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SHAKE TEST OF RCTOR TEST APPARATUS IN THE
4O- BY 80-FT WIND TUNNEL

Wayne Johnson* and James C. Biggers**

Ames Research Center
Moffett Field, California

SUMMARY

A shake test was conducted to determine the dynamic characteristics
of a Rotor Test Apparatus on two strut systems in the Ames 40- by BO-ft
wind tunnel. The rotor-off hub transfer function (acceleration per unit
force as a function of frequency) was measured in the longitudinal and
lateral directions, using a combination of broadband and discrete frequency
excitation techniques. The dynamic data is summarized for the configurations
tested, giving the following properties for each mode identified: the natural
frequency, the hub response at resonance, and the fixed system damping. The
complete transfer functions are presented, and the detailed test results
are .ncluded as an appendix. Finally, the report discusses the data
analysis tecbnliques developed to obtain on-line measurements of the system

modal properties, including the damping coefficient and the damping ratio.

INTRODUCTION
A shake test was conducted to establish the dynamic characteristies
of a Rotor Test Apparatus (RTA) in the Ames 40- by RO-ft wind tunnel
(figure 1). Of interest were potential resonances at the 1/rev and 4/rev
frequencies of rotors likely to be tested on the RTA, ani potential grouncé

resonance instabilitiles.

The shake test was performed on the RTA module, without a rotor, on
twr strut systems in the wind tunnel, to Adetermine the principle frequencies
and damping of the structure. The rotor-off hub transfer function was

*Research Sclentist, U.S. Army Air Mobility Research and Development Laboratory
**Desearch Scientist, National Aeronautics and Space Adminlistration
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measured in the longitudinal and lateral directions: 1longitudinal,

inplane acceleration of the hub due to longitudinal, inplane force; and
lateral, inplane acceleration of the hub due to lateral, inplane force.
With the hub transfer functions it i: possible to evaluate potential ground
resonance and vibration problems of rotors to be tested on the RTA.

The frequency ranges of interest are: 0-5 Hz for ground resonance, 3-7.5 Hz
for 1/rev vibration, and 12-30 Hz for 4/rev vibration (based on a rotor
speed range of 180-450 rpm). The information required for each mode of the
system is the natural frequency and the amplitude of the hub response,

and for potential ground resonance modes we muct know the fixed system

damping as well.

SYSTEM
The system tested consisted of the RTA module, without a rotor, on
the struts and balance frame in the 40- by 80-ft wind tunnel. The RTA
module included the rotor hub, with the transmission locked, and two
1500-HP electric motors installed (one of the motors was replaced by a
dummy weight for this test). The total module weight was 30400 1b.

Two strut/tip configurations were tested: a short strut system
(8-ft struts with 5-ft tips) and a long strut system (15-ft struts with
6-in tips). The short struts gave softer support of the module because
of the flexibility of the tips. In the basic configuration the balance
was free, with the scale system operating. The shake tests were also
conducted with the balance locked, in order to obtain the cantilever strut
modes, Finally, the system was tested with strut dampers installed,
consisting of an extensible strut from the top of each main strut down to
the rear of the balance frame, with a total of eight automotive shock absorbers

as dampers.,

TEST APPARATUS
A hydraulic shaker was attached to the blade grip of the rotor hub
to excite the module by application of an inplane force, in the longitudinal
or lateral direction. The other end of the shaker was attached to an
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11600 1b eaction .ss suspended from a crane. Figure 2 shows the shake test
configuration, for, K lateral excitation. For longitudinal excitation, the
shaker was attached to the forward blade grip, with the reaction mass

over the module nose. The shaker servo control was operated in a stroke
feedback mode.,

A load cell between the shaker and hub measured the applied force.
Accelerometers on the hub measured the longitudinal and lateral response.
Data were recorded for other accelerometers on the module and balance frame,

but only the results for the hub response are presented in this report.

The applied force and resulting hub acceleration data were analyged
on-line to determine the dynamic characteristics of the system, using
the Dynamic Analysis System (DAS, shown in figure 3). The DAS is basically
a time serles analyzer and computer, utilizing Fast Fourier Transform

techniques and associated software, and programs specific to this shake test.

TEST PROCEDURE
The frequency ranges investigated were 0-9 Hz for ground resonance
and 1/rev vibration modes, and 0-35 Hz for N/rev vibration modes. Broadband
random input to the shaker was used, with a bandpass filter to shape the
input spectrum. The low cutoff frequency was set at 0.5 Hz to avoid excitation
of the reaction mass pendulum modes, and the high cutoff frequency was set at
either 9 or 35 Hz to restrict the energy input to the frequency range of

interest.

The basic test plan, for each strut/module/balance configuration,
excited in the longitudinal and lateral directions, was as follows.
1) Random excitation, bandwidth .5-9 Hz; nominal force

amplitude £200 and 400 1b (& 400 1b point usually
repeated).

