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GENERAL RELATIVITY AND SATELLITE ORBITS
by

David Parry Rubincam

ABSTRACT

The general relativistic correction to the position of a satellite is found by
retaining Newtonian physics for an ohserver on the satellite and introducing a
r® potential. The potential is expanded in terms of the Keplerian elements of
the orbit and substituted in Lagrange's equations. Integration of the equations
shows that a typical earth satellite with small orbital eccentricity is displaced
by about 17 cm from its unperturbed position after a single orbit, while the
periodic displacement over the orbit reaches a maximum of about 3 cm. The
moon is displaced by about the same amounts. Application of the equations to
Mercury gives a total displacement of about 58 km after one orbit and a maximum
periodic displacement of about 12 km.
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GENERAL RELATIVITY AND SATELLITE OREBITS

INTRODUCTION

The primary purpose of this work is to investigate the effect of general relativity
on the orbits of artificial satellites; but the results may be applied to any body
of negligible mass orbiting about a massive, spherically symmetric object. In
particular, we will discuss the moon orbiting around the edrth and the planet
Mercury orbiting around the sun. '

Past attacks on the problem have centered around solving the equation (see

Ghaffari, 1970 and references contained therein):

d2u  _GM 3GM ,
fu=z - 3 22w
dep? h? c?

Qur technique will be to back off from this equation a little to a point where we
may interpret the equations of motion in the following way: the geometry of
space is Euclidian and the physics is Newtonian. The price we pay for this
approach is that we must modify the law of gravity and introduce an extra
(relativistic) potential. This poses no particular problems, however, since the
relativistic potential now becomes a disturbing function susceptible to the
methods of celestial mechanics. In particular, the potential may be expressed
in terms of the Keplerian elements of the orbit and substituted in Lagrange's
equations. The equations may then be integrated to give the osculating elements
of the orbit.

The technique has a sound philosophical basis. Even though Einstein (and others)
developed general relativity within the framework of non-Euclidian geometry,

we can, however, obtain an equivalent description of the world by retaining
Euclidian geometry and modifying the laws of physics. This was discussed by
Poincare’(1905) and clearly explained by Carnap (1966). Convenience dictates
the point of view we choose. Poincare felt mankind was so accustomed to '
Euclidian geometry that it might never abandon it in favor of non-Euclidian
geometry, even though the latter point of view might represent a simpler picture
of the world. Einstein and physicists in general, however, adopted the non-
Euclidian approach for reasons of conceptual clarity and mathematical elegance.
Indeed, it is doubtful general relativity could have been developed without it. But
we will follow Poincare and introduce an extra Newtonian force, since it results
in an elegant description of the motion of a satellite.
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(Elegant for satellites but perhaps for not much else. For instance, if we measure
the circumference and radius of a circle about the earth we discover that their
ratio is not 7. Hence we would need some laws about the expansion and contraction
of meter sticks. This particular problem is ignored here since the digplacements
we are concerned with are so small that this effect may be neglected.)

DERIVATION OF THE EQUATIONS OF MOTION#*
Let us consider the motion of a body with negligible mass about a massive central
object. We will call the two bodies satellite and earth, respectively, since we

are primarily concerned with the motion of artificial satellites about the earth.

The geometry of spacetime in the neighborhood of a spherically symmetric
earth is given by the Schwarzschild line element (Tolman, eq. 82.9):

2 dr? 2 392 2 oin? 2 ZGME 2142 |
ds* ==~ _— _____ - r%dd? - r?sin® &dg¢? + {1 - cédt (1)

1 2GMg c?r
C21‘

Here ds is the interval of proper distance, (r, &, ¢) are polar coordinates, t is
the coordinate time, and My is the mass of the earth. The speed of light ¢ and
universal constant of gravitation G are explicitly retained, in contrast to the usual
procedure of setting G=1 and ¢ = 1.

The satellite will follow a geodesic in the Schwarzschild geometry according to
the geodesic equation (Tolman, eq. 83.1):

d2¥”
ds?

+ {uv, o} Ex_ﬁd_:o (2)

where r = x!, & = x2 s = x3,t= x4, and {uv, o} is the Christoffel symbol.

Une may derive from equations (1) and (2) the equations of motion along with
two constants of motion, k and h (Tolman, egs. 83.10-11):

2 2 2GM
R R

T c? dr2

*
Our treatment summarizes that of Tolman (1934).



2 4o _
r d—r_h' 4)

Here ds = cd7, so that d7is an element of proper time as measured by a clock on
the satellite (Tolman, pg. 207). Angle & does not appear in equations {3) and (4)
since ¢ has been set equal to 7/2 without loss of generality. Hence the satellite
remains in a fixed plane passing through the center of the earth.

NEWTONIAN FORMULATION

Substitution of (4) into (3) and dividing by 2 yields

T + VN + VGR = constant (5)
where
2 2
=1 (dry [ 1 2(do
2 \dr 2 dr
GM
V. --_F8 (6)
N r
and
2
_ GMEh (7)
VGR - .
c2y3

" Consider an observer on the satellite. Hig space coordinates are {r, &, ¢) and
he measures time 7 with his clock. If the observer assumes his space is
Euclidian and his physics is Newtonian, then T is the kinetic energy per unit
mass of the satellite and V,, is the ordinary Newtonian potential. V_ is the

GR
general relativistic potential which we are now forced to introduce.

Equation (5) now represents conservation of energy, while equation (4) represents
conservation of angular momentum. (That angular momentum is conserved is
easily seen from equations (6) and (7); both potentials represent central forces.)
Hence, from the point of view of the satellite, it moves through Euclidian space
under the action of the total potential Vy + Vi » with conserved energy and
angular momentum.




EQUATIONS OF CELESTIAL MECHANICS

With our Newtonian approach in hand, we are now ready to apply the methods of
celestial mechanies.

