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ABSTRACT

‘In the present work, we consider the problem of estimatin% the prior
probabilities Q. of a mixture of known density functions 1((‘X), based

on a sequence of N statistically independent observations.
The mixture density is: M
gX1Q = ) q £
: k=1

It is shown that for very mild restrictions on fk(X), the maximum
likelihood estimate of Q is asymptotically efficient.

However, it is difficult to implement, Hence, a recursive algorithm for
estimating Q is proposed, analyzed, and optimized. '

For the M=2 case, it is possible for the recursive algorithm to achieve
the same performance with the Maximum Likelihood one.

For Ms2, slightly inferior performance is the price for having a recursive
algorithm. However, the loss is computable and tolerable.
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Introduction :

In many pattern classification problems, the probability density function
of each class is known accurately, while the prior probabilities of the
classes are unknown.

There are instances where the estimation of prior probabilities from
unclassified observations is the ultimate purpose of the data"procéssing.
This situation occurs in machine processing of remotely sensed Earth
Resources data,

The probé.bility‘ density functions of the spectral signatures of the several
crops are known, defined in the multidimensional observation space. The
objective is the accurate estimation of the proportions of the crops in a
given area. |

In Section 1, the general problem of joint classification of a set of obser-
vations and estimation of prior probabilities is formulated. ‘In a related
work by the author, [ 4] the problem of simultaneous opi:imal classification
‘and recursive estimation of the prior probabilities has been considered.
Here, the assumption is that we do not care about the individual classifi-
cation of each obéervation, but we are only interested in a good estimate
of the prior probabilities, |

The method proposed in the present work has the advantages of being
recursive in nature, of guaranteed fast convergence of the error variance
at a rate that can be computed, achieving the Rao-Cramér lower bound in
the two class case.

We are imposing only certain mild constraints to--the probability density
functions, | |

I. Likelihood Function

Let xN = (X1 XN) be a sequence of statistically independent cbservations,



Each observation XieEn is distributed according to fk(Xi)’ under
hypothesis H,, k=1,..., M. The probability density functions fl'((X),

k=1,...,M are assumed continuous and positive for every XeE™,

Let

—

1 if XieHj

0 if Xide

Let
1 2 M
K = (% Ko K )
Then K; is an M-vector with M-1 zeros and 2 1 in the jth position if
XieHj. Thus Ki indicates the class membership of Xi .
Let
N _ T
K = (K1 KN)
Then KN is an N x M matrix, with columns KiT . It indicates the class
memberships of the observations ()(1 Ce XN)

T

Let w = (wl c. e rrM) be the vector of prior probabilities of the M

classes,

We are interested in determining the conditional likelihood function
p (xV, KN )

We have, by the Bayes rule
p(xN, kN|m) = p (xN| kN, m) P (kN} ) =

P (XN! kM) P (KN‘ )

]

1l



The above conditional probability density functions are :

8
N M K.
Nl Ny T T !
N M °
pxN|my =71 T N
i=1 s=1 8
Substituting, we have :
1 B .
N M _ Ky
p(xN xN|my = T T [rs 15 xp]
i=1 s=1 :

N

In general, both K° and T may be unknown.

It is interesting to note that the pair (I(N ,7) that maximizes

P (XN, K N l m) has the following intuitively nice properties.

For known w, the vélue KN=QN that maximizes P(XN, KN m)
reduces to the Bayes classifier, i.e. '
In(_j _ 1 if TT]. fj (Xi) = m&x m™m frn (Xi)
i .
0 otherwise
N A I N N
For known K, the value ™= m that maximizes P(X ', K l T)

s the relative frequency estimate, i.e.

A | n
n,= N1 ¥ K?

s
i=1



Hence the estimate

N

A A
(KN,TT) = arg max P(XN,K )

is intuitively appealing but complicated to realize,
In the present work, we are not interested in estimating K N . We are
only interested in estimating wm. |If KN is known, the relative frequency

estimate is unbiased :

N
A ]
a1 _
Er, =N z E K, =m
i=1

The error covariance matrix has elements

Nl w (1-7.) for s=j
A A 8
E(ns i ﬂs) (ﬂj i TTj) B S

..1 .
N (-’-'fS ”j) for s#j

Since perfect classification (knowledge of KN) is an ideal situation for
estimating the priors, the above error covariance matrix is a "lower

bound" to the achievable error variance in estimating = under unknown KN.

II. Mixture Approach--2 class case

If we average the conditional p.df. P(XN, KN , ™) over KN, the

result is:

p(xN | m) Y pxN, kN | my =

N
K

Mg £g(Xp) }

I
n =z
.~
[



We are interested in finding the value of m that will maximize the
conditional likelihood function
p(xN | m)

Let

M .
gX |m = § m £ (X)

s=1
The function g(X | m) is linear in the unknown paramefers |
m ={n T
( 1 yorrey M)

In the present section, we will concentrate on the M=2 class case.

In this case, the parameter.rr is one dimensional.
g(X | m) =i (X) + (1-m) £,(X)
We make the following assumptions on f1 , f2:

Assumption 1 :

fl(X) , fz(X). are continuous and nonzero for all X@:.En

Assumption 2 :

The mixture g(X | m) is identifiable in the usual sense [(5}].

That is :

it g(X | ™) = g(X |1y VXeED,
then TTl = 112
Comment :

H has been shown that most of the usual probability density



functions make identifiable mixtures. In [5], there is a list of such
p.d.f's.
Because of the convenient form of the function g(X | W), we are able
to use a theorem due to Cramer [6 ] , regarding the behavior of the
maximum likelihood estimate, &N where
é = arg max P(XNl'rr)
N T

in general, the function

2 (xN,m = log (XN |m)
has a number of local maxima,

The local maxima my are solutions of the likelihood equation :

2 Jog P(xN|m) =0

am
The original version of the theorem requires the satisfaction of Conditions
1 -5, due to Cramér [6].
If Conditions 1 - 5 are satisfied, any solution of the likelihood equation
will be a "good" estimate, in a sense to be defined.
For numerical solution of the likelihood equation, it would make things
easier if we knew that the likelihood equation has a unique solution.
Conditions 6 - 7 due to Perlman [ 7], guarantee that for large enough N,
and with probability 1, we will have a unique solution of Il:he likelihood

equation,



The conditions that must be satisfied, are :

Condition 1 :

For almost all XeE",

i .
J S eex | @), 1=L2,3
| 3q?! ~
qel0, 1]

Condition 2:

={}

E 2 log g(X | q)
q=m

34

where = true value of the prior probability.