2) Random excitation, bandwidth ,5-25 Hz; nominal force
amplitude =100 and =200 1b,



3) Sinusoidal (discrete frequency) excitation at various
force levels, at the low frequercy resonances identifjed
in #1; usually points were taken at frequencles near the
resonance as well,

There was some variation between runs of course. For future work, the use
of narrow-band random excitation at each resonance would seen preferable
to a sequence of (nominally) discrete frequency points as was the practice
ir this test. Narrow-band excitation offers the pessibility of obtaining
the data over the entire frequency range near the resonance in a single
measurement. The reason for the narrow-bvand excitation is to corcentrate
the input energy into a particular mode, so for the highest force levels
it may be necessary to narrow it down to essentially discrete excitation
again., Still, the data from this test indicate that an accurate estimate
of the system damping may be obtained from the single frequency point, even
if 1t is not quite at the resonant peak (see the discussions below).

The following six configurations were tested, with longitudinal
and lateral excitation for each:

1) Short struts.

2; Short struts, balance locked.

3) Short struts, with strut dampers (® shocks).
4§ Long struts.

5) long struts, balance locked.

6) Long struts, with strut dampers (8 shocks).

ANALYSIS
The data for the force applied to the hub and the resulting hub
acceleration were analyzed on-line, utilyzing the DAS. The input signal
f (force) and output signal a (acceleration) were sampled (digitized)
at rate r, taking a total of N samples. The discrete Fourier transforms
of f and a were calculated, and converted to engineering units using input
conversion factors (1b/volt and g/volt). The products of the transforms

gave the cross spectrum Sio= ?uA, and the input autospectrum Sii= KR S

Sio and Sii were averaged over K data records. Finally the transfer function

of the hub response was calculated, from H = acceleration/force =
averaged Sio/averaged Syq°
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The computer searched the magnitude of the transfer function for
resonant peaks. Then it calculated and printed for each peak the following
quantities: the resonant frequency ¢ (Hz); the magnitude of the force
and acceleration at that frequency; the magnitude of the hub response |H|
(g/1000 1b and 1n/1000 1b); the phase of the response, LH {deg); the
fixed system damping coefficlent C_ (1bv/fps), calculated from H at the
resonant frequency; the damping coefficient, modal mass, and damping
ratio (Cs' M, and s ), calculated from integrals of H through the resonant
peak; and the damping ratio g , calculated by a least-squared-error
varameter identification technique from the data for H near the peak.

In addition, ground resonance parameters (critical rotor speed ard required
lag damping) were calculated, for a particular rotor.

The magnitude of the transfer function, \H\ vs, & , was displayed
on a CRT. A picture was taken as a record of the complete transfer function.

The discrete frequency excitation points were analyzed in the same
manner. However, the response was only evaluated at the single line corresponding
to the input frequency.

Further details of the analysis techniques are given in appendices:
a discussion of the discrete Fourier transform (Appendix A); the local
maximum discriminator (Appendix B); calculation of the fixed system damping
from the transfer function (Appendix C); LSE parameter identification of
the damsing ratio (Appendix D); and calculation of the damping from integrals
of the transfer function (Appendix E).

The following parameters were used for the analysis of the data
in this test:

1) Ground resonance and 1/rev dynamics (0-9 Hz): sample rate
r = 20.48/sec, nuwber of samples N = 512, number of records
K = 10; total sample time T = 250 sec, spectrum frequency
increment .0 = .04 Hz,



2) N/rev dynamics (0-35 Hz): sample rate r = 81.92/sec,

nunber of samples N = 256, number of records K = 20;

total sample time T = 62.5 sec, and spectrum frequency

increment A = .32 Hz.
For future work, it would probably be better to take more records for the
35 Hz bandwidth excitatlon, to further reduce the noise in the data;
K = 40 (hence T = 125 sec) should be about right. The use of Hanning to
smooth the data is usually recommended (see the references of Appendix A),
but it was only occasionally used in this test.

RESULTS
The results of thls test are the dynamic characteristics of the six
configurations investigated, specifically, the frequencies and response
amplitudes of the principal modes identifiable in the hudb transfer functions.

Figure 4 demonstrates the repeatibility of the transfer function
measurements. It shows three separate measurements of the longitudinal
response on the short struts, There is excellent correlation between
the three points. Figures 5 through 10 present the transfer functions
for the six configuratiors tested. The lateral and longitudinal hudb
responses are shown, in the 9 and 35 Hz excitation ranges for each.

The abscissas in the figures are frequency, from O to 10 or 50 Hz, and
the ordinates are the magnitude of the transfer function in g/1000 1b.