A satellite moving under the influence of V only will describe an ellipse with
constant orbital elements (except for M) a,y, €g, 19, Mg, @ Q,. A satellite
moving under the added influence of a disturbing function R will have osculating
elements a, e, i, M, w, {! which change in time according to Lagrange's equations

(Brouwer and Clemence, 1961; Blanco and McCuskey, 1961):

QE 2 OR
dt na <M

di 1 {aR )
ot — - COS 1 —
dt na?vl - e? sini afl o
dn 1 {aR
dt na? vl -e?sini 91
Elﬁ)_ /l-eEBR_ cos i oR
dt nale 9¢ na? /12 el sini ol
dM_ 2 3R _(1-e?) 3R
dt na da nale de
where
/G
n= .
3/2

For the case under discussion we set 7 =t and —VGR = R.



Qur task now is to express Ve in terms of the orbital elements and substitute

in Lagrange's equations. This may be elegantly done by noting that (Kaula, 1966;
Caputo, 1967):

cos{(f - 2p) (w + £) + m(QY - O)}
r+1 '

~2p)w+ (b -2p+a) M

q=~%

+ m(Q -

Here f is the true anomaly, & is the Greenwich sidereal time, and the G (e)
are the eccentricity functions. Tables of G o q {e) may be found in Kaula (1966),
Caputo (1967), and Cayley (1861); see also Table 1.

Table 1
Eccentricity functions. From Kaula (1966}, Caputo (1967),
and Cayley (1861).

sz(e) (1 - e2)3/2
3 27 3
G,y,(e) Gyyoq(e) S€e*tipe te.-
G 9 &2
212(6‘), Gzl-—z(e) Z e +...
53 ;3
Gpy5(8)s Gyquyle) 68t

Setting £ =2; p =1; and m = 0, we obtain

m

1 1 2 :
_3: - Gﬂq(e) cos{gM)
r a

g=-"

s0 that

_ GMg h2
Z (}21 (e) cos{gM).

q==%
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The areal-velocity constant h may be evaluated in terms of the orbital elements.
From considerations of the osculating ellipse we find (Blanco and McCuskey,
pg. 133):

h? = GMa(l - e?).

gubstitution of the disturbing function into Lagrange's equations yield

di
ar_
di_ g | (9)
dt
/2 1.2 o
deo (GME)I h (1 _ 32)1/2 Z
== G’ (10)
dt o2 enl’? 214(€) cos (M)

qz=~®

m

(GM)/? h? - &2
dM _ el 7w jl-e ZG;lq(e)cos(qM)

dt o2 eat =
6 « (GME)1/2
- = Z Gnq(e) cos{(gM)| + — . (11)
a a
gz~
da ZhZ(GME)l/z 1 S .
EE == c2 35/2 : ngiq (P> t‘.ln(qM) (12)
q=~-®
/2 142 @
de (GME)I b™ 1 _e? Z
_— - qaG,, (e) sin{gM) (13)
dt c? eal’? L 21a

The prime on G,,_ (e) denotes differentiation with respect to e.



We see from equations (8) and (2) that the inclination i and node 0 remain constant.

We obtain the secular rate of change of the elements by examining the terms for

which g = 0:
da de
—] =}—=] =0
[d t:| [dt] '
8 8

GM Y2 h2(1 - e2)1/2
l:m:’ - ( E) ( e*) G;lo(e) (14)

dt 2. .772
g

crea

|:dM:| ) (GME)1/2 h2

dt s o247/2

(GME)I/Z_ |:C]M:|

. 1- ez)jl
6 - (1 - e _ |dM
[sz(e) G210(®) e ¥ 2372 dt .

M) (15)
¥ [dt]
g

N

Here the subscripts S, GR, and N mean "secular', "general relativity' and
"Newtonian'', respectively.

There is no secular change in the semimajor axis a or eccentricity e.

The well-known expression for the rate of rotation of the argument of perigee «
may be obtained by noting that

3e

- -3/2 ! -
Gy ofe) = (1 —e2y 2, Gl (e) = (I—T)”—E

and h? = GM_ a(l - e?). Substituting these expressions into equation (14), we get

[dw} 3@

dt . o2 a5/2(1 - 82)

This agrees with the usual expression obtained by other means (Tolman, 1934;
Bergmann, 1942). Table 2 contains the secular rates of change of the argument
of perigee for the satellite Beacon Explorer C, the moon, and the planet

Mercury.



Table 2

Secular rates of change of the argument of perigee « and mean anomaly M for
Beacon Explorer C, the moon, and Mercury

Orbiting body Cer‘ltral e a € |:d—@:| [d—M-:|
object o2 dts at I ar
Beacon Explorer C | Earth | 0.443 cm | 7.502 x 10° cm | 0,025 | 0.0307"/day 0.0307"/day
Moon Earth | 0.443 ecm | 3.844 x 10%° em! 0.055 | 1.63 x 107 "/day | 1.63 x 10~%"/day
Mercury Sun 1.477 km | 5.791 x 107 km | 0.206 | 43"/century 42"/ century




From equation (15) we may write

=,

Values for the secular rate of change of the mean anomaly M for the above men-

(GME>1/2 h2

GR c2a?/2

_ a2
[60210@) - Gt (L2 )}

3(GM)!"? h? 3(GM)%?

Cza'?/Z (1 - e2)3/2

tioned bodies may be found in Table 2.

Summary of displacement data for Beacon Explorer C, the moon, and Mercury

Table 3

c245/2 (1 - e2)1/2

Orbiting body

Displacement after

Maximum periodic

one orbit displacement
Beacon Explorer C 16.7 cm 3.1 cm
Moon 16.8 cm 3.1 cm
Mercury 58.1 km 12,4 km

INTEGRATION OF THE EQUATIONS

If we substitute the elements of the unperturbed orbit 8y, €

the right side of equations (10)-(13) and set

M
dt = 0

/2
(GM_)

3/2
2o

then the equations may be integrated to give

W= + (GME\ 3

c2/(1 -ed) a,

GM_\ 2(1 - e2)*/2
M, +
c2 Co o

i

¢’ "o?

