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ON THE OSCILLATION OF THE LATERALLY
HETEROGENEQUS EARTH, I
Peter Musen
Abstract

The perturbative effects, as caused by lateral inhomogeneities in the Earth
structure and by Coriolis force, contaminate the originally toroidal and spheroidal
Earth's oscillations, making them of mixed type. For this reason, in order to
make the computation of the perturbations more uniform and homogeneous, we
suggest the expansion of Earth's free oscillations into a series in terms of
generalized harmonics familiar from the theory of angular momentum in gquantum
mechanics. Making use of Gibbsian symbolism and of some operators from
the théory of angular momentum, we deduced the explicit expressions, in terms
of generalized harmonics, of the perturbative terms in the differential equation
of Earth's free oscillations. We also obtained decomposition of the strain tensor
in terms of canonical vectors, The integration problem for the cases of

geophysical interest will be discussed in subsequent reports.




ON THE OSCILLATION OF THE LATERALLY HETEROGENEOUS EARTH, I

INTRODUCTION

In the present and forthcoming article we suggest an apparatus and scheme
for the computation of the perturbed elastic oscillations of the laterally inhomo-
geneous non-spherical Earth. The perturbative effects treated in this work are
additive to the solution of the "'main problem’ as obtained by Takeuchi (1950)
and by Alterman, Jarosch and Pekeris (1959), which represents the foundation
of ali modern theories of the long period oscillations of the elastic Earth.
Methods being used to obtain the solution of the zero order are, more or less,
a paraphrase of the Pekeris method. These authors have assumed that the
density of the Earth's material and elastic parameters depend only upon the
distance of the particle from the Earth's center and that the perturbative effect
of the geostrophic force can be neglected. Under these suppositions the oscilla-~
tion can be conveniently decomposed into a sum of spheroidal and toroidal

oscillations with the coefficients depending only upon the radius-vector. .

The initial differential equation of the elastic oscillation can be split into
disjoint final systems of ordinary differential equations for the coefficients.
Each system must be integrated numerically using an adapted model of the Earth.
It has now become evident, however, that the results of modern seismic obser~
vations warrant the infroduction of perturbative forces into the original Pekeris'

theory.
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The influence of lateral variations in density and elastic parameters (Toksoz
and Anderson, 1966), (Dziewonski, 1970), (Lopatina and Ryaboy, 1971}, and the
perturbative effect of the geostrophic force, which causes the splitting of fre-
quencies (Backns and Gilbert, 1961), (Pekeris, Alterman and Jarosch, 1961)
are now being recognized in seismic records. The ellipticity correction, together
with numerous coupling effects, became important’and shall be congidered. On
ocecasion the Coriolis coupling hetween spheroidal and toroidal oscillations can
exceed all other couplings (Luh, 1974). We must also consider the degeneracy
and quasi-degeneracy of frequencies, familiar from quantum-mechanics. With
these considerations the expansion of the perturbed elastic vibrations in terms
of spheroidal and toroidal vector-harmonics can still be achieved (Arkani-

Hamed, 1972), (Madariaga, 1972), (Luh, 1973}, (Dahlen, 1968, 1969).

It is doubtful, however, that the splitting of the displacement into toroidal
and spheroidal components provides the best possible theoretical and compu-
tational approach in the case of a rotating, laterally non-homogeneous non-
spherical Earth when numerous couplings, degeneracies and quasi-degeneracies
do occur. It seems that decomposition of oscillations into a sum of so-called
"generalized spherical harmonics' can provide a better service, becauge it
removes the discrimination between different kinds of oscillations and thus paves
the way for more direct and homogeneous computational procedures. The
generalized spherical harmonics are familiar from the theory of angular

momentum in quantum-mechanics. There are numerous recursive relations
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between them, and their products, which appear in the perturbing forces, can be

convenjeritly expanded into Clebsch-Gordon geries.

