L=
View metadata, citation and similar papers at core.ac.uk brought to you by ;i CORE

provided by NASA Technical Reports Server

{NASA=CR-139177) OPTICAL IMAGE OF A -

COMETARY NOCLEUS: . 1984 FLYBY OF COMET ENCKE

{Lockheed Missiles and Space Co.) 61 p HC - .

3L .25 CSCL 033 Unclas . |
| 63/89 09841

TTTNTB=1 7.258]

———

pebpieea

MISSILES & SPAbE COMPANY

A GROUP DIVISION OF LOCKHEED AIRCRAFT CORFPORATION i
@

SUNNYVALE, CALIFORNIA ;


https://core.ac.uk/display/42890144?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

LMSC/Di 30482

OPTICAL IMAGE O A COMETARY NUCLEUS:
1980 FLYBY OF COMET ENCKE

W. C. Wells

R. 5. Benson
A. D. Anderson
G. Gal

August 1974

Contract NAS5-20566

Radiation Physics Laboratory
Palo Alto Research Laboratory
Lockheed Missiles and Space Company
Subszidiary of Lockheed Aircraft Corporatiocn
* Palo Alto, Calif. G430k



TAERLE OF CONTENTS

LIST OF FIGURES.
LIST OF TABLES

I. INTRODUCTION
IT. - BACKGROUND OF FLYBY MISSIONS
TII. PHYSICAL PROPERTIES
A, Nucleus -
B. MNon-Volatile Particles
. 1. Size Distribution
2. 'Production Rate
' . 3. Veloc;ty Dlstrlbutlon
IV.  TRAJECTORY
v. MIE SCATTERING
: A, . Mie Theory and Camputer Code
| 1. Flectromagnetic Radiation Scattered by Absorbing Sphere
2. Solar Scattering Cross Section for a Spherical Particle
3. Column Average Cross Section and Radlance |
o a. Column Seattering
'b; Column Radiance
.B._ Mie Scattering From Cometary Dust Particles
VI.  SCATTERING BY DEBRTIS PARTICLES
"VII., SCATTERING BY ICE PARTICLES
VIII. SUNLIGHT REFLECTION FROM THE NUCLEUS
‘IX.  COMPARISON OF BRIGHTNESS OF NUCLEUS TO BACKGROUND BRIGHTNESS
x. OPTIMIZATION OF IMAGING SYSTEM
ACKNOWLEDGEMENT'S
REFERENCES

" APPENDIX A - Angular Distributions for Single Particle Mie Scattering

APPENDIX B - Calculstion of Column Densities to Nucleus

nge

ii

iii

[ et e
O o F B (Vo TN TN o « BN - B S R

19
19
23
24
24
25
27
34
35
36
36
38

1o

81

b
52



7Figure-

Figure
Fiéﬁre
Figure
Figure
Figure
Figure

Eigure
'thuré
Figure
Figurg
Figure

Figure
Figure
Figure

Figure

Figure

® -1 o F W

10

A3

Al
AS
A6
AT

LIST OF FIGURES

:Pafticle size distribution.

Comparlson of distributions of particle sizes.

Deflnition of single-particle scaitering.

Solar scattering model.

Scattering'effiéiency vs., Mie parameter for n =

Angular dependence
ni= 1.7-.05 i.

-Angular dependence

A = 0.5um,

of

of

Wavelength dependence

Anpgular dependence
= 1.5

‘Angular dependence

= 1.5-.1 1.
Angular dependence

n =15, 1.5-.1 i.

Angular dependence

Angular dependence
= 1.5-.1 1.

Angular dependence

Angular dependence
n=1.5-.1 1.

of
of
of

of
of

of
of

‘Definition of scattering values.

gscattering functions, a =

:Termlnal velocities of non-volatile partlcles.

1.7-.05 1.
1.28um,

average scattering cross section,

of average scattering cross section.
gcattering function,'a
scattering function, a

scattering function, a

polarization, a

polarization, a

polarization, &

polarizatioh, a,

ii

Il

i

50um,

50pm,

H

-65Hm:

.65um, 1.5.

-65um,

0um, n = 1.5,
0um, n

11
13
15
20
ou
25
28

30

31

45

ué

w7
u8

49

51



LIST OF TABLES

Page

TABLE

I. Dust Mass-Loss at 0.8 AU. o 14
II. Particle Sizes and Terminal Velocities (0.8 AU). 16
ITI.  Orbital Elements of Comet Encke, 18
IV.  Radiance of Comet Dust at RS = 0.8 AU. 32

V. Radiances at R_ = 0.8 AU for X = 0.5 m, @ = 90°. 36
B-T, Column Densities for an Impact Parameter of 100 km. 55

iit



S

f.  INTRODUCTION

This is a study of the feasibllity of obtainiﬁg optical images of a
cometary nucleus via a Tlyby of Comet Encke. 'This study 1is based dn a
‘physical model of the dust cloud surrounding the- nucleus, Developmeﬁt of the
model is based on dvallable phyéical data and thedretipél knowledge of‘com-
etar§ physics.‘_Using this model, calculations are made of fhe‘absolute
'sﬁrfacejbrighfnéSS of the dust in the line of sight of the on-board camera
apa the-:el&five su:face Brightness of the dust'compared'to the nucleus.

The brightnesé:is-calculated as a function of heliocentric distance and for

J'{}'

different ﬁhase,angles ( sun-comet-spacecraft angle),

The;studylof the feasibility of. obtaining optical images of the nucleus
of comet-ﬁncké'via a flyby was divided into two parts. First a physical
model of fhe'duéi7gloﬁd surrounding the nucleus was derived and then'oui
Mie'scattéring pode wag employed to calculate the ébsolute brightness
EOf'the‘dds{ in‘tﬁe line of sight of the on-board camera; The surface
brightness of the comet was cdmpared to this backeground 5rightness along
with contribuiionsufrom debrié and ice pariicles. .Conclusions wére then
‘drawn in light of these results regarding the optimum Imaging system for

a flyby mission.

IT, - BACKGROUND OF FLYBY MISSTONS

_ At a symposium on the exploration of space held in Washington, D.C.
s - ' ' I
in April 1959, Whipple (1959) pointed to the possibility of sending a space
probe through the neighborhood of & comet. Two years later, Swings (1962)

gave an extended survey on the gcientific objectives and feasibility of

puch a mlssion at a symposium held in Pasadena, Calif. in August 1961,



He summarized the existing knowledge about comets and pointed 1o those
problems in the physics of the comets for which investigations by means of

space probes would be of special value.