, singM,
? GZI(EO)__EI_._._

M,, w, into



GM

E 3

M=o + 172 Mo
e/ (1 -¢))"?% g,

GM\ 2(1 - ¢0)? o sin qM,
(B2
c? 080 9

q=1

GM.\ 12(1 - e2) | sinqM
E 0 o
+< 2) . ZGm(eo) — an

c 0 q:l

GM = -
a=a,+ <C2E> 4(1 - eg) Z G21q(e0) cos M, - Z qu(e) (18)

q=1 q=1

m
GM_\ 2(1 - e2)? [o
ST +( 2E> eqa Z Gy1q{e0) cOs gM; - 2 Go1q(20) (19)
C 0°0

g=1 q=1

as the approximate expressions for the elements of the perturbed orbit. The
constants of integration have been adjusted so that the perturbed and unperturbed
elements are identical at perigee.

The displacement in the position of the satellite due to the relativistic potential
may now be found. This was accomplished with the computer program given in
the Appendix. The program takes the Keplerian elements of the perturbed orbit
given by equations (16)-(19) and converts them to Cartesian coordinates and
velocities x, v, z, X, y, Z. The vector T = (X, y, z) gives the perturbed position
of the satellite. The process is repeated for the unperturbed orbit, obtaining
the position vector ¥, = {x,, ¥, 2,). The difference AT =7 - ¥ gives the

displacement of the satellite due to the relativistic potential.
The orbits are taken to lie in the xy plane as shown in Figure 1, so that z =z, = 0

and Z = z, = 0. The x axis lies along the line of perigee of the unperturbed
orbit, and the mean anomaly increases in the positive (counterclockwise) sense.

10



-

PERTURBED ORBIT

UNPERTURBED ORBIT

Figure 1. Orientation of the Orbit.

The program uses double precision variables and can consider powers of e £ 2
or £ 1 in the eccentricity functions and their derivatives, depending upon the
choice of the programmer.

Figure 2 plots AT for a typical earth satellite (Beacon Explorer C). The un-
perturbed position is at the origin (point O in the figure). The perturbed and
unperturbed positions are coincident at perigee {point O) and the perturbed
position moves away from the unperturbed position in a spiral as time progresses.
After one revolution the perturbed position is at point A, about 16.7 e¢m from

the unperturbed position. The displacement of the moon is given in Figure 3.
Here the displacement is about 16.8 cm at the end of onhe revolution.

Figure 4 gives AT for Mercury. The rather distorted shape of the spiral is due
to the large eccentricity of the orbit. Mercury is displaced by about 58.1 ki at
the end of one revolution.

The secular displacement of Mercury is shown in Figure 5. Here the periodic
terms have been omitted.

11



25.000

-15.000

-10.000

FULL PERTURBATION

22.000

Figure 2. The total displacement of Beacon Explorer C due to the relativistic potential. The unperturbed position is at
point O. The perturbed position is at point A after one revolution of the unperturbed orbit. The numbers in the diagram
refer to centimeters. The diagram jtself is one-half actual size.
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FULLPERTURBATION

25.000

-15.000

-10.000 : 22.000

Figure 3. Total displacement of the moon over one orbit, The numbers in the diagram refer to centimeters. One-half actual size,
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The periodic displacement for Beacon Exploer C (top) and the moon (bottom)
are given in Figure 6. In each case the maximum displacement (maximum|AT |}
is about 3.1 cm. The sense of rotation is counterclockwise.

The periodic displacement for Mercury is shown in Figure 7 (top). The maximum
distance from the unperturbed position is about 12.4 km.

A summary of the numerical data for Figure 2-7 is given in Table 3.

Powers of e < 2 were retained in the eccentricity functions and their derivatives
for the computations for Figures 2, 3, 4, 6, and 7 (top). The periodic displacement
for Mercury with powers of e £ 1 retained is given in Figure 7 (bottom). The
great difference in the shapes of the curves emphasizes the importance of keep-
ing many terms in the eccentricity functions and their derivatives when the
eccentricity is large.

It is interesting to note that the displacements are the same for any two bodies
orbiting the same massive central object, regardiess of the values of the semi~-
major axes, so long as the eccentricities are the same. This is apparently due
to the appearance of a ; in the denominators of the corrections to «,, M,, and e,
(equations 16, 17, and 19). As a, changes scale, «, , M, and e, change in such
a manner as to compensate for it. This explain why the displacement of

Beacon Explorer C and the moon are very nearly the same.

THE ORBIT AS SEEN FROM THE GROUND

So far we have proceeded from the point of view of an observer on the satellite.
An observer on the ground sees a somewhat more complicated set of forces
acting than does the observer on the satellite; this may be verified by examining
the Schwarzschild metric from the point of view of the ground observer. We will
not pursue this very far, except to say that both observers will agree on the
track of the satellite across the sky. That this is so may be seen by imaging
space to be laced with coordinate lines. The two observers must agree that the
satellite arrives at various points in the coordinate systcm as the satellite moves
around the earth. This line of reasoning is implicit in the equation given in the
Introduction; the solution of the equation gives r (=u™!) as a function of ¢, which
is the same regardiess of who is looking at the satellite. Hence when both the

observer on the ground and the satellite plot out the orbit, they will get the
same answer.