It seems that Petrashen (1949) was the first to recognize the usefulness of
the generalized spherical harmonics in the theory of elasticity. In recent
years several works on the spectroscopy of the Earth were published which
make use of the generalized spherical harmonics (Burridge, 1969), (Phinney
and Burridge, 1973), (Smith, 1974) and the theory of group representations from
quantum-mechanices. Formation of the scalar differential equations of Earth's
perturbed oscillations is usually based on the application of covariant differentia-
tion of vectors and tensors involved, using Einstein summation convention, some-
times pa‘rtially combined with Gibbsian symbolism (Backus, 1967). In the present
article we suggest the use of Gibbsian vectorial and dyadic symbolism, and of
operators familiar from the angular momentum theory in guantum mechanics
to establish the differential equations of the perturbed elastic-gravitational
vibrations of the Earth. The osciilations_ are decomposed along Petrashen's
vectorial harmonics.

The combined symbolism represents a fast and expedient geometrical way
to establish the vectorial differential equations governing the oscillations and
to convert them into the scalar equations. In the case of perfurbed osciliations
of the Earth these differential equations are no longer disjoint. The resulting

scalar equations can be considered as a generalization of Pekeris equations and,
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like them, can be integrated only numerically using an adapted Earth model. After
the solution is obtained the oscillations can again be easily split into spheroidal

and toroidal parts,

BASIC RELATIONS
In this section we surmamarize some basic formulas to be used in the

expogition, By applying the del-operator

V=ea _E|_+l (e ...'a_..{.i .E.) (1)
*3r r \?38 sinf 3P

to the local unit vectors ey, e, , e, of the spherical system we deduce
Vey =+ = 8
ee _+}— - Eger +E¢e¢ Cot ) 1
Ve, = ! (+ e e cot &) (2)
e\:b = - -; + %y + eqseg s

_ 1
Ve, =4 T (ep®g + €5e4)

and, as a consequence, by forming the scalars and vectors of the symbolic

dyadics (2), we obtain:

V-e _+cott9

Vee, =0 {3)



1
v =t+le,
XEQ +re¢
Vx e, = 1(43 e cot g) 4}
X d)-+?—6+'r 1 (

Vxe =0
Repeating the procedure, we have:

1

VQeB =+
r? sin? @

(~e5 - 2e_sin & cos 9),

vz — 1 ‘ (5)

and

YV ey = -___1__ (eg + € sin & cos 9),

rZsin? @

W'eqsz(} (6)

We obtain 2 more compact systeni of formulas if we decompose vectors and
tensors which appear in the present exposition not along e, e b2 € but along

the isotropic cancnical veclors



1 . (7)
e. =+ — (+e, - 1ey)
-
e, = - (+e5 + iey) (8)
2
and along
e, =€ (2)

It is convenient in the frame work of the present exposition to define the
the products of {7) - (9), 8calar, vectorial and dyadic, in accordance with the
standard rules of classical vector algebra, considering the complex coordinates

as scalars.

From the orthonormality of eg, e, € We deduce:

e 'E_=B+'e+:e_'e0:e+-eoz(),

e_ce, =~-1, e e, =+1, (10)

E+XE_:+180. BOXB_:+18_, ey X e0:+1e+.

Elimination of e,, ¢ 6 ®; from the idemfactor
I=eze,+ egey + € e

in favor of canonical vectors leads to the representation
I=eye,-ee -ee

which is useful in performing the rotational iransformation of vectors and tensors.



From (2) - {6) we deduce a set of basic relations:

Ve_ = +.} [—e_eo -_};..(e_ +e.)e_cot (9:l )
r

v'2
i 1 11)
Ve+:+- -e.e; +— (e_ +e.)e, cot @, (
r V2
7 1
eq = = (e_e, +e,e_},

and, by forming the scalars and the vectors of the symbolic dyadics (11) and

taking (10) into account,

Vee =4 cot 6”
V2

V-e+:_C°t8, (12)
rv2

Ve, =0,

i &4
Vs e, =+~ (+e_——-—cot 9),
r )
i €y
Vxe+:+—(—e+-—-—cot9)‘ (13)
r V2
vx ee’:o)
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V2 = e (e_ + e, v2 sin & cos &y,
r2 sin? @
1 -
Vi s e (e, —€,v2siné cos B), (14)
r2 sin?2 @
2e
Vi) = - oo
2
e
oo =~ 1 |:+_1.(e_-e+)+—-0:3i“6c°5 5},
r2sin? o 2 v
1 1 €0
Wee, =4 —— — |+=(e_-e, )+ —sinfcos b |, {15)
r?sin? @ 2 V2
VWee, = —_g_eu
2
The get
A
+
Yin = 8 Ya, -106,4)
- A4 16)
Y’ﬂm :e-Ym,+1(9.¢)’ (
0 £
Y/ﬁm :eOYm,O{S,Qb)’
4 £ £

where Y, o0 Y . Y, are particular elements of the set of generalized

£
m,n?