Condition 3 :

Hm) = B (2 log g(X | q))2 <+ e
Bq ' q:ﬂ'
Condition 4 :
E —; log g(X | Q) = -J(m)
Bq ' q='ﬂ'
Condition 5 :
There exists a function m(X), such that
A 3 |
— log g(X | q) < m(X), Vqe[0,1]
3q
and m(X) is finite
Condition 6 :
The Kullback-Leibler information number
g(X | m)
i(q, = e dx
(q,m = [ g(xX|m) log \:g(x | 9)

En
achieves a unique minimum at q=T,
Condition 7 :
_a_%_ log g(X | q) is continuous in q for each qel0, 1],
uniformly in X.

Theorem :

Under the regularity Conditions 1-7, the maximum likelihood

estimate



A N
PN = arg max T g(X, l q)
9 m=1

is weakly consistent, i.e.

A
1im PN = m in probability

Naa

. A _
Furthermore, the estimate PN is asymptotically efficient, {.e., it .

achieves the Rao-Cfamér lower bound :
2 ” -1
- -1 '
E(Py -m) —=N"" [1m]

Also, with probability 1 there exists an No , such that for all N > No

. the likelihood equation has a unique solution in the region we [0, 1].

10
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Intuitively speaking, the theorem says that for N "large enough,”
we will have in [0, 1] a unique solution of the likelihood equation.
Hence, if No is known, we can use an efficient numerical method

specifically designed to seek the unique zero of a function.

For the particular problem considered here, we have

' 2 -1

jm o= [ [E0 - 1,007 [rEx) # (1) ] dx
E" | '

In Appendix I, it is shown that Assumption 1 implies that J(w) is

upper bounded by [m(l-m)] 1

Hence, for m#0,1 , J(w) is finite. 'The physical significance of this

bound is the following.

The quantity N'1 m(1-m) is the variance of the relative frequency

estimate in the case of observations of known classification.

Hence the inequality
- -1 -
v [im] " = N e

is natural. It means that the Rao-Cramér lower bound (left hand

expression) is higher than the variance of the relative frequency estimate,
We have to accept the higher error variance due to the fact that the
obs=ived data are unclassified.

In Appendix I, it is also shown that the function

N ST

is concave in the region [0, 1]



12

In such a case, we assume that we know that w lies in an interval
I(e), where

[0,1] if J(0) <+, J(1) < + =

[e, 1] if J(0) =+, J(1) < + =

[0,1~¢] i J(0) <+=, J(1) = +=

[e,1- €] if J(O) = H1) = + o

and ¢ is a small positivé number. The Conditions 1-7 have to be valid

I(e)=

for mel(e) in order for the theorem to- apply.

In Appendix I,an efficiem; method for computing J(w) in the case of
Gaussian densities is demonstrated,

In Appendix 11, it is shown that Assumptions 1-2 imply the satisfaction of
Conditions 1-7,

Hence, the Maximum Likelihood estimate of m is an efficient method in
terms of performance,

The .implementation of the estimate ‘requires finding the maximum of the
likelihood function, which is an N th degree polynomial. For large N,
we cannot afford the computational complexity of the above scheme.
Furthermore, the M.L., estimate is non-recursive, We cannot update it
efficiently,

We will ndw congider a recursive estimate of the mixture parameter m ,
The basic observation is that the value q=m minimizes the Kullback-

" Leibler information number I(q, ™), and the minimum is unique,
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The derivative of I(q, ™) is:

2 Uq,m) = -f w(xX]m [-3— log g(X | q)] dx =
39 gh 2q

1l

' s
-E 3q log g(X l q)

Hence, the estimate of the gradient of I{(q, ™), for a fixed q and
based on one observation X, is:

3 log g(X | q)
3q .

Motivated by the above observation, we consider the following sequential

estimation algorithm :
_ -1.
Pntr = Py N TTLU(PN) G(Xyyq PN)

where G is the current estimate of the gradient :

- _0
G(Xyppr @ = 2 log Xy, | @

il

[fl (Xﬁ+1) - 1y (XN-H) ] .

a £ (Xygr) + (1-9) 5 (Xnpr) ]
and L(P) is a bounded positive function, defined for Pe[0,1].

L.(P) will be chosen later for optimal convergence of the algorithm.

We define the regression function M(g), for qe[0,1].

M(q) = E [L(a) G(X,q)]

L(q) F{q)

It
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- Where {
F(g) = [ [5,00 - 1,007 [af (0 + (1-a) £,00] .

.[nfl(X)'+ (1-m) fz(X)] dx

The derivative of F(q) is:

Fi(g) = - [t - fZ(X)]zi[qfl(X) + (1-q) f5(X)
E" |

C[rE (X)) 4+ (1-w)_f2(X)] dx

Hence,

F'(Q) < 0 vqe[0, 1]
Also, we note that

F(m) 0

M(m) 0

Therefore, the function F (q) is monotone decreasing in [0,1] and

it has a unique zero for q=T
Let |
Z(X,q) = G(X,q) L(q) + M(q)

Obviously, the random variable Z(X,q) has zero mean, conditibned on ¢

E[Z(X,q) |a] = 0
To guard against getting an estimate Py +1 that is outside of the

interval [a,b], I put two reflecting barriers at a and b.

The recursive algorithm then becomes :
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r _ -1 N
Pygp = Py + N [Z(XN_H, Py) M(PN)]

P R(

'
N+1 PNt
The function R(X) truncates to the extreme points of I(e) any
estimate that falls outside,
If I(e) = [a,b]
| b if Xa2b
R(X) = X if Xefa,b]
La if X ca
This is standard procedure in algorithms of this type.
For the convergence properties of the above sequential procedure, we now
invoke a theorem due to ]. Sacks [8]. The conditions of the theorem are
expressed for convenience in the notation of the present paper.

They involve the regression function M(q) and the sequence of zero

mean, 'noisy"” observables { Z_(XN’ q) } .