Tables 1 and 2 summarize the dynamic characteristics of the six
configurations tested. The tables give the following quantities for each
of the longitudinal and lateral modes 1dentified: the resonant frequency
& (Hz); the magnitude of the hub response H (g/1000 1b and in/1000 1b);
and, for the potential ground resonance modes, the fixed system damping
coefficient C_ (1b/fps). The hub response and damping coefficient data for
the long struts, lateral shake, balance free and balance locked (runs 17 and
18) are somewhat uncertain because of a problem with the accelerometer
calibration. However, the conversion factor (g/volt) used for these two
runs was certainly within 25% of the correct factor. The freguency and
damping ratlo data are nof affected by this problem.
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In the lateral response on the shoxt struts (balance free, no
dampers) we observe two close modes at the lower resonance, around 2 Hz.
These are the balance side and balance yaw modes, involving considerable
module yaw and side motion as well for this case, Figure 11 shows the details
of the two modes, expanding the magnitude and phase of the transfer function
in the range 1-3 Hz. The detailed test data are given in Appendix G,

Table Gl. The dynamic situation is as follows., For the short strut
configuration, the uncoupled balance lateral modes and cantilever strut
side mode have about the same frequency, around 2.4 Hz (see Tables 1 and 2).
Thus there is considerable coupling of the balance and module motion for
the complete system, with the typical behavior that the frequencies of

the coupled modes are driven apart. The balance mode frequencies are
decreased, the strut mode frequency is increased, and the damping for the
balance modes is reduced. For the long strut configuration, the lateral
cantilever strut mode frequency is around 3.5 Hz, well above the balance
mode frequencies (see Table 2). Therefore the balance mode frequencies

are not lowered significantly for this configuration (note that the balance
slde mode frequency is expected to be about ./E‘ times the balance
longitudinal mode frequency, since there are two side force scales and one
drag force scale in the balance system).

The test data show a2 nonlinear behavior for the damping of the balance
modes. The damping for high excitation level and high response amplitude
consistently was significantly lower than the damping measured at low levels
(the data in Tables 1 and 2 are the values for low excitation level).

Figure 12 shows the general trend, fo~ all the configurations tested, The
ratio of the balance mode damping to its value at low excitation levels
correlates well with the rms value of the exciting force. The linear
range extends up to 30 or 40 1b (rms), and at high excitation the damping
levels off at about 40 to 50% of the low excitation value., The detalled
test data are given in Appendix G. A correlation between the excitation
level (broadband and discrete) and the balance drag scale motion for the
longitudinal balance mode is also given in Appendix G {run 11, Table G1).
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From the frequencies of the modes we may identify 1/rev and N/rev
resonances for the operating range of a particular rotor, and with the data
on the magnitude of the hub response assess the vibration potential of
these modes. From the frequency and fixed system damping we may assess
ths ground resonance stability of articulated and soft-inplane hingeless
rotors on this Rotor Test Apparatus. A simple ground resonance stability
criterion, giving the critical rpm ranges and the lag damping required
for stability, is discussed in Appendix F., More detailed calculations
of the dynamic stability are recommended however.

The tables of Appendix G present in detail the shake test dzta
for the six configurations investigated.

DISCUSSION OF ANALYSIS TECANIQUES
Several methods were used to calculate the modal parameters from
the measured transfer function. The quantities required are: t.e
natural frequency )y , damping coefficient Cs. damping ratio ‘g , and
modal mass M (note that these parameters are related by Cg = 2;«5&0.

The natural frequency was estimated using three points around the
experimental peak (Appendix D). This technique gave satisfactory results.

The damping coefficient was calculated from the transfer function
at a single frequency point (Appendix C), and from integrals of the transfer
function through the peak (Appendix E; this method was used only for runs
17 and 18, Tables G4 and G5). Both methods worked well, and the two techniques
gave comparable estimates., The experimental data (Appendix G) for the single-
point calculation of CF during discrete frequency sweeps near a resorance
demonstrate that this method gives an estimate of the damping which is
indeed relatively insensitive to frequency, i.e. roughly constant in the
vicinity of each peak (see Appendix C). The integral method of calculating
Cs is less sensitive to noise in the transfer function data, but for very
close modes one must watch that the limits of integration cover only one
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resonant neak. With discrete or very narrow-band excitation, only the single-
point esiimate of Cs is applicable of course. The use of both methods 1s
recommended to obtained the best extimate of the damping coefficlent.

