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ABSTRACT

The objective of this investigation is to study the conditions
of self-sustained oscillations in a two-axis model of the nonlinear
LST system.

The describing function of the CMG frictional nonlinearity of
the LST system is used for the analysis, and both the continuous-data
and the discrete-data models of the simplified LST control system are
used.

When two nonlinear systems are coupled together, the conventional
graphical method using describing function can no longer by used for
the prediction of 1imit cycles. A numerical-iterative method is
described and used for the analysis of the two-axis system. Approxi-
mation methods as well as the direct plotting of the stability equation
are also used in the study.

It is shown that although the dynamics of the two axes are
identical, the amplitudes of self-sustained oscillations in the two
axes may in principle be different. Analysis shows that for the LST
system, most of the LST systems are of equal amplitudes but with 180-
degree phase shift,

The techniques described in this report can be extended to non-

Tinear systems with more than two axes without too much difficulty.



1. Prediction by Numerical Methods of Self-Sustained Qscillations in
@ Two-Axis Model of the Nonlinear Continuous-Data LST System

1-3. Introduction

[t has been demonstrated in [1] that the methods of continuous
and discrete describing function analysis can be applied to predict
‘the existence of self-sustained oscillations in the single-axis model
of the LST system with nonlinear CMG friction characteristics.
Furthermore, it has been shown in [2] that the stability equations
as a result of the describing function analysis may be solved by a
numerical-iterative technique instead of the usual graphical methods.
With an appropriate guess of the initial condition, the numerical
method is found to be quite effective in leading to a convergent solution
rapidly.

| In the two-axis model of the LST system, the system contains
two nonlinearities, and the general form of the stability equation in

the continuous-data case 1is
T+ Gy(JulN(A) * Gc(jw)Ng(A) = 0 (1-1)

where aB(jw) and gc(jm) denote transfer functions which depend on the
linear elements of the coupled systems, and N{A) represents the describing
function of the CMG nonlinearity. In general, aB(jw) and ac(jm] are
functions of frequency w, and N{A} is a function of the amplitude A of

the assumed sinusoidal input to the nonlinearity.

The usual graphical method cannot be used to solve for the values



of w and A for self-sustained oscillations in Eg. (1-1), due to the

NZ(A) term in the equation. However, if the system parameters are

such that the Tinear term aB(jm)N(A) dominates over the quadratic

term, or vice versa, ﬁhen by neglecting the smaller quantity in Eg. (1-1),
an approximate solution may still be obtained graphically. '

A direct but more time consuming approach of solving Eq. (1-1) would
be to calculate the terms in Eg. (1-1) for a wide range of values of w
'and A until all combinations which satisfy the equation are found.

Still a third alternative of solving Eg. {1-1) is to use the
numerical-iterative method reported in [2]. If an appropriate initial
guess can be made, the numerical-iterative method should lead to the
exact solutions in an efficient manner.

A1l three of the above-mentioned methods have been applied to the
two-axis Continuous-data LST system. It is found that the graphical
method with approximation and the direct method can provide useful
information to the final solutions, and the numerical-iterative method
is effective in arriving at the exact solution on a digital computer.

The results of these studies are reported in the ensueiné sections.

1-2. The Continuous-Data Two-Axis LST System Model and Its Stability
Equation

Figure 1-1 Shows the signal flow graph representation of the
continuous-data single-axis LST system. The nonlinear friction of the
CMG is modeled by the branch with the gain N. If two such models are
coupled together at the output stage through dutput torsional coupling,
the two-axis model of ng. 1-2 results. This representation of a

continuous-data two axis LST system may not be a rigorous one from the
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Figure 1-1. The simplified single-axis continuous-data
LST system model.
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structural standpoint. However, the purpose of the present study is to
develop analytical technigues which are applicable to multi-coupled
nonlinear systems. It is conjectured that for a two-axis nonlinear
system, the describing function analysis will generally lead to a
stability equation of the form of Eq. (1-1). Therefore, for these
above-mentioned reasons, the model shown in Fig. 1-2 is considered to
be adequate. The technigues developed in this report can be applied
to the prediction of self-sustained oscillations in any continuous-
data two-axis nonlinear system that is amenable to the describing
function method.

With reference to Fig. 1-2, it can be seen that there are seven

individual loops, with the following loop gains:

NG .
- 3 '
Ay =- 5 __ (1-2)
NG
_ 3
py = - 2 | (1-3)
By = - 6,6, ' (1-4)
B, = - 6,6, | (1-5)
C] = - G]GZGBG4H (1-6)
CZ = - G]GEG3G4H (1-7)
2.2
D= KZG4 (1-8)

where G], GZ’ G3, and 64 are transfer functions as defined in Fig., 1-2.

A1l system parameters and variables, including the nonlinear describing



function N, are consistent with those defined in the single-axis LST

model reported previously [1,2]. The describing function N{A) is a
function of the amplitude of the input sinusoid of the CMG noniinearities.
In the present case, since the two axes are identical, and the couplings
are symmetric, it is assumed that the amplitudes of the input signals

at the two nonlinearities are identical.

The characteristic equation of the coupled system in Fig. 1-2 is

A =0 | (1-9)
where

+ B, +C

=
H]

1 - (A, + A, +8B

1t A B * G+ D)

2 1

+ AD + B,A, + B,B, + B,C, + B,D

(AR, AB, F ALC, + Ay 1Ay + BiBy + BiCy + By

+ C,C, + A,D + B,D)

T Ay ¥ 0By + G0y A 2

- (AAD + A 82D + B,AD + B BZD) (1-10)

172 ] 12 1

The Tast equation is simplified if we define

1 2
B = BI = 82 {(1-11)
C = C] = C2

Then, Eq. {1-10) becomes

A=1-2(A+B+¢) -0+ (A% + 8% +c%+ 288 + 2AC + 2BC

+ 2AD + 2BD) - (A + B)%D - (1-12)

or



b=1-2A+B+C)-D+ (A+B+0)% - (A+8)%D (1-13)
Substituting Egs. (1-2) through {1-8) in Eq. {1-13) yields
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The characteristic equation in Eq. (1-9) can be written as

_ 2 _
=1+ Gy + GgN + GCN =0 (1-15)
where
) 22 292 2
Gy = 26,6, + ZGIGZGBG4H - K56, + 6,65 + (G1628364H)
2.2 2.2 2.2.2.2 ‘
+ ZG]GZG3G4H - 2626364K2 - 6563G,K; (1-16)
' 2 2 2,2
. 26, . 26,65 . 26,6,G36,4H ) 2G3G4K2
B S S s [
2GZG§G§K§
- . (1-17)



(1-18)

For stability analysis, the characteristic equation of Eq. (1-15)

is written as

Py ~ 2 _ _
1 +GBN+GCN =0 (1-19)
‘where
g = 7% G (1-20)
G .
A 1-2
6 =77 6 | (1-21)

Equation (1-19) is a function of the system frequency w and the
input amplitude A. Since this equation is defined in the complex
plane, it represents a set of two nonlinear equations with two unknowns.
When these nonlinear equations have a solution for w and A, it represents
a condition of self-sustained oscillations for the system. The osciliations
may be stable or unstable; therefore, the sclutions must always be
checked for stability.

1-3. Prediction of Self-Sustained Oscillations By The Approximation
Method

It was mentioned in Sec. 1-1 that the graphical method of predicting
self-sustained oscillations can still be applied to the two-axis LST

system if one of the last two terms in Eq. (1-1) can be neglected. 1In



other words, the following two conditions may exist:
BN . -~ . 2
1. |GB(Jm)N(A)| >> ]GC(Jw)N (A)]

Then Eq. {1-1) may be approximated by
1+ Gg(ju)n(a) = 0 (1-22)

and the condition of self-sustained oscillations is found from

the following equation:

Gg(39) = = AT (1-23)

~

2. |6y (JuIN(A)] << 16, (JuIN(A) |

B

Then Eq. (1-1) is approximated by

1+ Gc(jm)Nz(A) - 0 (1-24)

6 (30) = - I (1-25)
Therefore, the graphical solutions involve the plotting of the
curves for aB(jm) and - 1/N{A}, or ac(jm) and -I/NZ(A), as the case
may be.
Figure 1-3 illustrates the plots of |Gg(Ju)N(A)| and |G.(ju)N?(A)]
versus w for various values of A, and |N(A)} versus A. The following

parameters are used for the LST system:

JV =107, JG = 2.1, Kp = 216 , KI = 9700
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1]

H = 600 , KO = 5758.35 , K1 = 1371.02 , Ky = 100 , K3

v = 1.38 x 107

The lastrtwc parameters, K2 and K3 are the coefficients of coupling
between the two axes.

The curves in Fig. 1-3 give information on the ranges of w and
A in which the approximation of Eg. (1-22) or Eq. (1-24) is valid.
Figure 1-4 illustrates the regions in the w versus A plane in which the
two approximations are valid. The cross-hatched area represents the
region in which no approximation can be made, and the graphical method
cannot be used. The criterion of >20 db and <-20 db is used for
magnitude comparison for significance.

The results of Fig. 1-4 show that the graphical approximation
method is valid for the following ranges of w and A:

2

1. Use 1 +‘GCN =0

-7

A <10 w < 40 rad/sec

and 60 < w < 80 rad/sec
2. Use 1+ GyN =0

A >6 x 107° w > 600 rad/sec.

For the region of validity of case 1 above, Fig. 1-5 shows the
plots of EC and -J/NZ. The heavy portions of the curves indicate the
parts which are valid for stability analysis. Simi]ar]y; Fig. 1-6
shows the case when the equation 1 + aBN = (0 may be used for approxi-
mation. Again, the intersection between the heavy portions of the EB

and the -1/N curves would indicate the possibility of self-sustained

oscillation in the two-axis LST system. Since there are no intersections.

11
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between the valid curves in Figs. 1-5 and 1-6, the system under study

is stable for the parameter values used. This result will be sub-
stantiated by the two other methods which are discussed in the following
sections.

1-4, A Direct Method of Predicting Self-Sustained Oscillations in
The Two-Axis LST System

A direct but time-consuming method of predicting self-sustained
oscillations in the two-axis continuous-data LST system is to calculate
all the terms in the following stability equation for a wide range of

values of w and A:

~

1 + GB(jw)N(A) + Ec(jw)Nz(A) = O : {1-26)

Although the direct method would be quite tedious, and it is
.possib1e that with a given selected increment of variation for the
values of w and A, the sclution runs may still miss the exact solutions,
the results in general will give insight to the appropriate guess on
the initial values for the numerical-iteration method. Therefore, it
is enlightening to investigate this direct approach at this point.

Figures 1-7 through 1-9 show the plots of GglduIN(A) + G, (jw)N°(A)

7, and all the system parameters as given previbusly,

for y = 1.38 x 10
and for three different sets of values for the coupling coefficients

K, and K;. Note that for the three cases illustrated, all the trajectories
for various combinations of A and w do not intersect the critical point
which is at 0 db and -180 degrees. Thus the system is stable. Howéver,

the resulis show that as the value of K2 is decreased, the trajectories



DECIBELS

[ l I
Y = 1.38%107
-!5{}_—_
W=40
50 -
160 60
70 "
80 ép
’ \‘J
170 ®
100 ‘,f
-180—

3]
~190 — |
- -1/NE

200 v/ 0%
~200—
] 5%167
e
A0
ol 1300 | | | | | | |
=360 -320 -280 -240 -200 -160 -120 -80 -40

DEGREES

Figure 1-5.

¥l



| | I
Y =i38x:i07 '
‘60 prmnnm i) A: IO_4 —
! -
70 t— 5%10°
A
\y
A\
UI1-80 _
1 19°
= 10
m
iy "
N 5% 10
S-90 -
-IN
10 p—
420 | | [ | 900] | | I I l
-360" ~320 -280 -240 ~200 -60 _ -i20 -80 -40 0 40
DEGREES ‘

Gl

Figure 1-6.



DECIBELS

—.

[ ]
CRITICAL CRITIC
POINT POINT
| I | I | l
-180 -120 -60 ~260 -300 -240 -180

DEGREES

Figure 1-7.



DECIBELS

z l T T 1

‘r”,%;;ad/sec

48 |-

24 —

e
CRITICAL
POINT

a0
A=5X1G°

l | | |
-24
240 -130 -120 -60 -350 - 200 -240 -180

DEGREES

Figure 1-8.



DECIBELS

56

—

I j [ B 18
w }’=L38><K)
ra— Wrad 4 -

20 20 ec K?_' Q.

K5: 3 —
7
\AC
\r 7
I(‘)\

X X5 -

{

30
50
16— . _
50 B
a0
B 6
g8 A-5Xﬁ B
90 O-?
A=105 :

Qb ® —
CRITICAL CRITICAL
POINT POINT

-8 - —d

-6 ~— —_
-24 I l | | | oY oz |
-180 -120 g0 -360 =300 240 -i8O =120
DEGREES

Figure 1-9.



19

get closer to the critical point. Figure 1-10 shows the trajectories
when K2 = 0.1 and K3 = 0.1. It is noticed that several trajectories

are very close to the critical point. Figure 1-11 shows a magnified
version of Fig. 1-10 around the critical point. The figure shows that
the trajectories for A = § x 10'6, 10-6, 5 X_10'6, are all very close to
the eritical point. This gives indications that there may be more than
one solution, It will be shown in the next section by the numerical-
iterative method that there are indeed two solutions for the stability

equation. One is at A = 5.9867 x 10~/

6

and w = 1.88 rad/sec, and the
other is at A = 5.07397 x 10" and « = 4.1086 rad/sec. These solutions

must still be checked for stable or unstable equilibrium solutions.

1-5. Exact Solution of the Stability Equation by Numerical-Iterative
Techniques

In this section the stability equation developed in Sec. 1-2 is
solved numerically for its exact solutions. The numerical method
utilized has been described in [2] and is found to be quite effective
for the two-axis LST system.

The stability equation, Eq. (1-19), can be written as

1+ GylduIN(a) + 6o (IN’(A) = 0 (1-27)
Define

Gy (Ju) = 6oy + 36, | (1-28)

6. (Jw) = 6y, + d6, (1-29)

N(A) = Npj + 3Np (1-30)
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2. .
N(A) = Nop + 3N,

where GR]’ 611, GRZ’ GIZ’ NR1’ NI]’ NRZ’ and N12 are all real
quantities.
If Eqs. (1-28) through (1-31) are substituted into Eq. {1-27),

it becomes
1+ (Gpy + 3Gp) (Npy +iNpy) + (6pp + JGpp) (N + INpp) = 0
When the real and imaginary parts are separated, Eq. (1-32) yields

A=AR+JAI=0

with

bp = 1+ G Nyy = GpqNo + G N G,,N 0

R1RI 1111 R2"R2 T U212 T

and

Gh N, + G

RINTY G

Ay = G 0

p = Gpalgy * 12VR2 * GrolNip =

Further simplification is possible in Eqs. (1-34) and (1-35)
if we recognize that Npp * jNIZ = (NRl + jN“)2 but is not necessary
since the solution of Egs. (1-34) and (1-35) will be performed on a
digital computer.

Equations (1-33) and (1-34) represent two equations in the two

variables w and A. As before [2], let us define

22
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F= (1-37)

Then, Eqs. (1-34) and (1-35) can be written as
E(x) =0 (1-38)

The Newton-type quadratically convergent numerical method
described in [2] can now be directly applied to this two-variable
system,

To initiate the iterations, an initial solution is needed. The
results of the direct calculation method, presented in the previous
section provide an adequate initial solution. As in that section, the
parameters which need to be varied are K2 and K3. Once a solution for
a given value of K2 and K3 is known, K2 and/or K3 could be changed
slightly and the new solution is obtained by using the old solution
as the initial quess for the new system,

With K2 and K3 set to very small values, the system is decoupled,
and the solution of the single-axis LST system could be used as an
initial guess for that of the two-axis LST system.

If K, = 0.1 and K3 = 0.1, the resuilts from the direct calculation
method shown in Figs. 1-10 and 1-11 indicate that two possible solutions

exist. The approximate amplitudes and freguencies of the solutions are

Solution No. 1 w = 5 rad/sec
A=5x10° rad

Solution No. 2 w = 2 rad/sec
A=1x10"° rad



With these approximate solutions as initial conditions, the results
of the numerical iteration procedure are obtained and tabulated in the
first set of iterations in Fig. 1-12 and Fig. 1-13. These iterations

indicate that the actual solutions are

Solution No. 1 w = 4.1086 rad/sec

A =5.0739 x 107° rad
Solution No. 2 w = 1.88 rad/sec

A =5.99 x 107 rad

Figures 1-12 and 1-13 also show the change in the solutions when

K2 and K3 are reduced to K2

As mentioned previously, the initial guess for a new set of values of

2 and K3.

With K3 fixed at 0.001, if K2 is increased (Figs. 1-14 and 1-15),

K2 and K3 is the sclution with the previous values of K

the solutions will change, untit KZ = 8 for solution no. 1 and K2 =7
for solution no. 2, beyond which no solution is obtained. It is
interesting to note that the two solutions move closer together with
increasing K2 and almost merge into each other before disappearing
altogether. The result is analogous to lowering the G{jw) curve or
raising the -1/N curve in the single-axis case.

It can be concluded that for K3 = 0.001, K2 should be less than
8 for a sustained osci1iation to occur. In fact, with K2 = 8 (solution
1) and Kp =7 (solution 2) the roots of the stability equations do not
appear to have converged adequately, and well defined roots occur only
for lower values of K2. A maximum of 20 iterations are attempted before
the numerical process is terminated. |

If Ky is kept fixed at 0.2 and K, is varied, the iterations in

= K3 = 0.01 and Kz = K3 = 0.001, respectively.