Condition 1a :

M(m) = O
and (g-m) M(q) < 0 forall qel(e), q#T

"Condition | 2a :

For all qel(e) and some positive constant Kl ; | M(q) I <
K1 |q - n|, and for every ty » ty such that 0 < t1 <ty < @,
inf | M(q) 1 ~ 0 , where the inf is taken for t, = \q-n‘ < by,

qel(e) .
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Condition 3a :

For all qel(e) '
M(q) = a; (q-m) + s(q, ™)
where g(q,m) = 0(_|Q-n|) as |q-rrl - 0

and where a1 < 0.

Condition 4a :
a) sup E '[Zz(X,q)'|q ] < o
- qel(e) a

2 o
b tim B [2%x,0) |a ] = s(m

Condition 3a :

(The version of this condition is stronger than necessary, but it is
easier to verify for our particular case).

For a fixed value of q ,the random variables { Z(XN , q) }N

are identically distributed.

Theorem :

(Sacks) Suppose that Conditions 1-5 are satisfied, and assume in

addition that | a, \ > 4 . Then N (Py ~-m) is asymptotically
normally distributed with mean O and variance
_ -1
s(m) [ 2 la, | -1 ]
In order to satisfy the Conditions la - 6a , we constrain the function

L(q) to be positive and bounded :
0<C1sL(q)sC2<+m



Then, |
(q-m) M(q) = L(q) (q-7) F(a) < O
Vq #m, qel(e)
because the product (gq-m) F(q) is negative for all q#m.
In Appendix III, it is shown that Assumptions 1-2 imply satisfaction of
Conditions la - 6a .

It is also shown that the constants a, and S(m) of the theorem are :

1
S(m) = LE(m) J(m)
a, = - L(m) I{m) = L(m F'{rr)
because : |
F'(m) = - J(m)

We are now able to express the asymptotic error variance of the
algorithm in terms of L(mw) , J(m) and under the condition

Zlall = L(m) J(m) » 1

The variance is :
‘ -1
NE (P - Mm% Jm) LEm [2L(m) I(m - 1]
(If the condition 2 |a11 -~ 1 is not satisfied, Sakrison [ ] has

commented that the convergence rate may be slower than N~ 1) .

For = fixed value of w, we have in Fig. 1, the variance
-1
v = J(m L3 [2L(m J(m - 1]

as a function of L = L{m)



P . e ]

[2J<n)]'_l 1
Fig. 1 |

I |
For L(m) > .[Zj(w)] , the variance V has a global minimum,
achievable at

L = J°1

Hence, we can optimize the nonlinear function L by choosing
. - 1 . .
L(m) = [i(m] , rmel(e)

. Substituting the optimum L(w) into the variance expression, we find

that the resulting minimum asymptotic variance is :

E (Py - )%= N'l[](ﬁ-)]-l

N
" But this is exactly the Rao-Cramér lower bound, i.e., the sequential

procedure is asymptotically efficient.

18
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In other words, if we agree that the mixture approach should be followed,
the sequential algorithm presented will perform as well as anything else

in estimafing .

The maximum likelihood estimation scheme requires tremendous complexity

in order to achieve the Rao-Cramér bound, while the présented sequential

scheme is very simple and achieves the same lower bound,

The only difficulty in the implementation, lies in the construction of the
nonlinear function L ().

However, it is a one-shot construction, S0 Wwe can do it off-line. In
situations where we have to estimate prior probabilities repeatedly, while
the probability density functions remain unchanged, the scheme is
increasingly attractive,

In Appendix I, an efficient method for constructing J(w) (hence IL.(m))
is presented for the case of multivariate Gaussian densities.

1. Mixture Approach: M>2 Class Case

We pow assume that each observation vector XKeEn comes from one

of M statistical populations-hypotheses.

Under hypothesis H Xg 18 distributed according to the p.d.f.

m!

f m (X Let m  be the prior probability of hypothesis H_,.

K) :
We need to estimate only M-1 of the prior probabilities (m m)‘

: : T
Let m = [nl cee T 1] be the vector of true prior probabilities,
T

and Q = [ql .. qM_ 1] be a vector of arbitrary prior probabilities

Let g(X | Q) designate the mixture density :

M- 1 M- 1
g(X | Q) = z aq, fo(X) +‘[1 - Z qs]fM(X)

g=1 s=1
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The likelihood function of a sequence of .N independent observations is :

T g(X | Q

m=1 m

We will investigate now the performance of the maximum likeljhood estimate
of m, based on a sequence on N observations.

A
The M.L. estimate QN is determined by the equation :

N
Q. = arg max T g(X Q)
N Qel,, m=1 m |

m={Q Q=day - 9y ), q =20, s=1,..., M1,

M-1 _
z 9 = 1}
g=1

We will make two mild assumptions about the densities f m(,‘)'( ), similar

to the ones for the: M=2 case.

. . ¢
Assumption 1 :

f,(X), K=1,..., M are continuous and nonzero for all XeER,

’ 4
Assumption 2 :

The densities f (X), K=1,...,M make an identifiable mixture

g(X1Q.

.

For assessing the properties of the maximum likelihood estimate, we
will use the multidimensional version of the theorem used in Section IIL

The parameter space now is M-1 . dimensional.
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The Conditions 1 - 5'0f the following theorem are due to Cramér, [6]
and Conditions 6'- 7 'are due to Perlman [7]. The last two Conditions
guarantee that for N 'large enough; " the likelihood equation will have

a unique solution in 1,. (region of interest).

!
Condition 1 :

For all XeE"™, the derivatives
ai +j

| 1ogg(x|Q) ., s,m = 1,...,M-1
»a. aql

exist for all QeIM and i,j = 1,2,3

7
Condition 2 :

E_2 log g(X | Q
3

for s=1,...,M-1
where = = true value of the prior probability.

Condition 3 ' :

3 3 '

J (™) = E [;;‘ g(X | Q) g g(XIQ)J < o
5 . Q=“

for s,K = 1,...,M-1

?
Condition 4 :




[
Condition 5 :

There exists a function m(X), such that

i+j
d
aqi
s aqK

Clog g(X | Q) | < m(X) VQQIM

for i,j = 1,2,3 , 8,K = 1,...,M~1

and m(X) is finite, except on a set of probability zero.