There are gquite a Lew problems which would be handled best with instru-
ments dnstalled in a cometary probe (Lust, 1969):

{a) The structure and composition of the nucleus, its surface tem-
perature and itg m@mu

(b) Chemical processes related to the formation of the observed radi-
cals which take place in the vieinity of the nucleus where the density is
high, and the ejection velocity of the different particles.

(¢) The composition of the cometary atmosphere, the mechanisms of

disgociation and ionization, the slze and naturc of the dust grains.
3

(d) The denoity gradient and partial densities of the different con-
oliluents in the coma and in the tail.

{(¢) The interaction with Lhe solar wind and with interplanetary mag-
netic fields, the structure of shock fronts and related problems of plasma

physics and magneto-hydrodynamics.

Among the questions which have to be solved in the preparation of a
cometary probe 1o which comet should be selected for a firsi space mission.
Much work has becn put into this problem by diffcerent groups in the .S.A.
and in Furope, and all these groups came to realize that the difficulties
of such a mission are far greater than had first been anticipated. It is
evident that a periodic comet which has been observed for many apparitions

and whose orbit has been calculated with some accuracy is an easier target



-thﬁn a new cbm@t‘Whiéh:éuddenly appears without being predicted and whose
poilh has Lo be caleulaled from a few obgervations taken in small(time inter-
ivulﬁf’ ﬁut Lhere! are other reasohs why a periodic comet can be reached more
2518 1ly by n space vchiCle‘ihan a new one. The orbits of almost all periodic
comel.g have relatively small inclination to the ecllptlc plane, and a
motion in the camé sense as Juplter and all other planets (direct orbit).

The - 1nc11natlons of the orbital planes of the new comets are, on the other
hand, randomly distributed between O and 180 so that on the average these
comets spend oniy-a small fraction of their time close to the ecliptic plane !
while'thej_are péssingathrough the nodes. -This causes g severe restriction
for the launch window, while retrograde motions {inclination between 900

and 1800) cause.fery large approach velocities of the spacecraft with
respect to the conmt . Expensive termlnal guidance WOuld therefore be
necessary bo iorcc ‘the trajectory of the spacecraft into or near to the
orbital plane of the new comet and to diminish the relative velocity to a

slow fly-by or tb,achieve a rendezvous.

Becauge of these difficulties, the new comets have been excluded as
g, first aim for a cometary probe by all grouwps who have investigated the

feasibilitylpf”sqch a mission in spite of their high scientific interest.

Different.groups in the U.S.A, as well as in Furope have carried out
‘dﬁtalled fea51blllty studies during the last years. In 1961, a space migsion
to a comet was considered for the Pirst time in NASA contracted studles of

the Scientific and Technical Laboratories Inc. (Corben; 1962).



There exist about 50 periodic comets which have been observed during
more than one perihelion passage, and an additional 30 comets with periods
lens than 20 years observed during one apparition only. About 5-7 of these
comels appual’ On the average per year. A great amount of work and extensive
calenlations nave been carried out by the different study groups to select
among these comets the obJjects being fitted for a first mission. Several

selection criteria had to be applied with respect to the following points:

(a) The position of the comet at the time of intercept must be known
with very high-accuracy, and it became more and more clear that this condi-
tion is a majof constraint for a cometary mission., It seems desirgble that

the prove should approach within 1000 km. Tf costly

mideourgse corrections are to be avoided, the position of the comet must
be predictable at the time of launch, that is several months before

intercept, with this accuracy.

To secure the necessary accuracy in the caleulation of the orbital
elements, it is nccessary to start with a well-known orbit calculated
from previous apparitions and to apply correcticns by means of new observa-
tions made after recovery, Perturbations by planets, especially by Jupiter,
can be the reason for considerable changes of the orbit., Also secular
perturbations caused by a mass loss of the comet and non-gravitational
forces play a role in lhis respect. Especially the location of' the comet
in its orbit, that is the daily mclion, is afTeccted by such perturbations,

Qince small errorg in the daily molion will add up and result in large errors



‘in the time of perihelion passage, the accuracy of this parameter is very
imporﬁaﬁtT(Pérter et;al., 1965). It seemed, tﬁefefore, necéssary to exclude
all comets which ﬁad been observed during one apparition ordy, and also

soﬁe ﬁf the reméining comets whose predicted orbits were not well enough

. egtablished.

: (b) In order to guarantee observations of the comet's position
necessary for orbit corrections, the comet should be_recovered at least
2qunths before launch3 apd it should be seen against a dark sky for several
houfs per niéht. _:Tﬁis imposes the condition that, the comet must be
at leasﬁ of 20th magnitude -- the limit for recovery of an iject
whése position ié.known~-—' several ﬁonths before perlhelion passage.

The average brlghtness of periodic comets- is so .small that not many aof

them fulflll this condition.

frThe queétion'of'the accuracy of cometary orbits has been investigated
by the groups in the U.S.A. as well as the Furopean ESRO group.' The conclu-
- sion 1ls that 1T every effort is made to recover a comet very early, that ' is
abbutJEOﬁh-mégnitﬁdE; it ghourld be possible to correct the predicted'orbits

46 the accuracy necessary for a space missiorn for 4 number of comets.

(c) Thé comet should be bright enough aﬁ intercept to get photonme-
fric damé and good quality spectra from'ground-based observatories to
supplement the spacecraft data. This means that the comet should be of 12th
magnitude or brighter at the time of perihelion pagsage, and it should be
seén‘againsf a dark sky for some:hours. Since a great'percentage of the

.periodic domets never become so bright, and since some of the brighter ones
are in unfavorgble.positions on the sky near perihelion (close to fhe sun),

thig is a further restriction of the number of feasible comets.



(d) Thé ideal launch velocity should not exceed ~ 16 km/sec, This
limit is chogen rather arbitrarily, it represents for instance the velocity
required Tor o two year Ilight to Jupiter. It turned out, however, that
Lhis regulrement does not lmpose a severe restriction, because slmost every
comet that was brighter than 12th magnitude at intercept fulfilled this

condilion,

(&) ©Of two otherwise equal missions, that which leads to a smaller
relative approach velocity between spacecraft and comet and therefore
allows for a longer stay of the spacecraft in the vicinity of the comet

should have priority.

