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SUMMARY 

I n  recent  years t h e  surface-source method of c a l c u l a t i n g  p o t e n t i a l  f l o w  
about a r b i t r a r y  bodies has been developed ex tens i ve l y  and has proved t o  be a 
usefu? t o o l  i n  a wide v a r i e t y  o f  low-speed design app l i ca t i ons  ranging from 
simple shapes t o  complicated i n l e t s  w i t h  centerbodies, mul t ie lement  a i r f o i l s ,  
and wing-fuselage-pylon-nacel le combinations. Two-dimensional. axisymmetric, 
and three-dimensional methods have been developed. Whi le t h e  method i s  gener- 
a l l y  q u i t e  s a t i s f a c t o r y ,  increases i n  computat ional speed and accuracy a r e  
des i rab le  f o r  c e r t a i n  app l i ca t i ons ,  p a r t i c u l a r l y  i n t e r i o r  f lows and e x t e r i o r  
f lows about complicated mul t ip le -body combinations. Such improvements can be 
r e a l i z e d  by r e f i n i n g  t h e  formulat ion.  I n  t h e  bas i c  method the  p r o f i l e  curve  
o f  a two-dimensional o r  axisymmetric body i s  approximated by a l a r g e  number of  
s t r a i g h t - l i n e  elements over  each o f  which the  source dens i t y  i s  constant.  The 
so-cal 1 ed h igher-order  ref inement  cons i s t s  o f  us ing  curved sur face elements 
and a source dens i t y  t h a t  va r i es  over  an element. This  r e p o r t  descr ibes t h e  
ana lys i s  f o r  the  axisymmetric case where t h e  next-s implest  approximation i s  
used. S p e c i f i c a l l y ,  t h e  su r face  elements are  parabolas, and t h e  source dens i t y  
va r i es  l i n e a r l y  i n  a rc  l e n g t h  over each element. Calculated r e s u l t s  f o r  a 
se r ies  o f  t e s t  cases a r e  presented and compared. For both e x t e r i o r  and i n t e r i o r  
f lows the  h igher-order  f o rmu la t i on  y i e l d s  very s i g n i f i c a n t  decreases i n  comput- 
i n g  t ime and increased computat ional accuracy. 



L I S T  OF SYMBOLS 

radius o f  a r i n g  source o r  vortex 

ax ia l  locat ion o f  a r i n g  source o r  vortex 

h a l f  the curvature o f  an element 

CY 

in teger  subscripts denoting pa r t i cu la r  elements 

t o t a l  number o f  elements on a body 

arc length along an element 

h a l f  the t o t a l  arc length o f  an element 

S ' Y  

surface ve loc i t y  

free-stream veloc i ty  

ve loc i t y  components 

ve loc i t y  due t o  a r i n g  source o r  vortex 

perturbat ion ve loc i t y  at i - t h  control  po in t  

ve loc i t y  a t  i - t h  control  po in t  due t o  a u n i t  value o f  j - t h  source 
dens i ty  w i t h  a l l  other values zero 

ve loc i t y  a t  i - t h  control po in t  due t o  a parabolic source densi ty 
d i s t r i b u t i o n  on the j - t h  element 

ax ia l  coordinate 

coordinates o f  a control  po in t  

r ad ia l  coordinate 

slope angle o f  the tangent t o  an element a t  the control  po in t  w i t h  
respect t o  the  x-axis 

length o f  the chord o f  an element 

perpendicular distance from cont ro l  po in t  t o  chord o f -  an element 



circumferential angle about the x-axis 

vor t ic i ty  strength 

Cartesian coordinates w i t h  or igin  a t  the  control point of an element 
and directions,  respectively, para1 1 el  and perpendicular t o  the  
tangent 1 i ne 

source density 

derivative of source density with respect t o  arc length 

half the second der ivat ive of source density w i t h  respect to  a rc  
length 

velocity potential 



Recent years have seen the development o f  very general surface s ingu la r i t y  
methods for the ca lcu la t ion  o f  po ten t ia l  flow about a r b i t r a r y  configurations [I]. 
Moreover, these methods have been applied successful ly t o  a large number o f  
p rac t i ca l  design problems o f  low-speed f low [I], [Z]. The most common such 
method i s  the so-cal led surface-source method [2], which u t i l i z e s  a source 
densi ty d i s t r i b u t i o n  over the surface o f  the body about which flow i s  t o  be 
computed. Appl icat ion o f  the boundary condi t ion o f  zero (o r  prescribed) normal 
ve loc i t y  on the body surface theore t i ca l l y  y i e l ds  a Fredholm in tegra l  equation 
o f  the second kind f o r  the source density. Once the source densi ty i s  known, 
a l l  other quant i t ies,  such as f low ve loc i t i es  and pressures, may be obtained by 
integrat ion.  Separate procedures have been developed f o r  ca lcu la t ing flow about 
two-dimensional bodies, axisymmetric bodies, and three-dimensional bodies, 
respectivelv. For the case o f  axisymmetric bodies the f low i t s e l f  does not 
necessari ly hakt ,. ' - , m e t r i c ,  but  i t may be a case o f  cross flow f o r  
which the free-stream d i rec t ion  i s  perpendicular t o  the body's symmetry axis 
o r  a case o f  rotatl1,n o f  the body about an axis perpendicu3ar t o  i t s  symmetry 
ax is  [Z]. 

To impien~eiit t h i s  method f o r  the computer, various approximations must be 
made. I n  par t i cu la r ,  both the body shape and the source densi ty d i s t r i bu t i on  
must be approximated i n  a form su i tab le  f o r  machine computation. During most 
o f  the development o f  the surface-source method the p r o f i l e  curve def in ing an 
axisymmetric (o r  two-dimensional) body has been approximated by a large number 
N o f  small s t ra ight -1  i ne  elements, which form an inscr ibed polygon. Moreover, 
the source densi ty has been assumed t o  be constant over each s t ra igh t - l i ne  
element, although i t  varies from one elanent t o  another. This reduces the 
problem o f  determining the source densi ty d i s t r i b u t i o n  t o  t ha t  o f  determining 
a f i n i t e  nmber o f  values o f  the source densi ty - one f o r  each element. One 
po in t  o f  each element, the midpoint f o r  a s t ra igh t - l i ne  element, i s  selected 
as the cont ro l  po in t  where the normal-velocity boundary condi t ion i s  t o  be 
applied. Formulas have been derived tha t  g ive  the ve loc i t y  a t  any po in t  due 
t o  a u n i t  value o f  source density on a s t ra igh t - l i ne  element. From these 
formulas a matr ix  o f  vector ve loc i t ies  induced by the elements a t  the control  
points can be obtained. Then the i n teg ra l  equation i s  replaced by a se t  o f  
l i n e a r  algebraic equations f o r  the values o f  source density on the elements. 
The c o e f f i c i e n t  matr ix  o f  t h i s  set o f  equations consists o f  the set  o f  normal 
ve loc i t i es  induced by the elements a t  each others '  cont ro l  points, which i s  
obtained by tak ing normal components o f  the basic induced ve loc i t y  matrix. 
F ina l ly ,  surface ve loc i t i es  a t  the cont ro l  po in ts  are obtained by a matr ix 
m u l t i p l i c a t i o n  o f  the tangential components o f  the induced ve loc i t y  matr ix 
w i th  the column o f  values o f  source density. The two main parts o f  the compu- 
t a t i o n  are the ca lcu la t ion  o f  the NZ ve loc i t i es  t h a t  comprise the induced 
ve loc i t y  matr ix and the so lu t ion o f  the l i n e a r  equations f o r  the values o f  
source density. I f  a d i r e c t  e l iminat ion so lu t ion  i s  used, the computational 
magnitude o f  so lv ing  the l i n e a r  equations i s  proport ional  t o  ~ 3 .  