Coﬁdition 6 ! :

The Kullback-L.eibler information number

(X1 m
HQ,m) = [ ex|m log [m]dx
ET |

achieves a unique minimum at Q=mw

!
Condition 7 :

log g(X | Q) is continuous at each

3q4

QQIM, s =1,...,M-1, uniformly in X.

Theorem :

' ' ’
Under the regularity Conditions 1 - 7 , the maximum likelihood
estimate
' N
Qu = arg max T g(Xp | Q)

is weakly consistent, i.e.

A ,
lim Q N=T in probability
Naoo

22
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: A
Furthermore, the Maximum Likelihood estimate QN is asymptotically

efficient, achieving the Rao-Cramér lower bound.
Also, with probability 1, there exists an N, , such that for all N > No ,
the likelihood equation has a unique solution mo= (ﬂ'°1 Cee 'rroM_ 1) , in

in the region

Let
- E A
Ry(m) = E (Qy n) (Qy - ™)
be the error covariance matrix.

Let A = (a, ... & )T be any weighting vector with nonzero

r - M-1
norm.

Then the above property stated in the theorem can be expressed as :

-1
-1 2
1lim N [AT Rl“\ll(w)A] = [E [AT Y log g(X | ™) ] ]
N4+ =
A ,
Hence, the maximum likelihood estimator QN performs better than any
estimate, .
In Appendix IV, an upper bound to the function ]SK(‘W) is found.
The bound is :
-1 -3 3/2
Jop () <
sK " (T TTS) [(TTK + TTM) (g + TTM) ]
M-1
where ™ T 1 - z TK



24

This bound is finite for

T T Ty £ 0

With arguments similar fo those for the M=2 case, it can be easily
shown that Assumptions 1~ 2 imply the satisfaction of Conditions 1 - 7’.
The conclusion is that the maximum likelihood estimate of m ‘works"
for the rnixturé model,

The implementation of the maximum likelihood estimate of m is numeri-
cally difficult. With increasing number of observations, N, the computa-
tional complexity of the M.L. estimator increases tremendously.

Motivated by the difficulty in impleméntation, we will now propose and
analyze a recursive estimation-procedur_t?.

The mtuitivéﬁ-“:t’::iasis is the minization of ﬁhe functional I(Q, m).

S

e

Q. = B {1og [gx | m (ex | @) ]

The gradient of I with respect to Q, is:

"} =

e Q,m) = E{v 1og.[s(x | =) (s(x | @) )1]

"]

Therefore, an estimate of the gradient of I(Q, ™), based on oné observa-

= - E[vlogg(x|Q

tion, X , is the vector

— -1
vlog g(x Q@ = [ex| Q@] [6,0 - 1y ,...,

T
fp-1(0) - (X)) ]
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This observation motivates the following gradient algorithm for recursive

estimation of .,

1

QN"]‘]. = QN (N+1)- L(QN) v log g(XN+1 QN)

Here, L(Q) is a scalar function of Q , positive and bounded between
[C]_ ) Cz] .
0 <« Cl < L(Q) = 02 < + o

L{(Q) will be adjustedl later for optimal convergence of the algorithm.
In order to examine the convergence properties of the algorithm, we need
to define the regression function M(Q).

M(Q)' is an M-1 dimensional vector function.

M(Q) = E {L(Q) vlog g(X | Q) I Q}

After substitution, we have

T
M(Q) = [M(Q), ..., My (Q) ]
where
-1
M(Q) = - L@ [Jex|m [ex]@]) -
En

(0 - () ] ax

K=1,...,M-1

We note that

MK(rr) = 0
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hence
M{(m) = 0
We define the random vector

Z(X,Q) = L(Q) vlog g(X | Q) - M(Q)

we have :
E(ZxQ |Q)=0
We will define a region IM(A) in M-1 dimensional Enclidian space. -

Let ‘A:(al’ ..a,), Where ai are positive numbers, much smaller

than 1. We define the region IM(-A) as follows :

I8 = {Q Q =gy ... ay.p)s a2 a
M-1
K=1,...,M-1, ay <1 - % a }
K=1

We are now ready to apply a multidimensional stochastic approximation
theorem due to J. Sacks [ ]. The conditions of the theorem are
expressed in terms of the function M(Q) and the random variables
Z(X, Q).

Condition 1 :

M(m™) = 0, and for every e >0, inf (Q-rr)T M(Q) = 0,
where the inf is taken over the region :

-1

IM('A) n{Q:e s Ja-nf>e}
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Condition 2 :

There exists a positive constant Ky such that, for all QeIM(A),
Mm@ | < x, [ - -l

Condition 3 :

For all QeIM(A),
M(Q) = B(Q -T) + 8(Q, ")
where B is a positive definite (M-1) x (M-1) matrix, and
ls@.m | =0 cja- ) as @ - m=o0
Condition 4 : |

s E{ |zx,Q ||? IQ} < +w
Qely(A)

um E {z(x,Q) 27 (X,Q) |Q } = sm
Q—DTT

where S(m) is a nonnegative definite matrix

Condition 5 :

Conditioned on Q, the sequence of random variables

{Z(XN, Q)} , is identicaly distributed.
N

Let }:)1 yae ey bM—l be the eigenvalues of B in decreasing order,

Write B = PBIP'I, where P = orthogonal matrix and

B, = diag (by...by )
th

Let Sij(rr) = i,j  element of S(ﬁ)



* . .th
and Sij(v'r) = i,j  element of

s*(my = P ls(mp
Theorem :

Suppose Conditions 1-5 are satisfied.
Assume, further, that b, , > 3 |
Then, N% (QN - T) is asymptotical.ly normal, with mean 0 and
covariance matrix PFP 1 , where F is the matrix- whose (i, j)th

element is

. _.1 R v
(}:)i + bj - 1) S..(m) |

28
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In Appendix V, it is shown that Assumptions 1-2 imply satisfaction of

Conditions 1-5 for the region Qe IM(A).

Hence the proposed recursive estimation algorithm will converge to the
true value w , and the convergence of the error covariance is of the
order N™1.

The reason for achieving high speed of convergence is that the stochastic
approximation theorem of Sacks was invoked. |

It requires more stringent conditions for convergence than Blum's [9]
theorem, for example, and the reward is that ‘a unique zero of the
regression function is guaranteed, hence we have speedy convergence.