spherical harmonics ¥ familiar from angular momenium theory, and they
constitute the basis of the expansion of the elastic displacement of the Earth

{Phinney and Burridge, 1973), (Petrashen, 1949), We have
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an = e”im¢P’£n(cos ),

where an (cos J) are the generalized associate Legendre functions (Edmonds,

1960), (Vilenkin, 1965).

The selection of (16) as a basis for the expansion removes the discrimination
between spheroidal and toroidal oscillations and makes the computation of
coupling effects more uniform and homogeneous. After the solution is com-
pleted we can again decompose it into spheroidal and toroidal modes. When no
ambiguity results we will omit, for the sake of brevit;},' the indices 1 and-m
in (16).

The reduction of thé vectorial differential equation goverping the oscillations
to the scalar equations can be simplified by making use of the operators

= e i te 2 1 39 3.)
Ho=e (+°° 3% sind 33738

. 3 1 3 .03 17
H:*l‘ﬁ(_ N A __.) (17)
© Ot STtsing 397 30

of infinitesimal rotations and by introducing the generalized del-operator:

Vseo-§-+ -

ar o

(e"Ve, H. - e*i¥e_H,), (18)

‘where y, ¢ and & are Euler angles.

By applying the operator (18) to the elements

T8 o iyt

m,n m,n

of the irreducible representation of the rotation group and taking into account

(Edmonds, 1960), (Vilenkin, 1965)



£ &
H+Tmn == CL’E n+1l m n+l
H'Tf;n == a‘rﬁ.nT:E,n‘l‘
where
ap = (L +n) (L -n+ 112,
and

Vemind = - T (e, + e.) cot geTind,
rv2

we deduce after easy transformations:

1 i 4 £
VYm.n = +_..._.2 (afﬁ,n‘*le-Ym‘“"'I - arﬂ’ne"'Ym,n‘l)
T

(e e,) Yf , cot &
rv2 '

Taking (10) into account, we have

A4 1 A n £
exVYm = - — (a e Y i ta er_)+ (e_-—e)Ymn
0 . 3 A n+t ,atl £n t mn-1 s + .
In particular
£ i% 0
Voo = (¥, - Y5,
rv2
and
4 arﬁ 0
€o % VYm’D - (Y{m m

l‘

The left-hand sides of (21)-(22) are the spherocidal and toroidal harmonics,

12

(19)

cot &
(20

(21)

(22)

respectively. Thus, the generalized spherical harmonics Y™, Yt represent

the linear combinations of the standard spheroidal and toroidal harmonics.

19

o



Making use of (19) and (11) we deduce:

Ci £
VY’%m O (a’f’,,{)e-Y 0= a/ﬁ,_l.e+Ym,_2) e,

\?Y%m =+ n}_-(alg’ze_Y 4y = a’fi.le"Ym-ﬂ) e_
r

0 _
V¥

I
!

J =
-t
2 oo

(]
~~
[}
t
®
4+
+
[y
-+
[+
i
g

and, as a consequence, taking (10) into account:

Vx Vi =4 2% y0 1y
"Em 1‘1/-2- /gm r "Erm
a
- £ .00 i~
Ve Y, =+———Y, +2Y, ,
o rv2 to T o
¢4
L.o0 .+
IER FREALAY] ),
to "7 e T

il

13

(23)

(24)
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and

tag o

7Y, =-V-Y, =-
A Am 5

(25)

Q'

4 o 2.4
Ym.ﬂ' v Y’{J)m - +_1-_Y"'1‘

DECOMPOSITION OF THE STRAIN TENSOR
In this section we deduce the canonical dyadic decomposition of the strain

tensor

(uV + Vu) (26)

£ =

] -

assuming the canonical decomposition
u=U Y+ UMY U () YT 2n

of the displacement.
We have
0 + -
Vu = e, (?E_ Y0+é_U_..Y++§_U_. Y')

d d d
r r r 28)