{(£) All the points mentioned before refer more or less to the
technical side of Lhe mission. When choosing a comet, one should of
rourse ask which mission promiszes the begt scientific results. Comels are
of very different activity according to their "age", that means according
to the number of perihelion passages they have already made, because with
every approach Lo the sun they lose a considerable amount of volatile

material, and slowly get exhausted and inactive.

Summarizing the different points, a feasible comet should fulfill
the Tollowing conditiona:

(1) A reliable predicted orbit should be gvailable,

(2) The comet should be of at least 20th magnitude 2 months before
launch, and at that time be well observable for at least 2 hours per night.

{3) It should be of at least 12th magnitude at intercept, and dis-

tinetly visible from the earth.



(4} The launch velocity should not exceed ~ 16 km/sec.
(5) The relative approach velocity between comet and spacecraft
should be low,

{6) The comet should be interesting from a scientific point of view.

A miszion to Comet Encke in 1980 meets these requiremenﬁs and should be

undertalken.



IIT. PHYSICAL PROPERTIES
With an cobimate Tor the size of the mucleus of Comet Encke,. and
uping the icy-conglomerate model, we estimate the distribution of non-volatile

dust particles ncar the nucleus.

A Nucleus

Although Whipple's (1950) model for comet nuclei is not universally
accepted (e.g., Lyttleten, 1972), it has been used to successfully explain
a number of cometary phencmena. Not the least of these is the non-gravitational
torce rveguired Lo reproduce the orbital motion of Comet Encke and several
other comels (Marcden and Sckanina, 1974 and earlier papers in this series).
The non-gravitatioﬁal acceleration derived by Marsden and Sekanina (1974)
for Comet Dncke shows a regular decrease which is congistent with the existence
of o porous, rocky core, within which "dirty jce™ is embedded (Sekanina, 1969b).
Since the gravitational acceleration ig proportional to the fractional rate
of change of mass (as well as the degree of anisotropy of the ejection), it
is necessary to estimate the mass of the nucleus in order to obtain the
rate of mass loss itself. The mass {(or mean density) and radius are also
roguired in ovder to calculate the terminal veloclties of ejected dust parti-
elen, sinee cxpanding vapor from the nucleus must 1ift the particles agalnst
prravitalionad allraction (Deloemme and Miller, 1971). Marsden and Sekaunina
(1971) eotimzlc Lhal, Comel Iinke loses 0.03 percent of 1ts mass during each
orbital revolution. A spherical nucleus of radius Rn = 1.7 km and mean den-
sity 1 g cm_3 has a mass ~ 2 X lol6g, implying AM ~ 6 x 1012g per revolution;
this mass loss is comparable Lo the estimates of Sekanina (1969a), which are

~ lOng. Tf the geometric albedo of the nucleus is a, = 0.1, then



anﬁn2=* O.3“km2-which,is toAbe compared with cbserved values which range
from 0,24 (Roémer 1966) to » 0.82 km? which we derive from Roemert's (1972)
obDLrVatlon of {he gpparent magnitude of Comet Encke at aphellcmim== 20.5).
These lower limits result from our assumption that the comet was

ohserved at oppGSition, thereby giving minimam earth-comet distance

and phase*anglg:. These results are consistent with the recent treatment

of Delsemme and Rud (1973).

B. - Non-Volatile Particles ' ' ' .

‘l,  Siﬁé ﬁistribution

Lacklng a, determlnatlon of particle EJeCtLOH for Comet Encke itself,
we use the recultD of Finson and Probgtein (1968) for Comet Arend-Roland
and those of Sekanlna and Miller (1973) for Comet Bennet In particular,

we use: the dlstrlbutlon of particle sizes deduced by Flnson and Probstein

(1968), vhich they state is well-determined over the range U = pd < 40 um g cm

where‘p i the bulk density of a particle of diameter d. We use the Sekanina
and Miller (1973) distribution for the smallest particles {(down to pd = 0.9um
z cmhg). Specifically, denoting by n{a) da the number of particles with

Fadll in the range a to atda,

K (a/a ) 5(a—l)/a 1< a< 6.7 um
‘ . ‘Ke(ajao)- - 6.7 < a < .4 um
n{a) = .
1{3(:51./53.0)",+ W0 2a <€ 444 pm
K, (a/a )" 8> bl um

?



Whe diotreibulion Tor larper pariicles fits smoothly ontc the distribution

oF irbcrplanetary particles as given by Whipple (1968): n ~ a's. These
aroe shown in Migure 1, The consgtant a, = 1 um, and the K's are determined

by the requirement that

(txp/3) I a3n(a)da = 1 g

o]

The rate of ejection of particles of radius a is then given by
Pla} = nfa)

aM
dt

where dM/dl is the total mass~loss from the nucleus in the form of dust.

We have
K, = 8.916 x 1014
K2 = 1,237 x ].O:LLL
K3 = 1,642 x lO15
K = 16.

" 7.298 x 10

The particle mass density is assumed to be p = 0,45 g cm'3,
which is approximately the value adopled by Whipple {1967, 1968) for meteroids
off masg m 2 10_6 g.  Buper-Schmidt data for the Taurid meteor shower give
a wean value of about 0.28 g cm"3 (Verniani, 1969). A scomewhat higher den-
sity may be appropriate for the smaller particles: Whipple (1968) uses
n=1lg Cm-3 for m € 10-6 g (a € 175 um}, and radio data for sporadic and
shower meteors give p = 0.8 g cm-S(Verniani, 1973). The particle distribu-
tion would not be greatly changed if we were touse p =1 g cm‘3, except

that n{a) would peak at a= 0.6 um and extend to about 0.55 um. These

10
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Figure 1 Particle size distribution.
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cmall particles would make only a small contribution to the tolal scattered

light.

Tt ig of interest to compare our distribution to one derived by Taylor
et al. (1973) in a similar manner. This is done in Fig. 2. The disparities

arisc from the different densities and size cutoffs used.

2. Production Rate

As discussed above, non-gravitational acceleration of Cometl Fncke
implies a loss ol ~ lOl3 o per orbital revolution. It is not known how
much of this is in the form of dust, but Whipple (1967) suggests that
1he nbundance of Taurid meteors is evidence that perhaps an old comet such
an Encke releases a larger fraction of material in dust than does a "new"
comet (see also Delsemme's 1973 review). Whipple (1967) goes on to esti-
mate that, sveraged over one perlod, Comet Enke contributes as much as
3.5 % lO6 g sec'l of meteoritic material to the interplanetary cloud. If
true, this would imply a much smaller degree of arpisotropy of ejection
ihan has been determined for this comet {Marsden and Sekanina, 1971, p. 1143},
The distribution of particle sizes might differ from that for "new" comets,

having Tewer small particles.