14



65.000

-35.000

-20.000

FULL PERTURBATION

60.000

Figure 4. Total displacement of Mercury over one orbit. The distorted shape of the spiral is due to the large eccentricity of

the orbit. The numbers in the diagram refer to kilometers,




-35.000 -

65.000

-20.000

SECULAR PERTURBATION

60.000

Vigure S. Secular displacement of Mercury. The numbers in the diagram refer to kilometers,
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PERIODIC PERTURBATION

10.000

-10.000

-8.000 8.000

Figure 6. The periodic displacement of Beacan Explorer C (top) and the moon (battom) The sense of rotanon is
counterclockwise, The numbers refer to centimeters. Actual size,

17



50.000

-50.000

~40.000

PERIODIC PERTURBATION

40.000

Figure 7. The periodic displacement of Mercury keeping powers of e << 2 (top) and <1 (bottom). The top diagram gives a
more accurate picture of the periodic displacement than the bottom diagram. The numbers refer to kilometers.
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The two observers will, however, disagree on the times of arrival of the
satellite at various points in the coordinate system. Their clocks run at different
rates, since they are in relative motion and in different parts of the gravitational
field. But the time intervals recorded by the clocks will differ from each other
by a factor of about GME/ c?r, or about one part in 10® for the earth. Hence
when the two observers compute the perigee shift, say, they will disagree on
when the shift was a radians after a day's time by about a millisecond. This
demonstrates that the timing problem is not important when tracking artificial
satellites,

ALTERNATIVE VIEWPOINT

We can look at what we have done from the more usual non-Euclidian view-
point. Teo do so requires a few words about coordinates. Let us confine our
remarks to the (r, ¢) plane, i.e. 7 = 7/2,

Now r measures radial distance from the center of the earth; in fact, r =
(proper area of sphere/4w)!/2 (Misner, Thorne, and Wheeler, 1973; pg. 596).
¢ measures the angle on a sphere. So to get to the point (r,#) in physical space
we go out the appropriate distance r and swing through the angle ¢.

We of course wish to find the set of values {r, ¢} which gives us the path of
the satellite through physical space. We can accomplish this by doing the follow-
ing: take a point (r, ¢) in physical space and assign it a point (rg, $g)in a
Euclidian plane with numerical values r = vy and ¢ = @55. Do this for all the
points in physical space. Solve the equations of motion of the satellite by the
methods of celestial mechanics to get its path in this Euclidian plane. In par-
ticular, we wind up with a set of x and y values {x;, y.} for the track of the
satellite.

To find its path in physical space, what do we do? Take each (Xg» ¥g ) in the
set and put £ =/x2 +y2, ¢, = Arctan ¥g/Xg- Thensetr = rp and¢ =¢ . Go
out distance r from the center of the earth and swing through angle¢ . Do this
for all the points in the set to get the track of the satellite through physical
-Space.

Now if we let the speed of light approach infinity, then the trajectory of
the satellifte becomes the unperturbed ellipse. We say that the difference between
the perturbed and unperturbed positions is the displacement of the satellite.
Computing the distances between the positions and getting so many centimeters
displacement (for the case of the earth) may be done in the ordinary Euclidian
sense, since the effect of the curvature of space is so small over such short
distances that it may be neglected.

19



CONCLUSION

The general relativistic correction to the position of an earth satellite with
small orbital eccentricity has been shown to be about 17 cm per revolution.
This effect is at present too small to be separated from other perturbing
influences, such as radiation from the earth and atmospheric drag. However,
improved knowledge of satellite perturbations and small atmospheric drag
may allow the relativistic effect to be measured from observations of the
proposed new geodynamic satellite LAGEOS. If it hoped that such observations
will provide tests of the Einstein and Brans-Dicke theories of relativity.
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APPENDIX

This program takes the Keplerian elements of the perturbed and unperturbed

orbits and calculates displacements. Explanations of its operation are given
in the program itself. Some sample output is given.
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QGo3
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oCCsS
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o211

P gt
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ha
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o0
[+ N e )
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= (h

skexsMAIN PRGGRAN

ssxkxTHIS PHROGRANM CEMPUTES A SEGUENCE OF DIFFERENCE VECTCRE DETWEEN THE
POSITION [N AN UNPERTURBED OFRHIT ANG THE POSITICA IN THE ORAIT AS
FERTURREC EY THE RELATIVISTIC FOTENTIAL AS THE MEAN ANOMALY OF
THE UNPERTLREEC ORAIT INCREASES WITH TIME. THE NLMBEF CF SUCH
VECTORS IS NPCINT AND THE STEP SIZE Lh THE NMEAM AKRCNALY {5 DEL.
THE COGREDENATES OF THE DUSTURBEL FOSITICN RELATINVE T THE
LNDISTUREEC FCSITICN ARE LISTEL ANC FLOTTED. THE SANE IS DONE FOR
THE VELCCITY VECTORS, EXCEPT THAT NO PLOT IS GCIVEN.
THE KEPLE®TAN ELEMERTS CF B80Tk PERTURBEC AND LNPERTLREED OJRBITS
ARE INTTIALLY CHOSEN TO BE THE SAME AT PERIGEE.

*xxxx*NOTATICN FCR IMNFUYT CATA.

wawes INDEX TELLS whAT CHJECT THE SATELLITE IS ORBITING ABLCLT. INDEX=IL
15 THE SLANs 2 THE EARTH. AND 3 ARY UTHER GIVEN CEJECT.

CesnenaACM IS THE SEMINMAJOR AXIS CF THE ORBIT IM CENTIMETERS.

CeewnsEl 15 THE ECCEATRICITY.

CasaaaXMASS] IS THE MASS OF THE 0BJECT Ik GRAMS [F INDEX=3.

THE CISTANCE FACTCR IN CENTINEYEFRS CRCSEN SUCH THAT

3=1 AFFROXIMATELY. IF INDEX=3.

Ceenas NTERM TELLS WwhAT TERMS ARE TG BE RETAINEL IN THE FERTURSATION.