+ (UOVY? + UTVYT s UTVYT)

Taking (23) into account and rearranging the terms in two different manners, we

obtain the following two canonical dyadic representations of the gradient of the

displacement:
du® ia, 0
Vu = l:—a—r—- e, Y, + :\—/_EU (e_Y,r1 ~-e Y )
(29)
Ut B
- e, Y, ~— e Yl e

12
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dut y°
+ [? eDY__l - -?- e"YO

i +
+ .;7_5 U% (age Y, - a__le+Y__2):] e,

du” Ul
' [Tr Co¥ar = Yo

Lt U'(G.ZE.-Y+2"0‘1°+YO)} e,

12
and
_ dy® dut dy~
Va = + e, (F e, Yy + S ey, Yo e Yy,

(30)

rv'2
ia
- _EU-C-Y:I
V2
1 ia,
+ e [+ U (— — e, Y, + 2 eoYﬂ)
r r
ia
+ Ut 2 e, Y, ¢
rv'2

13
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Combining (29) with (30) transposed, we obtain the canonical decomposition

of the strain tensor:

= (D0 +0 -0
e= (e, +e e, Y +e e Yy ) e

(31)
+ (e°+e0Y_1 + eHe,,,Y,z 3 €'+e_Y0) e,
+ (e Yy 4 €T e Y 4 €Y, ,) e
where
dr '
E~|-«|- - ia"l U+
rv2
ia
€ "= 4 2 u-,
rv2
+ + g ‘
eto s ot =L (d.d__U L IV UO) (32)
2 r r /2
- - ia
7% = ¢ :-}—(Ei—q-.-.g_ +_£ UO)
2 \dr r o
) ia
e‘+=s+"=—U—+ ¢ Ut -uM)
r 2rv2

By forming the vector of the dyadic (29), i.e. replacing all dyadie produets

by the vectorial ones, and taking (10) into account, we deduce

Vxua=Z%%%4+2'Y* L 277,

14



where

0 _ ao + -
27 =+ _(U" +UT)
rv'2

Z+:+ %o Ul - ; (d_Uj+U+)
2

a - . -
z7 =4 8 U°+i(gp—+U_).
/2

17

(33)

Similarly, by forming the scalar of (29), i.e. replacing the dyadic products by the

scalar ones, we have

_ 0
V-u=X Y,

where

‘ auy® 0 i -
XO (“) - dU 4 2U + 0 (U
r r rﬁ

Repeating the process for V x u, we obtain:

VUx Vxu=WoY2 s wHY* s WY,

where

wO

1§

P Szt 4z
rv'2 ’

a + +
wt -4 0 AN (dZ +£—),

15

(34)

(35)

(36)

(37)
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. o
w—:+_iz°+i(9?._+z_). (37)
V2 dr—r

From {34) and (21) we deduce

wou = X0 yo , 1% goy- _yty, (38)
dr /D

We shall need {29) - (38) in the transformation of the differential equation of
oscillations of the Earth. In this process we shall also make use of the Clebsch-

Gordon expansion

[+l
Y:EHYQS = Z Cl,powim @) CHE o vin S)YE, L (39)
v= |’E'p!

where the symbols C({, p,v; «, 8) designate Clebsch-Gordan coefficients. They
can be computed directly on an electronic computer or can be obtained from
existing tables.

Every scalar in the present theory can be represented as a series in har-
monics Y;E.ﬂ and every vector as a series in Yim, Yy, Y,gm £=1,2,3,...;

m=-4, ..., +4). The coefficients in the expansion depend only on r.

DIFFERENTIAL EQUATION OF THE ELASTIC OSCILLATIONS OF THE EARTH
If we assume hydrostatic equilibrium, but permit lateral inhomogeneities in
density and in elastic parameters, then the differential equation of the elastic

oscillations of the Earth takes the form:

16
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3%

5 3% 200k x 2= Voo - V- (pu) TV
*atz ot

+ V(ouVV) + pVY, (40)

where £ is the undisturbed density, -V - the interior gravitational potential (it
includes the potential of the centrifugal force), {! - the angular velocity of
rotation of the Earth, k - the unit vector along the polar axis, - ¥ - the increment

in internal geopotential due to redistribution of masses, and ¢ - the stress tensor,

o=AIV.u + gV + Va). (41)