In order to keep the sequence of estimates {QN} within the region’
IM(A) , for convergence purposes, we make a slight modification,

The new computed estimate Qii +1 is :

1

Quar = Qu - (N7

L(QN) "’log g(XN+1 QN)

1
We construct QN +1 from QN Y by truncating to the boundaries the

. 1 .
coordinates of QN +1 that are outside of IM( A), so that
Qn+1 ¢ InA) -

In Appendix V, the error covarianpce matrix is computed, The result is

as follows :

Let D(m) be an (M-1) x (M-1) matrix with elements
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Dgs(m = [ [&X liﬁ) ]—1 10 - 1) ]
P

[14(X) - f(X) ] dx

Let d d .=2d be the eigenvalues of D(m).

] = M-1
Let
. -1
D(m) = P°" diag(d;...dy ()P
where P = orthogonal matrix, consisting of the eigenvectors of D(7).

Then, using the above theorem, it is found in Appendix V that the

asymptotic error covariance matrix is :

lim NE (Qy - ™ (Qy - m T - pEp-

Naw

1

where

F(r) = -Lz(rr) diag [d, (2L(m) d -1 )1

ydyoy (200m)y dy oy )Hl ]

The motivation for employing the recursive estimate was to achieve a
simpler estimate than the Maximum Likelihood one. It is expected that
the convenience of having a recursive estimate will be paid in the form
of increased error variance, _

The question is, how much performance' did we sacrifice ?
Furthermore, it seems at a first glance, that it might be possible to

recover some of the incurred loss by cleverly choosing the function L (m).
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In the case M=2, the loss was completely recovered, and the
Rao-Cramér bound was achieved with the use of the optimal function L.(T7).
We will compare the performance of the following three estimators of 1:
A) Maximum Likelihood ‘Estimator
B) Recursive Estimator
C) Relative Frequency Estimator
Actually, Estimator C can be implemented only when the data are observed
noiselessly. -
This requirement is equivalent to the densities f i(X) having disjoint
support sets.
Therefore, comparison of Estimator C to the others is only an indication
of the loss in performance due to noisy data,

Let
T

RS(m) = lim NE (Qy - ™ (Qy - ™
Naoea
be the asymptotic error covariance of the estimator s .
The supercript s will indicate whether we hév‘e the A,B,or C estimator.
Let A=(aj...ay ;) be an arbitrary weighting vector with nonzero
norm.

The magnitude of the quantity
- -1
(AT (R®(m 1A ]

is indicative of the "magnitude" of the error covariance matrix. The

error covariance matrix of the recursive estimator satisfies the equation :
-1
[RB(m ] =2t F Lp

!
The Maximum Likelihood estimator achieves the Rao-Cramer lower bound,

hence :
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. -3 -
ltAT[RA(rr)]”1 A]z [E (AT viog g(X '”)]2] 1

We have :

E[ATvlog g(X | ™ ]2 =
T : T
= A E[vlog g(X | ”)] [vlog g(X f”)] A =

= ATp(m) A
= AT p7l aiagia,. . qy P A

AT T diag (a, ...dy )P A

(because p-l - PT)

The matrix D(m) is symmetric. -

Hence,

- D()

il

D (m) = (PT diag (d;...dy_ ) P)

D(n)

i

. T
P diag (d,...dp_ ()P

Using the above observations, we have :

[AT (R%m) 17! A ]'l [AT Pl diag (dl...dM_l)PA]_l

-1
[T (R%(m 170 A ]

1l

[AT pl gt P Al
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where

F Ll - [L(rr) ]-2 diag[(ZL(w) d -1 )dil

veeos (2L(m) dpoy -1 )d;ﬂl_l.

We note now that each of the terms of F~ L is smaller than the
corresponding dK'
Because,. the inequality

(21 g - 1) [Lm ] <o

is equivalent to:
2
(L(m) dp = 1) =20
Hence, the conclusion is the following inequality :

[AT (RB(m) 17! A ]"]?z [AT (RYm) 171 A j_l (2)

This inequality is true for any weighting vector A.
It expresses the exact loss in performance, asymptotically speaking, when
we use the recursive estimator instead of the Maximum l.ikelihood one.

In Fig. 2, the magnitude, Y of the Kth diagonal term of Fl s

plotted as a function of L .

-1 -2

dK L (2Ldy - 1)
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Fig. 2

YK(L) has a unique global maximum for L = d%l

The choice of the function L. should be such as to make each y, as

i

close to its maximum value as possible,
Because then the Rao-Cramér lower bound will be approached as closely
as possible,

Obviously, we cannot maximize all y, simultaneously.

Hence, we choose to maximize their average :

M-1
-1
T(L) = (M~1
(L) = (M-1) Y Y@
K=1
. We have :

T(L)

L

a! L %cnd - 1)



where
) M-1 ]
- _1 -
d = (M-1 d
( ) X
K=1
We have :
dl =d = dM-‘l

The function T(L) has the same form with y (L) if weput d =
K K

Hence, the choice of L that maximizes T(L) is:

M-1
L(m = d ! = (Mm-1)7! z d

K=1

-1
K

. -1 -1
Since dK is an eigenvalue of [D(TT) ] , we have :

. -1
Lo(m = (M-1)"1 trace [D(r) ]
It is much easier to compute L, (m) foreach = eIM(A) by this

formula.
If noiseless observations were available, the relative frequency estimate
of the prior probabilities would have asymptotic error covariance matrix

Rc(w), with elements

Cij = rrj (ﬁij - Tl’i)

where

35

a.
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M-1
and TTM =1 - TT]
i=1
, G 1
The inverse matrix, [R (m) ] has elements
-1 -1
1J=WM(1+ﬂj ﬁMal])
Hence,
c . M-1 M-1
AT[R (rr)] A = z z G2 2y T
i=1  j=1
S M-1
YA
i=1.
-1 M-1 le"l
+ Ty z Z a; aJ =
i=1 j=1
M-1 5 ) - | M-1 2
= alrr1 +WM'(Zal)
i=1 i=1
‘We also have :
-1 )
AT [RY (] &= Jex|m?
E" |
M-1 2
[ a;, (£,(X) - f,(x) ) ] dx-
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M-1 M-1
- 2 Z a4 2 JiK(ﬂ)
i=1 j=1 ‘
For ,
A=(05---:0saK:0s°'-’0) ’ aK;'fO
we have
-1
AT[RA(m ] " A = a J(m
and

ARG T 4 = ek (e + 7y )

Using the result of Appendix IV, we have
3 -1 -1 -1
JKK('”) < (ﬁK+ﬂM) (ﬂKﬁM) < (WK +TTM );
hence, for such A's we have

(AT (R (17! A 177 (AT RS (Tt A T

1 have not been able to prove the above inequality for general A .