We conaeevatively assume Lhal. the lLotal mass loSL per orbit is
LULiﬁ, ol which ;O pereent 1o ducl.  This gives o simple averare mass=10os
rale of dM/dt = 9.6 x lOBg sec-l as dust. As an approximation to the
evaporation rate of waler snow (Delsemme and Miller, 1971; Marsden, Sekanina
and_Yeomans, 1973), the mass-loss varles as r"2 for r < r. amd is zero at
greater distances. The mass-loss rate at any particular heliocentric dis-

tance is then easily calculated; Table 1 gives the mass-loss at r = 0.8 AU

for various assumed L

12



RATE OF PARTICLE EJECTION (SEC ) "

10 | 1 | T
: LOCKHEED MODEL (WELLS ET AL. 1974)
oM < (p-o4sc-c1vr) | _
Lol2l- 1
1 | | JPL MODEL (TAYLOR ET AL, 1973)
r ™ (¢ = 3.4 GCM-3)
o g L .
10%° B =
. |
1% ] { n
. ) |
106 . .'l -
104 — I , L - ) ]
102 — ' ]
I
1 ! I -
| L— —
I |
4 -
. | ! | | ! s |
-1 . N
107 1 10 w0 1® gt 10> 10
PARTICLE SIZE (ym) K
‘Figure 2 Comparison of distribution of particle sizes,
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TABLL: I. Dust Mass-Loss at 0.0 AU

2 dM/dt

© I} -1
(AU) (10'g sec )
1.00 5.93
1.25 5.7
1.50 5.17
2,00 4,78
2.808 n.4h2

Thus, for this gimple approximation, the mass-loss rate is not gengitive to

>

. - Iy -1 . R :
1he value of T and dM/dt = 5 x 10 g cec iz a typical value for r = 0.8 AU

3. Velocity Distribution

The evaporation of cometary ices (primarily H20) produces a flow
from the nucleus which accelerates dust particles to thelr termingl ejec-
tion velocilies within ~ 10 nuclear radii (Probstein, 1968; Delsemme and
Miller, 1971). Delsemme and Miller (1971) calculate the largest particle
which the expanding vapor can lift against gravity; for p = Q.45 ¢ cm-3,

Rn = 1.7 km and Py = 1g cm"3 we have
a,_. = 3.1 x 1077 2 em

X

1
=

vhere the rate of evaporation, 2 {molecule cm’esec_l), depends on helio-

centric distance. In Figure 3 we show the velocity distribution from Del-
semme and Miller (1971) expressed in terms of a/a . Using the evaporation

1
rate as reported by Marsden, Sekanina and Yeomans (1973}, at 0.8 AU Z = L.9x10 1

14



V., (KM/SEC)

Figure 3

Termingl

velocities of nﬂn-vulatile particles,




and unux,k 1%.5 cw.  Since Z varies roughly as E_E, larger particles can
be ¢jested at r < 0.8 AU.  Algo, as can be seen in Figure 3, at smaller
hilioeentric distances all particles tend to have nearly the same terminal
. ) ! -1/2 . .
veloeity, while at larger distances v~ a (approx1mately). If, as is

likely, Comet Fnke 1s not covered with ices, then the effective Z(r) should

be reduced, thereby also reducing a . and v(a).

For calculaling sunlight, scattering from dust, we divide the partlcle
cive distribuliloo into six ranges and assign appropriate mean radii to each

' 2 _\1/2 . )
raage . The rool-meati-square, (< a” > / , is used to calculaic the scatter-

ing by cach sise range.  While (< al/%>)2 is used for determining the terminal
veloeity, the resuli 1o not sensitive to the particular kind of averaging
which is used because the velocity is a slowly-varying functicn of particle
radius. The size ranges and derived properties are given in Table TI,

. L - .
with dM/dt =5 x 10 g sec . and Sox = 15.5 cm as is appropriate for a helio-

centric distance of 0.8 AU,

TABLE II. Particle Sizes and Terminal Velocities (0.8 AU)
1/2 Geometric

Range | Production Rate (< 32:>) Seattoering v -1
{ um}) (seed) { jun) Contribution(d) (km gec )
L - 1.5 L5l x 0t 1.28 9.4 0.53

1.5- 3 L7y x 20t 2.0l 29,4 0.49

3 - 6.7 3.68 x 10 4,10 2.5 0.41
6.7- .4 5.03 x 1077 9.35 17.01 0.33

Th B-bly 4 8.77 x 1000 20,9 15.2 0.25

iy bea o 2,34 X 1030 62.9 3.65 0.15

16



The Tirgt five size ranges used in the Mie scattéring code are dis-
-cussed beléw;' the final group contains particles sufficiently large -that
the geometrical approximation is adequate (“debris"). The scdttering con-
tribution (column W) represents the relative total geometric cross sectioﬁ

of each.size range.
Because the particles attain their terminal velocities very near
Lhe ‘cometary nucleung, throughout the coma (where they will be observed)

their'spat131 distribution ig given by

[

oy (B) = ——r— e
bR,
_ i
where Pi,ig the production rate and vy the terminal velocity for particles

in the ithusize range; R is the radial distance from the nucleus.

“‘This nodel shares witﬁ all current fheOretical models the lack of
usymﬁetry'in:ejeutioh which must be present in order to produce Lhé observed
ﬁéﬁ?gfavitational forces. The size distribution of dust particles has the
virtue of being'rélated to observations of actual comets, although there has
been no analysis of an old comet (suchkas Encke) using the procedureé des-
criﬁed by Fingon and‘P£dbstein (1968). Perhaps the lower curve in Figure 1,
giﬁing.Wﬁipple*s (1968) distribution of interplanetary particles, would be
~a better representation for Cbmet Fncke or the compilation by Pohnanyi
(1972). The‘distributidn used here contains a larger fraction of small
particles (L<a<h um) which are relatively efficient scatterers, so our
reéults may repfesept an upper limit to the sunlight scattering for & given

aM/dt.