The above described procedure, which uses f l a t  surface elements and a 
piecewise-constant source density d is t r ibu t ion ,  i s  designated the base method. 
It has proved sa t i s fac to ry  i n  a wide var ie ty  o f  design appl icat ions [1],[2]. 
However, i t i s  evident t h a t  more elaborate procedures can be formulated and 

4 



t h a t  these should g i v e  a h igher  accuracy f o r  a g iven element number N and 
thus an equal accuracy with a sma l l e r  element number. Moreover, i f  i t  i s  
p rope r l y  implemented, a more e labo ra te  procedure would r e q u i r e  o n l y  a s l i g h t l y  
g rea ter  computing t ime  than t h e  base method f o r  a g iven N. Because of t h e  
r a p i d  v a r i a t i o n  o f  computing tvme w i t h  N ,  a reduct ion  o f  computing t ime f o r  
a g iven accuracy should be possib le.  This  has been success fu l l y  accomplished 
for  t h e  case o f  two-dimensional bodies [I], [3], [4], [5], i n  which case t h e  
a p p l i c a t i o n  o f  main i n t e r e s t  i s  a mul t ie lement  a i r f o i l .  Here the  case o f  
axisymmetric bodies i s  considered, where t h e  a p p l i c a t i o n  o f  main i n t e r e s t  i s  
an i n l e t ,  p o s s i b l y  w i t h  centerbody and r i n g  vanes. The technique employed i s  
b a s i c a l l y  the  one used i n  two dimensions [3], which employs curved sur face 
elements and a source d e n s i t y  t h a t  v a r i e s  over the  element. Such an approach 
i s  designated a h igher-order  implementation. For axisymmetric bodies these 
v a r i a t i o n s  r e f e r  t o  t h e  p r o f i l e  curve d e f i n i n g  the  body. The c i r c u m f e r e n t i a l  
v a r i a t i o n s  around t h e  symmetry a x i s  o f  element geometry and source d e n s i t y  
a re  s i m i l a r  t o  those o f  t h e  base method [ Z ] .  Namely, a complete sur face e le -  
ment i s  a p o r t i o n  o f  a conoid (a cone f rustum i n  t h e  f la t -e lement  case), and 
the  source dens i t y  i s  independent o f  c i r c u m f e r e n t i a l  angle f o r  axisymmetric 
f l ow  and i s  p ropo r t i ona l  t o  t h e  cos ine  o f  the  c i r c u m f e r e n t i a l  angle f o r  cross 
f low and f o r  r o t a t i o n .  

Use o f  h igher-order  implementat ions b r i n g s  up t h e  quest ion  o f  t h e  cons i s t -  
ency o f  the orders o f  t h e  approximation used f o r  t h e  element geometry and t h e  
approximation used f o r  t h e  source densi ty .  It i s  known [I], [3], t h a t  cons i s t -  
ency i s  obta ined when t h e  polynomial expressing t h e  element shape has a degree 
one h igher  than t h a t  d e f i n i n g  t h e  source density.  Thus, cons i s ten t  fo rmula t ions  
inc lude:  (1) f l a t -e lemen t  constant-source, (2) parabol ic-element l inear-source, 
and (3)  cubic-element parabol ic-source. I n  t h i s  paper parabo l ic  elements a r e  
used together  w i t h  a p iecewise-parabol ic  source densi ty ,  The e x t r a  i n c o n s i s t e n t  
parabo l ic  term i n  t h e  source d e n s i t y  has been inc luded t o  determine whether o r  
n o t  i t  gives increased accuracy i n  low-curvature regions. It t u r n s  o u t  t ha t ,  
as t h e  theory  p red i c t s ,  l i t t l e  o r  no g a i n  i n  accuracy i s  obta ined by i n c l u d i n g  
t h e  parabo l ic  source term. 



SURFACE ELEMENT GEOMETRY 

The p r o f i l e  curve o f  the body about which f low i s  t o  be computed i s  
specif ied as a tab le  o f  coordinates f o r  N + 1 po in ts  x i  ) each o f  
which i s  presumably exact ly on the contour. By t h i s  means the contour i s  
d iv ided i n t o  N elementary arcs as shown i n  Figure 1. On each arc a  cont ro l  
po in t  i s  selected by the fol lowing c r i t e r i o n :  the normal project ions o f  the 
endpoints o f  the element, (xi, yi) and x i +  yi+i), on the l i n e  tangent 
t o  the arc a t  the cont ro l  po in t  are equidistan from the cont ro l  point. The 
slope o f  the tangent l i n e  a t  the control  po in t  i s  defined as the slope o f  the 
element. I f  t h i s  tangent l i n e  i s  taken as the hor izontal  axis o f  a  5,?- 
coordinate system w i th  the control  po in t  as o r ig in ,  the elementary arc i s  as 
shown i n  Figure 2 .  The equation o f  t h i s  arc may be wr i t t en  as a power series 

The arc length s  along the arc measured from the control  po in t  i s  given by 

Thus 

The basic reference coordinate system i n  which the body i s  defined has i t s  
x-axis as the symmetry ax is  o f  the body. Let  a  po in t  o f  the element have 
coordinates x  = b  y  = a  i n  t h i s  system then 

where a is-the slope angle o f  the E;-axis (tangent l i n e )  w i t h  respect t o  the 
x-axis and x, y are reference coordinates o f  the control  point. 

I n  p r inc ip le ,  approximations o f  a r b i t r a r i l y  h igh order could be generated 
by re ta in ing  s u r f f i c i e n t  terms i n  the above series. For present purposes the 
element i s  assumed t o  be parabolic, and the above ser ies are terminated w i th  
the terms shown. For t h i s  approximation the cont ro l  po in t  l i e s  on the perpen- 
d i c u l a r  b isector  o f  the s t ra igh t  l i n e  between ( x i ,  y i )  and Y - + ~ )  
and the slope o f  the element equals the slope o f  t h i s  s t ra igh t  l i ne .  Also, by 
inspect ion o f  (3) i t  can be seen tha t  t o  t h i s  order o f  approximation s  may be 
subst i tu ted f o r  5 i n  ( 4 ) .  A c i r c l e  i s  passed through the points (xi-, ~ e - 1 ) ~  
(xi. ~ i), and Y ~ + ~  ) and another c i r c l e  i s  passed through the 



(x. ,  y i ) .  (x . ,~  ) and (xi, , yj ). The half-curvature c of the para- 
b o l ~ c  elemenf, ;$$'enters eguatfonr ??) and (I), i s  s e t  equal to half the 
geometric mean of the curvatures of these two circles. Requlring the parabola 
to pass through the endpoints (xi, y ) and (xi y j + i )  then uniquely 
defines the parabola and establishes ! he coordinates K, y of the control point. 
For the f i r s t  and las t  elements of a body one c i rc le  i s  not defined and c i s  
se t  equal t o  half the curvature of the remaining circle. 

Explicit formulas for the above procedure are contained in Appendix A. 



lNDUCED VELOCITY MATRICES 

The bas i c  calc l a t i o n a l  t ask  o f  t h e  f l ow-ca l cu la t i on  method i s  t o  compute 
t h e  flow v e l o c i t i e :  induced by t h e  elements a t  each o the rs '  c o n t r o l  points .  
Ther a r e  t h r e e  ty l  ,s o f  induced v e l o c i t i e s  corresponding t o  t h r e e  types o f  
sur f , ,ce s i n g u l a r i t  (1) 8 constant -s t rength  r i n g  source, which i s  appropr iate 
f o r  , ~ x i s y m n e t r i c  1 ~ w ;  (2)  a  r i n g  source whose s t reng th  i s  p ropo r t i ona l  t o  t h e  
cos i  le o f  t h e  c i r c  n f e r e n t i a l  angle, which i s  appropr ia te  f o r  cross f l o w  and 
f o r  jody r o t a t i o n ;  and (3 )  a  constant-s t rength r i n g  vortex, which i s  used t o  
produce c e r t a i n  a u x i l i a r y  s o l u t i o n s  app rop r ia te  t o  axisymmetric f l o w  about 
r i n g - a i r f o i l s  and i n l e t s .  The v e l o c i t i e s  i n  t h e  induced v e l o c i t y  mat r ices  a r e  
obta ined by i n t e g r a t i n g  the r i n g  source o r  vor tex  formulas over an element. 
S p e c i f i c a l l y ,  l e t  a  r i n g  s f n g u l a r i t y  (source o r  vor tex)  have a  r a d i u s  a  and 
l i e  i n  t h e  p lane x  = b  w i t h  i t s  cen te r  on t h e  x-axis. Then the  v e l o c i t y  a t  
t h e  p o i n t  (x,y) due t o  t h i s  s i n g u l a r i t y  i s  . 

S p e c i f i c  formulas f o r  t h e  two types o f  r i n g  source are  conta ined i n  [2] and 
de r i ved  i n  [6], 171. Many o f  t h e  func t i ons  appearing i n  t h e  expressions are 
repeated, p a r t i c u l a r l y  t h e  s p e c i f i c  complete e l l i p t i c  i n t e g r a l s .  The v e l o c i t y  
components o f  a  cons tant -s t rength  r i n g  vo r tex  a r e  r e l a t e d  t o  those o f  a  constant- 
s t r e n g t h  r i n g  source by 183 

X 
vj v (source) + v (source) V ( vo r tex )  = a - 

a Y 

X - b  V ( v o r t e x )  = Vx(source) -7 
Y 

V (source) 
Y  

L e t  t h e  source d e n s i t y  on t h e  j - t h  element be denoted o . (s ) .  The v e l ~ c i t ~  
induced by  t h i s  source dens i t y  a t  c o n t r o l  p o i n t  o f  t h e  i J t h  element (xi, yi) 
i s  ob ta ined by i n t e g r a t i n g  over t h e  element, t h a t  i s  

J 
where ns'. i s  t h e  t o t a l  a rc  l eng th  o f  t h e  j - t h  element. Equation (7) app l i es  
t o  b o t h  t j p e s  o f  source s i n  u l a r i t y .  Th is  equat ion a l so  app l ies  t o  t h e  vor- 
t i c i t y  s i n g u l a r i t y  i f  b,(sy i s  replaced by t h e  v o r t i c i t y  s t r e n g t h  uj(s).  
I n  eva lua t i ng  t h e  i n t e g r a l  o f  (7),  b  and a  a r e  g iven by (4) w i t h  s  replac- 
i n g  6. 