24



25

Figs. 1-16 and 1-17 show that K2 can be increased only up to K2 =3
for solutions to be obtained.

On the other hand, K2 can be kept fixed and K vafied; these results

3
are shown in Figs. 1-18 through 1-25. In Figs. 1-18 and 1-19 Kz is

fixed at 0.001, and the maximum value of K3 for a solution to the stability
equation is approximately K3 = 0.4 for solution no. 1 and K2 = 0.3 for
salution no. 2. With K2 = 0.1, 1.0 and 5.0, the maximum values of K3 are
0.4 (solution 1 and 2), 0.3 (solution 1 and 2) and <0.1 (solution 1 and 2),
respectively. These results are shown in Figs. 1-20 through 1-25.

Table 1-1 summarizes all the results. In the table, the solutions
for K2 = K3 = (¢ are the solutions with the single-axis LST system. It is
seen that when K2 and K3 are very small, the solutions of the two-axis
system approach those of the single-axis system.

The data in Table 1-1 can be used to plot the region in the K2 - K3
plane in which sustained oscillation can exist. Figure 1-26 shows this

region. For values of K, and K; outside the crosshatched area, no
sustained oscillations should exist.

The motion of the roots with variable K2 and K3 are plotted in
Fig. 1-27, using the data in Table 1-1. The points marked K2 =0,

K3 = 0, represent the single-axis LST system solutions. The solid closed
regions represent the regions of root movements where reliable convergence
was obtained. The dotted lines include the regions where reliable
convergence of the iterative scheme was not obtained with 20 iterations,
and, which can be considered as a boundary area between existence and non-

existence of solutions. Note that in Fig. 1-27 the two solutions are

farthest apart when K2 = K3 = 0. Figure 1-27 also shows how the two



solutions tend to merge just before the solutions disappear.
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Table 1-1
ROOT #1 ROOT #2

K, K, | FREQUENCY | AMPLITUDE | FREQUENCY | AMPLITUDE
0.1 | 0.1 4.1 5.07 x 107° 1:8 5.99 x 107/
0.01 | 0.01 4.26 5.52 x 107 1.76 4.58 x 1077
0.001 | 0.001 | 4.27 5.56 x 10°° 1.75 4.45 x 107/
0.0 | 0.0 4.27 5.57 x 107° 1.75 4.45 x 1077
0.01 | 0.001 | 4.27 5.57 x 107° 1.75 4.46 x 1077
0.1 | o0.001 | 4.28 5.55 x 1070 1.79 4.59 x 1077
1.0 | 0.001 | 4.31 5.24 x 1070 2.1] 5.79 x 1077
2.0 | 0.001 | 4.3 4.91 x 107° 2.43 7.17 x 1077
3.0 | 0.000 | 4.36 4.56 x 1070 2.73 8.69 x 107/
4.0 | 0.001 | 4.38 4.20 x 1070 3.01 1.04 x 1078
5.0 |0.001 | 4.37 3.81 x 107° 3.29 1.25 x 107°
6.0 | 0.001 4.34 3.35 x 10°° 3.58 1.53 x 107°
7.0 | 0000 | 4.9 2.6 x 107° 3.97%% | 2.06 x 107 0%
8.0 | 0.001 | 3.95% | 1.50 x 1070 - -

1.0 | 0.001 | 4.31 5.24 x 107° 2.1 5.79 x 1077
1.0 | 0.01 4.29 5.19 x 107° 2.23 5.93 x 107/
1.0 ! 0.1 4.13 4.74 x 1078 2.12 7.71 x 1077
1.0 | 0.2 3.9) 4.18 x 107° 2.39 1.03 x 107°
1.0 | 0.3 3.62 3.47 x 1070 2.62 1.43 x 1078
1.0 | 0.4 - ; 3.2% | 2.57 x 1070w
5.0 | 0.007 | 4.37 3.81 x 107°% 3.29 1.25 x 10°
5.0 | 0.01 4.3 3.72 « 1078 3.3] 1.30 x 10°
5.0 | 0.1 5.46%% | 7.13 x 1070+ | 3.75%% | 2,25 x 105
1.0 | 0.2 3.9 4.17 x 107° 2.39 1.04 x 1078
2.0 |o0.2 3.85 3.6 x 1078 2.79 1.37 x 1078
3.0 | 0.2 3.69 2.86 x 107° 3.28 1.95 x 107°
0.001 | 0.001 | 4.27 5.57 % 1070 1.75 4.45 x 1077
0.001 | 0.01 4.26 5.54 x 107 1.76 4.56 x 1077
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Table 1-1 {cont'd}

retiabie.

ROOT #1 ROOT #2
K, K, | FREQUENCY |  AMPLITUDE | FREQUENCY |  AMPLITUDE
0.001 | 0.1 4.11 5.12 x 107° 1.84 5.79 x 1077
0.001 | 0.2 3.9 4.63 x 107 1.95 7.52 x 1077
9.001 | 0.3 3.7 4.08 x 107° 2.1 9.82 x 1077
0.001 | 0.4 3.4 3.42 x 10°° - -
0.001 | 0.5 2.94%% | 2.39 x 1070 - -
0.1 | 0.1 4.1 5.08 x 107° 1.88 5.98 x 1077
0.1 0.2 3.92 4.59 x 107° 2.0 7.79 x 1077
0.1 |0.3 3.7 4.03 x 107° 2.15 1.02 x 107°
0.1 | 0.4 3.40 | 3.34 x 107° 2.38 | 1.39 x 107
0.1 | 0.5 - - 2.82%% | 2.22 x 1070
** Solution did not converge in 20 iterations and is not considered

28



LAET SYSTEM~NUMERICAL SOLUTION OF t+NeG1+MHeMen2=0,
GEMMA= 1.320000 OF TO= 1.000000-01 d= 1.,00000D 09 Jda= 2100000 007
KR= 2.,1&0000 02 EI= 2,7aiond 0X H= s.000000 02 E0= 5.75235D 03
Kl= 1.27i020 03 ko= 1.00000D0-01 K3= 1.000000-01 ’
ITERRTION FREGUENCY AMPLITULE
a .9500000580000 01 n LCSO0N0OGL00ON—-0%
1 0.3722TEEITED 0L G.54330713490~05
=4 RZS2 a1 0.54%4333473D0~095
3 r 2z a1 G SZE001553236D-0%-
4 TS 01 0.5259967Y523D-05
5 = S7EDO01 0.51=231273232D0-0%
5 n.341e1: 255D 01 0,.3122000855D-05
7 Q.4135205451D0 01 0.51006190221D~05
3 0.41212132005D 01 N.S502N5RS473D-05
Ed H.41115724500 01 O.SHes1eFF20D-0%
10 0.412%2272820 01 0.2115020600D~ u=
11 0.4115435437D 01 D.S033427323920-
12 0.41044232376D 01 0507515 EFFDD—BS
13 0. 410*q= Q550D o1 LIBTS0R0333D-05
14 H.41023776%830 U1 0.,5074445%331D-G5
HD= 1 FREEFGUENCY= 4 .108600 QO0RAD-SEC AMPLITUDE= S.07337D-0¢8 HIT= 14
LET ZVYSTEM-MUMERICAL SOLUTION AF 1+NeS1+MeH+G2=0,
FHNMH" 1.320400 QY TO= 1.000000—-0C1 Jv¥= 1.,00000D 0% JG= z.14060D 00
KP= 2.1e0Q0n 02 Ki= S.760006D a2 H= &.g00000 02 K= 5.V383%D 03
Ki= 1.371020 03 Kg= 1,000000-02 k2= 1,00000D-02
ITERRTION FFEWUEHF? HHPLITUDE
n n.4102 a1 05073368
i n,415 01 0.5243 Ei"
b4 0.4205531735D a1 0.526549]
3 D. 4206235 06all Gt K 5
4 042379364720 01 0.547
b 0. 4-'44'-'I'I ghoh 0l 0.54%
= TR N.5477
v bk 01 n,o51
=) gesh 01 e
El &b o1 n.9s2
10 SRTAEZID 01 n.552
11 0,4&8553580080 01 n.5st
12 0.425524847 10 Ol 0.55t
MD= 1 FREQUEMCY= 4.25522D 00RADAZEC AMPLITUDE= S5.52114D-04 MIT= 12
LAT 2YERTEM-HUMERICAL SOLUTION OF 1+Megl+MNeNenZ2=0.
GAMMA= 1 .Z200460 O0F TO= 1.000040-01 M= 1L Go00an oS Js= Z.100000 00
KF= Z.160005% 02 FI= 3.70006D 03 H= w.000000 02 ko= S.PS235D 03
Ki= 1.371020F 03 &= 1.000000- KZ= 1.00000D-032
ITERRTION FREQUEMNCY AMPLITUDE
0 D.az8sz1ivez4Dd 01 0.55211424250-05
1 0435 0eTE424 01 N.55457 35212005
2 042565242160 01 0,527 396 36E80-05
2 0.42586136700 01 0.542 057 zh-0%
< D.d el24e964D 1] .54 51Ve300-05
5 N.428en934530 01 N.352613595%50630-05
= N.42595305440 01 0,555 7235547 D-0%
7V 0.4269042812D0 01 0.556154573%0D-05
ND= 1 FREGUEMLCY= 4.2&8902D GORADAZEC AMFLITUDE= S5.56k45D-06 NIT= ¢~

Figure

1-12.
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LET Z%:E TEm HUMERICAL Z0LUTION OF 1+M+51+MHetens=0,
DHMMA= 1, 330000 07 TG= L.a000nb-il A= 1 .00008D 05 J5= 2.100000 00
KP= =. 1¢|nnﬂ NP = 2. 700000 03 H= &.000000 08 ko= 5.75235D 03
Kil= 1.Z7102D 02 Fg= 1,000000-01 F23= 1 o0ato0d=-01
ITERRTION FFE“HEHF' AMFLITULDE
0 01 0. 1uﬂnuuunnnﬁ-u¢
1 Dl 5 L“l_‘:!"t_'_‘ Ua._Ilv—l_“:.
= 01 . .VW‘QBII?Uﬁmﬂﬁ
2 01 3.5 b:R:14D—ﬂH
3 01 IR [y SOEi -8
5 a1 JEETH 2 =0-10&
5 20110 0 1,597 350 H4D0-08
ra SSnsutz4e O 0 . SRSs 1S3l 0D—-R06
P SSOEE4ESO0 01 i .yHi- Y

MD= 1 FREEGUENCY= 1.32042D 00RAD-ZEC AMFLITUDE= S.32212D-07 HIiT= 2

LET ZVETEM-HUMERICAL ZOLUTION OF 1+MeGl+HeNeLZ=0,

GAMMA= 1 .3Z30000 OF TO= 1.000000-01 AY= 1.000000 o5 dz= 2.10000D 20
KP= 2. teanan of Fl= S.700400 02 H= &.,.000000 02 k0= 5.7528350 03
Wiz 1 ,.271020 403 kE: 1.000000-02 K3= 1.00000D-02
ITERRTION "EQUENCY AMFLITULDE
0 . H4L1‘ﬂ“n 1 0.5352115404D-06
i N1 D.52=2047 742508008
pa] [ 0.423740302220-08
= a1 0. 47200247397 nD—-ne
4 01 0. 4h4=?"4ﬂLD e
b L} i et (]
£ 01 D.4525?9“4ﬂﬂn~ﬂﬂ
7 1] 3.4 “rrrHJB ns
2 01 E I = 1
2 a1 457?t13f-mD—Hb
10 01 4521127707~ 05

MDh= 1 FREQUEMCY= 1.759630 00RAD-ZEC AMPLITULE= 4.5212%D-0V HIT= 10

LST S¥ITEM-MURERICARL SOLUTION OF 1+MeGl+HeMenz=0,

GAMMA= 1.330000 07 TO= 1.000000-01 = I.UDUDUD b JE= 20100000 Q0
EP= Z.160000 02 FI= S .7on0onh 02 H= &, 00000l o kK= S.VSS35D 03
Ei= 1.37102D 03 KE= 1.000000-03 H3= l-UUuUUD 0z
ITERARTION FFEWHEHFT
’ i 0. ni
1 0. ] 1
2 Og.17 1 : 01
= .1743716033D 01
4 0.17447252130 01
S G.174es242950 0t
3 0.17471725TED 01
7 0,174759523250 0t
et 0.1747E226560 11

MO= 1  FREEGUEMCY= 1.747380 00RAD-TEC AMFLITULE= 4.44921D-D? MIT= =3

Figure 1-13,



LET EYIZITEM-MUMERICAL SOLUTION OF 149{eG1+NeNeSZ=0,
GRMMA= | .320000 07 TDO= 1 .000000-01 M= 1 angand OS5
EP= 2.15000D 02 El=s a.70000n o3 H= &, 000000 02
ki= 1.371020 03 Fog= 1.000000~-02 3= 1..00a000-03
ITERATION FREGLERMCY HMPLITUDE
] 0.42530227e2D 01 0.SSead4422500-0%
1 D.4ee0420002D 01 . “ﬁE““411”ZD 03
c 0.4=57343326=2D 101 G.“q~4:4ﬁhbDD—H=
3 O.427V2 2827510 01 .55 gq47ER3926D-05
4 N.427&25127270 01 H.EJTIFU”C* 20~-05
S N.g4=7270a3z20n 01 0.559714274310-05
ND= 1 FREQUENCY= 4 ,27286D 00RARD-ZEC AMFLITUDE= .37
LET I¥ETEM-MUMERICAHL ZOLUTION OF 14+MH+S1+NeNe:2=0,
GAMMA= 1.Z20000 GF TO= 1.000000=-01 A= 1. 000000 05
EF= 2.1s0000 02 k1= 2.700040D0 03 H= &.000600T n?
Ki= 1.3V102D 03 K= 1.00000D—-01 k3= 1.000000-
ITERATION FREGLIEMCY AMFPLITLUDE
0 LAETVeEse a4 04D 01 N.9571e17088D-05
1 D.4d??63?363ﬁ 0 D.55a 1946569 0-05
= D.427S29112300 M 0.55505235426D-05
3 0.427546 352D 01 0.525452719340-05
MD= 1 FREGUENCY= 4 .27574D 00RAD-SEC AMPLITLULE= S.54
LET EYETEM-HUMERICAL IZOLUTION OF l+MeGl+NeMNenZ=(,
FAMMA= 1 .22000D0 0F TO= 1.000000~-01 A= 1 .000000 0%
EF=s 2.150000 02 K l= 9.7000600 03 H= w.00Goo0h 02
Ki= 1.271020 03 o= 1.00000n o0 EZ= 1.00000D-03
ITERRTION FREQUEMCY HHPLITHDE
1 0.427S7 288100 01 0.554292345740-05%
1 0.4235225%237D 01 D.595 itt_ll“D—H
c 0.42324421 02D 0l 0.92651 04035005
3 O.421€23220730 01 D.EEL-ItﬂDIID s
4 o.4312z7e%210 0 Q.ESVETINIZD-0S
5 043102535830 01 0.592574224300-0%5
= ND.420311471 0D 01 0,524 3202255D-05
¥ DL430V&SSEZ 0D 01 . 0243V 8547V S D05
2 0.42024262150 01 0.2Z2e9042450-035
= 0.4307 0504530 01 D.SEiTﬂIJﬂ4rD—Hﬁ
10 t.94z20r928420 01 O0.S236215Z23D-05
MI= 1 FREEQUENCY= 4 .30678D (ORARD-ZEC AMFLITUDE= 5.23

Figure 1-14a.
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LET I¥YITEM-MUMEEICAL SCLUTION OF 1+MeGi+NeMesT=n,
GAMMA= 1 .Z20000 OF TO= 1.CO00000-n01 I”- 1.UUUUDD os JdE= . 10006D 00
KP= 216000l o2 KlI= 3. 700040 0= H= &.000600 02 Ko= 5.752350 03
Fl= 1.371020 03 FE= 1.000000 Q0 KE— 1.000300-03
ITEFATION FREEQLIEHCY HMFLITIUUDE
9 0.34300n ﬁ.ll'il_]h[l 0t 0.5200R000G00—0%
1 0.330Sa: ool 0,5222303301D-05
c D.43ﬂ92' ;I* a1 0,522534534390-0%
ey 0.3 nt - 0.5245742722D-0%
4 ¥ ; 01 0,5243241 015005
M= 1 FREQUEMCY= 4.,.203eSD 00rRARD-ZEC AMPLITUDE= S.24135D-06 HIT= 4
LET ESWITEM-MUMERTCAL ICLUTION OF 1+Mel+HeNes2=0,
FRMMA= 1 .ZZ0a0D oF TO= 1.00000n-01 Ju= 1 o00nnd oS 3= 2.100000 00
EP= | ED0nD nE FI= a.7a000n 032 H= &.000000 Nz Ki= 5.7S5335D 02
k1= V1020 0z Eo= 2.000600 00 3= 1.000000-03
ITERRTIOM FREGDUEMCY AMFLITUDE
0 .42025451533D 01 D.5a412502e30-05
1 D,4537S3800050 01 C0LVS1ES35R1E0D-05
c 0.4Ze 00325000 01 0.50473214120-05
2 N.32432324772D 01 03437425220~ 45
4 0 4 444u=': 0l G.434131.2243D-105
bl Q. o] 01 0,439244 739520~ 105
LK 01 N 441QE47605D—05
v i1 0.4I30339475S50T0-
= nl 14308525 2230- Uf
MHh= 1 FREQUENCY= 4 .323310D . 00RAD-ZELC AMPLITUDE= 4.20413D-08 HIT= 5
L:T TEN MUMERTICAL ZOLUTICN OF 1+MNei+MeRemE=0.
BHMM 1.=2=20000 07 TO= 1.000000-01 V=t ooooaon oS Je= 2,.1a00A0 00
KEF= thHD ae Ki= 3.70000D 032 H= s5.000000 02 K= S5.7V522%D 03
kt= Fi0znh 03 FE&= 2.000C00 00 ko= 1.000000-03
ITEFHTIDH FRESLEMZY AMFLITLDE
0 0.42231 002730 01 0.4304152102D-05
1 0 44H?”4T::hﬁ 1 0.423610091250-05
£ e 1 0.4?11093?52 -5
= i
4 01
b (B
= ol
7 01
Z 01 H 4?-5

MD=

t

FREGLENCYS 4.361%30 NORAD-SEC  AMPLITUDES 4.5S397D-06  NIT= 3

Figure 1-14b.