17



V.  TRAJECIORY

Comet Encke is a periodic comet with a period of 3.3 years. It shows
greatly reduced activity after perihelion relative to before, and ghows
very little contipuum radiation at any time, indicating a low dust content
(Taylor et al., 1973). FEncke never shows a type II (dust) tail and'in some:
apparilions has shown no tail at all. The observations from 1885-1951 indi-
cates Lhat Fneke' o coma becomes observable at agbout 1.5 AU at tho zame time
as the first appearance of its taill (Voekhsvyatskii, 1964). The orbital
characteristics of comet Encke are given'in Table

TARLE IIT., Orbital Elements of Comet Encke

+

Orbital period (year) 3.30
Aphelion distance (AU} 4,09
Perihelion distance (AU) 0.3h
Orbitsl inclination (deg) 2.4
Velocity at 1 AU (km s-l) 37.1
Veloelty at perihelion (km s_l) 69.9
Orbital eccentriclty 0.8u7

Vockhevyahskii (1964 ) has estimated a nominal value of 10° km for the dia-
meteir of Encke'é coma reduced to a Sun-comet distance of 1 AU. Observational

data on tail length are given by Yoemans (1973) and TRW (1972).

Many different kinds of missions to Encke have been vroposed including
fast and slow flybys. They do have certain elements in common. A nominal
miss distance is about 102-103 km. One proposed probe trajectory calls for
a rendevous at a heliccentric digtance of about RS: 0.8 AU. We have chosen

this digtance to calculate the absolute and relative luminosities of the dust,

dobris, and nueleus.



V.  WIE SCATTERING

In this‘sdctiah the computer code used to calculate the Mie scatter-
ing of sunlight from the cometary dust is described. Results are then presented

for scattering of dust particles in the coma of Comet Encke,

A o Mie"Thébry.and Computer Code
Parﬁicuiate radiation effects in particulate clouds can be calculated
provided that the optical constant of the radiating particles are known,
Gél and Kirch (1973 and'Gdl, 197&) reportéd a new computer cdde‘called GMIE
L) halculﬁie scatteriné éroﬁs seclions of inte;est. baléulations ére based on
, = , : t

MILE thebry'fdf'é:épeéified particulate column with a given complex index Tor re-

fréction, rangé of wavelength, temperature, and particle sizes.

It should be noted that the GMIE code can be used to obtain scattering
cross sections or differential cross section for any given spherical particle or

péfticulate colunmwith & given size distribution and index of refraction.

1. Electromagnetic Radiation Scattered by Absorbing Sphere
The passage of electromagnetic radiation through a particle cloud is
generally accompanied by removal of a fraction of the cnergy from the incident

beam; This fraction may be partly absorbed within the particles and partly

' geattered -- i.e., reappear in the same direcction as well as in other directions.

‘The characteristics of the scattered radiation are determined by the wavelength
» of the incident radiation, the refractive index (m = nl--inz) of the particles
and size as well as the shape of the discrete particles in the medium. For the

radiation studies, we assume spherical particles with radius r.
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The interaction of an electromagnetic wave with an abso rbing sphere is described by

Lhe MIE theory (Fig. 4) and is discussed in detail elsewhere (van de Hulst, 1957).

2 .
Clancical MIE theory pives the inlensity I(W/cm ) at a distance R and angle § of the
radigtion scatiered from a slogle spherical particle of radius r exposed to parallel

monochroms ! ie radialicn of inbenaity Io:

88 1
I 2,2 ()
o 2(2u/A)y" R

where $(0) is the scattering function per unit particle.
A computational scheme and computer code were provided by J. Dave of IBM (1968).

These are based on the Ricatti-Bessel functions and give the MIE scatiering cross

scetion of absorbing spherical particles.

Computations are valid for all values of size parameters that occur in the theory re-
gardiess of whether they are large or small. The index of refraction of the particles

arc given in terms of their real and imaginary partls.

B
10 /

Fig. + Definition of Single~Particle Scattering

The extinetion and scattering cross section are calculated [rom' various combinations
ol the sum and products of the coelficients a, and bn. The usual expressions lor

a and b are:
n n

.
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P B 00 = M) ()

m oY) A (8) =g ) ()
noomog (v E () - g () L)

‘where,

n = 'the'm)mple'x index of refraction

n = a positive integer

¢ and ¢ = the Ricatti-Bessel functions defined by -

L 1/2
: :l'n{z) - (2 E /) Jn+1/.2 (7)
RN () S R ¢ .
& () (2 T "') U1y ()

with Jn+l/2 and ”‘n+l/2 the Bessel functions of first and third types.

denotes differentiation with respect to the argument of the {unction and

x = 27 r/A

where r is the particle radius and A is the wavelength.

(2)

(3)

(4)
(5)
The pfime

(6)

(7)

Once these scattering coctlicients are delined, then extinction and scattering normal-

ized cross section can be caleulated with the following equations;

(€]
. QEX'.[‘ = ‘(2 Z (2n + 1) Real (ltn + hn)
' VN | :
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Sealtering efficiency (.o, normalized scaltering cross seetlion) given by iy, ()

et also be writlen as o lunclion of seattering angle and the inlensity in thal direction:

7
1 . . ‘
= b g 0
Qeprr = 2 flll ©0) + iy (@ sin 0 do (10)
whore
: -l E
IRUN , (0
iy ) = 18, (0]
and

i1 () and 12{()} reler, respectively, to the intensity of light polarized perpendicularly
and parallel to the plane through the direction of propagation of the incident and scat-
tered beam. Thesce intensilies are given in terms of the complex amplilude funciions

.‘-).] (1) and bz(ﬂ):

el

AR T

g L e s ! k! [ S ST 108 12

5 () 2 ST b T (cos ) hn T (cos 0) (12}
n=l

and

oy

. N 2nt 1 ~0g - (C

Sp () >.., n(n o+ L) by M, (Cos 0) + 0, 7, (005 0) (19)
n=1
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The phase lunclions T auned T appearing in Egs. (12) and (13) can be expressed in

terms ol the Legendre polynomials, I’n . us lollows:

o cd Pn {cos )
T (€08 0) = 55D
(14)
: (hrT (coq 6)
T {cos §) = cos 8 L {cos 0) - sin” @ —————0—

. l‘he detalled computational method to obtain these Legendre polynomials with recur-

rence relatlonsmpb is discussed elsewhere (Dave, 1968).

" Lhcr.'eA is no absprptum, ie., n, = 0, then QICXT = QSCA’I"I" Othcrms..e, QABS’
the efficicney factor for absorplion, is given by
Qans = Yexr ~ Yscarr (15)

F quatmn (9) or (10) gwus the total scattered 1nten31ty On the other hand, one may
i net,d to know the fraction of energy scattered into the torward and backward directions.