The source d e n s i t y  may be w r i t t e n  as a  power se r ies  



where uj, u f )  and of )  a r e  independent o f  s and represent, respec t i ve l y ,  
t h e  value, 7 r s t  d e r i v a  ive,  and h a l f  t h e  second d e r i v a t i v e  o f  t h e  source 
d e n s i t y  a t  t h e  c o n t r o l  p o i n t  of t h e  j - t h  element. I n  t h e  present ana lys i s  t h e  
source dens i t y  i s  assumed t o  be a t  most parabo l ic ,  and (8) i s  terminated w i t h  
t h e  terms shown. Thus (7) becomes 

+ u j j q y i ,  3,  bj(s), a j (s ) lsds  
A S .  

J 

4 0 )  4 1 ) u ( 1 )  + $ q $ 2 )  V* .  = V . 0. + v 
I J  i~ J i j  j 1 j 

The v o r t i c i t y  d i s t r i b u t i o n  s i s  taken as constant  so t h a t  o n l y  t h e  f i r s t  
terms o f  (9) and (10) a r e  pre3ent. In f ac t ,  t h e  v o r t i c i t y  i s  handled e x a c t l y  
as i n  the  base method [I], except t h a t  t h e  i n t e g r a l  i s  over a curved element 
r a t h e r  than a f l a t  one. The form o f  equat ion (10) makes i t  easy t o  i n v e s t i g a t e  
t h e  e f fec t iveness  o f  r e t a i n i n g  var ious terms i n  t h e  source d e n s i t y  expansion. 
The r e l a t i v e  e f fec t i veness  o f  f l a t  and curved elements can be i n v e s t i g a t e d  by 
s e t t i n g  c e i t h e r  zero o r  nonzero i n  equat ion (4). 

For j # i t h e  i n t e g r a l s  i n  (9) a r e  evaluated by numerical i n t e g r a t i o n  
us ing Simpson's r u l e  w i t h  a v a r i a b l e  number o f  o rd ina tes  [Z]. It i s  ev iden t  
from ( 9 )  t h a t  the  th ree  in tegrands a r e  very s i m i l a r  and can be conven ien t ly  
ca l cu la ted  together.  For  j = i the bas ic  r ing-source ( o r  vo r tex )  v e l o c i t y  
R ~ , ~ , b , a ]  has a s i n g u l a r i t y  o f  o rder  l / s  a t  s = 0. Accordingly,  r e s o r t  
must be made t o  a se r ies  expansion i n  powers o f  s so t h a t  the  s i n g u l a r i t y  
may be cancel led a n a l y t i c a l l y .  These expansions a r e  s i m i l a r  t o  those used i n  
t h e  base method [2]. The q u a n t i t i e s  nx,y,b,als and Rx,y,b,a]sz a r e  n o t  
s i n g u l a r  b u t  f o r  consis tency they a r e  evaluated by se r ies  expansions f o r  
j = i. Der i va t i on  o f  these expressions i s  s t r a i g h t f o r w a r d  b u t  ted ious  and i s  
no t  pursued here. Formulas f o r  these expansions a r e  contained i n  Appendix B. 



ORGANIZATION OF THE CALCULATFON 

I n  t h e  most general case a l l  t h r e e  i n t e g r a l s  o f  equat ion (9) must be 
evaluated f o r  bo th  t h e  axisymmetric and t h e  cross-f low type o f  source density.  
~ h u s  i n c l u d i n g  the  v o r t i c i t y ,  which requ i res  o n l y  t h e  f i r s t  . Integral  o f  (9), 
t h e r e  a r e  seven vec to r  i n t e g r a l s  i n  the  hfgher-order  ana lys i s  as opposed t o  
t h r e e  i n  t h e  base method. I n  axisymmetric f l o w  the re  a r e  two v e l o c i t y  compon- 
ents, a x i a l  and r a d i a l ,  w h i l e  cross f l ow  has an a d d i t i o n a l  c i r c u m f e r e n t i a l  
component. Thus t h e  t o t a l  number o f  s c a l a r  i n t e g r a l s  can be seventeen r a t h e r  
than the seven of t h e  base method. However, t h e  f i n a l  number o f  s c a l a r  N x  N 
induced v e l o c i t y  component mat r ices  t h a t  must be s to red  and used i s  the  same i n  
t h e  h igher  o rde r  and base methods, namely f i v e ,  

As descr ibed above, the  normal v e l o c i t y  boundary c o n d i t i o n  i s  app l ied  a t  
the  c o n t r o l  p o i n t  o f  each element t o  produce a number o f  l i n e a r  equat ions equal 
t o  t h e  number o f  elements. However, t h e  v a r i a t i o  f source d n i t y  over  an 

escr ibed th ree  parameters, o., oj'('19, and u . .  The der iva-  
'117 and u are expressed i n  dm o f  values o$ u by d i f f e r -  t i v e s  u j  

e n t i a t i n g  t h e  through t h e  t h r e e  values s -~ ,  uj, and ujjrl. That i s  
,", 

where the  c o e f f i c i e n t s  i n  (11) a r e  standard numerical  d i f f e r e n t i a t i o n  formulas 
and depend o n l y  on t h e  lengths o f  t h e  t h r e e  elements [3]. For t h e  f i r s t  ( o r  
l a s t )  element o f  a body the  parabola t h a t  i s  d i f f e r e n t i a t e d  passes. through the  
f i r s t  ( o r  l a s t )  t h r e e  values o f  o, and t h e  formulas o f  ( 1 1 )  a r e  mod i f ied  
accordingly .  Th is  l a s t  f e a t u r e  could i n t roduce  e r r o r  i f  a smooth contour  i s  
de f ined w i t h  t h e  f i r s t  and l a s t  p o i n t s  co inc ident ,  as f o r  example, a torous. 
However, t h i s  case i s  t oo  r a r e  t o  be o f  g rea t  s ign i f i cance .  . The above pro- 
cedure i s  app rop r ia te  f o r  a l l  i n l e t s  and ducts and a l s o  f o r  simply-connected 
bodies. which a r e  i n p u t  from t h e  upstream s tagnat ion  p o i n t  t o  the  downstream 
s tagnat ion  po in t .  

From (10) and (11) i t i s  ev ident  t h a t  the  v e l o c i t y  induced a t  a p o i n t  by 
an element i s  a l i n e a r  combinat ion o f  t h r e e  neighbor ing values o f  a. The 
m a t r i x  t h a t  i s  needed f o r  subsequent c a l c u l a t i o n s  i s  t h e  one g i v i n g  t h e  veloc- 
i t y  a t  each c o n t r o l  p o i n t  due t o  each value o f  source densi ty .  As the  calcu-  
l a t i o n  proceeds t o  c a l c u l a t e  t h e  v e l o c i t y  a t  a c o n t r o l  p o i n t  due t o  successive 
elements, t h e  v e l o c i t y  induced by  t h e  j - t h  element i s  n o t  associated e n t i r e l y  
w i t h  uj a; i n  t h e  base method, b u t  c e r t a i n  p o r t i o n s  a r e  associated w i t h  
0 - 1  u .  and o. i n  t h e  obvious way. When a l l  elements have been accounted 
f o r ,  t h d  v e l o c i t y ~ i t  a con t ro l  p o i n t  due t o  each value o f  source d e n s i t y  has 
been formed as t h e  sum o f  c o n t r i b u t i o n s  f rom t h r e e  elements except f o r  those 
due t o  the  f i r s t  and l a s t  values, t o  which two elements c o n t r i b u t e  and then 
those due t o  t h e  t h i r d  and t h i r d - t o - l a s t  values, t o  which f o u r  elements c o n t r i -  
bute. The r e s u l t  o f  t h i s  phase o f  t h e  computation i s  a m a t r i x  Vij, such t h a t  
t h e  v e l o c i t i e s  a t  t h e  c o n t r o l  p o i n t s  due t o  the  body a r e  



There i s  a  s i n g l e  vec to r  m a t r i x  f o r  the  axisymmetric source dens i t i es ,  
one f o r  the  cross-flow source dens1 $ i es ,  and one f o r  t h e  axisymmetric v o r t i c -  
i t i e s ,  j u s t  as i n  t h e  base method, Moreover, as i n  t h e  base method, t h e  vor tex  
v e l o c i t i e s  are  n o t  saved i n d i v i d u a l l y .  Ins tead the  v e l o c i t l e s  produced by a l l  
elements a t  a  c o n t r o l  p o i n t  a r e  added together  t o  g i v e  the  v e l o c i t y  a t  t h a t  
c o n t r o l  p o i n t  due t o  a  vor tex  sheet o f  constant  u n i t  s t rength.  This  a u x i l i a r y  
onset f l o w  i s  used i n  c e r t a i n  i n l e t  and r ing-wing app l ica t ions .  - 