I conjecture that it is true in general, because the left side expresses the
Rao-Cramer bound on estimating the mixture priors under noisy observations,
while the right side expresses the variance of the relative frequency

estimate under noiseless (or perfectly classified) observations. |

In any case, for a given weight vector A, we can compute both quadratic
forms. Their relative sizes will give us a measure of performance loss

due to noisy (unclassified) cbservations in estimating the prior probabilities.

Conclusions

We consider the problem of estimating the mixing prior probabilities when
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the probability density functions of a mixture are known.

It was shown that the maximum likelihood estimator is asymptotically
efficient, but difficult to implement,

Hence a recursive estimator was proposed and analyzed. Using 2
stochastic approximatijon theorems due to Sacks, it was possible to show
convergence to the true value, |

Also, the asymptotic error variance was computed in a closed form,
Because. of the closed expression, it was possible to see the .performance
loss due to the use of a recursive algorithm.

For the binary mixture, it was poséible to modify the recursive algorithm
by means of a memoryless nonlinear transforlﬁation, and achieve asymptotical
efficiency. For the M ary mixture with M > 2, use of a memoryless
norlinear transformation in the recursive algorithm decreased the error

covariance, without achieving asymptotic efficiency.



Appendix I

The purpose of the present appendix is to show that

(M <[m(1-m1"1 for m# 0,1
and that the function [J(m) 1 ! is concave
for arbitrary densities fl(X) , fZ(X) that are nonzero for all
XeE™,  Also a method will be given for computing J(™) in the
Gaussian case, |
Let |

s = m(1-m)" 1

Assume
™ #£ 0,1
J(m) can be written :

2
(1+8) [ [1-f2(X)(f1(X)) 1] .
En

i

J(m)

,o-1
[s+f2(X)(f1(X)) 1] f(X)dX =

]

_1'
(1+s) [ {£,00(£,00) "= (248) + (s+1)?
En

[s+f2(X)(f1(X))"1]-1} £,(X)dX

Hence

(1+S)-2 - ) = -1 + (1+S)S-.1.

[ £,
En

s[s+f2(X)(f1(X))4]-1dx
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-1
The function s[s +1 2(X) ( £y (X) )' 1] is positive and upper bounded

by 1. Hence, we can upper bound J(m) :

) < (148)2 . "1
or .

) ¢ [m(1-m)]7 1
(M1l 2 w(1-m)

It is seen that only for m =0 or 1 there is a possibility for ](TT)
to be infinite.
A general method will now be given for computing J(r) in the case

of fl,’f2

an extension of a method in [2 ] and [4 ] .

being multivariate Gaussian densities. The approach is

Let
fl(X) = N(X,O,Rl)
fz(X) = N(X, My, R,)
where Md = M, - M, = difference of mean vectors.

Let A be the nxn orthogonal matrix satisfying the relations :

ARIAT = 1

T _
ARZA = p



where A=diag(11...1n)
and X are the eigenvalues of R, with respect to R,.
Hence, they satisfy the equation :

R, - )LR1|‘=0

_ _ T
Let M= AMg = (mj...m)

If we make the change of variables

Y = AX = (yl...yn)T

the transformed dengities are :

fl(Y) = N(Y,O0,I)
£,(Y) = N(Y,M, 1)

It is sufficient to compute the quantity :

j’fl(Y) : [s+f2(Y)(f1(Y))-1]_ldY=
gD |

- B[ ssr(6,m) ) | )

Let
z = log [fz(Y)(fl(Y))HI]

Then
z = % Z yz-x—l(Y -m )z-logl
Lo 1 k k k k k

The above conditional expectation can be written :

B { [s+7] | ny )

41
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Under hypothesis Hl Yy Aare Gaussian, zero mean, unit variance

independent random variables,
We are now in a position to construct the characteristic function of

z under the hypothesis Hl‘

Let
C(jw) = E {exp(jwz) | H, }
Let |
-1
ak' = ]_—)\k
b, = m,(1-x,) L
k - Mk k!
h, = (a b )2(1-a )'1 + log ';\f ‘k=1,...m
k k k k) k oo
Then, _
n .
C(jw) = 1 F (jw)
k=1
where
P (jw) = (1-2a jw) ¥ e [-2(a,b y2(1-2a,jw)" L -
k\J | kJ *p Kk k
-jwhy ]

The probability density function g(z) of the random variable z

under hypothesis H can be computed from C(jw) by an inverse

1!

Fourier transform.'
Let
q = 3.14139



-1 te ]
g(z) = (290" [ C(jw)exp (-jwz)dw

- -

We can finally compute the desired quantity :

E [s+eZ]" ! |H1 } = T 2) _[s+e_z]'1 dz

We will now show that the function []J{) ]_1 is concave,
This fact was noticed by Boes [1 ].

The second derivative of [J(m)] 1 s

—d; Oem1 = {2 Jo, - 1% g7t ax
dr '
[ty - 1% g7 ax +
3 -2 2
+2[j(f1 - £)° g dx] }/
2 -1 3
[t e e
where

43
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Using Schwarz's inequality, we have :
3 2
([[ -1 e eax ) -

R IR T A (R R PR N

]

o2 -2 4 -4
e Jg, - )% ¢ g dx [ (£, - £)% g% g ax =

[t - i? g7l ax [t - £)% g73 dx

Hence, the numerator of the expression for the second derivative is
negative,

Therefore,

d2

d'l'r2

[](1-r)]"1 < .0 for all “G[O,I]land hence [](w)]_1

is concave,

In Fig. 3, we show the shape of [](rr)]'1 in relation to w(1-m),

which is a lower bound.