This is obtained in terms of normalized cross section g:,wen in Eqs (16) and (1T),

respectively
. /2 _
Qo - L : L ) |
QTR.A NS - 2 [ [11 (0} + 12 (0} A-‘Jll'l 0 dﬂ . _ (16)
0
and
. T \ .
. 1 ' | | | |
Uper ~ 2 f [11 (0) + i, (O)f sin g do (17
X /2 .
- T - Bolar Scattering Cross Section for a Spherical Particle

With the help of the basic MIE scattering theory, particular scattering due to
sunshine will be treated through an equivalent normalized @ifferential solar-

seatiering cross section. The sun is approximately half a degree as observed
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Irom Lhe earth, and calculations similar to those derived by Gal andKirch (1973)
for carthshine scattering would require evaluation of scattering function S(e)
for smaller ‘than 1 deg, which 1s our present minimum step size. Approximate
differential cross section will be obtained by averaging the basic MIE scattering

funetion over a small angular inerement (ge) to gecount for the finite solar disk.

S\ PARTICLE
1 VAVAVa o <A
o CAVAVY =

)

0+ 29 N 16

~

[ig. 5 Solar Scaltering Model

From LEq. (1)

(IS '{2) = L 5w, (18)

The normalized dillerential cross section can be obtained by dividing Eq. (18) with the

&

. . 2
geometrical eross section G = ¢ 7

2
I. IR - -1
(dQ) = “S_z_“ - 1 >80y (et ) (19)
Ty I ) (21rr
4] 27 N

Isguation (19) yiclds the normalized scallering cross scction for a single spherical

particle.

3. Column Average Cross Section and Radiance

a. Column Scattering

The extension to the case of scattering from a column of particles is straight-
forward upon adopting restrictive assumptions. First, the distance R must be

large compared to the column dimensions so that scattering angle is essentially
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conslant for a given IO direction. Algo, the column musl be optically thin,
This requirement means that: (1) each particle is exposed té the incident
inteapity IO, :r‘ega;rrdles:s‘bf‘ location; and (2) the radiation scattered from
.one particle ‘-d.oles not interact wilh others as it passes from the column; i.e.,

Lhere 1o no multiple scattering.

These assump'tions allow the scatlered intensities to be added. With the help of Eq. (19)

we can define a cloud averaged differential cross section, .

= ‘2' 2 .. -1 .
g = Zi(dQ)i o T (NN () (20)
where
'Nt“- = the folal number of particles
N, = the num.ber ith particles
£, the radius of the ith particle

b, Column Radiance

Iigure 6 shows the geometry; the solid ﬁnglu ol the ingtrument is givcn hy £ = A/L,

“and the scatlering cloud volume is V. = Af, where A is the column surface area, and

¢ is the depth'of the column. The total number of particles in the scattering values is

SCATTER: M(—‘-

INSTRUMENT

T4 ] . ‘ .
. ’ - .E. - A Vot UME. -
1“ Lo L .
! -
|
? i
i ;'
i
< ?

Figure 6 Definition of Scattering Values
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N = nAf ., where n is the particle density.  The incident intensily lnx(w:tLL/cm L)

LT
blackbody at o temperature 'I“-;un G000 s

can bu calculated assuming the sunas

and sun is approximalely half a degree as observed (rom the enrlh

" By(T = 6000} (&) (v en™ ™) (21)

where

11s ot am® (4 en2erHm™) (22)

B ==
A
[1.4384 x o
exp\ = a1/~ 1
o S

where A is the wavelength in microns. and (A )

the column (6.8 10'5 zr) al 1 AU.

is solid angle of the sun viewed from

The column radiance isn defined as

Ny = & (W crn-2 sr-lum_l) (23)
Substituting Egs. (19 through (22) into Iig. (23), we oblain

5

_ . 2 2 -1 -1

N, = By np 1 (de) 2 (dQ), Ty ™ (Ni/Nt) (W em™ “sr um ) (24)
i=1

Fquation (24) has been programmed into our GMIE code; additional ihputs reguired are

particle size, its distribution, and the column depth, g.
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B. - ' Mie'Scattering'From Cometary Dust Particles

4We haVe'inputed the comelt Encke dust distributioﬁ'into the GMIE code
fér VariQus-indiceé of refraction. The normalized scattering and absorption
crgss seétions given in Eqs. (10)and (15) are plottéd in Figure T Tor an index
of reffﬁction of 1.7-.05 i. Figure 8 shows a plot of. the scattering function
' gu-a function of scattering angle for a dielectric particle.of O.65\um radius
with an -index of refraction n = 1.7-.05 i. More plots of particle scattering
functions afe found in Appendix A showing the effect of pérticle sizes and
-indicés of refraCtion. Alsd, the angular dependence of the polarization is
pldtted for a few select cases. To calculate the scattered sunlight from the
comet, we chose an index of refraction of 1.7-.05 i to represent. cometary '

dust particles which are probably primarily silicates containing metallic

eléﬁents (Wickramasinghe and Krishna Swamy, 1968).  Column dengities are calcu-
‘lated‘ih‘Apﬁendix B. The resulte of the Mie scattering calculations are presented in
Table TV wheré the wavelength dependence of the scattered radiance'l\l)L from Eq. (23)
is preséhted as é function of the Sun-Comet-Probe angle. The functional dependence
on wavelength and anglé of the average differential cross section o from Eqg. (20)
is:displayed graphically in Figs. 9 and 10 for a few selected cases. Figure 9 shows
ihe effect of view angle on G at A = 0.5 um, The minimum scattering at this wave-
~length can he seen to occur in the 6—90O region. The wavelength dependence of
" the scattered fadiance is displéyed in Figure 10 for several view angles. It

would appear that the scattering in the 0-90D range is relatively.inéensitive to

wavelength dependence.
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TARLE TV. Radiance of Comet Dust at R = 0.8 AU
-2 -1 -1 ®
Nk(w em Car Tum )

Sun-Comet-Probe Angle

0° 30° 60° 90° 120° 150° 180°
0.3 2.7 -6)  2.4{-6) 2.3(-6) 2.2(-6) 6.2(-6) 1.2(-5) 1.4
o u.8(-6)  n.2(-6) b, 1(-6) 4.1(-6) 8.3(-6) 2.3(-5) 1.5
0.5 5.(-6) 1.6(-6) wou(-6)  5.(-6) B.9(-6) 2.6(-5) 1.1