Thus t h e  r e s u l t  of t h i s  phase o f  the  c a l c u l a t i o n  i s  a  s e t  o f  mat r ices  
Vij and v o r t i c i t y  onset-f lows equ iva len t  t o  those o f  the  base method. I n  f ac t ,  

a l l  subsequent c a l c u l a t i o n s  [2] a re  i d e n t i c a l  f o r  bo th  base and h igher-order  
methods and do n o t  depend-on how t h e  Vi m a t r i x  was produced. I n  p a r t i c u l a r ,  
t h e  normal component o f  Y i j  i s  t h e  c o e i f i c i e n t  m a t r i x  o f  t h e  l i n e a r  equat ions 
f o r  the  values o f  source densi ty .  The r i g h t  s ides o f  these equat ions a r e  t h e  
negat ives o f  t h e  normal components o f  t h e  onset f lows, e i t h e r  un i fo rm o r  o ther -  
wise. Once s o l u t i o n s  have been obtained, t h e  f l o w  v e l o c i t y  a t  each c o n t r o l  
p o i n t  ( o r  an o the r  p o i n t )  i s  ca l cu la ted  f o r  each onset f l o w  by  adding a  sum o f  
t h e  form (12 1 t o  t h e  onset-f low v e l o c i t y  a t  t h a t  po in t .  

E x p l i c i t  c o e f f i c i e n t s  fo r  the numerical d i f f e r e n t i a t i o n  formula (11) a r e  
presented i n  Appendix C. 



DISCUSSION OF RESULTS 

Cbmparlson of  Calculated Results w i t h  A n a l y t i c  So lu t lons  

To determine the  e f fec t iveness o f  t he  higher-order technique and t o  evalu- 
a t e  the  importance of t he  var ious terms i n  the  expanslon, a consfderable number 
of c a l c u l a t i o n s  have been performed f o r  a sphere and f o r  a 8-to-1 p r o l a t e  spher- 
o id ,  f o r  which a n a l y t l c  so lu t i ons  a re  ava i lab le ,  The f i r s t  conclusion t h a t  can 
be drawn from t h  c a l c u l a t i o n s  i s  t h a t  the  a d d i t l o n  o f  the  quadrat ic  source 
dens i t y  term a 

j 
$ 7  never y f e l d s  an appreciable increase i n  accuracy regardless 

o f  whether f l a t  o r  curved s u r f a  e elements a re  used, i n  every case the  s o l u t i o n  
t h a t  u t i l i z e s  o n l y  a ~ ( ~ ~ n c i  crj?l) i s  v i r t u a l l y  i n d i s t i n g u i s h a b l e  from the  one 
t h a t  a l so  inc ludes a .  I n  what fo l lows,  t h e  s o l u t i o n  t h a t  u t i l i z e s  curved 
sur face elements and l i n e a r l y  vary ing  source dens i t y  i s  denoted "h igher order"  
w h i l e  the  f la t -e lement  constant-source s o l u t i o n  i s  denoted the  base method. 
So lu t i ons  obtained w i t h  o ther  combinations of-  terms are labe led e x p l i c i t l y .  

Ca lcu la t i ons  were performed f o r  a sphere represented by 60 equal- length 
elements o f  3' subtended angle. Four s o l u t i o n s  were obtained. I n  a d d i t i o n  t o  
t h e  h igher  o r d e r  and the  base method, two incons is ten t  so lu t i ons  were obtained: 
t h a t  us ing the  curved-el ements cons tant-sources and t h a t  using f la t -e lements 
l inear-sources.  The h igher-order  s o l u t i o n  was a lso  ca l cu la ted  f o r  a 12-element 
sphere whose elements each subtend a 15" angle. Resul ts  f o r  a uniform onset 
f l o w  p a r a l l e l  t o  the  x-axis  a re  presented i n  F igure  3, which shows d i f fe rences 
between ca lcu la ted  and a n a l y t i c  sur face v e l o c i t i e s .  The importance o f  mathe- 
ma t i ca l  consistency i s  evident.  Accounting f o r  e i t h e r  source v a r i a t i o n  o r  
element c u ~ v a t u r e  separate ly  produces no improvement on the  base method, How- 
ever, when both  a r e  accounted f o r ,  as i n  the  higher-order so lu t ion ,  the  r e s u l t  
i s  a l a r g e  ga in  i n  accuracy - about two orders o f  magnitude. Even the  12-element 
h igher-order  s o l u t i o n  i s  an o rde r  o f  rnagni tude more accurate than the  60-element 
base method and a l so  requ i res  an order  o f  magnitude less  computing time. 

I f  the un i fo rm onset f low i s  p a r a l l e l  t o  t h e  y-axis, i.e., a "cross flow," 
t he  ca l cu la ted  r e s u l t s  a re  s l i g h t l y  d i f f e r e n t  from those f o r  t he  case o f  onset 
f low p a r a l l e l  t o  the  x-axis, because i n  the  former case the  conoidal sur face 
elements do n o t  have the  same a x i s  o f  symnetry as t h e  f l o w  f i e l d .  Er rors  i n  
ca l cu la ted  sur face v e l o c i t i e s  a re  shown i n  F igure  4. F igure 4a shows v e l o c i t i e s  
along the  p r o f i l e  curve i n  t h e  l ane  conta in ing  the  onset f l ow  vector  and the  
body's symmetry a x i s  (xy-plane 7 . Figure  4b shows v e l o c i t i e s  along the  curve 
i n  t h e  plane perpendicular  t o  the  onset f l o w  and conta in ing  the  body's symmetry 
a x i s  (xz-plane). I n  t h i s  l a s t  plane t h e  a n a l y t i c  v e l o c i t y  has a constant value 
o f  1.5 and i s  p a r a l l e l  t o  the  onset f l o w  vector. The ga in  i n  accuracy from use 
o f  t he  h igher-order  s o l u t i o n  i s  n o t  as impressive i n  F igure 4a as i t  i s  i n  Fig- 
u r e  3, b u t  i t  i s  s t i l l  present. I n  p a r t i c u l a r  t h e  12-element higher-order 
s o l u t i o n  i s  s t i l l  a t  l e a s t  as accurate as the  60-element base method. The 
ine f fec t i veness  o f  t he  two incons is ten t  s o l u t i o n s  i s  q u i t e  c lear .  The r e s u l t s  
o f  F igure  4b a r e  s i m i l a r ,  w i t h  one exception, t o  those o f  F igure 3. Both the  
60-element and the  12-element higher-order s o l u t i o n s  are much more accurate 
than t h e  60-element base method. However, u n l i k e  the  case o f  F igure 3, t he  
g a i n  i n  accuracy o f  F igure  4b i s  due l a r g e l y  t o  the  use o f  curved elements 



w h i l e  t h e  use o f  a v a r i a b l e  source dens i t y  has v i r t u a l l y  no e f fec t .  However, 
t h e  fac t  t h a t  t h i s  i s  t r u e  fo rone  v e l o c i t y  component o u t  o f  t h r e e  does no t  
change t h e  basic  concluston that  i n  general a c o n s i s t e n t  formulat ion i s  requ i red  
t o  o b t a i n  a s i g n i f i c a n t  increase i n  accuracy. 