Fig. 3 M1 s (1 - m
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Appendix II

We need to check whether conditions 1-7 are satisfied by the class

of density functions fl(X) , fz(X) that satisfy Assumptions 1-2,

The derivatives appearing in Condition 1 are :

E k
.Al; log g(X | q) = (-1)%" 1 (x-1)! [fl(X) - fz(X)] .
3¢ :

[afy(x) + (1-q)t5(X) ]'k

for k=1,2,3
Using this formula, it is straightforward to check that

\ |
E — 1o X = 0
29 g g( lq)lq=TT

I

E(2 log g(X | @)

\2
- E 2 log g(X | q) |_
2 3q q="

3q Q=T
= J(M
where | 9
-1
1) = [ {E(x) - (X)) ] [re,(X) + (1-m)f,(X) ] ax
E" |

Hence Conditions 1-4 are satisfied.

For Condition 5,

3

3
—3 log g(X | q)
39

fl(X) - fz(X)
qf, (X) + (L1-Q)iy(X) s
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< 2 | £(X) = £,(X) | 3 ‘[A(X)]'3
‘where A(X) = min (f,(X) , £5(X))

Since A(X) > 0 VXeE® and £,(X) , £5(X) are bounded,

Condition 5 is satisfied.
For Condition 6, it is known that the Kullback-Leibler information
number 1(q,7) has the following properties :

I(g,m) = 0 iff g(X| m) = g(X | q)

| VXeE" |

and I(gq,m) > O otherwise,
 Because of the identifiability Assumption 2, we can have
| g(X|m) = g(X] q) VXeEP only for m= g
Hence, Assumption 2 implies that I(q,w) achieves a unique minimum
at q =m, and Condition 6 is satisfied.

The function

B(g,X) = & log g(X}q) =

[£,(%) - £, ] [a 1,00 +

-1
+ (1-q) £5(X)]

is continuous in g for all qé[O, 1]. Furthermore, B(q,X-) is
bounded, therefore, it is uniformly continuous in q, and Condition 7

is satisfied.



47

Appendix III

Condition 1a has already been shown to be valid.

For Condition 2a, we have:
M) | < ¢, | F(a)]

F(q) and F'(q) will be shown to be bounded.

Let
e? = £,(x) [£,(X) ]_1
We can write :
F(q) = J‘ £4(X) [+ (1-m e ] [¢+ (1-0 e? ]hldX—
gn
- ) [ e 4+ (1-m) ] [ qe % + (1-q) ]-ldX
ED |

The second integral has the same form with the first one. If we

interchange f1 and f2 ,7™ and 1-m, q and 1-q in the second

integral, we get the first one, Hence, it suffices to check the

boundedness of the first integral only.

Ifl(X) [rr + (1-1) e’ ] [q + (1-‘@ e” ]_1 dX =

EII

= E { T(z,m,q) | H, }
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where:

T(z,mq) = [ 7 + (1-m) e” ] [a + (1-9) &” ]-1

The derivative of T with respect to z is:

| -2
s T _ . 1 - z
;‘;‘ (q-T) [q + (1-q) e ]

Hence - T is a monotone function of z,

We have the following bounds :

min 1,1'”>s' T(z,7,q) = max(-l’ .1_:.1>
q 1-qg g 1-q

Hence F(q) is bounded for q#0,1
The values F (1), F(0) are:

£(1) = (1-m) [1-7€1) ]
F(0) = n[-1 + J(0) ]

Bv the definition of the interval I(e¢), we see that F(g) is bounded
for all q in the interval I(e).
In a similar manner, it can be shown that F'(q) is bounded for
g#0,1. | |
Hence,

M@ <« ¢, |F(]| [a-m| < Cp C3 |a-T]
for q#0,1 |

where 03 < +7 @
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The first part of Condition 2a has been satisfied.

The second part is satisfied also, if we observe that F(q) is a
strictly monotone function of q.

Because of the boundedness of F’(q) ,' Condition 3a also easily

satisfied, with

a, = M(m) = L(m) F(m)
Also we note that
F(m) = -J(m)

For Condition 4a, we must compute

n

E[z%X,q) | a ] = B [6(X,) L(a) + M(a) ]*=

L3 E [6%x,0) |a ]- Mi(@) =

L@ [- F ] - M@

For q#0,1 the above quantity is finite, hence Condition 4a is

satisfied, Also, we need to compute the quantity :

s(m) = 1m E [2%(x,a) | a ] = LZ(m) 1M
ZT
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Appendix IV

In this appendix, we will seek upper bounds to the integrals [, (),

s,k=1,. , M-1
jsl‘:(ﬂ) - .[ (fS(X) ) fM(X) ) (fk(x) - fM(X) ) ’
El’l : .
M-1 | M-l"
[ z "m fm”‘)*(l'z Wm)
m=1 m=1

£0(X) ]-1_ ax

We will first consider the case s=k.

Let M-1

-1
+ Z qum fm(_X)] dX =

< J (t - tm) [Me 50+ my fM(X)]-IdX



Hence,

2

k™ 2 (e * Ty ) (500 - 1y0)
En

: -1
[ oK, M) £,(X) + (1-p(K, M) f(X)] dx

where

pOK, M) =7y [y "““M]ﬂl

31

In Appendix I, an upper bound to this last integral has been found under

the condition

p(k, M) # 0,1

Using this result, we have :
| -1
(™ = r + 1y [pe, )y (1-00k, M) ]

or :

Jkk(ﬂ) < (T"k + “M)S ("Tk 1'*'M)_l

under the condition :
1 k T M ?! 0

Using the Schwar; inequality, we can upper bound ]Sk(n)
2 -3
eI = { [ [sxim] " [r00 - 10} -
B .

-1
2

2
. [g(X[w)] [£,(%) - fM(X)] dx } <
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< [ Jex |rr'):]-1 [£,(X) - fM(X)]z dX .
En . .