- BET ITEM-MUMERTCAL ZOLUTION OF 1+MeSl+NeNeRZ=(
GHNNH— 1.220000 07 TO= t.000000-01 JY= 1.000000 05 dE= 2.10000D 04
FF= 2.150000 08 EI= 2.700000 03 H= &.000000 02 k= 5.752350 03
Ki= 1.371020 03 K= 4.000000 00 k2= 1.00000D-032
ITERRTION FRECLUEMCY FMPL ITUDE
0 G.4z2e19521750 01 N.45539e5f230-05
1 0.,34422440227D 01 O ASESRRE1ED-05
& 0.4405631554D o1 0.4 20342 022D-0%
2 LAI3312e2015D 0l U.942202220250-05
4 ﬂ LATIgod4zansh 01 0.45421 33364 D-05
) O.42205227320 41 f,.422243455300-05
£ J.4Z37853902200 01 0,421 15323321 0-05
Y 0.43773946740D 1 0 4Lﬂq°9333?D—05,
2 0.427e25S0705D 01 0. 4202212271005
HO= 1 FREQUENCY= 4.3Ve15D 00KERDAZEC FMPLITUDE= 4.133230-05 MIT= 3
LET STEM~-MHUMERICAL Z0LUTION OF 1+Mecl+reNenz2=1,
EHNM t.2snnan 07 TO= 1.000000-01 = 1.000000 05 Js= 2.100000 H0
K= U000 02 FI= 3.700000 03 H= &.000000 02 Ed= S.792350 03
k1 v1iosD 03 ko= S.004000D QO E2= 1.000000-03
ITERATICH FREDLIEMZY AMFLITUTE
0 g.4376142 120 G IO T~ 05
1 S 01 "ESESIERL-0S
2 01 AREE 2ATTED-05
3 D! AFZ1EE51D-05
4 D! S EE:E;D—HI
S 1 2214 1E00-05
& n1 22 ?&cfﬁﬁ—nﬂ
v 01 1. 32145 25904 0- 05
= u 4'“4H = 11 Ol 02802850 -05
e 0.427V358e7 022l 01 a.2207Pe291e1D—-0%

MD= 1 FREGUENCY= 4 ,3722Z30 0ORALD-ZED AMPLITULDE= Z.2053%5D-05 HIT= 2
LET STEM-MUMERICAL Z0LUTION OF 1+MeGl+MeMenS=0,
GRMME= 1.220000 07 TO= t.000000-01 = 1.,000000 05 Aiz= 2,100 nnp 0
KP= 2.le000p 0z kI= 2 70000n 02 H= &, 000000 02 K= S,.753350 403
Fl= 1.371020 03 Ke= e 000005 O F3= 1.000000-02
ITEERTIDCN FREQUENCY HMPL ITUDE
0 N.4273285263D 01 D.h_.fﬂ?D€94D as
1 0.344; m=zh 01 -
2 n.34z3 014D 11
i I 4IEEBDEJéZD 01 0154P4D U
G N.325454 7827 ol W TEANT ﬂD—n“
pi U.4;4_1tulqbn i 152 5D-
=) 0.42444=25644D 01 TesZveDh- 05
7 0.34:4080e?45D 01 St 2144 0-05
= G.42411473350 01 TRSHLITI-0%
3 0.4240333114D 01 SredlEs0-05
MhO= 1 FEEDIENCY= 4.340310 QORAD-SEC AMFLITHEE= 2 .34647D-08 HIT= 2

Figure 1-14c.



LET ZYITEM-HUMERICAL ZOLUTION OF 1+MeSi+reMess=0.
SAMMA= 1 .>220000 07 D: 1.000000-01 A= 1, 00000D as Jio
EP= c.1&0000 02 EI= 2,.70000n o H= w,000000 02 (Al
Ki1= 1.271080 02 Eo= F.000000 40 K= 1.000000-02
ITERATIONMN FRECLUEMZY HMPL I THDE
0 d.4z240z123210 0 2EdEgVEET S
1 .94 02450430 101 o Kl e
= D.34Z2250=214cD 01 = qr£l|ﬂ—”
-3 LAZEZTOITVSRL OOt n,2: u4 n—-ns
& 0. 4;3:1 _Lﬂ B 0l 0.z PIRNZED-0S
S 0t 0.2e iéfﬂﬁcn—uf
& 131 N.2eS554519340-05
s 0l 026341 001500-0%
3 ! 01 i EEiEdIQ?F4D—ﬂS
= 0.415;rh4u44n G1- O.26054412570-05
10 0.4191211535D 01 J.25044454500-05
HD= 1 FEEQUENHCY= 4 191370 NGRARD-SEC AMPLITUDE= & .&0432300-068
LET EZYETEM-HUMERICAL ZOLUTION OF 1+HeS1+NeMHesI=1,
GRMMA= 1. Z2S0000 O0F TO= 1 .00000D=-01 dW= 1 .000000 0% Jis
KP= Z. 160000 G2 EI= 2.700000 03 H= &.000000 02 K0
Ki= 1.371020n 0z K&= 2.000000 00 ES= 1.000000~03
ITERATION FREDLIEMTY RMFLITUDE
n O.413]1 3555280 01 b.oa0d 20085 D-05
1 0.4 u?:u-arn {1 . ;TE=4444HRD~HR'
c 0. o1 LAEERTEETE4ED- 05
] wp i1 LATTTIREEGE- 05
4 0. 41H1g11h*4D 0l 0,011 9FEs9n—05
b O.,40430521570 01 0.21227527150-05%
= IS S 572 - 71 D244 2802010~ U
7 = 1s=D 01 D.S1215422020~
= 1.349222740370 01 0.4090235151D- U
= 0.345507V423%00 04 TR SATAD- 0%
10 0.4272522117D 01 ST D~-05
11 D472 0127048D 01 ST G130~
12 D.4edZ4e 02D 0t S0E Sy h-ns
1z 0.41023351410 01 sle SE2b-0%
14 .51 10003400 01 SOVESTINID~05
5 0.41250494310 01 1z a4nn—u=
15 B.42273215410 01 56 FEID-05
v 0.4524713221D 0] D._IFE?ﬂclr4D-u=
1= N.347103 Iil-cﬁ KD D.2595%41 718 0-05
13 i i &0 nl O 13sS7 0902 02D—-05
=0 0,2951 3553330 01 0. 150005484790~ 0S
MO= 1 FEEGUEMCY= Z.3%1250 UHPHﬁf‘EL HMFLITUDE= 1.50004D-05

Figure 1-14d.
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ET ZYETEM-NUMERICAL ZOLUTION OF 1+MHexl+M+Meb2=10,
FAMMR= 1.220000 0F TO= 1.000000-01 o= L QoanaD ns Jdr= 2. 1o000n o0
EF= 2.1&000D0 62 FI= S.700000 02 H= S.00000h 02 ko= S5.7S5235D 03
Ki= 1.,371020 0= k2= 1.00000L0-02 kZ= 1. a0000h-03
ITERRTIOHN FEEQLEMTY RMPLITUUDE
B 0,1747334243D 014 0.ddd4221 0092D-05
1 X : 1 ﬂ_q4.«ﬁ:2?.ﬁn—nﬁ
2 01 f1.445251 05240-05%
2 ni D.44PbJﬂﬂ_4LD—Ub
4 1. 0.44833921720-08

MO= 1 FREQUEHCY= 751330 0ORHDSZEC AMPLITUDE= 4 .455040-07 MIT= 4

L3T ZYITEM-MUMERICAL Z0LUTION OF 1+MeGl+MeMNezo=0.

SAMMA= 1 ,3230000 07 TO= 1.000000-401 Y= 1.00006D0 035 Je= z2.100000 oc
EP= 2.18000D 02 EI= 3.,70000D0 02 H= & .0000400 02 K= 5.752250 032
k1= 1.37102D 032 ke= 1.000000-01 k2= 1.000000-03
ITERATIGH FREQUEMCY AMPL_ITUDE

0 . 17S1s=2417eD 01 0.4465041 1 05D—05

1 0.17e32341350 01 0.451310154320-05

& O0.17759 045990 01 0.4546 2R 20620-105

2 0.1734009526D 01 D 4557544421006

4 ¢ 01 0.45377447 044 D=1005

S . n1 0.45793707749D-065

MI= 1  FREGUENCY= 1.,72701D 00RAD-ZEC AMPLITUDIE= 4.5%2193D-07 MIT= 5

r‘lf

LET EWETEM-MHUMERICAL ZOLUTION OF 1+HeGl+HeMNeRZ=(

SAMPMA= 1 .320000 07 TO= 1.4000000-01 =1 0000nD 05 J3= 2.100001 00
KF= 2.1s0000 02 EI= 9.700000 03 H= s.Qooaon o2 ki= 5.75225D 032
Ki= 1.37V102Dh 03 b= 1.0Qao0n o0 KI3= 1.00000D-03
ITERATION FREECHIEMCY HMFLITUDE
0 o.lVSTOLonlzn ot N.4S5123260210-06
1 O.18658483122D 01 N0.232145111732D-0%
c ﬂ 1353233t o0D 01 0.314=2453700-06
=y co21z90252D 0r N.43285226552D-105
i f1 _nr4._:fu4n i D524 239500340~ 06
= g .0zt 01 0520 01 0.351423 u.4p-n+
= 0,21 01s7a4e9D 01 0.5544320 G»D—nr
7 .21 02zee5z1D 01 0.5V 0s8s -5
2 O.2110e230930 0t 0.o7351 = {
2 H.L1114..::T. 0t 0.57555 =)
10 L1 IE1ES259D 01 N.STEAES I-0s
11 0.81134?1313 it n.sr7rzl Ti— e
ic 0.21127eRs19D 01 G.977Ed: Li—ie
HD= 1 FEEQUEMCY= 2.11295D 0OFRRD-SEC

AMFLITUDE= 5.7737el-07 MIT= 12

Figure 1-15a.



LST SYSTEM-NUVMESRICAL SDOLUTINN OF L+#N#GL+MEN=G2=0, 36

GAaMMa= 1.3R00CN C7 TO= 1.000000-d1 Jv= 1.000000 Q5 JG= 2.100010 0O
KP= 2,160000 €2 =~ KIl= 9,.70CL3D C3 H= 6.4000000 02 KO= 5.758350 03
Kl= 1.371020 03 KZ= 1.000300 00O K3= 1.000000-03 : '
ITERATION FREQUENCY AMPLITUDE

v 0.2100000000N 01 0.580000002000-06

1 021058192580 01 0.57644082180-C4

2 U«Z21106834450 01 Q.57779394370—06

3 0.21134006370 01 0.5784885358D~-06

4 0.21134585760 01 C.57875519580-06

ND= 1 FREOUZNCY= 2.11352D OGORAD/SEC AMPLITUDE= 5. 78829D~07 NIT= 4

LST SYSTEM-NUMEP [CAL SOLUTION OF L1+#N*Gl+N%xN*G2=0.

GAMMA= 1,380000 07 TD= 1.00000D-01 Jv= 1.00000D 05 JG= 2.10000D 00
KP= 2.16G0J0 C2 KI= 9,7C000n 343 H= 6.000C00 02 KO= 5.758350 03
Kl= 1.371029 03 K2= 2.,00000D (O K3= 1,000000-03
ITERATION FREQUENLY T AMPLI TUDE
) 0.2113522368D0 01 0.57882942720-06
1 0.21687837660 01 0.47457342560-06
2 0.22862730950 01 0.5%415093110-06
3 0.2351691717D 01 C.6233706268D-06
4 0.2392340682C 01 N H6TTLS2962D-06
5 0.24145437130 0l C.6919494671D-006
& 024255743730 01 G.7C37403B48D-06
7 N.24303515400 01 0.7C837856150-04
) 0.24318808540 J1 C.7120244100D-06
9 024228393040 01 C.71389946007D-06
10 Ne24334826530 N} C.7151060290D-06
11 0.2433935486D Q) C.71593866780-06
12 0.24342705380 01 C.71653880260-06

ND= 1 FREQUENCY= 2.434530 00RAD/SEC AMPLITUDE= 7. 16991D-07 NIT= 12 .

LST SYSTEM=-MUMER ICAL SOLUTICN CF 1+N*GL+N=N+(GZ2=0.

GAMML= 1.38CLUD 07 TI= 1.0000uD-01 JV= 1.00000D 0S5 JG= 2.10000D0 00
KP= 2.160000 02 Kl= 9.70C000 G3 H= 6.00000D 02 KO= 5.758350 03
Kl= 1.371020 03 K2= 3.00000C 00 K3= 1.00000D0-0u3
ITFFATICN FREIQUEINCY AMPLITUDE

0 0.2424527302D 01 C.7169908B360D-06

1 0.25307037250 Ot 0.67539179420-06

2 0.26150496680 01 C.74T3016901C-06

3 0.2671818957D 01 C.8C57580249N-06

4 0.2703849298D 01 0.8395671944D-06

5 0.27198158200 N1 C.EB557534471D-06

) 0.2726656058D0 01 Ced6176561730-06

7 0.27281734610 01 0.8E390060490-06

8 N.27289191170 0L C.BE589763960-06

9 0.27236032510 01 0.86694999620-06

10 0.27300454510 01 C.86793407340-06

11 0.27304214824D 01 C.HE85866208D-C6

ND= 1 FREDUENCY= 2.730710 QQPAN/SEC AMPLITUDE= B.69150D-07 NIT= 11

Figure 1-15b.
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LST SYSTEM-MUMER ICAL SOLUTTIIN OF 1+Nx*GL+MNAN*(GZ2=0.

GAMMA= 1,38CC0D C7 To= L.20000D-01 JV= 1.000006D 05 JG= 2.10rc0Cn €O
KP= 24160000 02 Kl= G.70000D O3 H= 6.000000 02 KO= 5.75835D 03
Ki= 1.371G20 03 K2= 4.002000 00 K3= 1.00000D-03
_ ITERATION FREOUENCY AMPLI TUDE

0 0.27307112410 01 0.8691498890D-046

H 0.29327612120 01 £.8690562992D-06

2 0.29140723690 01 C.940441744T70-06

3 0429652475090 U1 £.9531230333D-06

4 0,26627395950 Gl 0.10217814520~05

5 0.30063065160 01 0.10348693956D0-05

& 0.30111433820 01 0.10380019380-05

7 0.301160G53060 01 0.10402854610-05

8 0.30122946140 01 0.10409166020-05

9 Q430126665600 01 0.10419866652-05

10 0430130411490 01 0.1C4258%6020-05

ND= 1 FREQUENMCY= 3.013330 OORAD/SEC AMPLITUDE= 1.04321D-06 NiT= 10

LST SYSTEM-NUMERICAL SOLUTION OF L4+N%GL+N¥N*G2=0.

GAMMA= 1.,38Cr0D C7 TO= 1.00300D-01 JV= 1.0000G0D 05 JG6= 2.100000 00
KP= 2,146J00D 02 1= 9,700000 03 H= 6.00000D 02 KG= 5.75835D 03
Ki= 1.,37102D 03 K2= 5.000C0C 0O K3= 1.000000-03
ITERATICN FREQUENCY AMPLITUDE
0 0.30133297290 01 0.10432074230-05
1 0.,311588599480 Cl 0.1(65992225D-05
2 Ce3165716654 01 0.1 1425688390~-05
3 0.32455575320C 01 0.11987198770-05
4 Cu32735744710 Q1 0.1235191820D-05
5 0.32869825%3D 01 0.1244194422D-05
6 0.32899643840 01 0.12456812450-05
7 0432804455500 01 Q12487315320 -05
8 0.3291333C0720 01 0. 12433765450-05
g 032917656820 01 0.12508261720-05
10 0.32922447670 0l 0.12515835020-05

TUND= 1 FREQUENCY= 3.292610 OURAD/SEC  AMPLITUDE= 1.25244D-06 MIT= 10

Figure 1-15c.



LST SYSTEM-NUNMERICAL SQLUTION OF 1+N*GL+N*N*G2=0,

GAMMA= 1.38CC0D 07 TN= 1.00CJ00-01 Jv= 1,00000D 05 JG= 2.1¢cc00n 00
KP= 2.160000 02 Ki= §.70000D0 Q03 . H= &,000000 02 KO= 5.758350 03
Kl= 1.371023 03 K2= 6.C00C0D 00 K3= 1.000000-03
ITERATION ERENIJENCY AMPLI TUDE
0 0.,32926089030 01 0.125264417490-05
1 0.3393118204D 01 0.12830153440-05
2 0.34716648CC40 01 0.13821226540-05%
3 0.353241391450 01 0.14555935280~05
4 0.3564585753D Ol 0.14992048020D-05
5 0.35782924460 01 D.15150643390-05
6 0.3579959517D 01 0«15178912160D-05
7 0.358106813380 01 0.15209706710-05
8 0.35821534120 01 0.15230940252-05
9 0.3582999113D 01 0.15251788380-05
10 0.3583775544D U1 0.15268278690-05
11 _0.35844360030 01 0.15283495600-05

ND= 1 FREQUENCY= 3,585030 CCRAD/SEC AMPLITUDE = 1.52965D-06 MIT= 11

LST SYSTEM-NUMERICAL SOLUTIOMN OF 1+#N*GL+N&N%xGZ2=0.

