month change of date. Tabulatiuns of the Groves model are at
intervals of 5 km in height, 10° in latitude (northern hemisphere), and one
month in time (southern hemisphere displaced six months).

Extension of Groves Data to ggﬂ

The first problem to be overcome in using the Groves maodel fo: entire
global coverage is that there are no Groves values at 90° (and in many
cases none at 800) latitude. In order to overcome this difficulty an
interpolation scheme was used which was based on an assumed parabolic var-
iation across the poles. If Groves values of an atmospheric parameter y
are known up to 80° latitude, then the 90% 1atitude Groves value is com-

puted from
.YQO = (4.)'80 - .Y70)/3 (4‘])

If Groves values of the atmospheric paramater y are known only up to 70°

latitude, then the 80° and 90° latitude Groves values are computed from
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Yoo * (9 Y79 ° 4 Y50)/5 (4.2)
Ygo © (8 .V70 -3 .Yso)/s (4.3)

Figure 4.1 illustrates the interpolation scheme as applied to Groves June
temperature at 110 km.

Chart Data f.r Longitude Variations

The Groves model data has only height and latitude variation for each
month. If longitude variation is desired, the Groves mode! data must be
modified to incorporate this additional variation. Unfortunately the "
Groves region (25-110 km) is data-sparse, and most o€ the available data
have already been used by Groves in the development of his model. A
scheme., described more fully below, for using 10, 2, and 0.4 mb map data
and ~xtrapolating up to 90 km, was devised for purposes of evaluating lon-
gitude dependent relative deviations from the Groves data. These deviations,
called stationary perturbations were evaluated at longitudes 10°, 40°, 70°,
... 380° for latitudes 10°, 30°, 50°, 70°, and 90°.

Because of time limitations, only the 1966 and 1967 10 mb mcnthly mean
values (NOAA, 1969b) were read and averaged. The 2 mb and 0.4 mb weekly
mean maps for 1966, 1967, and '37R (NOAA, 1969a, 1970, 1371) were read for
the irst week of each month, ind averaged over the three years. For the
10 mb map< complete northern hemisphere coverage was available. However,
for the 2 mb and 0.4 mb maps, data had to be subjectively extrapolated over
approximately half of the hemisphere. A typical extrapolated Q.4 mb chart
is illustrated in Figure 4.2

Interpolation of Chart Data to Constant Height Levels

After the upper air chart data were averaged, the next step was to
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Figure 4.1 Groves interpolation to 800 and 20°. Solid dots are

original Groves values. Open circles are interpo-
lated values at 80° and 900, Left side of graph rep-
resents Groves values vs. latitude at an arbitrary
longitude x. Right side reprssents Groves values vs.
latitude at longitude x + 180~. Dashed curve repre-
sents parabolic interpolation across the pole, as
given by equations (4.2) and (4.3).
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Figure 4.2 The subjectively extrapolated 0.4 mb chart for May 4,
1966. Height contours are in decameters above 50 km.
Contour interval is 16 decameters. The isotherm in-
terval is 5% C. The shaded rectangular area shows
the original chart. Dots show iocations of points
which were rzad to generate latitude-longitude var-
iable stationary perturbations about the Groves
model as a longitudinal mean.
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convert the readings to constant heights of 30, 40, and 52 km. This was
done by assuming that the temperature followed a constant lapse rate be
tween each chart level and the nearest interpolation altitude. The method
of selection of the lapse rates is illustrated in Figure 4.3. The 10 mb to
30 km lapse rate is set equal to the Groves 25 to 30 km lapse rate if the
1) mb surface is below 30 km and to the Groves 30 to 35 km lapse rate if
the 10 at surface is above 30 km, similarly with the 40 km level. The

0.4 mb to 52 km lapse rate is always taken to be thz Groves 50 to 55 km
lapse rate, regardless of whether the 0.4 mb surface is above or below

52 km. The chart values of height of a given pressure surface were con-
verted to pressure values at the corresponding constiant height level

(i.e. 30, 40, or 52 km) by the relation

Py = By (TR (4.4)

where subscript zero represents conditions on the constant pressure sur-
face, subscript 1 represents conditions on the constant level surface, y is
the temperature gradient between the two levels, g is the acceleration of
gravity and R is the gas constant for afr. T] in equation (4.4) is determ-

ined by
Ty = T0 + yAZ (4.5)

where az is the height difference between the twd surfaces (az > 0 if the

censtant level surface is above the constant pressure surface). If y is zero,

then equation (4.4) becomes

Py = P, expl-g 82/RT ] | (4.6)
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Proper account was taken for the fact that the chart levels were in geo-
pctential height and the desired constant level surfaces of 30, 40, and
52 km are geometric height surfaces. After interpolated pressures and
temperatures havc been evaluated, densities are computed from the perfect
gas law.

Extrapolation of the 52 Km Level Values to 90 Km

In order to introduce longituae variability at heights above 52 km,

the extrapolation technique of Graves, et al. (1973) is used to project
the 52 km interpolated chart data up to 90 km. The 5 extrapolation height
levels are 60, 68, 76, 84, and 90 km. The extrapolation between known (or
previously computed) values at level n to level n + 1 proceeds according
to the following steps:

Step 1 - Compute new density Pp + 1 from previous pressure
and temperature by the relation

Pn + 1 a, + by, P * €, Tn (4.7)

where the coefficients are from Table 1 of Graves
et al. (1973)

Step 2 - Comoute the new pressure Py + 1 bY a numerical

integration over 1 km height intervals Az by the

relation zn + 1 .

Ph+1 = Pp- E e(2z) g(z, ¢) 2z (4.8)
z
n

where g is the height and latitude dependent accel-
eration of gravity. '

Step 3 - Apply corrections to the new pressure and density.
Revised pressure integration correction parameters
at the latitudes required here are shown in Figures

25




4.4 through 4.6. These curves were evaluated
by interpolating the integration correction
curves given in Figures 4-6 of Graves, et al.
(1973), using an interpolation scheme similar
to that used to extrapolate the Groves data to
polar latitudes (see Figure 4.1). Density
correction curves were developed similarly from
those given in Figure 7 of Graves et al. (1973).

Step 4 - The new temperature is computed from the perfect
gas law, using the already evaluated new pressure
and density. The gas constant is assumed not to
vary with height up to 90 km.