< NTERM =0 GIVES THE FULL PERTLREATICN. NTERM=1 GLVES FERIQDIC TERMS

c CNLYs WHILE KRTERM=2 GIVES SECLLAR TERMS CHNLY.

Coeense NPOINT LIS THE MUMBER COF FLINYS INn THE SECUENCE.

CoaasaXMSTRT IS THE INITIAL VALLE CF THE MEAN ANOMALY IN CECREES.

CevewsDEL IS5 THE STEP SIZE OF THE MEAN ANJNALY IN DECREES.

Cevws«NPERT TELLS WFAT PCOWERS CF ECCENTRICITY ARE RETAIMEL IN THE

[alalsYalaXalalsstalnlalatalntatalsialsl

C ECCENTRICITY FLNCTIONS AND THEIR DERIVATLVES. IF NPERT=1. THEN
c FOWERS OF ECCENRTRICITY GREATER THAN | ARE NEGLECTED. [F NPERT=0,
I THEN POWEFRS GREATER THAN 2 ARE NEGLECTED.
c
CH+*3 % ¥ NOTATION FCR CULTPUT CATA.
C
CeansnaX AND Y ARE THE CARTESIAN CORDINATES IN CENTIMETERS CF THE
c PERTURBEG FCSITION RELATIVE TO THE UNPERTUREBED PCSITICN (WHICH IS
C AT X=0 AND ¥=C.)
CuvewsR=DSGRT(X##E 4 Y*%2) IS THE DISTANCE FRCM THE ORIGIN TC (XsYla
CaveasXDT AND YCT ARE THE CARTESIAN VELOCITY DUIFFERENCES [N CMASEC
C BETWEEN THE PERTURGED AND UNFERTLRBED VELCCITIFS.
Coanwss VEDSURT(XCT#*Z ¢ YDT*%2} [S ThHE MACNITUCE OF ThE VELCCITY
c CIFFERENCE »
c
IMPLICIT REALAE (A-H,0-2)
CIMENSICN XL(4C0)s¥1(400)
CATA RAD/C.CL7453292515943007
CATA BIGE/E.GT7L=8/+C/2.55BD10/
CATA XMASS1/1.$87033/,XMASS2/5,576L27 /40151 /1445€012/
CATA DISzZs€.17E15115aD8/
CATA PL.PEZ+FIZ/SH SUNSHEARTH.SHOTHERY
CH*#*+GEAD IN THrE INELY CATA.
1 READ {S+Z,ENC=12) INDEX,ACMEl +XMASSIDIS3
READ (54163 NTERM,NPOINT , xMSTRT 4 DEL » NPER T
2 FORMAT {IE.,01€,5+F10.5+2015.5)
16 FORMAT (ZIE42FL104S+15)
CH*k*¥%EET THE VALUES OF THE INCLINATION,LONGITUOE OF NCCE.ANC ARGUMENT
c CF PERIGEE TC 2EROs SO THAT ThE ORSIT LIES I[N THE X Y PLANE ANO
C THT SUMINFAJCE AXIS OF THE UNPCOATLRELD ORBIT LIES ALLRG THD X AXIS
c WITH THE FCINT OF PERIGEE CN THE PUSITIVE SICE OF THE AXIS.
FIi=0.0C0
CMEG1=8+CCC
FNODE1=0.0C0
CHsxkxCHECK TLC SEE WHAT MASS 1S5 HEING LSED.
IF (LNDEX - 2) 34445
3 XMASS=XMASS]
DISFAC=CISY
P=p1
€0 TO &
4 XMASS=XNASE2
CISFAC=C0ISZ
F=p2
6o To &
5 XMASS=XMASED
CISFAC=CIS3
F=P3
& CONTLNUE
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2 N0 NYOoaAnannn
e mo MMBOED~ -~~~
0 O NEWN=OO M~

CkxkxkCMC2-RIGC G % MASL/(SPEED OF LIGhTI**g N COGS UNITE,
GMC2=8ICCHXNMASSFLCR%2)
SQ={(DIGC*¥xNMASE ) /D ISFAC.
CxxdxxCUNY IS A COANVERSION FACTCR FOR THE VELOQCIVIES.
CONV=DSGRT {SC)
AlzACMACISFAC
CHxmxkwRITE OLT THE FEADINGS.
WRITE (6.71 !
7 FAORMAT (t+ 1)
WRITE (E+E) PaXMASS.DISFAC
B8 FURMAT (/77 10X, 1 6HDISTURBIMG BULY= 41X, AS+CX 4SENMASE=,D15.54 LXK 2HG
1M 10X, 16+CISTARCE FACTOR= o« I XsD1S a5l Xa2HON)
WRITE (64€) ACM.EL
G FORMAT (/72777 10X s2HAS 31X e D1 e Se iR 2FLM, 20X 2FE=1XF1045)
WRITE (E+14a) MFOINT,DEL
14 FORMAT [//7 sl 0R e TENPOINT = el X oI5+ Z0X s 4F0OEL=e IXWF 105, 1%y THOEGREES)
IF {NTERM = 1) 1l7+1Bs19
17 WRITE {€420)
20 FORMAT (///+10xs17HFULL PERTUREATIGNI}
GC T 23
13 WRITE (€421}
21 FORMAT (///741Cxs1SHPERIOCIC TERMS CNLY)
GO TO 232
19 WRITE {(£422)
22 FORMAT {//7731CXs AHSECULAR TERMS CNKLY}
23 CONTINUE
IF {NPERT - 1) 24426426
24 BRITE (€,221)
25 FORMAT (/Z7/7+1CR,77HTEHMS LP TU AAKD INCLUDING SECCRD CROER RETAINED
1 IN THE ECCENTRICITY FUNCTILAE)
co 1O 28
26 WRITE (&6.27)
27 FORMAT (/r/7,10%,77HTERMS LP TC AND [NCLUCENG FIRET CRDER RETAINED
1 IN THE ECCENTRICITY FUNCTICNS)
28 CONTINUE :
WRITE (£,26)
29 FORMAT {18X+Z21FANC THE{R CERIVATIVES)
WRITE (€.7)
WRITE {(€£.2C)
as FORMAY {/777,1Cx)
WRITE (€413}
13 FORMAT L3XulENs4X el 2HMEAN ANCMALY 735 1HX s 14X 1Y 414X o 1HR 5 1 3% 4 IHXOT
1412Xs IHYDT 413X 31HV)
WRITE (£€£.,15)
15 FORMAT {10XsSH{OEGREES} yTX+4H{CHN ) s 11X o4H{CM]) 211X ,4H{CN) , X, 3H{CM/S5
1EC) s TX 4+ BF {CN/EEC T 47X+ BHICMASEC) A7)
CHdnkkDD THE ITERATICN.
CO 10 N=1.ANFLIRT
XMEAN=(h=1)#+DEL + XMSTRT
XMLI=XME ANSFAD
CH¥¥exxAl LEL ¢ XML sCVEG] ARE THE UNPERTLREEL ELEMENTS.