We assume that the density o0 and the elastic parameters A, 4 can be represented

in the form:

p=plr) + 8p,
(42)
A= ho(r) + 8A,
feo= prg(r) + Su,
where the perturbative terms &X, 8\, 5u represent the lateral deviations from

the spherically symmetric mean values g,, KO, ity We assume the existence

of the expansions

8p = Pog () YR o
Pp=1 g=-p
+ o q=+p
- P
&N = ?\pq(r)Yq,o,
p=1 g*=p

17
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+@® q=+p

5“-:2 Z ’upq(r) Yoo Rl
p®1 g=~p
(p=1,2,...; g==-p,..., +P)

in terms of associated Legendre functions . For the geopotential inside a

given domain of integration we assume an expansion of the form

V= Vo(r) + 8V,
]
5V = Z Ve () YE o (43"
5.k

With the domains of convergence determined by the shape and position of the

surfaces of discontinuity inside the Earth. In addition to (42) we found it useful

to intreduce the combination:

+ o q-'-"f‘p

B=By+88=h+2u=fy(r)+ Z B, () YP .
0 0 ; -y Pg q.0 (44)

By = Mg + 2pp, ‘qu = ’qu t z*u‘pq'

Substituting (41) into (40) and taking the Fourier transform (or searching for a

periodic solution) we obtain

p(=PY + 2iQek x 1) u=AW-u-uVxVxu
{45)
+2-Vu+ (V-u)Va~V-(ou) VV + V(ou- VV) + oV,

where u now designates the fransform of the displacement.

18
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We assume that the higher order terms
$oV8V and (Vép) (V&V)

are negligible. Under this assumption the eqguation (45) takes the form:

(=T + 2iwtk x I u=AVV-ua-pVxVxu
+ 26V + (Vou) Vi -V (opu) TV, + Viggu » VV,) + V¢

- V- (a8p) TV, + V- (ou) V8V = V(5pu - VV,y) = V(ggu - V6V)1. (45')

The last four terms are perturbative. They represent the effects of the lateral
inhomogeneities in density and of the deviation of the figure of the Earth from a

sphere.

UNPERTURBED PROBLEM

The solution of zeroth order is obtained under the assumptions that the
density, elastic parameters and the interior geopotential are spherically sym-
metric functions, that the perturbative effect of the geostrophic force is negligible
;nd fhe ogscillations are purely elastic. For the solution of the zeroth order we

agsume an expansion of the form:

- Z Z wp 48)

where

uy, = Ugm(r, @) ng + UEm(r, o) Yjam + Uy (v, ) Y5 (47)

19
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and the eigenfrequency « is determined from the boundary conditions on the
surfaces of discontinuity, assumed to be welded together {if the materials are
solid). The radial functions Ufm, U/gm s U,ﬂ_m satisfy a set of disjoint ordinary
differential equations. For each u ' they can be integrated separately. For the
zeroth order solution of the form (47) we have for the particular terms in the
differential equation (45), taking (31) - (38) into consideration (we repeat here

the complete set of formulas given previously),

0 ia 1
BV u =, P}i YO 4 ——O-XG(Y' —Y*)_' . {48)
dr 3
where
x0 =9, 2o 2P0 - Ly, {49)
dr r rv?2
TV qu‘#g{-l- i @zt +z27HY° (50
2 )
a, + +
4 [}...._E_.ZO_ (£+_Z__)]Y+
o3 dr T
Q 7= -
+ [:+-—O—-Z°+i<d£ +E—):lr},
") dr r
where

a
ZO—+—-—-:{U "i’U-)’
tv'2
a + +
z+:+_°U°_i(Ei—‘f-+U_.), (51)
T 2 iy r
- L - =
27 =4 — Uy + i (@—-wy—),
rv‘z T t



dp -
2¢-Vu =2 .d_.f (€9%Y® 4 €0FYT 1 2UY),
r

where

di,
(V-u) VA =— X°%Y9,
dr

dv, (dpo )
7. Yz o | — y® x°%) Y9,
(ou) G- \ar U *tPe

and, taking (21) into consideration, we have:

dv ic dv
d 0 0 0 0 0 O) - +
v} . -4 _ yd - - .
(Ppu - VV) T (,DOU dr)Y + 3 (PD I X" -YD