The Stationary Perturbations

After the chart data have been interpolatea to 30, 40, and 52 km and
extrapolated to 60, 68, 76, 84, and 90 km, the staticnary perturbations
(relative deviations to be added to the Groves values) are calculated. At
each altitude and latitude the stationary perturbation'sy for a parameter
y (which can represent pressure, density, or temperature) is computed by

the reiation

s, = (¥ - )y (4.9)

where <y> represents the longitude averaged value of y ({i.2. averzge’ 1round

a circle of fixed latitude). Note that the definition of sy makes it be

identically zero at the pole. The stationary perturbation sy for perameter

y ‘s added to the Groves value Gy to produce the longitude variable wodi-

fied Groves value G'y. according to the relation

G'y = Gy(1 + sy) (4.10)
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The modified Groves values, determined by relation (4.10), are used as the
monthly mean values for the altitude range 30 to 90 km. As discussed in
Section 1, the monthly means between 25 and 30 km are interpolated between
4-D and modified Groves values, and values between 90 and 115 km are faired
between the Groves and Jacchia values. Details of the interpolating aéd

fairing methods are discussed in the next section.
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5. INTERPOLATION AND FAIRING

The 4-D data are available on the data tapes at one km height inver--
vals and at 5° «x 5° latitude-longitude grids in the southern and equatorial
areas and at the NM( grid locations in the northern hemisphere. NMC grid
profiles are always converted (by interpolation) to 50 x 5° grids before
interpolation to the trajectory locations. Selection of the grid locations
according to trajectory direction was discussed in Section 3. The general
interpolation requirements for the 4-D section are height interpolation
over 1 km and latitude-longitude interpulation over a 59 x 5° square grid.

The Groves data are tabulated at 5 km height intervals and 10° 1ati-
tude intervals. Interpolation is required between these tabulated locat-
ions. The stationary perturbations are evaluated at 20° latitude and 30°
longitude intervals and at 30, 40, 52, 60, 68, 76, 84, and 90 km aititudes.
Interpolation between these tabulated locations is also required. For
values between 25 km and 30 km interpoiation between the 4-D data and
Groves-plus-stationary-perturbation datz are required. The interpolations
are always carried ~ut in the PROFILE program by doing the latitude
(Groves) or latitude-longitude (4-D) interpolation first, and then doing
the height interpolation.

The Jacchia model can be evaluated at any height above 90 km and at
any latitude and longitude, so no interpolation is required. However, be-
tween 90 and 115 km there is overlap between the Groves data and the
Jacchia modei, so a fairing procedure is used to effect a smooth transition

between the Groves data at 90 km and the Jacchia values at 115 km,

31
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Height Interpolation

The method used to interpolate pressure, density, and temperature over
a height interval between heights z, an' z, is to assume linear variation
of the temperature and of the logarithm of the density. Thus, interpolat-

ion to any height z (such that z, < z < z,) is given by

T(z)

0+ (T2 - TI)(z - z])/(z2 - z]) (5.1)

o2) = oy logfey)t2 = M2 = 7)) (5.2)

where subscripts 1 and 2 denote values at heights z; and Zy. The pressure
can be evaluated from the perfect gas law. However, especially above 90 km,
the gas constant can vary with height. So the empfrica] values of the gas
constant is alsc linearly interpoiated by interpolating on the ratio

R = p/eT
R(z) = R] + (R2 - R]){z - z])/(z2 - z]) (5.3)
Then the pressure at z can be evaluated by
p(z) = olz) R(z) T(2) | (5.4)

Figure 5.1 and 5.2 illustrate the linear interpolation used on a particular

4-D and Groves profile.

Latitude-Longjtudé Interpolation
The latitude interpolation for the Groves data is done by assuming
linear variation between the latitudes N and ¢, (which are at & = 109

apart). Thus, for any variable y the interpolation to latitude ¢ (such

32
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that vy S0 :_92) is given by

ylo) = AL + (.)’2 - .Y*|)(¢ '¢])/M (5.5)

where subscripis 1 and 2 indicate values at latitudes 1 and s respect-
ively.
Two dimensional latitude-longitude interpolation between a square or

rectangular array of positions, as illustrated in Figure 5.3, at latitudes ‘

%1 and ¢, and west longitudes N and Xos is done by substituting ¢ values

for x values and A values for y values in equation (A-5) in Appendix A.
Thus for any latitude ¢ such that ¢, ¢ <4, and any longitude A such that

M2 h 2 A, the interpolated value of any parameter F is
Floo 2) = Fo+ (Fy - F)& + (Fp - Fda + (Fg - Fy - F, + Foaréx (5.6)

where 8¢ is (¢ - ¢])/(¢2 - ¢]) and &) is (a - A,)/(A2 - x:). Latitudes and
longitudes of the subscripted F's are illustrated in Figure 5.3.

Groves-Jacchia Fairing

To accomplish smooth transition between the Groves values at 90 km and
the Jacchia values at 115 km a fairirng technique is used. This fairing

makes use of a parameter 8 defined by
8 = (n/2)(z - 90)/(115 - 90) (5.7)

where z is the height at which the Groves and Jacchia values are to be

faired. The fairing is accomplished by use of the relations

F = FG cosz(e) + FJ sinz(e) (5.8)
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terpolation function is given by equation (£.6)
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where F can represent temperature, T, or the logarithms of pressure or den-
sity, Inpor In p. From the definition of the parameter 6, F varies from
the Groves value FG at 90 km to the Jacchia value FJ at 115 km in a smooth
fashion such that thc value of F remains between the value of Fg and F; be-
tween 90 and 115 km. Examples of the application of this fairing technique

are illustrated in Figures 5.4 and 5.5. The fairing is done only at the

altitudes 95, 100, 105, 110, i.e. heights for which there are Grcves values.

Linear interpolation is then used to fill in the remaining heights, as dis-

cussed in the height interpolation section above.
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6. THE ANNUAL REFERENCE PERIOD

In addition to the 12 monthly reference periods ¢ set of annual ref-
erence period data has also been evaluated for use in the PROFILE program.
The annual reference period data for the 4-D and Groves ranges were eval-
uated as described below. For the Jacchia range the exospheric temperature
is automatically set to 1000 %K for the annual reference period.

4-D Annual Reference Period (Below 25 Km)

The 12 4-D monthly tapes have been averaged to produce an annual ref-
erence period tape, exactly in the same format as the monthly tanes (and
referred to as month 13 for handling purposes in the program). Two aspects,
however, make the annual reference tape slightly different from just an
average of the information on the 12 wonthly tapes: (1) the pressure and
density profiles are re-computed from the average temperature profile and
the conditions of hydrostatic equilibrium and the perfect gas law, (2} The
variation of the monthly means about the annual mean is added to the mean of
the monthly variances.

