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THE SPIN-TEMPERATURE THEORY OF DYNAMIC NUCLEAR
POLARIZATION AND NUCLEAR SPIN-LATTICE RELAXATION!

By Charles E. Byvik and David S. Wollan2
Langley Research Center

SUMMARY

A detailed derivation of the equations governing dy,naniic nuclear polarization (DNP)
and nuclear spin-lattice relaxation by use of the spin-temperature theory has been carried
to second order in a perturbation expansion of the density matrix. Nuclear spin diffusion
in the rapid diffusion limit and the effects of the coupling of the electron dipole-dipole
reservoir (EDDR) with the nuclear spins are incorporated. The complete expression for
the dynamic nuclear polarization has been derived and then examined in detail for the limit
of well-resolved solid-effect transitions. Exactly at the solid-effect transition peaks, the
conventional solid-effect DNP results are obtained, but with EDDR effects on the nuclear
relaxation and DNP leakage factor included. Explicit EDDR contributions to DNP are dis-
cussed, and a new DNP effect is predicted.

INTRODUCTION

Soon after the classic work of Bloembergen, Purcell, and Pound (ref. 1), Purcell
(quoted by Bloembergen in ref. 2) suggesfed that the spin temperature of paramagnetic
ions in a solid could be raised above the temperature of the lattice by a strong radio-
frequency field at the resonance frequency of the electronic spins and, furthermore, that
the neighboring nuclear spins would follow the electronic spin temperature. This process
of driving the nuclear spin temperature away from the temperature of the lattice by pump-
ing the electron spins suggested the possibility of dynamic nuclear polarization (DNP).

In 1953, Overhauser (refs. 3 and 4) demonstrated theoretically that the spin temper-
ature of nuclei in a metallic solid could be lowered through the contact hyperfine interac-
tion of the nuclei with the conduction electrons when the electron spin resonance transition

1Part of the information presented herein was included in a thesis entitled
"Dynamic Nuclear Polarization in Samarium-Doped Lanthanum Magnesium Nitrate'' sub-
mitted by Charles E. Byvik in partial fulfillment of the requirements for the degree of
Doctor of Philosophy in Physics, Virginia Polytechnic Institute and State University,
Blacksburg, Va., September 1971.

2Assistant Professor of Physics, Virginia Polytechnic Institute and State University,
Blacksburg, Va. (Consultant at NASA Langley Research Center).



is saturated. The experimental verification of Overhauser's predictions of DNP in met-
als was reported in 1956 (ref. 5). The idea of dynamic polarization of nuclei was soon
extended to nonmetallic materials (refs. 6 to 9). The theory of DNP and nuclear spin-
lattice relaxation in ionic crystals with paramagnetic impurities is the subject of the pres-
ent investigation.

Two theoretical approaches have been used to describe the spin ‘dynamics of such
systems: the rate-equation approach (refs. 10 to 14) and the spin-temperature theory
(refs. 15 to 23). The rate-equation approach assumes that the paramagnetic electron spins
and the nuclear spins are each weakly interacting systems whose states may be completely
specified by the populations of the Zeeman levels. The time evolution of the DNP and
relaxation processes may then be determined by calculating the rates at which the popula-
tions of the Zeeman levels of both the paramagnetic electron and nuclear systems change
as a result of interactions with each other (through electron-dipole—nuclear-dipole coupling),
with radio-frequency fields, and with the phonon bath of the lattice. In solids, however, it
is found that the assumption of weakly interacting spins within a spin system cannot always
be made and therefore that conclusions concerning magnetic processes in solids resulting
from a rate-equation approach may be erroneous,

The spin-temperature theory includes the effect of the strongly interacting spins as
well as the Zeeman interactions and the lattice in a relatively simple way. Within certain
limits, to be discussed herein, the Zeeman and spin-spin interactions and the lattice can
each be treated as a thermodynamic reservoir. Each reservoir will have associated with
it such thermodynamic quantities as temperature and heat‘capacity. The reservoirs
exchange energy with each other through the applied radio-frequency fields, certain dipolar
interactions, and spin-lattice interactions. The time evolution of the DNP and relaxation
processes are determined by using the density-matrix approach and calculating the rate at

which the electron and nuclear magnetizations change as the reservoirs exchange energy.

A detailed derivation of the equations governing DNP and nuclear spin-lattice relaxa-
tion by using the spin-temperature theory is made. The results of nuclear spin diffusion
theory in the rapid diffusion limit as reported in the literature are incorporated, and vari-
ous important limits of DNP, including a new effect, are discussed. A detailed derivation
is considered necessary since (1) it is not available in the literature, (2) published equa-
tions governing DNP and nuclear spin-lattice relaxation are either incomplete or incor-
rect, and (3) all of the assumptions made in previous works are not clearly stated.

SYMBOLS
a average distance between nuclear spins
c\1/4
b pseudopotential radius, O°68<B>
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b pseudopotential radius, 0.68(1—)-)
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w
Cp relative-heat-capacity ratio, —> B}
w2
L
) . . A2
Cp relative-heat-capacity ratio, 5
w
L
. . . (wn + A) 2
C, relative-heat-capacity ratio, —
“L
. . . 1 a2
D diffusion constant, approximately -— —=—
10 Ty,
y 1/3
d diffusion barrier radius, a(}-ﬁ)
n
diz distance between the kth electron and the Zth nuclear spin
E(t) time-dependent dynamic nuclear polarization enhancement factor, BBLt)
L

Egg steady state nuclear enhancement factor



NjpTq

f d | leakage factor, o

| NpTe
fe leakage factor, NoTy,

T
-6l
g(w) electron spin-resonance line-shape function
Ne .
Tr Z \S‘ dr S,5 8B (re~iwT
gB(w) = =177 5
: 21 TrSy
Yol

ge the electron g-factor, gg
H Hamiltonian operator
3! Hamiltonian operator without spin-lattice interactions
H o unperturbed Hamiltonian operator
‘JJR Hamiltonian operator in the rotating frame, RJ}'R™!
?BHV nuclear dipole-dipole Hamiltonian operator
C&IL nuclear spin-lattice Hamiitonian operator
%IS electron-nuclear dipole-dipole Hamiltonian operator
%IZ nuclear Zeeman Hamiltonian operator
g&rf radio-frequency-interaction Hamiltonian operator
%SL electron spin-lattice Hamiltonian operator



CCHSS electron dipole-dipole Hamiltonian operator

‘EHSZ electron Zeeman Hamiltonian operétor

C&‘I% secular electron-nuclear dipole-dipole Hamiltonian operator
C&gs secular electron dipole-dipole Hamiltonian operator
C&lg’s(mﬂ:l,i 2) nonsecular electron dipole-dipole Hamiltonian operator

Ne
OB_ 2 \ _-3
Hgg =7g Z g Bl

k>l =1
Ho, externally applied direct current magnetic field
H1 amplitude of rotating radio-frequency magnetic field
h Planck's constant divided by 27;
IX,Iy,Iz X-, y-, z-components of the nuclear spin operatoy, Elr]— (r=x,y,z)
)
1]# = Lyj + ily;
Iy rfh component of the spin operator for the jth nuclei (r=x,y,z)
i= V-1
k Boltzmann's constant
M,y second moment of the electron spin resonance line
Ng number of paramagnetic ions per unit volume
Nn number of nuclei per unit volume having spin one-half and gyromagnetic
ratio Yn

P parameter describing the numerator of Egg, €q. (99b)



P’ parameter describing the denominator of Egg; €. (99¢)

P"=P- P'
Q parameter defined in the expression for TDNP’ €9 (100b)
Q =P -Q
. . 47 -1/3

R radius of the shell of influence, 5 Ng

T
R =9

Te
R(t) unitary operator, ei®Szt
Rkl distance between the kth and lth nuclear spin

Tijs Tk distance between the ith and jth or kth and lth electron

Sx:Sy,S; %=, y-, z-components of the electron spin operator, 281-]- (r = x,y,2)
i

Srj rth component of the spin operator for the jth electron
sd saturation parameter, WdTn
So saturation parameter, WOTe
st saturation parameter, W*Tn
SE) value of saturation parameter at A = -w, in figure 3
Sty = WETI

iEHOB T -i"ZHOBT

3B _ SS SS
Szi(1) = e S,i€
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"2

)2( + Sg + SZ
spin-lattice relaxation time of e_lectron dipole-dipole reservoir
spin-lattice relaxation time of electron Zeeman reservoir'
spin-lattice relaxation time of nuclear Zeeman reservoir
electron spin-spin relaxation time

3

e

= 3 Toq

nuclear spin-spin relaxation time

measured electron dipole-dipole reservoir spin-lattice relaxation time
measured nucleﬁr spin-lattice relaxation time

nuclear leakage relaxation time

nuclear relaxation _time by the paramagnetic impurity

electron Zeeman spin temperature

time; primes with t indicate integrating parametefs
unitary operator, e'ig“ot
perturbing Hamiltonian operator

lattice volume

electron spin resonance transition probability per unit time induced by an
interaction with the applied radio-frequency field



wd nuclear spin transition probability per unit time induced by the fluctuating
z-component of the electron spins

wE solid effect transition probabilities per unit time induced by the applied radio-
frequency field