The r e l a t i v e  ef fect iveness o f  the  two methods of s o l u t i o n  f o r  an 8-to-1 
p r o l a t e  spheroid i s  i l l u s t r a t e d  i n  comparing r e s u l t s  f o r  t h e  base method us ing  
60 elements w i t h  r e s u l t s  f o r  t h e  h igher-order  method us ing  30 elements. For 
these element numbers t h e  h igher-order  method i s  approximately f ou r  t imes 
f a s t e r  than the  base method. Somewhat d i f f e r e n t  d i s t r i b u t i o n s  o f  elements are  
used f o r  the two methods. The d i s t r i b u t i o n  used f o r  t h e  h igher-order  method 
concentrates elements i n  t h e  h igh-curvature reg ion  t o  a greater  degree than t h a t  
f o r  t h e  base method. Correspondingly, t h e  h igher-order  s o l u t i o n  uses very 
few elements i n  t h e  low-curvature region, b u t  i t  i s  a b l e  t o  main ta in  accuracy 
i n  t h i s  reg ion  because o f  t h e  use o f  v a r i a b l e  source densi ty .  General ly,  each 
method i s  used w i t h  t h e  element d i s t r i b u t i o n  f o r  which the  best  s o l u t i o n  i s  
obtained. ( S i m i l a r  experience i s  repo r ted  i n  [3]. ) D i f fe rences between c a l -  
cu la ted  and a n a l y t i c  sur face v e l o c i t i e s  a r e  shown i n  F igure  5 f o r  t h e  axisym- 
m e t r i c  case where the  onset f low is p a r a l l e l  t o  t h e  body's symmetry a x i s  (x-ax is)  
and i n  F igure 6 f o r  t h e  cross- f low case where t h e  onset f l ow  i s  perpend icu la r  
t o  t h e  body's symnetry a x i s  ( p a r a l l e l  t o  t h e  y -ax is ) .  To pu t  these r e s u l t s  i n  
perspect ive, the  maximum value o f  sur face v e l o c i t y  i s  about 1.0293 t imes free- 
stream v e l o c i t y  f o r  t h e  axisymmetric case o f  F igure  5 and about 1.9447 t imes 
free-stream v e l o c i t y  f o r  t h e  cross- f low case o f  F igu re  6, I n  t h e  xz-plane, 
F igure  6b, t h e  v e l o c i t y  i s  p a r a l l e l  t o  free-stream and has a constant  magnitude 
o f  1.9447. The curves o f  Figures 5 and 6 emphat ica l l y  show t h a t  i n  a d d i t i o n  t o  
being much f a s t e r  t h e  h igher-order  technique i s  a l s o  much more accurate than 
t h e  base method. The subs tan t i a l  g a i n  i n  accuracy t h a t  can be achieved by use 
o f  t h e  h igher-order  method f o r  cases o f  smooth convex bodies i s  i n  marked con- 
t r a s t  t o  the  two-dimensional case 131. 

I n t e r i o r  Flow i n  Ducts 

I n  two dimensions [4] t h e  g r e a t e s t  gains i n  accuracy from use o f  t h e  h igher-  
o rder  method occur f o r  i n t e r i o r  f l o w  i n  ducts. To i n v e s t i g a t e  t h e  behavior o f  
t h e  present ax isymnet r ic  case, t h e  f i r s t  geometry se lec ted  i s  t h e  analog o f  one 
p rev ious l y  considered i n  [3], namely t h e  case o f  a un i fo rm onset f l o w  i n t o  t h e  
c losed duc t  shown i n  F igure  7 (an i n t e r i o r  hemisphere cy l i nde r ) .  The f l o w  
i n s i d e  the duc t  should be v i r t u a l l y  stagnant, and the  average a x i a l  v e l o c i t y  
component a t  any a x i a l  l o c a t i o n  should be e x a c t l y  zero. Thus, t h e  average 
a x i a l  v e l o c i t y  i s  a measure o f  t h e  c a l c u l a t i o n a l  e r ro r .  The base method w i t h  
55 elements gyves a t y p i c a l  e r r o r  o f  15 percent o f  f ree-stream v e l o c i t y .  Use 
of  t h e  h igher-order  technique reduces t h i s  e r r o r  by a f u l l  two orders o f  
magnitude. 

A more p r a c t i c a l  case i s  t h a t b f a  c o n t r a c t i n g  duc t  o f  area r a t i o  16 as 
shown i n  F igure 8. The con t rac t i ng  s e c t i o n  i s  a p o r t i o n  o f  a s i n e  wave. By 
c o n t i n u i t y  t h e  n e t  f l u x  o f  f l u i d  a t  every a x i a l  s t a t i o n  should be i d e n t i c a l ,  
so changes i n  t h i s  f l u x  represent  c a l c u l a t i o n a l  e r ro r .  Net f l uxes  have been 
ca l cu la ted  a t  f i v e  s t a t i o n s  as shown i n  F igu re  8 and normal ized w i t h  respect  
t o  the  f lux  i n  t h e  l a r g e  constant-diameter sect ion.  It i s  e v i d e n t t h a t  t h e  



use of the higher-order solution reduces the maximum er ror  i n  flux by a factor  
of about 25. 

In l e t s  
P 

The most frequently-occurrfng type of axf symmetric body i s  an in l e t .  
SimuTating an a r b i t r a r i l y  prescribed mass flow r a t i o  through the i n l e t  requires 
use of an a r t i f i c e  t h a t  is described i n  de t a i l  i n  Appendix D. Basically, three 
flow solutions a r e  required: t ha t  about the  empty tynlet i n  a uniform onset flow 
a t  zero angle of  a t tack (Figure 9a),  the pure cross-flow due t o  a uniform stream 
a t  90' angle of a t tack (Figure 9b), and a s t a t i c  solution,  where there  is flow 
through the i n l e t  b u t  no onset flow. This l a s t  solution can be obtained e i ther  
by the use of an in t e r io r  suction surface (Figure 10a) o r  by use of surface 
vor t ic i ty  (Figure lob).  The f i r s t  two solutions a r e  no more d i f f i c u l t  than those 
for  flow about simple closed bodies. I t  i s  the  s t a t i c  solution tha t  can lead to  
numerical d i f f i cu l ty  and may require la rge  el ement numbers. 

Several i n l e t  goemetries were studied with both the higher-order solution 
and the base method f o r  two o r  three d i f fe ren t  element numbers, Since resul ts  
for  a l l  i n l e t s  a r e  s imilar ,  discussion here is  concentrated on the r e su l t s  for 
the inlet-centerbody canbination shown i n  Figure 11. The control s ta t ion  where 
mass flow ra t io s  a r e  evaluated i s  a t  x = 13.4 and the i n l e t  i s  terminated a t  
x = 44, about two diameters. Figure 12a shows an i n p u t  point d i s t r ibu t ion  
typical of those customarily used t o  define such an i n l e t  - a  t o t a l  of 244 
elements. The element number has been reduced by deleting every other input 
point i n  the  forward region, b u t  the same element s i z e  i s  maintained on the 
afterbody. The resul t ing input point d i s t r ibu t ion ,  which corresponds to  149 
elements, i s  shown i n  Figure 12b. The same procedure was applied t o  the dis-  
t r ibu t ion  of Figure 12b t o  produce the 103-element d i s t r ibu t ion  of Figure 12c, 
which has only one-fourth the density i n  the  nose region as t ha t  of Figure 12a. 

The most surpr is ing r e su l t  of the calculations f o r  a l l  i n l e t s  and for  both 
the higher-order and the base method is t h a t  the  calculated velocity distr ibu- 
t ions  do not change much w i t h  element nmber. Thus ,  i f  a user contemplated a 
s e r i e s  of cases, i t  would be prof i table  f o r  h i m  t o  do a l i t t l e  i n i t i a l  experi- 
mentation w i t h  element number and se l ec t  the lowest possible, 

W i t h  regard t o  flow continuity inside the i n l e t ,  the higher-order solution 
i s  an order of magnitude more accurate than the base method, b u t  the l a t t e r  i s  
accurate enough f o r  most purposes. The only real  advantage i n  t h i s  regard for  
the higher-order solution i s  tha t  i ts  control s t a t i on  may be located anywhere, 
while the base method should have i t s  control s t a t i on  as far  forward as  possible. 

The higher-order solution and the  base method give v i r tua l ly  identical  
resu l t s  for  the two solutions of Figure 9. This was not unexpected. However, 
f o r  t he  s t a t i c  solution of Figure 10, the higher-order solution of fe rs  an 
improvement i n  accuracy over the base method f o r  the same element number. The 
improvement i s  modest i f  the surface-vortici ty method o f  generating a s t a t i c  
solution (Figure lob) i s  used, but is qu i t e  substantial  i f  the i n t e r i o r  suction 
method (Figure 10a) is used. 