The 4-D annual reference temperaturc profile is merely an arithmetic
average of the 12 monthly temperature profiles. After determination of the
temperature profile then the hydrostatic balance condition, assuming con-
stant temperature gradient over the 1 km intervals of the profiles, means
that a known or previously computed pressure Py 2t level z, can be used to
compute pressure " at level z, + 1 km, by the relation

g/Ry
Py = pn(To/T1) (6.1)
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where T] = T0 + yAZ, y is the constant temperature gradient, Az is 1 km,
g is the acceleration of gravity and R is the gas constant for air. If

vy = 0 then (6.1) becomes

Py = Pp exp[- gAz/RTOJ (6.2)

The surface pressure and the first valid pressure above the surface (gen-
erally at 1 km) are taken to be the arithmetic average of the 12 monthly
values. Equation (6.1) or (6.2) is then used to generate a profile from
the starting pressure value at the fivrst valid height. Once the anrual
reference period temperature and pressure profiles are established, then
the arnual reference period density is computed from the perfect gas law.
Each monthly profiie has an associated variance profile which is also
averaged. However, the variance to be associzted with the annual mean
values will be more than the mean of thz monthly variances. The variance
due to variation of each of the monthly means must also be accounted for.
It can easily be shown that these two variances add linearly (i.e. since
the variance is the square of the standard deviation, the standard deviat-
ions add as the sum of the squares). Thus the variance Va for a parameter

y for the annual reference period is given by

_ 2 2
v, = <vm> + Yy > - Yy (6.3) i

where V> represents the annual ..ean of the monthly variances, Yo is
the annual mean of the monthly means, and <ym2> is the mean of the square
of the monthly mean. The last two terms of (6.3) merely represent the i

variance of the monthly means about the annual mean for the barameter y.
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Groves Annual Reférence Period

The annual reference period data for the Groves data are handled in a
similar manner to the 4-D data. The Groves monthly temperatures are aver-
aged for an annual value, the annual mean pressures are computed from the
hydrostatic relation, ~nd the annual mean densities are computed from the
perfect gas law.

The variance due to the variation of the monthly mean Groves values
about the annual mean is added to the mean square of the standard deviations
of the random component, discussed later in Section 8.

The stationary perturbation values are all averaged arithmetically to
compute the annual mean stationary perturbation. Thus the 25-110 km range
has a latitude-longitude variable monthly mean consisting of the annual

mean Groves modified by the annual mean stationary perturbation, as in

equation (4.10).
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7. WINDS IN THE MODEL

Conceptually an independent wind model, such as the E-W wind model of
Groves (1971), could be added to the pressure, density, and temperature
model. However, the approach taken in the PROFILE program was to compute
a mean wind from the geaostrophic wind equations (which rely on horizontal
pressure gradients) and a mean wind shear from the thermal wind equaticns
(which rely on horizontal temperature gradients). Comparison of the com-
puted winds and shears with each other and with measured wird data will
then scrve as a check on the consistency of the pressure and temperature
fields. As will be shown in Section 10, sample results of the wind compu-
tations do show good agr:ement with measured results. Specific models for
the random and quasi-biennial components of the wind are added to the mean
wind, as discussed later in Sections 8 and 9.

Geostrophic Winds

The eastward (i.e. blowing toward the east) wind component u and north-

ward component v can be evaluated from the geostrophic wind equations

=4
n

- (1/0f) ap/ay (7.1)
(1/0f) ap/ax (7.2)

<
L]

where o is the density, f is the coriolis parameter (2 Q sin¢) and ap/3x
and ap/ay are the eastward and northward components of the horizontal pres-
sure gradient. For evaluation in the model, the pressure gradient terms
must be approximated by finite differsnces.

If values of p are known at a rectangular (or square) array of lati-

tude-longitude points (as with F in Figure 5.3) then 3p/ax and 3p/ay are
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evaluated by a linear interpolation of the finite differences at the edges
of the latitude-longitude array.

(po - pz) + [(P] - F3) - (Po - Pz)](¢ - ¢])/(¢2 - ¢])

(ap/ax)l¢’ L Ty - ;] Ry cos ¢
(7.3)
(P] -p,)t ((P3 - Pz) - (P] -p,)1x - 1])/(}‘2 “_1])
(ap/a = ° 0
P Y)k, A o =011 R
(7.4)

where the subscripting is the same as for F, ¢ (latitude) and A (longitude)
as in Figure 5.3, and R, is the radius of the Earth (required to convert
latitude or longitude displacements to distance displacements).

Geostrophic wind values - 3lso computed in the Jacchia height range
by evaluating the Jacchia model at 5 degree ir-rements of latitud2 and
longitude and taking finite differences of the resulting pressure. This
technique probably over extends the capabilities of the Jacchia model, how-
ever, and the computed winds in this height rarce should not be considered
precise.

Thermal Wind Shear

The wind shear components 3u/3z and 3v/az are evalua'ed by the ther-

mal wind equations

.~ (g/fT) aT/ay (7.5)

u/c2

(g/fT) aT/ax (7.6)

av/a3z

which is the usual form, leaving off a correction term in aT/3z, which is

normally smail. The horizontal temperature yradient terms in (7.5) and

N og— et~
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(7.6) are estimated by finite differences in a similar manner to the
pressure gradient components in equations (7.3) and (7.4).

Thermal wind shears are also computed in the Jacchia height range in
a manner similar to that described for the wind calculations. Again, how-

ever, for the reasons already discussed, these values should not be taken

as precise.
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8. THE RANDGM VARIATIONS

In addition to the monthly means, two type of perturbations ar: con-
sidered in the model: random variations, and quasi-biennial osciliations,
discussed in the following section. The random variations are considered
to have a Gausszian distributicn about the monthiy mean with a standard
deviation o determined from empirically observed atmospheric variability.
Tables of the random pressure, density, temperature and wind component

as they are used on the program input tape appear in the users manual sect-

ion of this report.

Random Pressure, Density, and Temperature

In the 4-D altitude range (below 25 km) the random ¢'s are taken di-
rectly from the 4-D data tapes as the square root of the tabulated variance
values. For temperature and density in the 25-90 km range the extreme
values tabulated by Youngblood (1972) were converted to equivalent stand-
ard deviations. In evaluating the extreme values, Youngblood relyed ex-
tensively on previous atmospheric variability studies by Cole (1970) and
Theon (1972). Youngblood's tabuiated extremes are taken to be 1% and 99%

levels and the o's for density and temperature computed from

(op/T) = (Tyy - T g)/2(2.32) Ty, (8.1)

and
(Op/.g) # (pHI - pLo)/2(2-32) pAV (8.2)

where the subscripts HI and LO refer to the 1% and 99% evtremes; PAY in
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Youngblood's report is taken from the Groves (1970) model. The factor 2.32
in equations (8.1) and (8.2) rec.lts from the ract that the 1% and 99%
levels occur at + 2.3Zc from the mean in a Gaussian distributicn. The o's
fron Yourghlnod's data were evaluated at 5 km height intervals (25-90 km)
and at latitudes 10°, 30%, 50°, 70°, and 90°. Interpolation and extrapo-
lation over the pole, similar to the mcthod employed on the Groves data,
was used to fill in values which were not availabl2 in Youngblood's report.
The standard deviation for pressure in the 25-90 km range is computed from

the relation
(op/0)2 = (5757 + (o/T2 + 205 /5)(or/T) w(pT) (8.3)

which is a condition derived by Buell (1970) which must result from the
restrictions imposed on the atmospheric variation by the perfect gas law.
The factor r(pT) is the correlation bhetween the dens..y and temperature per-
turbations, and was evaluated by using Table 14.9 in Smith et al. (1971).
(These tabulated values of r(pT), strictly speaking, apply only to Cape
Kennedy, but they were used for lack of appropriate correlation vaiues at
all latitudes). Relation (8.3) was used to evaluace cp/ﬁ, rather than
direct observational data, because the model used to generatie the corre-
lated random perturbations, descrited later in this section, requires
consistant ¢'s and correlations as described by Buell (1970). In some
cases the 4-D values of the o's, when used in equation (8.3}, would result
in an unrealistic value for r(pT), i.e. |r(pT)| > 1. When this occurred a
default value of r(pT) was also evaluated from Table 14.9 of Smith et al.
(1971).