GAMMA= 1,3BC00D 07 T2= 1.000C0D-01 JV= 1.00000D 05 JG= 2. 100000 Q0
KP= 2,160C00 02 K1= 9,700000 C3 H= 6.000000D 02 KO= 5.75835D 03
Kl= 1.37102D 03 K2= 1.00000C 0O K3= 1.000uU0D-0C3
ITFRATICN FREAUENCY AMPLI TUDE

0 0.35850294550 01 0.152565C1160-05

1 0.36835499180 01 0.15758265830~05

2 0.37823023170 01 0.1715782595D-05

3 0.38603445890 01 0w 18458471720-05

4 0.39100843630 01 0.193061 76490-05

s 0.39215573620 01 0.154730930ND-C5

6 0.392795501an Ul 0.1559C14848D-05

7 0.3931729440D0 01 0.19900152340-05%

8 0.3949752319D ¢1 0.2C140214810D-05

9 0.39509208140 01 0.20242424210-05

10 039547337670 01 0.202743382040-05

11 0.39560248320 01 0.2C330211970-05

12 0.3957889057C 01 0.20357573530~05

13 0.395914206550 01 0.20396155410-05

14 0.3960536245D0 01 0.2C424659060-05%

15 0.39617190700 01 0.2C455586540-05

16 0.3662898757D (1 C.2C482462340~05%

17 0.34963979662D 01 0.2050905635N-05

18 0.3965020301D 01 0.2053361281D-05

19 N.39660004C90 01 0.26557231180-05

20 0.3966336161D 01 U.20579522940-05

ND= 1 FRFOQUENCY= 3.966540 0ORAD/SEC AMBLITUDE= 2.057950—06 NIT= 20

Figure 1-15d.



LZT ZYSTEM-MHUMERICAL SOLUTION OF 1+Mexl+reHelz=0.
GAMMA= 1 ,Z20000 47 TO= 1.000000-01 Jw= 1.O0nnnon 0% ‘AF= Z.1000600 00
EP= 2. lrﬂﬂnﬁ ns FI= =,.70000h 03 H= &.000000 o2 K= S.7S235D 03
Kl= {.,37102D 02 K= 1.000080 G0 P3= E ooanan-01
ITERATIOM FREQUEMCY AMFL I TUDE
Y] O 39000000000 01 0. 420000900000-05
1 0.5?11?64448D i1 0.41921542590-0%
b= n.331 0 01 .413561 0296 0-105
3 D.3307 i1 0.417S5050170-05
4 0,330 n1 3.417422E859D-05
ND= | FREQUENCY= Z2.21004D OO0RRD-ZEC AMPLITUDE= 4,1727V2D- HIT= 4
LET 2%STEM-NIUMERICAL =0LUTAROM OF 1+Nenl+MeNeLao=0,
GAMMA= 1.2=0000 07 TO= t.00000D0-01 ‘ J?: 1.000000 05 J5= 2. 1|nnnn ag
kKP= 2.150000 02 EI= 3 700000 03 H= &.g0onnad o2 FD= 5.79223235D 02
K1= 1.27102D 03 ko= 2000000 40 k-’.3= ._.UUUUDB o1
ITEFRTIOH FFEHHEHIY AMFLITUDE
] i n.417avsld4e2D-ns
1 0t 0.9 0s 45913'“D*H“
> 0l =t -5
e a1 1 :t44ff:ﬂﬂ—05
4 a1 3.25923516550-05
o] 151 D.EEF014d 235 - 05
= 0l 0.3657VERSeaSD-05
v 01 0.26507231946D-05
a2 ai 024541 02520-05
o £ O.2E435442240-05
HD= 1 FREGUEMCY= Z.2835700D QURAD-ZEC FMPLITUDE= 2.64157D-08 HIT= 3
LET SYETEM-HUMERICHL Z0OLUTION OF 1+M+izl+HeMen2=1,
FAMMA= 1 .Z=20000 QF TU= t.o00nnn-01 dw= 1. 00000D 05 BF= 2.10000D0 Q0
FFRF= C.1s000D 02 KI= 9. 700000 03 H= g_ﬂmUﬂUD ne = 5.7S5335D 03
k1= §.3710=20 03 2= 2.000000 00 EzZz= 2.000000-01
ITERATICN FRECLEMCY
) f,z285e32v2z2h 01 0.3
1 0.32e2151277D 01 0.34467
= D.27251401230 01 n.=
3 .37447°422500 01 0,50
B b.372022504V0 0l 0.2s '
S D.EVOsSEeS12l 0l J0.2914233937030-05
) 027 007Sa5S7TI0 01 f.228913124620-05
7R 0.2ess333527h o) n,2e7a2oz3i1-05
= 0. 41023510 01 y Fed57450-05
= n. Sd4229Dd 0l N.eoesd051 1eh-05
MD= 1 FREQUENCY= Z.£92¢4D (00OFRD-ZEC AMPLITUDE= 2.261320-068 MIT= 3

Figure 1-16.
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LET EYSTEM-NHUMERICAL ZOLUTIDH OF L1+MeS1l+MeHeLZ=0,

GAMMA= 1 .Z220600 07 TO= 1.000000-101 Cdv= 1000000 05 45= 2.10000D0 00
KP= 2.1&000D 02 g I= 2.700000 03 H= &.00000D0 O kO= 5.75535D 03
Ki= 1.37102D 0z E2= 1.00600D 00 2= 2.00000D-01
ITERATIOM FREGLIEMCY AMPLITUDE

1] .24 00000000n 01 LA 0000000000~ 0%

1 0.240°47 34410 31 D-lﬂ4tf1gdb4n 05

2 LEEREZROTE4D 01 N.1022204 189005

3 0.L3q4=7RLT?D il I W TR ChT e bl =9 F Rl ¥ b

4 N.E233 4 N1 0.1021 282942005

S D.2329907RE500 41 N.1048£82017D-05

A Q_Z23zd041250 o1 0.105126P0159D-05

7 D24 0082338 ni i.10424253592N-405

3 f.Z3%2 Nl 0,102191253250-05

3 0.2352 ni N.102733E3260-05

10 0.23233 i3] 0.1040674411D-05

11 0.2333 01 N,1040720255D-05

HD= 1 FREQUENCY= 2.393890 00FRL-ZEC AMPLITUDE= 1.041250-005 HIT= 11

LET EZYETEM-MUMERICAL SOLUYIOM OF 1+HeSi1+MeHsoZ=0

HAMMA= 1.250000 0F TO= 1.006006D-01 ,JV= 1.000006D 05 LG L106G00D0 00

=2
KP= 2.18000D0 02 kK I= 2.70000D 032 H— . 0Q0non o2 V0= S5.79835D 02
Kl= 1.37102h 03 pe= a.Dﬂuuon ac [ 3= h.DUDUDD 0t
ITERATION AMPLITULRE

Q ni N.1031251791D-405

1 SEFED 0] 0.11151902020-09

p=4 D.Lb QQ4H9: vl .le2od4438e2D-05

ic S L.2Tz0naRs52D 01 0, 123227421 20-45

4 D.L?he?zjeuJD ni L1341358924D-05

b’ Q.27e? & p} 0, 138180727 00-05

& 0272 a1 0,12E688202228D-0%

7 8,275 at 0.12e871en02h~-035

2 D.273 01 0.1370021105D-05

MD= 1 FREQUENCY= 2.79673D (0RALD-SEC  AMPLITUDE= 1.371270-06 MIT= 3

LET SYITEM-MUMERICRAL SOLUTION OF 1+MeS1+MeNes2=0

GAMMA= 1 .220000 0F TO= 1.000000~01 Jv=oto000o00D 08 A3= 2,.100000 00
KF= 2.15000D og El=s 9.70000D 03 H= &.00000D 02 K= 5.75283250 03
Ki= 1.37102D 02 kKE= 2.000000 00 K3= 2.000000-01
ITERRTION FF AMPLITUDE
0 0.27 0.1371E719934D-05
1 0.z9 DL 1S02R14TE20-05
c 0.20 0.1BS42507510-08
3 0.3 n ATPFREese 200~ 0%
% 0.z LAEES4E35140-03
S 0,z n L1900z 027230-05
‘4 1.2 0. 1903247592 0- 015
7 o D 191707271 0~103
g 2 LAFZET0ITE0D-0T
| b= 0 1922721352005
10 z 0. 19332820760~ 05
11 0.1% 24 0-05
12 0,134 0ses7aiD-0%
13 0 194523598005
15 1343224215005
1€ U 15515184270 -05
17 0,19%939% 3501 D-05
12 0.13555020£5D-05%
NO= 1 FREQUEHCY= : OGRAD-SEC RMFLITUDE= 1.957260-0% HIT= 12

Figure 1-17.
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LET ZYETEM-MUMERICAL S0LUTION DF 1+MHeGi+MeMerz=0.
GAMMA= 1 .,.3220000 OF TO= t.o0o00D-01 W= 1. o0onon oS da= 2.100000 G0
KP= 2. 1eq00bn oz kl= 2.700G00D 03 H= &.000000 02 kK= S5.75=35D 03
Kil= 1.271020 0z k= 1.00000n-az E3= 1.00000D-03
ITEFHTIUH FEEQUEMTZY AMPLITULE
1) g.4z00000000l Ot O.SS0000eaQ0D-05
1 ND.4Z7102e0520 01 0950215179 D—05
< O.4&2e572desdql 01 N.55274249520-05
3 N.42e27S0e420 N1 0.S5S21975230-05
3 0.42207°520710D 01 D.3t4l.L4H.cD s
b N.4ZF720154520 01 0.25504173322D-05
= 0.427107231960 01 .RSZEZASN4 1 ET-003
4 N.42FZ47e170D 01 0.2397H2150170=~05

|T|
o

MD= 1 FREQIEMCY= 4.273810 (ORAD-SEC  AMPLITUDE= S. S4D-06 MIT= 7

LET SYETEM-MHUMERICAL S0OLUTION OF 1+NHei+NeNes2=1.

GAMMA= 1 ,33000D 07 TO= 1.000000-01 o= tLo0oonh 05 JE3= 2.10000D 00
FF= 2.1/0000 42 EI= Q.700000 43 H= &.0004000 02 K= 5_?99 50 0=
Ki= 1.37102D 03 ko= 100000003 kiz= 1.00000D-02

ITERATION FREGLEMCY AMPLITUDE
Q 0.42733114230 01 5?5;“’4»°n—n*
1 0.42ES1ESSTOD 01 SE1SEETT
2 0.425E351205D 0t S EAE!
3 0.4252571915D 01

MI= 1 FEEQUENCY= 4.,25%47FD 00RAD-ZEC AMPLITUDE= 3.33F400-06 MIT= 3

LET EYWETEM-MUMERICAL ZDLUTIONM OF 1+MHeGi+NeNeGE=10.
ERMMA= 1.220000 07 TU- 1.00000n0-01 dW= 1 .,000000 05 dE= 2100000 00
EF= 2 160000 02 FI= 2. 700000 032 H= s.00000n ﬂ: KO= S.7¥5235D 02
Fl= 1.371020 03 o= 1,000000-22 Fa= o1 .000000-
ITERATION FREEDLIENCY HMFLITUDE
o 42523472710 01 N.55=272971220-05
1 0.41962127S3D 01 B.SIZE552220590-05
2 0.,41543331=20 01 O.32e3Z205030~05
3 0.41201427750 01 J.5123034531e 0~ 05
<4 0.411521220D 0t 0,515 385005
S AL0P02ITTED 01 0.S1232888 37V -05
£ G.41022264220 01 LSIZ0VEZESIh- 05

HD= 1 FREGLIEMCY= 4.110258D CGOGRAD-SEC HMFLITUDE= S.1200&0-05 HIT= b

Figure 1-18a.
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LET EZYSTEM-HUMERIAAL =0OLUTION OF 1+HOFI+H¢H*EE=B.

GHEHMMA= 1 .22000D0 07 TO= {.000000-101 W= 1L, 00000D oS J5= 2.,100000 0O
FF= Z.1ednon o2 EI= 2.700000 03 H= & oaonon og K= 5.7S235D 032
Kl= 1.37V1020 03 Ke= 1.000000-03 k= . 00o00np-01
ITERATION FREGLEMCY HMPLITUDE
A .41 102245140 01 0.S1ZGa0sS7257 —ﬁJ
1 G.4022013=210 01 0.333034257 00—
2 IS ni 0.47931: ED~u4
2 01 0.471 044423520065
3 01 N.485673591 1 TI- 05
o 1 0 4:_141Jrr4D—H=
= 01 (. 45223802883 0-05
MD= 1 FREEQUEMCY= 3.,222770 00RAD~ZEC AMFLITUDE= 4.627e6D—-086 HIT= &
LET EVETEM-NUMERICAL ZOLUTION OF 1+HeS1+MeMenE=0.
GHMMH— t.E2E0000 07 TO= 1.o0000an-0t A=t .oononob 0s iE= 201040008 Q0
KF= .1rHHﬂD ne FI= w9.70000D a3 H= &.000000 o2 K= S.¥53353D 032
k1= clazDh 03 o= 1.00000-03 E2= Z2.000000-01
ITERRTION FREGUEMCY HMALITUD
1] n1 . 452 VeAZEIZT-0%
1 il 0.3442097 201 30-05
c - 01 0,42710252322D-0%
= ni 0.4176214510-05
4 a1 .41 0693 ndNn—n0%
= nt .43 0402277 D-0%5
o U.CTUIﬁSUUr?D 0 04024752737 D-0%
7 Q.Z70451177°7D0 o1 0405461431 0-405
HO= 1 FREQLUENCY= 2.704950 QORAD~-ZEC AMPLITUDE= 4 .03572D0-05 HIT= 7
LET EYESTEM-HUMERICEL Z00L07TIOH OF 1+HeGi+MeMNenI=10,
EHMNH 1.230000 OV TO= 1.00000D-01 A= 1L, 00p00n as A= 2.10000bR 00
EP= Z.1Ee000an 0z FI= s.regonal 02 H= B.DDUDUH az K= S5.758350 02
Kl= 1.2710z2D 03 Ke= 1.00000p—03 b= 4 0opo0n-01
ITERATION FREQLUEMCY AMFLITUDE
: i 0,.3704945126D 01 . 4H.4,_F_L4D"UJ
1 tL.250e0z0En 01 A ;
= 0.ISNESLSTYYRD 0l
3 1.335158084410 01
3 O0.=3412420045T 0L
S 0.=241sd%25%420 01
[ .34 0zz29n0en Ot
e H.z4lcza4481D 01
2 J.zd1Ez343370 01
MO= 1 FREDLEMNCY= Z.41234D G00RRD-ZEC FMPLITUDE= 2.416410-08 MIT= &

Figure 1-18b,
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LET SYITEM-HUMERICAL ZOLUTION OF 1+MeZi+NeM#32=1,
SHMNH— 1.25000D 07 TO= t.o0000D-01 V= 1.00on0b o5 A
EP= 2. 10000 02 FI= 9, 700000 03 H= &.000000 a2 K0
Kl= 1,37102D 032 K= 1.00000D-03 KZ= 1.000000-032
ITERATION FEEDQUEMCY _ AMFLITULE
0 u 1Vo0onooonn ot 0. 4=ngnonnnon—n5
1 O0.17136915340 01 042777 7P7eEal-106
o 0.1733217E100 D1 0. 44H1”"ur e =06
] 0.1741e5%82200 01 B.44za012z22D-05
4 .17a45331621D 01 0,334 535349~ 08,
S LAVP4E0EEEET0 0t D.ddgraizegdl-Ne
) D.1742141543D0 0t 1.44517 20322006
MO= 1  FREQUENCY= 1.743523D QOQRAD-ZELC AMPLITULE= 4.452240-07

LET STETEM-NUMERICAL SOLUTION OF I+MeG1+MeNeGE=0,

GHMMA= 1.=2=20000 07 TO= 1.000000-01 A= 1L o0nonhd o5 AG=
KF= o 1e0nnlmie F.I= 3.700060D0 03 H= &.00000D0 02 KO=
Kl= 1.271a0z0 03 kEeg= {.000000-032 k3= 1.000000-02
ITERFATION FREDLEMCY 3 RMFLITUDE
0 0. 1r4*dtrngD a1 N.344525267750-08
1 0.17321ea77V2l 0l u.4qnh.3FE.HD 0
2 Dn ”ffﬁJuianﬂ i 0.45227°742220-06
3 L17544211610 0 0.45344 273007005
4 0.1?54888353D 01 04552132244 D—
pa] D735 17e02eDd 01 0.45568345 268 - 05
= 0.175S52522240 01 G.#SS?T?ﬂ*qFD—GE
HD= 1 FEEQUEMCY= 1.7S350D0 00RAD-ZEC RMFLITUDE= 4 ,521720-07
LET ZVETEM-HUMERICAL =ZDLUTION DF 1+Henl+rHeNen2=0n,
GRMMA= 1220000 0F TO= 1.0000060-01 A= 1 .02000D 05 J5R=
KP= 2. 180000 02 KI= 9.700000 03 H= &. 000000 42 k0=
kl= 1,Z7102D 03 ko= 1.000000-03 k3= 1.UUUUDD 01
ITERATION FREDUEMCY AMFLITUDE
0 0.17S545%7151D o1 0.4561 754334 0- 085
1 0172177334l 0L D.31018123850— 0
z D.lEl?.l“JlEB a1 .54 01242 140- 06
z D 1226312110 01 ST >V D—- 06
4 .1z I'I.kID o1 I.Fi PTG D~ 1A
S .13225 --Hnin at ' = DL s
e n.1= H--HD p} o — 0
e n.1= a1 4 Ti— 015
o D.1s T Gl O.s7oc ﬁ“n =
= .13z 5174TL1D 01 Al-he
MD= 1 FREQUEHCY= 1.58228400 0J0FRD-ZEC BMPLITUDE= 5.7V97350-07

Figure 1-19a.
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LET EYITEM-HUMERICAL =0LUTION OF 1+H051+H0H*Ea=ﬂ.