X,y ,Z coordinates of spatial axes

a inverse temperature of the electron Zeeman reservoir

B inverse temperature of the nuclear Zeeman reservoir

By Bohr magneton

A1, inverse temperature of the lattice reservoir

Y inverse temperature of the electron dipole~-dipole reservoir

Ye electron gyromagnetic ratio, assumed isotropic

Yn nuclear gyromagnetic ratio

A=wg-w

€; €z in the shell-of-influence of the kth electron where the electron summa-

tion index k is suppressed

le' = - %Yeynﬁz sin le cos le e'_1¢kl dl'(?

e = yeynhzdf{f’@ -3 coszekl)
n normalization factor, Tr p
ekl polar angle coordinate associated with the vector ?kl , the z-axis parallel to
ﬁO
=@
Y= on



P density matrix

pI density matrix in the interaction representation, U'lpRU
pR density matrix in the rotating frame, R(t)p(t)R™1(t)
TDNP dynamic nuclear polarization pump time
o) azimuthal angle coordinate associated with the vector -fkl , the z-axis parallel
to ﬁo
w angular frequency of applied radio-frequency field
We electron Larmor frequency, -yeHO
1/2
02 /
Tr(g" ss)
LTI
h°Tr S,
wp nuclear Larmor frequency, -vy,Hg
wy = "veHy

Mathematical conventions:
D&,B:I indicates the commutator of the two operators A and B, AB- BA
An arrow ~— over a symbol indicates a vector quantity

Tr indicates the trace or sum of diagonal elements

. O .0
- iH bt -iF_ ot
A tilde ~ over an operator A(t) indicates that A(t) = e S5 pe S8

(A) indicates a canonical ensemble average of the operator, A, Tr pA



BASIC ASSUMPTIONS AND MODEL

Consider a paramagnetic system consisting of Ngv paramagnetic ions (hereinafter
to be called "electrons') each of gyromagnetic ratio Yes and Npv nuclei having gyro-
magnetic ratio yp, uniformly distributed in a dielectric, diamagnetic lattice of volume v
(assumed to be a unit volume here). The Hamiltonian operator for this paramagnetic sys-
tem, when placed in a homoger_l.eous magnetic field which has a steady component ﬁo and
a high-frequency component Hl(t), is given by

H= Hgy + Hyyg + Hgg + P+ Fg+ Hgp, + Hyp, + Hyg (1)

where the terms are the electron Zeeman, the nuclear Zeeman, the electron dipole-dipole,
the nuclear dipole-dipole, the electron-nuclear dipole-dipole, the electron spin-lattice, the
nuclear spin-lattice, and the radio-frequency interaction Hamiltonians. Explicitly, they
are:

Ne
j=1
Np
Wyg, = -y, B z I, - By (3)
l=1
Ne
2.2 -3l5.8-3:2(5.7.)(5- &
i>j=1
Nn
2.2 \ o-3F = -2(7= .5 \(7.58
Hp = vl Z Ry Ek ‘5 - 3Ry (Ik . Rkl)(ll' Rkli' ®
k>l =1
Ne Np
2 R -2 (3 .3.\(7 - &
Hig = Yerph Z Z dig [Sk' L - 3dy (Sk' dkl)(ll dkl] (6)
k=11=1
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Ne Nnp
-
Hpp= veli ) B®S-van ) H®-F, ™)
k=1 =1

where §](-fl) is the spin operator of the jth electron ((th nucleus); Yn(Ye) is the nuclear
(electron) gyromagnetic ratio; h is Plancl_f's constant divided by 27; Fij is the vector
distance between the ith and jth electron; Ry is the vector distance between the kth and
Lth nuclear spin; a.kl is the vector distance between the kth electron and the Zth nuclear
spin; and ﬁl(t) is the high-frequency magnetic field interacting with the electrons and
nuclei. The gy and Gy, termsare discussed in references 10 and 24. The calcu-
lations to follow will be for electrons having effective spin % and nuclei having a spin %
A complete discussion of the concept of effective spin and effective spin Hamiltonians can
be found in reference 25.

The following assumptions are now introduced:

(1) The magnetic field Hg is much larger than the magnetic field experienced by
each dipole as a result of the effects of the neighboring dipoles. The latter field is called
the local magnetic field. ‘

(2) The magnitude of the electron gyromagnetic ratio yg is much larger than that
of the nuclear gyromagnetic ratio y,, and the inequality Np >> Ng holds.

(3) The effective electronic gyromagnetic ratio ye is isotropic.

(4) The electron and nuclear spin-lattice relaxation times, Te and Ty, respec-
tively, are very long compared with the electron and nuclear spin-spin relaxation times,
Tge and Tgp, respectively, and there exist times t such that

o1 (N oa) ™! (N e}
Toe:Ton <<t << Te,Tn,Ta,(W®) 7, N, W | Wt @)

where Ty is the spin-lattice relaxation time of the electron dipole-dipole reservoir, wO
is the electron spin resonance transition probability per unit time induced by the interac-
tion with the applied radio-frequency field, wd is the nuclear spin transition probability
per unit time induced by the fluctuating z-component of the electron spins, and W' are
the solid effect transition probabilities per unit time induced by the applied radio-frequency
field. These terms are discussed in subsequent sections.

(5) The effects of the lattice may be ignored for times t satisfying the inequality (8),
and the rate of energy exchange between the various spin systems and the high-frequency
magnetic field ﬁl(t) calculated. The effect of the lattice is then reintroduced.

11



(6) The electron and nuclear resonance lines are homogeneously broadened (refs. 16,
26 to 28).

(7) There is no phonon bottleneck (refs. 10, 13, 16, 19,29, 30 and 31), i.e., the lattice
heat capacity is assumed to be infinite.

(8) Additional assumptions will be introduced where appropriate.

Consider the large constant magnetic field ﬁO to be applied along the z-axis in the
laboratory reference frame. Then

Ne
FHgz = ~velHg Z Sz (9)
j=1
and
Nn
W1z = -vniHg Z L (10)
l=1
Define
we = -veHgp (11)
wp = =ypHg (12)
Ne
Sp= ) Sy (13)
j=1
Nn
I, = Z I | (14)
l=1

where we and wp are the electron and nuclear Larmor frequencies, and S, and Iy
are the z-components of the total electron and nuclear spins, respectively. Since
[ve|>>|vnl, then |we|>>|wy; thus, if oscillating field H;(t) has a frequency w of the
order of we, then the direct interaction of the nuclear spins with this field is negligible.

12



This oscillating field is applied in a plane perpendicular to ﬁo, so that equation (7)
becomes

Hpf = -yeﬁHl(Sx cos wt + Sy sin wt)

where Sx and Sy are defined in a fashion similar to Sz in equation (13). Defining

wy = -yeH1 and noting the identity

-iwSzt S +iwSzt

e %€ = Sx cos wt + Sy sin wt
yields

Hpf = lee-inzt Sxe+‘inzt (15)
Using equations (9) to (15) with equation (1) gives

W' = weSz + wply + Hgg + Py + Hy + c:.)le-iwszt SxeiwSzt (16)

where the prime is used to indicate that the spin-lattice interactions have been omitted in
accordance with assumption (5). Note that the Hamiltonian has been written in frequency
units, thatis, h= 1.

The time evolution of the system described by the Hamiltonian can be determined
from the equation of motion of the density matrix p for the system. The density matrix
obeys the relation (ref. 32)

again noting that 1 = 1,

The density matrix may be transformed by the unitary operator R(t) to become
PR (t) = R(p(HR1(t) (18)

where pE(t) is the density matrix in the rotating frame and

R(t) = i@zt (19)

13



This transformation corresponds to a transformation to a frame of reference rotating
about the laboratory z-axis with frequency w. Discussions of transformations to rotating
frames can be found in references 20, 28, 33, and 34.