To calculate the damping ratio and modal mass (§ and M), the LSE
parameter identification techniques described in Appendix D were used,
with four iterations after the initial estimate of the parameters, and elther
5 or 10 points for the curve fit unround the resonant peak. For an ideal
transtz. function (no noise in ".e data) these techniques worked well,
especially the two-parameter algorithms. For real data however, i.e. an
experimental transfer functlon measurement including noise, the methods of
Appendix D were not satisfactory The one-parameter algorithm (g from
|H] ) did no better than the initial estimate of § from three points.
The two-parameter algorithms (_f and M from either }H‘ or H) either
gave little improvement over the initial estimate, or simply did nct
converge. The difficulty is probably due to the fact that the derivatives
in the iteration formulas are singular ai ‘s = 0, There is the possibility
of better success using an algorithm to Jdentify Cs and M from the transfer
function.,

The damping ratio and modal mass (I‘ and M) were also calculated
(for runs 17 anl 18, Table G4 and G5) from integrals of the iransfer
function, as described in Appendix E. This technique worked well, and

its continued use is recommended.
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APPENDIX A
The Discrete Fourier Transform

1. References
Bendat, Julius., and Plersol, Allan G., Measurement and Analysis
of Random Data, John Wiley & Sons, Inc., New York, 1968

Jenkins, Gwilym M., and Watts, Donald G., Spectral Analysis and its
Applications, Holden-Day, San Francisco, 195

2., Definition and Application
The input signal (force, f) and output sigmal (acceleration, a)

are sampled (digitized) at rate r, until the total number of samples N
is collected. The resultis a discrete time series of data, at t = nAt,
n=0...N-1 ( &t = 1/r, with sampling period T = N/r). The discrete
Fourier transforms of the input and output are calculated, using Fast
Fourier Transform (FFT) techniques, according to the expression:

R : .
X(k): -)'3 §° X (w) 6—52“'\( /N

The result is a discrete spectrum, at the N/2 frequencies wW=kAw,
k = 0...(N/2-1) (4= r/N = 1/T Hz, with a maximum frequency -- spectrum
bandwidth -- of © = r/2 Hz).

The input and output transforms are multiplied then to obtain the
cross-spectrum sio =F * A and the input autospectrum Sn =F *F. The
spectra S10 and Sn are averaged over a total of K records of data. Then
the system transfer function is calculated as:

H= a/f = average Sio/avera.ge 5.4

3.__Relation to Continuous Fourier Transform

The Fourier transform of a contlnuous, non-periodic time function
x(t) is defined as

X () = 3= S” x () e~ Bt
- OO
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The discrete Fourier transform makes two approximations:t first, a finite
length record of data is transformed; and secondly, a finite number of
samples are taken during the record.

With a finite length record, it is assumed that the data is perlodic
outside the record; hence we calculate the Fourier transform of a perlodic

function: et

-
X, =3 §_xe ax

at the discrete harmonics = 2Wk/T. This may be considered the Fourier
transform of x(t) times the window w(t) which is open only for t = 0 to T, so

\ bo —iwt
A = S § xeywry e T ae
- 00

= SM X (*) W (L—w®*) &%

-_— DO
(using the convolution theorem). The time window is
{ 2%/ oLtLT
w =

© otherwise
so the frequency window (the Fourler transform of w) is:

.S\‘ﬂ\ wT'/Z - 9“'/2
W = myr ¢
WT/2

which has amplitude 1 and bandwidth Aw= 2qv/T. Thus

~ V+bvy - -+
X,(u) = X(w ) Qo

W — A/

This A is the same as the frequency increment in the discrete spectrum.
So each 1line in the discrete transform may be viewed as the integral of
the continuous trancform over the interval w—ao/2 to W+aw/2 ,

With only a finite number of samples in the record, we calculate
as an approximatlon to Xl the discrete transform:
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(the summation being the discrete approximation of the integral). Since
At/T = 1/N, this is identical to X(k) defined in section 2 above.

The finite length record means that only the discrete harmonics =k a

of the transform are calculated. The finite number of samples means that

the maximum frequency of the spectrum is & = N/2 * &« = r/2 (the Nyquist
frequency). It is necessary to filter the amalog input and output signals
with a low-pass cutoff frequency at or below ‘a;ax' in order to avoid aliasing
of the discrete spectrum by harmonics above the Nyquist frequency, which

can not be discerned by sampling at the discrete rate r.

b, Noise

Bacause of process and measurement noise, we do not calculate a
deterministic spectrum, but rather a statistical estimator of the spectrum.
In order to reduce the noise in the estimate of the spectrum, it is necessary
to average the data. Thus we take K records, and calculate the average
sSpectrum \

g = ']2: & S
This sample spectrum has an unblased mean, and a variance of
‘Jut'sg - 22 -l.
st <7