Figure 1-19b.
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BARMMA= 1.330000 07 TO= 1.00000D-n01 A= LO00oon 0s d5= Z.10000n 00
KP= = 1000 0z KI= s _7000anp 0= H= E_DGBDDD e K= 5.752350 03
Ki= 1 .Z7V1020 03 c2= 1.000000-0% E2= 2.00000D-01
3 ITERATION FFEWHEHFT AMPL I TUDE
0 0t 0.B7I7EAS4291D- 00
1 il D.esti1y74c15aeD-0n
2 ol I .e3E7VEs0257 - 08
2 01 g.7E11274n110-0s
4 ot 0.794993124 320 06
' nl N.74e201 04540—-0%
= a1 07500342031 0- 08
¥ B 4.752146: -
=] 01 0.75Ccﬁt4”4?ﬂ 0&
M= 1 FREQUENCY= 1.35414D 00RAD-ZEC BMFLITUDE= 7.529320-07 HIT= &
LET EYSTEM-NUMERICHL ZOLUTIOF COF 1+MeGl+MeMeiEz=0,
SAMMA= {.220000 OF TO= 1.000G00-101 = 1 .a0a0an oS Jdo= 2100000 0o
KP= 2. 160000 0& El= 2.70000n 02 = &, 000000 0F K= 5.732325D 02
Ki= 1.3710sD 0% V2= 1.000000- F3= Z.000000-01
ITERATION FRECUENCY FMP I TULE
EUNT} f.19541z62250 o1 0.7582324744 D~ 1A
1 0.2 = i D.242724329 00— 05
= 0 01 G.20=421=21390-10x
= fl N1 032020745 20— 05
4 ] ni NL.FT1222544 00— 06
] D.o@ed14110D Gl . ]
& g.216254c141D 01 .
i 0.2104071=2970 0t i,
HD= 1 FREQUEMIY= 2.10420D0 CORERD-REC AMFLITUDE= 9 .33& ~1}5 NIT= 7
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LET SYZTEM-MUMERICAL SCLUTIDON [OF 1+NeE1+MeMeaz=0.
GAMMA= 1.2S000h 07 TU~ 1. 000060-01 M= 1 .0000n00 oS diz= Z.10na0b oo
K= 2. irnnun e K l= S.700000 o3 H= &.0ngoal ol ' kKi= 5.75935325D 02
El= 1.3716020 432 Fio= L. 00000n-01 K= 1.000000-01
ITERATION FREGIEMCY AFLTITUDE
0 D.30000000000 01 D.ENNOO00NaGh-ns
1 0.30553353324230 01 D.S0e0sler5390-00
=z N.ANIE0NSSTSD 01 O.E07FS14e9700- 0%
3 N.410S35250SD 01 L3077 Oezs1vyin-0s
3 0.41033474100 0f G.ﬁDFiﬁhd"

MO= 1 FREGUEMCY= 4.103350 0ORAD-ZEC AMPLITUDE= S.07e30D-06& MIT= 4

LET ZWITEM-MHUMERICHAL SOLUTION OF 1+NeS1+MeMes2=0,
GAMMA= 1. Z20000 67 TDf 1. O0Goan-0t1 dv= 1.000000 05 JE= Z,100000 00
KF= ;.erHHB i EI= 3.700000 03 H= %.0000600 02 Q= 3,7532350 0z
Ki= 1 .271a20 oz o= 1. O000anh-0t KZ= 2.000000-4a1
ITERATION FREGLENTY AMFLITULE
] ﬂ.41ﬂ=2F“TJ;D 0t O0.507a2027290-05
1 1% 1t .83 7E81215STh-05
2 01 0.47SE2ER921D-05
2 11 .’11n—n=
4 01 =05
b B 4LD—H=
= a1 420-05

HO= 1 FEEGLEMNCY= 2.32324%0 0OGRAD-ZEC RMPLITUDE= 4.52455D- 04 MIT= &

LET EYSTEM-MUMERICHAL SDLUTIONM OF 1+HeG1+MeNeGS=0,

EAMMA= 1220000 07 TO= 1 .00000D-01 J?: 1 opnoen 05 JE= 2.100000 Qo
KPF= Z.1e000n 0z El= 2.700000 03 H= £.00000D 02 kO= S . 753350 03
Fl= 1.3V102T 03 Eg= 1.0600000~101 F3= ZL.000000-01
ITERATION FFEDHEﬂir HMFLITUDE

0 0, 2323 -, 1B N,4559ee2s5591D—-0s

1 01 0,432 338 1050058

o 13 ; o1 O.,42217111540-05

3 O0,.2727aFz9z1n o) D.4117435173D-05

4 0.3V 01 0522250 01 O.401sz404157°0-405

S 0,2097 23342920 01 0o4nzy Z04N-n5

£ I, GeAndS1s45n 0l 0.4030'L S7D-0%

v U__,ﬂn;T“c““ 11 AONITREZE00-05

= 0.2V 00s245200 31 LA 0I4 295135005

MD= 1 FEEQUENCY= 23.70157D DORAD-IEC AMPLITUDE= 4.02511D0-06& HIT=_ &

Figure 1-20a.
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LET ZYSTEM-MUMERICAL SCLUTION OF 1+MeSi+MeNesZ=0.

SAMMA= 1 .320000 07 TO= t.ooa0o0l-01 Jy=1.,000000 05 dG= 2.100000 00
KF= 2.1e0000 02 KI= S.70000D 03 H= &.00000D G2 0= S.7VS33SD 03
k

Ki= 1.Z7102D 03 ka= 1.000000-101 Z= $.0006000-01

7

ITEFERTION FREZUEMCY AMFLITLUDE
0 0.27015571710 01 O0.40zel 02745 0-05

1 1 0.3V z42e40eD-0S
P - o1 0.35895450250-05
3 : it T Th-03
3 oE il !

= ZOSTDh 01

5 TI2ED Ot

7 TESTD 0t

HMO= 1  FEERQUEMCY= 2.2953%0 OORAD-ZEC RAPLITUDE= 2.332830-0& NIT= ¥

SDAMMA= 1 .Z50000 OV TO= 1. 00000p-4a1 dv= 1 .00000n 05 Ja= 2.t1a000nh 00
F= Z.1s000D 02 El= 2.7000a0 03 H= & .00000nh 02 0= S.7SE833D0 0%
1

= 1.327V1020 03 Fo= 1.000000-~01 k2= S5.00005D-101

FRECDLEMCY FHFLITULE
SZE5zesD 0 LIRS
1.3203l1z520D 01
D.I2005514322D 01
- 0.11234122210 O -M.
1 1.155410 o0 =2 .4I7I20-07

4 D.laooooodzzDd 0l 093905 00

= D.io0oodoanoh 01 . 10000000000 o1

03 U =a

MO= 1 FREQUEMNCY= 1.u0000D 00RADSIEC AMPLITUDE= 1.000000 00 HIT= 5

Figure 1-20b.
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LET ZYWEITEM-MHUMERICAL ZOLUTION OF 1+renl+MeMesd=1,
RAMMA= 1 . 2208000 OF TO= 1.000000-01 = 1L oonond ns JdE= 2.100000 00
EF= Z.180000 02 EI= Q.700000 03 H= &.000000 02 K= 5.7523235D0 02
kl= 1 .2371020 n= Eo= 1.000000-01 k2= 1.000000-01 ‘
ITEEARTION FFEOUEHPY . RMFLITLULE

1 A gl 1] 5UDDﬁﬁnuuuD~Hr

1 o1 N.57 '3554 4D—Hr

2 01 O.59=27191e5 - [

3 0t LSRRG R =4D—Hh

=) ol - SLLE G0V D- 0%

S o1 0537 r4? Sy (N I

E ot .09 72e2S12D-08A

HD= 1 FREGLUEMNCY= 1.233002D OOFRD-ZELC AMFLITUDE= S,38293D-07 HIT= ©&
LET ZYWETEM-MHUMERICAL =Z0LUTION OF 1+MHeRl+MNeNeRZ=1,
SAMMA= 1 .350000 oF TO= 1 UGUDGD—ni V= 1.000000 0% Jiz= 2. 1n0000n ng
KP= . 1e000l 02 0 EI= 2.700000 03 = &.000000 92 K= 5.75225Dh 03
Fl= vi02Dh oz Ed= 1. UUUOHD*HI kFZ= S.000000-01 \
ITERARTION FREDLEMCY

] N.18200y7721vne ol

1 L1229412VAYD 01

c 0.1961241665D i1

= LAFE11744Z22D 1]

4 LARTIEIEISTD 01

5 .lﬁﬂUB ol o1

. 'EQEQD 1

v ot

] ot

HO=

L=
>H
KF
k1

MI=

i

FREEQUEMCY= 1.39332D 00RHD-ZEL AMFPLITUDE= V.728cel-07 HMIT= 2

SYZTEM-NUMERICHAL ZDLUTICH BOF 1+H*h1+H¢H0FC—H
ME= 1.Z20000 O0F TO= 1.000000-01 A= 1.00000D 05 dE= 2 oiaaood o0
Z.ie0n0n oz FoI= 2, 7003000 02 H= 6.DDUUUD 0= Eo= S. 755250 03
1.271020 03 Eo= t.oooonh-41 ko= Lonnuonb-ul ‘
ITERATION TUIE
o ni e Sed - Oe
1 ril HEAa G104 D- 0
= 1 i 34";4ftHlD—Hr
= a1 Llagyazon=3n=-05
4 0l LI ORNNEE 04D~ 05
5 01 Jnlannanyvan-0s
o N1 1020051 0430—-05
v a1 LAz nsvsEE4D-0%
= i1 D o214 2aea9n-05
1 FFEDUEMCY= 2.15534D3 (QURAD-ZEC AMFLITUDE= 1 .021580~08 HIT= 3

Figure 1-21a.



49

T OZVWITEM=MUMERICAL IOLUTION OF 1+Heol+NeMez2=10,
GAMMA= 1 .330000 07 TO= {.00000D0-01 A= 1. 0000nd 0% JdE= 2. 10000n od
EF= S.1e0o0l 0z FI= S.70o000n o3 H= & . 0Qooooh o2 K= S.T5235D 03
Kl= t.37102D 03 FE= 1. a00000~01 k3= 4. 000000-01
ITERRTION FREDLIEMNCY AMPLITUDE
I U.LITTZE?EEID 01 0.1021562747D—-03
1 c:44ac~141D it 0.115%= S1V0-05
2 H.LH AT 03550 a1 0 1;F1:rU534D—DS
2 ﬂ._1~H;4"4:UD a1 ﬂ 1;L'T4 cE10-05
4 LErllZetall 01 . 2120-0%
3 S2ESERRREI00 01 1221S30-0%
) O7Sez4n a1 F4Z1ITED-05
v 1242150 Al ﬁlleﬂﬁ—ﬂt
3 -,
)
0

$FAFZzoh 0l ‘ Z0-0%
O0S0s3zh o1l .17 '=ﬂbD—U,
i re 1l 14D at 0.12347 024340~ 05

MD= 1 FREGUEHCY= 2.33425D Q0RAD-ZEC BMFLITULDE= 1.335e7D-06 MIT= 10

LET ZWETEM-MUMERICAL ZOLUTION OF 1+NeS1+MeMNesI=0.

GAMMEA= 1 .32 0000 GF TO= t.000000-01 A= 1.000000 0% A5= = .10000Dh 4o
kP= 2.16000D 02 EI=s 2.700000 03 H= &.0400ah 02 ko= S5.73535D0 03
Ki= 1.37102D 03 F2= l.00o00on-91 FZ= S.000000-01

ITERATION FREEGQLEMCY HMF

0 0. 5334L.4un D 0l 0,133

1 0. n1 T S

by m. i1 0.1940

= 0. Gl .zlv

4 n. 11 0,248

] 0.2 01 N.2T1.

= 0.5 1 0.177

7 0.2 01 0.134

= 0.2y 01 Q.CIOSETTIs

S 0.23 01 0222224V ET40-05
1o 0.I2 (D U.E?SSE--TEHD~H
11 0.0 1 QEl-05
G 0,1e il S10i~0R
1.2 H.1= il FAL—- 0
I4 .15 01 SEETI= 06
15 n.21% fi i Oyo—as
1 ,ozte il 0. h.:UD~H“
B o.247& 0l U.lq_nlﬁu 140-05
1= I.250z 1 n.isevazdiz0l-0s
13 G e i1 0.19523104200-0%
&u D.oE13 o1 0.2 yagessal-0s

HO= 1 FREGUEMCY= 2.&5190%0 Q0RAD-ZEC HHMFLITIIDE= 2 .21753D-08 HIT= &0

Figure 1-21b.
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LET SYETEM-MUMERICAL ZOLUTION OF 1+NeG1+MHeMenI=0.

GAMMA= {.230000 OF TO= 1. 000000-01 dw= ol aonnnnn s = 2.100000 00
KP= 2.160000 02 KI= 3.700000 o3 H= &.000000 02 Ed= 3.V333%D0 03
Ki= 1.371020 03 ~ k2= 1.000G0D0 o0 k3= 1.00000D-03
ITEFATION FFEDHEHJT HMFLITUTE

] 1 1.5¢UUUHHHHHD~H5

1 01 —-05

= o1 B-Jagg4q_4qﬁn*u5

3 0. 4«n:?44;fnn 01 h.S24574a7280-05

3 0.43020243520 01 b.Sc43241013D-05

ND= 1 FREQUEMCY= 4,30255D 00RARD-ZEC AMPLITUDE= S.241385D-068 HIT= 4

LZT EVESTEM-NUMERICAL IOLUTION OF 1+NeR1+MeMerzZ=0.

GRAMMA= 1. 220000 07 TO= 1.00000D-01 dW= 1. 00000D 05 JE5= 2.100000 00
FP= Z2.1e0000 02 KI= 3.700000 03 H= &,00000D 02 Ei0= 5.75325D 03
1= 1.27102D 032 k2= 1.000000 00 k2= 1.000000~02
ITEFATION FREGQLENCY AMPLITUDE
n 0.43053545133D i1 N.52412502230-05
1 0.4232230%14D 01 N.52202530130~05
= 0.4Z872999640 01 0.513447504D~05
3 2.429131 25050 01 O0.9124422722D-05
-4 D.3231VEE4170 1l 0.31938577430-05 .

NO= 1 FRECQUEMCY= 4,2%91610 UORAL-ZEC AMPLITUDE= S,192440-04& HIT= 4

LET Z¥WITEM-HUMERICAL S0OLUTIOM OF 1+NeGl+MeNeZ=0,

GAMMA= 1.232000D0 47 TO= 1.000000-~01 A= 1 .000000 0s dE= Z.100000 00
KP= 2.1e0G00D 02 ElI= S.700000 03 H= &.000000 02 Ko= 5.,75235D 03
Ei= 1.3271020 03 FE= 1.00000D 00 Kog= 1.000o00-01
ITEFARTION FRECLEMCY AMFLITUDE

Iy A2l AenFsRal o 0.313344ur44ﬂ-nc

1 U.4___c4c4?:D 1 0.0 064592 0-

= J.417°7 0347700 0 (WIS S Lot St fy o D—uﬁ‘

3 D.41490350040 01 04213407154 00-05

4 ND.41217235440 101 D474 0727 00-05

b D.41282777720 M 0.47dnE227V55D-05

] g.41a8t10200=20 01 0.474327e415639D-05

MD= 1 FREQUEMCY= 4 1258990 JOUFRAD-SELC AMPLITULDE= 4 .,.742530—-0& MIT= &

Figure 1-22a.
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LET ZYESTEM-HUMERICAL SO0OLUTICH OF 1+MHeS1+MeMeRE=0.