The equation of motion for the density matrix then becomes

% - i[pRa), 3R] (20)
Where

R () = A8, + wpl, + w Sy + R(t)(CJéSS + g + qu)R‘l(t)
and

A=w,-w (21)

The operator Hyy is not altered by the unitary transformation since

[R(t),syiﬂ =0 @

The operators &};!SS and & are of the form

IS

R(t)gsSSR‘l(t) = ‘Ssger }: ‘{y;ns (23)
m

R(t)HsR™L(b) = ga?s + E%Irg (24)
m

0] (0}
SS and C“HIS are

the secular parts of the dipolar Hamiltonians, that is, those parts which commute with
R(t):

where the sums are over the values m = +1, +2, The operators *

[w% ,R(t)] . [wgs, R(tﬂ =0 (25)

m m
and Fgg and FHyg are the nonsecular parts of the dipolar interactions. The nonsecu-
lar terms in equations (23) and (24) oscillate at frequencies *w, +2w in the rotating

14



reference frame and may be ignored. A complete discussion of the effects of these terms
can be found in references 20, 28, and 33. Explicitly, the secular dipolar interactions can
be found by carrying out the operation indicated by equation (25) with the result that, in the
notation of appendix A,

Ne
o _.2 Z -3
Wgg = e g (Akl + Bkl) (26)
k>l =1
and
Ne Np
Z Z le S,z * €klszkIl + ekl SzkIl) (27)
k=11=1
where
-3 2
egz = Ye¥n YKl (1 - 3 cos 9kl) (28)
s L
€l = ~Svery sin g cos g e L (29)

and the star indicates complex conjugate. The Hamiltonian in the rotating frame is
reduced to

R

i (0] (6]
= A .
W Sy + wply + @ Sy + W+ W+ Wy (30)
Now, define
O
Hg = Sy + wply + FHgg (31)
and
0]
so that

15



wR= g+ v (33)

It is assumed that (‘Jéo> >> (V) so that V may be treated as a perturbation. Trans-
forming to an interaction representation by the unitary transformation

ol = U™l o) v (34)
where
v =e o0 (35)
results in
I ,
% - 1o, Vl(tﬂ (36)
where
I -1
Vi) = U “(t)V U(t) (37)

Equation (36) may be integrated and then iterated to obtain the form

S t ot tn-1
=0+ Y O (aty [ Tay. .. (P,
LT do T 0

X [ .. E)I(o), VI(tn):l, VI(tn_-l)] - .}, VI(tl) (38)
and this result may be differentiated to obtain

d—é’; = iEaI(o), VI(t)] + ;: @+l §0t dt, §0t1 dty . . . got“'l dt,

n=1

x [[ . .E)I(o), VI(tn)], VI(tn_l):l ye } vit) (39)

Note that pI(O) = pR.
16



The basis of the spin-temperature theory is to assume at this point that the density
matrix in the rotating frame will have the canonical form for times t satisfying equa-
tion (8). This means that, for the assumptions made thus far, a temperature can be
assigned to each of the constants of the motion, and these temperatures will represent the
canonical distribution achieved by each of the commuting terms in g for the times t
of equation (8). Thus

exp Ea(t)ASz - B(t)wply - Y(t)%gsll

pR(t) =
Tr{exp['a(t)ASz - BBwnlz - y(t)gags]}

The inverse temperature « is defined as

1

*= kTez

where k is the Boltzmann constant and Tg, is the electron Zeeman spin temperature.
The inverse temperatures S and vy are similarly defined.

The physical model utilized by the spin-temperature theory of DNP and nuclear spin-
lattice relaxation is that the electron Zeeman, nuclear Zeeman, and secular electron
dipole-dipole systems in the rotating frame, corresponding to the terms ASg, wnIz, and
C&Jgs in equation (40), will realize a canonical distribution in a time of the order of the
electron and nuclear spin-spin relaxation times. Therefore, these systems can be treated
as thermodynamic reservoirs having thermodynamic parameters such as temperature and
heat capacity. These reservoirs exchange energy with each other through the perturbing
terms of V. This mixing is realized if the operators represented by the reservoirs do
not commute with perturbing terms. For times t indicated in equation (8), the rate of
exchange of energy between the various spin reservoirs is calculated by using the density
matrix approach. This will result in a time evolution of the temperatures of the spin res-
ervoirs. The effect of the lattice reservoir on the evolution of the spin temperature is then
included. A pictorial representation of the reservoirs considered and the various energy
exchange processes is given in figure 1. The heat capacity of the lattice reservoir is
assumed to be infinite in comparison with the heat capacities of the spin reservoirs. When
this situation is not realized, a phonon bottleneck may occur. The effect of the phonon bot-
tleneck phenomenon on the DNP and nuclear relaxation processes is treated elsewhere
(refs. 10, 13, 16, 19, 29, 30, and 31).

17
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Zeeman P ’ N dipole - dipole
reservoir < — reservoir

a(t) y(t)
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Wd
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T Zeeman T
Te reservoir d
g(t)
1
T,

Lattice reservoir
AL,

Figure 1.- Schematic representation of the thermodynamic reservoirs and
interactions governing dynamic nuclear polarization and nuclear spin-
lattice relaxation.

The electron-nuclear dipole-dipole reservoir and the nuclear dipole-dipole reser-
voir, as well as the off-diagonal part of the density matrix, have been ignored in equa-
tion (40). The electron-nuclear dipole-dipole reservoir (that is, the SzxI,; term in
equation (27)) contributes to the inhomogeneous broadening of the electron spin-resonance
line and is assumed to be negligible (ref. 26). This term also gives rise to a barrier to
spin diffusion, and this barrier is treated phenomenologically when spin diffusion is taken
into account. The off-diagonal szkff terms in S&?S are retained in V as a perturba-
tion. The nuclear dipole-dipole interaction may be ignored since its energy (typically
~5 x 10~29 J) is very small in comparison with those of the electron Zeeman, nuclear
Zeeman, and electron dipole-dipole interactions in the rotating frame (typically
~5 x 10727 3 ). This term is important only when spin diffusion is taken into account.

The perturbation V(t) reduces to

Ne
VI(t) = wySx(t) + CC}Jg(t) = wqSx(t) + Z
k=

Nn

+ * -
Z (eklszkIl * e SzkIl)
=1

foy

l
18



The size of the contribution made by the off-diagonal part of the density matrix is
discussed by Goldman (ref. 20), and for the time scale considered here, the off-diagonal
part may be ignored. The validity of the assumption of a canonical form has been shown
(ref. 35) to be correct within the conditions assumed here. Experimental evidence has
been published (refs. 20, 33, 36 to 40) verifying the assumption of a canonical form for the
density matrix for nuclear and electron spin systems. With these appi‘oximations,

pl(t) = pR(t)

The representation used for the electron system is one in which E}égs, Sz, and Sgz
are diagonal. Since the nuclear dipole-dipole interaction has been neglected, the nuclei
are considered independent particles, and the representation used is one in which all the

single particle operators Ilz and I,; are diagonal.

The high temperature approximation is assumed to hold for this calculation, that is,

| (@lt)ASy) ] , | (Bt)wnlz) | , ‘(y(t)g}gs) | «1

Then,
PR(t) = 77—1 {1 - a(t)ASz - B(t)wnly - y(t)%&sos} (41)

where 7 is the normalizing factor.

Note that the electron and nuclear magnetizations along the z-axis are proportional

to the ensemble averages of the operators SZ and IZ, respectively. Using the density
matrix, these values are found as

(Sz) = Tr PR(t)S,

and

<Iz> Tr pR(t
where {( ) indicates the canonical ensemble average value and Tr indicates a sum
over the diagonal elements in a space that includes both the electron and nuclear eigen-

states. It follows that the time rate of change of these expectation values are (in the high
temperature limit)

19



d {S;) doR(t) -1 2 do
at = Tr at Sz = 'AT] Tr SZ at— (42)
and
d(1;) doB) . _ 1., .208

Equations (42) and (43) indicate that the changes in the magnetization are propor-
tional to the changes of the corresponding inverse temperatures of the reservoirs. The

calculation of the time evolution of the inverse spin temperatures are derived in the next
section. .

TIME EVOLUTION OF INVERSE SPIN TEMPERATURES

Derivation of Equation of Motion for Electron Zeeman
Inverse Spin Temperature aft)

The time evolution of the electron Zeeman inverse temperature aft) is determined
by combining equations (39) and (42); that is,

- <A Tr sg) g—f‘ =in TrI:pR, V(t)|S, + ()27 Tr fot dt’ “}R, v(t' ﬂ V(tﬂ Sy
+ (1)3 n Tr S‘Ot dt’ got' at"’ l:l:l}R, v(t" ):l, V(t')}, V(tﬂ S,

4 t t t''
+ (i)* 7 TrS‘ dt' S‘ at' § at'"’
0 0 0 ‘

X H:[pR, V(t"'i', V(t"i], V(t'{l, V() Sz + ... (44)

where the superscript I, indicating the interaction representation, has been dropped and
pR = pR(0). (Henceforth, a time-dependent operator will be explicitly stated.) On the

assumption that the trace and the time integrals commute, the following terms must be
evaluated:
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Cy=nTr |Z>R, V(t)]Sz

Cy=nTr [[R, V(t'ﬂ , V(tﬂ Sz
C3=nTr [&,R, vt )] V(t‘il, V(tﬂ Sy ?
C,=7Tr m:[pR, vt'™)|, V(t”i|, V(t'):l, V(t):l S,

Using the identity
TrE&, B:IC = Tr AEB, (_?I
yields
Ci=m Tr[Sz, pR:|V(t) =0
since

Using the same identity allows Cgo to be rewritten as
Co=1Tr {E)R, V(t'i]} {[V(t), SZ]}

The density matrix pR(t) can be written in the following way
PR =t {1 @) 88, - (- 7) ey ~73i0)

Inasmuch as

V(t) = wySx(t) + zﬂ%(t)

(45)

(47)

(48)
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where Sk y(t) and %%(t) are in the interaction representation, C9 becomes

Cy = -wiA(@- ) Tr Sy(t') Sy ()