CHEPARAZZE2 + X M2 4yCVEGLE ARE THE PERTUREEC ELENENTS.

CreedtCALL DELTEL TL GET THE RELATIVISTIC CCRRECTIONS TO THE ELEMENTS.
CALL DELTEL (ANTERMsNPERT s GMC2 4ACK yE L o XMl yDELAWCELE » CELNM, DELGMG])
AZFAl & CELA/CISFAC
E2=E1 + DELE
XM2=xXM1 + CELM
CMEG2=0MEC1 + LCELCMG

Co&ex*xCALL OETEY 7O (CHVERT THE KEPLERIAN ELEMENTS TO C(ARTESIAN

C CUGRDINATES AMNC VELOCITIES.
C?LL UETRVIALJELFIL o XMLyEMEGE JFACOEL v XA +YA+ZAWXKECTACYCTALZOTARAWY
iA
CALL DETRV{AZEZsFI] sXNM2sCNEGZ2sFRLDE L2 XE e YB4ZE4XCTBAYC TR LZOTH +RB Y

1B
CHEx2x (OMPUTE THE CIFFERENCES [N COCRDINATES AMD VELOQCITIES,
X={XB~XA)RT ISFAC
¥y={¥YB-YA)IDISFAC
2={2ZB~ZA)*CISFAC
R2={X%%z) + (Y3x2) ¢+ (Z**x2)
R=CSURT{RZ)
XDT=(XDTE=xLTA)YXCONY
YOT=(YDOTE~YCTP)IRCCMNY
ZODT=(2Z0TB-ZLTA}®RCONY
W2=({XDT**:] + [YDT*x%x2) + {(ZDT**Z]
v=DSOHT{VZ)
CxxxxePUT THE FLCINTS I[N THE ARRAY FOR FLCTIL.
K1{N) =X
¥YlLIN)=Y
CoxexdnITE OLT TFRE MEAN ANGCMAL Y. DISTANCES, ARD VELLCCITIES.
WRITE (€Eall) KNeXMEANs KoY R s XDV 2¥LCTaV

23



0089 10 CONTINUE
CHekxkCALL PLCT1 TC PLOT THE PCOINTS.

0090 CALL PLCT1IX14Y1sNPOINT)

0091 GO Y0 1

Ggs2 12 CONTINUE

0093 11 FORMAT {1X3I84Z2XsF1lDa4+3X+6D1545)
003a sSTOP

QCSS END
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SLORQUTIAE CELTEL (ATERNJNPERT +GNVNC24AGIEG+XMO4CELAZDELEDELM4DELGM
1¢c)

**¥3 ¥k THIS SUBFOUTIKE FINDS THE RELATIVISTIC CCRRECTICAS TC THE
KEPLERTIAN ELEMENTS, WHICH ARE TO BE ACDEC TC THE ULNFERTUREED
ELEMENTS 1C GIVE THE ELEMENYS CF THE RELATIVISTICALLY FERTUREED
CRBIT.

nanOOan

Chexka UNPERTUHREEL ELEMERNRTS
C

Coxxa¥AQ IS THE SEWINAJOR AXIS IM CEATIMETERS.
Cramenfd 1S THE ECCENTRICITY.
CHaedxeXMd IS THE WEAM ANGMALY IMN RACIAMNS.

C
CH*d#xPERTUREEL ELENENTS
C

Cekxxx[LFlL A I5 THE CCRRECTICN TC THE ESEVMINAJCR AXIS Ih CENTIMETERS.

Caxwkk[ELE IS THE CCRRECTILN TC THE ECCENTRICITY,

CawenxkCELM 1S5S THE CCRRECTYICK TGO THE MEAKR ANCMALY Ih FACIANE.

CHeexxCELCMG IS THE (ORRECTION TO THE ARGUNENT OF PERIGEE IN RADIANS.

ChxxskTHE PERTUREATICONS (N INCLINATIUN AND LONGITUOE GF NCLE ARE

C ZERQ ANC FEMNCE NOQT INCLUDEG IN THE SUERCLTINE.

CHe¥ e NTERM TELLS wFAT TERMS TC RETAIN I[N THE PERTUAEATICh. ATEAM=0
GIVES THE FULL PERTURBATICOM. MNIERM=1 GIVES PERIOCIC TERMS CNLY,

C WHILE MTERNM=2 GIVES SECULAR TERNS CHNLY.

ChandkGMC2 = BIG.C * MASS/[{SPEED OF LIGhT j#»2 IN CGS UNITE.