GAMMA= 1 ,320000 GF TO= 1.000000-01 J“— 1.DﬂuDGD as d3= 2.100000 GG
EP= Z.1e0000 o2 KI= S _ 70000l 03 " H= Jaaoonop nz Eo= S.75225Dh 02
K1l= 1.q fazh 3 Fo= 1.000000 a0 K3= E goonoD-01
ITERRATION FPEEUEHFT FMELITILIDE

[ n.412= 1 n 4’42#311H’D—ﬂ=

1 D.403325353513 1 L3553 ‘

by 0.,337707z042D 01 1.436 4416r34D~H=

2 0,3293214 0593 i1 0.4645559 EhD—Hﬁ

3 0,2913 a1 0.34152877HaeYD-05

S 0,2503 (131 0.41334513?PD—H9

£ O, 3302e2e 285D 0t 0.417E2170S10-03

7 Q.31 04729480 0t 0.4175E57S370D-05

HD= 1 FREQUEMCY= 2.31025D 00RADSZEC AMPLITUDE= 4 .1755S3D-0c MIT= 7

LET ESYITEM=-MHUMERTCAL ZOLUTION OF t+NeGl+MeMNes2=0,
GAMMEA= 1.22000D0 67 TO= 1.00000D-01 M= 1.,00000D 05 E=o2.100000 00
EF= Z.150000 02 KI= 2.70000bh 03 H= &.000000 02 KO= S5.7v323350 03
K1= 1.3237102D 03 k2= 1.00000D 00 K3= Z2.000000-01
ITERATION FREQIEMCY FMPLITLUDE
| a. ’QIH-wHtﬂ-ﬁ nt N.41750282080~05
1 D.2VIE 02095 0t 0.I9EE7 24444005
= D._”IEEDIiI?D o1 1.272054147390-115
2 4 it U_J...r»,441p—nﬁ
4 a1 SV ATED- QS
b 01 Zedl-65S
2 i - 4EED 5
7 01 :.:-ﬂu 2rEsRl-03
=2 01 -bl«D a5

MD= 1 FREQUEMIY= 2.5153630 00RAD-ZEC AMPLITIULE= 32 .46n67D-05 MIT= &

LET ESYSTEM-HUMERICHRL ZOLUTICN OF l1+Mect+HeNenZ=0.
SAMME= 1 .2S000l 0F TO= 1.000000-01 A= 1.00000D0 oS dz= 2.10000D 00
EP= Z.le0aoh s K I= S9.700000 03 H= &.000000 02 KO0= 3.7V3535D 03
k1= 1.,3V102D oz ko= SOO0G0ND 00 K= G, 000aon-nl
ITEFRRTION FREZENCY AMFLITUDE
1] 0,.Z515S430SaD 01 D_T4FFE,;4QFD~H.
1 0,242423734230 01 U_H_;' 3H1 D—HJ
= L._L_-}Ilv- TR4=D 0l [-I_ -5
3 O.1205 'IESSD i 19?:5?;1ﬁ’ﬂ‘06
1 1.:n=._n oo -1.3VES? D’

IHLQUﬂI EaEfUTIDH TERMINATIMG DUE TO ERROR COUNT FOR ERRDOR NUMEER Z&1

L X T

: Figure 1-22b.
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LST SYSTEM=NUMER ICAL SOLUTIIN OF 14N&GL+N#N%G2=0,

GEMMA= 1,38CC0ND €T TN= 1.9C00C0O0R=-01 Jv= 1,000000 C5 JG= 2.100000 00
KP= 2.16000D Q2 Kl= 9.700000 03 H= 6.00000D 02 KO= 5.75B835D 03
Kl= 14371020 03 K2= 1.000000 OO0 K3= 1.00000D-03
ITEPATION FREQUENCY AMPLI TUNe

Q C.2100000000D 01 0.58000000060D-06

1 C.21058192930 01 0.57644082180-064

2 0.2110683445D 01 Q0777939437006

3 0.21134006370 Gl " 0.57848853980-06

4 0.21134585760 01 0.57875519580-06

ND= 1 FREQUENCY= 2.113520 OORAD/SEC AMPLITUDE= 5.788290-07 NIT= 4

LST SYSTEM-NUMERTICAL SOLUTIIN OF L4MGL4+N=N%(2=20.

GAMMA= 1,380C0N0 C7 TN= }1.0n0G0D-C1 J¥= 1.0350000 05 JG= 2.100000 €O
KP= 2.160000 02 KI= 9.70000C Q3 H= 6,000000 02 Kd= 5.75835D 03
Kl= 1.371029 03 K2= 1.000000 00 K3= 1.000000-02
ITERATICN FREQUEMCY AMPLITUDE

0 0.21135223630 0} 0.57882942720-06

1 0.2118B0918746D 91 0.5850930129D0-06

2 0.211%9895218D 01 C«5EB73250600-06

3 0.21209051680 01 0.5907279733D-06

4 N.21215524440 01 C.55186241860-06

5 0.21219679300 01 0.5526023104D-06

6 0.21222618840 01 0.559309245600-06

ND= 1 FREQUENCY= 2.122480 CORAD/SEC AMPLITUDE= 5.93446D~07 NIT= &

LST SYSTEM-NUMER ICAL SOLUTION OF Ll+N=GL+N#NxG2=0.

GAMMA= 1,330000 07 TD= 1.00000R-01 Jv= 1.00000D 05 JG= 2.100000 OO
KP= 2.160002 €2 KI= 9.770000 93 H= 6,00000D 02 K0= 5.75835D 03
Ki= 1.371C20D C3 KZ2= 1.06000D 00 K3= 1.00000D-01
ITERATICN FREQUENCY AMPL I TUDS
U 0.2122416046D 01 0.59344600040-06
1 0.2167333373D 01 0.6662858378D-06
2 C.2195828091D QL C.71140074830-06
3 0.22128323420 01 0.73721802100-06
4 0.22248267900 01 0.74964577550-06
5 0.2227666826D 01 3.7599491087D-06
& 0.22301531950 01 0.7€8620618250-06
7 0.2226734026D 01 0.77067331190-06
8 0.2230362791D Ul Co7114213880D-05%
9 0.2231317553D0 0l (. 7703596285006
ND= 1 FREOUEMCY= 2.231410 OCRAD/SEC  AMPLITUDE= 7.71332D0-07 NIT= 9

Figure 1-23a.
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LST SYSTEM-NUMER ICAL STLUTION OF 1+NsGL+NEN¥6220.

GAMYA= 1,3R0000 07 T9= L.00000D-01 JV= 1.00300D 05 J6G= 2.100000 00
KP= 2,16000D C2 KI1= 9.70000D 03 H= 6.00000D 02 K0= 5.75835D 03
Kl= 1.37102D 03 K2= 1.063000 GO K3= 2.00000D-01
ITERATICN FREQUENCY AMPLITUDZ
9 0.2231405519D 01 N.77133231820-06
I 0.22918969950 01 C.B1037847240-06
2 0.23332686360 01 £.93602606470~06
3 0.23674924000 01 €.67474662960-06
4 0.2375837684D 01 0.16015089090-05
5 0.23759792587C 01 0.10134590340-05
6 0.23822084950 01 G.1C21661878N-05
7 0.2382672134D 01 0.1€26021014D-05
) 0.23844971350 Ul 5.1C265748260-05
9 0.2384765959n Ol 0.1C279821240~05
10 0.2385228387D 01 0.1028302341D-05

ND= 1} FRENUENCY= 2.38548D OORAD/SEC AMPLITUDE= 1.02888D-06 NIT= 10

LST SYSTEM=-NUMER ICAL SOLUTICN OF 1+N*Gl+N#N*G2=0.

GAMMA= 1,380CCD Q7 TD= 1.000000-01 JV= 1.000000 05 JG= 2.100000 €O
KP= 2.16000D C2 Ki= G, 7( 0000 03 = 6.000000 02 KO= 5.75835D 03
Kl= 1.371020 03 K2= 1.,00000D QO K3= 3,000000-01
ITERATICN FRECUENTY AMPLI TUDZ

0 0.23854834610 01 0,1¢288815160-05

1 0.24678013500 01 0.11650479630-05

2 0.2535€6528850 Gl CalZ26634B3620-05

3 0.25578450900 Q1 0.1292374398D-05

4 0.25776367730 01 0.13442010290-05

5 0.25882643090 Q1 0.13698989180D-05

6 0.25%48114380 01 0.12843215460-05

7 0.25995488080 01 0.1395250131D-05

8 0.26029329430 01 0.14027589710-05

9 0.26056533510 01 0e1410399939N~05

10 0.26C54242680 01 0.142545981380-05

1L 0.26 124580090 01 0.14290249370-05

12 0.26151963730 01 0.1429353498D-05

13 0.261%2382070 01 0.1430138978D-05

ND= 1 FREQUENCY= 2.615340 00RAD/SEC AMPLITUDE= 1.43025D-06 NIT= 13

Figure 1-23b.



LST SYSTEM-MUMER ICAL SOLUTICON DF 1+N%Gl+N=N*G2=0.

GAMMA= 1.33000N0 07 TN= 1.000000-01 Jv= 1.000000 G5

54

4G=_2.100000_0C

KP= 2.160000 02 KI= 9.700000 03 H= 6.000000 02 KO= 5.758350 02
Kl= 1.,371020 03 K2= 1.000000 U0 K3= 4.00000D~01 '
ITERATIAN FREQUENCY AMPLT TUDE
0 0.26153383290 01 0.14302522270-05
1 0.27491451770 01 0.16576896760-05
2 0.27155CCB06D 01 0.1833191963°-05
3 0.285686 70450 01 0.15921476540-05
4 0.30181244280 01 0.2243113599D-05
5 0.32362731020 01 C.26300592730-05
6 0.29€5502150D 01 0.22525799410-05
7 0.31768331180 01 0.25675390120-05
8 0.19141123C90 01 0.42841346750-07
9 0.20833868460 01 0.643028845600-06
10 0.22882432030 01 0.$3574610C8D-06
11 0.24575102290 01 0.11654391140-05
12 0.2599150032D0 01 0.14282643080~05
13 027197656170 0l 0.16358287280-05
14 0.28244343390 01 0.1€209997380-05
15 0.29220335750 Ol 0.19938006230~-05
16 0.28804182890 01 0.2C716253490-05
17 C.30153749000 Ol 0.22590807780-05
18 0.3296672556D Ol 0.27652305310-05
19 0.3005244254D 01 0.2217956259D-05
20 0.32077926C7D 0L 0.25743051210-05

ND= 1

FREQUENCY= 3,207790 QORAD/SEC

AMPLITUDE= 2.57431D-06 NIT= 20

LST SYSTeEM-NUMERICAL SOLUTION OF 1+N%GL+NXN%G2=0.

GAMMA= 1.38CLCD 07 TI= 1.00000D-01 JV= 1.09200CHh G5

JG= 2.10C00D CO

KP= 2,160U00 02 1= 9,700000 a3 Hz 6.4900000 02 KO= 5.758350 03
Ki= 1.37102D0 03 K2= 1.00000D Q0 K3z 5,000000-01
ITERATION FREOUEMCY AMPLI TUNZ
0 0.3207792607D 01 0.25743091210~05
1 C.9630C65600N 00 ~0.18201961810-05
1 9.63007C-01 -1.3202UD-06

IHCS0O0L CXECUTIIM TEFMINATIMNG DUE TN ERROR COUNT FOR_ ERRNR NUMRER 261

Figure 1-23c.
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CLET EYWITEM-MUMERICAL ZOLUTION OF 1+NeS1+MeMenZ=0,
GAMMA= 1 IEO00D GY TO= L. .of000D-01 A= 1_UDQGDD ns Jde= Z.104000D 00
FRP= Z. lrunnﬂ nE El= S.70a0000 N2 H= Laoonn oE K= 5.75835D 0=
Kli= f.37102D 03 kE= S.000000 00 b2= 1 goooul-ns
ITERATION FREEIEMTY HMLITHDE
] N.3440000u00nD Ny
1 O.435cc07302D 01 o
2 " 01 G. T?DI?EEDﬁﬂ—H‘
2 1 O, 2raefad e sl-05
= fi1 D.:?th"IU UD—UE
MDh= 1 FREGUENCY= 4 .27132D0 00RAD-SEC AMPLITUDE= Z.F97330-05 HIT= 4
LT SYETEM-MNUMERICHRL SOLUTION OF 1+MHeGl1+MeMesZ=0,
EAMMA= 1 .220000 o0F TO= 1.000000-n01 A= 1.,000000 0s Jda= 2.10000D 00
EP= Z.1&0000 02 ElI= 2.700000 03 H= & . 00000D oz K= S.758550 0z
Kil= 1.2710z2D 03 ko= S.000000 00 2= 1.00000D-08

I TERATION FFEﬂHE

i 0.4z a1

1 . 44 ‘ S0 04

z 0 4'34 4?'3 DNl

2 r 4_J1rL~14 JUNRTR

4 i a1

5 01

= ni 3

v 01 e

b 1 VL

3 1 03?54 H—Hn
10 1 22242280 -058
i1 {1 12e1240-05

HD= | FREEQUENCY= 4.32402%D 0LRAD-3EC AMPLITUDE= 3.7F1822Dh-0& MHIT= 11

Figure 1-24a.
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LET SYITEM-HUMERICAL ZOLUTICH OF 1+Ns5l+MeNezT=0,

FAMME= [ .2=0000 0F TO= 1.000000-01 me 1 goonon ns Jiz= gl naoonh oo
FP= Z.1e00nhn Qg EI= S, 700000 o3 = & ,000000 0O K= ..?Efffﬂ DJ
Ki= 1.271020 032 KE= S.00n000 00 K?* 1.00u00n~ﬂ1

ITERATION FREGLENCY HNFLIT”DE

f] N.43402327410 41 0.371:

1 g.dr3neass31n 01 0.335??‘

2 H.and42194910 01 n,2as

3 0.37477 0957590 01 n.2200%

4 033249551 5%D 01 T e R e A e US
= 7S N1 0.29337078540-0%
=3 FRETELztD 01 0.28RZ0431 52 0-105
T SOZa7S3h 0l 0.35333411 PIL- 05
= 15277 10D 01 0.22227Veq4I030-1035
= X N7 ESET 03D Ol D.”:(---h_;ln—nﬁ
10 k NEoEsltsl 01 g.24 S 0D- 05
11 1. SEE432FD 01 J.241521322SD-05
12 0. I0S1esn il 0.z 25D-05%
12 1. =iﬂ?9 01 0,29 Zh-05
14 01 U._4L ﬂ4n_un—u=
is 01 J.3 4?41c14:D~U5
15 01 0.3434?UF118B—05
T o1 N.2132341721%20-03
13 ni O.27IZRITS1I90-05
19 ; 0t 0.3435%43227V410-05
oo D.S4E0E02221D 01 N.71&1s434200~05

Mh= 1 FREGUEMCY= S.4502300 00rRAD-ZEC AMPLITHIE= V.12125D-0C MIT= 21

YETEM-HUMERICAL Z0LUTIOM OF 1+Mesl+HeNeLzZ=0

LET 24
GAMMA= 1.320000 OF TO= 1.000000-01 A= L 00000D 05 AE= 2.100000 00
MP= 2 1&0000 02 El= <9, 70000ch 62 H= & . 000aol D2 Ko= S.753350 03
El= 1.37102D 03 o= Sona0oanl oo E2= 2.00000D-01
ITERRTION FRECIIEMHTY AMFLITUDE
i .54 0s0zeEe1lD 0t n.rvizisgaz4aznb-05
1 0.47744374510 01 0-49943173:4D—Hq
c f.425115212a7D 01 0. 3777584160
2 O.23322271220 01 D.EBES?IJTELD—HR
4 tLEe1VI234zel 0l -0 357 ZTEe00- 08
1 2.e17RD G -2 ,357240-07
S O.1a00naozs1iDd 01 U.??????”dilm na
[ D.100ooooo0nn ni LInoonoooaooh 01l

MD= 1| FREGUEMCY= [.000000 ODRAD-ZEC AMFPLITUDE= 1.000000 00 MIT= &

Figure 1-24b,
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LET IYSTEM=-MHUMERICAL =OLUTION OF 1+Menl+MHeMNenRz=10,

FAMMA= 1 . 320000 a7 TO= 1.400000b0-01 dv= 1.00000D 0% dE= 2100000 340
KP= 2180000 02 EI= S.700000 032 H= &.00/00n 02 KR= S.7SE350 02
Ki= 1.2F1020 03 Be= S.00000T Qr 2= 1.000000-03

ITERRTION FREQULENCY HMPLITUTE
- L2 01 Q0.13000000000~-05

1 0 0. 1244222022 0-05
2 1 012529377 270-0%
3 ni 0.135zez
g 01 0.1254z0e
5 n1 0.125437¢

I

MDO= 1 FREQUENCY= 32.29321D 0ORAD-ZEC AMPLITUDE= 1.254%20~06 MIT= 5

L3T SYSTEM-MUMERICAL ZOLUTION OF 1+HeLl+MeNenZ=0,

GHMMA= 1.330000 07 TO= 1.000G00-01 dv= 1 n0guonD 059 -
K

L Y |
non

L100000 Q0

o

[

= SeoTe e
5.75235D 03

EF= Z2.12000D0 a2 fI= 2 F0a00D 0= H= &,.000000 02 -
El= 1.371020 03 2= S.a0800D 00 k2= 1 .000a0ah-Gz

ITERRTION FREERLENY AMFLITUDE

i i 0.12549239470-05%
1 01 0, 1E86307Ees010-05
2 nt 0.12770117240-05
2 nt 0.,15335552940-05
4 01 01200853054 0-05
b 01 L1301 3F9a0sD-0S

HI= 1 FREQLUENCY= 3.31e60D 0O0RAL-ZEC AMPLITLDE= 1.2023%20-06 MIT= 5

Figure 1-25a.
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LET EZYETEM- HHMEFIFHL ZOLUTION OF 1+MHeS1+HeHezI=10.
GAMMA= | . 23004680 GF TD: L.Ooooonn-ni dy= L_o0Aagoon o= Ji3= 2.1o000D 09
EP= Z.1€00nD Gg b I= S 7Fa00aln a3 H= &.000000 42 Ki= 5.752325D 03
Kl= 1.37102D 03 ko= SL00000GD 00 K2= 1.000000-01
ITERATICH FREEQUEMTY AMELITUDE

n e =EzD 01 N.120837302ell—-0

1 o220 01 0.15ﬂ445ﬂ331ﬂ—05

-2 v ieRD 01 ] S 20-0%

2 g JErale e (| 1. P'J44‘4L4D oS

4 1 = 2= n 01 0.2 SaE2EaEn-0s

S O.402525372aD 01 (2253228 07el- 0%

& 0,420z 133220 01 0.2A00NRSE2220-05

v 0.4153224524D 01 T.32328710130-05

= “.4”1D3? el Nt D.eanzadzarehl-03

g S&0E =0 01 N, 127455279 D-05

10 $2 15 01 D.2021512541D-05

11 =15 o1 D.211002?P=a0~-0%

i2 S0 i 0.212339930920~05

1z 163' 01 0203025394 =D~H“

14 0ys a1 N.2212320%4450~

15 043 a1 0.2335603?34D-05

is 34" -l n.z51111e

17 A R NNF o1 0.2888222

12 N.Za316 0 0.2091366

19 A.2IF0S7TES21D 02 0.21781=5

2n BL.a37Te20235 0550 01 . 0.2252821

MDh= 1 FREGLEMCY= 2.7520%D 00RRD-ZEC AMPLITUDE=S € .2352&3D0s065 HIT= 20

LET EVEZTEM-HUMERICAL ZOLUTIOM OF 1+MeiGl+MeMeiZ=0.