+1i wlwn.(B - ¥) Tr Sy(t) IZ,CJJIOS(t')}
+iyw Tr Sy(t) [FHo, V()] - (50)
The second term is zero as can easily be seen by using equation (46) and noting that
[sy(t), Iz|=0
Using the fact that
i Tr Sy(t) [Fg, VU] = 2 Tr Syt - ) V

and integrating C, as noted in equation (44) yields

t t
2
S;’ dt'Cy = -wlA(a -y) S;) dt' Tr SySy(t -t")

t
d
+ ywl ‘§0 dt' d—t, Tr Sy(t - t') Vv (51)

The second term in equation (51) is also zero. This result is shown by letting 7=t - t';
then

”

, ¢ N
g at' dc:' { (t - t)V} -§0 dr g; TrIEuISxSy(T) + Sy(f)%s%]j (52)

But
Ne Ny
(9] -
TrSy(HY = Tr sy | ) D (egSpudf + €l Sudy)| = 0 (53)

k=117=1
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since IZ" has no diagonal elements. The S,yl,; terms in %J?S have been previously
dropped but the result shown in equation (53) would not be changed if they had been
included. Note the identity

Sy(7) = -8x(7) sin AT + §y(7) cos AT | (54)

where

"lgt;gs'r

ic&igST
S y €

’

Sx,y(7) = e (55)

The remaining term in equation (52) then becomes
t d t d ~ -
-wy SO d*rd—T |:Tr SxSy(T):l = -wy 50 dr e I:Tr SxSy(7) cos AT - Tr SxSx(7) sin Ail

But

Tr Sx§y(‘r) =0

since a rotation of 7 about the y~axis sends Sx into -Sx and leaves §y(7) unchanged.
Since the trace is invariant the result follows. Then

t | t N
-wy So dr(‘;—T I:Tr sxsy(r)] = w, go d'r-(%—r Tr SySx(7) sin At

The term Tr ngx(‘f) is proportional to the correlation function of the transverse mag-
netization, with a correlation time =Tg,. Since t is assumed to be very much larger
than Ty, the upper limit of the integration may be taken to infinity; thus,

0
- d _ o . T=o0 _
wq S‘O dr E-T_[l‘r sty(T):I =Wy [Tr SxSx(7) sin A’EHT=0 =0
since the correlation function is zero at 7 =«. Equation (51) is reduced to

t 0
5‘0 dt' Cy = ~w2a(a- ) §0 at' Tr SySy(t - t)
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If the same arguments that were previously used are applied,
t 9 o ~
§ dt' Cq = -wlA(a- y) § dr Tr SySy(T) cos AT (56)
0 0

Equation (56) will be further discussed after C3 and C, are deduced. The parameter
C3 may be calculated by using some of the relations developed in finding Cy. Expanding
C3 and performing the obvious commutation relations results in

Cg = -w% (@-y) Tr Sy(t" I:?H (t), Sy(til
+ iwnwi’(B -y) Tr I:Iz,%?s(t")] [Sx(t‘), Sy(tﬂ
+ iwlwn(ﬁ -y)Tr [:Z,CJJ (t":l [EJS Sy(tﬂ

+ iy Tr [Fo, V)] V), sy)] + 0(wd) (57)

The first term in equation (57) can be written as

This term is zero for the same reason that equation (53) was zero. The second term in
equation (57) can be written as

Tr [IZ,SJ% "] [Sx(t), sy (t)] = Tr[[SX , Sy(t)], IZ:I %I%(t”) =0
since
[Bx(t), sy, IZ]= 0

The third term in equation (57) is easily seen to be zero by applying the unitary oper-
ator emSz to the argument of the trace. Since S; commutes with I; and &‘H?S(t), the
rotation sends Sy(t) into -Sy(t) with the result that
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Tr [Iz,%?s(t")} [{ylos(t'), Sy(t)] = -Tr [Iz,%}f?s(t")] [gs?s(t'), Sy(t):| =0 (58)

The fourth term in equation (57) when integrated over t'' becomes

It

iywy g at" Tr |Ho, V(t")] [V, sy)] = vey Te{v(e) - VO [V, sy(t)]

ywy Tr [V(t), V)] Sy@®
~ywy Tr V(t') [Sy(t), V] (59)

The first term in this equation is obviously zero, and the second term can be expanded to
give

wy Tr V() [Sy(0), V] = of Tr {[Sy(t), Sx| W) + [Sx(t), Sy(t] %?s}
+wy Tr Sy(t) ':%%,ﬂélos(t'ﬂ + O(w?)

The first term on the right-hand sicie is zero for the same reason that equation (53) was
zero, and the second term is zero when the previous argument leading to equation (58) is
used. Therefore, to order of w?, Cqg = 0.

The parameter C, can be evaluated by using arguments identical with those used
in evaluating Cl’ C 9 and C3, along with the condition that the terms of the order of
w:{ and €3 and higher are neglected. The result is

Cy = -Aw%(a- ) Tr [sy(t"'),%{ t"] [{H ("), Sy ]

+ 1wnw (B ¥) {Tr U:Iz,‘&i (t"'il Sx(t"):l [%%(t'),sy(t):l
+ Tr ‘:I:Iz,‘&! )] Y ] [5x(®"), Sy t]} (60)

It is now assumed that each nuclear spin interacts with only one electron. For dilute
systems, this approximation is an excellent one. Thus, the sample is broken up into Ng
equivalent ''shells-of-influence," each containing one electron and Nj,/No nuclei. In
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this approximation,

Nn/Ne Nn/Ne
%IOS = Sz Z Ej I]+ + Sz E E;: I]- (61)
j=1 j=1

where the summation is over one shell of influence, and €. corresponds to the jth proton
referenced to an electron at the center of the shell. Integrating C 4 as indicated in equa-
tion (44) yields

Np/Ne

. 2 2 + ~ t t' t”
Cydt = -Awjl@-v) Tr Z €-| I'L dt' S\ at" § at'"’
1 ] 1] 0 0 0
=1

Sx(t”') Sx(t) [eiwn(t"_t') + e'iwn(t“-t'il
Nn/Ne

i 2 - 2 S‘ 'g HS‘ " 1"t
+1wnw1(3 y) Tr Z |]| I] I] dt dt dt

xsyu")sxu)ﬁfw““”uv)-e'uﬁﬂv”_vﬂ -~ (62)

Equation (62) can be integrated as carried out in appendix B. If it is assumed that |e| 2
may be replaced by an average over the shell-of-influence of the electron, that is, an € 2
such that '

|2 | (63)

N;,/Ne
= 2l
Nn

then,
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+ Al - V)NE[W- (wn- A) +W+(wn + A)] Tr Sg

N -
- wy(B-7) -N—Z EJV (wn - A) -wt (wn + A):] Tr Sz (64)
where
wOo@) = m? g(8) (65)
wE (wn + A) = 7r<62/w§)w% g(wn £ A) (66)

The electron spin resonance absorption line shape function g(w) is defined as

w ~
Tr g d7 Sx(7) 8¢ cos wr

gw) = — 5 67
7 Tr S,

and normalized so that

\gi: dwg(w) =1 (68)

Since Sy commutes with neither the A nor the B terms in gégs (see eq. (26) and appen-
dix A), §x(7) and thus g(w) depend on both the A and B terms, as discussed in refer-
ence 28. The relation (see appendix C)

) ~ % ~
Tr 'lj S;) dr Sx(7) Sx cos wT . Tr S‘O dr Sx(7) 8x cos wr
2 "2
Tr S,

2

Tr Sz
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was used to obtain equation (64) from equation (62). The WO and WY are the transition

probabilities per unit time associated with the allowed electron spin-resonance transition

and with the solid-effect transitions, respectively. Terms higher than C4 are of order
3 3 .
S Wi 8wy

;?1', wg’ As) A3’

and higher, and are therefore neglected.

Combining equation (44) with equations (56) and (64) to (68) leads to

do _ Np 2¢2 O
== 22 wlA) o -
dt 1 Ne w2 (A) (- v)
n

N -
REE W (on ) [onf - 20 (un- 8]

Nni1 o+
RRLW on s )ons ¢ 20 o + 9] L
N, 22
where ﬁg ziz is a correction factor to the allowed transition probability per unit time
Wn

due to the C 4 term in the perturbation expansion. It is essentially the wavefunction
renormalization factor given by Jeffries (ref. 13) and Borghini (ref. 31). Because this
factor is often negligible in comparison with unity, it is omitted hereinafter. The terms
a@, B,and vy in equation (69) are rigorously ' a(0), B(0),and y(0). For times t satis-
fying equation (8), they are approximately equal to a(t), B(t), and y(t), respectively, and
this approximation is used in subsequent calculations herein.