(um)0.6  5.0{-6) 4.1(-6)} 4,1(-6) 6.0(-6) 9.0(-6) &
0.7 4.3(-6) 3.5(-6) 3.3(-6) L. 7(-6) 6.8(-6) .9(-6) 4,2(-1)
0.8 3,7(-6) 2.9(-6) 2.5(-6) 3.6(-6)  6.3(-6) .8(-5) 2.7(-1)
0.9 2.9(-6) 2.3(-6) 2.2(-6) 3.4(-6)  u.0(-6) 3.0{-5) 1.8(-1)

LT

L2{-5) 6.8(-1)

O

o

1.0 2.6(-6) 1.8(-6) 1.8(-6) 3.1{-6) 1.u{-6)

|_.l

.B(-5) 1.2(-1)

These results, which have been caleulated for a helleocentric distance of
R = 0.8 AU, can be approximately scaled to other distances by the law
0.8, ¢ :

N (R )= N, {0.8) (ﬁ;— , - {25)
where ( accounts for the terminal velocity dependence on heliocentric dis-
tance and R_ is in AU, Equation (2%) reflects the inverse square dependencies
of the solar irradiance and dust production rates. The helivcentric dependence
of the terminal velocities arises primarily in ihe case of Encke from the
fact that the acceleration of the dust particles is dependent on the number

of collisions the particles undergo with effusing gas molecules. Hence,
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1the terminal %elocities depend on particle sizes and the vaporization rate

ol gas from the nucleus. In the cage of Encke dependence on the temperature
of the nucleus is of lesser importance. For the particle sizes of importance
here the heliocentric dependence can be approximated by setiing ( = 0.4, This
law will hold for RS out to about 1.5 AU where the dust production ceases

due to the threshold effect of ice evaporation.
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VI, SCATTERING BY DEBRIS PARTICLES

For particles in the 10-2-10 em range, scattering can be treated
essentially as isotropic with a geometrical cross section. Thus, the

differential cross section can be written as

:lfa2 a,
do n
ar - b (26)

where the albedo a  1s taken equal to that of the nucleus, 0.1, Calcu-
lating an average differential cross section for R = 0.8 AU using the

digtribution in Table IT regults in
2

a
5 = ——H——H = 9.9 x 101 umESr“l , (27)

.

£

I€

oo &

where a  is the rms radius of large particles, a > 4% um, The column den-
sity for the debris particles is given by Eq. (B-3) which results in
. 1 - ) _
Ny, = ;3 T = 2.5 x 10 L particles cm 2. (28)
i min
Using Egs. (27), (28) with Eq. (24), we then would get a scattered bright-

ness lor large particles at R_o= 0.8 AU for A = 0.5 pym of

N, = 8.9 x 10-8 W cm-gsr-lum‘l. (29)
Ac can be seen from Table IV, this contribution is less than the small
particle Miec scattering by a factor of 50. So it can be concluded, followin

our model, that the small size dust particles contribute much more to the

scattered brightness than the large size debris particles.
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VII.- 7 SCATTEBING BY TCE PARTICLES

It is difficult to precisely assess the ice particle distribution
and production rates for Encke. We shall assume here that the ice pafticles
can be representéd by'particles wiﬁh a radius of 300'um (Delsémme'and Miller,
1971).‘ An upper limit for the ice producticn rate can be derived from the

lOGO-5 sateilitérobserVations of Tyman-o¢ emission from Encke. The ébserved
emission corresponded to a production rate of Q(H) = 5 x 1026 atoms sr-ls-l
for hydrogenratomé at R, = 0.715 AU (Bertaux et al., 1973). Assuming that all the
H gtoms came from ice particles regults in a production rate for water Q(Hzo) =
3 x lOeT.molecules S—l(Delsemme and Rud, 1973). For icy grains of 300 um radius,
. & -1

we then have @ ~ 2 x 107 5 .
ice ,

Using these numbers, it 1s possible to egtimate the scattered sun-

lightlassuming‘an albedo of 0.9. For the differentisl cross secti we
have
. %% = 2.0 % 10& umE srfl, - (30}

and the column density would be

~ 9 x 10-2 particles cm-e. ' (31
DT ;

An estimate of the scatlered light would then yield for A = 0.5 um and
R = 0.8 AU

o

N = 6 x 1070 Wem @ srt um-l. . (32)

This result is of the same order of magnitude as the results for Mie
scattering‘for cometary dust suggesting that scattering by lce particles
“surrounding the nucleus could be a major contributer to scattered sunlight.
On the otherhand, our ice model is tentative and ice productioﬁ rates could

be.revised downward.
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VIIT, SUNLICGHT REFLECTION FROM THE NUCLEUS

We have assumed an albedo of 0.1 Tor the nucleus so the brightness

of the nucleus Tollowing BEq. ( 24) is given by

- 0.1
N:”°= B, (80) £, (33)

where A is the zolid angle subtended by the sun at s given heliocentric

-2
distance, RE“ It varies as Rs . It is assumed here that the scattering

i isotropic into 2 sr.  For A = 0.5 um and R_= 0.8 AU, we have
Niuc = 5.7 % 1070w cm-2sr-lum_l, (3u)
IX. COMPARISON OF BRIGHTNESS OF NUCLEUS TO BACKGROUND BRIGHTNESS

The contribution to the background brightness from the comet
dust is tabulated in Table V. Taking one specific case we can compare
the brightnesses from the nucleus to the background brightness., For the
case with a heliocentric distance of 0.8 AU, A = 0.5 um, and view angle,

X = 900, the radiance levels are presented in Table IV.

TABLE V. Radiances at R = 0.8 AU for A = 0.5 m, @ = 90°

Particulate Scattering

Wucleus Dust Debris Tce
'Radiagées 5.7 x 10“3 5.4 x 10'6 8.9 x 1078 6 x 10'6
(W cm
syl um'l) \

The background from particulate scattering is 2 to 3 orders of magnitude
below the intensity from the nucleus. The relative particle to nuclear
brightress levels in Table IV are expected to vary less than an order of

mggnitude going into perhelion (0.34 AU) or out to "turn on" at about 2 AU,
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Bazed on these calculations there should be no difficulty in viewing
the mucleus from masking by particulate gcattering. The particles are
optically thin and the brightness levels are several orders of magnitude

down Trom that of the nucleus.