47




| .

Above 90 km, the standard deviations for temperature and density
w ~e assumed to be independent of latitude and were taken from Figure 7

of Justes and Woodrum (1973). The standard deviations for pressure above

90 km were evaluated from equation (8.3) using a value for the density
temperature correlation of r(pT, = -0.75, which is a consistent extra-
polation from Table 14.9 of Smith et al. (1971).

Random Winds

An estimate of the amplitude of irregular winds as a fuction of
height, latitude, and month of year is needed in order to cowbine with
mean wind profiles to give realistic atmospheric wind profiles. Irreg-
ular wincs will consist of all wind deviations from the monthly mean
wind profile. Major contributions to the irregular winds are tides,
gravi* waves, and planetary waves.

As the data tape and the PROFILE program are presently set up,
the standard deviations for the two horizontal random wind components
are assumed to be equal. However, if it is desired to revise the data
fébe input, the program can easily be modified to accommodate v-iequal
values for o and o. (These modifications are described i the pro-
gramaers manual porticn of this report).

Groves (1970) developed a mean model of the eastward wind and then .

caiculated a standard deviation of experimental data from his mean model.
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These standard deviatiors represent good estimates of the amplitudes of the
irregular winds.

Tatles 7-10 of Groves (1971) give his empirical model for the eastward
wind component for the 25-130 km height range. Tables 13-17 of Groves
(1971) include the measured standard deviation of the observed winds aboutl
the Groves model values. For some latitudes the Groves values for g, were
available up to 120 km, for other latitudes only un to 80 km.

Thus from the Groves data, irregular eastward wind amplitudes were
obtained for each month of the year at heights of 25 km up to about 100 km
in steps of 5 km and for latitudes of 10, 30, 53, and 70 degrees. The
amplitudes at 90 degrees latitude were found be extrapolating over the poles
as explained in Section 4,

The irregular wind amplitudes above 100 km were estimated by consider-
ing the amplitudes of their main constituents. Planetary waves were
assumed to be negligible in this height range. Thus. gravity waves and
tides were assuwed tc be mainly responsible for the irregular winds at
these heights. Amplitudes of the yravity waves were obtained from Figure

5 of Justus and Woourum {1973). Ampiitudes of the semidiurnal tides were

estimated from Lindzen and Chapman (1969), Woodrum and Justus (1368), and

Woodrum, Justus, and Roper {1969). Lindzen predicted theoretical ampli-

tudes of the semidiurnai tide for heights above 100 km. However, his pre-
dicted values seemed to be much too large when compared with experimental

data at altitudes from 100 to about 120 km. Thus, the values used in the

present analysis were the theoretical values of Lindzen which had been

scaled-down to agree with the experimental data. Diurnal tides were not
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included in the irregular winds because the diurnal variations were already
contained in the Jacchia Model, which was used to calculate the "mean" wind.
Latitude variations of the gravity waves and the semidiurnal tides were
assumed to be negligidble. The amplitudes of the gravity waves and the
tides were combined to give an irregular wind amplitvde in the following

manner.

_ 2 2,172
Yier ~ ("su +°Tide) (8.4)

Amplitudes below 25 km were obtained by combining the above results

from Groves and results from Figure 2 of Xantor and Cole (1964). Mean east-

ward wind profiles below 25 km were obtained from Kantor and Cole (1964}

for the months of January and July at all latitudes except 90°. Then by
assuming that the irregular wind amplitudes are proportional to the mean
wind ampltidues, one can estimate the irregular wind amplitudes by the
Tollowing method.

Since values of the irregular wind amplitudes and the mean wind ampli-
tudes both exist at heights of 25 km, monthly varying normalizing factors
between the irreqular winds and the mean winds are calculated at this height

as foilows:

. _ Irregular Wind Amplitude
Normalizing Factor = Qi ind Amplitude (8.5)

However, the values for the mean wind amplitudes are given only for the
month- of January and culy. Thus, the normalizing factors were calculated

for the months of November, December, January, February, and March by ﬁsing
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the mean wind amplitude value of January only, and the monthly values of
the irregular wind amplitudes from Groves (1971). Similarly, the normaliz-
ing factors for the months of May, June, July, August, and September were
calculated by using the July value of the mean wind amplitude. Two nor-
malizing factors were calculated for each of the months, April and October,
by using both the January and July values of the mean wind amplitudes.
This method of calculating the normalizing factors assumes that during a
half-year interval, the major variations in the monthly values of the nor-
malizing factor are caused mainly by the monthly variations of the irregu-
lar wind amplitudes. Then, the monthly irregular wind amplitudes below
25 km were calculated by multiplying the January and July mean wind values
ot the various heights by corresponding montily normalizing factors, where
the grouping of the months were the same as above. Two irregular #inds
were calculated for April and October. The average of the twe values for
each of these two months was the value that was used ia the analysis.

Again, the irregular winds for the latitude of 60% were found by
extrapolation over the poles, and the northward irregular wind amplitudes
were assumed to be equal to the eastward component.

The 4-0 model does not include wind values or variances, and so other
data sources had to be sought for random wind standard deviations below
25 km. Statistics on wind components are availahle for several test ranges
in the TRIG Ddcument 104-63 series of range reference atmospheres. The
extreme wind (1% and 99% levels) could be used t> compute monthly mean
values of wind o's at each of these test range sites by relations similar 1

to (8.1)and (8.2) :
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g = (UHI - !:0)/2(2.32) (8.5)
and

o = (VHI - VLO)/2(2.32) (8.7)

where the HI and LO subscripts refer to the 1% and 99% levels. However,
time did not permit the develcpment of the global climatology of wind o's
from the test range o's. Instead the simple method just described (based
on assuming the wind o was proportional to the mean zonal wind) was usad
below 25 km.

As an example of the validity of the simple method used here, Figure
8.1 shows the annual mean standard deviation for the wind at 207 compared
with the profile of zonal wind standard deviation, computed from equatio.
(8.6), for the test range at Eglin Air Force Base (latitude 30.5° N). Of
course the agreement on a month-by-month basis would not be neariv so
good as that indicated in Figure 8.1. Nevertheless, the results of the
simplified model should be adequate for many design applications.