P sk T [0 - 0] ax
EII

Hence

2 .
[1:(MT = Tpe(m Tggtm

I Jsk(“)l < [me + my) (g +”M)]3/2 -

(“k '”S) -1

™M

A

This bound is valid for

T?S,

Tt ™M # 0_
As a conclusion, we see that if ™ lies in the interior of the set Iv s
the functions ]Sk(rr) are finite,

Hence, the part of condition 3¢ related to the finiteness of the above

functions, is satisfied.
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Appendix V

In the present Appendix, we will check the satisfaction of Conditions
1-5, based on the As'sumptions 1-2,

For Condition 1, we construct
the scalar function

AQ) = (@ - M7+ 2 (Q - )]
defined for zle [0,1]

We have .
T
AO) = (Q -m) M(™) = 0
T
AD = (Q -m) M(Q)

The derivative of A(r) is:

M-1
3
AT(r) = s=z1 (05 = me) — M [rs a(q - m]
But :
M [m+a(Q -m] =
M- 1
= L@ [exim [ ¥ [5x) () ] (ag- my)
E" k=1
M- 1 -1
Y[R - 0] n + 0]
k=1
[f(x) - (X)) ] dx
Hence :
= M[r+a@ -m] = L@
3
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[ exim) [g(x |7+ Q- ﬁ))-z

EIl

M-1 |
L [500 - ] (g '”k)]'
k=1

[fS(X) - fM(X)] dax

Substituting, we have the following expression for 'A'(J\)‘:

A0y = L@ Jexlm [ex] o+ - ﬂ))]-'2
| n _ |
M-1 S L
|:Z (qp - ™) [£(X) - fM(X)]:l dx
k=1

or, more compactly :

¥ | | -2
ATy = L@ Jexime(x]r+a@-m)] .
. - _

- [exlm) - ax | Q)]de

*

. We have, therefore :

Ay = 0 Vael0,1]
The case A '(x)=0 will occur iff g(X | Q)=g(X | ™) VXeE",
But, due to the identifiability assurnption of {f i(X)}’ this would

imply Q=m .,
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Hence, for Q#m

we have A’(h) > 0 Viel[O,1].

Therefore,

A1) = (Q - )T M(Q) >0 VQ £ m

and Condition 1 is satisfied. For Condition 2, we apply the mean

value theorem to the scalar function of A, Mk[rr + 2(Q -rr)] .

between the points 2 =0 and A =1.

- M-1
M (Q) = M(m) + ) (ag = mg)
g=1 2dg

M [+ 2 (Q - m)]

where Ap € fo,1].
Substituting, we have :

M-1
My(m) = L(Q) Y (qg - 7g) Cpg

s=1

where

_2 ’
Cp, = ay [ eximex 1] [f(X) - (X)) ]
n

. [fk(X) - fM(X)] ax

with

Qk
Also, let

‘Ple“sz

Mo+ A (Q - m) = (Py Py ... Pyg)
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Therefore,

M-1 2
[Mk(Q)]2 = LX) T (g -y Cd =
' k=1

< L3(Q [ME—ICL fo - ~]°

and
M-~1
| m 17 T [M@] -
k=1 o
M-1M-1 ) 9
L@ Y ) cks] la - = |
k=1 s=1

We can bound the quantities Cks , with a method similar to the one

used in Appendix IV.
The result is :

Crg € 2y [max (Pk"l , Pyt ) + max (P;I, Pl‘wl)]

“Therefore, for QeIM(A) ,

and with K, = C, z Cpg < F
k,s
we have satisfied Condition 2. For Condition 3,we use the second order

mean valué theorem for the scalar function of i,

Mk[rr + (Q - m)}, between the points [0, 1]



M-1
M (Q) = 3 (ag - mg) 2 MMy

s=1 °dg
M-1 M-1

* z z (ag - mg) (a5 = ™y)
s=1 j=1

a2

9. 34 Mk[w + lk(Q ) ﬂ)]

where J\ke[O, 1].

Hence, we can write :

M(Q) = B(Q - m) +(Q - mT W@ -m)
where B = L(MD and D isa (M-1) x (M-1) matrix with

elements Dij ,
-1
Dyy = [Texim]  [£00 - Ep(X)] -
EII

| (X)) - fM(X) dX
]

The matrix W is (M-1) x (M-1) and has element (s,j) the

number

2
!

34 39,

M- 1
Y M [ Q- m]
I ok=1

It can be shown, again, that for QeIM(A) , the above terms are

bounded, with methods similar to those of Appendix L
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Hence

Q@ - mT wq - ™)

is upper bounded by a finite number.

2
fo - =1
| | T
Furthermore, let Y:(yl e Y M- 1) be an arbitrary vector,
v] 4o0.
Then

YTBY = L(m) J' [g(x (w)]-l.
n

E
M-1 | 2
T () - 100 | x
k=1 -
M-l T M-1
YTBY can be zero iff z Vi (X) - 1(X) Z Ve =
k=1 k=1

vXeET .

The identifiability of the set (f i(X)) makes this impossible.
Therefore, B is positive definite. The above facts show that
Condition 3 is satisfied.

We must compute

fl

5 [z 0] e ]

-2
- L3 [ex|m [sx|®] .
ET
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0
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M-1 2 2
Y [50) - f(x0)] dx - | M@
k=1

The first integral can be upper bounded in the same manner as Cj ..

We have :

- 2
Jex|m [ex ]|} i [£,(0) - £,(X)] aX =

and
M-1
= 1-
a,, L 9
j=1
For
q ..., 9 » a4 >0,
1 M-1 M

each term is bounded.

Hence, for QsIM(A) , the expected value of the norm of Z(X, Q)

is bounded. The matrix S(r) has elements

Sijl(ﬂ') = L%(m I [g(x | n)]_l [fi(X) - fM(X)] .
El‘l

[fj(X) - fM(X)] dx

or:

S(m) = L2(m) D(m)
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It has been shown aiready that D(m) is positive definite,

Hence Condition 4 is satisfied, Because of the nature of the algorithm,

Condition 5 is easily shown to be satisfied.

For our case, we have :

B(m)

= L(m) D(w)

S(m) = L2(m) D(n)

The matrix S*(n) is :

s*(m) =

H

"

ahd

P

L{(m) P~

Ls(my P =Pt L2%m) D(n) P =

L B(n) P =

L(r) diag(b; ... by q)

d, = ... 2 dM-l be the eigenvalues of D).

L () dk

S*(m) = Lz(n) diag(d, . .. dy_p)

The matrix F is, therefore, diagonal :

F(n) = L2(m) diag[(zL(rr) d, - 1)‘1 dy » ;

(2L(m) 4, , - 1) dy]
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