Derivation of Equation of Motion for Nuclear Zeeman
Inverse Spin Temperature A(t)

The derivation of the equation of motion for B(t) is similar to the derivation of the
equation of motion for «(t). Start with equations (39) and (43):
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—wn(Tr IE) g—f = in Tr I:pR, V(t)] I + ()%n Tr got dt' [[pR, V(t')], V(t):l I,

+ ()30 Tr got at’ got' at" I:l:[pR V(t"):l, V(t'):|, V(t{! I,
e

4 t t'
+ (i)™ TrS dt'S dt"g at'"'
0 0 0

x [[E)R, v, V(t"ﬂ, V(t';J, V(tﬂ L +... (70)

Traces analogous to the values of’ C of equation (45) may be defined; thus,

' 2
Cy=nTr @R, V(t)] Iy
Cy=7Tr l}R, V(t'ﬂ, V(tﬂ I
r—
Cy=1nTr L[pR, V(t")], V(t')], V(t{| Iy (1)
Cy=nTr {@R, V(t"')], V(t")J, V(t'ﬂ, V(tﬂ I,

Both C; and Cg are easily shown to be zero. Evaluating C, yields

Cy=nTr 0%, V(t'ﬂ [V(t), Iz:l

69 o 7 [, 380 [5R0,1]

where the other terms are zero.
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Using equation (27), carrying out the commutation relations, and integrating C'2 as
indicated in equation (70), gives.

Ne Np
dt'C=- (8 - y) Tr €6l T dSS() “iwnT
2 “n 4 ij°kj 4 4 T ©Ozidzk\T) €
ik= 1]-

The product Szigzk("') is related to the correlation function for the z-component of the
individual electron spins, which involves a correlation time of the order of Tge- The
limits on the integral may then be taken as infinity. This expression reduces to

S\ dt’ C'2 = -~wp(B-7y) (Tr I§> wd v _ | (72)

where

-lwnT
Tr Z Z 61]€k]§ dTSz1Szk) ,

: i>k=1

3

o,

I
Do
.Z| 2,
=

Tr Sg

In the shell-of-influence model, only i = k terms contribute significantly to equa-
tion (73), and

Ne
il ~ ~iwnT
Tr Z S\ dr S4iSzi(1) e
2 ji=1 ~%

{ wd =€

- (74a)
2 Tr 2

where €2 is defined in equation (63). A tempting approximation is

~lwnT

0 ~ -iwnT 0 ~
Tr dr ;S (1) e ~Tr dr S.Sy(7) e
- 00 -00

in which case W9 becomes (by using equation (67))
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wd =~ wezg(wn) | (74b)

The significance of this term for DNP and fiuclear relaxation is discussed below.

The validity of the approximation made in the previous paragraph may be checked by
recalling that g(w) depends on both the A and B terms in Ségs (See equations (26) and
(67) and appendix A.) Abragam (ref. 28) shows that the second moment M, of a reso-
nance line is (3/2)2 larger when both the A and B terms are used, as compared with the
case where only the A terms are involved in the Mgy calculation. If the line width Aw
is taken to be (Mz)l/ 2, the A(B) terms are found to contribute the proportions 2 l) to

Aw. Now (To.)"1 is proportional to Aw. Let T4 and TB be the contributions to
2e o 2e 2e
T9e from the A and B terms in Hgg- Then

1 1 1

Aw o = +
T A B
2e Tze T2e

Abragam's result shows that

A 21
A 3T
Tze 2e
A 1.1
B 3T
T2e 2e

In equations (73) and (74a), the S,i operators commute with the A terms in ‘ZHSS
but not with the B terms. Hence, Wd can be written as

wd = neng(wn)

where
Ne A
Tr Z Swo dr Szingi('r) e-iwnT
i=1 _~"®
% (*n) 27 Tr §2

31



Szi(1) = e Syie
Ne
OB 2 -3
Hsg = ve E Ty By
k>l =1

and By; is given in appendix A. Thus, gB(wn) is related to the correlation time

T?e. For Lorentzians, (ref. 28)

T
oo - T2e/7)_ .
1+ (TZew)
B
T
gp(w) = ( 2e/ﬂ)

1+ (Tgew>2

Since T]23e = 3’I‘2€, g(w) and gB(w) are noted to be the same to within a factor =3,

and thus equation (74b) is correct to within a factor =~3.

The C; is found by using the same arguments used to obtain equation (60); thus

Cy = -iw?A(a- y) Tr {[[Sy(t"'), Sx(t")],%%(t')] l}*’?s(t)?IZjJ

- wpof(B - ») Tr [[Iz,%?sa"'ﬂ, Sx(t”):l’ Sx(t'ﬂ [gt‘xos(t)’ Iz]

Making the same assumptions which led to equation (61) and integrating C; as indi-
cated by equation (70) yields
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dtc' = iA 2 2 - t 1 t T} t" e
4= 1 (o - y)w1 Tr ej 1. I'j dt dt dt
J 0 0 0

Nn/Ne
j=1

x Sx(ttn‘)sy(t')(eiwn(t'"‘t) _ e'iwn(t"-t))

Np/Ne
- wp(B - y)w% Tr Z
j=1

t tl t"
e.|21.+1.'g dt'g dt"f at'"’
) )] 0 0 0

iw (t'"'-t) -iw (t"'-t))
n + e n

x Sy(t")Sy(t')(e (75)

When the integration indicated in appendix B is made and equations (63), (66), and (67) are
used, equation (75) becomes

S‘dt Cy = -A(Tr 13)(w‘ -WH)a-y) + wn<Tr I%)(w' +WHE-v) (76)

Combining equations (72) and (76) with equation (70) yields
A8 _ _wd(g- ) -1 w- - - Ag -
= =W ((3 ¥) oo W (wn = &) {wyB - da- (wn- )7)

- wln w* (on + A) (wpB + da- (wp + 4)y) (M

Derivation of the Equation of Motion for the Electron
Dipole-Dipoie Inverse Temperature y(t)

The derivation of the equation of motion for the electron dipole-dipole inverse tem-
perature y(t) can be accomplished by using the fact that energy is conserved in the
rotating reference frame for times t satisfying equation (8), provided that

Gy > W)

where ‘-CHO and V are defined in equations (31) and (32), respectively. Then
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d
G 0= Tr(ASZ + wgl, + %sgs) R

dt at
so that
2 .
o)l o 3 g *
+A (Tr Sz 3 " “n Tr I, it * Tr C‘%SS T 0 (78)
Tri2 N
Substituting equations (69) and (77) into (78) and using Z -1 yields
2~ Ne
Tr S,
2
N, w 2 /
& BB wle-y) + A wOR) - y)
dt = " Ne 2 o2
L L
NnA(wn - A) -
+ﬁe- ) W(wn-A) {wnﬁ-Aa-(wn-A)y
N, (wp + A '
+ 2B ) w (‘*’n + A) {wnB + Aa - (‘-"ri + A)y} (79)
Ne wz .
L
where
2
0
2. (%ss)
L wpr s

The term wlz_‘ is related to the line width of the electron spin resonance line. It is found
to be (refs. 19 and 28)

2 _1
@y =3 M

where My is the second moment of the electron spin resonance line.
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Effects of the Lattice Reservoir

The effect of the lattice vibrations (phonons) is introduced by assuming that each
spin-lattice relaxation process takes place exponentially with a characteristic spin-lattice
relaxation time, and that these processes may be added to the equations of evolution for
a, B,and y (refs. 10,19, 20, 28, and 41). Thus, equations .(69), (77), and (79) become

N -
(—C;%= - wO@)a-y) + N—Z'IA'W (@n - a) {“’nﬁ' Aa- (@ - A)”}

- f\IE.EWJ’ (wn + A) {wnB + Aa - (wn + A)y} - Tlg (Ot' w_Ae BL) (80a)

98wl - ) - L W (wn - &) (B~ S (g - )]

_winw+(wn+A) {wnB+Aa- (wn+A)y} '%;(B'BL) (80b)
dy 0 Ny a d
= 2 w0 a-y) + 22 WE- )
at " G2 ar Ne o2 Y
N, (w, - A _
+N—:( r;i )W (wn-A) {wnB-Aa- (wn-A)y}
N, (w, + A
+f\f§( r;i )W+(wn+A) {wn3+Aa- (wn+A)-y} —Tld(y-BL) (80c¢)

where Tg, Tp, and Tq are the spin-lattice relaxation times of the electron Zeeman
(EZR), nuclear Zeeman (NZR), and electron dipole-dipole reservoirs (EDDR), respectively,
and B; is the inverse temperature of the lattice. Note that the electron-Zeeman inverse
temperature does not approach the inverse lattice temperature, but the "colder" tempera-
ture %‘i BL. This effect is a result of the transformation to t\fle rotating frame which
affects the electron Zeeman interaction, but does not affect the nuclear Zeeman and the
secular electron dipole-dipole interactions.
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Nuclear Spin Diffusion

The nuclear dipole-dipole interaction ‘ZHH was ignored in the derivation of equa-
tions (80). This interaction becomes significant if Ng << N, for there may be large
regions in the solid where the electron-nuclear dipole-dipole interaction is very small
compared with the nuclear dipole-dipole interaction. The nuclear magnetization in these
regions will be spatially transported by energy conserving transitions resulting from the
terms I]ilf(7 of ‘E}JH. This process is called nuclear spin diffusion. Only a brief discus-
sion of spin diffusion in the rapid diffusion limit will be given here. More elaborate dis-
cussions of spin diffusion are given elsewhere (refs. 2, 20, 28, 42 to 50).