Alternate Random Magnitude Data

If it is desired to use alternate random data standard deviations in
the program, then a revised input data tape could easily be created con-
taining the revised data. The program also has optione to by-pass the ran-
com aata on the data tape and read instead an alternate data set from some
other input. Details of how this can be done are given in the Users Man-
ual Section of this report. :

Two exampies of possible alternate random standard deviation data are

the new pressure, density, and temperature variation results of Cole (1972),
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Figure 8.1 Comparison between the wind ¢ (annual mean) computed
from equatmn (8.4) for Eglin AFB, latitude 30.5 N,
with the 30° latitude annual mean wmd ¢ computed by
the simplified method.

53




and the above mentioned method to devise a set of random wind o's from the

range reference data.

The Correlated Random Perturbation Model

The random perturbations to the monthly means are assumed to have a
Gaussian distribution with a standard deviation determined as described
above. However, to represent realistic perturbations, there must be corre-
lation maintained between perturbations at successive positions along the
profile or trajectory. This section describes the model used to maintain
these realistic correlations.

Consider two successive positions along a trajectory, labeled ! and 2
in Figure 8.2, with horizontal separation ax and vertical separation az.

We assume that the perturbations at position 1 are known either because 1
is the starting position at which some initial perturbation is assumed, or
because a perturbation has already been computed for this location. Given
the relative perturbation values (e.g. '/p and T'/f)at position 1 and the
correlations that must be maintained, the problem is to compute the pertur-
bationsat position 2. The model assumes that the relative density pertur-

bation at position 2 can be evaluated by
(DZ /52) = A(D" /6]) +8B r] (8-8)

where " is a Gaussian random number with mean zero and standard deviation
one, and the A and B coefficients are to be determined by the correlations
l_ l_
which must be maintained between Py /pz and G /oq. If we let %51 and %2
] [}
represent the standard deviations of Py /5] and p, /52 respectively, and

[}
we let R represent the correlation between p]'/pé and o, /52, then multi-

B T,
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= Correlation of either density

or temperature perturbations
between positions 1 and 2,
given by equation (8.12).

2

AX

Figure 8.2 Successive positions 1 and 2 a]ong a traJecto ¥
Relative perturbations p /p ,» T1'/Ty and To'/Tp are
known at position 1. ]at1ve perturbat1ons at posit-
ion 2 are computed from equation (8.8), (8.13), and
(8.14; after 2valuation of the coefficients by metnods
described in th.s section and in Appendix B.
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plication of (8.6) by o, /52 and averaging, yields

_ 2
R 91 %2 = A 9 (8.9)
and squaring both sides of (8.6) and averaging yields
2 _ 42 2 2
52 = A o * B (8.10)

Combination of (8.9) and (8.10)allows A and B to be evaluated in terms of

the known 01s Tos and R.

A

R 652/901 (8.11)
o 01 - r2)1/2 .8.12)

B

The model next assumes that the temperature perturbation at position 2 is

given by
(T, /Ty) = €Ty /T;) + Do, /5,) + E 1y (8.13)

where ry is a Gaussian random similar to " and coefficients C, D, and E are
to be determined by the required correlation conditions. The correlation
between T1'/f2 and TZ'/f2 is assumed to be the same value R as for the
density correlation. The solution for the C, D, and E coefficients is more
complicated than for the A and B coefficients, and is outlined in Appendix
B. With the density and temperature perturbations at position 2 determined,

via equations (8.8)and (8.13) with their coefficients evaluated, then the

B N

pressure perturbation is given by

(g 155) = (o 159) * (T, /Ty) (8.14)

n Ay s~ el 2
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This solves the problem of evaluating pressure, density, and tempera-
ture perturbations in terms of the given standard deviations and the corre-
lation R (the correlation between density or temperature perturbaticns over
the displacement from position 1 to position 2). In the model used, the

correlation R is taken to be

R o= exp | - Dlaxy? + 2 YAV} g0

where ax and Az are the horizontal and vertical displacements, illustrated
in Figure 8.2, and LH and Lv are the horizontal and vertical correlation
scales,

The values of the correlation scales in the correlation relation (8.15)
must be chosen so that the correlation field approximately represents the
major features of all of the phenomena which cause deviations from the
monthly mean. There are actually many physical processes which could con-
tribute to the total departure being modeled by the random variations:
synoptic weather patterns in the troposphere and stratosphere, and gravity
waves, planetary waves, and tides, especially at the higher altitudes. In
the present implementation of the model the correlation scales are given
by the linear relations plotted in Figure 8.3. The values for LH near the
surface were determined from the correlation studies of Buell (1971, 1972a)
who found the horizontal correlation scale to be approximately 800 km at

the 500 mb (6 km) level. The value of 15CQ km for Ly at 100 km altitude

She e drath e i E L4

was estimated as a dominate scale for the 1arge scale tidal and p1anetéry

wave perturbations. Vertical scales of 5-10 km, increasing with haight are
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common to synoptic weather variations (for example the "depth of pressure
perturbations" parameter of Buell, 1972b), and gravity wave and planetary
wave systems (Justus and Woodrum, 1972, 1973).

The random perturbation model used here is an extension of one origi-
nally developed for simulation of turbulence (Justus, 1971, Justus and
Hicks, 1971). The perturbations generated by the model are not only
correlated with each other over successive times, but also a time series
of such perturbations can be Fourier transformed and has a spectrum which
agrees with that expected from the correlation function (e.g. equation
(8.15)) used to generate the time series (e.g. by eguation (8.8)). Figure
8.4 shows the fast Fourier transform power spectrum of one such time
series of perturbations along with the theoretical spectrum which corres-

ponds to the exponc .t¥al correlation function.
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Figure 8.4 Computed and theoretical! power spectrum of a time ‘ :

series of perturbati.ns, such as would be gene-
rated from equation (8.8). Theoretical spectrum
is computed from transform of correlation funct-
ion (equation (8.15)).
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9. VARIATIONS DUE TO THE QUASI-BIENNIAL OSCILIATION {QBO)

It was shown from periodogram calculations by Justus and Woodrum (1973)

that quasi-biennial oscillations of the wind, pressure, density, and tem-
perature were significant in the height range 45 to 60 km. In many in-

stances the amplitudes of thz quasi-biennial oscillations were comparable
to thc annual and semi-annual oscillations. OUther publications have indi-

cated the same. Belmont and Dartt (1973), Cole (19€8), and Rahmatuliah

(1968). Consequently, in modeling the winds and thermodynamic va—iables of
the atmosphere, the quasi-biennial oscillations should cefinitely be con-
sidered.