SAMMA= Loxm00eD OF TO= 1.000000-101 JE: 1 GooaoDh 05 Je= 2.10004060 GO
K= 210000 02 KI= =2.700000 o2 H= ﬂGUﬁUD ne K= S5.7¥52325h (3
Kl= 1.371020 03 o= S oaooon on V3= gopoon=nl
ITEERTIOMH FRECILIEMCTY AMFLITUDE
G 0.z7se0asossh 01 0. 285221425 0-05
1 0 4LU4H E1asD 01 D.SETEJETIP4D—H~
c o 01 G LLEEANS4R L EED-0T
3z 01 1 EIEEIBH'
4 X Soy D0t DL4E7E3215587
b . 4“4&?614“45 1 G.EéSITE_ﬂqlﬂ—Hq
= g.222000a4715D 41 SIS Bxir |
I 0.2%44%227600 081 - ~0.SE432357
1 2.544S49D 00 5L EgD —rﬂ—n.
? _.ﬁ9ﬂﬂ99:“*ln Qo SooononlEsn ot
2 LioooooooooDh o1 U.IUGUUUUDUUD |

ND= 1 FREQGUEMCY= 1.000000 QOFAD~ZEC AMPLITUDE= 1.00G000 Q0 MIT= 9

Figure 1-25b.
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Figure 1-26. Region of self-sustained oscillations in the K2 - K3 plane for the two-axis LST system.
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Figure 1-27. Region of possible solution points for the two-axis LST system.
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2. Prediction by Numerical Methods of Self-Sustained Oscillations
in a Two-Axis Model of the Nonlinear Sampled-Data LST System

2-1. Introduction

It has been demonstrated in [2] that the stability equations as
a result of the describing function analysis may be salved by a
numerical-iterative technique. In Chapter 1, the numerical technique
is applied to the prediction of self-sustained oscillations in a two-
axis model of the nonlinear LST system with continuous-data. In this
chapter the same numerical technigue will be extended to the prediction
of self-sustained oscillations in a two-axis model of the nonlinear
LST system with sampled-data. |

In the two-axis model of the L5T system, the system contains two
nonlinearities, and the general form of the stability equation in the

sampled-data case 1is
1+ Gy(TnIN(ANL) + Go(T,nIN(Au,0) = 0 (2-1)

where G,(T,n) and GC(T,n) are transfer functions which describe the

B
linear elements of the coupled systems, and N{(A,n,d) represents the
discrete describing function of the CMG nonlinearity. The amplitude of
the sinusoidal signal at the input of the nonlinearities is denoted by

A; T is the sampling period in second, and n is the integer which relates

the period of the sustained oscillation to the sampling period; ¢ is the

phase angle of the input sinusoid. Therefore,
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Te = nT = period of sustained oscillation - (2-2)
. or
we = %%-= fregquency of sustained oscillation in rad/sec (2-3)

2-2. The Sampled-Data Two-Axis LST System Model and Its Stability
Equation '
Figure 2-1 illustrates the signal flow graph representation of
the sampled-data single-axis LST system. The nonlinear friction of
the CMG is modeled by the branch with the gain N, where strictly, N
" denotes the discrete describing function N{A,n,¢). The sample-and-hold
at the input of the nonlinearity is added for analytical purposes, so
that the overall system may be treated by the z-transform‘method.
Since the actual system does‘not have the sample-and-hold preceding N,
the system configuration of Fig. 2-1 should be considered as an approxi-
mation to the sampled-data single-axis LST system.
Figure 2-2 shows the two-axis model of the LST system, with the
coupling made at the output stages. The coupling coefficients K2 and
K3 may be varied for various degrees of coupling between the two single-
axis systems.
For the study of self-sustained oscillations, we set X] T Xp T 0.
From the signal flow graph of Fig. 2-2; the following cause-and-effect

relationships are written for the variables at the outputs of the four

samplers:
EY = -AREX + ASNNXY + ASES - ARNAXS (2-4)
Ef = -AYES + AEN*Xﬁ + ASEY - AZNXY (2-5)
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Figure 2-1. The single-axis sampled-data

LST system model.
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Figure 2-2. The two-axis sampled-data LST system model.
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X% = -BANKXX + BEEX - (2-6)
X5 = -BIN*X) + B3E3 (2-7)
where
G, G.G,6.G,G.HA
A] - hO 1 2A3 476 i (2'8)
9]
Ghoﬁ1azssG§G6HK2A1
A, = Y = Ay6,K, (2-9)
G, G.G,G HA
3 A
0
GhoG]G§G6HK2A1
Ay = 5 = A46,K, (2-11)
G, G A
B, = _ho672 (2-12)
Sh
0
G, G.G.G. A
_ “ho"273%"2 _ , )
B, = "“‘EE;:"“ B,G,)Gy (2-13)
By = 1 + 6366 ' | (2-14)
_ 2.2 2.2 2.2 - 227272
By = 1+ 264G. - K5Gy + G36¢ - 26,6,G,K5 - GSG4GGK2 (2-15)
_ 2.2 2.2
By =1 + G468, - GG K36, - K5Gy (2-16)

In the last nine equations all functions are functions of s. The
sampled signal flow graph of the system is drawn in Fig. 2-3 using
Egqs. (2-4) through (2-7).

The determinant of the sampled signal flow graph is obtained from
Fig. 2-3 by use of Mason's gain formula. The expression is given in

terms of the z-transform functions:



Figure 2-3.

Sampled signal flow graph of the two-axis sampled-data LST system.
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B(z) = (1 + 2hy(2) - A5(z) + AT(2)]+2N(A,n,8)[B, (2) - B,(2)A,(2)
+ Ay(2)B,(2)A,(2) + 2A,(2)B, (2) = A (2)A5(2)8,(z) + Af(z)B]Fz)
- A3(2)8,(2)]+ NP(A,m, 8)B (2) - AX(2)B3(2) - 2B, (2)B,(2)A,(2)

¥ Ag(z)a (z) + 28,(2)A,(2)B,(2)B,(z) + 2A](z)3$(z)

N~

- 2R, (2)A,(2)B, (2)By(2) + Aﬁ(z)sf(z) - Ag(z)sf(z)] (2-17)

The components of A(z) are determined as follows:

( 2 2 '
) KiHI (K +Kis)(das™ +K s+ K M (s™+Kys + K,)
SA
{ op
( 2
K KOH{K . + Kis){(d.s™ + K.s + K.)
AZ(Z) - (-i - Z'])a 172 Q 1 x G 9] I (2_-‘9) ‘
op
1 rHJV(K + Kls)(JGSZ + K s + KI)(s2 * Kys + Ky '
Aylz) = (1-27)3 o x P (2-20)
op
( 2
) HK, (K. + K,;s)(J.8° + K.s + K.}
Alz) = (1 - 2 ‘)yf co 1°G A (2-21)
| op
1 (JGS2 + K 54-KI)[JS(52 + Kys # K2)2 - Kg]
By(z) = (V- 273 Y (2-22)
op
kgt s KOLIE(SE + Kys + k)7 - K2
By(z) = (1-27)3 = > ' (2-23)
s“A
op
~ 24 3 2 2 2 2, 2
Aop = [JGs + ZKPJGS + (Kp + ZKIJG) + ZKPKIS + KI][JV(S *+ Kys
+ K2)2 - KS] (2-24)



The expressions for the discrete describing function of the CMG
nonlinearity, N{A,n,¢}, may be found in [2]. In the present case,
since the two axes are considered to be identical, and the couplings

are symmetric, it is assumed that the ampiitudes of the input signals

at the two nonlinearities are identical.

The stability equation is obtained by setting A(z) of Eq. (2-17)

to zero. It is apparent that A(z) = 0 is of the form:
Mz) = 1+ 8y(2) + Ggl2N(A,n,9) + 6 (2IN(A,n,0) = O

which can be written as

~ ”~

1+ Go(T.nIN(A, 1,0} + Go(T,n)NC(A,n,0) = O

C
by dividing both sides of the equation by 1 + GA(Z), and setting

, = eJZw/n

Equation (2-26) shows that in the sampled-data system, there are
four variable parameters in the stability equation in T, n, A, and ¢,

whereas in the continuous-data system there are only two variables in

A and w.

(2-25)

(2-26)

(2-27)

2-3. Exact Solution of the Stability Equation of the Two-Axis Sampled-

Data LST System by Numerical-Iterative Techniques

Y

The numerical-iterative method described in Chapter 1 is now used

to solve the stability equation of the two-axis sampled-data LST system, -

Eq. (2-26).
In Eq. (2-26) we define
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GB(T,n) = Gpy * JG,
6c(Ton) = Gp, * 3G, (2-29)
N(A.n, ) = Npy + JNpy (2-30)
N2(An,8) = N, + 3N

M6 = Rpo 12

where GR]’ GI]’ GRZ’ GIE’ NR1’ NI]’ NRZ’ and NIZ are all real guantities.

When Egs. (2-28) through (2-31) are substituted into Eq. (2-26),

and after grouping the real and imaginary parts, we have,

A = AR + jAI =0 (2-32)
where

Bp = 1+ BpqNpy = Gy + GpoNpy = Gpoly, = 0 (2-33)

by = GpqNpy *+ Goqllyy + Gyolpy + Bpolyp = 0 (2-34)

These two expressions represent two equations in four variables
in A, T, ¢, and n. It is necessary to assign values to two of these
variables and solve for the remaining two using the numerical-iterative
method. In general, it is practical to assign values to T and n, and
Fgs. (2-33) and (2-34) are solved to yield A and ¢. Alternatively, we
may assign values to n and ¢, and solve for A and T. The latter case
has been carried out in the current study. :

As in Chapter 1, we define

.
X = [ ] (2-35)

(2-28)

(2-31)
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Then, Egs. (2-33) and (2-34) can be written as
Fix} =0

The Newton-type quadratically convergent numerical method described
in Chapter 1 can now be directly applied to this two-variable system.

The following system parameters are used:

T = 0.1 ft-1b

GFO
H = 600 ft-1b-sec

2.1 ft-1b-sec?

[}
t

G
K0 = 5758, 35
K] = 1371.02
Kp = 216 ft-1b/rad/sec
KI = 9700 ft-1b/rad
3y = 10° fe-Tb-sec’
vy = 1.38 x TO?

Three sets of coefficients of coupling are used for this study:

(1} K2 = (0.1 Ky = 0.1
(2} K, = 1.0 K3 = 0.1
(3) K2 = 5.0 K.3 = 0.1

{2-36)

(2-37)
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For each integral n, and a fixed value of ¢, a solution of Eq. {2-37)
is attempted with an initial guess on T and A. A convergent solution for
T and A together with the assigned n and ¢ describes a sustained oscillation
in the system. One of the characteristics of the numerical method is that
the solution depends on the initial conditions set by the analyst. As
shown in the earlier studies, it is quite possible that a system may have
a multiple number of sq1ut10ns for the same set of n and ¢. 'An exhaustive
search can only be conducted by a systematic scan of all the possible
combinations of the initial values in the iterative process, unless one
has general information at the outset on the number and the proximity of
the solutions.

Figure 2-4 shows the plots of the two solutions of T versus A for
K2 = K3 = 0.7, and for relative large values of n. The results are shown
only for ¢ = 0°. When all the values of ¢ are used, the solutions of T
and A trace out a loop in the T versus A domain. For large values of n,
these Toops are very small, as the solutions are relatively insensitive
to n. As n decreases, these Toops become more pronounced, as indicated
in Fig. 2-5. As n decreases, ane of the solutions disappears, as the
amplitude of A becomes exceedingly small.

Figure 2-6 gives the computer results for K2 = K3 = 0.1 that
correspond to one set of so]ﬁtions for ¢ = 0°. Figure 2-7 tabulates the
other set of results for K2 = K3 = 0.1 with ¢ = 0°, Fjgure 2-8 gfves the

tabulations of results for K2 = K3 = 0.1, n = 4, and variable ¢.

il

Figures 2-9 and 2-10 give the results with K2 1.0 and K 0.1.

3
Figure 2-11 shows the solutions for K2 = 5.0 and K3 = 0.1 with ¢

0°.
In this case, the amplitude of oscillation decreases as n decreases, 30

that there is less chance for the low-frequency oscillations to occur.



The results indicate that harder coupiing {larger values of K, and K3)

tends to reduce the chance of self-sustained oscillations.
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Figure 2-4.

Amplitude and frequency (2v/nT) of self-sustained oscillations for various sampling
periods in the discrete-data two-axis LST system; vy = 1.38x10°.
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Figure 2-5. Amplitude and frequency (2n/nT)
for various sampling periods in
system; y = ].38x]07.

of self-sustained oscillations

the discrete-data two-axis LST
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LST SYETEM-MUMEFICAL ZOLUTIONM OF DISCRETE DESCRIEING FUNCTION
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LET EWETEM-NUMERICAL Z0OLLTION OF DISCRETE DESCRIBING FLUNHCTION

Tull AXIE-EOLAL AMFLITUDE CHIE, K=
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Figure 2-6b.
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L3T SYSTEM-NUMERICAL SOLUTION OF DISCRETE DESCRIEING FLHCTION
TWO AXIS-EQUAL AMFLITUDE CAZEs KE= 1.000D-01s K2= 1.000D-01
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Figure 2-6cC.
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LST SYSTEM-MHUMERICAL SOLUTIOM OF DITCRETE DESCRIBING FUNCTION
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ST SYSTEM-NUMERICAL SOLUTION OF DISCRETE DESCRIEBING FUNCTION
TWO AXIS-EGUAL AMFLITUDE CRAZEs Ka=g3a0.1
GAMME= 1.T2000D 07  H= 24 PHI= 6.0

ITERATION SAMFLING FERIOD HNFLITUDE

0 0. 170e249533D-01 0. ]

1 0.17202162140-01 n. JJl?ﬁD US
2 0.17522642200~01 0.! 227 1D-05
3 0.1??3159529D-ﬂl n.* AL OOTED-03
4 0.17V20231451D-111 0. 12375850~ 05
5 0.1723435%253700-01 n. QEIS22D-03
& 0.1783857215D~01 0.5304333315D-03

ND= SAMFLING PERIOD= 1.73505D-028EC AMPLITUDE= 5.30055D-06 H

LET SYSTEM-NUMERTICAL S0OLUTION OF DISCRETE DESCRIEING FUNCTION
TUO ARAIZ-EGIRL AMFLITUDE CRIEs KE=K3=0.1

GAMMA= 1 ,32000D 07 M= =0 FHI= 0.0
ITEFATIDON ZAMFLIMNG FERIDD RMFLITUDE

Q 0. 1'3rﬁ4 $D-01 0. ‘“Oﬂ="4lﬁh—ﬁ'
1 U = 0.3%19 "1r1~D
z a.12 E R
3 0,12
4 0.1%
bt a.1:
& 0.1

HD= 1 SAMPLING 3 AV ZesD-02ZEC BMPLITUTE= S.2134400~06 M

LET SYSTEM-MUMERICRL SOLUTION OF DIZCRETE DESCRIBIMG FLUNCTION
T AXIS-ERUAL AMPLITUDE CAZE: KE=K3=0.1

GRMMA= 1 .Z220000 07 M= 7 FHI= 0.0
ITERATION SAMPLING FERIOL AMFLITUDE
0 FEeED-01 0.5314404685D—U5
1 4D—U1 ﬂ-J'4; G7ETD-03
& “44* 6J11hD-n.
3 TEMIED-0%
4 SSOEsD— uS
= Ml ae22sh-
) .5334412133B—05

Mh= t SAMPLING FERIOL= 1.97023D0-023EC AMPLITUDE= %.2832870-0% M

LEYT SYSTEM-MUMERICAL ZOLUTION OF DISCRETE DESCRIBIMNG FUMCTIOM
TWO AXIZ-EGLAL BMPLITUDE CAZEs KE=K3=0.1
GAMMA= 1 ,320000 OF M= 7z FPHI= 4.

ITERATIOM “HNFLIHG FEPIDD AMPLITLLDE

‘ Q . 197 0,57
1 .ckDU 0.5%: zD-nus
= .54 21D-05
3 .54 SE0D-0%
4 .53 nnn ns
S : [t -0%
& 0. cD’?EU EoD 01 0,53 D—GS

HD= 1 SAMPLING FPERIOD= Z2.07739D~023EC AMELITUDE= 5.34734D0-05 M

Figure 2-7b.