The standard deviation is thus inversely proporticnal to K% (compare with the
similar result for the standard deviation of a sample mean). The total
sample time is KT =K /A& , so for a given time it is necessary to compromise

between the accuracy of the data and the frequency increment in the spectrum.
Bendat and Piersol suggest using a minimum of K = 10 records, The statistlcs
of the transfer function H (the ratio of the average cross spectrum to the
average input autospectrum) are more complex (the reader is directed to the
references given above), but the K-% behavior of the spectra is sufficient for
the present purposes.,
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5. Choice of Farameters
The parameters r, N, and K are required to define the sampling and

averaging process in the analysis of the data. For a given bandwidth of
the data, the sample rate r suggested is

r = 2.5 * bandwidth data
(‘)-ax. r/2 = 1.25 * bandwiAth). A low pass filter on the sigmal is also
required, to avoid aliasing in the discrete transform. The number of
samples N is then chosen from r and the required frequency increment in
the spectrum AW , as N = r/Aaw (FFT routines used require also that N
be a power of 2). We choose AW +to define the resonant peaks sufficiently,
from A= §WW/2  (which gives about 5 points covering the %+ power
bandwidth of the peak; W. is the natural frequency and 5 the damping ratio
of the mode). Finally, the number of records K is chosen for the desired
accuracy (noise level) of the spectrum. At least 6 to 10 records are
desired; the principle restriction of the number of records is the total
sample time KN/r.
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APPENDIX B
Local Maximum Discriminator

1., Problem

It is necessary to identify the resonant peaks (i.e. the natural
frequencies) of the experimental transfer function. The experimental
transfer function has measurement and process noise however, so it is not
possible to identify the peaks by simply searching for all the local maxima
of the data. An algorithm must be developed which will discriminate the
true peaks from the spurious local maxima due to noise.

2. The Algorithm
We have the data for the magnitude of the transfer function, which
may be written He = H + h, where H is the true value and h is random noise

in the measurement. Assume h has a2 normal distribution with zero mean and
standard deviation ¢ , hence prubability distribution:

2
3= TEw @

, where K 1s the number of records of data in the average

1
Assume 9 = H/K?

of the cross spectrum and input autospectrum calculated to find H (see
Appendix A).

Consider then the probability of a peak at a certain frequency ""N'
i1.e, the provability that HN- H> 0 for all nearby frequencies. This is
the probability that h>hy - Aﬂe , Where AHe = HeN- He; which is:

P- = §N %: %(\538(\‘“) &k&&"

N-A“&

A

= e 0 e
v

—w7/2
= {_;2"_1; S AVWe v &‘}

-
—

zv-
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This integral may be expressed in terms of the error function.

The product of the probability Pr evaluated at several points around
L)N is the probability that all local values of H avre less than the H at &oN.
Therefore we take as a discriminator of the local maxima the parameter

“wa ~
c= (CATC®)™

C is evaluated at all frequencies of the transfer functiorn. If C is above
a certain confidence level for any frequency, we consider that point a
resonant peak of the transfer function.

The parameter C has the following properties. For a local maximum,
C =1, while C is near 0 for a local minimun. If AH = 0 for all points (i.e.
the experimental data constant), then C = 4. Finally, with <3He/0' =1, 2, or 3
we obtain C = ,76, .92, and .98.

3. Application
For on-line evaluation of the data (locating the resonant peaks of

the transfer function and calculating the system properties there), it

is better to use a rather low confidence level on the discriminator (so a few
false peaks are located, which are easily discarded by the engineer), rather
than to use a high confidence level which will occasionally miss a true

peak because of excessive noise., It is also found that the parameter C

is a more sensitive discriminator of the peaks if many points are used

to evaluate C for each freqrency.

For the present test, a confidence level of 65 to 70 (C above the
confidence level considered an indicatlon of a resonant peak) was satisfactory.
The parameter C was calculated using 12 points ("m" in the definition of C
above) around each frequency.

-17-



APPENDIX C
Fixed System Damping from Transfer Function

To evaluate the ground resonance stability of a rotor on
a flexible support, it is necessary to know the damping coefficient
of the modes. This may be obtained from the hub impedance by the following
method. Consider the mass/spring/damper system: MX+ Csi+Hth- f.
The response of the hub acceleration to the applied force is the transfer

function

H= _
M (wa—wt) 4 Cgiw

agd b

where ©, 1s the natural frequency, M the generalized mass of the mode,
and Cs the damping coefficient. It follows that

— W W
CS = \“\1

or

P Y

Cg = 1954 e

with the dimensions [«3]= Hz, [H] = g/1000 1w, (c_J = 1b/fps. This
is the expression used to calculate the damping of the rotor support,

from the experimental measurement of the hub response.

At the resonant frequency (© = . ) this result becomes C, =W /\V\H) .
In general the previous form is preferable however, since it holds for all w ,
not just at the peak. Thus it is possible to evaluate Cs even though the
calculation is not performed exactly at the peak (for multimode systems it is
necessary to be at least close to the peak of course). The experimental data
(Appendix G) shows that the damping calculated by this expression is quite
consistent in the vicinity of the resonance of each mode.