In the present work, the amplitudes and phases of ihe quasi-biennial
oscillations were found by first performing a harmonic analyses on MRN data
from three sites. The data were chosen for each site such that the data
values vccurred at the same time of day, plus or minus ten minutes, for a
¢ime interval covering about six years, 1964 tirough 1969. Thus, solar rad-
jation errors would be ninimized. The sites and local times of day were
Ascension Isiand, A.F.B., 1345 hours; Cape Kennedy, florida, 1000 hours;
ana Fort Greely, Alaska, 1000 hours. Then the data for each site were
averaged over one month intervals. The data average for each month was
weighted by the number of values in the average and the time used for each
month was the averaged time,

Harmonic analysis was performed on the data by computing a mean, a
quasi-bienr<al, an annual, and semiannval oscillation according to the

following c uation.
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Y(t) = Ay + A2 sin (%$3-+ e])

+ A4 sin (%’;‘inz) + &y sin (%’:;—3+e3) (9.1)

where Y is the wind ¢r thermodynamic variable, A] is the mean, A2. A3, and
A4 are amplitudes, t is the time, T], TZ' T3 are the periods of the semi-
annual, annua®, and quasi-biennial oscillations respectively, 01 01, and
9 are phase angles.

First, calculations were performed on each data set by varying the
quasi-biennial period from 600 days to 1,080 days in steps of 30 days.
Variances for each calculation were computed. The periods causing miniwum
variances were somewhat scattered but *he periecd equal to 870 days seems
to best minimize the variaaces for all the data. This result agreed well

with the value of . munths found by Belmont and Dartt (1973) and reasonably

well with the value of 32 months founa by Groves (1973).

For computer purposes it is desired to have values of the amplituce
and phase of the quasi-biennial oscillations at 10, 30, 50, 70, and 90 de-
grees latitudes and for heights from 0 to 90 km. The present work gives
values for heights 25 to 60 km and at three Tatitudes: 7° 59's (Asrension
Island) 28° 27'N (Cape Kennedy) and 64° 00'h {Fart Greely). The values for
the desired latitudes were obtained by considering the above results and
results from Cole (1968), Rahmatullah (1968), Groves {1972), Shah and God-
son (1966), Reed (1965), and Angell and Korshover {1963), (1964), (1965),

(1962). Curves were drawn graphically to best fit the available aata as a
function of latitude. Then values were read at the appropriate latitudes.
For data values below 25 km and above 60 km, it was assumed that the quasi-

biennial amplitude approached zero at 10 km and 90 km altitude for each
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latitude. Then, curves were extrapolated to these points and values were
read at appropriate heights. These values are given in the following table.
It is assumed in the above analysis that the quasi-biennial variations
have no longitude dependence and are symmetric atout the equator.
Tables of the quasi-biennial pressure, density, temperature and wind
component amplitudes and phases, as they appear in the input data tapes
for the PROFILE program, can be found in the users manual section of this

report.
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10. SAMPLE RESULTS \

The PROFILE program is designed to give two types of atmospheric para-
meters: (1) values along a simulated trajectory, whose positions must be
input to the program one at the time for evaiuation, and (2) a profile
tsuch as a vertical profiie at a single location) for which the positions
are automaticaily computed by tha2 program after the initial position is
given {any constant incrementsin height, latitude, and longitude can be
used).

Simulated Trajectory Parameters

Figure 10.1 shows the height and range versus time for the Space
Shuttle ascent trajectcry for missien 1, a launch from Cape Kennedy into
a 28.5° orbit. Figure 10.2 shows the computed density, in percent deviat-
ion from the U.S. 1962 Standard Atmosphecre, for a typical run to simulate
conditions along tne trajectory for mission 1. The sulid line and shaded
area shows the January monthly mean and + 2 standard deviations of the
random density perturbation. The dashed line in Figure 10.2 shows a typi-
cal profile of mean density plus random density perturbation. Note that
the random component exceeds the one sigma level for many times, but on
this particular run the 20 is not exceeded. Cne of the characteristics of
the random model used is that the 1% exceedance level on the random pertur-
bation should be exceeded 1% of the time, etc., i.e. the generated pertur-
bations have a distribution which matches statistically the observed sta-
tistizal parameters, which are used as the input data.

Figures 10.3 and 10.4 show the 0-2000 seconds and 2000-3000 second seg-
ments of the density values for the external tank disposal trajectory for

mission 1. This trajectory starts zero time at the insertion poiit over the
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Figure 10.2
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| |
100 200 409
Time, sec

Density deviation from the U.S. 1962 Standard Atmos-
phere for Shuttle ascent trajectory. mission 1. The
solid 1ir¢ and shaded area shows the January monthly
mean and +2 stendard deviations of the random den-
sity perturbation. The dashed line shows a typical
density profile of mean plus random compenent. Note
time scale shift at 200 seconds.
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Carribean (Latitude 27.8°N, Longitude 67.3°N) and terminates at the tank
impact point in the Indian Ocean (Latitude 28.6%, Longitude 89.4%E). Note
the change in time scale between Figures 10.3 and 10.4. The heights are
shown at the top of these two figures. The plots of Figures 10.3 and 10.4
show the January mean density, the + 20 envelope, and a txpical curve cf
aensity deviation from the 1962 U.S. Standard Atmosphere for the mission 1
external tank disposal trajectory.

Figure 10.5 shows a ground pict of mission 3 re-entry and return tra-
jectory. This mission is a 104° obrital inclination with launch from and
return to Vandenburg AFB, The height and time along the trajectory ground
plot are also shown in Figure 10.5. Figures 10.6-10.8 show density variat-
ion plots similar to those previously given. Figures 10.6 and 10.7 are for
a January mission, and Figure 10.8 is the upper altitude section of a July
mission trajectory. The poiar orbit trajectory, such as plotted in Figures
10.5-10.8, is the situation for which the PROFILE program is most valuable.
Notice that the - 20 envelope for the January trajectory in Figure 10.6
reaches - 80% deviation from the 1962 Standard Atmosphere, while the + 2¢
envelope for the July trajectory reaches + 70% deviation. Therefore, monthly
variations are extremely large for the polar orbit re-entry trajectory.
Figures 10.6 and 10.8 alsc show that very large deviations, first positive
then negative (or vice-versa), could be expected within the + 20 1imits of
variability, even on a singie trajectory.

The PROFILE program gives output for monthly mean and mean plus pertur-
bations of pressure, density, temperature, and Northward and Eastward wind

components. The wind shear for the monthly mean wind, the stationary per-
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Figure 10.5

o.

Ground plot of the re-entry and return trajectory
for mission 3, & 104° inclination polar orbit
launched from and returning to Vandenburg AFB. The
altitude in km is plotted on the inner side of the
orbital pint and the time in seconds is plotted on
the outer side.
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turbations and the random and quasi-biennial perturbations and their magni-
tudes are also printed out. The percent deviations from the U.S. Stand-
ard Atmosphere for mean and total values of pressure, density, and temper-
ature are also evaluated and output. Theretore variation of any or all of
these parameters along any simulated trajectory could be evaluated and
plotted for analysis. The output can also optionally be punched as well

as printed, so that the card output could go directly into a plot routine.