CH**x3%x#NPERT TELLS WHAT POWERS OF ECCENTRICETY ARE RETAIKEC IN THE

ECCENTRICITY FUNCTIONS AND ThEIR CERIVATIVES. IF KRPERT=1, THEN

FOWERS OF ECCEMTRICITY GREATER TrAN | ARE NEGLECTED. IF NPERT=2.

THEN POWEFS CREATER THAN 2 ARE KEGLECTEC.

[aXslnlsl

IMPLICIT REAL*E(A-H,0=-Z)
F1=1.000 (ECH%2)

Ca****ﬁzll AN
CHxRxxGPI11,

MO W w e bT T

PO  =MNTTETEXY XCICI -

ARE ECCENTRICITY FUNCT
AKD GP213 ARE CERIVATI
1) G4 10 4

CNS
ES

L .
¥ CF ECCENTRICITY FUNCTIONS.

NN A e (6 B A T T o e

DOMedNAOr Nuw w1
-

QDO ) R(EO%*2)
c{ 1000/1€.CD0)*{EQORX2)
CC/1640D0 YR (EQH%EZ])

LR R

muunoﬂ-—cn

KAl -

(xR

P2
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T g ] B e

FrmgiMe De De

GP2
GP21

[alwly] O
0
L
m
Q

TIAT ONDoO abfoao
L 4

Wan Ow nen

FA=GMC2%(4 .,0C0)*F1
CELA=FA*Bl - Fix
FE=GMC2%(Z.,0C0 )%
CELE=FE*B] =~ FE%
FMS=GMC2% (Z «+3CC}
XMS=FMS%XNQ
FMi=GMC 2% (2
FM2=GMC 2x( 1
CELM=XMS -—
FGHGS=GMC§
=
L

FA®G21l2
FE*G212

ROQDwsr NOAD

FOMGL=GNC
CELOMG=FC
IF {NTERWM
1 DELM=XME X
DELOMG=FCNCS ¥ XNO
CELA=O.CQCC

10 e TR e
Tno«000
WODO AT~

- hiy Ta O
L NN S ] o)

-
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o000 0O0
ANOA0ONo
LRI -
PN ONm®

DELE=0.00DQ

¢o 710 3

DELM=—FM1*(82 + €2 + P2) + FM2%{E3 + C3}
CELOMG=FCNGI¥(E2 + C2 + PZ)

CONTINUE

RETURN

END
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a0l SUBAQUT INE CETFVI(CEA JCEEW+CEINC s CEMALCECKEC,CECAP ,LEX +CEY JOEZ S
LCEXOTLAQEYDY +CEZDT +OERMAG . CEVNAG)
<
c .
CHenxsTHIS SUBRCLTIME CONVERTS KEPLERLAN ELEMENTS TC CARTESIAN
< COCRDINATES ANC VELOCITIES.
C
Cxxex¥ [NPUT
C
C**¥2#¥CEA IS THE CIMENSIONLESS SEMIMAIUR AXILS (USUALLY QEA=]
[ APPROXIMATELY . )
Créae*CELE IS TEE ECCENTRICITY.
CH*k*xCEINC IS TFrE INCLINATION I[N RACIANS.
Cxrxkx0EMA LS THE MEAN ANOMALY IN FACIANS.
CH*k % CECMEG IS THE ARGUMENT OF FERIGEE IN RACIANS.
Ca**xkx0ECAP IS THE LCNGITUDE UF NULCE IN RACIANS.

C
ChkxkkLUTPUT

C

CHrexdkCEXLOEY AND CEZ ARE THE CARTESIAN X ¥ 2 COCGHCINATES. YHE ORBITED
C CBJECT IS AT THE ORIGINS

C***x*CERMAG IS TrE CISTANCE FROM THE GHIGIN TC THE SATELLITE.
CxkxddOCXDTyOEY0CT+ ARD CEZDT ARE THE VELGCITIES IN THE XsYs AND 2

C CIRECTICKE .

CH*xk*CEVMAG [S THE KAGKITUDE OF THE VELCCITY.

ChxkxxTHE OISTARCES AND THE VELUCITLIES MLST EACH BE MULTIPLIED BY

c CONVERSICh FACTORS IN THE MAIN PROGKAN YC CCNVERT TO CGS UNETS.
C If THE CCKVERESICNW FACTRR FCR THE DISTANCES 15 CISFAC (IN
< CENTIMETEHRS }» THER THE CCAVERSICM FACTOR FOE THE vELCCITIES IS
C CONV=DSGQRT{EIC G * MASS/EISFAC) 'IN CGS UNITS,.
<

aoo02 IMPLICIT FEALBE{A-H.0-Z, %)

2062 TwWOR[=6.28Z 1655071 75586CC

q0Cs TAMEAN = CENMA

ongs IF (TAMEANR] 10.11.10

CLCé 10 TAMEAN = DNCDU{TAMEAN + TWCFI1.TWCPI)

0007 ECCA1 = TANMEAN + DEE*CSIN{TAMEAN) + +SDO0ACEE®¥2%CSIN{Z«DO*TAMEAN)

Lnlegeg. cu 13 Tz = 1,100

[ R o) o) CIFF = {(CEE*CSINI{FCCAL) - ECCAL+TAMEANI/ (1.CO-CEE*LCCCS(ECCALY)

cCl1o0 ECCAZ2 = ECCALl + OIFF

acll EECCAZ2 = CSINIECCA2)

aQ12 CIFF = CAES{ECCAZ2 - TAMEAMN - CEE*S5ELCA2)

9013 IF (DIFF = Qa.1C~132) 1641€,13

0¢1s 13 ECCA)] = ECCAZ

éal1s WRITE LE+2)CENMACMALDIFF .