For the increment of the interior geopotential we have

Y = P(r) ¥,

assuming the Earth to be a selfgravitating system. From (57) we have:

dP 0 iaD - +
vy =y, 20 py- v,
dr 3
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(53)

(54)

(55)

(56)

(57)

(58)
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and, taking
2
[+3
V2Y, = - — ¥,
2

r

and (25) into account, the Poisson equation

92y = ¢ 47GY~ (ou) (59)
becomes
2 al ' dg
P 2dP_ 0 p_ 4ac U0 o4 p,X°), (60)
de2  rdr .2 . dr

the same as in the Pekeris work. For the sake of brevity we systematically
omitted the indices 4 and m in the equations {48) - (60).
Substituting (48), (50) or (36), (52), {565), (56) and (58) into (45") and keeping

only the terms of the zeroth order we obtain the differential equation:

dx® dpyg dh,
._,00(()2“ - [Bowd_;_—,u,owo + 2 E_; EOO +x0_a_;_

dv, d?Vv, i
_p0<.2_ L 0) g - 2 %po(U'-U*)+podP} Yo

r dr dr? ;v—/f dr dr
ia _ +
+ (BoX® + Py Y™ = YT)
T
dy dy
2 -a_-(-) TN (2 Tﬂ? % - ,LLOW+) Y, (61)
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or, in scalar form

dg, '
- perU% = By =2 WO 4 2 a—-g e?® L x0 2 (62)

dr2 v 2 d dr
dp
- oe?U” = +K0——,u0W' +2—d-r£ e,
ds (63)
- p0m2U+ = - K® - ;J,DW+ 22 e,
dr
where
ia dv
K% = 4 —= {8 X% 4 o, U0 ~—= 64
" (So T AV 3T + pgP (64)

and X° is given by (35), W0, W~, W* by (37) and (33), and €00, 0~ , [0+ by

(32).

PERTURBATIVE TERMS
In this section we give the typical perturbative terms in the differential
equation of the elastic oscillations (45"). These typical terms carry the influence

on w, of the coupling effects between P ? )\pq, p, and m_, and of the geo-

Pq
strophic force. In developing the formulas we assume that the square of the
displacement (and frequency) can be obtained by means of the Schrodinger-

Rayleigh technique as a linear combination of Petrashen's harmonics.
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From (38) and {44):

Flzﬁvv'u
Lsop. ) o dsp, - Esp \ue
:+(1:mkq10 Y{E’m'i' l;mkqi"‘ Y/ﬂm.}- l’mkq' +Y‘,ﬂmr (65)
where
[1]
’E, dxsk
. (1; mlif]_); O) =4+ C(s, p, 43 k, @) C(s, p, 4; 0, 0) Sk*’q,mﬁpq —
4 iogg (66)
(1; g -) =4 sy ik @) O 2 i 4 1 0) By g —= X
rv2
Asp, - . . iasf) 0
(1, mkq ) =~ C(s, p, 4; k, @) C(s, p, 4; -1, O) 5k+1,m:8pq _‘r/z_ b S
and from (36) and (43):
f_“?_:;LVx Vxu
_ Asp, 0 Asp, - .4 sp. » 67
_+(2’mkq’g)Y{m+ 2’mkq" Y{mi- 2’mkq‘+ Y/{’,m’ (67)
where
2;¥sPoo) i, Lk, q)C ;0 0)5 wo
’ mk qi - + (51 pv t 1 Q) (S! p! ’ ’ ) k+q,m)u‘pq sk’
£ -
(2; m;g; _) =+C(s. p Ak, @) C(s, o s+ 1, 0) 8, WEL, (68)
£
(2: ng; +) =4+C(, p 4 k a)Cs, p, 45 -1, 0) sm'm#pqw;k.
‘From (21), (31) and (43):
FSZZE'V;.L
(. tsp, 0 Asp ) - Asp, + (69
- (3’mkq’0)yfﬂm+ 3’mkq" Y’ﬁm+ 3’mkq’ Y'Em’( )
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where

ktq,.m

4 s
(3;mk§; O):+2C(S= Ptk @) 8

{+ Yha’ oo C(s, o 4; 0, 0
sk » P » 1 )

dr
iapo | G+ . Q-
- :é: Poq [e Cls, P 4; =1, 1 1) - €27C(s, p, 45 +1, -1)]