Sample Vertical Profiles at Range Locations

Profiles of all of the parameters just discussed in the previous sect-
ior can also be easily compute¢ 2long any linear path in height, latitude,
Tongitude coordinates. The most useful such profile would be a vertical
profile at a given location. Figures 10.9-10.11 show the PROFILE program
computed Cape Kennedy January monthiy mean profiles of temperature, density,
and eastward wind component, along with the January range reference atmos-
phere values (from the IRIG Documents 1(4-63). The monthly mean wind was
taken to be the 50 percertile value given for the zonal wind distribution.
These curves indicate reasonably good agreement between the monthly ..ean
profiles generated b. the PROFILE program and the range reference atmos-
ohere data. |

Further indication of how well the model works is provided by Figure
10.12. This figure compires the mean wind shear computed by the thermal

wind equation with direct evaluation of wind shear by numerical different-

iation of the mean geostrophic wind. Since the thermal wind equation makes

use of horizontal temperature gradients, and the geostirophic wind equation

[

relies on horizontal pressure gradient values, then the agreement shown by
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Figure 10.9 PROFILE generated monthly mean temperature for Cape
Kenmmady in January, compared to the Kennedy Januiry
range reference atmosphere. Pernent deviations ave

vith vespect to the 1662 U.S. Stindard Atmosphere.
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gure 10.9 for density.
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Figure 10.11

As in Figure 10.9 “or zonal wind.
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Figure 10.12

Wind Shear, m/s/km

The 1ine is the mean wind shear evaluated by the
thermal wind equavion. The dots are wind shear
values computed by numerical differentiation of
the geostrophic winus. The agreement indicates
gocd consistency exists in the mean temperature
and mean pressure fields.
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Figure 10.12 indicates good consistency between the fields of mean pressure
and mean temperature in the mode:.

Comparisons between PROFILE generated January monthly mean temperature,
density, and zona) wind profiles for three other locations (Wallops Island,
White Sands, and Fort Greely) are given in Figures 10.13 to 10.21. The
*>mperature and density data are presented as percent deviation from the
U.S. 1562 Standard Atmosphere. Each greph also shows the January range
reference atmosphere for the site location. Generally good agreement be-
tween the PROFILE program mear parameter resuits and the range reference
atmosphere is seen in all of these plots.

As & test that the model also works well in the southern hemisphere,
see Figures 10.22 and 10.23. These figures show the monthly mean tempera-
ture and density and the + 1o envelope for Woomera, Australia (31°S, 137°E)

in July. A typical profile, {HAD 174 July 7, 1965, Pearson and Johnson,

1973) is also shown, and is found to fall generally well within the + 1o

levels.
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£ in Figure 10.13 for density.
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Figure 10.16  PROFILE gervrated monthly mear temperaturc for White
Sands in January, compared to the White Sands Jan-
uary range reference atmosphere. Percent deviations
are with respect to the 1962 U.S. Standard Atmosphere.
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As in Figure 10.16 for zonal wind.
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Figure 13.19  PRUFILE generated monthly mean temperature for Fort
Greely in January, compared to the Fort Greely Jan-
uary range reference atmosphere. Percent deviations
are with respect to the 1962 U.S. Standard Atmosphere.
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As in Figure 10.19 for density.
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Figure 10.21 As in Figure 10.19 for zonal wind
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cent deviation are with respect to the 1962 U.
S. Standard Atmosphere. A typical observed pro-
file is also shown for comparison (HAD 174, July
7, 1965).
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11. APPLICATIONS OF THE MCDEL

A set of trajectory positions for any desired trajectory, ascent or
re-entry, can be irput to the PROFILE program for evaluation of atmospheric
parameters for design purposes. Especially useful for Space Shuttle appli-
cations would be simulations of external tank re-entry trajectories, which
come in over the Indian Ocean, a region somewhat sparse in direct observat-
ions. The PROFILE program, anc its accompanying input data tapes, should
prove very valuable in many phases of design and mission analysis for the
Space Shuttle and other manned or un-manned space missions. When locatiors
near test ranges are to be simulated, the PROFILE program produces atmos-
pheric parameter values close to those of the appropriate range reference
atmosphere. Yet when a region, not near ary test range, is to be studied,
the PROFILE program produces values more consistent and realistic than pre-
viously available Standard Atmospheres (e.g. 1966 U.S. Standard Atmosphere
supplements) or models (e.g. Groves, 1971).

In addition to applications in spacecraft design and in trajectory and
mission analysis applications, the PROFILE program has many other potential
uses. Some of these possible alternate applications are outlined below.

In certain atmospheric measuring techniques an iteration scheme is
made, starting from some assumed profile and converging on the final resulc.
Two examples of this type of analysis are infrasonic measurements o winc
and satellite temperature profiles. Infrasonic waves are affected by the
wind profile, and adjustment of an assumed winu profile to yield optimum
agreement among observations of natural infrasound at an array of locations
is a possible ground based technique for determining wind conditions in the

upper atmosphere (Donn and Rind, 1972). If more accurate wind profiles

9N



could be used to start with, the optimization process could be speeded up.
Infrared scanners in satellites are used to determine atmospheric tempera-
ture profiles and total water column by means of an inversion process -
applied to the spectrum o7 infrared radiation received at the satellite.
The process to determine the integrated water column requires an assumed

or a measured terperature profile. Reasonably accurate assumed temperature
profiles for this purpose could be generated by the PROFILE program. The
satellite infrared radiometer method for measuring temperature profiles al-
so relies somewhat on an interation process. A portion of the radiative
transfer matrix is weakly dependent on the temperature profile, so that its
solution to determine a temperature profile must be interated once or twice

from an initial quess (Wark and Hilleary, 1969). A satellite remote sound-

ing method developed by Rodgers (1970) is based on selecting among equal rad-
jance temperature profiles by picking the one with maximum probability of

occurrence. The PROFILE program results (surface to about 50 km), espec-

ially if coupled with cloud statistics (for example from Greaves, et al.,
1971) could provide good information concerning the relative probability of
various temperature profiles,

PROFILE program generated profiles of atmospheric parameters would make

meaningful comparison data for measurements obtained by wany different sound-

ing or measuring techniques.