For dilute samples each electron can be considered to interact directly only with the
nuclei within its shell-of-influence having an outer radius R defined by

R= (4 Ne)_1/3 (81)

where N, is the number of paramagnetic ions per unit volume. An important parameter
is the pseudopotential radius b, which is the distance from the electron at which a nucleus
has approximately the same probability of being relaxed to the lattice by the electron as of
being flipped by the Dy terms due to neighboring nuclei, and is given by (ref. 44)

1/4
b= 0.68<%> (82a)
The term C is
3 2 Te
C=—-—(yyﬁ) _— (82b)
10\"en 22
1+ w,Te
and D is the diffusion constant given approximately by (ref. 45)
1 a2
D= — -2
10 Ty, (83)

Here a is the average distance between nuclei and T, is the nuclear spin-spin relaxa-
tion time. This idea is now extended to the wd processes, and a second pseudopotential
radius b' is defined by

bt = 0.68(%'_)1/4 (84a)
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where

T
_ 3 2 2e
C! = & (Yeynﬁ) — (84b)
1+ “’nTze

A Lorentzian form is thus assumed for equation (74b). Another important parameter in
spin-diffusion theory is the diffusion barrier radius d, which is defined as the distance
from the paramagnetic ion at which the magnetic field at the site of the nuclear spin due to
the ion is equal to the nuclear line width (ref. 20), and given very approximately as

y.\1/3
d= a(i) (85)

Nuclear spin diffusion is assumed negligible for r =d, so that d is the inner radius
of the shell-of-influence. Finally, the diffusion length (DTn)l/ 2, which is the distance
spin energy diffuses in a time t = T, is used.

The regime of "rapid diffusion' is defined when the following relation holds (refs. 44
and 47):

1/2

a, b, b'<<d << R << (DTp) (86)

The physical picture is that within the region d =r =R, the relaxation and radio-frequency
transitions tend to drive the nuclear Zeeman inverse temperature to a steady-state value,
and at the same time the spin diffusion mechanism attempts to keep the total nuclear mag-
netization spatially homogeneous.

In the rapid diffusion limit and the shell-of-influence approximation, ¢ 2, defined in
equation (63), is an angular and radial average of |e j|2 over the shell-of-influence
(d =r =R) which ignores the crystal structure. One finds (refs. 10 to 13, 19, 29, 47, 48,
and 51)

2
62 - _3_(767nﬁ) (87)
10 3.3
d R

so that T, is given by

Ak -
n Tp Tqn
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where the first term (1 /T,ZI) is due to nuclear relaxation by the desired paramagnetic
impurity and can be expressed as

€ 2Te

1+ (wnTe)

(88Db)

2

£y
sw|™

The second term (1 /Tk) in equation (88a) is nuclear leakage relaxation by other impuri-
ties and by other modes of spin-lattice interaction. The expressions given by equa-

tions (87) and (88) are the appropriate expressions to be used in equations (66), (74), and
all three equations (80), where B is to be understood as an average value over the shell-
of-influence.

Nuclear Spin-Lattice Relaxation

The measured nuclear spin-lattice relaxation rate (Tg‘) -1 has yet to'be deter-
mined. In the absence of any radio frequency fields, equation (80b) reduces to

d d 1
E--wie-v - (‘T’E) (8- 8L) (892)
where
2
wd o T2 - (89b)

1+ (O)nTze)

Physically, equation (89a) states that energy in the nuclear Zeeman reservoir can be trans-
ferred to the electron dipole-dipole reservoir through the wd interaction as'well as to
the lattice reservoir at the rate 1/T, through processes described by equations (88).
Therefore, the time evolution of ¥ must also be taken into account. From equation (80c)
for no applied radio frequency fields

2

dy_ (Na®nl\pdo gL
at = N, w%w b - 8- 33 (7 BL) (90)

The general solution for B exhibits two time constants. There are several limiting cases
for which the longer time constant can be easily evaluated; this time constant will be the
measured nuclear spin-lattice relaxation time Trrln. One limit is Wd << (1/Ty), in which
case
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TO = T (91)

A second limit is the situation in which (I/Tg) >> (1/Ty) and (Npej /New%) > 1. In

this case y comes to quasiequilibrium (i.e., [+14 = 0) in times t such that

dt
Newi ( d)—l << <<( d>-1 99
Tg» —-é- \''4 t w » Tn (92)
Njp@n

Thus, equation (90) may be solved for 7y, which is then substituted into equation (89a). The
latter can be rewritten as

ag_ .1 ;5.
o (A ©)
n
where
d

1.1, W (94)
™™ Tp N wz
n 1+ L2 wdry

Ne“’L

If (anrzl/NewIZ_') Wde << 1, equation (94) becomes

N

d
T + W . (95)
Tn

=

On the other hand, if (anﬁ /Newi> wdT >> 1, the result is

(96)
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Combining equations (88a) and (94) yields

d .
AL, L W (97)
™ g% gL N, w2
n n n 1+ nn Wde
Newlz_‘

The last term on the right side of equations (94) to (97) is a result of the coupling of the
nuclear spins with the electron dipole-dipole reservoir. (See refs. 52 and 53.)

It should be noted that Ty is often taken to be % Te (refs. 16 to 20). Experimen-
tal results given in reference 54 have shown that, for the system studied, the measured
EDDR spin-lattice relaxation time T(rin was of the order of Tllln and about two orders
of magnitude longer than Tg. Often it is found that Tén = Tq4; however, for the limit
(Nn“’ﬁ /New?J)Wd >> (1/Tq4), equations (89a) and (90) show that y comes into quasi-
equilibrium with S with the shorter time constant approximately equal to
( (ang /Newlz_)wd)_l ,and that B and y relax together to the lattice with the longer

time constant Tg’ ~ T, where T[ is given in equation (96). Thus, the electron
dipole-dipole reservoir must be included in order to account properly for the nuclear
spin-lattice relaxation rate.

THEORETICAL DYNAMIC NUCLEAR POLARIZATION RESULTS

As was assumed previously, the electron Zeeman and electron dipole-dipole reser-
\{oirs are assumed to come to quasiequilibrium Eda/dt) ~0 = (dy/dt)] in times t << Tg],
so that equations (80a) and (80c¢) may be solved for « and ¥, and substituted into equa-
tion (80b), with all terms retained. This solution is valid provided that (1/Te),

(i/Td) >> (1/Ty), wO >> W%, and N,/Ne >> 1. After a tedious calculation, the dynamic
nuclear polarization enhancement E = (B/BL) can be written as

dE() _ _-1 i,
dt TDNP Ei](t) Ess] (98)

where TDNP is called the DNP pump time and the sample average, steady-state enhance-
ment ESS is

9o

where
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P=14+89(1+£4C,) + SO(1 + CAR)

wn + A
+S+[-C—0-9+ I + fg +de+]
Wn Wn

_we wn-A
+S|:ZI);+ op +fe+de_:}

A

+ [:so(sd + 8 +87) + fo(8 + s')sd] e R+ 1410y (99D)

wn wz
L
and
P' =1 + 591 + £4Cq) + SP(1 + CAR)

+ S+(1 + fe + de+)

+87(1 + fg + £4C.)

+ [so(sd + 8T +87) + fe(st + S')scﬂ [CaR + 1 + fdcn] (99¢)

Ore, St =WETy; the rela-

2
tive heat-capacity ratios Cp = wrzl/ui, Cp= Az/wlz_,, Cy = (wn + A) /wi; the DNP
leakage factors f, = NnTe/NeTn, fd = fgR; and the electron relaxation ratio R =Ty /Te-
Negligible stS* terms are omitted in equations (99b) and (99¢) and in equations (100b),
(101b), and (102b) that follow. The DNP pump time 7pyp is

Use is made of the saturation parameters sd = WdTn, SO =W

1 =

1P (100a)
onp Th @

where
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Q=1+5%1,0q) + 5°(1 + C,R)
+ 8T (fe + £4C4) + 5™ (fe + £4C-)

+ [so(sd + 8T +8) + 18T + s*)sd] £4Cn (100b)

and P' is given by equation (99c).

Alternative forms for Egg and TDNP 2Fe easily derived from these equations,
ESS can be rewritten as

"

Bgg=1+ e (101a)
where
P = (87 - s*) w—“;
+ l:so( + 8t 4 8) (8t 4 S )s‘{l - w‘;A R (101b)
WL,

and P' is given by equation (99c). When wg >> wy, wy,,as is usually the case, w in
equation (101b) can be replaced to excellent approximation by w,. Note that Egg =1
when SO 0=s"= S™, as expected. The [S - S ] term in equatmn (101b) is DNP by
the traditional solid effect (SE), discussed in references 10 to 14, 19, 20, 29, 31, and 44,
a_hd in the special Case 1 that follows. The remaining terms in equation (101b) are DNP
through EDDR processes, and are discussed in a subsequent section. The DNP pump time
TpNp CAD be rewritten as

kg

where
Q' = [Sd + 8t 4 S':]

+ [so(sd +8% 4 §7) + (5™ + s‘)s‘ﬂ EZAR + 1] (102b)
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and Q is given by equation (100b). It is easy to see that TDNP reduces to the Tlrln
expression in equation (94) when O-0=s*=5"

Equations (98) to (102) give complete expressions for DNP and are not to be found in
the previous literature. It should be noted that the nuclear spin-lattice relaxation time
T used in Sd, Si', fe, and f a’ is not necessarily the measured nuclear relaxation
time Tnm. The times T, and TII}] are the same in the rapid diffusion limit only when
the effect of the electron dipole-dipole reservoir is negligible, that is, Wd = 0.