4
(3' P ~) =+2Cs, p, 4 k, q) B,

"mkq
du (70)
{+ drpq E;BC(S, p, 4 +1, 0
i.apo 4 .
- ";E#pq' [Eskc(sa P, '{‘; 0! + 1) - Eskc(s’ B, ’6; +J21 - 1)]»
3; PP ) 2 h2as, b 4 k@) s
"mkq’? yTr B e B k+tq,m
deoq 4o
+ - €10C(s, p, £; ~1, 0)
iOLP(J [ettC £ +~
- — Fog e €3+ P 45 <2, + 1) - e[ 7C(s, p, 4; 0, ~1)]},
where, in accordance with (32):
0
EGO = dUsk
sk dr !
ia, _ (71}
6:;: -1 ! U:k!
2
ia
- g, +2 -
€, = — U_,,
s 1'1/2 sk
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From (21}, (34) and (43):

F, = -u)Vi
Lsp 0 .£5p_) X (‘,gs
= (4’ mkq’ 0) Y/Em+ (4a mkq' - Y’Efm+ 4’_mk
where
{£sp _ _ -
(4, mkq’ O) - +C(S’ P, '%1 k, q) C(S, P, ’8, O, 0)8

./E‘Sp. - . £ 0 1y 8
Ghlnkq' )-—+C(& p, 45k, @) C(s, py 45 0, +1)

‘(4; 1s g; +) =-C(s, p, 4; k, @) CG, p, 4: 0, = 1) 5k+q,m

and again from (21), {34) and {43):

Fs =V (uSp) VVD = (s; o

where
- dsp dv,
. - - . 8
(s, mkq’ 0 C(s, p, £ &k, q) ktq.m o

dp |
{(————d:q ng +ppqxgk) C(s, p, £; 0, 0)

i
+

rv2
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a.
:f qu'[U;kC(s, p, 4; +1, -1) - U:kC(s, p, 4; -1, +1)]} .
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(71)

(72)

(73)

(74)

(75)
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F, = V- (ogu) V3V
(. tsp. 0 .fﬂSp.> - A sp, +
- (6"mkq’0) Y"Em-l- (6’mkq" Y/ﬁm+‘6’mkq’+ Yfﬁm’
where
6; LSP. o) - 4 A
mkq’ =+Cs, P Bk @) C(s, p, 45 0, 0) 3y

. dpﬂuo 0 dqu
qr sk + PoX gk dr

4s do,
(6; mkg; —) =+ Cs, P Ak QCCGs, o 43 0+ ) 5, (?:IT U, + X2, (76)
ia
Pf qu’
rv'2

4 » i
(6; 3 2; +) =-C(s, p, 4; k, q) C(s, p, 4; 0, -1) Sk-n (“a'? ng + 'ooxgk

ia
g
P V ,

I'V/i Pg

F, = V(s pu-VV,)
_ .’ﬁsp.) D (.’ESP.) - (.’ﬂsp,) +
—(?’mkq‘o Yfﬁm+ 7’mkq’— Y’Em+ 7’mkq’*’ Yfﬁm’

where

{-.4sp. .
(’7, ko’ 0) =+C(s, p, 45 k q)C(s, p, 45 0, 0) Stq.m
' dy,
. __C_l_Gj Uok .—.—.9),
dr \ Pa =k dr

. ‘
(7; S ?; -) == (7; ;513{31 +) =+C(s, p, 4 k, @) C(s, p, 4; 0, O) Syiqim (77)

I} iap'o P UO fl-y_o
p/7 AP dr

27



30

Fy = V(o,u-V5V)