Qnte 2 FURMAT(SX 2K COGNVERGENCE IN KEFLER: ECUATICMN = SUERDUTINE CETRY

1 FI01E.8)

ce1? £TOP

og18 11 ECCAZ2 = TANMEANM

Q6198 SECCA2= CSIMIECCAZ)

no2q 16 x = DCOS(ECCAZ) — DOFE

Q0z1 £P= 1.00 — CEE*%x2

o022 SQ = DBGRTISP)

ee23 ¥ = SQAISECCAZ

2024 TRUEA = ARCTAN(Y,X)

0235 CTRUEA = CCCS{TRUEA)D

oGee STRUEA = CESIN[(TRUEA)

coz27 CERMAG = CEA+SF/{1.DO+0EE*CTRLUEA)

a02s X = OERNMAC*CTFLEA

noas ¥ = DERNAG#S5TRLEA

20630 SNw = CEIMCEOMEG)

B0zl CSw = CLCS{CEDMEG}

GL2z ENCPW = CEIM{CECAP)

0022 CS5CP*9 = DCCS(CECAPR)

24034 ENI = DEIN{CEINC)

2025 Csi, = CQCS{CEING)

QC3& AC = CSWHCECFw = SNw*SNCPw#CSI

oCc3? EC = CSWHERCPR + SMHWACSCPw({S]

cc3e CC = SNw¥EN]

Q029 FC ==5NR*CECPR - CSWRSNCPW*CSI

aca2 G =—SAR+SACFw ¥ CSWRCSCPw*(Si

Acs1 tC = CSWxENT

Q042 CEX = AC*x + F(#Y

Goal CEY = BC#*Xx + CC»Yy

agaa CEZ = CU*XK 4+ FC#*Y

0045 XDl = =~STRUEA

Qras YY1 = CEE + CTRUEA

oga? CEXDT= AC*XX[C ] + FC*YyDol

a048 CEYDT= BCHXXCLI + CCeYYOD1

£Ccag CEZDT= CCHuxC1l + RHC*YYDIL
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[eLololale]
[eYuXolota]
DhMma
PUN~O

OEVYMAG
EQSMSQ
FMULT
CEXDT
CEYDY
CEZDT
FETURN
END

DSCRT{2.D0/0ERMAG ~ 1.DO/0EA)
CSCRT{OEXDT*%2 + CEYDT*%2 + CEZLCT%%*2)
CEVMAG/SCSMSQ

CEXDT % FMULTY

CEYCT *» FMULT

DEZTT * FMULT

28



DNORPWN=ONENONFWNN=OODNONLWN=OOE O LW

SO0O00COCLOOO0ODOQLOAOoOROLOOLLOOODOAaD0
O00MNOCOIOOQOO00NMNAN0OOOONATADDOODONO000
(ol (s b L L W L W N RO N N O N ORI N e et bt et it b s = it e IO QOO OO

FUNCTICA ARCTAN(SC)
IMPLICIT FEALAE(A—H+0-Z4%)
=5
x=C
IF AX) 1CE+10C+116
100 IF Y¥) 1CZ.1C4+106
102 ARCTAN=4.7123E£98038468900
GO .TO 138
104 ARCTAN=C.0CC
RE TURN
106 ARCTAN=1.£7C7S€3267948560¢
GG TO 138
168 IF &Y) 110,1124114
110 ADD=3,1418$26535856793D0
GO TO 124
112 ARCTAN=2,141562€51358979300
GO TO 138
114 ADD=3.1415GZ€E 358579300
GO TO 132
116 IF {¥) 118,120+122
118 ADD=6,2821852C7175586D0
GO TO 122
120 ARCTAN=0.0CO
GO0 TO 13#¢
122 ADD=23.C00 :
124 IF (DABS(Y)-CABS(X)) 126+128,130
126 ARCTANSCATAR{Y/X) ¢ ADD
GO TO 138
128 ARCTAN=0.7EE3GELEIIGTA4E2C0 + ADC
GO TO 138
130 ARCTAN=1.S7C75€3267S48S6DC =~ CATAN(X/Y) + ADD
G0 TO 13e
132 IF {DABS(Y) - LABS(X)) 126,134,136
134 ARCTAN=~C.T7EE3GB1€33974482D0 + AOD
Go TO 138
136 ARCTAN=—1,.57C7$63267948S6C0 - DATAN(X/Y) + ADL
138 RETURN
. END
PAgr i
@EL%MW
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SUBROUT IRE FLUTI( K.Y N}

X AND Yo

THE X AXIS 1S5 RPORIZCNTAL ANG THE T AXIS

IMpLICIT A
DIMENSICH {
DIMENSICN AF
CATA BLARK,.LC

)

Cee e XSCALE TAKE

C

P2
12
15
14
23
2

25
24

27
24
iQ
71
12
73

T4

640
57

29

HORIZCNTAL ©
XSCALE=E425C
TMIN=Y (1)
YMAX=Y (1)
XMIN=K(:;

MRSC2=SCALEZ
CO 24 [=Zan
C=Y (1)

IF LQ-YMaN)
YMAX=Q

G0 TO 14
CONTINUE

IF {Q—=YM]IN)}
YMIN=Q

CONT INUE
R=X111}

IF (R—XMAX}
XKMAN=R

GG TO 24
CONTY INUE

IF (ReXFIN)
XMIN=R
CONTINUE

sk ex THIS SULEBRCLTINE PLOTS A GRAFF CORSISTING OF N POIATYS

1
[«

1
1
é

IN ARRAYS

15 VERTICAL « THE AXES ARE
S+ THE SCALE CF THE DIAGRAM IS5 ALWAYS ALJUSTED 10
SHEET (F CCMFLTER PAPER, wlITF €1 SFACES UP AND
ISTOHTI{CKN DUE TO TrE DIFFEREART SFACIANG IN THE X
15 REMCVEDs 50 THAT A SCUARE LCCKS LIKE A SQUARE.

s
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