37



X, OPI'IMIZATION OF IMAGING SYSTEM

In terms of scientific value, resolution as high as possible igs
degired to examine the nature and composition of the surface. One of the
problems with high resolution imagery and perhaps the limiting one is
the large relative velocity of the spacceraft and comet which can be of the order of
10 km/sec. Thic, ol course, would depend on the particular mission trajec-
Lory sclected. Blurring of the image while a pixel cell ip being exposed
necessitates short exposure times. This requirement would argue Tor a
high sensitivily-low noise sysiem such as an image disector or a gpin-scan
camera. Ag an example of some numbers consider the case where the desire@
resolution element is ten meters squared on the surface of the nucleus and
the bandwidth is 0.1 u. Then the photon rate corresponding to a resolution

- -1 .
element would be N = 1 x 1021 photons-sec l-sr . The solid angle subtended

by a 5" diameter telescope at 1000 km would be about 2.5 x 10" L7 ster

and would result in photon rate at the detector of 3 x 106 photons/Sec per
pixel cell. If the transverse velocity of the comet with respect to the
spacecraft i1s of the order of 10 km/sec then exposure times/pixel of no
more than 1 msee are required. This corresponds to 6 x 103.photons/pixel
which is gufficicut Lo detecl intensily variations from the surface of 4%.
It should be noted that the intrinsic readout noise of a vidicon system

corresponds to about 1000 electrons/pixel.

Other options which should be considered with an imaging system
are use of polarizers to gain polarization information about the nuclear surface

Recause the illumination of the nucleus will be quasi-lambertian, viewing

at different phase angles will afford information regarding surface irregular-

ities. Bhadow heights can be uped to topographically map the surface, The us
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of I'ilters to block out line and band emission features in the bandwidth

of the imaging syslem may be deemed wise.

It is concluded that dust and debris scattering will not compro-
mise the micleus imaging mission and that high relative velocities warrant

the use of a low noise imaging system such as a spin-scan camera.
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APPENDIX A

ANGULAR DISTRIBUTIONS FOR SINGLE
PARTICLE MIE SCATTERING
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APPENDIX B

CALCULATION OF COLUMN DENSITIES

The number of particles N passing through a spherical surface at a

distance R from the center of the nucleus during a time At is given by

N=g P, At =% n,(R) v, At LaRE, (B-1)
1 1

where Pi’ oy and v are the production rate, the number density and the

termingl wveloecity, respectively, of the particlesg in the ith size range.

The mumber density as a function of R 1s then given by

P,
i

n (R) =
1 vy HKBE

(B-2)

The column density of particles n, , is obtained by integrating Eq. (B-2)

from R . to R
mi

n
Rmax PidR
Yeol = § IR .o b v.R2 (2-3)
min i
R ;, 19 the radius of the nucleus (Rn), and since v, is comstant for

E> 10 Rn, the value of N1 I8 ingengitive to the value of Rmax' Equation

{B-3) is actually the lower limit ton__, since for R« 10 Rn the particle

col

velocities gare less than Ve The calculations of Delsemme and Miller (1971),
shown in their Figure 2, suggest that the particles are subject to

approximately constant acceleration until they move at nearly terminal
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velocity. The integral in equation (B-3) is most sensitive to the particle

suppose the actual

veloclities at small R, As an upper limit to ncol’

_particle velocities are given by

v R <= R<I1OR
o n n

' V(R) = - g T e ' (B-LI—)-l

Vs R 2{10 Rn
'Here vo is the initisl velocity at which particles are ejécted from the

_nucleus. The column densgity for speciez i1 is then

P
n [ S
col  Ux R v,
K n-t

[0.1 +0.9(v /v )]. | (B-5)

, Tak'i'x'ig'*vo' = 0.1 v, gives a column density 9.1 times the value cbtained from
eQuatién‘(B-B) assuming v = v, everywhere. We bOuld, of'coufée, g§ bh to
_ evaluate equétion (B-3) using the assumption of constantlacceleratioﬁ to
obtain somewhat better estimates for D61’ hut the resuits depend on the
unknown‘ejectibn velqcity vo. For the present, we simply point out this

refinement which should be included in more comprehensive models.

For calculating impacts suffered by a spacecraft‘passing near the
comet, we have evaluated the column density for a linear path passing within
RO km of the nucleus {we wiil call this the impact parametef). kThe complicaf
tions discussed above are not encountered because R >> R . The spatial

density is given by equation (B-2), and the column density is

| o P(a S \
ncol(a, RO) = ﬁ . & | (B-6)
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Since v(a) -»0 as a -a ., the production rate P(a) must also go
to zeroc in order to avoild a singularity. Since the terminal velocity for

=1
i iven b
a> 10 & ax 8 Z2Llv Yy

v(a) >~ 2.88 x 10¢3 (a/amax)-1/2[1-(a/amax)l/2] km/sec {B-7)

(from Delgemme and Miller, 1971), we cut off the production rate by a Factor

[l-(a/amax)l/e]n This does not affect the results presented in Section III.

The production rate for a > 4.44 x 10”3 em 1s given by
TR

P(a) = 7.298 x 107 My . a'5[1-(a/amax)l/2] sec ™t (B-8)

. " -1 ' . .

where Mdusfx 5 x 10 g sec and a = 15.5 em at heliocentric distance
3 y f= 5 -l —_

0.8 AU? while Mo o 2.77 x 10° g sec = and g = 98.2 em at 0.34 AU

(perihelion).

Using equations (B-T) and B(-8) in equation (B-6), then integrating

over particle sizes from a to a oy V€ obtain the cumilative column density:

B‘max
n(a,R ) = [ n., da (B-9)
a
T ﬁmmt 3.5 3.5
= 1.813 x 10~ [ ™77~ a 7713 (B-10)

this represents the nurber of particles which have radii a or larger.

Table B-I gives representative values.



| TABLE B-I.

Column Densities For en
Impact Parameter of 100 km

n(a,_lOO'km)
Heliocentric —5 (¢m i e
Distance (AU) a =10 cm a = 10 “cm a=1cm
0.34 5.1 x 107 1.6 x 1070 5.1 x 2070
0.8 3 7.3 x 1_0'7 2.3 x 107

2.3 x 107

For glven values of & and Ré’ n varies approximately inversely as the '

heliocentric distance ‘maca.usz:,--Mdus_t and amax_both vary approximately'ag

-2

r ..
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