-18-



APPENDIX D
Least Squared Error (LSE) Parameter Identification
of Damping Ratlo from Transfer Function

1. LSE Parameter ldentification
It is desired to fit an analytic function H(W .ui) -- where W 1is
the frequency, u, are free parameters (e.g. the damping ratio 5 ), and

H may be elther a complex transfer function or the magnitude -- to experimental
data H (l-\) at the discrete frequency points &y . We shall find the
parameters u to minimize the squared error

€= % | WGy = \&,_(uo\

For complex H, this error is the sum of the distances between H and He on
the complex plane (ReHvs., ImH, i.e. the phase plane). The minimum €
is given by the solution of:

x
Qf‘ = T 2 \“"'\‘\'.\ = O
5 190 W o

If H is linear in the parameters, the above is a set of linear algebraic
equations which may be solved directly for the parameters u, . In the present
case however, H is not a linear function of Uy so a solution by numerical
methods is necessary; we shall use Newton's method. From

(2
a—f’ x % \ (n-oﬁ (\ﬂ )‘S

it follows that the iterative solution of bf/bu =0 is

- (D S (wY X
w = w —
a“. b“ 1 ia“b
200

where u is a vector of the parameters uy (nth iteration), and the derivatives

of f are evaluated using TA““’

-19-



Here £ =L |H-H |2, hence the solution of the parameter identification

problem 1is:
t

-1
D _ e [?i.i 3w [u=W, | ] {_ S, W-We

J

2. Transfer function
We shall fit the measured transfer function in the neighborhood
of a resonant peak to the theoretical transfer function of a mass/spring/
damper system. Considering the acceleration response to an applied force,
the transfer function is 2
- —w/w
H = ? = X =Wt 4+ 2(ee.

Note that in general the parameter m (mass) is a complex number, because
it accounts for the influence of other modes of the system in the vicinity
of any particular resonance. The magnitude of H is:

VWA

\“\ = (Nt_“:’z+<2g»u“)1

Fitting H to the experimental data around a peak requires the identification
of four parameters then: <the damping ratio ; » the natural frequency L, ,
the mass |m) , and the phase angle 4w (only the first three are involved
in fitting the magnitude of H to the experimental data).

Because of limitation of computer core and language, we consider only
the identification of one or two parameters. The following cases will be
considered in detail: fitting |H| to |He | by tdentifying § ; fitting
JH\ to [H | by identifying [ and Iw] ; and fitting H to H, by identifying
L and Im| . An initial estimate of the parameters is required to start
the iterative LSE solution. It is assumed that the initial estimate of the
parameters not corrected by the LSE solution (in particular the natural
frequency p,‘) is satisfactorily accurate,



3. Initial Estimate of Parameters
Assune that a resonant frequency D¢ has been found (a2 local

maximum of lﬂe‘ ; see Appendix B). An initial estimate of the parameters
may be obtained from the experimental data at the three points wp ,
G EOp—AWR  apnd OpEWp+AW ., For small 5 ard small =t
(the usual case of interest), the transfer function is approximately

|
2|m'r;l‘(&_6‘%

in| =

From this approximation the parameters of H may be estimated as:

Re ~R,

Au‘I AL
ZCRR-»R;—ZﬁgRL)

| A = 2\. (AD'PA“*)’. -— (AG*S:
5 O =RAL
e
o= M (G 1t 2BR D
where

R. = ,H"I-/HQP ‘z
Rg = '“oR/H&p ‘z
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L, Damping ratio from |H
The LSE iterative solution is

fvews = Cas +

or

where

I

b= (wh-wl) + (25wad?
B= oy
A

5. Demping ratio and Mass from ,H|

With e 1/Iml  and D=
=/Au.>D2

(u‘-w&)2+(zgww..)2 , We have
The derivatives required ares

) - -2 2
A= ;S(H~“¢) é (M, “B/M-*l [\ 3¢

\

s 2 i
B= K Ip (Re~H) = % (\-\L—-\-\3 (26t b z.)
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o« = 3°- CHe-nY 5
z -
= i [ (M -\-\)/Mw (Y - Atg (“""“))‘“ -;b (

—

Q= Ear (W, W = s
e 2 )
c = : 3 a; (\-\‘-\-\) % (HQ 2“3 7-b 2 as

and the LSE iterative solution is:
e o=l
(e = GY-[C o] ()

A% — B¢
(E> - :d:\':':i Ba-—AcB

6. Damping ratio and Mass from H
Using the initial estimate of &£m and &, , we shall match the
experimental data Heei‘m

to the complex transfer function

H= —uw? b~ (i-wt=120ww,.)

vhere D = (u‘—w:)2+(25wu.)2 and = 1/|m\ . Then the squared error is

€= E\H-—H.,\"' = & Y_f(oc-r,m"...p;)b"'-i—\“.,\"]
where
o = 2 ReWe W Cul—w?)
ez 2.)\-“‘, Wt (—wa\.}



The derivatives required are:

A= g 2wt = £ [ plovptepg) (-8 a5>+(’r°"3

3
BoZg Mot = § (2+2putepg N
a = %;‘H-Hg‘
‘2‘ L (ol-rrw #PSB(ZB (ab) - _zalb )
-2 26
-— @,\lb S

T
E - z = !

c= T 5%55‘“’““1 = %{(d+2rw“+(5§3(-523‘§)+e5']

| 3

and the LSE iterative solution is:

Gy = O =m0 (R25)



APPENDIX E
Damping Ratio from Integral of Transfer Function

The damping ratio, mass, and damping coefficient may be calculated
from integrals of the system transfer function., This method is an alternative
to the single point or curve fit techniques described above (Appendices
C and D), Assuming a single mode transfer function:

H- & -aat/w\.
Wi =W o+ 20w,

1t may be shown that the damping coefficient and mass are given by:

Cs'-

S e

and then the damping ratio is S- CB/Zm .

To apply this result to experimental data, the transfer function is
integrated through each mode from O.Bu)n to 1.2 c%. Correcting for the
finite limits, we obtain:

1510
s hzee W T
G, 2w
N % ad
‘ozﬂa )w-\\ 2
sl AP >
033 ( S"Hﬁ =
T Toa 12\
S RAMIRY -1V
v?u. o



W * %)

&
C¢= 1954 . ¥

Ve Wt g,
& T

with dimensions [H] = g/1000 1b, (W] = Hz, [n]= 1b, ana [c ) = 1v/fps.
Note that the result for Cs is independent of the limits of integration:
compare with the expression in Appendix C. For extremely close modes it

may be necessary to integrate over a smaller range around un; the above
limits were satisfactory for the present test however. The natural frequency
Qn may be obtained from the three-point curve fit around a local maximum,

as described in Appendix D, part 3.

By calculating the system parameters from integrals of the transfer
function, the effect of noise in the experimental data is reduced.
However, the above expressiom are not unbiased estimators of 5 and C_.
With the factor 'H‘ in the denominator, the calculation of S and C 1n
the presence of noise will underestimate the true values. The error
in the estimate will be of the order K°1. where K is the number of data
records over which the spectra are averaged (see Appendix A). The estimate
is conservative at least, and for the present cases the error is only 5 to
10%. 1If desired, the calculations of S and C_ may be multiplied by
(k+1)/K as an approximate correction for the bias error.
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APPENDIX F
Ground Resonance Stability Criterion

1. References

Coleman, Robert P., and Feingold, Arnold M., "Theory of Self-Excited
Mechanical Oscillations of Hellcopter Rotors with Hinged Blades,"
NACA Rept. 1351, 1958

Deutsch, M.L., "Ground Vibrations of Helicopters,” Journal of the
Aeronautical Sciences, vol. 13, no. 5, May 1946

2.__Ground resonance

Ground resonance is a mechanical instability involving the coupled
dynamics of the rotor lag and hub inplane motion. An instability is possible
at the resonance of the low frequency lag mode (frequency £2( !-953) and
a fixed system mode (frequency Wy ), if the product of the fixed system
damping and the rotor blade lag damping is below a critical level dependent
on the blade inertia and lag frequency.

3. Approximate stability criterion
The critical rotor speed for resonance is

STy = t-’\s/(l-\753
and the system damping required at resonance is

<
Cx S —
W2 3 ( N gr =% ) >
4 S Qs

where Ly = support natural frequency
Cx = support damping
9 = blade lag frequency (rotating)
CS = lag damping

N = number of blades

S, = first moment of blade mass about lag hinge
§ (i.e. mass * radial C.G. location)



With dimensions [nj = rpm, L ©xJ= Hz, Equ = per rev, [Cx'] = 1b/fps,
[Csj = ft-1b/rad/sec, and [Ssj = slug-ft, the stability criterion is:

Sleey = \_os } Wy
K z \- °s
LA T K = ‘\‘l
CS > C"/w‘z ) 3 S S

Usually the required lag damping for stability (C 5) is increased by a
margin of 30 to 50% to obtain an engineering estimate of the stability
bounda-ryn

This criterion is based on the assumption of a small ratio of blade
mass to the rotor support mass, which is usually quite true. For extremely
small fixed system damping this approximate criterion may not be conservative
however. In general a detailed analysis of ground resonance stability is
recommended.,
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APPENDIX G
Rotor Test Apparatus Shake Test Data