When t h e  su r face  v o r t i c i t y  s o l u t i o n  fo r  t h e  I n l e t  of f i g u r e  11 was calcu-  
la ted ,  the  244-element and t h e  149-element h igher-order  s o l u t i o n s  gave g r a p h i c a l l y  
i d e n t i c a l  v e l o c i t y  d i s t r i b u t i o n s ,  which may be regarded 4s t h e  l 'correctl '  answer. 
Th is  t s  compared i n  F igure  13 w i th :  t h e  103-element higher-order,  t h e  103-element 
base method, and t h e  244-element base method. The 103-element h igher-order  
s o l u t i o n  i s  c l e a r l y  supe r io r  t o  the  103-element base method and i s  a t  l e a s t  
comparable t o  and probably supe r io r  t o  t h e  244-element base method, which 
requ i res  a t  l e a s t  s i x  t imes as much computing time, 

The s u c t i o n  method o f  s imu la t i ng  a s t a t i c  case (F igure 10a) was ca l cu la ted  
w i t h  149 elements f o r  bo th  the h igher-order  s o l u t i o n  and t h e  base method. For 
bo th  so lu t i ons  t h e  s u c t i o n  element was p laced a t  x  = 44. The r e s u l t i n g  veloc- 
i t y  d i s t r i b u t i o n s  a r e  compared w i t h  t h e  "correct11 (i.e., 244-element h igher  
o rder )  s o l u t i o n  o f  F igu re  14. It i s  ev ident  t h a t  t h e  h igher-order  s o l u t i o n  
e f f e c t s  a cons iderab le  increase i n  accuracy on the  i n s i d e  o f  t h e  i n l e t .  I n  
f ac t ,  t h e  very  c l o s e  agreement o f  the  two q u i t e  d i f f e r e n t  h igher-order  so lu t i ons  
o f  F igure 14 i s  f u r t h e r  evidence t h a t  t h e  244-element ( o r  149-element) h igher-  
o rder  s o l u t i o n  w i t h  su r face  v o r t i c i t y  i s  indeed t h e  " c o r r e c t "  s t a t i c  so lu t ion .  
However, on t h e  o u t s i d e  o f  the  i n l e t  t h e  d i f f i c u l t i e s  associated w i t h  suc t i on  
so lu t i ons  (Appendix D) a r e  evident, Rather than a montonical l y  decreasing ve l -  
o c i t y  o f  cons tant  d i r e c t i o n  (towards t h e  i n l e t  l i p )  the  s u c t i o n  s o l u t i o n s  have 
s tagnat ion  p o i n t s  a f t  o f  which t h e  f l o w  i s  i n  t h e  wrong d i r e c t i o n .  Moreover, 
t h e  h igher-order  s o l u t i o n  i s  no t  much b e t t e r  than t h e  base method. A f t  o f  t h e  
fictitious s tagna t i on  p o i n t  o f  the s t a t i c  s o l u t i o n  t h e  c a l c u l a t e d  v a r i a t i o n  o f  
sur face pressure w i t h  mass f l o w  r a t i o  has t h e  opposi te s i g n  from t h e  t r u e  
va r ia t i on .  Thus, i f  t h e  outs ide  o f  t h e  i n l e t  i s  o f  i n t e r e s t ,  t h e  sur face 
v o r t i c i t y  method o f  s imu la t i ng  a s t a t i c  s o l u t i o n  should be used i n  preference 
t o  the  s u c t i o n  method. The previous statement i s  t r u e  f o r  a l l  i n l e t s  where 
t h e  ou ts ide  su r face  i s  e s s e n t i a l l y  p a r a l l e l  t o  t h e  i n s i d e  sur face a t  a f t  loca-  
t i o n s  (F igure  11). I t  does no t  hold f o r  "bellmouthl' o r  " f l u s h "  i n l e t s ,  which 
a r e  charac ter ized by t h e  f a c t  t h a t  t h e  ou ts ide  sur face does n o t  bend around 
and even tua l l y  assume a constant  rad ius  (constant  va lue o f  y )  b u t  ins tead 
proceeds r a d i a l l y  outward t o  l a r g e  d is tances  a t  a n e a r l y  constant  va lue  o f  x. 
For these i n l e t s ,  t h e  suc t i on  method and t h e  sur face v o r t i c i t y  method o f  simu- 
l a t i n g  t h e  s t a t i c  s o l u t i o n  a r e  e s s e n t i a l l y  equivalent .  



The higher-order method (parabolic-element l inear-source) f s  both faster  
and more accurate than the base method (straight- l ine-element constant-source) 
for  ex te r i o r  Plow about simple bodies and f o r  i n t e r i o r  Plow i n  ducts. The 
precise amount of improvement depends on the body shape and on the  ve loc i t y  
component considered, but  an order o f  magnitude improvement i n  both speed and 
accuracy has been obtained i n  apparently t yp i ca l  cases. 

For in1 e t  flows the effectiveness o f  the higher-order method i s  less 
dramatic, bu t  i t  s t i l l  appears t o  o f f e r  some improvement over the base method. 

Use o f  a surface v o r t i c i t y  distribution t o  generate a s t a t i c  so lu t ion  f o r  
i n l e t s  i s  much preferable t o  use o f  an i n t e r i o r  suction surface. 

Sat isfactory resu l t s  can be obtained i n ' i n l e t  cases w i th  fewer elements 
than i s  cur ren t l y  customary. 



APPENDlX A 
ELENENT GEOMETRY FORMULAS 

As i n  the present program the following geometric quantities associated 
with the j-th element are computed from two adjacent input points (xj, yj) 
and (xj+l,  y j + ~  1. 

'j+l - x 
COSa ' j 

A 



NOW the element curvature must be computede Ha l f  the value o f  curvature 
i s  stored. The half curvature i s  denoted c. However, the actual curvature 
2c i s  p r in ted  out  on the prel iminary out u t ,  Thls i s  the only addi t ion t o  
t ha t  output. The curvature oP the j - th  e ! ement i s  computed as the geometric 
mean of the curvatures o f  two c i rc les :  the l ' l e f t "  c i r c l e  through the points 
(X y 1 ,  x ,  y and (x j+l ,  y +I) and the " r ight1I  c i r c l e  through the 

, y , (x j+ l ,  y +I 1. and I x ~ + ~ ,  Y J + ~ )  I f  the " l e f t t 1  and "r ight l1 
c i r c l e s  have curvatures o P opposite sign, Re element curvature i s  se t  equal t o  
zero. The above scheme w i l l  not work f o r  the f i r s t  and l a s t  elements o f  a body. 
For the f i r s t  element the curvature i s  se t  equal t o  t h a t  o f  the " r i gh t "  c i r c l e  
and the (nonexistent) I l l e f t "  c i r c l e  i s  ignored. For the l a s t  element the curv- 
ature i s  se t  equal to  tha t  o f  t h e ' l e f t "  c i r c l e  and the (nonexistent) " r i gh t "  
c i r c l e  i s  ignored. This scheme i s  r o p e r  f o r  the overwhelming ma jo r i t y  o f  bodies: 
(1) f i n i t e  body on axis, e.g., a sphere, (2) semi- in f in i te  body on axis, e.g., 
a hemisphere cyl inder,  (3) a semi- in f in i te  body o f f  the axis, e,g., an i n l e t ,  
(4) a duct, and ( 5 )  a r i n g  a i r f o i l  w i t h  sharp t r a i l i n g  edge. The only exception 
i s  the smooth "donut type" body f o r  which i t  would be preferrable to form a 
" l e f t "  c i r c l e  for the f i r s t  element using the second-to-last input po in t  and a 
" r i gh t "  c i r c l e  f o r  the l a s t  element using the second input  point, However, t h i s  
case does not seem t o  be important enough t o  j u s t i f y  an option. 

The basic ca lcu la t ional  u n i t  of the above i s  the computation o f  the curv- 
ature of a c i r c l e  through three given points. Let  the points through which 
the c i r c l e  goes be ( x i ,  yl), (x2, y2), (x3, y 1. The order o f  the points i s  
important, because i t  determines the sign o f  t i le curvature. I n  the present 
appl icat ion the curvature i s  negative on convex port ions o f  the body. The 
curvature 2c i s  

where 

Once the curvature i s  known the o f f s e t  distance no (see sketch above) i s  
determined by passing a symmetric parabola w i t h  t ha t  curvature a t  the vertex 
through the endpoints. Thls gives 



Then t h o  control point coordinates are 

- 
x = x0 - no sin a 

- 
y = yo + no cos a 

These now replace xo and yo, which are discarded. The control point (x, 9 
also serves as the origin of element coordinates. 

The "half" arc length s '  of the curved element i s  obtained from 

The arc length AS on the Basic Case o u t p u t  i s  

All integrations versus arc length used to construct the induced velocity 
matrices have integration limits of -sl  to  +st.  

There i s  also an option to  i n p u t  curvatures for each element. I f  this  
option is used, the curvature canputation i s  bypassed, and a table of curva- 
tures for a l l  elements of a l l  bodies i s  input, These are divided by two to 
produce the half curvatures c ,  which are stored with the basic geometric 
data for each element. Quantities saved for each element are 

- - 
X ,  y, C ,  A ,  sin a,  cos a, s '  (A-8 



APPENDIX B 

SlNGULAR SUBELEMENT EXPANSIONS 

The l og i ca l  s t ructure of t h i s  ca lcu la t ion i s  described i n  [Z], [ 6 ] ,  [7], 
F i r s t  the hal f  arc length s1 i s  tested. Tf 

then the effect o f  the  e n t i r e  element i s  given by the s ingular  subelement series 
(discussed below) and the argument o f  t h i s  ser ies S '  I s  

If on the other hand, 

then the ef fect  of the "middle" o f  the element, i.e., t he  por t ion  

i s  given by the s ingular  subelement series w i th  argument 

The "endst1 o f  the  element, i.e., the two por t ions 

-sl < s  < -0.08 7 and 0.08 5; < s  < s1  (8-6) 

are t reated as two off-diagonal elements and t h e i r  e f f ec t s  are computed by the 
numerical in tegra t ion  scheme o f  the sect ion induced Veloc i ty  Matrices. 