-  tsp. 0 Asp, - Asp. +
= (S’mkq' 0) Y’€m+ (B,mkq;— Y{{)jm-l— B,mkq, + Yﬁm'

where
£sp _d tsp
(81 mkqa 0) "'CT; [81 mkq ?
{sp \ ( £sp \ ia,f, [ £sp]
g R I 2 [8; pJ. 78
( mkq® 7/ mkq +) + r\/Z—L mkq (78)
and

o £sp A dv
[8; mk CJ =poCsi p Ai k@) 3k+q,m {C(Ss p, 4; 0, 0) ng diq *

(79)

ia

) -
4 -r poqu [Cls, p, £; +1, -1 U, - C(s, p, £y -1, +1) U:k]}

—_—

rv2

In order to obtain the representation of a typical term in the expansion of the

geostrophic force

iFg = 2pyiwiik x u
We substitute into the last expression

k=-e;sinf +e_cos §

or
1 .
k =+ — (e, ~e_}sinb + e, cos &
and

n=u 4] .
’ﬁ“l,m t 'ﬂ,m + Il’[;z+1,m
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Taking
i B _ _ isind
p0,+1 ”PJlr1,0-“ Pé,q _P-ll,o‘ 5

Ply=+ cos ¥
into consideration and making use of the Clebsch-Gordan expansion, we obtain

for the typical term in Fy:

bt bt b
where
(9; f]; 0) =CE-L L 4m 0 CE-1, 1,4 -1+ U7 | +CA-1, L4541, -1y | ]

+C, L dim ) [C(d, L 45 -1, +D U +C(E 1,45 41, =) UG ]

+CE+1, 1, 4 m, 0) [C(E+1, 1, 4; -1, +1) U}:ﬂ JACE+L L A4l -1 Uy T,

(9; ﬁ: -) =C(-1,1,4im 0) €¢0-1, 1,40, +HUF | +iCE-1, 1,441, O)Up ]
+C( 1 4im 0) (08 1, 450, +DUG 4 iCE, 1,4 +1,0) U ] &
+Cl+, L, 4im O)[C(t+1, 1,450, 4+1) Uf(?),u m i1 1,45 41, O)U/E” ‘“]

o8 8) mcttet 1 4m 0 o= 1 1,450, -V, ~iCC-1, LA -1, 0yuf_
+C 1, Aim 0) IC(E 1, 40, -DUR —iced 1, 4i -1, O Uf ]

+CA+1 L 4im 0) IC@+1, L 450, -1)u) - icE+1, 1, &5 -1, 0)up, ]

Finally, for the perturbative term

F,, =¢?8pu
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we ohtain:

where
10; “5P0 0l S w2p ces o ik yC 4; 0, Q)5
1 mk qs LT Dppq ( 1) p) ) ) q (S; p" i) H ) k.{.q’mr
10, bse. ) L2 Cé, p. 4k q)C 4 +1, 0y 8
' mk q!* - D,qu ¥ Pr H 1 Q) (S: pi r + » ) k+q.m’ (82)
Lsp
(10; mk g +) :w‘gpqu(s, oAk @ Ces, p 4y -1, O Sk"'q,m

In the group of formulas {66), (68), (70}, (73), {75), {77), (79), {83) the selection

rules are
ls ~plstss+p
k+q=m
and
k| < p, im| g 4.
CONCLUSION

The prt.)per understanding of the mechanics of free oscillations of the Earth
permits us to improve our knowtedge about the internal structure of ‘the Earth.
Free oscillations are normally expanded into a series of vectorial and toroidal
harmonics, assuming spherical symmetry of the Earth. However, the perturbative
effects of lateral inhomogeneities, of the Coriolis force, and‘ of couplings between
the oscillations are now also being considered in seismology. They cause the

splitting of frequencies and "contaminate' the originally pure toroidal or pure

spherical oscillations. The originally toroidal oscillations aquire perturbative
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spheroidal components and vice versa. For example, the Coriolis force adds
radial components to the toroidal ones (Mac Donald and Ness, 1961). Thus we .
ca;a talk only about oscillations predominantly spheroidal or predominantly
toroida_ll. For this reason, and to make to computations of the perturbative etfects
more uniform and homogeneous, we suggest in the present work the expansion

of perturbative effects in the free oscillations of the Earth in terms of vectorial
generalized harmonics familiar from quantum mechanics. We give the explicite
form of those perturbative terms in the differential equation of the Earth's
oscillations which are caused by the lateral inhomogeneities and by the Coriolis
force. The problem of integration for the cases of geophysical interest and of

degeneracy we shall treat in subsequent reports.
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