For many purposes it is useful to know some details of the mean global
circulation patterns which would affect horizontal transport and dispersion
in the atmospheré. The mean monthly horizontal winds computed by the PROFILE
program would be a useful latitude-longitude-height dependent wind field for

global diffusion estimaetions. A method to estimate the latitude-longitude-
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height dependent mean monthly vertical winds from slopes of isentropic sur-
faces is now being investigated. A1l of the necessary parameters to com-
pute these isentropic surface slopes are now being computed or are available
for computation in the PROFILE program. These cm/sec magnitude mean verti-
cal winds are not detectable directly, but could play an important part in

constituent mixing or in global scale diffusion in the atmosphere.
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12. LIMITATIONS OF THE MODEL AND POSSIBLE FUTURE REFINEMENTS

The major shortcoming o the present model is due to the lack of
adequate observatisnal data over certain regions and altitude ranges
(especially eastr.rn and southern hemispheres in the 25-120 km range). The
Timited southern hemisphere observations above 25 km forced the six-month
displaced northern hemisphere data to be used for the southern hemisphere
in the modified Groves region (25-110 km). Note, however, that the southern
hemisphere 4-D data (surface to 25 km) is based on actual southern hemis-
phere measurements, for each of the 12 months.

Two areas where further improvement could be made in the data on the
input data tape are in the stationary perturbations and the random pertur-
bation and random wind magnitudes. Due to time limitations only two or
three years of upper air charts were read at the 10, 2, and 0.4 m lével.

Two more years of 10 mb monthly means are available for reading. Only the
first week of each month was read fcr three years at the 2 and 0.4 mb Tevels.
The other weeks and two other complete years are available for reading.
More recent random perturbation magnitudes than those used are now available
(Cole, 1972) and the range refarerce atmosphere wind statistics could be

used to improve the random wind magnitude data. .

A revised model of the random perturbations to consider a large vertical
scale systemmatic deviation from the monthly mean plus a smaller magnitude
small vertical scale random component could improve the model profile correspond-
ence to observed conditions. However, improvements in the stationary perturbat-

ion and random parameter data without changing the random perturbation model
!
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could be accomplished by changing only the input data tape. No program
alterations would be required. There are also program options for read-
ing in alternate random (or QBO) parameters from another data file iin-
stead of those values on the data tape (see the users manual section of
this report).

The 1970 version of the Jacchia modal was nurposely selected over the
later refinements made by Jacchia (1971) as being better suited for the
Space Shuttle design applications. However, the Jacchia subroutines were
kept separate in the program so that easy substitution of any alternate
thermosphere-exosphere model could be made if desired (see the users and
programmers manual section of this report for further details).

Although many scientific, engineering, and technical applications re-
quire atmospheric parameters not included in the PROFILE program (humidity,
cloud cover, atmospheric constituents, electron densities, etc.) the pres-

ently constituted program is already rather large (about 32K on the UNIVAC

1108 FORTRAN compiler), and it requires about one minute of time on the
UNIVAC 1108 as a minimum for data lookup on the data tape anc 4-D tape (com-
putation of parameters on the trajectory takes almost insignificant time
after the data lookup from the tapes has been completed). Therefore, there
are probably not many applications for which major new additions to the
present program would be beneficial, from a program size standpoint. How-
ever, if modification or additions are required for specific applications,
the program was written in a modular form with adequate suhbdivision into
subroutine sections so that deletions, modification, and additions to the

sections where alterations are desired could be accomplished with a mini-
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mum of difficulty. (Again, consult the users and programmers manual sect-

ions of this report for more details).
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APPENDIX A
Latitude and Longitude Interpolation Method

Consider a fun:tion f(x, y) of which there are four known values fo’
f1s fs and f, at the rectangularly spaced points (x], y]), (XZ’ y]),
(x], yz), and (XZ' yz) respectively (see Figure A-1). The values of

f(x, y) over the interval Xa < X < Xy and Yy <Y <Yy can be found from the

following approximate series expansion

flx, y) = flxg, yq) + 3 (x - x) + & (y - %)
(X1, .Y]) (x'll y])
N (x - x)) (y = yy) (A-1)
IXAY VYN -
(x]n .Y")
where f(x], y]) = fo' The following finite difference approximations for
the partial derivatives in (A-1) can be made (where ax = Xo = Xy and
by = ¥y, - yq)-
fy - f
of 2 0
X S oTax (A-2)
(X], .Y])
af %
2y Ay (A-3)
(x5 1y)
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f3"f2-f]‘f

f3 - f] - f2 + fo

- AXAY (A-4)
With these approximations (A-1) becomes
f(x, y) = fot (fy - fo) sx + (f, - fo) 5y
+ (f3 -fp-fy fo) 5X8Y (A-5)

where &x = (x - x1)/Ax and sy = (y - y])/Ay. Equation (A-5) is seen to
correspond to equation (1) page 32 in the 4-D model report (Spiegler and
Fowler, 1972) except for the introduction of the cosine-of-latitude factors
in the 4-D report. Equation (A-5), with an appropriate change in variables,
is equivalent to the NMC grid four point interpolation technique of Jenne,
(1970). The interpolation formula (A-5) is used in the PROFILE program when-
ever latitude-longitude interpolation is required between a rectangular array

(in latitude-longitude coordinates) of positions.
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APPENDIX B '
Derivation of Coefficients C, D, and E in Equation (8." .,

L L.
Multiplication of equation (8.10) successively by N /T]. py /o, and

by itself, and then averaging, yields the three equations

= 2 .
R GT] GTZ = 0T1 + D P(T] pz) UT] Upz (B 1)
Z
(T, op) 072 092 = € r(Ty p,) °T] 092 +D %, (8-2)
2 _ 2 2 2 2 2

which can be solved for the coefficients C, D, and E once the correlation

parameters r(I] p2) anc. r(T2 pz) are determined. From Buell (1970), r(T2 02)

must be given by

- 2 V4 2
r(T, 0p) = (op2 - 092 - 072 y/(2 092 OTZ) (8-4)

where, according to the notation here, OTZ is the standard deviation of

T /%2 . Multiplication of equation (8.6} by T]'/fl and averaging yields

which, after substitution of (8.8), yields
r(T] 02) = R P(T] D]) (8-6)

and r(T, °1) is given by a relation similar to (B-4), so
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_ 2 22, _
r(T] pz) = R (Up] - cpz UTZ ),(qu'l 0T2) (8-7)

With equations (B-4) and (B-7) to use in equations (B-1 - B-3) they can be
solved for C, D, and E. C and D can be solved first from (B-1 and B-2),
yielding

R(UTZ/OT]) - r(Tz 02) r(T] D])]

¢ - , (8-8)
1 - R r(T] p])

2
(0’2/092) [r(T, e5) - R® (T 0q)]

B-9
1 - R? r(T1 p]) (b-9)

where the r(T] p]) and r(T2 p2) factors are evaluated by (B-4) and its com-
panion equation for position 1. Coefficient E can then be se¢ .y using

relations (B-8) and (B-9) in (B-3)

- 2 2 2 2 2 1/2
E = [CTZ -C OT] - D 002 -2CDR F(T] O]) OT1 Upz] . (B']O)
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