The required singular subelement ser ies are l o g i c a l l y  s im i l a r  t o  those of 
the base method, which they replace. These ser ies are l i s t e d  on the fol lowing 
pages, equations (B-9), (B-lo), (B- l l ) ,  (B-12), (B-13), (B-14), and (8-15). 
The only new parameter i n  these equations i s  

These equations lack the  addi t ional  2 ~ -  normal ve loc i t y  term. Thus, 1l;l~se 
terms m s t  be added t o  the coe f f i c i en t  o# u j .  (The coe f f i c i en t s  of o j  
and ujY2) are not affected.) The t e n s  t o  be added are: 



Axisynunetric 

Cross Flow 

Vortex 

x : 2n s i n  a 

y : -2n cos a 

x : 2n s i n  a 

y : -2n cos a 

e :  0 

x : 2* cos a 

y : 2n s i n  a 

Tn the  formulas below the  n o t a t i o n  of t h e  l e f t  s ides i s  chosen t o  be cons is ten t  
w i t h  [6], [7]. 

Axi  symmetric Source 

I 2 13 (%Ip = o j l  2 s i n  a (cos a - zc s i n  a cos a s i n  a + - +  ~n - 6 8 



2 ( = ' j ]  ( 2 s i n  a +  2 l n & + 4 C  cos a So 

4 

1 
2 + ( k [ 2  s i n  a + 3 s i n  a - 3 - 3  i n  C ] 

2 11 + [ - 0 s  a (6  s i n  a + + 3 i n  8 )  - 1 + 2 i n  5 '  + 8C(1 - 2C cos a)])SS3( 

2 S' 4 + u ! ' ) ~  1 4  s i n  aS1 + -6 s i n  a - I1 + 6 i n  + 3 C sin. 
J 

2 2 s i n  a + - + I n  + 2~ cos a S '  
j +. 3 8- i 31 

Cross-Flow Source 

2 S' 
2 sin. r o s  012 s i n  a -  9 - 6 i n  

2 2 
s i n a  (-6 s i n  a + 4 s i n  a -  5 + 6 i n  8 - 4 cos a) 

+ 2 - 6 l n  5 '  - 16C s i n  a (cos a -  C)])S131 

4 cos a S' + cos a 
2 

J 
-2 s i n  a + 3 +  6 i n g  

2 + [ c o s 2 a - s i n  a -  2C s i n  a 



2 (%)p = uj] (2 s i n  a + 4 + 2 1n g- + 4~ S '  s '  1 
2 2 +(k [ s i n  a (6 s i n  a - 43 - 24 i n  + 9 + 27 l n  g]  S '  

2 3 
cos a -  s i n  a + 7 + 5 l n  $-) - 1 + 4C cos a(cos a - ZC)] )S '  1 

2 
4 s i n  as1 + (* 1-6 s i n  a + 29 + 30 1.n g- "I 

4 + - C s i n a c o s a - C  3 I 
2 8 S '  + o ( 2 ) P ]  f ( s i n  a + T +  I n  - +  zc cos a 

j 8 
(B-12) 

") ( i 6 1  
2 2 S '  

( l ~ ) ~ = 4 1 - 4 ( 1  Y ae 
+ lnFHSI + - 10 s in  a +  ( 6 r i n a - 9 )  I n r ]  

-4 cos a + 6 - 6  cos a i n  - 8 

( 2 1 4  4 5 + l n  - S  + u ( l ) y ] - $ s i n  j a(;+ 1n % ) S ' ~ /  + oj y ] -5(5 i ') 1 3 /  

(B-13) 

Axi symmetric Vo r t i c i  t y  

2 V '  (vortex) = -2 s i n  a + 2 i n  g -  
x IC cos a ) ~ '  

+(a 2 2 S '  1 S' s i n  a (-6 s i n  a - 72 cos a + 23 + 12 i n  g-1 - 8  (1 + i n  r ) ]  

I 2 + cos a(54 s i n  a - 11 + 6 I n  8 + 30 I n  S t )  - 12 

2 2 + 24C (3 s i n  a - cos a - C cos a)])S13 



(vor tex)  = ( 2  s i n  a l c ~ ~  a - 2 C  

2 S ' . ' s i n  a cor a -2 s i n  a + 9 + 6 l n  

2 2 32 66 s i n  a + 31 - 12 cos a + -j-- I n  S '  

- 18 l n  8 + 48C cos a])S13 



APPENDIX C 
NUMERICAL DIFFERENTIATION FORMULAS 

F i r s t  the options must be applied as fol lows: 

4 = f 2 )  = 0 Constant Source Option - set Vij i j 

-42) = 0 Linear Source Option - set Vi 

Now f o r  any element t ha t  i s  not  the f i r s t  o r  l a s t  o f  a body, compute the 
quant i t ies  

s! + s! 
D .  = - 1 J ?+I 
J 2 1 S !  J + 1 / 2 ( ~ ; - ~  + s ~ + ~ ) T  S .  + S .  

J J-1 

where the "half arc lengthn s' o f  an element i s  defined i n  Appendix A. These 
are used i n  (11). 

When computing the ef fect  o f  the f i r s t  ( j=1) element o f  each body, (11) 
i s  replaced by 



Here t h e  q u a n t i t i e s  G2, Hz, I?  a r e  g i ven  by  (C-1)  w i t h  j=2, i.e., they  are 
t h e  same as t h e  second element s (but  they  m u l t i p l y  d i f f e r e n t  quan t i t i es ) .  The 
new q u q n t i t i e s  a r e  

s; + s i  + 1/2(s; + s;) 
A = -  

7s; + s ~ ) L s $  + 1 / 2 ( ~ i  + s;)l 

When computing t h e  ef fect  o f  t h e  l a s t  element on a  body, say j=L, (11) 
i s  replaced by 

where t h e  q u a n t i t i e s  G L - ~ ,  HL-~, a r e  g i ven  by (C-1) w i t h  j=L-1, i.e., 
the  same as t h e  preceding element used d i f f e r e n t l y ) .  The new q u a n t i t i e s  
are  



APPENDSX D 
BASrC SOLUTrONS FOR ENLETS AND SHROUDED PROPELLERS 

A common application o f  t h e  present  method i s  t h e  c a l c u l a t i o n  o f  f l o w  over  
t h e  forward po r t i ons  of I n l e t s  o r  p r o p e l l e r  shrouds. I n  such cases a  c m p l i c a -  
t i o n  a r l ses  from t h e  necess i ty  o f  o b t a i n i n g  t h e  des i red  t o t a l  f l o w  through t h e  
i n l e t  - the so-ca l led  mass flow r a t i o .  (The e f f e c t  o f  a l l  t h e  i n t e r i o r  machin- 
e ry  i s  lumped i n t o  t h i s  quant i ty . )  The s t ra igh t fo rward  way t o  handle t h i s  prob- 
lem i s  t o  s imply de f ine  by i n p u t  p o i n t s  a  sur face across t h e  i n t e r i o r  c o i n c i d i n g  
w i t h  t h e  ac tua l  p r o p e l l e r  p lane o r  compressor face  and t o  spec i f y  t h e  des i red  
mass f l o w  as a  nonzero normal v e l o c i t y  on t h i s  surface. This  procedure f a i l s  
f o r  reasons r e l a t e d  t o  t h e  i n a b i l i t y  o f  t h e  present  method t o  handle i n t e r n a l  
corners. The ca l cu la ted  f l o w  i n  t h e  neighborhood o f  the  simulated compressor 
face i s  e r r a t i c  and n o t  p h y s i c a l l y  meaningful. Thus r e s o r t  must be made t o  an 
a r t i f i c e .  

The forward p o r t i o n  o f  t h e  i n l e t  i s  a r t i f i c i a l l y  extended by means of long 
a f te rbod ies  w i t h  constant  i n n e r  and o u t e r  diameters as shown i n  f i g u r e  9, A 
forward l o c a t i o n  i s  se lec ted  i n  t h e  r e g i o n  where t h e  f l ow  i s  o f  i n t e r e s t ,  and 
i t  i s  designated t h e  c o n t r o l  s t a t i o n  f o r  mass f l o w  r a t i o .  Of ten t h e  choice i s  
t h e  p rope l l e r  plane o r  compressor face. Three fundamental f lows a r e  calculated.  
The f i r s t  two a r e  i l l u s t r a t e d  i n  f i g u r e  9. The long af terbody i s  l e f t  open a t  
t h e  r e a r  and f l ows  ca l cu la ted  f o r  un i fo rm onset  f lows a t  0' and 90" angle of 
attack. The 0" f l o w  g i ves  a  c e r t a i n  va lue  o f  mass f l ow  a t  t h e  c o n t r o l  s ta t i on .  
This  value cannot be p red i c ted  a  p r i o r i ,  b u t  i t  i s  u s u a l l y  near un i t y .  The 
90" f l o w  i s  a  cross f l o w  and g ives  zero  n e t  f l o w  through the  c o n t r o l  s t a t i o n .  
These two r ;o lut ions can be combined t o  g i v e  an onset  f l o w  a t  any angle o f  
at tack,  bu t  the  mass f l o w  r a t i o  i s  always t h a t  obta ined from t h e  0" onset  f low. 
To o b t a i n  o the r  mass f l o w  r a t i o s  a  t h i r d  bas i c  f l o w  i s  required. 