The wave function renormalization factor <2Nne 2/New121) has been dropped from the
Wo term in equation (69). This factor would also appear in other terms if the calculation
were to be carried to higher order. This factor is now estimated for the materials yttrium
ethylsulphate (YES) and lanthanum magnesium nitrate (LMN), which are often doped with
paramagnetic impurities and used in DNP experiments. (See refs. 10 to 14, 16 to 19, 29,
30, 31, and 51 for details and the values used below.) Using equations (12), (81), and (87),
and the relation geBB = yeﬁ, where 8e is the electron g-factor and BB is the Bohr
magneton, one shows that

2Npe? 47 Np [gefB|2 (103)
N w2 E a3 [ Ho
e 'n
or
. :
__ZNnez - 2K |8e (104)
NewZ a® [Ho

where K = 6.06 x 10718 and 8.56 x 1018 ¢GS units for YES and LMN, respectively.
The smallest possible value is assumed for d, namely the distance from the electron to
the nearest nucleus [d = 0.31 nm (for YES), 0.436 nm (for LMN), for protons]. It is then
easy to calculate (ZNnez/ Newrzl) for any case of interest, and, in particular, to find that

N e

I 5 <0.18 (105)
Newp

for YES and LMN if g =2 and Hg> 2.39 x 10° A/m (3000 Oe). Finally, note that

2
2Nn€2/Newr21 = 2f, in the limit (wnTe) >> 1 and (TIZI/T,I{') <<1. (See equations (87)
and (88).)
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Now the results just given are discussed for the limit of well-resolved solid-effect
transitions (wn >> wL), in which no more than one of the three transition probabilities
Wo, wt may be nonzero for a given value of A. Three cases are considered:

(1) (wpxA)=0,(2) A4=0,and (3) (w,+ A) =0. Other limits, such as the important
case of unresolved (wn < ch) solid-effect transitions, have been discussed extensively in

the literature (refs. 16 to 23) and are mentioned only briefly herein.

Case 1! wp+A=0

For Case 1, look first at the DNP exactly at the peak of the solid-effect transitions
Wi; that is, wp+ A = 0. Then, W+ =0 = WO. It is useful to write equation (94) in the
form

1 1 |1 +89(1 +£4Ch)
T Tn| 14s%cy

(106)

For this case, equation (99) becomes

2

-d _w ] drw 7 Wl
1+S[1+den:|+S"(+w—e>+fe+feSiS (_e) BIR + 1 +£4C,
n w
L

Egg =

1o S+ £qCy| + S*[1 + 1] + fe8*s%[CoR + 1 + fdc,;I

. This equation can be rewritten by dividing the numerator and denominator by
[1 + Sd(l + denEl and by rearranging terms using equation (106), the definitions

sf =wETn - & (T,f{‘/'rn) and 0= fe(Tn /T{ln), and the relation foS* = f0SE . Then,

Eqq = L = (107)
SS
1+ shfte D
For the usual limit (we/wn) >> 1, this equation can be expressed as
- w -
- e
Sm|* o,
Egg = 1+ = = (108)
1+ an[l + fén

Similarly,
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m
. 1 _ _IE[I + an(l +nfe )j| (109)
n

or

st
1 1 m
= — 1 o m—— (110)
"DNP Ty 1+ SE i

These equations for the pure solid effect agree with references 10 to 13, 19, 29, and 31,
but in(;lude the important EDDR contributions to Trrln and thus fén that these references
did not include.

In the limit of saturating microwave power (an >> 1), the DNP enhancement Egg
becomes

m | (111)

and the ideal solid-effect enhancement E; is attained in the limit of negligible DNP leak-
age (fg’ << 1)
/

; - We
Egq = Ej = <+ w_n> (112)

In equation (112), the 1< (we /wn) is dropped. Equation (112) is true only in the high-
temperature limit, since, in general (see references 11, 13, and 19),

_ tanh (Hwe/2KT) -
Ei= T — e/ (113)
¥ %nh (hwp/2KT)

The DNP leakage factor fm reduces Egg from E;, as in equation (111). Finally, note
thatSiTDNP approaches Tml:m/ + fm)] at Sf), S5,fQ* >> 1, and reduces to Tm
at =0

This limit (w, + A = 0) of DNP by the solid effect has been discussed theoretically
(refs. 10 to 14, 19, 20, and 31) and has been observed experimentally (refs. 10 to 12, 29,
and 51), and is the case for which the results of the rate-equation approach (refs. 10 to 14)
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coincide with the results of the spin-temperature theory (refs. 15 to 23), except that the
latter provides an additional nuclear relaxation mechanism through the electron dipole-

dipole reservoir.

Case 2: A =0

For Case 2, we look at DNP near the main ESR line (A = 0), and still assume that
wp >> wy . Thus, wO#0 but W =0=W. Ifitis assumed that (we/wp) >> 1,

equations (99¢) and (101) become
sOgd (&)(ﬁﬁ)ﬁ]
W, 9 _l
W,

1+58%(1 +140,) +89(1 + CuR) + 8% (C R + 1+ £40y)

If S is negligible, Egg approaches unity. On the other hand, when Sd >> 1, the result
at strong ESR saturation (S >> 1) is found to be

w WL A

Eqq = (— 1 (115)

SS (w ) 2 2 2
+ (Te/Td) wy, + fewy

which has peak values Els)gak of

gpeak _ [, “e Wy
SS = 5 ; 72 (116a)
2 KTG/Td) wp, + fe""r;I

at

[( /Td) 4+ f w}l/z (116b)

If (Te/Td> wIZ_‘ >> fewlzl, which may not be easy to satisfy when wj, >> Wi, and if
(Te/Tq) = 2, then

EREAK -, g, D 5> E (117)
1
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This effect has been discussed previously (refs. 16 to 20) for unresolved (wy << wy,) and
partially resolved (wn ® wL) solid-effect transitions, but it appears to be relevant for the
well-resolved case (wp >> wL) when Sd >> 1. The basic idea is that the SO transitions
cool EDDR, and that the nuclei (NZR) are then cooled by the Sd transitions connecting
these two reservoirs.

A set of parametric curves obtained by using equation (114) with R = (Tq/T¢) = 1,
with a Gaussian line shape function for the electron spin resonance (ESR) transition W
and with the parameters in table I, is shown in figure 2. The effect of a nonzero value

TABLE I.- PARAMETRIC VALUES USED IN CALCULATING CURVES
IN FIGURES 2 AND 3

[The values given are typical of values found for samarium
doped into lanthanum magnesium nitrate at X-band.:l

Parameter Value
We 27+ 9100 MHz
Wy 27+ 37 MHz
2
wi - (27) -18.8 MHz2

for Sd on the enhancement ESS can easily be seen in figure 2. It has not previously
been observed experimentally or predicted theoretically for the limit of well-resolved
solid-effect transitions. It should be pointed out that strong coupling between the nuclear
Zeeman reservoir and the electron dipole-dipole reservoir, indicated by the size of the
term Sd, can be very effective in polarizing the nuclei. For example, the curve indicated
by (Sd, 88, f d) = (10, 1, 0) has a peak enhancement larger than the ideal enhancement,
which in this case is 246, and for values of (Sd, Sg, fd) = (10, 10, 0), the peak steady-state
enhancement is over 800 (more than 3 times Ej). The effect of leakage (fq = feR) is to
decrease the steady-state enhancement ESS’ but even for large leakage factors, polariza-

tion should still be observable.

Case 3: wp+xA =0

Case 3 is near the solid-effect transitions (wn N o) with §¥20,but SO =0 =57

w, >> Wy Exactly at the S* peaks, Case 1 ((w, + A) = 0), EDDR contributes indirectly to
the DNP only through nuclear relaxation processes, that is, through Trrln and f;n. However,
slightly off the s* peaks (wp + A = 0), EDDR may contribute explicitly to the DNP. Using
equations (99c) and (101), yields for this case (taking w = wg)

47



+ 100

5 a
ko9 888888888888 ¢888%RE
= D A
- b o & o
R . ° . 2 0
- N
C ) o o
- 5 S n
-200— € p b n B A
E AN
- JAN <o
= [N
3005— B A
- [\
- N
d .0
= o NN N N A O (89, 80, 1y)
Egs - 400 a - A (10, 1,1) ©
= N a (10,10,1) O
= o (10,10,0) O
= (1,10,0) A
- 500 (10, 1,0) &
- o (1, 1,0) D
- o (10,10,9) O
- 600 —
= o o
- 00— o
- o
- O
- <o o
- 800 o
9100 9102 9104 9106 9108 9110
v, MHz

Figure 2.- Parametric curves of the steady-state enhancement ESS from equa-
tion (114), as a function of the applied microwave frequency v = (w/27), near
the main ESR transition WO.: The solid-effect transition W™, centered at
9137 MHz, is well separated from Wo. The Egg curves are labelled by
(Sd, SO, fd)' R = (Td/Te) = 1. WO is assumed to be a Gaussian:

So(v) = Sg exp [—(v—9100)2/12.5], where 88 is a constant.
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w . w A
(T L) 1768 2 R
wn w2

L

14841+ £4Cyp) + s*[1 +1g + 14C, + 18T (CAR + 1 + fdcn]

Egg=1+ (118)

If fesd << 1, EDDR and DNP effects are negligible, as equation (118) reduces to equa-

tion (108) for all A values near (¥ wp). However, if fesd % 1, equation (118) predicts
asymmetries in Egg as a function of A, as well as slightly higher Egg values than
those in equation (108). In this case EDDR is cooled by the solid-effect transitions S*,
and this cooling is conveyed to the nuclei by the Sd transitions. This proposed new DNP
effect involving the terms (feSi)Sd is a higher order analog of the Case 2 (SO)Sd mech-
anism discussed previously for the limit w, >> Wy, In the general case of unresolved
satellite transitions (“’n g wL), both mechanisms operate simultaneously, as is easily seen
from the [SO(Sd +8T +87) + fe(S+ + S-)Sd] terms in equations (99) and (101); however,
the well-known SO(Sd + St +S7) mechanism would then ordinarily predominate. The
two mechanisms are in principle separable for well-resolved satellites, which should be
useful for experimental tests of them.