The tables of this appendix present the data for the resonant
frequencies of the hub transfer functions (lateral acceleration due to
lateral force, and longitudinal acceleration due to longitudinal force).
The following configurations were tested:
Table Gl. Short struts
Table G2. Short struts, balance locked
Table G?. Short struts, with strut dampers (B shocks)
Table G4. Long struts
Table G5. Long struts, balance locked
Table G6. Long struts, with strut dampers (8 shocks)
The following quantities are given in the tables: the resonant frequency
& (Hz); the amplitude of the hub response H (g/1000 1b and in/1000 1b);
the phase of the response «£H (degrees): the fixed system damping of the
mode C_ (1b/fps); the damping ratio { (per-cent of critical damping); and
the amplitude of the exciting force F (rms 1b, with "D" indicating
discrete frequency excitation). Several sweeps of discrete frequency
excitation in the vicinity of resonances were made, and the data are glven
for the entire sweep as well as for the peak.
The hub response and damping coefficient data for the long struts,
lateral shake, balance free and locked (runs 17 and 1R, Tables G4 and G5)
are somewhat uncertain because of a problem with the accelerometer calibration.
However, the conversion factor (g/volt) used for these two runs was certainly
within 25% of the correct factor., The frequency and damping ratio data
are not affected by this problem.
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hub force

34 15 (mms)
{(run 2, point 1)

hub force
68 1b (rms)

{run 2z, point 2)

hub force
724 15 (ms)

{run 2, voint 3)

Pigure 4, Tepeatibility of transfer function measurement.
Short struts, ,.5-9 Hz broadband exclitation,
longitudimal hub response.
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g/1000 1b

g/1000 1b

Fipure 5.

excitation, longitudiml

hudb response
{run 11, point 1)

515 Hz broadband
excitation, longitudinal

nub response
{run 2, point 7)




.5-9 Hz broadband
excitation, lateral
hub response

(run 3, point 2)

.5-35 Hz broadband
excitation, lateral
hub response

(ri: 3, point 9)

Figure 5. (concluded)
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g/1000 1b

245

H
g/1000 1b

Ripure £,

+ 59 Mz broadband
excitation, longitudinal

hub responce
(run 10, point 13)

5.8 He broatban!
excitation, longitudinal

hub response
{run 10, point 7)
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H
g/1000 1b

2.5

H
£/1000 1b

Figure €.

{econcluded |,

J5-9 Hz broadband
excitation, lateral
hub response

{run 9, voint 3)

L5=1E He broadband
excitation, lateral
nub response

{run 9, point 5)




LE5-0 He broadband

H
exeltation, longitudinal

g/1000 1b é iy {:( | hub response

{run 12, point 3}

H 538 He breadband
exsitation, longitudinal

8/1000 1b B hub recponse
' {run 12, roint 2}

Figure 7. Short struts, with strut dampers (F shocks),




H . ' +5-9 Hz broadband
. excitation, lateral
&/1000 1b hub response

(run 8, point 3)

H 'y +5-35 Hz broadband
L _ excitation, lateral

£/1006 1b hub response
{yun 8, point A)

Figure 7, ({concluded)
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excitation, longituiinal

hub response

g/1000 1b

{run 13, point £)

34 ¥z broadvand
excitation, longitudinal

hub recponce

-
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g/1000 1b




+5=9 Hez broadband
excitation, lateral
hub response

(run 17, point 1)

( +5-35 Yz broadband
4 . excitation, lateral
&/1000 1b : : . hub recponse

{yun 17, point &)

Fleure 4,  [poncluded)
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parure

T

+5-9 Hz broadband
excitation, longitudinal
hub response

{run 14, point 2)

LE=25 He beoadhand
excitation, longitudind
hub responst

ik

‘run 1h, point ©,

Torng viruts, balance jocked,
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A ure 9,

{concluded)

+ 50 Hz bhroadband
excitation, lateral
hub response

{run 18, point 2)

+5=35 He broadband
excitation, lateral
hub response

{run 1%, point &)




+5-0 He broadband
excitation, longitudinal
hub response

{run 15, point 1}

+ 535 Hz broadband
excitation, lonpitudinal

hub response
{run 15, point &)

Long strute, with strut dampers (9 shocks).

Figure 10.




Figure 10,

{concluded)

.5-9 Hz broaiband
excitation, lateral
hub response

(run 16, point 2)

.5-35 Hz broadband
excitation, lateral
hub response

(run 16, point 25)




¥agnitude
{0-10 Hz)

Magnitude
(1-3 Hz)

Figure 11. Details of two low frequency lateral modesy
short struts, .5-9 Hz broadband excitation,
Jateral hub response. (Run 3, Point 7)
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Figure 12,

Longitudinal modes

Bun 2,
Run 11,
A 7un 13,
¢ Run 15,

lateral modes
O Run 3,

2 Run 8,
Run 16,
{> Hun 1?*

short struts
short strute
long siruts
long struts, with dampers

short struts

short struts, with dampers
long struts, with dampers
long struts

F, s 1b

Nonlinear damping characteristics: reduction
of fixed system damping (C_) with excitation
force level (F), for modes involvin: »redoninantly

balance motion,
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