The t h i r d  bas ic  f l o w  i s  t h a t  f o r  t h e  i n l e t  i n  s t a t i c  operation. That i s ,  
t h e  f l ow  i s  zero a t  i n f i n i t y  b u t  has a  f i n i t e  mass f low a t  t h e  c o n t r o l  s ta t i on .  
Th is  f low can be l i n e a r l y  combined w i t h  t h e  f i r s t  two t o  g i ve  the  f l o w  about 
t h e  i n l e t  a t  any angle o f  a t t a c k  and any mass f low r a t i o  a t  t h e  c o n t r o l  s ta t i on .  
Thus a l l  s o l u t i o n s  a r e  ob ta ined from t h e  bas i c  three. 

T t  i s  the  t h i r d  s o l u t i o n  f o r  s t a t i c  ope ra t i on  t h a t  leads t o  numerical  d i f -  
f i c u l t y .  Two methods o f  ob ta in ing  it a r e  i l l u s t r a t e d  i n  f i g u r e  10. The most 
s t ra igh t fo rward  procedure i s  t h a t  i l l u s t r a t e d  i n  f i g u r e  10a. A sur face i s  
p laced across t h e  i n t e r i o r  o f  t h e i n l e t  f a r  back i n  the  constant  diameter region, 
and a  nonzero normal v e l o c i t y  i s  p resc r ibed  on t h i s  "suct ion"  surface. The 
f low i n  the  neighborhood o f  t h e  su r face  i s  meaningless as described above, b u t  
i t  smooths o u t  upstream and 7s well-behaved a t  t h e  c o n t r o l  s ta t i on ,  The mass 
f low obtained a t  t h e  c o n t r o l  s t a t i o n  may be d i f f e r e n t  than t h a t  s p e c i f i e d  on 
t h e  suc t lon  surface, due t o  "leakage" caused by numerical e r ro rs ,  However, 
s i nce  t h i s  s o l u t i o n  i s  t o  be l l n e a r l y  combined w i t h  o the r  so lu t ions ,  t h e  exact 
va lue of mass f l ow  i s  unimportant. T h i s  va lue  i s  e s s e n t i a l l y  absorbed i n  t h e  
combination constant. 



The sa lu t ion  of f igure  Da gives good resu l t s  ins ide  the i n l e t  and around 
the l i p ,  but  inaccuracies enter i n  the ex te r i o r  region. Because a f i n i t e  
number of surface elements are used, the  ex te r i o r  f low "sees through" the 
I n l e t  surface d i r e c t l y  t o  the suction surface and i s  pu l led towards tha t  
surface. Thus as shown i n  f igure 10a there i s  a stagnation po in t  on the 
ex te r i o r  surface. F lu ld  t o  the l e f t  enters the i n l e t  mouth, whi le f l u i d  on 
the r i g h t  f'lows a f t  along the i n l e t .  For the exact solut ion, which could be 
approached by using a very large number of elements, the i n l e t  surfaces "screen 
out" the suct ion element from the ex te r i o r  flow, and the suction e f f e c t  i s  f e l t  
s o l e l y  through the  in ' let  mouth. Thus the actual  f low i s  t o  the l e f t  over the 
e n t i r e  ex te r i o r  surface wi th  the ve loc i t y  f a l l i n g  rap id l y  t o  zero wi th  increas- 
5ng distance from the i n l e t  mouth, The calculated veloc'ity i s  not  large, but 
i t  i s  Sn the wrong d i rec t ion  i n  t h i s  region. 

For the ex te r i o r  region, the scheme shown i n  f i gu re  lob  gives a more 
accurate so lu t ion  f o r  s t a t i c  operation. A constant u n i t  strength v o r t i c i t y  
distr ibut '8'on is taken to  Tie on the surface. O f  course, the nomal ve loc i t y  
on the  body due t o  the v o r t i c i t y  d i s t r i b u t i o n  i s  not zero, and a surface source 
d i s t r i b u t i o n  i s  also required. The f low f i e l d  o f  the constant v o r t i c i t y  dis- 
t r i b u t i o n  provides another onset f low t o  the body, and the values o f  source 
densi ty on the elements are determined i n  t he  usual way t o  g ive zero nomal 
ve loc i t y  a t  a l l  cont ro l  points i n  the presence o f  the vor tTc i ty  d is t r ibu t ion .  
The only difference between t h f s  f low so lu t i on  and the solrutdon f o r  a uniform 
onset f low 1s the r i g h t  side o f  the l l n e a r  equations. (This device also pro- 
vides l i f t  f o r  a i r f o i l s  [4], although f o r  a x i s y m e t r i c  i n l e t s  the v o r t i c i t y  
i s  r i n g  vo r t i c i t y , )  It can be shown t h a t  i f  the afterbodies are i n f i n i t e l y  
long, even w i t h  finite-element lengths, the so iu t ion  obtained i n  t h i s  manner 
i s  the correct  s t a t i c  solution. Spec i f i ca l l y ,  there i s  constant flow f a r  back 
ins ide and outside a leftward flow tha t  f a l l s  t o  zero w i t h  increasing distance 
from the i n l e t  l i p  ( f i gu re  lob), The e r r o r  9'n t h i s  case arises from the Pact 
t ha t  long f i n i t e  afterbodies lead t o  sma71 nonzero ve loc i t ies  on the ex te r io r  
surface, but  t h i s  ve loc i t y  i s  i n  the r i g h t  d i rec t ion .  
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Figure 1. Division of a body contcur i n to  elementary arcs. - 

Figure 2. An elementary arc. 
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F igure 3. E r ro rs  i n  sur face v e l o c i t y  c a l c u l a t e d  by var ious  methods f o r  a 
sphere i n  a un i fo rm onset f l ow  p a r a l l e l  t o  t h e  x-axis.  



Pigure 4. Errors in surface velocity calculated by various methods for  a sphere 
i n  a uniform onset flow paral le l  t o  the y-axis. ( a )  Velocity i n  the 
xy-plane. 



- 
T HIGHER ORDER 

6 0  ELEMENTS 
---- 12 ELEMENTS 

0.001 - _-- - 1- -. CURVED-ELEMENT 
,-- . , --- CONSTANT-SOURCE 

VANAC~CALC. Y -- -_ - -- -- vm 
0 

-0.001 

Figure 4. ( b )  Velocity i n  t h e  xz-plane. 
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Figure 5. Errors i n  calculated surface velocity on an 8-to-1 prola te  spheroid in  a uniform onset flow 
paral le l  t o  the  x-axis. 
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Figure 6. Errors i n  calculated surface veloclty on an 8-to-I prola te  spheroid in  a uniform onset flow 
VI parallel  t o  the  y-axis. ( a )  Velocity in  the  xy-plane. 
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Figqre 6. (b) Velocity i n  the xz-plqne, 



Figure 7. A closed duct showing control stations where average velocities are computed. 



HIGHER ORDER 1.0000 1.0125 0.9960 0.9938 

BASE METHOD 1.0000 0.9853 0.6794 0.7340 

F igure  8. Flow i n  a  c o n t r a c t i n g  duct  o f  area r a t i o  16 w i t h  t o t a l  v e l o c i t y  f l u x e s  c a l c u l a t e d  a t  var ious 
l o c a t i o n s  by t h e  higher-order  and base method. 



t CONTROL STATION ARTIFICIAL 
FOR MASS FLOW RATIO AFTERBODIES 

ZERO MASS FLOW 
AT CONTROL STATION 

Figure 4 . Angle o f  a t t a c k  so lu t i ons  f o r  i n l e t s .  (a )  0' angle o f  a t tack .  
(b) 90' angle o f  a t tack .  
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Figure 10. Two methods for simulating flow about an inlet in static operation. 
(a)  lnterior suction. (b) Surface vorticity. 
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ir CONTROL STATION 

Figure 1 1 .  The in let  with centerbody for which calculated results are presented. 
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F i g u r e  12. T h r e e  i n p u t  p o i n t  d i s t r i b u t i o n s  o n  an  i n l e t .  
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Figure 13. Calculated surface veloci ty  d i s t r i b u t i o n s  on an i n l e t  t n  s t a t i c  operat ion simulated by a 
surface v o r t t c i t y  so lu t fon .  
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Figure 14. Comparison o f  calculated surface ve loc i ty  d i s t r i b u t i o n s  on an i n l e t  i n  s t a t i c  operat ion 
simulated by the  two methods. 