It is interesting to note that equation (118) reduces to equation (115) with A = Fw
when £,89>>1 and & >> [1 + 891 + fdcn)], and that this equals the solid effect enhance-

I
& welon) we/gn) from equation (111) exactly at A = F w,.

ment ESS= .
e

Figure 3 presents parametric curves of the steady-state enhancement Egg given
in equation (118) for various nonzero values of Sd and two values of fo = fq (for the

ratio R = 1). The electron spin resonance line shape is assumed Gaussian, and relevant
parameters are given in table I. The curves for sd = 0 are also shown in figures 3(a)
and 3(b) for comparison purposes. It can be seen from both figures that even small values
of SC1 will distort and broaden the enhancement curve when S('.) = 10. The distortion at
lower levels of saturation is not as evident but there is a noticeable broadening effect
especially when f; = 10. Comparing figures 3(a) and 3(b), it is evident that the effect of
the leakage term is to broaden the enhancement curve for fixed S(_).

CONCLUSIONS

A detailed derivation of the equations governing dynamic nuclear polarization (DNP)
and nuclear spin-lattice relaxation using the spin temperature theory has been carried to
second order in a perturbation expansion of the density matrix. This theory is valid for
ionic crystals weakly doped with paramagnetic impurities assuming (1) a completely
homogeneously broadened electron spin resonance line, (2) an isotropic electron
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v = (w/27), near the solid-effect transition W'. The main ESR line WO,
centered at 9100 MHz, is well separated from W'. The Egg curves
are labelled by (Sd,Sé). R = (Td/Te) = 1. W~ is assumed to be a
Gaussian: S™(v) = S exp[—(v - 9137)2/12.5] where S is a constant.
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(b) fe = fd = 10.
Figure 3.- Concluded.

g-factor, (3) rapid nuclear spin diffusion, (4) the high temperature limit, and (5) no phonon
bottleneck. Complete expressions for the DNP steady state enhancement ESS’ the DNP
pump time, and the measured nuclear spin-lattice relaxation time, which include effects of
the electron dipole-dipole reservoir (EDDR) on the nuclei, have been derived.

Several cases for the limit of well-resolved solid effect transitions have been
examined. The conventional results for DNP by the solid effect exactly at the solid effect
transition peaks have been obtained, but with EDDR effects on the nuclear relaxation and
DNP leakage factor included. It is suggested that direct EDDR contributions to DNP
excited by saturation of the main ESR line, previously studied for unresolved and
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partially-resolved solid effect transitions, may be extended to the well resolved case,
leading to Egg values greater than the conventional solid effect. A new DNP effect is
proposed: saturation of the solid effect transitions may cool EDDR in favorable cases
and lead to asymmetries in the shape of the DNP enhancement curve as well as to slightly
higher peak polarizations than those at the solid-effect transition peaks. Parametric
curves of these EDDR effects on DNP are given for typical parameter values.

Langley Research Center,

National Aeronautics and Space Administration,
Hampton, Va., May 21, 1974.
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APPENDIX A

DIPOLE-DIPOLE HAMILTONIAN OPERATORS

It is customary to write the magnetic dipole-dipole interaction Hamiltonian for a
single spin species as follows:

2.2 -3 '
g = Yelt Z ryg {Akl+Bkl+Ckl+Dkl+Ekl+Fkl} (A1)
Kl=1
where
_ ) 2
Ag = S,8, (1 3 cos 9kl> (A2)
1 _ 2 + o= |
By =- % (1 3 cos ekl) (sks + sksl) (A3)
3 . -ig
Cg = - 5 sin § cos fe kl(s s/ + szlsl‘{“) . : (A4)
_ 3. 191
D = - 5 sin le cos 6 e (S ksl + Szl Sk) (A5)
3 .2 -2i¢p
EkZ = - m sin Bkle ki S;S;' (A6)
.9 +2i@ - -
Fyg = - % sin® g e K S8 (A7)

where le and Py 2re the polar coordinates of the vector Fkl , the z-axis is parallel
to ﬁo, and

Sp = Spx £ iSyy (A8)

The Hamiltonians C‘BIS and QJJH can be similarly written.

53



APPENDIX B
EVALUATION OF TRIPLE TIME INTEGRALS

The triple integrals in equations (62) and (75) are carried out by integration by parts.
The first term on the right-hand side of equation (62) is integrated to illustrate the method.
The remaining integrals in equations (62) and (75) are treated in the same manner and léad
to equations (64) and (76), respectively.

Define J(wp) as

T

t t! iwp (t"-t'
s = { ar [ are a0 0 g s ) 5,0 (B1)
o Jo 0

and integrate this expression by parts

J( ) 1 gt dt' iwn(t”-t') S‘t" dtnl S (tH!) S (t) t”=t'
“n = Ton o © 0 x X o
t' iw t"-t' .
e T s e s (B2)
which reduces to
J(wp) = = S\tdt' gt' dt'' S, (t'") S, (t)
“n) = Tan Jo T Jy o
t t' iwn(t"'-t'
_71_5‘ dt'S‘ at'' e n( )Sx(t") Sx(t) (B3)
lwn 0 0 :

Integrate the second term on the right in the same manner,

(t'-t)

T(wp) = —— tdt' gt' dat'r S, (t") S.(t) - -l—gtdt' ei“’“ S, (t") S, (t)
n iw 0 0 X X 2 0 X X
n wn

1 t
1] 1 S
w2y ) s sy (B4)
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APPENDIX B — Concluded

The first term on the right of equation (62) is

Nn/Ne '
F = -sz(a- ) Tr Z |e~‘2 'L (J(w,) + J-w,)
- 1e"7 Y% n n
j=1
2 Nn/Ne
28w) 2 4+~ (b~
= - (@-y) Tr Z 'e| 'L, SI dt' Sx(t'-t)Sx cos A(t'-t)
02 I Jg
n ]:1
sz Nn/Ne
+-——1-(a-y) Tr Z le-|2 L'ic
2 i
Wn ]:1
t
x §O t" Be(t'-t) Sy [oos (wp + A)E-) + cos (wy - A)(E'-t] (B5)

If equations (63) and (65) through (68) are used, equation (B5) reduces immediately to
equation (64).
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APPENDIX C

TRACE CALCULATIONS

This appendix illustrates some of the trace calculations used in the shell-of-influence
approximation. The numerical values cited are for nuclei and paramagnetic ions (called

electrons herein) of sp'm-%, that is, for Ij = % and S = %, respectively., Since there ai'e
two spin spaces involved, the trace must be taken over the product space. For example,
Trl=Trg:Trpl=Trgl: Tr;1 (c1)

where TrS(TrI) signify the traces in the subspace of the electron S (or nuclei I), and
where

Trgl =28+ 1 (C2)

and

N
Trl= (2-1+1) n/Ne (C3)

Here the number of nuclei in the subspace of 1 is 'Nn/Ne, that is, the number in each
shell-of-influence. There is one electron in each shell-of-influence. Other trace iden-
tities used are

TrgS2 = (1/3) S(S + 1)(28 + 1) (C4)

Tr 12 2 - (1/3)(N (M fNe) 1L + D@ + 1)N“/N e (C5)
and

TrII (1/3)1 + 1)(21 + 1)N“/Ne (C6)

These identities are used to evaluate equations involving traces over the product space of
the S- and the I-spins, for example, in evaluating the quantity Tr I I F(S)/Tr 82 , where
F(S) is some function of the S-spins only. This evaluation is carrled out as follows
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APPENDIX C - Concluded

4= : 4=
Tr Ij Ij F(S) _ TrIIj Ij TrsF(S)

Tr S2 Tril  prgs?

1 TrSF(S)

2 Trssg

1 TrSF(S) TrII
2 1

2

Tr F(S)

=l
2 2
Tr Sz

(C7)
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