(1))

[:{)



LST SYSTEM-MUMERICAL SOLUTION OF DISCRETE DESCRIBING FUNCTION
TWO ANIS~ECJAL RMFLITUDE CHIE» KE=K3=0.1
GHAMMA= 1.330000 07 M= g2& PHI= G.0

ITERATION ZAMPLIMG FEFRIGL AMFLITUDE
1] 0.20772839c4eh-n01 0.53473233290D-05
1 21105207 160-01 0.561Cq4? z2D- ﬂ
2 0.21523191750~01 ST 012438597 D=
3 B.21764350040-01 0.54=_4’gu?°n nq
4 J.218281714400-01 le]’*?‘ﬂ 0%
S B.2i342050210-01 Srartic {1 s ol (b
3 B.219854%462D-01 -tlaﬂ IQD 5
‘ 0.21%e7387V110-01 67283776005

th= | SAMFLING PERIOD= 2.19A330-028EC AMPLITULE= 35.36633D-06

LST SYSTEM-HUMERILAL S0LUTION OF DISCRETE DESCRIEBING FUMCTION
TLD AXIS-ERUAL AMFLITUDE CASE, wo=K3=0.1
GAMMA= 1,3230000 a7 H= 24 FPHI= 0.0

ITERATION ZAMFPLING FERIOD HMPLITUDE

n 0.2126973444D-01 1&ED-05
1 0.2C23737E80D~-01 S D-N5
2 0.¢ 2021 vD-01

3 G.L?U”ﬁuﬂﬂl -1 0.5

4 O.Ca 07215 Q0n-0l 0.54:51

) AETHEANES0~01 n =4ﬂ1F1£“‘;D US
& CEINZESTIED-01 0,505 2220~

s 233054121eD-140r) 0. E?ﬂﬂi?la“ln—n=

MD= 1 IAMPLIMNG FERIOD= 2.32020D-023EC AMFLITUDE= 5.35833&8D-06

SYITEM-HUMER ITCRL SOLUTION OF DISCRETE DESERIERIMG FUNCTIOHN
TWO AXIS-EQUAL AMFLITUDE CARIE» K2=K3=0.1 .
GAMMA= 1. 330000 OF H= =0 FHI= 0.1

ITERATION "HNFLINH FERI0OI AMFLITUDE

0 Zzozunareln-01 .S58 T 022D~ 0%
1 2 D.STOSETHIESE-05
z QLESTZEYE00D- 05
3 : i G.“dié 24723~ n5
3 F9eD-01 A4 FEED-09
b} 0. S51D-01 0.345 TS152D-05
) U.h481:001?FD—01 n.5421 |31?D~DS
7 0.24315360351D-01 6.541 72235550~

ML=} TAMFLING FERIQD= &.4213SDI-022EC RMFLITUDE= S .491c11D-05

LET ZYITEM-HUMERICAL IOLLTION OF DIZCRETE DE‘EPIPIHG FUNCTION
TUD RHETZ-EQUAL AMFLITUDE CATE. K&=K3= 01

GAMMA= § 30000 aF H= S FHI= 1,

ITERATION  ZAMFLINS FERIOD AMFLITUDE
a 0.242 1w4""D—H1 0.5 1l 031 5ab-0%
b o -0t 3. 1.w41?e [- 0%
2 “11#D~H1 E10D-0%
32 LEZZ1E044R -0 043D—05
4 0. 26401 7Fe210-01 2147 00-1S
5 0.z e Ml e TR | ! ._CID-i‘Ic
& 0,285 _Ed=;4D {1 W5 slanD-
7 0,2852507741D-01 ' 3.4444h11 2ed - Uq

MD= 1 SAMPLING PERIOD= 2,45263D0-023EC AMPLITUDE= %.,44772D-08

Figure 2-7c.

M

=J

N= 7

82



LET SYSTEM-MNUMERICAL 30LUTION OF DISCRETYE DESCRIBIMG FUMCTION
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3. Study of Unegual-Amplitude Oscillations in Two-Axis Coupled
Nonlinear Systems

3-1. Introduction

In the preceding two chapters conditions of self-sustained
oscillations in the two-axis LST system have been studied by a
numericai-iterative technique using the describing function. It
1s demonstrated that the numerical-iterative technigue can be applied
to the continuous-data as well as the discrete-data LST system. The
difference between these two types of systems lies only in the
stability equations, and these made no difference to the iterative
algorithm. |

It is 1mportant to note that since the dynamics of the two
axes are identical, it is assumed a priori that the amplitudes of
oscillations, if there are any, are of equal amplitude. Certainly,
all the solutions of the self-sustained oscillations obtained in the
previous chapters are sinusoidal signals with equal amplitude in
both axes. However, in this chapter we shall show that, in general,.
it is possible to have unequal magnitudes of oscillations in the
coupled system even if the dynamics of the two axes are identical.
Furthermore, when the amplitudes of oscillations are equal, the
phase can still be 180 degrees apart.

Since we have reasoned that the numerical-iterative technique
does not distinguish a continuous-data system from a discrete-data

system, only models of the former version are discussed here.
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3-2. Conditions of Unequal-Amplitude QOscillations in The Continuous-
Data Two-Axis Coupled LST System

Figure 3-1 shows the signal flow graph of the continuous-data
two-axis model of the LST system. The inputs to the two nonlinearities
are designated as E](jm) and Ez(jm), respectively. Notice that these
two variables are cqmp]ex gquantities in general, and each represents
a magnitude and phase in the sinuscidal steady state. Since the
describing function of the CMG nonlinearity is a function of the
input amplitude and frequency, Fig. 3-1 shows that the describing
functions which correspond to E1(jw) and Ez(jm) are N(E],w) and
N(Ez,m), respectively. For simplicity, the fd110wing notations are

used:

N(E1’w) = Nl
N(Ez,w) = N2

The transfer functions in Fig. 3-1 are defined as

(K + K;s)K
1 I
G, = —2 (3-1)
1 Kps + KI
Ks + K . '
I .
G2 = .JJ_S_ (3_2)
_ ]
837 3.8 (3-3)
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O J= O Eél O— £§2 €;3 O ki 0 Ga >
X|= X2 X3X4 QV
. -NIE :
e K,
-1
a0 S G 63  H
X2=0 Y2 Y3 /s Ya
— 2 . g
= (]
-|
Figure 3-1. The simplified continuous-data two-axis

LST system model.
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1/-.]V
Gy = = (3-4)
s+ K33_+ K2

The determinant (characteristic equation) of the coupled system of

Fig. 3-1 is written

A=1+G, + G,4N, + G N +GCN

a t Gty * Gl Ny = 0 (3-5)

1

The last expression is also known as the stability equation of the
system,

The linear transfer functions in Eg. (3-5) are

) 22 22 2
Gy = 26,6, + 2616,6,6,H - Ko6 + GoGo + (G;G,6,6,H)
2 2 22 227272
+ 2663636, - 26,6364K; - GHE567K; (3-6)
2 2 22 2 22
e 6, 60 , 16058 660K 6,836,K3 )
Bl B2 g S s S 5
¢ %2kl
G = 2.~ 222 (3-8)
=2 7 |
S S

Equation (3-5} represents a necessary condition for self-
sustained osciliations in the system of Fig. 3-1. However, in general,
if the amplitudes of E1 and E2 are not equal, Eq. {3-5) represents a

set of two nonlinear equations with four unknowns in E], E,, the

2,
frequency w, and ¢, the phase between ET and E2' Therefore, in
addition to the two equations which are obtained from the real and

imaginary parts of Eq. (3-5), a third complex equation must come from



the relation between E1 and E2 which is derived as follows.

The following equations are written directly from Fig. 3-1:

~NJE; + G,ox

equations it is observed that

NG

273
y y N:G _ Y
4 3 3‘“}3*8283 5

(3-9)

(3-10)

{3-11)

Eliminating Eys Ess 65 Byys X4 and g from Egs. (3-9) and (3-10), we have
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or

where

N, G

I b
X3 )
Xp = -63x3 - G]qus (3-12)
Xg = HBgxg - KoGyyg

NG
Y3 = ° i:3y3 * G2y2
Yo = 63¥3 - G5 (3-13)
Yg = HB3ys - KyGpxg
equations are solved to yield
X 1+A, +B+C
- - “X.G (% ¥ A, +B) (3-14)
Yg 24 2
X ~K,G,. {1 + A, + B) ; :
5 12+4A . B1+ (3-15)
Yg 1 ¢
N.G

_ Y3

o Tlare (3-16)
N.G

_ o3

Ay = —— (3-17)
B = G,G, (3-18)
C = GyG,G56,H (3-19)
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Thus, from Eq. (3-11),

1+A, +B+C

5 _ 2 -
B)y5 h -K264(1 A+ B) (3-20)

1+ A2 + B)x

(1 + A1

o+

or

E] i —KZG4(1 + A, + B)

T+ A FB¥C (3-21)

1

It is interesting to point out that the two equations for E]/E2 in

Eqs. (3-20} and (3-21) should be equal to each other. Thus,
E -KZG4(] + AZ + B) 1+ AZ + B+

1 -
E2 1+ A] +B+C —K2G4(] + A] + B)

(3-22)

Whnen the last equation is expanded, it can be shown that it is
identical to the condition of A = 0 given in Eq. (3-5).
MuTtiplying Egs. (3-20) and (3-21} yields

El T+ AFBI+ A +B8+0) (3-23)

2
[ETJ (1 + Ay + BY(1 + A, + B+ c)
2

ihen |E;[ = [E,|, Ny = Ny, and Ay = A;

o5 EQ. (2-23) gives

1t
E, 2 | '
e =1 (3-24)

Equation (3-24) implies that E, and E2 can be of the same
phase or they can be 180 degrees out of phase. Instead, when the

numerical-iterative technique is applied to the |E{| = |E,| = |E|



situation, it is found that the case, E1 = -EZ, is true.

Returning to the stability problem, Eqs. (3-5) and (3-23) form
the necessary conditions of self-sustained oscillations for the
general case of the system in Fig. 3-1.

Since Fgs. (3-5) and (3-23) are independent mathematical
relations, it is conceivable that in general there may be E1 # E2
solutions which may satisfy these equations simultaneously, thus
Signifying the possibility of self-sustained oscillations with un-
equal amplitudes in the two axes of the coupled system.

Now since there are three unknown parameters in the magnitudes

of E] and EE’ and w, it is difficult to arrive at a sustained-oscillation

solution via the numerical-iterative method for the complex LST system.

For the given system with the specific non]ineérity; even if a
sustained oscitlation exists, one has to be able to give a proper set
of initial guesses for E1, EZ’ ¢, and w in order to arrive at the
convergent solution. This has been proven to be quite difficuit for

the LST system. In order to gain further insight to the problem, .

two systems of lesser complexity are considered in the following sections.

Through these simpler systems we are able to draw general conclusions
on the possibility of having unegual-amplitude oscillations with the

CMG nonlinearity.

3-3. A Simple Two-Axis Coupled Nonlinear System

Consider the simple two-axis coupled system shown in Fig. 3-2.

The characteristic equation of the system is

2.2

A =1 - kG N]NZ - | ' (3-25)
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Figure 3-2.

A simple two-axis coupled
nonlinear sysgtem.



The input signals of the nonlinear elements are written from

Fig. 3-2.
Ey = kx, = NGKE, (3-26)
Thus,
E
= = NGk (3-27)
2 .
Also,
E, = kxq = NjGKE, (3-28)
from which we have
E
1 1
L : (3-29)
E2 N]Gk
Equations (3-27) and {3-29)} are multipied to give
Ak Na
= =5 (3-30)
2 1

In order for the system to exhibit self-sustained gscillations, it is
necessary that A = 0 be satisfied, along with any ohe of €gs. (3-27),
(3-29), and (3-30). These provide two complex or four real equations
with four unknowns in |E]|, |E2|, w, and ¢.

In general, if appropriate initial guesses are available for

|E4 1> |EEI’ w, and ¢, the numerical-iterative method will seek out
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the solution to the system of nonlinear equations represented by
the equations discussed above. This is useful for the case when
|E]| = |E2| = E, and ¢ = 0, since the initial guess for these
solutions is available from the singie-axis system solutions.

In the case when [Ell # |E2| and ¢ # 0, a general procedure
is needed to solve the nonlinear equations.

One method of solution is to span the w, ]E]|, and |E2| space
and plot A {or A - 1) or Eq. (3-25) in magnitude versus phase co-
ordinates, and seek out the A = 0 solutions. These solutions then
become candidates for possible solutions of Eq. (3-27), (3-29) or
{3-30), with the variable parameter ¢ free.

An alternative is to solve £q. (3-27}), {3-29) or (3-30)
first and then use the solution or solutions to check with Eq.
(3-25). Along this direction, a necessary condition)for the
existence of 1imit cycles is given by Eq. (3-30) which is inter-
preted as follows.

Equation (3-30) is written

— P

E

| il
} = TE;T (3-31)

|

N ro

e

Since N2 = N(Ez) and Ny = N(E]), Eq. (3-31) will be satisfied

if EZ and K/N{E), where K is an arbitrary constant, have the same
magnitude for two different values of E. This means that if the
curves of E2 and K/N(E) are plotted with respect to E, there must

be two intersections between these two curves in order to satisfy
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Eq. (3-31). Figure 3-3 shoﬁs the plots of E2 and |1/N] in db versus
E in db, with N being the describing function of the CMG nonlinearity
with v = 1.38 x ]06. It is apparent that these two curves intersect
at at most one point for any K. Therefore, we may conclude that

with the CMG nonlinearity in the system configuration of Fig. 3-2,
self-sustained oscillations of unequal amplitudes cannot occur with
any transfer function G.

Let us define

f = |N| , : (3-32)
1 1
_ e I —_—_ -3

h =z ] (3-33)
Alsao, let

g = log,,h (3-34)
and

X = 10910E (3-35)

Then, the slope of the curve for |1/N| in Fig. 3-3 is given
by

dg _ 1 dh df dE _ ., df

dx = hdr d dx - "M gg (3-38)
or

dg _ _p, dIN]

k= -Eh —¢ (3-37)
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With

Eq. (3-36) gives

dg _
dx 2

Thus, the necessary condition for Eqg. (3—31) to be satisfied is that

(3-38)

(3-39)

the slope of‘the 10910!]/Nl versus 10910E curve exceeds the value 2 at

at least one point.

c2

3-4. A Simplified Multiple-Loop Two-Axis Coupled Nonlinear System

This wi]] ensure two intersections between the

and |1/N| curves.

Figure 3-4 shows the signal flow graph of a two-axis coupled
system which is simpler than the LST system and yet still retains
the essential characteristics of the system.

The transfer functions of the system are defined as

_ 1
G] 5+ ]
1
G. = —
2 32
H=3s + 10

These transfer functions and parameters are selected so that
the single-axis system has two 1imit cycles, one stable and one un-
stable, with vy = 1.38 x 106 and T0 = 0.1 for the CMG nonlinearity.

The determinant of the coupled system is

(3-40)
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) 2 2.2 2.2

2 2.2

(3-41)

The relationships between E1 and E2 are determined from the following

equations:

L -

X9 %1 - K6y

~
L}
1
=
m
I
¥R

pfo = Bp¥p

Yo = HGyyy - KyGpx,

Thus,
El.: fl_= 1 + Nzel + I-_IG]G2
E, vy KE,(T + WG]
or
By K G, (1 + NGy )
E2 1 + N]G] + HG.IG2

Again, if we equate Eq. (3-43) to Eq. (3-44), we would get A as in
Eq. (3-41).

From Eqs. {(3-43) and (3-44) we have

271 1 2)

(1 + N]G1)(1 + N]G1 + HG]GZ)

2
[El} ) (1 + NZG])(] + N,G., + HG.G

(3-42)

(3-43)

(3-44)

(3-45)
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The numerical-iterative method was first used to solve for the
conditions of limit cycles for [E;| = |E2| given by Eqs. (3-41) and
one of the equations in Eqs. (3-43), (3-44), and (3-45). It turned
out that when |E]] = |E2|, ¢ = 180°;.that is, the two sinusoidal
signals at the inputs of N] and N2 are 180 degrees out of phase.
Using appropriate initial guesses for IE]I = |E2|, w, and with ¢ =
180°, the numerical-iterative method yielded 1imit cycle solutions
shbwn in Fig. 3-5 for various degrees of coupling coefficient.K].
Figure 3-6 shows the numerical iterations for the various values of
Ky -

A graphical procedure was carried out for the solution of limit
cycles when E] # E2, since the numerical-iterative method yielded no
convergent solutions.

Figure 3-7 shows the plots of A of Eq. (3-41) for various com-
binations of [E][ and ]EZ{. For Timit cycles to exist the plot of A
must go through the (0 db, -180°) critical point. Figure 3-7 shows that
the IE]I = [E2| = 0.9163 x 107> Jocus does go through the critical point.
However, most of the |E]| # 1E21 trajectories are far from intersecting
the critical point. Although, it is difficult to span the Eqls LE,|
space completely, these plots do give indication of possible existence
of unequat-amptitude oscillations.

The other necessary condition that needs to be checked is given

by Eg. (3-45). Let

f=0+ NG, + HG1GZ)(1 + NG]) (3-46)

Then, for a Timit cycle solution, it is necessary that the E2 VErsus
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E curve intersects the K/f tK = arbitrary constant) versus E curve

at two points. Figure 3-8 shows the trajectories of these curves

in the decibel coordinates. Since the curves for ZDlog}OK/f is raised
or lowered for different values of K, the following possible solutions

are indicated from Fig. 3-8:

w Range of |E,| and 1E2|
1073 107 - 1074
107 1073 - 107
107! 107° - 107
1 1074 - 107
10 | 1074 - 1073

However, checking with the A curves in Fig. 3-6, they show
that A cannot be zero in the ranges of amplitudes indicated above.

The conclusion of this study is that although theoretically
sustained oéci1]ations with unequal amplitudes can occur in a two-
axis coupled system with identical dynamics, the nature of the CMG
nonlinearity most Tikely precludes this possibility. Another
interesting discovery is that while a great majority of the limit
cycles are of equal amplitude in the two axis, the phases are 180

degrees apart.
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Figure 3-6b.
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